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Feiyu Peng

"and Hongfei Shu 123

nstitute for Astrophysics, School of Physics, Zhengzhou University, Zhengzhou, Henan 450001, China
Bel]mg Institute of Mathematical Sciences and Applications, Beijing 101408, China
*Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084, China

® (Received 21 June 2026; accepted 9 September 2026; published 28 September 2026)

We develop the ordinary differential equation—integrable model correspondence for the higher-order
Mathieu equation arising from the quantum Seiberg-Witten curve of the pure SU(r+1) N =2
supersymmetric Yang-Mills theory. From the subdominant solutions, we construct the Q and Y systems
and derive the corresponding thermodynamic Bethe ansatz (TBA) equations. The dependence of the
moduli parameters is found to be encoded in the boundary conditions of the Y functions at § - —co. From
these boundary data, we derive an analytic expression for the effective central charge, which also governs
the subleading contribution in the large-6 expansion of the TBA equations. Finally, we compare the large-0
expansion of the Q function derived from the TBA equations with that obtained from the WKB method,
which yields analytic agreement at subleading order and precise numerical agreement at the higher-order

corrections.
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I. INTRODUCTION

Integrable structures in Seiberg-Witten (SW) theory
provide a precise framework for understanding the non-
perturbative phenomena in supersymmetric gauge theories
[1,2]. Over the past decades, various correspondences
between SW theory and the integrable model have been
uncovered. The SW curve was found to be identified with
the spectral curve of a classical integrable model, while the
SW differential plays the role of the associated one-form
differential [3-5]. In particular, the pure SU(r+ 1) SW
theory is related to the r 4 1-particle periodic Toda chain.
The corresponding integrable model will be quantized
when we consider the Nekrasov-Shatashvili limit of the
Omega deformation, where the nonzero Omega deforma-
tion parameter plays the role of Planck constant [6,7]. In
this limit, the SW curve is quantized to the Baxter TQ
relation of the quantum integrable model.

Another remarkable connection between the SW theory
and integrable model arises from applying the ordinary
differential equation (ODE)-integrable model (IM) corre-
spondence [8,9] to the quantum SW curves. In the case of
the A, Argyres-Douglas (AD) theory [10,11], the quantum
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SW curve takes the form of a Schrédinger equation with
degree r + 1 polynomial potential [12,13]. For the mono-
mial potential, the corresponding integrable model of A,,
AD theory is found to be the minimal model M, 5,3 [13].
Generalizing the ODE-IM correspondence to the
Schrodinger equation with arbitrary polynomial potentials,
one finds that the exact quantum periods of the correspond-
ing AD theory satisfy the thermodynamic Bethe ansatz
(TBA) equations of the quantum integrable model [14],
which provide a solution to the Riemann-Hilbert problem
of the Borel resummed quantum period formulated in [15].
Remarkably, the same TBA equations also arise from
the conformal limit of the nonlinear integral equations
describing the wall crossing of the Bogomol’nyi-Prasad-
Sommerfield (BPS) particles in the Gaiotto-Moore-Neitzke
(GMN) formalism [16-18], which can be obtained, in
principle, once the BPS spectrum in a given moduli
chamber is known.' The TBA equations for the D-type,
(A, A,)-type AD theories and the supersymmetric quan-
tum mechanics can be found in [23-30]. See [31] for the
review on these directions.

The quantum SW curve of pure SU(2) supersymmetric
Yang-Mills (SYM) appears as the modified Mathieu
equation [32,33]. This equation is more complicated than
the polynomial potential Schrédinger equation appearing in
AD theory, because it has two irregular singular points. The
TBA equations for the SU(2) quantum SW curve have

'Similar procedures have been applied to the Wilson loops and
correlation functions in AdS/CFT correspondence [19-22].
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been studied in two approaches. From the BPS spectrum
viewpoint, the TBA equations have been derived in the
GMN approach [34,35], which reproduce the resurgent
properties of the quantum periods of the pure SU(2) SYM
in the Nekrasov-Shatashvili (NS) limit. From the integra-
bility viewpoint, the ODE-IM correspondence has been
generalized to the Mathieu equation obtained by rescaling
the moduli parameter in the quantum SW curve. This
construction leads to the massless sinh-Gordon TBA
equation [36,37], which will be referred to as the integra-
bility TBA in this paper. The integrable structure is related
to the Liouville theory at a self-dual point. Restoring the
moduli parameter, the integrability TBA decomposes into
two TBA equations, which coincide with the GMN-type
TBA in the strong coupling regime. Moreover, this struc-
ture has also been extended to the SU(2) SYM with matter
[38—40]. The Mathieu equation, thus, provides a unified
framework in which quantum SW curves, exact WKB
analysis, and integrable models meet in a fully nonpertur-
bative way.

