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Fluctuations of conserved charges are among the main proposed signatures of the quantum
chromodynamics (QCD) critical point, but their interpretation requires a dynamical description of how
fluctuation correlators evolve during the finite lifetime of the quark-gluon plasma fireball. The standard
baseline for this evolution is Fickian diffusion, in which the diffusive current follows the local density
gradient instantaneously. This instantaneous-current limit can miss delayed-response effects when the
current-relaxation time becomes comparable to the relaxation time of the relevant fluctuation modes. In this
work we extend this baseline to Maxwell-Cattaneo diffusion, where the current relaxes on a finite time
scale and therefore retains memory. We derive closed evolution equations for multipoint Wigner functions
and convert the freeze-out correlators into acceptance-dependent cumulants along representative trajecto-
ries in the QCD phase diagram. While Fickian diffusion already causes the correlators to lag behind their
instantaneous equilibrium values, finite current relaxation introduces an additional memory effect beyond
this diffusive lag. As a result, current memory can suppress, shift, and reshape the nonmonotonic behavior
of the cumulants relative to both instantaneous equilibrium and Fickian diffusion, with the most visible

effects appearing in higher-order cumulants and their ratios.

DOT: 10.1103/rjld-3y92

I. INTRODUCTION

The evolution of a conserved charge is a classical
problem in fluid mechanics [1,2]. A prototype problem
was studied by Fourier in the context of heat conduction [3]
and by Fick in the context of diffusion experiments [4]. In
Fick’s theory, and similarly in Fourier’s theory of heat
transport, an inhomogeneous distribution of a conserved
charge relaxes by diffusion: on macroscopic time scales,
the diffusive current is proportional to the spatial gradient
of the local charge density. The conservation law then
implies a global equilibration time scale 7, ~ L?/y, where
L is the system size and y is the diffusion coefficient.
Notably, the resulting diffusion equation is parabolic and
therefore permits instantaneous, hence acausal, propagation
of arbitrarily short-wavelength perturbations.

“Contact author: abbasi@lzu.edu.cn
‘Contact author: xin.an@ugent.be
*Contact author: shanjinwu@dlut.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2026/114(5)/054033(30)

054033-1

The Maxwell-Cattaneo (MC) theory, motivated by the
earlier work of Cattaneo, Vernotte, and others on non-
Fourier heat transport and non-Fickian diffusion,
removes this pathology by promoting the diffusive
current to an independent dynamical variable [5,6].
The current relaxes to its Fickian constitutive value over
a finite timescale 7, turning the evolution equation for
the conserved charge into a hyperbolic equation with
finite signal-propagation speed. In conventional inter-
pretation, the relaxation time 7 acts as a short-distance
regulator. It modifies the theory at scales for which
7, < 7, while leaving the infrared hydrodynamic regime,
7, > 7, intact [7,8].

The interpretation of the current-relaxation time 7
changes, however, when it represents a physical time scale
rather than only a UV regulator. This can happen when 7 is
well separated from all other microscopic scales while
remaining comparable to the macroscopic hydrodynamic
time scale [9-11], or when it effectively encodes all
microscopic fluctuation dynamics through renormalization
[12,13]. In the regime 7 ~7,, the system can support
propagating or relaxation-type excitations associated with
the dynamics of the diffusive current itself [9,10]. Such
behavior has been experimentally realized in various
systems, including electric circuits [14], density fluctua-
tions in cold atoms [15], and second sound in solids [16],
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and has been considered as an efficient approach to
measuring transport coefficients.

A particularly important setting in which such a
finite relaxation time can become physically relevant is
the hydrodynamic evolution near a critical point.
Fluctuations of the conserved charges are enhanced when
the system is tuned to approach a critical point, and their
equal-time correlation functions become dynamical objects
whose relaxation, characterized by a relaxation time analo-
gous of 7 in MC theory, can be slow on the hydrodynamic
time scale. This is the essence of critical slowing down: the
fluctuation correlators do not instantaneously follow
their local equilibrium values as the background fluid
evolves. They must therefore be treated as additional slow
variables, as in Hydro+/++ [17,18]. If these slow fluc-
tuation modes are kept explicitly, one obtains an enlarged
hydrodynamic description. If instead they are integrated
out, their delayed relaxation appears in the effective
constitutive relation as memory; the current at a given
time is no longer determined only by the instantaneous
local gradient of thermodynamic function (chemical poten-
tial per temperature unit, @ = p/T), but also depends on its
relaxation history [18,19]. Thus, one of the essential
lessons of critical dynamics is that critical fluctuations
can introduce a finite relaxation into the current response,
so that the current need not follow its instantaneous
Fickian value.

This provides a useful perspective on MC theory. In
Hydro+/++ or related critical-dynamics frameworks [20],
memory originates from additional slow fluctuation modes
associated with the critical point. In MC theory, by contrast,
memory is already present in the charge transport through
the finite relaxation time of the diffusive current. Thus, MC
theory can be regarded as a minimal laboratory for studying
delayed charge transport. Rather than aiming to describe
the full critical dynamics, it allows one to isolate how
memory in the constitutive relation affects the evolution of
conserved-charge fluctuations.

These considerations connect directly to the experimen-
tal search for the quantum chromodynamics (QCD) critical
point in heavy-ion collisions, where critical dynamics is
probed indirectly through event-by-event fluctuations of
hadron multiplicities, in particular net-proton-number fluc-
tuations, measured over a range of collision energies. Since
higher-order cumulants are more sensitive to the growth of
the correlation length, they provide a sharper discriminator
of critical behavior [21,22]—particularly important for
finite-size systems where the thermodynamic singularity
is smeared [23]. The main idea behind the fluctuation
program in heavy-ion collisions is to search for non-
monotonic behavior of cumulants as functions of collision
energy [24]. Driven by experimental programs including
the Beam Energy Scan (BES) program at RHIC and the
NAG61/SHINE experiment at SPS, significant progress has
been made in understanding higher-order multiplicity

fluctuations near the QCD critical point, both from theo-

retical and phenomenological perspectives [25-36].

To fully interpret precision measurements of conserved-
charge fluctuations, a dynamical modeling of critical
fluctuations is required [37]. A natural starting point for
incorporating such nonequilibrium effects is to evolve
fluctuation correlators on a time-dependent background
and then convert them into acceptance-dependent cumu-
lants at freeze-out. In the absence of energy and momentum
fluctuations, the baryon charge density is treated as the
most relevant slow mode and its relaxation is modeled by
stochastic diffusion [38-44]. Although the underlying
dynamics is stochastic, one can derive closed deterministic
evolution equations for the multipoint correlators of the
charge density [45]. These equations provide a useful
framework for quantifying how nonequilibrium evolution
modifies freeze-out cumulants relative to their instanta-
neous equilibrium values [46].

Pure diffusion provides the minimal nonequilibrium
baseline, in which the charge density is evolved while
the current is kept at its instantaneous Fickian value. Near a
critical point, however, slow fluctuation modes can make
the current response delayed rather than instantaneous. In
Ref. [47], this idea was implemented for the evolution of
the average baryon density and diffusion current by treating
the current as an additional dynamical variable with its own
relaxation time. This finite relaxation time provides an
effective way to include memory in the charge-transport
dynamics.

In the present work, we ask how this current memory
affects fluctuations themselves, rather than only the one-
point evolution. Reference [48] addresses the effects of
current memory on the two-point correlator near the QCD
critical point. In this work, we formulate the stochastic
dynamics in an enlarged variable space containing both the
charge density and the diffusive current, and derive the
induced evolution equations directly for the Wigner func-
tions Wy associated with equal-time charge correlators. For
the two-, three-, and four-point sectors, this yields closed
equations for W,, W3, and W,, respectively, which reduce
to the Fickian diffusion hierarchy in the limit 7 — 0. This
allows us to follow how finite current memory reshapes
multipoint charge fluctuations before freeze-out and, after
acceptance integration, the resulting cumulants.

This paper is organized as follows. In Sec. II, we
establish the connection between equal-time correlator,
expressed in terms of Wigner functions, and the accep-
tance-dependent cumulant in a pure diffusion setup. In
Sec. 111, we derive closed evolution equations for the equal-
time correlators in MC theory. In Sec. IV, we specify the
time-dependent thermodynamic and transport inputs along
the background trajectory, using our adopted equation of
state and 3D Ising mapping in the vicinity of the critical
point. In Sec. V, we numerically evolve the correlator
equations and present the resulting modifications of
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freeze-out spectra and acceptance-dependent cumulants,
comparing throughout to the purely diffusion baseline.

II. EQUAL-TIME CORRELATORS AND
CUMULANTS

In this Section, we first establish a simple relation
between experimentally measured cumulants and equal-
time correlators expressed in terms of Wigner functions,
under the assumptions specified below.

We work in 1 + 1D Minkovski coordinates (z, z) where ¢
is the lab time and z the longitudinal axis, while the
transverse spatial coordinates are integrated out. In the
literature, it is more common, however, to work with Milne
coordinates (z,7), where T = v/#> — 7% is the proper time
and 7 = arctanh(z/t) the spacetime rapidity, simply
because in high-energy collisions the system is approx-
imately boost invariant and thus independent of rapidity #.
In this work, we focus on midrapidity regime where
the longitudinal fluid velocity » remains small:
n~wv=z/t< 1. In this regime the system can be con-
sidered approximately translationally invariant in z, i.e.,
independent of z. We will assume our background fulfills
such properties, while we allow fluctuations to depend on
both ¢ and z. That said, we study non-boost-invariant
fluctuation dynamics on top of a Bjorken-like boost-
invariant background.

What is directly measured in experiment, however, is the
event-by-event particle multiplicity in momentum rapidity
y = arctanh(v),), where v, is the particle velocity. For a
Bjorken-like boost-invariant background, the local fluid
velocity is v = tanh#, while the emitted particles have
velocities v, = tanh y distributed around this local flow
velocity. Therefore, near midrapidity, we use the approxi-
mate identification n ~y. The measurements are limited
in a finite acceptance window, which, in our problem,
is characterized by a finite longitudinal interval
[z0— A/2,z0 + A/2] centered at z; =0 with width A
(see Fig. 1).

Thus near midrapidity, a momentum-rapidity acceptance
window Ay corresponds approximately to a longitudinal
interval A along the z direction, i.e.,

A ~7Ap, An=~ Ay =0.5,

(2.1)

where 7 is evaluated at freeze-out. This approximate
identification is intended only as a minimal Bjorken-like
mapping between the experimentally defined momen-
tum-rapidity window and the longitudinal interval enter-
ing our effective description. Thus, in the effective
spatial 1D description, the experimentally relevant cumu-
lants are represented by integrals over a spatial interval
of size A.

Within the finite acceptance window A, the Nth cumu-
lant of charge Q is then defined as

Cn(8)=((6Q)").. 60(4)

0(8)—(Q(4)).  (22)

Here Q(A) denotes the total charge contained in the

window,
A)2
/E/ dz, (2.3)
A —A/2

where n(z,t) is the charge density per unit longitudinal
length in the effective 1D description, obtained after
integrating over the transverse plane, so that [n] = fm™'.
The fluctuation of the total charge in this window is

Q(A):/Adzn(z,t),

50=0-(0). (2.4)

Equivalently, the charge fluctuation in the window can be
written as

on=n-—(n). (2.5)

50(A) —/Adz5n(z, 1),

The connected equal-time N-point function in coordinate
space is defined as

GN(Zlv ”-vZN;t) = Gn...n(zla “"ZN;I)

= (6n(zy,1) - --on(zy, 1)), (2.6)

Using Egs. (2.2), (2.5), and (2.6), the Nth reduced cumulant
can be related to the N-point correlator as

FIG. 1.

Midrapidity window in the longitudinal direction z at freeze-out time. The window (box in the figure) is centered around z,

width A. The vertical direction denotes the transverse coordinate that is integrated out, resulting an effective spatial 1D description. The

white arrows represent the fluid/particle velocities in Bjorken flow.
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CN(A):/A{ﬁdzi}GN(zl,...,zN;t). (27)

In deterministic formulation of fluctuating hydrodynam-
ics [18], we typically works with the scale separation
k~1/L < g~ 1/¢ where L is the hydrodynamic inho-
mogeneity scale and Z is the fluctuation scale. To describe
the fluctuation dynamics locally, we introduce the midpoint
Z and relative coordinates Z,

21+t 2y

. N

I
1
o
|
N

Following Ref. [45], we define the generalized Wigner
function as the Fourier transform with respect to the relative
coordinates Z;, with conjugate fluctuation wave numbers ¢;,

Wx(qis - qn3 2. 1) = WT[Gy]
N 1 N
= dzl.e—iqizi Sl = Zi
J e fof37)
X Gy(Z1, o0 2N 2 0), (2.9)
and vice versa,
qi al q
Gn(Zyy oo ZN32,0) = /[H i lqm} <22_1>
i=1 4
X Wy(gi. .- qni 20 1), (2.10)

where the constraint Zl , q; = 0 follows from global
translation invariance.