To further develop this unified framework, we study the
quantum SW curve of pure SU(r+ 1) SYM [41,42],2
which can be rescaled to the higher-order Mathieu equa-
tion. The central objective of the present paper is to
generalize the ODE-IM correspondence to the higher-order
Mathieu equation and to derive the corresponding integra-
bility TBA equations. Once the moduli parameters are
restored, these TBA equations are expected to provide
an exact nonperturbative representation of the quantum
periods.

In this paper, we construct the Q and Y systems from the
subdominant solutions of the higher-order Mathieu equa-
tion and then convert them to the TBA equations. The
dependence on the moduli parameters is encoded in the
boundary conditions of the Y functions as & — —co. From
these boundary data, we derive an analytic form for the
effective central charge, which also governs the subleading
large-0 behavior of the TBA equations. We further compare
the large-0 expansion of the TBA equations with the WKB
expansion of the quantum curve. At the subleading order,
the two approaches agree analytically through the effective
central charge, while higher-order corrections are shown to
match with high numerical precision.

This paper is organized as follows. In Sec. II, we first
rescale the SU(r + 1) quantum SW curve to the higher-
order Mathieu equation. We then construct the Q and Y
systems from the subdominant solutions and convert them
into the TBA equations. In Sec. III, we first compute the
large-0 expansion of Q and Y functions by expanding the
kernels. We then derive the boundary conditions at 8 —
—oo of the Y functions and compute the effective central
charge analytically. In Sec. IV, we apply the WKB method
to compute the large-@ expansion of the Q function, which

“Related attempts in this direction can be found in [43,44].

will be tested against the expansion obtained from the TBA
side. In the last section, we will conclude and discuss the
future possible developments.

II. TBA FROM HIGHER-ORDER
MATHIEU EQUATION

The pure SU(r + 1) SW curve of N' =2 SYM is given
by [45,46]

r+1

(e +e) = p™ = upri=e, (1)
a=2

N >

whose SW differential leads to a symplectic form dA =
idy A dp on the (y, p) phase space. The coefficients u,
parametrize the Coulomb branch moduli, while A is the
dynamical scale of the theory. The SW differential asso-
ciated with this curve determines the low-energy effective
dynamics through its period integrals. In the NS limit of the
Omega background, the SW curve is quantized by
p — —€0y:

r+1
|:(_1)r+2€r+la;+l _ z<_1)r+2—aua€r+l—aa;+l—a
a=2
A
+5 (e + e-y)] w =0, (2)

where € is the nonzero Q-background parameter in NS
limit. This equation is a higher-order generalization of the
Schrodinger equation, where e plays the role of Planck
constant. Reparametrizing the parameters by

2— -a _ _ 1 1
1)r+ auae a _ Das Uy = Prtlert ,

(_
/‘\ _ e(r+l)6‘€r+l’ (3)

one obtains the higher-order Mathieu equation

p
|:(_1)r+2a§+1 _ Zpaa;Jrl—a 4 prtl
a=2

(r+1)6

T

(w+eﬂﬂw:0- (4)

The central objective of the present paper is to develop the
ODE-IM correspondence for this equation. In the following
subsections, we first study the asymptotic behaviors of the
subdominant solutions of the ODE (4) and introduce the Q
and Y functions from them, which satisfy the Q and Y
systems. Furthermore, we will convert the Y system to the
TBA equations, whose effective central charge will also be
introduced.
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A. Q and Y systems

Since the ODE (4) has two irregular singularities, we evaluate the asymptotic subdominant solutions at Re(y) — oo and
Re(y) — —oo, respectively, which leads to

1 1\ y
000N e (= 0 (5) ) o (5)
and
Z:L‘ exp (—(r +1) <%>’*_‘eg_r+l) y = —0, odd r,
po(r.0)~ ¢ (6)

Using the following invariance of the ODE:

in

0— 0+
r+1

Q. y—->y+in,

’

we can generate the subdominant solutions in other strips
of y:

. iza
Wia=Qw =y, <y +ina, 0+ oy 1)’

Vo, =Q %Y =y_ <y + ina,d — rlial)’ (8)
where a is an integer. Note that Q yw, =y, and
Qy_=wy_.

We fix the normalization by Wy o oW yits--sWet air] =
1,? from which the normalization factors N, and N_ can be
determined. y_, can be expanded in terms of the basis
{y .} For example, when r is even, we expand y_, in

terms of W _ci1, Wy ri2s o Wit

You=Way s Wi+ Wi (oo 212
Fo A W sV s ©)

where we have used the following notation to represent the
Wronskians:

Wit bt(aybit s =Wy ooy,
WeaWeibits Wil (10)

Substituting the expansion of y_ , into the Wronskian of
{y_.}, for example, W[y_o,w_;], one finds that this

The Wronskian with respect to y is the determinant of the matrix
whose (n + 1)throw is given by (3w 1 4, Wy i1y s OgW i ir)s
where n = 0,1, ...r.

Q :y—->y—inr, 00— 0+

r+1

Wronskian can be expanded as

w
Wly_o,y_ ] = —det

X W[W+,—§+1,W+,§+1] tee (11)

More generally, in the expansion of W[y _, ...,y _ ], there
is always a coefficient which can be converted into the
determinant of an (a 4 1) x (a + 1) matrix, whose adjacent
columns can be related by an Q=!, while its adjacent rows can
be related by an €. See the right-hand side of (11) for the
corresponding coefficient in the case a = 1. The conversion
procedure can refer to the Appendix. For odd r, one will find
similar coefficients using y pmts b Wy e W e A8 the
basis. We then introduce the Q function to describe the
connection between the solutions v, ,. From the structure of
(11), we define the Q function by the determinant

-0 -0t o
[+1] [—a+1]
-0 -0 -0
Qa+1 = £ det : 1 :
_ [1+u] _ [1+a—1] _Ql

(12)

Here, the sign depends on the value of (a + 1), which is
negative when a+1=4n+1 or a+1=4n+2 and
positive when a+1=4n+3 or a+1=4n+4. The

shifted Q functions are defined by QLj] = Qa(6'+r’%),
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and Q) is defined by the Wronskian

o

Using the Jacobi identity,4 we find the Q functions satisfy the
Q system

—W[l//_ﬁo,l//+’_r;zl, odd r,

-Wly_y, W 2,

, V/+,%‘]

(13)
) W+,5]

cven r.

oo =02+ 0,001, a=12..r, (15
where Oy = 1, and, when the normalization is fixed by
W[w:t,k’ Wi ktlsoees Wi,k+r] = 1’ we find QH»I = :l:l’
where the sign depends on the choice in (12). See the
Appendix for more details. Also, by defining Y, =

02/(Q4:104-1), the Q system leads to the Y system:

(Y, +1)

yrlyl
(Yo + D+ 1)

(16)

The boundary conditions for the Y system are Yj!' =
Y;!, =0, which are equivalent to Q_; = Q,,, =0.
When r = 1, (16) reproduces the previous results of [36,37].

B. TBA equations

We now convert the Y system into the TBA equations.
According to the Y system, the pseudoenergy e,(6) =
—log Y ,(0) satisfies

in in
£, +e,| 60—
(o+:77) veu01157)

=e441(0) +€,-1(0) =2L4(0) + L1 (0) + Loy (0),  (17)

where L,(6) == log(e~¢+®) + 1). It will be explained later
that the pseudoenergy behaves as &,(0) ~m,e’ with
positive m, at large 0, which can be obtained by using
the WKB method. Substituting this into (17), we find the
constraints on m:

ma(er% + g_r%) =My + mg_q (18)

with my =m,,; = 0. Here, we have used the fact that
L.(0) approaches 0 at large 6. Defining f,(0):=
£,(0) — mge’, which allows us to perform the Fourier

*Here we use the Jacobi identity:

AA[l,a+1]1,a+ 1] = Ala + 1]a + 1]A[1]1]

— All|a + 1]Afa + 1]1], (14)
where A represents the determinant of an (a+ 1) x (a+1)

matrix and Alay,a,...|by, b,...] represents the minor obtained
from A by deleting ay, a,...th rows and by, b,...th columns.

transform and inverse Fourier transform,’ Eq. (17) leads
to the TBA equations:

Q@ = =3 " pu0-)L@)a0. (19)
h=1J -

where the kernel matrix ¢ is obtained from the inverse
Fourier transform of ¢(w) = —A~!(w)B. Here, the matri-
ces A(w) and B are defined by A(w) = 2I, cosh(2%) — G,
and B = —C,, respectively, where [, is the identity matrix
and G, and C, are the incidence matrix® and the Cartan
matrix, respectively, of the A, Dynkin diagram. The kernel
¢, for general r reads

¢ab 6)

nra nnb
E sm sm
r+1

ng  sinh ((r+1-n)o)

t
T ) sinh((r+

and it satisfies

0000 = o =0 - .