To derive the relation between the reduced cumulant and
the Wigner function, it is useful to distinguish the full
Fourier-space correlator from the local Wigner function.

Using 6n(z,1) = [ ‘21‘1 4§n,(1), we can introduce the
Fourier-space correlator
WN(QI’ e gNs t) = <5nq1 (t) e 5nqN(t)>C
N .
= / |:H dZie_lqiz[:| GN(Z1, coos AN t)7

(2.11)

which implies

dg; ,
GN(ZI’-H’ZN;Z)_/ [H 7 q’z’]WN(Ch»- N3 ).

: (2.12)

Substituting Eq. (2.12) into Eq. (2.7) one finds

/{H % Aalg }WN(%- Lqyit),  (2.13)

where

2sin(q;A/2)

” (2.14)

AA(‘]:’) = /Adzl-ei%zi —

The full Fourier-space correlator YWy is related to the
Wigner function by separating the midpoint zZ from the
relative coordinates Z;. Comparing their definitions in
Egs. (2.9) and (2.11) one finds

—izN W 4. _
WN(ql,...,qN;t):/dZe zzi:lq'WN(ql,...,qN;z,t).
(2.15)

For an approximately homogeneous background, local
translation invariance implies

Wy(qi. ... (2.16)

qniZt) = Walqy. ..o gy t).

so that the Z integral in Eq. (2.15) yields

N

WN(QI, ,qN,t) = 5<qu—;[> WN(ql, ,qN,t> (217)

i=1

Substituting Eq. (2.17) into Eq. (2.13), we finally obtain

/[HdCI’AA } (Z )WN Qs ).

(2.18)

When N = 2, it reproduces the expression for C, derived
in Ref. [49].

Equation (2.18) determines the acceptance-dependent
cumulants of the conserved charge and is the main result in
this Section. Under the assumption in Eq. (2.16), it states
that the cumulants are determined by the equal-time Wigner
functions evaluated on the freeze-out surface and weighted
by the acceptance kernel (2.14). When ¢ — 0, A5 (0) — A,
implying that the long-wavelength modes are almost fully
accepted, while the short-wavelength modes with larger ¢
are suppressed by the average of the oscillation in the
acceptence window. These g-dependent correlators are
therefore the natural hydrodynamic inputs for accep-
tance-dependent observables.

One should keep in mind that the conserved baryon
charge often serves as a proxy for the experimentally
measured (nonconserved) net-protons number, up to effects
such as isospin randomization [50]. In the present work, we
do not model the final particlization stage, which would
require an additional freeze-out prescription for converting
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fluid fluctuations into particle fluctuations [51,52]. Instead,
we focus on the total baryon charge Q measured within the
acceptance window A, as a proxy for the experimentally
counted charge (net protons). Thus Cy may be regarded as
a proxy for experimentally measured hadronic multiplicity
cumulants.

Equation (2.18) also shows that the cumulant dynamics
is controlled by the dynamics of the Wigner functions. The
time evolution of Wy, has already been analyzed explicitly
in Fickian diffusion [45,53]. In the next Section, we derive
the evolution equations for the equal-time correlators Wy
with N =2, 3, 4 in MC theory.

III. EVOLUTION EQUATIONS FOR EQUAL-TIME
CORRELATORS

In this Section we derive a closed set of evolution
equations for the equal-time correlators (Wigner functions)
in MC theory. As explained in Sec. II, the acceptance-
dependent cumulants are determined by these correlators
evaluated on the freeze-out surface. Our goal here is
therefore to obtain dynamical equations that can be solved
in a representative local fluid cell with a specified time-
dependent background, and compared directly with the
Fickian diffusion baseline recovered in the limit 7 — 0.

Throughout this Section, the stochastic diffusion equa-
tions are understood as the corresponding longitudinal (1D)
effective dynamics for the charge density n(z,t). This
effective description is valid at leading order in a gradient
expansion of the slow background, with transverse struc-
ture integrated out and encoded only through the time-
dependent thermodynamic and transport coefficients
appearing in the evolution equations. Equivalently, one
may view the correlators as evaluated in a representative
local fluid cell, so that translation invariance holds locally.

Our strategy is as follows. We first formulate MC
dynamics as a first-order Markovian stochastic system
for the density and current, (n, J). In this enlarged variable
space the noise is Gaussian and white, with amplitude fixed
by the fluctuation-dissipation relation. We then derive the
closed evolution equations for the equal-time correlators. In
the main text we present the results for two-point functions
explicitly, since the two-point sector already displays the
basic structure of the formalism and its Fickian diffusion
limit; the corresponding results for higher-point functions
are collected in Appendix E.

A. Maxwell-Cattaneo stochastic dynamics

The MC stochastic equations for conserved density n
and diffusive current J; read’

'"The MC diffusion problem can be extended by including the
ideal part of the current. We do not consider this extension in the
current work [54].

on+V-J=0, (3.1a)

10,.J; +J; = =AV,a + VoTy,. (3.1b)
Here 7 is a relaxation time over which the current J;
approaches its Fickian limit: when 7z — 0, Eq. (3.1b)
reduces to the constitutive relation in Fickian diffusion.
The coefficients 1 and o are thermal and electrical con-
ductivities respectively, « = u/T is the chemical potential
in the unit of temperature, and #; is a Gaussian white noise
satisfying the local correlation

(ni(xp, t0)n;(xa, 1)) = 28;;6%) (x) = x2)8(t; — 12).

Since the diffusive current vanishes in equilibrium, the
thermodynamic and transport coefficients are taken to
depend only on the local density . In a diffusion problem,
one also treats temperature 7 (or energy) as a time-
dependent background field. Thus, we have 7 = 7(n),
A= A(n), 6 =o(n).

The fluctuation-dissipation relation (or Kubo—Martin—
Schwinger (KMS) condition [55]) implies the following
constraints on the above thermodynamic functions and
transport coefficients:

(3.2)

A =To, (logz) = (logl), (3.3)
where in this work we specifically use (...) = §(...)/én. A
detailed derivation of Eq. (3.3) is presented in Appendix B.
The first identity in Eq. (3.3) is known as the fluctuation-
dissipation relation between the noise amplitude to the
transport coefficient, while the second identity imposes
nontrivial constraint on z(n). In this work we focus on
the simplified case in which 4 and 7 are both constants,
being consistent with Eq. (3.3). As a consequence,
the nonlinearity enters solely through the equation of state
a=a(n) where n is the fluctuating density field.
Expanding around averaged field (n), we obtain

1 1
a(n) = a((n)) + adén + 5(1”5112 +6a”’5n3 +---. (34
The nonlinearity of «(n) generates the couplings to
correlation functions G, through averaging the stochastic
equation (3.4),

(a(n)) :a(<n>)+%a”G2+éa’”G3 +e (3.5)
If the averaged equations were iterated self-consistently,
these nonlinear terms would give rise to the dynamical
feedback of the correlators on the one-point function. This
fluctuation feedback is a higher-order effect in the power
counting adopted in Sec. IIIB and can therefore be
consistently neglected at leading order. Near the critical
regime, however, the correlators relax on long timescales,
so that their response to the evolving background is delayed
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and their feedback induces memory in the effective one-
point dynamics [18]. In the present work, rather than
evolving this feedback explicitly, we model the associated
memory at the level of the transport sector by promoting the
dissipative current to an independent dynamical variable
with a finite relaxation time z. The Maxwell-Cattaneo
equation thus provides an effective single-relaxation-time
description of the corresponding nonlocal-in-time current
response.
To put the dynamics in a convenient Markovian form in
Fourier space, we introduce the “generalized momentum”
g=o,n, (3.6)
which couples only to the longitudinal component of the
current. We then obtain a dynamics system with two scalar
variables, (n, g). The resulting nonlinear one-point equa-
tions provide a starting point for deriving closed evolution
equations for equal-time multipoint Wigner functions by
taking time derivatives and using the product rule together
with the equal-time Itd prescription,

0,6n = g, (3.7a)

1
70,69 = =69 + yV?6n + Ey’vz (6n)?

+ éy”vz(én)3 4+, (3.7b)

where y =Aa’ and {=-V- (/). The expansion in
fluctuation field én is truncated at third order, for the sake
of deriving equations for four- and lower-point functions.
Introducing the corresponding Fourier modes

g (1) = / 9% 5 (x, 1),
X

) = [ s, G = [ e,
(3.8)
one can also write these equations as

0,6nq = 6gq. (3.9a)

1 1
70,60q =t — 89q — 7q*6n4q — Ey/qz A Snybng i — gy”qz

X / 5nk5n15nq_k_1 + gq: N (39b)
k.1

where

(Cq, (04, (1)) = =2Aq; - q2(27)36) (q; + q2)8(1) — 12).
(3.10)

The derivation of the evolution equations for correlators
follows from the nonlinear equations for one-point func-
tions, (3.7) or (3.9) [45].

B. Scale separation and power counting

Before discussing the evolution of multipoint functions,
it is useful to summarize the scale separation underlying
our formalism and the power counting that justifies the
truncation of the correlator hierarchy.

Fluctuations are present on all length scales, but their
relative importance is often suppressed by the number N of
effective degrees of freedom, such as colors in gauge
theory, particles in gas, or correlated cells in fluid.
Following Ref. [45,56], we introduce a small parameter
€~ 1/N that controls the magnitude of fluctuations. For
connected correlators one has

Gi ., ~eV, (3.11)
since, heuristically, the N-point connected correlator
requires N — 1 statistical connections. The truncation is
then controlled by the power counting in Eq. (3.11): the
two-point sector G, closes on itself at O(¢), the three-point
sector closes on (G,, G3) at O(e?), and the connected four-
point sector closes on (G,, G3, G,) at O(e?).

The same power counting also clarifies the approxi-
mation adopted following Eq. (3.4). A fluctuation-induced
correction to the one-point thermodynamic sector first
arises through G, ~ O(¢). Feeding such a correction back
into the correlator hierarchy would therefore modify the
leading evolution retained in each multi-point sector
only at the next order in e. We consequently evolve
the correlators on the prescribed local equilibrium back-
ground and neglect their backreaction through the equa-
tion of state.

When the system is close to, but not exactly in, local
equilibrium, another small parameter appears, €, ~ g pc.
Here 7. is the microscopic scale, which is much smaller
than the macroscopic fluctuation scale 1/¢g. The parameter
€, controls the validity of the gradient expansion, but it
does not by itself determine whether fluctuation modes can
be treated as equilibrated.

For this purpose one must compare their equilibration
time with the macroscopic evolution time of the back-
ground. We denote the latter by 7, which in our setup is set
by the Bjorken expansion time. In the hydrokinetic
description [57,58], the equilibration time of a fluctuation
mode with wave number ¢ is 7,(g) ~ 1/y¢*. Harder modes
relax faster and can therefore be treated as locally equili-
brated on the hydrodynamic time scale, while softer modes
relax more slowly, and when 7,(g) % 7, their dynamics
cannot be replaced by instantaneous equilibrium. However,
the feedback contribution of very soft modes is phase-space
suppressed [57]. The dominant feedback therefore comes
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from an intermediate hydro-kinetic window of modes with
7,(q) ~7;,. These modes are slow enough that their
equilibration is not instantaneous, but not so soft that their
phase space is negligible.

This hydrokinetic window is particularly relevant in
heavy-ion collisions, where the QGP expands and hadro-
nizes over a short time scale, 7, ~ 1-10 fm. Although the
bulk medium may hydrodynamize rapidly, this does not
imply that the fluctuation correlators instantaneously track
their local-equilibrium values throughout the subsequent
evolution [59]. Modes with 7,(g) ~ 7, can still relax on
time scales comparable to the hydrodynamic evolution
time, making their explicit dynamics potentially relevant.
Far from the critical point, however, this effect is not
expected to produce a substantial modification of the
freeze-out cumulants relative to their instantaneous local-
equilibrium values. In this case, the MC equation with a
noncritical relaxation time provides a useful baseline for
critical effects.