[ do0pui0) = i b@llg=0. 1)

The nonlinear integral equations for Q functions can be
obtained by rewriting the Q system as

1 —
010" = 01 Qi (14 1,). (22)
In analogy with the pseudoenergy, the logarithm of the Q
functions behaves as log Q, ~ —q,¢? at large 6. According
to the Q system (22), we find the leading-order contribution
of log Q, satisfies

Qa7+ €)= oy + quit, (23)

with ¢y = ¢, = 0. Meanwhile, according to the defini-
tion of the Y function, the constraints between ¢, and m,
are given by

m, = 2qa ~—4a+1 — Y9a-1- (24)

Following a similar procedure used to derive the TBA
equations, the Q system (22) can be converted to the
nonlinear integral equations

3See [47] for more detalls ‘where the Fourier transform is
defined by f(@) = [, ”w‘gd&

SHere,  the 1n01dence matrix is (G =
Sapi1+ Oap-1-

defined by

066020-4
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“logQ, = g, =3 / 40 90— O)Ly(@),  (25)
b=1

where the kernel matrix ¢ is the inverse Fourier transform
of » = A™!(w), and the elements of the ¢ matrix can be
expressed as

our(6) ,I,Z sin(zep) sin() sinh((r + 1= 06) 0

—~  sin(%) sinh((r + 1)0)

C. Boundary conditions and effective central charge

Note that the TBA equations are derived originally from
the solutions of the higher-order Mathieu equation.
However, the moduli parameters (P and p,) do not appear
explicitly in the TBA equations. Their dependence is
instead encoded in the boundary condition of &,(0). At
6 — —oo, we impose the boundary condition

e,0)=h,0+2C,+---, 0 — —c0, (27)
where &, are positive constants depending on P and p,.
This boundary condition is consistent with the TBA
equations (19) by noting (21). As we will explain in
Sec. III C, the boundary condition can be obtained from
the ODE (4). To impose the boundary condition, we use
Zamolodchikov’s trick to modify the TBA equations by

0l0) = mo’ = foa =S [ b0 0)(L®)
b=1 /=
— Lo,(0))d0, (28)
|
1+3h
Cett = 4 2 +%<h% + hyhy + h3)

where L, := %”log(l +e7%) and f, is given by

foa= Y [~ bal0-0)Los@)d0. (29
b=1 Y~

Note that f;,, which depends on P and p,, approaches
—h,0 at 0 - —co.

In the context of the integrable model, the effective
central charge for TBA equations (19) is given by

Ceff = ZZ/ dOm,e’L ().

(30)

Usually, the effective central charge can be computed using
the standard dilogarithm method. However, due to the
nontrivial boundary condition of ¢,(8) at § - —oco, the
method has to be modified, which leads to

Coff = 22 <1+6‘ oo) 07 th hb/ ¢ab )9 de

=r——5> h,h K : 31

r 2”2; a bdw2¢ab ((1)) 0 ( )
where L is the dilogarithm function defined by

1 [x  [(logr log(l—1)

L(x)=—=[ dt . 32

(0 =-3 ({2 (32)
The effective central charges for r =1, 2, 3 are

r=1,
r=2, (33)

342 (313 + 4hyhy + 2hshy + 4h3 + 313 + 4hyhy)  r=3.

The large-0 asymptotic expansion of the ¢, and log Q,,
can be obtained by expanding the kernels ¢ and ¢. On the
other hand, the asymptotic behaviors of the Y functions and
the Q functions can also be computed by the WKB method,
where the e~ plays the role of the Planck constant. In the
following sections, we will illustrate these methods and
compare them.

III. LARGE-0 EXPANSION FROM THE TBA SIDE

In this section, we perform the large-0 expansion of
e,(0) and log Q, by expanding the kernels in the corre-
sponding equations. The cases of r = 2, 3 will be illustrated
in detail. We then derive the boundary condition of ¢,(0) at

0 - —o and compute the effective central charge
analytically.

A. Large-0 expansion of ¢,(0)

At 0 — oo, we can expand the kernel of the TBA
equation (19), which leads to

£,(0) = mye? + Z mi e, (34)
n=1

Since the expansion of the kernel differs for different r, we
will illustrate it for the cases of r = 2, 3.

066020-5
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1.r=2

The matrix of kernel ¢ is given by

V/3 2cosh(9)+3 /3 2cosh(9)-3
. 27 2cosh(20)+1 2z 2cosh(26)+1

¢<9) o /3 2cosh(d)-3 /3 2cosh(6)+3 |’ (35)
2m 2cosh(20)+1 2z 2cosh(20)+1

where ¢, = ¢, and ¢, = ¢,;. Expanding them at
0 — oo, we find

It is interesting to note that the subleading contribution msl)

is related to the effective central charge (30) by

m__mV3

mp- = _Tml Ceffs (37)

where we have used the constraints (18) on the masses, i.e.,
m; = m, for r =2.

2.r=3
3 [ . . .
m(}l) :mgl) :_\2/_; e9(L,(0) + Ly (6))d6, The matrix of kernel is given by
3V/3 [
Y =—m = =22 [ (L1 (0)=La(9))d6. - (36)
|
2cosh(0)+(v2-1)cosh(20)+v2 _ (v2-2)cosh(20)+v2  —2cosh(6)+(v2-1) cosh(20)+v2
7(cosh(6)-+cosh(30)) 7(cosh(6)-+cosh(30)) 7(cosh(6)-+cosh(30))
$(0) = _ (v2-2) cosh(26)+v/2 2((v2=1) cosh(26)+v/2) _ (V2-2)cosh(20)+V?2 (38)
- 7(cosh(0)+cosh(30)) 7(cosh(0)+cosh(30)) 7(cosh(0)+cosh(30)) ’

—2cosh(0)+(v2—1) cosh(20) +v/2

_ (V2-2) cosh(20)+v2

2 cosh(#)+(v/2—1) cosh(26) +v/2

7(cosh(6)+cosh(30))

where the independent elements are ¢, ¢, P13, P21, and
¢»,. Expanding the kernel at & — oo, we find, at the order
of e7?,

+ V2L, (0) + L5(0))d6.  (39)

At the order of e2?,

2 o
i = —m? == / P (L,(6)~L3(0))de.  m} =0.

TTJ-c

(40)

mgl) is related to the effective central charge (30) by

(V2-1)zx

my = —67%%&’ (41)

where we have also used (18), i.e., v2m; = V2m3 = m,
for r =3.

B. Large-0 Expansion Of The Q Function

Expanding the kernel ¢ in the integral equations for Q
functions (25), we obtain the large-0 expansion of log Q,,:

7(cosh(6)+cosh(30))

7(cosh(0)+cosh(30))

—log Q, = q.e’ + Z gie . (42)

n=1
Similarly, we can find how qgl) is related to the effective
central charge. We will illustrate the expansions for the
cases of r =2 and r = 3.

1.r=2
The matrix ¢ reads
V3 1 V3 1
27 2coshf—1 27 2 cosh0+1
9= (43)
V3 1 V3 1
27 2 coshf+1 2m 2 coshf—1

We expand the kernel at large 0. At the order of e~?, qﬁ”

()

and g, are related to the effective central charge (30) as

1 1 \/g © 71'\/§
g =g} = ) ’(L1(0)+Ly(0))do0= ~12m, St
(44)

where m, = m, is used. At the order of e~2?, the coef-
ficients read

@__@_ V3 [«

Q== =5 | e*(Ly(0)—Ly(0))do.  (45)

066020-6
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2.r=3
The matrix ¢ is given by
(v/2 cosh(0)+1) 1 (v/2cosh(9)—1)
27 cosh(20) 27 cosh(0) 27 cosh(20)
_ /2 cosh(6)
= 27zcolsh(9) 7 cosh(20) 2 colsh(ﬁ) (46)
(v/2cosh(6)—1) 1 (v/2 cosh(0)+1)
27 cosh(20) 27 cosh(0) 27 cosh(20)
Expanding ¢ at large 6, the first several coefficients read
wm_ o_ b ao__1 /°° 0
=gy =—¢)) =——— [ €?(L,(0) + V2L,(0) + L5(6))db,
h=d =0 Jor ) (L1(0) 2(0) + L3(0))
1 0
o ==a7 == [T o) - Lso)as. 4 =0 (47)

The subleading contribution qﬁl)

central charge (30) as

O
1 6\/§m1 eff»

where we have used v2m; = 2m; = m,.

is related to the effective

(48)

C. Boundary condition at @ —» — o

We then study the boundary condition of Q and Y
functions at & — —oo, where the solution of the ODE (4)
can be expressed as

w,, ~ ety 0 - —c0. (49)

W[l//ﬂ] seens W W0, l//imH s v l//ﬂ,ﬂ] =

W[W/II ey l//lm—l ’ w+~a’ l/]lerl vy l/jlﬂrl] =

where A ; are invariant under the rotation Q_ . See [36] for
the case of r = 1. Substituting the expansions into the Q
functions and Y functions, one finds the leading contribu-
tions of log Q, and log Y :

log @ ~=2(r+1) ) 40.

i=1
logY, ~=2(r+1)(4, — 44110, 0 - —0. (52)
We, thus, find the coefficients #, in the boundary con-
ditions (27) are given by

Here, /; are the solutions of (—1)+22"1 —

TP AT Pl =0 ordered by  Re(4) >
Re(4,) > -+ > Re(4,,;), which satisfy S 74, =0.
Using the basis {y, }, w_( and y, , can be expanded by

r+1
W_o= Y Wy, W oW, Wi, WA,

m=1
r+1

Wia=> WWs oy Wy, oo, W, - (50)

m=1

According to the properties of the coefficients under Q.
the coefficients can be expressed as

e(r+1) (Zili_im>6A_.i(62(r+1)9)’

—(r+1) <Ziﬁi—ﬂnl) (6”r2r‘ff'1")AJr i(ez(rJrl)é‘),

e

(51)

h, = 2(r + 1)(/1a _/1a+1)' (53)

Substituting /4, and 4; into the effective central charge (30),
we find

» 1424P r=1,
Coff =17+ 12 Zﬂ% =< r+24p, evenr, (54)
=l r—24p, odd r.