Near the critical point, however, this hydrokinetic
window is enlarged by critical slowing down. The
transport coefficient y is suppressed by the growing
correlation length &: y ~ £7¢, with a = 2 in Model B and
a = 1 in Model H [60]. Consequently, for typical critical
modes with g~ &7, one has 7,(g~¢&") ~ &> 1.
Modes that would be treated as locally equilibrated away
from critical point may therefore become dynamical near
the critical region. This is the basic motivation behind
Hydro+/++ [17,18]. The explicitly evolved correlators
can then deviate substantially from their instantaneous
equilibrium values on the freeze-out surface.

These critically slowed fluctuation modes in turn pro-
duce a delayed feedback on the hydrodynamic variables, in
particular on the current J*. According to Ref. [18], the
slowest mode contributing to this feedback is the charge—
momentum correlator. In our effective description, the
delayed current response is modeled by the MC relaxation
time 7 of the diffusive current.

This memory effect becomes relevant when 7z is com-
parable to the relaxation time of the fluctuation modes. In
the diffusive regime, a mode with wavenumber ¢ relaxes on
the scale 7, ~ 1 /7q*. The competition between this dif-
fusive relaxation time and the current memory time defines
the MC characteristic wave number

1
_2\/57'

qx (3.12)

For modes with ¢ < ¢, the current relaxes rapidly on the
diffusive time scale and the Fickian limit is a good
approximation. As g approaches ¢, , finite-current-relaxa-
tion effects become important, and the instantaneous
Fickian description is no longer reliable. We discuss their
impact in different scenarios below.

C. Evolution equations for two-point functions

In this Subsection we present the closed evolution
equations for the two-point sector. Following the Wigner
transform defined in Eq. (2.9), we introduce

5
—
=
SN~—
I

WT[Gnn]7 X2(‘]) = WT[ng]a
Y2(q) = WT[G,,]. (3.13)

where G, (21, 225 1) = (6n(z);1)6n(z2; 1)) was defined inn
Eq. (2.6), and

Gyu(z1. 223 1) = (8g(z1:1)0n(223 1))
Gyy(21,2051) = (09(2151)69(223 1))

(3.14)

Here g is the auxiliary field introduced in Eq. (3.6). Thus
W,, X,, and Y, denote equal-time Wigner functions with
zero, one, and two insertions of the auxiliary field g,
respectively. The physical charge correlator is W,, while X,
and Y, are the mixed charge-auxiliary and the auxiliary
correlators generated by the Markovian completion of the
MC dynamics.

At leading Gaussian order, the nonlinear couplings y’
and y” do not contribute to the closed two-point sector.
Retaining only the terms linear in the fluctuating fields,
Egs. (3.7a) and (3.7b) reduce to

déng = 8g,dt, (3.15a)

1 1
dégy = — - (894 + vq*ony)dr + ;qu, (3.15b)
where d=, = {,dt denotes the stochastic increment. From
Eq. (3.10), its Itd contraction is

(d2q,dBy,) = =224q; - q2(27)°6) (q; + q)dr.  (3.16)

We first apply the product rule to the density correlator,

0,(6ngon_q) = (6gqdn_q) + (ngdg_q)- (3.17)
Since the fields are real, éng = on_q and 6gq = 69_q.
Consequently, the two terms on the right-hand side are
complex conjugates, and their Wigner transforms
give X»(q) + X3(¢q) = 2ReX;(q).
For the mixed correlator, the It6 product rule gives
d(6gqdn_q) = bn_qddgy + 6gqdon_q,  (3.18)
where there is no quadratic Itd term dégqdon_, because
dén, contains no stochastic increment [see Eq. (3.15a)].

*We use the equal-time It6 prescription, in which the stochastic
increment is uncorrelated with fields evaluated immediately
before the increment [61].
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Substituting Egs. (3.15a) and (3.15b), and using the fact
that an Itd stochastic increment has zero correlation with
fields evaluated at the same time before the increment, one
finds

70,(89q0n_q) = —(89qOn_q) —1q*(5ngdn_q) + 7(89q69_q)-

(3.19)

On the other hand, for the auxiliary-field correlator one
must retain the quadratic Itd contribution’:

d(69q09-q) = 69-qdgq + 69qddg_q + d5gaddg_g.
(3.20)

Using Eq. (3.16) with q, = —q; = —q, the last term
becomes

2)q*

(dogqddg_q) = ——dt. (3.21)
T

‘We therefore obtain
70,(69409-q) = —2(69409-q) — r4*[(594Sn_q)
2)q*

+ (61q89q)) + .

(3.22)

Taking the Wigner transform and keeping the leading
term in the gradient expansion then yields

0,W1(q) = 2Re X»(q), (3.23a)

10,X5(q) = —=X2(q) = ra*W1(q) + 7¥2(q). (3.23b)
2

0,¥,(q) = ~2¥2(q) ~ 2rRe Xalg) + L. (3.23¢)

The last term in Eq. (3.23c) is the equal-time noise
source required by the fluctuation-dissipation relation.

Indeed, in a stationary equilibrium background,
Eqgs. (3.23) give
X'=0 qu:E W‘m‘:/—I:l (3.24)
2 ) 2 7 2T, T :

where y = Ad’ has been used.

We now show that Egs. (3.23a)—(3.23c) reduce to the
Fickian diffusion problem in the limit z — 0. This limit has
to be taken by eliminating X, and Y, as fast fields.
Equivalently, one drops the time-derivative terms in

In contrast to ordinary deterministic calculus, quadratic
stochastic increments cannot be discarded; since dW ~ v/dt,
one has (dW)?~dt. Thus the Itd product rule reads
d(XY) = XdY + YdX + dXdY, or d(X*) = 2XdX + (dX).

Egs. (3.23b) and (3.23c), while keeping the finite contri-
bution of 7Y,. This gives the algebraic constraints

— X5(q) —74*W>(q) + 7¥»(q) =0, (3.25a)

22
—2Y2(q) = 2r¢’ReXs(g) +—¢* = 0. (3.25b)

Although Y, ~ A¢?/7 is singular in this limit, the combi-
nation 7Y, remains finite. Solving the above constraints
gives
X>(q) = —r¢*Wa(q) + 14*. (3.26)

Substituting this result into Eq. (3.23a), and using W5! =
Ay = 1/d and Im W,(q) = 0, one obtains

o,Wa(q) = =2rq*(Wa(q) = W3Y). (3.27)
This is precisely the relaxation equation for the equal-time
two-point correlator in the Fickian diffusion problem [53].
Thus the 7 — 0 limit is singular only in the auxiliary sector,
while the physical charge correlator W, remains finite and
smoothly approaches the standard diffusive result.

The decrease of the relaxation time with increasing ¢ has
a simple real-space interpretation. A fluctuation mode with
wave number ¢ consists of neighboring regions of excess
and deficit charge separated by a distance of order # ~ g~'.
Diffusion relaxes the mode by transporting charge between
these regions. Since the characteristic diffusion distance
satisfies #2 ~ yt, redistributing charge over a distance #
requires a time scale of order ¢~ 1/yg* Thus shorter-
wavelength modes relax more rapidly because charge is
transported over a shorter distance. Equation (3.27)
describes the relaxation of two-point function, for which
the two density insertions contribute additively to the decay
rate 1/2yq”. This estimate applies in the long-wavelength
Fickian regime. As g approaches g, [see Eq. (3.12)], the
finite relaxation time of the current becomes important, and
the simple g=2 decrease behavior should no longer be
extrapolated.

The same procedure applies to the higher-point sectors.
The explicit evolution equations for the three- and four-
point Wigner functions are lengthy and are therefore
collected in Appendix E, together with details of the
numerical implementation.

IV. EQUATION OF STATE AND TRANSPORT
COEFFICIENTS

In Sec. III we have derived a closed set of evolution
equations for the equal-time Wigner functions in MC
theory. To perform phenomenological simulations, we must
now specify the time-dependent input functions appearing
in those equations, namely the thermodynamic derivatives
(equation of state) encoded in a(n(t)) and the transport
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coefficients y(7) [and, in MC theory, z(¢)]. In this Section
we summarize our parametrization of the baryon suscep-
tibilities and diffusion coefficient, based on a mapping to
the 3D Ising universality class.

Note that the evolution equations solved in this work are
the longitudinal (1D) effective dynamics for charge fluc-
tuations, appropriate when transverse structure is integrated
out and the background varies slowly on the scales of
interest. The mapping to the 3D Ising model is used only to
parametrize the local static thermodynamic input near the
critical point, namely the susceptibilities y,, (7, 1) along the
background trajectory. In other words, “3D Ising” specifies
the universality class of equilibrium fluctuations, while
“1D” refers to the reduced spacetime dependence of the
dynamical evolution we simulate; these two statements
refer to different aspects of the setup and are therefore
compatible.

The transverse area and any residual transverse depend-
ence enter only through overall normalization and through
the time-dependent input functions, and are not evolved
explicitly in the present 1D setup.

To make the discussion concrete while keeping the
background dynamics under control, we work with repre-
sentative trajectories through the QCD phase diagram at
fixed baryon chemical potential. We prescribe a time-
dependent temperature history 7 = T(¢) and keep chemical
potential x constant, so that the background follows a
vertical line in the (7', u) plane. We consider two values,
U = g, (far from the critical region) and y = p,,r (passing
close to it). This provides a simple way to separate
noncritical finite-lifetime effects from those enhanced by
critical slowing down (Fig. 2). Along each trajectory, the
susceptibilities y,,(7) and diffusion coefficient y(¢) (Fig. 3)
are evaluated from our chosen equation of state via Ising
mapping and serve as time-dependent inputs for the
correlator evolution.

Furthermore, to explore the phenomenological conse-
quence of fluctuation dynamics in MC theory, we model
the QGP evolution through the QCD phase diagram using
the chemical potential as a control parameter. This mimics
the beam energy scan in heavy-ion collisions, where
different collision energies correspond to different trajec-
tories in the (7', i) plane. In particular, we consider a set of
trajectories with fixed chemical potential y, while the bulk
evolution along each trajectory is characterized by a
decreasing temperature 7' (7). When the temperature reaches
the freeze-out value Ty, the dynamical correlators Wy are
converted into acceptance-dependent cumulants Cy(A)
via Eq. (2.18).

With the above setup, we now illustrate the parametri-
zation of thermodynamic and transport quantities.

In the MC diffusion equations, the linear relaxation rate
of a density mode is governed by diffusion coefficient
y = Ad’. The nonlinear transport couplings appearing in the
source terms are encoded in thermodynamic derivatives of

a(n) = p(n)/T with respect to n, which can be expressed
in terms of baryon-number susceptibility y, = (%)T as

1 1 1 3
a/:T—){z, a//:—?j;—z, a’”zf<3§—§—%). (41)

In this work, thermal conductivity is parametrized as

A= dCT(to);(é/ 2(1‘0), where d. = 0.5 controls the overall
magnitude of diffusion. The diffusion coefficient y and its
derivatives are then given by y = Ao,y = A",y = 1"
for constant A.

The simulation requires the time dependence of y(7) and
xi(t) along a background trajectory. We obtain baryon
susceptibilities from a standard mapping to the 3D Ising
model. Following Refs. [62,63], we decompose the sus-
ceptibilities as follows

X =x8 k. (4.2)

Regular part. The regular susceptibilities are interpo-
lated between a hadronic baseline and a QGP baseline, i.c.,

o 1 T-T.
2 8(T) :)(I,f+f(;(kQGP =71 |1+ tanh . (4.3)
2 AT,

with AT, = 0.01 GeV controlling the width of the tran-
sition region between the two phases [62]. For later
convenience, we normalize the susceptibilities y; in terms
of the dimensionless lattice results )(}jm for hadronic and
QGP phase and k = 2, 3, 4, respectively,

H _ 42, Hlatt QGP _ 47 QGPlatt
i =T, x5 = Togexs )
H.l GP GP, latt
=T 3% = T,
Hl GP GP.latt
A= 0 = 0 (4.4)

where the typical temperatures of the hadronic and
QGP phases are given by Tz =0.10GeV and
Toep = 0.25 GeV, respectively. The choice of lattice

susceptibilities is as following: we take yi'™' = 1/3,

)(SGP att 2/3 from Ref. [38]. For the fourth-order sus-

s : I GP Jatt GP latt
ceptibility, we use y 1t = yEHatt gpq , QORI — # P oak

[64,65]. Since Lattice QCD does not provide the third-order
baryon number susceptibility, we estimate it as yt ~ ylat
[66] for both phases.

Critical part. There are various choices for mapping the
critical part of the equation of state [23,67]. In this work, we
map the critical contribution to QCD susceptibilities, x{",
from the 3D Ising susceptibilities «; via the following
parametrization:

X (T p) = T3 % (R.0). (4.5)
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where T4, = 0.3 GeV is introduced for dimensional con-
sistency. The parametrization variables (R, 0) are related to
Ising variables (r, 1) by

r(R,0)=R(1-6%), h(R,0)=R>?(30-20°), (4.6
where r is the reduced Ising temperature while % is the
magnetic field. The critical region (Ah, Ar) in the Ising
phase diagram is further mapped to the critical region
(AT, Ap) in the QCD phase diagram via

T-T, h -
c_h o opmme_ 1 (4.7)
AT ~ Ah Ay Ar

The Ising susceptibilities xy_, 3 4 are parametrized as [68,69]

M, 1
R0 =y ®G 1 200
My 4009 + 6)
R, 0)=—-—— ,
SR 0) = R G5 + 2007
12M 81 — 7836 + 1056* — 56 + 26°
k4(R, 0) = ——=° i .

H(S) R14/3(3 _ 92)3(3 + 292)5 ’
(4.8)

where we take the normalization constants M ~ 0.605 and
Hy ~0.394 [67]. In this parametrization of the equation of
state mapped from the Ising phase diagram, the location of
the critical point is treated as a free parameter. We adopt
T.=0.12 GeV and p. = 0.40 GeV, within the theoreti-
cally predicted range of possible critical point locations
(T.,p.) compiled in Ref. [70]. The other nonuniversal
parameters are chosen as [46,71,72]

AT = érc = 0.015 GeV,

5\ 3/4
Ar = (5) , Ah =1.

Ay = 0.10 GeV,
(4.9)

Background trajectory and time variable. For illustration
we prescribe a phenomenological cooling profile inspired
by Hubble/Bjorken-like expansion, with temperature

£\ 3 1
o-n(H)" a-l

. (4.10)

where t is the evolution time variable used in our correlator
equations, c, is the speed of sound that controls the cooling
rate. In our setup, the initial conditions of the prescribed
evolution are specified by 7T, =0.22 GeV, ) =3 fm,
while the freeze-out temperature is chosen as
Ty =0.11 GeV. We use Eq. (4.10) as a phenomenological
parametrization of the cooling history experienced by a
representative fluid element. Accordingly, in the dynamical
evolution we do not include the terms controlled by the

background expansion rate ® (in an expanding hydro-
dynamic background, ©® =V, u¥; e.g., Bjorken/Milne
terms ~1/7) that arise in an explicitly expanding formu-
lation. This setup should therefore be viewed as an effective
modeling for the time dependence of the thermodynamic
inputs y,(7) and transport coefficients [such as y()] along
the prescribed trajectory, rather than as a detailed spacetime
description of the full collision. A rough consistency
criterion for neglecting explicit expansion terms is that
the intrinsic relaxation rates of the retained modes, such as
y(t)g*> (and 1/7 in MC theory), are not parametrically
smaller than the background expansion scale ® over the
time interval of interest (see more discussions in Sec. V).

In the present work we deliberately simulate the fluc-
tuation dynamics along constant-u background trajectories:
we specify T(t) via Eq. (4.10) and keep the baryon
chemical potential y fixed, so that the background follows
a vertical line in the (T, u) plane. To isolate finite current-
memory effects in a controlled way, we perform represen-
tative runs at two chemical potentials, 4 = py,, (far from the
critical region) and p = p,., (passing close to it), as
illustrated in Fig. 2. For each y we consider two values
of the MC relaxation time, 7 = Ty, and 7 = Ty For
every choice (u, 7), we compare the MC evolution with the
purely diffusion baseline obtained by setting 7 = 0 while
keeping all other inputs identical.

300
250 Quark-8luon plasma
200
z o o
= 150 ®
& Critical point
100
Hadron gas
50

0 200 400 600 800 1,000 1,200 1,400 1,600
u [MeV]

FIG. 2. Schematic illustration of the background trajectories
used in this work in the (7, i) plane of QCD phase diagram. We
consider constant-y trajectories (vertical lines) with a prescribed
cooling history 7'(¢). The sequence of colored markers indicates
representative times along each trajectory (earlier — later as 7'
decreases). The progressive decreasing color intensity of the
marker color encodes the decrease of temperature, while the
increasing marker size is a purely schematic indication of the
growth of an effective macroscopic domain size as the system
evolves. The lightly shaded band is a schematic indication of the
crossover region, emphasizing that, away from the critical point,
the change from quark-gluon plasma to hadron gas is smooth
rather than a sharp phase transition. The figure is intended as a
visual guide to the setup; the correlator evolution is performed
long these trajectories using the time-dependent inputs specified
in Sec. IV rather than by solving an explicitly expanding
hydrodynamic background.
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Equilibrium correlators and observables. The equilib-
rium correlators provide a convenient reference and also
determine our initial conditions chosen to be in equilib-
rium. The equilibrium connected equal-time correlators are

;=

1
W;q = P =Ty,

a//

qu - ()3 =Ty,
3(a//)2 —dd"
(@)
where the last equality in each equation follows after
substituting o, @”, " in terms of y; using Eq. (4.1).

Furthermore, what is commonly reported in experiment
is the ratios of cumulants

Wl = = T3, (4.11)

(4.12)

Their equilibrium values are obtained by replacing
Wy(qi, ..., qy;t) with the equilibrium correlators W3 in
Eq. (2.18), and reduce to the susceptibility ratios y3/y, and
x4/ x>, respectively.

V. NUMERICAL SETUP AND RESULTS

In this Section we solve the evolution equations for the
equal-time Wigner functions in MC theory including its
Fickian diffusive limit, and quantify the resulting modifi-
cations of freeze-out correlators and acceptance-dependent
cumulants. All simulations are performed along the pre-
scribed constant-u background trajectories introduced in
Sec. IV. By comparing a low-u far-from-critical trajectory,
U = Mgy, With a near-critical trajectory, g = ppear, We dis-
entangle generic finite-current-relaxation effects from the
additional modifications induced near the critical region.

Physical momentum window. Our effective description is
intended for wavelengths that are (i) supported by the finite
size of the QGP droplet and (ii) not shorter than the length
scale below which hydrodynamics ceases to apply. We
therefore restrict the modes to a momentum window

1 1
qe[Qmin’qmax]? QminNO<_)’ QmaxN(f)( >’ (51)

L fcell
where L denotes a characteristic macroscopic system size
and 7 denotes a UV cutoff length scale controlling the
breakdown of the coarse-grained description. In practice,
we take

9 min = 0’ Gmax = 2 fm_lv (52)

while the UV cutoff corresponds to & ~ O(0.5 fm),
the finite-size infrared scale O(1/L) is neglected in
the large-system continuum approximation, consistent

with the homogeneous-background assumption underlying
Eq. (2.16).

Consistency estimate: Expansion vs relaxation. As dis-
cussed in Sec. IV, a rough consistency criterion for
neglecting explicit expansion terms is that the intrinsic
relaxation rates of most retained modes, I'(f) = y()g?, are
not parametrically smaller than a typical expansion
scale, ®, over the time interval of interest. For orientation,
one may take a Bjorken-like estimate ® ~ 1/7 at mid-
rapidity, which in our time window corresponds to
O~ O0(0.1-0.3) fm~!. The retained modes for which
expansion effects may be relevant can be estimated from
the competition between the expansion and diffusion rates,
yielding g < /0/y(t) ~ O0(0.5 fm™!), where the mini-
mum value of the time-dependent diffusion coefficient
y(¢) is around 0.5 fm (see Fig. 3).

Consequently, expansion effects, if included, are
expected to be most relevant in the small-¢g region of the
retained momentum range. We neglect these explicit
expansion corrections in the present work and regard their
quantitative impact on the softest modes as a limitation of
the simplified background treatment.

Choice of relaxation times. The MC characteristic
momentum scale ¢, indicates where finite current relax-
ation competes with diffusion. Since y(¢) varies along the
trajectory, g, 1is time dependent; for orientation, we
estimate it using a representative value of y, for example
near the region of strongest variation or at freeze-out.
Throughout this work we use two relaxation times, 7 =
Tomal aNd T = Tyye, chosen such that g, lies inside
[@min> Gmax] for one choice and outside for the other.
This provides a a clean test of when memory effects should
be visible in the physical momentum window.

With these conventions established, we now turn to the
numerical evolution of Wy (z, ¢).

A. Two-point functions

We begin with the two-point Wigner function W5 (q, 1),
which controls the variance of the conserved charge in a
finite acceptance window. Along each prescribed trajectory
we compare the Fickian diffusive evolution (r = 0) with
the MC evolution at finite current-relaxation time (z # 0).
Unless stated otherwise, we present the normalized Wigner
function

Wala. )= .

(5.3)

and use the instantaneous local-equilibrium value W5(7),
determined by the time-dependent susceptibility along the
same background trajectory, as a reference benchmark.
In the multipanel plots of Figs. 4 and 5, the top panels
display representative wave numbers inside the window
[@min> Gmax]» Which are the modes entering our acceptance-
dependent cumulants. The bottom panels show ¢ values
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Time-dependent thermodynamic and transport inputs along the background evolution at fixed baryon chemical potential.

Shown are the susceptibilities y»(7), ¥3(), y4(¢) (from the 3D Ising mapping evaluated along fixed ) and the diffusion coefficient y ()
used in the evolution equations of stochastic MC diffusion. Results are displayed for two representative constant-y trajectories,
U = pgye = 0.100 GeV (red) and p = pipe = 0.366 GeV (blue). The pronounced nonmonotonic structures in y,,(z) for the larger u
reflect passing close to the critical region (with u, = 0.4 GeV in our parameter choice) and induce a corresponding time dependence of

y(#) through the adopted parametrization.

outside the window only as a diagnostic and they are not
used in the phenomenological integrals in our evaluation of
acceptance-dependent cumulants. The finite-z effect should
be read relative to the Fickian diffusion baseline.

Let us first discuss the in-window modes shown in the
top panels of Figs. 4 and 5. For the smaller relaxation time,
T = Tgnan» the corresponding g, lies outside the physical
window. The MC curves remain close to the corresponding
diffusion curves both far from and near the critical region
and the main visible effect is only a modest additional
delay. This indicates that, for this choice of 7, current
memory is a small correction in the physical momentum
window.

For the larger relaxation time, 7 = 7y, the scale g,
falls inside the physical window, so memory effect
becomes clearly visible. Along the far-from-critical trajec-
tory in Fig. 4, where the equilibrium target varies smoothly,
finite current relaxation mainly shifts the response to later
times relative to the diffusion baseline, with only a mild
distortion of the relaxation tail. Along the near-critical
trajectory in Fig. 5, the equilibrium target has a pronounced
nonmonotonic structure. The same delayed current
response therefore does more than shift the curves; it also

reshapes the peak region and the subsequent relaxation.
The approach to the evolving equilibrium target becomes
weakly oscillatory, corresponding to an underdamped
response.

More precisely, for fixed transport coefficients, the
density-current modes become underdamped when g >
qx = 1/+/4ry [see Egs. (3.12) and (E7)]. Since y = y(1)
varies along the background trajectories considered here,
this condition should be understood locally in time. The
separation between the overdamped and underdamped
regimes was analyzed systematically in Ref. [10]; here
we focus on how this crossover appears in the evolution of
the equal-time correlators.

The lower panels in Figs. 4 and 5 are shown only as a
diagnostic of the large-g behavior outside the physical
momentum window. In the Fickian baseline, increasing ¢
simply increases the relaxation rate, I', = 74>, so the large-
g modes track the instantaneous equilibrium target more
efficiently. Thus the dashed curves in the bottom panels lie
very close to the black curve [45].