066020-7
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IV. LARGE-0 EXPANSION FROM THE WKB SIDE

In this section, we compute the asymptotic behaviors of
the Q functions using the WKB expansion at 8 — oo,
which will be compared with the large-6 expansion
obtained from the TBA side.

We compute the asymptotic behavior of the log Q, by
using the WKB method. The WKB expansions at 8 — oo
start with the ansatz y/(y, 0) = exp (7 S(x, 0)dx), where
S(y,0) =>% _,eS,(y). Substituting this ansatz into

n—

(4), we obtain the Ricatti-type equation

(1) 4200, + 5,0 S(.60) =3 paldy +S(3.0)5(2.)

a=2

+ert19¢coshy 4 Pr+1 =0, (55)

The first two orders are given by

S = (=1)"*! cosh y,

r
So()’) == an logS_, (Y)

(56)

Higher-order expansion will depend on the value of r. In
particular, the P dependence will appear at S,. At the
leading order of large 6, the WKB solution of (4) reads

w(y,0) ~ N exp (e" /_;(—l)rﬁ(coshx)ﬁdx) (57)

where the branch should be chosen to match the asymptotic
behaviors of y given in (5) and (6). The Q functions
connect y_ with y, . Evaluating this connection at certain
value of y, the asymptotic behavior of log Q; can be
computed. At leading order, we find log Q; ~ €I, where
the function 7 is given by

I:= / (cosh x)7T — 2771(e 7T + e77)dx
—00

See [37] for the case of r = 1. The function / is nothing but
—q;. Other ¢, and m, can be computed by using the
constraints (23) and (24). Higher-order corrections of the Q
function can be computed by substituting higher-order
terms in the WKB ansatz. Since the detailed form of the
higher-order corrections of the WKB ansatz depends on r,
we will illustrate this in the cases of r =2, 3. The
computation for other values of r can be performed in a
similar way.

A.r=2
For later convenience, we shift @ by iz/3, which leads to
a minus sign before the ¢3? term in the ODE and, thus,
avoids the (—1)'/3 in the solution w_ (6). We denote
the WKB  ansatz after the shift by y/(y, 0+%) =

exp ([*, S(x,0)dx). Here, S(x,0)=>%2_,e"5,(x),
and S(y.0) = S(y.0 +25) = S(y + i, 0) The shifted
solution y_ (6 + %) can be expanded by

i i i
V_o (9 + §> = W).01 (9 + ?> Vi1 (9 + ?>
i
i i
+ W—I,O,(O) <9 + ?> V78 (H + g) .

Since the Wronskian is independent of y, we can evaluate it
atlarge y. Aty — o0, only the third term cannot be ignored,

. AL Y
which behaves as ., (0 + %) ~ =N, e~073¢> 3¢5 The
coefficient of y, ;(0 + %) is nothing but Q, () by noting
W—l.o,(o)(9 +%) = Woy1,0)(0) = =0:(0). We, thus, can
compute the Q function by

(59)

w_o(0+%)

0,(0) = —lim @)

(60)
Yooy

The numerator y_, can be extended to y — oo as

i - y 3
- 0+— N_ex 9_§+—e‘9+§
v ‘0( 3) p[ N ARRRYES)

+ </_zo S(x,0) - e"\/1§2(€_§ + ef)dxﬂ :
(61)

where the branch of S_;(x) in S(x) should be chosen to
match the asymptotic behavior of y_ at infinity; see (6).
The term (3 + ¢%)/v/2 in the integrand is introduced
to cancel the divergence of the integral. Substituting the
first two orders of S, we obtain

. i 1
ylggy/_‘o («9 + ?> =N_ Mexp

X et + e + O(e“’)>,

(7
(62)

066020-8



THERMODYNAMIC BETHE ANSATZ EQUATIONS FOR ...

PHYS. REV. D 114, 066020 (2026)

where we have rescaled the normalization factor to N_. Substituting (62) and v, | into Q; (60), the leading orders of log Y

and log Q; are found to be

mi=qy =1 =-

FQr(=g)

rQ) (63)

The higher-order corrections of the Q function can be computed by using the higher-order terms of the WKB ansatz:

~ 9,5_,)?
Sl P2 (y 1)

208,

T35, 3,
- p3

382,

8, =~

P &a{S‘_1 ~ 2(0{3_1)3 N 20,5138, %S,
382, 3 8, 55,

- St (64)
84, 383,

where the P dependence first appears at S,. Substituting these into S of (61), the higher-order corrections of log Q, are given

by

long(Q):e‘}I—l-/oodyS‘O—l—e“)/oodyS‘l—|—e‘29/oody5'2+~--

—o0

T

[Se]

o1+ 12) TR ,,4/3PPTRHIE)

[Se]

+0+e”

rd) 36

3

where the integrals of S, and S, should produce —q(l]) and
—q(lz), respectively. Comparing this with the relation (44),

the effective central charge is given by

12m1

)
Coff = — =2+ 24p,, 66
eff 7[\/§q1 P2 ( )

which reproduces (54) exactly for r = 2. The P dependence
first appears at the order of e~ and the p, dependence first

appears at the order of e~?. However, the analytical

calculation of q§2) (45) from the TBA is not clear so far.

On the other hand, we can solve the TBA equations
numerically and test the expansion of @, function (42)
against the WKB expansion (65). In Table I, we compare
the coefficients in the large-0 expansions of Q,(6) obtained
from the TBA equations and the WKB expansion, which
shows a precise coincidence.

TABLE I. Comparison of the large-0 expansions of Q,(6)
based on the TBA equations and the WKB expansion at
p>»=1/2, P=1/3, and r = 2. The TBA equations are solved
numerically by using the discretized Fourier transformation with
2'2 points and the cutoff (=250, 250).

n (qgn))WKB (q(1n>)TBA
1 — 55 %14 — £/ % 13.999866
2 0.05193267 0.05193206

rg ¢ 9 g U

B.r=3
w_ can be expanded by

Y_o= W(U),o,l.zll/+,-1 + W-],(o),1,2¥’+.o + W—l,o.(o).2V/+,1
+W_io10W2s (67)
where only y , cannot be ignored at y — co. In a similar

way as the previous example, we can evaluate the Q
function at y — oo by

01 =W_i0.1,0) = lim Y=o, (68)

where y, » ~ —iN, e exp (2734¢%+7). The numerator
y_, can be evaluated at y — oo by

limy_y = N_ exp (27#4e?t5 4 &1 4+ O(e™?)).

1
y—oo \/ @30+

(69)
Substituting (69) and v, ; into Qy, the leading contribution
of log O is given by

g, =—-1= —— (70)

By substituting the higher-order correction of the WKB
ansatz

066020-9
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o __Mm 5035_1  15(9,5_1)?
PToas 482 883, 7
o __.Ps —p20,S_1 =335 | 150,S_193S;  15(0,8_,)°
2T 482 483, 484, 485,
o _ p3+8P*  —12p30,S_ — prd3S_| +0tS_;  75(0,8_1)?03S_,
VTSN 1654, 3259,
P2(0,5_1)> = 20035_,0,S_; —5(33S_,)>  225(d,S_;)*
+ — ’ — 7 e (71)
3283, 12857,
into w_ (69), we can compute the higher-order correction of log O:
log Q) = 691+/o°dySO+e_9/mdyS1 +e—29/°°dysz+e—39/°°dy53 T
G TONED (L =8p) TATE) Ly psTOTE)
I 2 TR 4 T@)
80p,(4p, — 1) +2560P* +41)THI(E
+e—39( Pz( P2 )+ + ) (2)7(8)+___’ (72)
10240 r@)

where the p,, p3, and P dependence first appears at the
order of e, 2%, and e, respectively. Comparing this
with the relation (48), the effective central charge is given
by

6\/§m1 (1

q1 ) =3 -24p,,

Ceff = — 7 (73)

where we have used m; = (2 - v/2)gq,. This reproduces
(54) exactly for r=3. In Table II, we compare the

coefficients q(ll), q(lz), and q(13> computed from the TBA
approach and the WKB expansions, which also shows a

precise match.

V. CONCLUSION AND DISCUSSION

In this work, we have developed the ODE-IM corre-
spondence for the higher-order Mathieu equation arising

TABLEII. Comparison of the large-6 expansions of Q function
based on the TBA equations and the WKB expansion at p, = -2,
p3 =—1, P=1/2, and r = 3. The TBA equations are solved
numerically by using the discretized Fourier transformation with
212 points and the cutoff (=250, 250).

(n)

n (qgn))WKB (@) )rBA

1 _W%ml x 51 —6\/’5’”1 x 51.000020
2 —1.3110288 —1.3110287

3 —0.61790806 —0.61790783

|

from the quantum SW curve of the pure SU(r + 1) SYM
(4). Starting from the subdominant solutions of the higher-
order Mathieu equation, we constructed the Q and Y
systems and converted them into the TBA equations.
The dependence on the moduli parameters (P and p,) is
encoded in the boundary conditions of the Y function at
6 — —oo, which can be imposed into the TBA by using the
Zamolodchikov’s trick. Based on these boundary data, we
have computed the effective central charge analytically,
which also controls the subleading term in the large-6
expansion of the Y function. We further compared the
large-6 expansion of the Q function derived from the TBA
equations with that obtained from the WKB method. The
agreement is exact at subleading order, where the WKB
side reproduces the effective central charge, and it persists
at higher orders, as confirmed by high-precision numeri-
cal tests.