The MC evolution with finite 7, however, behaves
differently. Because the diffusive current has its own finite
relaxation time, the large-g modes do not necessarily
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FIG. 4. Time evolution of the normalized two-point Wigner function W,(q,t) along the constant-u trajectory at
1= pgr = 0.100 GeV, far from the critical region. Colored solid curves show the MC evolution with finite current-relaxation time,
while colored dashed curves show the Fickian diffusion limit, z = 0, for the same values of ¢. The black curve denotes the instantaneous
local-equilibrium value W5'(z), determined by the time-dependent susceptibility along the same background trajectory; it serves as a
common reference for both the MC and Fickian evolutions. The left and right columns correspond to 7 = 0.2 fm and 7 = 1.2 fm,
respectively. The upper panels show representative modes in the physical window ¢ € [¢in> Gmax)» While the lower panels show larger-¢
modes, included only as a diagnostic.

governed only by the diffusive rate. This results in an
additional delay beyond Fickian baseline and, for the larger
relaxation time, a weakly underdamped relaxation pattern.
This effect is mild along the far-from-critical trajectory,

approach the instantaneous Fickian limit faster and faster
(see more discussions on large g behavior in Sec. V C).
When the diffusive relaxation rate yg> becomes comparable
to the current-relaxation rate 1/, the evolution is no longer

1.5} MC: solid
Fick: dashed
= 1.0
=
=
05 ¢=15fm™"
— ¢=20fm™!
——  equilibrium
0.0
1.5¢
—
1.0}
(=
S~—
eé\‘ q=25fm™"
0.5 == ¢=3.0fm™*
—_ q= 3.5fm™!
——  equilibrium
0.0 y -
3 4 5 6 7
t [fm]

FIG.5. Same as Fig. 4, but for the constant-u trajectory at g = e, = 0.366 GeV, which passes close to the critical region. Compared
with Fig. 4, the near-critical trajectory makes the finite- effects more visible, especially for 7 = 7y, = 1.2 fm, where the MC curves
show both an additional delay and a mild reshaping of the relaxation profile relative to the Fickian baseline.
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FIG. 6. Time evolution of the normalized higher connected correlators along the far-fromcritical trajectory, y = g, = 0.100 GeV, for
representative in-window wave numbers ¢ = 1.0, 1.5,2.0 fm~!. Top panels: W5(gq, t); bottom panels: W, (g, ¢). Dashed curves show the
Fickian diffusion baseline (z = 0), while solid curves show MC evolution with finite current-relaxation time. Left column: 7 = 74,;
right column: 7 = 7. The black curve in each panel denotes the corresponding instantaneous local-equilibrium benchmark along the
same trajectory. Finite relaxation produces both a delayed response and a g-dependent reshaping of the higher connected correlators
relative to the diffusion baseline. The large apparent amplitude of the oscillations in the right panels is enhanced by the normalization to
the small initial values of the higher-point correlators along the far-from-critical trajectory; these panels should therefore be interpreted
mainly as showing the delayed and underdamped response induced by finite current relaxation.

where the equilibrium target varies smoothly, but becomes
visible near the critical trajectory, where the equilibrium
benchmark changes nonmonotonically in time.

B. Three- and four-point functions

Having established the evolution analysis for the two-
point correlators W,, we now turn to the higher-point
connected correlators W5 and W,. Since equilibrium
higher-point correlators are known to be more sensitive
to criticality than W5, it might be interesting to explore how
the dynamic effects, especially the finite current relaxation,
may reveal or reshuffle this sensitivity.

Similar to Eq. (5.3), we define the normalized three- and
four-point Wigner functions

W.(q.1)

Wi(q.10)

= Ws(q.1)

Wil(g,t) = d Wy(q.t
3(q.1) Wa(q. 1o) an 4(q.1)

(5.4)

Their time evolutions are shown in Figs. 6 and 7 for y,, and
Mnear> T€Spectively. We focus on the comparison between the
solid MC curves and the dashed Fickian curves at the same
values of ¢, yet only within the physical momentum
window. As one can expect from the previous results
shown in Figs. 4 and 5 for two-point functions, the
Fickian evolution does not follow the instantaneous
local-equilibrium benchmark exactly, because the equilib-
rium benchmark itself changes with time, and the finite

current relaxation in addition modifies the results on top of
the Fickian nonequilibrium evolution.

Along the far-from-critical trajectory in Fig. 6, a finite
relaxation time shifts this response and changes the height
and location of the extrema. For 7 = 7,,; the modification
is mostly a smooth deformation of the Fickian result, while
for 7 = 7y, the solid curves depart much more strongly
from the dashed curves and develop an underdamped
relaxation pattern. The large apparent amplitude of these
oscillations should be interpreted with care, since it is
enhanced by the normalization to the small initial values
Wi (g, tg) of the higher-point correlators along the far-from-
critical trajectory. The robust information is therefore the
finite-z shift, the g-dependent reshaping relative to the
Fickian baseline, and the onset of an underdamped response.

The near-critical trajectory in Fig. 7 shows the same
comparison in a more structured background. Here the
Fickian curves already display a pronounced lag and
distortion relative to the instantaneous equilibrium bench-
mark, reflecting the rapid nonmonotonic evolution of the
equilibrium higher-point correlators. Finite current relax-
ation further modifies this Fickian response; the extrema
are shifted, their magnitudes are changed, and the sub-
sequent relaxation is reshaped, especially for 7 = 7y
Thus, the effect of current memory is not simply that the
correlators fail to follow their equilibrium values, which
already happens in Fickian diffusion. Rather, the finite =
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FIG. 7.

Same as Fig. 6, but for the near-critical trajectory u = p,e.r = 0.366 GeV, which passes close to the critical region. Compared

with the far-from-critical case, finite current relaxation produces more visible deviations from the Fickian baseline; the extrema are
shifted, the peak structure is reshaped, and the late-time relaxation is more strongly modified, especially for 7 = 7y,

accounts for the nontrivial deviation of the correlators form
their Fickian baseline.

Taken together, Figs. 6 and 7 show that the higher-point
correlators provide a sharper diagnostic of finite current
relaxation than W,. This suggests that the corresponding
freeze-out cumulants, C; and C,, should be especially
sensitive to current memory, especially near the critical
region. Before converting the evolved correlators into
acceptance-dependent cumulants, we first examine their
q dependence at freeze-out.

C. Spectrum of correlators at freeze-out

In the previous Subsections we studied the time depend-
ence of W,, W5, and W, at representative fixed values of 4.
The acceptance-dependent cumulants, however, are not
determined by a single fixed-g mode. They are obtained by
integrating the freeze-out Wigner functions over g with the

acceptance kernel in Eq. (2.18). It is therefore useful to
inspect the g dependence of Wy(q.t;) at freeze-out,
especially inside the physical momentum window
[Gmins 9mayx) Used in the cumulant calculation.

In this Subsection we use W5 (g, t/) as the simplest example
to understand the limiting small-¢ and large-g behavior
analytically, and then compare with the numerical freeze-
out spectra shown in Fig. 8. The same figure also displays
W3(q.ty) and Wy(q. t,), which show the stronger sensitivity
of higher-point correlators to finite current relaxation.

Eliminating X, and Y, in Eqgs. (3.23a)—-(3.23c), one
obtains

72 37

2

0 +507 + (14 20r¢°)0, + 2r47 | Wa(g. 1) = 234°.

(5.5)

equilibrium
7=0fm
T= Tamall

T= Tiarge

FIG. 8. Wigner functions W3 4(g. /) as functions of g at freeze-out time ¢,. The solid and dashed curves correspond to evolution
trajectories at fixed pg,, = 0.100 GeV and p,,, = 0.366 GeV, respectively. The black curves represent the corresponding equilibrium
values W4, The colored curves show W;(q, t;) for different relaxation times, including the Fickian limit 7 = O shown in blue. The
magenta region denotes the physical momentum window [@pin» Gmax] = [0,2] fm~! adopted in this work.
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equilibrium
T=0
7=02fm
7=12fm

n[GeV]

0.30 0.35 0.40 0.45 0.30 0.35
[GeV]

0.40 0.45 0.30 0.35 0.40 0.45
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FIG. 9. Freeze-out acceptance-dependent cumulants C,, Cz, and C, for a representative rapidity window, Ay = (.5, shown as
functions of the trajectory parameter y around .. The black curves denote the corresponding instantaneous local-equilibrium estimates
obtained from the equilibrium correlators at freeze-out. The blue curve shows the Fickian diffusion baseline (r = 0), while the green and
red curves show MC evolution with 7 = 0.2 fm and 7 = 1.2 fm, respectively. Finite current-relaxation modifies the height, position, and
sign structure of the cumulant curves, with the effect becoming more pronounced for higher cumulants.

The two limiting cases of Eq. (5.5) clarify the behavior of
the freeze-out spectrum shown in Fig. 8. In the long-
wavelength limit ¢ — 0, Eq. (5.5) reduces to

2 3
(%a? +§a$ n at> W,(0,1) = 0, (5.6)
whose solution is
W2(07 t) = W;q(o, to) + T(—Cl - Cz
+ Cre~ =)/t - Cye=2(=0)/7) - (5.7)

where C 5 (7, 1) are integration constants. Thus the exactly
zero-momentum mode is nondissipative. In the Fickian
limit, the freeze-out Wigner function retains its initial value,
W,(0,27) = W,(0.1y), because the diffusive relaxation
rate vanishes as g — 0. At finite 7, the auxiliary sector
only produces transient modes with decay times of order 7;
after these transients decay, W,(0,¢) again approaches a
time-independent constant. With the initial conditions used
in the numerical implementation of Fig. 8, this constant is
the same for all finite-z curves, namely W5'(0, 7).

The opposite limit is also instructive. Taking ¢ — oo in
Eq. (5.5), and keeping the leading terms in 1/¢, gives the
asymptotic relaxation-time form

W, (o0, 1) — W3(¢
0, Ws(0o0. 1) = — 5 (00 )T 2()’

(5.8)

where W3 = 1/y = 1/d’. Its solution is

L
W, (oo, 1) :e—<f—'o>/fwz(oo,r0)+/ ds ———W5(s).
T

Iy

(5.9)

For 7 = 0, the exponential kernel becomes a delta function
and the large-g modes track the instantaneous equilibrium
value, W (oo, 1) = W5(¢). This is why the blue Fickian

curves in Fig. 8 approach the black equilibrium lines at
large g. At finite 7, however, the large-g modes do not relax
instantaneously. Instead, they follow a retarded average of
the equilibrium target over a timescale z. For a slowly
varying target, Eq. (5.8) gives

W, (o0, 1) = W3l(1) — 79, W5 (t). (5.10)
Since W3! = Ty, decreases near freeze-out in our trajec-
tories (cf., Fig. 3), one has 0,W5! < 0, and the finite-7 large-
q value lies above the instantaneous-equilibrium baseline.

For the cumulants, however, the relevant modes are not
the asymptotic ¢ = 0 or ¢ — oo limits, but the modes
inside the physical momentum window shown by the
shaded band in Fig. 8. The acceptance kernel gives the
largest weight to the low-¢g part of this window. Focusing
on W,, the far-from-critical trajectory shows a relatively
smooth dependence on 7, because the equilibrium target
varies smoothly. Along the near-critical trajectory, by
contrast, the equilibrium target has a pronounced non-
monotonic time dependence and the relaxation of the
correlator is less efficient. As a result, the freeze-out
spectrum W,(q,1;) develops a nontrivial dependence on
both ¢ and 7, which is important for the behavior of C,
discussed in Fig. 9.

The higher-point spectra in Fig. 8 show the same
mechanism in a more amplified form. Because W3 and
W, inherit sharper and sign-changing equilibrium struc-
tures, finite current relaxation produces larger distortions of
their freeze-out g profiles than in W,. This anticipates the
stronger finite-z effects in the acceptance-dependent Cj,
C4, and ratio observables discussed in the next Subsection.

It is important to emphasize that our correlator evolution
equations apply to ¢ < 1/¢, consistent with the hydro-
dynamic regime e ~ (g£)* < 1. Extension to the scaling
regime g¢ 2 1 requires resummation and modification as in
Model H [73]. Such a treatment suppresses the large-g
critical enhancement relative to the local long-wavelength
approximation used here. The acceptance kernel A, in
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Eq. (2.18), on the other hand, predominantly weights
modes with ¢ <2z/A ~2 fm™', rather than imposing a
sharp cutoff.

Far from the critical point, where £ ~ 0.5 fm, most of this
momentum range remains within the regime ¢ < 1. Close
to the critical point, for example for & ~ 3 fm, the controlled
long-wavelength regime is restricted to ¢ <0.3 fm™,
while the contribution from larger ¢ requires the afore-
mentioned extension. Since resolving the finite correlation
length is expected to reduce the critical contribution from
these larger-g modes, the present local treatment may
overestimate their contribution to the magnitude of the
nonequilibrium cumulants. We nevertheless expect the
qualitative finite-memory effects discussed below, which
originate from the delayed evolution of the long-wave-
length modes, to remain unchanged.

D. Cumulants in a finite acceptance window

We now convert the evolved equal-time correlators at
freeze-out into the acceptance-dependent cumulants
reported in experiments. In practice, for a rapidity interval
of width Ay, the reduced cumulants Cy(A ~7Ay) are
obtained by evaluating the Wigner functions with the
acceptance-kernel formula (2.18) at freeze-out time for
each background trajectory.