The framework developed here opens a natural route
toward more general quantum SW curves and their asso-
ciated integrable structures. One immediate direction is
to extend the present analysis to generalized higher-
order Mathieu equations with potentials of the form
%P + u_e®, which should be relevant for exploring
the integrable structures of the corresponding CFTs. In this
paper, we have transformed the quantum SW curve into the
higher-order Mathieu equation. It would be worthwhile to
revisit the problem by keeping the ODE in its original
quantum SW curve form. In this formulation, the Y system
and TBA equations will be more complicated due to the
shifts of the moduli parameters. Such TBA equations are
expected to encode the resurgent properties of the quantum
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periods in the strong coupling of the SW theory. See the
case of r =1 in [37]. To extend the TBA into the whole
moduli space, one should also consider the wall crossing of
the corresponding TBA system.

It would also be interesting to extend our construction to
SU(r+ 1) quantum SW curve with matter, where regular
singularities will be incorporated. Another promising
direction is to consider an alternative quantization of the
SW curve (1) by taking y — €d,,. This prescription leads to
difference equations rather than ordinary differential equa-
tions and, therefore, provides another framework in which
exact WKB methods and the ODE-IM correspondence may
be unified. Related developments can be found in [48-52].

A related nonlinear integral equation formulation of the
higher-rank Mathieu problem was obtained in the study of
analytic Langlands correspondence [53]. Although the
equation derived there appears different from the ODE-
IM-type equations obtained in this work, both approaches
seem to describe the same underlying spectral problem.
Understanding the precise relation between these Baxter-
type and ODE-IM-type formulations is an interesting
problem that we leave for future work. This comparison
may reveal a deeper duality structure, possibly related to
analytic Langlands correspondence.

W_o Wo)—s12,..541 Werir o)
w1 Wiy 2001 Werni
77 Wiy sm1 Wornin

Taking the Wronskian of both sides, the matrix equation
turns into

Wiy_ow_1,....p_,| =det(---)

XWly i s W —s20 o W s, (A2)

where (---) represents the (r+ 1) x (r+ 1) coefficient
matrix and the two Wronskians are 1 under our normali-
zation. Therefore, the determinant of the coefficient matrix
det( - -) = 1. The equivalence between the determinant of
the coefficient matrix and the determinant inside Q,,; can
be revealed by expanding the Wory1s Wi, ... 0N the left of

yw_, in the coefficients using the following expansion:

a+r+1

l//Jr,(x = Z W[l//Jr,aJrl 3 ey W+.o‘—1 s W+,aa
o=a+1
Wiatls o Wiatri|Wio (A3)
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APPENDIX: NORMALIZATION

In this section, we will explain why the determinant in
Q.. is equal to 1. We take the case where r is even as the
example; the case where r is odd could be done using the
same procedure. Using the expansion (9) of y_,, we can
write the expansions for a = 0,1, ..., r as

s Wosii 50) \ [ We—sri
s, Wosri s || W2

(A1)
LIt W_rii 20 Wiz

We will illustrate this procedure in a simple example, the
case of r = 2.

1.r=2
When r =2, using the expansion (9), w_, can be
expanded by

Voo =Wai2¥io + Woavin + Woi vz (A4)

Substituting this expansion into Ww_g,y_ . w_,|, we
have

Woro Wora)y Woiw
Wiy _o,w_1.w_s] =det| Woyi2 Wiz Waie
Wo02 Womze Woe)e

X W[V/+.07 Vit ll/+,2]’ (AS)

where the elements in the first two rows of the coefficient

matrix can already be interpreted as —Q[lij]. For the
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elements in the third row Wy (,),, we expand the y, 5 on
the left of y_, using the expansion

Wio=Woaswi1 +Wioswio +Wisowis.  (A6)

Substituting the expansion, Wy ), turns into
Wo 2= Wo2sWiwa2+ Wi0sWa w2+ Wi2oWs a)2,
(A7)

where Wy ), coincides with the second row and
Wi@2=0. The only term left is W), =

W(was = =077 Therefore, the determinant in (AS5)

is converted into

Wor Woray Wolie
det| Woriz Wiz Weiz
Wo02 Womz Wope
—0, -0 —o/™

=det| o\ -0, -0/ | (A8)

_Q[1+2] _Q[1+1] _Ql

which proves the equivalence between the determinant of
the coefficient matrix and the determinant in the Qs.
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