Motivated by experiments such as the BES program at
RHIC, we present the freeze-out cumulants as functions of
chemical potential ¢ which is inversely related to the beam
energy. In our simplified setup, varying  moves the system
between trajectories that remain far from the critical region
and trajectories that pass close to it. This provides a
controlled way to quantify how finite current relaxation
modifies the observable cumulants, and how this modifi-
cation is amplified near the critical point.

Figure 9 shows the freeze-out cumulants C,, Cs, and Cy
for a representative acceptance width Ay = 0.5, plotted as
functions of the trajectory parameter u. The black curves

T T

1.2¢ equilibrium

T7=0
7=02fm
7=12fm

1.0
0.8F
0.6
0.4
0.2

0.0F——

So

-0.2

035
1[GeV]

0.30 0.45

denote the corresponding instantaneous local-equilibrium
estimates, while the colored curves show the cumulants
obtained from the dynamical evolution with different MC
relaxation times.

Several important features of these plots are as follows.
First, the cumulants should not be read as direct images of a
representative fixed-g curve. They are acceptance-weighted
freeze-out integrals over Wy(q. t;), and Eq. (2.18) shows
that the acceptance kernel gives the largest weight to the
low-q part of the physical momentum window. This point is
especially transparent for C,, whose kernel is positive: the
ordering of the C, curves in Fig. 9 follows the ordering of
the corresponding low-g modes of W;(q.1;) inside the
physical momentum window shown in Fig. 8. The detailed
ordering of the C, curves is not universal, since it depends
on the freeze-out condition, on when the trajectory crosses
the region where the susceptibilities vary rapidly, and on
the chosen acceptance window.

Second, the effect is more pronounced for C;y and Cy,
because the relevant equilibrium structures are sharper and
sign changing. Finite current relaxation can then shift
extrema, change magnitudes, and modify the sign pattern.

The smoother behavior of the cumulant curves in Fig. 9
should not be interpreted as an absence of the underdamped
MC response presented in the fixed-g curves for correlators
shown in Figs. 4, 5, 6, and 7. Considering Eq. (2.18), since
the MC oscillation frequency depends on ¢, different
momentum modes accumulate different phases before
freeze-out and therefore add only partially coherently after
acceptance integration. The conversion to C,,(Ay) therefore
smooths the fixed-g oscillations, while retaining the net
finite-z effect in the height, position, and the sign structure
of the cumulant curves.

To display these effects in the commonly used ratio
observables, Fig. 10 shows S¢ = C5/C, and k6” = C,/C,
at Ay = 0.5. The figure gives a simple phenomenological
message: finite current relaxation suppresses the near-
critical enhancement of these ratio observables relative

K,O'2

0.35 0.40

1[GeV]

0.30 0.45

FIG. 10. Freeze-out ratio observables S6 = C3/C, and k6> = C,/C, at fixed acceptance width Ay = 0.5, shown as functions of .
Color conventions are the same as in Fig. 9; black for the instantaneous local-equilibrium estimate, blue for the Fickian diffusion
baseline (z = 0), and green/red for MC evolution with 7y, = 0.2 fm and 7y, = 1.2 fm. Finite current relaxation suppresses the near-

critical enhancement of the ratio observables relative to the instantaneous-equilibrium estimate; the effect is especially visible in xo~,

2

where it shifts the minimum and can modify the sign relative to the Fickian baseline over part of the scanned range.
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to the instantaneous local-equilibrium estimate. The sup-
pression is visible in So, through both the height and the
position of its peak, and is more pronounced in k62, where
finite 7 reduces the peak structure, shifts the minimum,
delays the recovery, and can modify the sign relative to the
7 = 0 Fickian baseline over part of the scanned range. Thus
the experimentally relevant skewness and kurtosis ratios
retain clear finite-memory imprints even after the fixed-¢
oscillatory response has been smoothed by acceptance
integration.

VI. CONCLUSION AND OUTLOOK

Diffusion is one of the most widely studied transport
processes in physics. In this work, we studied how finite
current relaxation modifies the stochastic diffusion of a
conserved charge near the QCD critical point. In Fickian
diffusion, the diffusive current is slaved instantaneously to
the local thermodynamic force, J' = —AVia. We instead
used Maxwell-Cattaneo theory as a minimal finite-memory
extension, in which the diffusive current is promoted to an
independent dynamical variable relaxing toward its Fickian
value over a time scale z. In this stochastic enlarged
variable space, we derived closed evolution equations for
the equal-time Wigner functions W, with N =2, 3, 4
associated with charge correlators, and followed their
evolution along representative trajectories in the QCD
phase diagram. After freeze-out, these correlators were
converted into acceptance-dependent cumulants relevant
for heavy-ion fluctuation measurements.

Our main result is that finite current relaxation introduces
a genuine memory effect beyond the Fickian diffusion
baseline. Even in Fickian diffusion the correlators need not
track the evolving local-equilibrium target instantaneously;
finite 7 adds an additional response time controlled by the
competition between diffusion and the relaxation time 7.
This effect becomes phenomenologically relevant when the
characteristic MC scale ¢, ~ 1/(2,/7y) overlaps the physi-
cal momentum window entering the acceptance-dependent
cumulants. In that regime, the correlators can be shifted
relative to the diffusion baseline and, for sufficiently large
7, can show a weakly underdamped response.

Our second main result is that this finite-relaxation effect
becomes more visible near the critical region. There, the
equilibrium susceptibilities vary rapidly along the trajec-
tory, while the relaxation of the correlators becomes less
efficient because of critical slowing down. As a result, the
deviations from the Fickian diffusion baseline become
much larger for near-critical trajectories than for trajectories
that remain far from the critical point.

Our third result is that finite current memory does not act
merely as an overall suppression or enhancement of the
cumulants. For C,, the acceptance kernel is positive and
gives its largest weight to the low-g sector of Wy (q. ;).
Consequently, C,(u) is controlled by the finite-z modifi-
cation of the low-¢q freeze-out spectrum, rather than by a

single representative fixed-g curve. Since this low-¢g
spectrum depends on the freeze-out time and on the chosen
acceptance window, the detailed shape of C,(u) should not
be regarded as universal. For Cs, C, the delayed response is
more visible: finite 7 can suppress the near-critical enhance-
ment, shift extrema, and modify the sign over part of the
scanned range.

The phenomenological implication is that the observed
critical signal is not determined by the equation of state
alone. Even with the same equilibrium susceptibilities, the
nonequilibrium evolution of fluctuations can lead to differ-
ent predictions for the height, location, and sign structure of
the freeze-out cumulants. Already within Fickian diffusion,
fluctuation correlators need not follow their instantaneous
equilibrium values, and the near-critical enhancement of
the experimentally relevant ratio observables can be weak-
ened. Finite current memory provides an additional source
of delay and can further suppress this near-critical enhance-
ment in the ratio observables. Thus, current relaxation
should be viewed as a possible dynamical source of
systematic uncertainty in interpreting cumulant measure-
ments near the QCD critical point.

Several limitations of the present analysis should be kept
in mind. First, the background evolution is prescribed
rather than solved self-consistently; we use representative
cooling trajectories and keep u fixed along each trajectory
in order to isolate finite-relaxation effects in a controlled
setting. Second, our effective description is one-dimen-
sional and restricted to the long-wavelength regime where
the local hydrodynamic description applies; the full cou-
pling to an explicitly expanding, spatially inhomogeneous
background and the extension into the critical scaling
regime are not included. Third, MC theory is employed
here as a minimal model of memory effects, rather than as a
first-principles description of critical dynamics. Fourth,
fluctuations of the energy-momentum sector, including
entropy and velocity fluctuations as studied in
Refs. [74-76], are not taken into account. Finally, although
we convert freeze-out correlators into reduced acceptance-
dependent cumulants, we do not yet implement a full
particlization map to experimentally measured hadron
cumulants.

These limitations naturally suggest several directions for
future work. A key next step is to embed the present
mechanism in a more realistic expanding background that
includes energy and momentum fluctuations [77], relaxes
the constant-u trajectory assumption, and allows for a
systematic study of the dependence on momentum and
acceptance windows. It will also be important to connect
the freeze-out correlators more directly to experimentally
measured hadronic observables through a full particlization
procedure. In parallel, the minimal MC description used
here should be compared with more microscopic realiza-
tions of nondiffusive critical dynamics. By isolating, within
a controlled framework, how finite current relaxation can
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leave observable imprints on fluctuation cumulants near the
critical region, the present results provide a useful step
toward these broader goals.

As broader directions, it would be interesting to explore
whether similar finite-memory effects appear in the
Brownian motion of heavy quarks in the QGP near the
critical point [78-80], as well as the fluctuation dynamics
near a O(4) chiral critical point [81,82]. It may also be
useful to investigate whether analogous ideas apply to
diffusive processes in neural-network dynamics and arti-
ficial intelligence [8§3—85], where memory effects and non-
Fickian transport can play an important role.
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APPENDIX A: INTEGRATING OUT
Hydro+ MODE AND THE EMERGENCE
OF A DYNAMICAL CURRENT

In this Appendix we briefly justify the statement made in
the Introduction that integrating out an additional slow
mode produces memory in the constitutive relation. We use
the Hydro+ setup as a concrete illustration [17,47].

In Hydro+, one enlarges the local thermodynamic
description by including a slow variable ¢, with general-
ized entropy

dS(+> = ﬁ<+)d€ - a(+)dn - ﬂd¢ (Al)

The quantity z(e, n, ¢) is the thermodynamic force con-
jugate to ¢. In the equilibrium,

¢ = ¢¥(e.n) x(e,n, g% (e,n)) = 0. (A2)

Thus 7 does not relax toward a nonzero equilibrium value;

rather, it vanishes in equilibrium and becomes nonzero only

when the slow mode lags behind its instantaneous equi-
librium value.

To see how the slow mode is driven, let us see first how
the equilibrium value ¢®I(e,n) changes along the flow.
Using the ideal conservation laws,

De = —(e+ p)O, Dn = —n0,
where D = u - 9, O=0-u, (A3)
one finds
D¢™ = ¢ De + ¢’ Dn
= ~[(e + p)#e* + npn']® = —Ae®.

Therefore, even if initially ¢ = ¢°4, a nonzero expansion
rate O shifts the instantaneous equilibrium. If ¢ is slow, it
cannot follow this shift immediately, and a nonzero force z
is generated.

Defining the deviation from the equilibrium as
@ = ¢ — ¢$*(e, n), the linear relaxation of the slow mode
can be written as

D¢ = —T'yp. (Ad)
Using (A3), and (A4), we obtain
Do = D¢ — D4 = —=T'jp + Ae®. (AS)

On the other hand, near equilibrium, 7z is linear in ¢,

7= Ko, (A6)

so Eq. (AS5) becomes

.Dr+r=xk0®, 7,=T;', ke=1KAs. (A7)
This is the local relaxation equation for the Hydro-+
force 7.

Passing to frequency space, we have

7(w) = %@(a)).

(A8)

Equivalently, in the time domain, « is a nonlocal function
of ©

1 e_([_l/)/T/r
(1) = xe / ar " o),

o] Tﬂ

(A9)

Thus, once the slow mode is integrated out, # depends on
the past history of the fluid expansion.

The Hydro+ constitutive relation for the diffusive
current contains the spatial gradient of the force x

054033-19



NAVID ABBASI, XIN AN, and SHANJIN WU

PHYS. REV. D 114, 054033 (2026)

AJF = =R VFa — Ao, VFir. (A10)
Substituting Eq. (A8), we obtain
AJH(0) = ~Aog V(@) - za,,l_"—?%v”@m). (Al1)
In the time domain this becomes
AJH(t) = —4gg VP a(t) = Aypke / " ar ﬂ vho(r).
(A12)

This equation illustrates how the current depends on the
past history of the fluid expansion. Equation (A12) may be
rewritten in an equivalent local form by introducing an
auxiliary, memory-carrying contribution to the dissipative
current,

AJF = =2 VF + Jinem. (A13)
Comparing with Eq. (A12), one identifies
' e~ (t=1)/7x
fhn(t) = ~asto [ d = r0(r).  (A14)
— T,

This is exactly equivalent to the local relaxation equation

T, D jinem + Jimem = —Agke VFO. (A15)
Thus, after integrating out the slow Hydro+ mode, the
constitutive relation may be written either in nonlocal
form, Eq. (Al2), or equivalently in local form by
promoting the memory-carrying part of the current to
an additional dynamical variable obeying a relaxation-
type equation.

In the Hydro+ example considered here, the slow mode
is sourced by the scalar expansion rate ®, so the delayed
contribution naturally appears in the scalar channel. The
MC theory used in the main text should be viewed as the
minimal analogous construction in the diffusion sector, in
which the delayed contribution is assigned directly to the
diffusive current itself,

tDAJF + AJF = —yVHén. (A16)
Equation (A16) is therefore not the literal Hydro+ con-
stitutive relation above, but the minimal local realization of
the same general idea: a delayed response encoded as a
dynamical current.

APPENDIX B: DERIVATION OF THE KMS
CONDITION IN MC THEORY

In this Appendix, we derive the constraints on the
transport coefficients in the MC stochastic equations by

requiring that the dynamics admits the expected Gibbs
equilibrium distribution Py [45,86],

log P.y[n] = S[n| = /(s(n) + an)

X

zS[(n)]—%Ag;lénz—i—..., (B1)

where S[n] is the entropy functional of n, & is the Lagrange
multiplier for the total charge conservation, and y,;! = o =
—S” is the charge susceptibility. Near equilibrium where
entropy maximizes, the linear term in the én = n — (n)
expansion vanishes since 8S[n|/én =85 = —(a—a) ~0,
while the quadratic term implies an Ornstein-Uhlenbeck
process for charge n with stationary variance

(5n(x,)5n(x2)>eq = 1n5(3)(xl - XZ)
where y, = 1/ (B2)
We now require the stationary distribution for MC theory

to have the extended Gibbs form
Pey[n,J] = Pey[n]Peg[J|n] o €507, (B3)
such that for fixed n (such that Va = 0), Egs. (3.1) reduce
to an Ornstein-Uhlenbeck (Gaussian) process for J; with

stationary variance

(8J;(x1)87 ;(X2))eq = 1466 (x1 — X5)
ol

where y, = — (B4)
We keep the density entropy functional S[n] in its thermo-
dynamic form, without explicitly expanding it in powers of
on but take the current sector to be Gaussian at fixed n.
Thus the entropy functional depending on both density n =
(n) + 6n and current J reads

log Peg[.J] = S[n. ] = S[1] —% / 2612 (BS)

Here (J) =0 in equilibrium, so J =6/, and y, is the
current susceptibility that can be understood as the mass
terms for the spatial components of the U(1) gauge field
[13,87]. In Eq. (BS) together with Eq. (B1), both y, and y,
may depend on 7, thus the distribution is Gaussian in J for
fixed n, but it is not purely quadratic in the joint variables
(n,J) if y, depends on n. In particular, expanding x,' (n)
generates the mixed cubic term —1 (y;')on(87)%.
From Eq. (B5) one immediately obtains

88[n, J]
57,

e —)(gléJi, (B6a)
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8S[n,J] I
o= —(a=@) - 5 (') (02,

(B6b)

The corresponding functional Fokker-Planck equation for
P[n, J] reads [45]

ap/ O Py =2 (FP)+ > (P)
S A 61, ! onén
52
—(D;;P)|, B7
+6Ji51,~( ij )} (B7)

where the drift force terms (F, F;) and noise terms (D, D;;)
read

1
F:—VJ, Fi:—*(Ji+lvia),
T

D, =%5 (BS)

-
Substituting P, o« €¥ into Eq. (B7), the Ornstein-
Uhlenbeck drift —J; /7 and the noise term cancel identically
by construction of Eq. (B5). After a short calculation and
integration by parts, the only remaining contributions are

0,Peq = —l Kl —i>a+%(;(gl)’ﬂ] (V-J)Peq =0.

e
(B9)

Since a and J? are independent for generic field configu-
rations, stationarity requires both coefficients to vanish,

A -1y

1 7 =0,(x;') =0. (B10)
Using y, = 6T /7, we obtain the Wiedemann—Franz law in
Eq. (3.3), which is precisely the fluctuation—dissipation/
KMS constraints quoted in the main text. As an immediate
corollary, if 7 is taken constant, then A must also be
constant, and so is o. See Ref. [88] for a different derivation
of the constraints given by Eqs. (B10).

APPENDIX C: FICKIAN LIMIT OF THE MC
FOKKER-PLANCK EQUATION

Let us briefly show how the usual Fick stochastic theory
is recovered from the MC Fokker-Planck equation in the
limit z — 0. This limit should not be taken at fixed J;, since
J; becomes a fast variable. Instead, one should first
integrate out the current and consider the marginal prob-
ability distribution

Pln] = / DIP[n, J]. (1)

We also define the first and second current moments

(C2)

Integrating Eq. (B7) over J;, the functional derivatives with
respect to J; vanish by parts, and one obtains

0,Pln] = / %x)

The equation for J; is obtained by multiplying Eq. (B7)
by J;(x) and integrating over J;. This gives

V,TJ:(x). (C3)

D0 = ~T,(3) = V)P [ £059,,0,0).

(C4)

In the fast-current limit, the conditional distribution of J;
at fixed n rapidly approaches the local Gaussian measure

o L]
Ji_',i2’
2){qu( )

4

7 .

PlJ|n] o exp {—

‘7i = —ﬂvia, )(g = (CS)

Therefore

/ DIT(x)7,(5)PUIn] = Ti()T,(3) + 2,869 (x = ).

(Co)

Since J; is finite as 7 — 0, while Xg = 4/7, the leading
contribution to the second moment is

A
Qij(x.y) = ;51']'5(3)()5 -y)P+0(1), (C7)
where we have used P[n,J] = P[n]P[J|n]. Thus the last
term in Eq. (C4) remains finite,
7Q;;(x,y) — 26;;61%) (x — y)P. (C8)
Neglecting the 70,J; term in the fast-current limit, one
finds, for constant A,

Ji(x) = =AV,a(x)P — AV; P + O(7).

on(x) (9)

Substituting Eq. (C9) into Eq. (C3), we obtain the Fick
Fokker-Planck equation
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0,Pn.i] = — / %(x)v,. [/Nia(x)P—l—/Wi% .

(C10)
This is precisely the Fokker-Planck equation associated
with the stochastic Fick constitutive relation

Ji = =AVia + £, (Gi(x )¢ G(0.1))

= 228,69 (x — y)3(t — 1'). (C11)
Therefore the apparent singularity of the MC Fokker—
Planck equation is not a pathology. In the limit z — 0, the
equal-time current fluctuation y, = 1/7 diverges, but its
correlation time is of order z. Their product remains finite
and gives the white stochastic flux of Fick diffusion.

APPENDIX D: EQUILIBRIUM CORRELATORS

In this Appendix we rewrite the equilibrium measure
directly in terms of MC variables n and g, specializing to
the simple case used in the paper, 7 = const and A = const.
By the KMS condition derived in Appendix B, this also
implies ¢ = const. For constant coefficients, Appendix B
gives the equilibrium entropy functional (BS).

In Fourier space we decompose the current into longi-
tudinal and transverse parts,

Jil@) =Ji(a) +J{(q).  ¢J](q)=0. (DI)
The continuity equation implies
Jq = Ong = —iq;J;(q) = —ig;JE(q), (D2)
implying that
. qi
T =1 304 7 =q. (D3)
Therefore
_ [ 9a9-q _ [ dq
x a 9 q (27)

Using J2 = (J£)? + (JT)?, Eq. (B1) becomes

1 /gqg—q 1 / T T
— —— [ @I ().
2){9 q q2 2/,(9 q ( ) ( )

(Ds)

S[n, J] = S[(n)]

Since the transverse sector is completely decoupled from n
and g, integrating it out only changes the overall normali-
zation. The reduced equilibrium measure in the variables
(n, g) is thus

Pyl g] o ¢4, (D)

with

Sin.g] = Slon)) - | 45,

(D7)

This equation is the equilibrium potential appropriate for
the variables used in the main text.

To make the density sector explicit, we expand the static
thermodynamic functional around equilibrium in Eq. (3.4).
The equilibrium correlators of density fluctuation én are
generated by the weight

P,[n] « &S, (D8)

Noting W' = WT[(6n) - - - 6ny),. o> the first few equilib-
rium connected cumulants are given in Eq. (4.11).

Because Eq. (D7) also shows that the equilibrium
measure factorizes,

Peq[nv g} = Pn[”]Pg[g}v (D9)

with

1 _
P,ln] « 5, P, [g] o exp [-5 / %]. (D10)
94

Hence the density sector is exactly the usual thermody-
namic one, while the g sector is purely Gaussian and
statistically independent of n in equilibrium.

By definition we have (6n)e, = 0, (89)., = 0. Because
the ¢ sector is Gaussian, all its equilibrium correlators
follow immediately. The two-point function is

Y5 (q) = WT[Gyg) = WT[(691802)eq] = 204, (D11)
and all odd g correlators vanish,
qu = WT[<591592593>eq} =0,
Y5l = WT[(691692693694695) eq) = O, ... (D12)

while all even ones are given by Wick’s theorem, e.g.,

Yy = WT[(dg, 592693094) cq)

=YpV34+ Y3V + Yi4Y03. (D13)

Since the g sector is Gaussian, all connected g cumulants
above second order vanish,

Y?\‘I] = <ég] “'5gN>c,eq =0. (D14)

Because the equilibrium measure factorizes, any mixed
correlator splits into an n part and a g part,

<On[n]0ﬂ[ﬂ]>eq - <On[n]>eq<0n[”]>eq' (DIS)
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In particular,
ng = WT[<5915n2>eq] =0 (D16)

and, more generally, all connected mixed cumulants vanish,

(6g---6gén - - - 6n>c,eq =0
whenever both n and g are present. (D17)
The first few full mixed correlators are then
(6n16n2693)¢q = 0, (D18a)
(0116920G3)cq = (n1)eq¥23 = 0, (D18b)
<5n15n25935g4>eq = <5n15n2>eq<5g3594>eq
= W;q(12)Y34, (D18C)
(61169269364)cq = 0, (D18d)

and similarly at higher orders. Thus every equilibrium
correlator containing an odd number of ¢’s vanishes, while
those with an even number of g’s are obtained by
multiplying the charge correlator by the Wick contractions
of the g sector.

The equilibrium correlators derived above are precisely
the stationary solutions of the evolution equations used in
the main text, i.e., the solutions obtained by setting 9, = 0
in the hierarchy for equal-time cumulants. At the two-point
level, the evolution equations for the connected correlators

W1(12) = WT[(6n6n)].  X5(12) = WT[(89,6n,)].

Y5(12) = WT[(3g:69,)] (D19)
admit the stationary solution
€ 1 € e Tﬂ
Wy = Py Xy'=0,Y3(q) = 7‘12’ (D20)

in complete agreement with Egs. (4.11), (D16), and (D11).
Likewise, at higher orders one finds

(6g---6gén - --bn), ., = 0for all mixed connected sectors,

(D21)

c.eq

while the purely density connected correlators are exactly
the static thermodynamic cumulants generated by S[n],
namely W5, W4, and so on, as given above. Thus, in the
constant-coefficient case relevant for the paper, the Gibbs
measure in the (n,g) variables reproduces exactly the

0, = 0 limit of the dynamical hierarchy.

APPENDIX E: NUMERICAL IMPLEMENTATION

We outline here the numerical strategy for integrating the
linear W, system. The concrete inputs for y(¢), x(¢), and
7(¢) (and the associated equation of state) will be specified
in the next Section, where we implement this strategy for
phenomenological simulations.

Why do we not discretize the stochastic equations in real
space and simulate noise realizations? The observables of
interest—cumulants within a finite acceptance—are deter-
mined by connected equal-time correlators. It is therefore
far more efficient to evolve these correlators (Wigner
functions) directly, rather than generating noise on a lattice
and averaging over many events. This bypasses the need for
large event statistics and eliminates Monte Carlo noise.

Moreover, a real-space discretization of the stochastic
MC system would require resolving both the slow diffusive
scale and the microscopic relaxation scale z, and it would
introduce ultraviolet sensitivity associated with white noise
at the lattice scale. By working instead with the closed
evolution equations for W, (and higher W), these issues
are absorbed into controlled input functions and renormal-
ized coefficients [e.g., y(t), y(2), 7(¢)], so the numerical
task reduces to integrating a deterministic system of
ordinary differential equations for each Fourier mode.

To start, let us take the real vector U,

U(Z) = (WZ’Xr’Xi’ YZ)T
= (W1(q).ReX»(q).ImX5(q). Y>(q))".  (El)

Then the system of equations becomes

oW, = 2X,,
2 1
oX, = "L w,--x,+1,,
T T
1
a,X,» == __Xi’
T
2rq? 2 24
a,yzz—ﬂxr—_yz+_2q2, (E2)
T T T

which can be also simply written as

0,U% =AQU®@ 4 502) (E3)
with
0 2 0 O 0
_r®  _1 g 1
T T 0
@ = Q) _
A 0 o -1 oY S 0
0 -x2£ o -2 2q
(E4)

We may integrate in time using implicit Euler with a
uniform step At,
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(I - AtAY U = UD + At (1,.,).  (ES)
Since A is constant, the matrix (I — AfA) is also constant
for a given triangle and chosen At. A practical choice is to
take Az small compared to the fastest linear relaxation time.
In MC theory the linear spectrum contains two branches,
obtained from the dispersion relation

t? —iw +yq* =0, (E6)
so that
—i+i\/1—dryqg?
w:(q) = : (E7)

2t

The slow (hydrodynamic) branch is the one that reduces to
diffusion at small ¢, i.e., w,, and we define the corre-
sponding relaxation time by

1
T =—F. E8
D= o @) ()
Accordingly, we choose
At < min (7,7,(Gmay))- (E9)

In practice, when constructing the set of momentum
triangles to be evolved and later integrated over acceptance,
we restrict to |g| < geu, Where g is the ultraviolet cutoff
of the effective description (set by coarse graining and/or by
the acceptance kernel).

Initial conditions. To start the evolution at r = ¢, we
must specify U(t), i.e., W(ty), X, (1), X;(t), and Y(1g).
Physically, W is the equal-time charge correlator, while X
and Y encode correlators involving the auxiliary variable
g = o;n. In particular, in the diffusive limit ¢ — O one has
g = d,n becoming a distribution (time derivative of a noisy
process), so equal-time objects such as (gg) (and hence Y)
become parametrically large. This is why the 7 — 0 limit is
singular at the level of U even though W has a smooth
diffusive limit.

In practice we use the following consistent initialization
strategy. First, we always set

Xi(to) =0, (E10)
since X; is completely decoupled and simply decays as
e~(=0)/7_For X, we take

X, (1) = 0. (ELL)
which corresponds to the absence of an initial “velocity-
density” correlation.

Next, W, is initialized either in local equilibrium,

1
W, (ty) = Wil = ——.
2( 0) 2 0/([0)

Finally, Y, must be chosen in a way compatible with the
fast MC sector. A convenient and numerically stable choice
is to initialize Y, at its quasistationary (fast-mode) value at
fixed W, and X,, obtained by imposing 9,Y,(#y) = 0 in
Eq. (3.23c). With Eq. (E11), this reduces to

(E12)

Ys(t) = q- (E13)

This choice ensures that the large source term ~21g*/7* in
0,Y, is balanced from the start, avoiding an artificial O(z 1)
transient in the auxiliary correlator. Importantly, the charge
correlator W, remains finite and smoothly approaches the
diffusion result as 7 — 0.

For the special initialization above, one indeed has
0,U(ty) = 0. When we intentionally initialize W,(¢,) away
from W3%, 9,U(1y) # 0 by construction and the system
relaxes toward the instantaneous equilibrium correlator.

1. Three-point functions

For a momentum triangle (g;,¢2,q3) Wwith
q1+q>+q3=0, we define
na=n,. g,=9,=0n,, a€{l,2,3}. (El4)

Let us also define the (3)-sector equal-time correlators
where W, X, Y, Z represent three-point correlators with 0,
1, 2, 3g-field insertions, respectively,

Wi = WT[(”l”2”3>]v
X5 = WT((ganyn.)].
Y3 = WTl(gugn,)] (a <b).
AR WT[<919293>L (E15)

where {a,b,c} = {1,2,3}. Note that X£,3> is the “one-g”
insertion on leg a; be) is the “two-¢” insertion on legs a, b.
Evolution equations and the nonlinear terms. We find

that the set of equations is given by
oW; =XV + x4+ x9, (E16)

w0, X5) = =X —y@2wi) + > v+ 5P (B17)

b#a
w0,¥yy) = =25 -y (a2x)) + G3x0) + 29 + 5,
(E18)
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00,2 = =320 — 1 (@Y + Y + @YY + 50

(E19)

where the source terms that drive the ODE are given by

S =~/ @2Walg)Walg).  {a.b.c}={1.2.3},
(E20)
S =~/ [2X2(as)Wa(q.) + 63X (q,)Wa(q,)].  (E21)
SO = /' [q31X5(92) X2 (q3) + 43X2(91)X2(g3)
+ 43X(91)X2(q2)]. (E22)

Matrix form. Equations (E16)—(E19) can be written as

the following
|

0 1 1

—ya/t -1/t 0
—yb/t 0 -1/t

AG) — —yc/t 0 0
0 —yb/t —ya/t

0 —yc/t 0
0 0 —yc/t

0 0 0

We integrate Eq. (E23) in time using implicit Euler with a
uniform step At,

(1-AACHUY) = U

n+1

+ AthB) (t,,). (E27)

Since A®) is constant, the matrix (I —AtA®)) is also
constant for a given triangle and chosen Ar. We choose

q3 |) .
(E28)

Gmax = Max (|QI q2

El

At < min (7, 7,(¢ma))

See (E8) for the definition of 7,(g). In practice, when
constructing the set of momentum triangles to be evolved
and later integrated over acceptance, we restrict to
|90 < Geu» Where g is the ultraviolet cutoff of the
effective description (set by coarse graining and/or by
the acceptance kernel).

Initial ~conditions. For each momentum triangle
(¢1,9>,q3) we initialize the W; sector by imposing
instantaneous stationarity at ¢ = f, i.e., we set

0,UB) = AP UG 4 p0),

(E23)

with
3 3 3 3 3 3 T
U = (w5, X xP X v v v z0)T (E24)

and

In addition, A®) is the constant 8 x 8 matrix read off
directly from the coefficients in the ODEs above (depend-
ing only on 7,7, 43, ¢3. q3). More precisely, we may let
a=gq}, b=q3, c =g} Then the constant matrix reads

1 0 0 0 0
0 1 1 0 0
0 1 0 1 0
-1/z 0 1 1 0
(E26)
0 -2/t 0 0 1
—ya/t 0 -2/t 0 1
—yb/t 0 0 -2/t 1
0 —yc/t —yb/t —ya/t -3/t
|
0,UP(1y) = 0 & AB) (1)) UB) (15) + b (1) =0,  (E29)

with 53)(f) determined by the source terms SS)(t)
—Y'42W>(q,.t)W,(q,..t). Operationally, we solve the
8 x 8 linear system (E29) once for each triangle at
to- This choice determines all components of U®)(,)
self-consistently: once the source b®)(z)) is fixed by
W,(ty), the condition 9,U® () =0 fixes the charge
correlator W(33)(q1,q2,q3;t0) and simultaneously sets
the auxiliary g-inserted correlators XS)(IO), Y<a3b)(t0)
and Z<3)(t0) to their instantaneous steady-state values.
In this way we avoid an artificial short-time transient
on the fast relaxation scale ~z that would otherwise
appear if these auxiliary correlators were initialized
by hand.

Let us emphasize that imposing 9,U)(z,) =0 only
fixes the instantaneous stationary state at f,; for t > t, the
system is driven out of this state because the coefficients
and the source 5 () evolve in time, via T'(¢), u(¢) and the
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time-dependent two-point function W,. Let us recall that in
our framework the time dependence enters through the
evolving background T(t), u(tr), which determines the
coefficients in A" (¢) and the instantaneous equilibrium
correlators. The two-point function W, is driven toward
W5i(t) by the noise-dissipation balance (FDT), while
higher-point correlators are generated by deterministic
source terms built from lower correlators [e.g.,
SG) ~y/(t)W,W,], whose magnitude is fixed by the
|

equation of state. We will discuss the equation of state
in the next Section.

2. Four-point functions

We first fix a momentum quadruplet (a “quadrilateral”)
g1+ g>+ g3+ g4 =0. We define the equal-time con-
nected four-point correlators where W, X, Y, Z, R repre-
sents four-point correlators with 0, 1, 2, 3, 4g-field
insertions, respectively,

WT[(ninon3ny).],
¢ wwl{oll) |
b#a
EWT{<gangn>}, a<b,
c#a,b c
[<gagbgcnd> ] Where {avb’c’ d} = {1’273’ 4}’
WT[(91929394) ] (E30)
A convenient 16-component state vector is then
v« o) = (W4’Xa( )’Yab(4)’zub(c)’RC( )> (E31)
4 6 4
Evolution equations. For fixed 7, y and fixed {q,}, the W, sector obeys a closed linear system,
d C C
2 iy - x4 x5 X+ x5, (532
d C C C
o X = XeW —y 2w + 3 vo® + se V), (E33)
b#a
d C. C C C
fayszz o y(qzx 4 gxet )) + f<za;,<§> + 2589 4 5547, (E34)
d . ¢
d o c C
TERC’M) = —4R*®) — 7(%223(4) + 452 13(4) + 432 12<4) + ‘14212(3)) + §oR9), (E36)

Nonliear terms. The nonliear term splits into the contributions from the quadratic and cubic vertices, The y’ term
arises from the quadratic vertex while the y” term arises from the cubic vertex. Each W; argument forms a

triangle because
{a,b,c,d} ={1,2,3,4},

SZ’(XA) —

= 37" @2 Wa(q,)Walgq.) Wa(qqa),

(9a +a») +q.+q,=0. We will take g, =q,+q, in

the following. We find, for

7' [WZ(‘]b)W3(Qab’ 9erqa) + Wala)W3(Gac- qp- aa) + Wa(aa)W3(qaa- qp- Qc)}

(E37)
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with {c.d} = {1,2,3,4}\{a. b}.}

o =-r'q2 [Wz(qc)X;(f)(qac, 94) + W2(a2) X5 (@aa- 40) + X2(45)W(qup- 4 qd)]
703 | Wa(a)XE (hes 00) + W@ XS (@0 90) + Xo(4)W3(dab - 40)|
|2 Wa(a0)Wa(00)Xa(ah) + G W24 Wal40)Xa (40)|. (E38)
Note also that with ¢, + ¢, + qg. =0,

X5 = WTl(gg,ng,n,.)) = X&' (a1 4.).

3 3
Y = WT((g, 95,1,.)] = ¥ (40). (E39)

With this and {b,c,d} ={1,2,3,4}\{a}, we find, with ¢, + ¢, + 9.+ g, =0,

Sg'b(fA) =-y [‘Ing(‘Id)Yg(%d) + Q%W2<Qd)Y£z?(de) + ngz(CId)Yﬁ)(ch)}

~7|(@2Xa(ay) + 03X (a.))XE (00 4us) + (a3Xa(a0) + a2Xa(@) XS (0. 0nc)
3
+ (42X2(40) + 42X2(a0)X} (40, qac)}

=72 Xa (@) Xo(a)Wa(da) + 3Xo(00)Xa(0)Walda) + G2Xa(a)Xalan)Walan) | (E40)

with d the remaining leg. Finally we have

S®D = —1'G2 | Xa(@,) Y3 (@an) + Xa(00) V) (ac) + Xo(00) V52 (dad)
70} [X2(0) Y3 (@w) + X (0 Y5 (@ne) + Xa(00) Y2 (00a)|
-7 [X2(Qa)ygii)(Qac) + X (qp) Yo (qpe) + XZ(‘]d)YSl;)(ch):
=763 [X2(00) Y5 (Gu) + Xalan) Y (@10) + Xa(a0) V') (g0)
-7 [Clgxz(ﬂlb)xz(%)xz(%) + 43X2(94)X2(qc)X2(qa)

+ q:X2(q4)X2(9) X2 (q4) + q31X2(Qa)X2(qb)X2(QC)} : (E41)

As a result, the W, sector is a linear ODE system driven by known lower-sector inputs W,(¢) and W;(r),

di U4 = AWUy® + p@), (E42)
t
where A® is a constant 16 x 16 matrix (for fixed 7, y, and fixed {q.}), and

bO(1) = (0.5 (0)/2. 85 (1) /. S8 () /2. S0 (1)
SEY (0 /2. S5V (1) /2. U (1) /7, S5 (1) /7. 85 (1) /2. 85 (1) /2.

, € , 4 T
S ) /2. 850 0 /2. 55D /2, S50 (/7. 5® (1) 7). (E43)

The initialization of U® follows the same procedure as in the W5 sector and will not be repeated here.

*This takes the set {1,2,3,4}, and removes the elements a and b. So if, for example, a =1 and b =3, then

{1,2,3,4}\{a, b} = {2.4}.
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