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When studying the Casimir effect in a quantum field theory setting, one can impose the boundary
conditions by adding appropriate Dirac-δ functions to the path integral. In this paper, the limits of this
approach are explored under different boundary conditions.
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I. INTRODUCTION

There has been recent interest in the description of the
Casimir effect in terms of a quantum field theory on the
boundary plates [1–6]. One of the stated goals of this
program is the dual superconductor picture of the QCD
vacuum [1]. This builds on an old idea that the Casimir
effect would play an important role in the MIT bag model
for hadrons [7].1 In this approach, the bag is modeled as a
small region of space wherein asymptotic freedom reigns,
and with a perfect magnetic conductor as a boundary.
In the usual setup for the Casimir effect, one considers

two parallel plates of perfect electrically conducting
material. Quantum fluctuation in the vacuum then cause
an attractive force to exist between the two plates. The
literature abounds with alternative settings with different
shapes of plates, different fields, etc. For the MIT bag
model, one considers magnetic conductors instead of
electric conductors. In vacuum, electric and magnetic
effects are interchangeable due to duality, and so the
Casimir effect is not impacted by this modification.
To write down a quantum field theory on the boundary

plates, the authors of [1–6] use a formalism developed by
Bordag, Robaschik, and Wieczorek in [9]. The boundary
conditions are imposed by introducing Dirac-δ functions
into the path integral. For ease of reference, I will call this
the BRW approach. This approach was also successfully
applied in [10–12]. Note that these works have electric
conductors as their boundaries.

When applying the BRW approach to computations of
the Casimir effect with magnetic conductors for bounda-
ries, or with perfect electromagnetic conductors that inter-
polate between electric and magnetic, certain divergences
appear. The aim of this note is to take a critical look at how
those divergences are dealt with in [1–6]. It turns out that
the BRWapproach must be modified to correctly regularize
the infinities whenever the boundaries are not purely
electric conductors.
To reduce notational complexity, I will consider massless

scalars rather than gauge fields in the following. The
motivated reader can easily verify that this only modifies
some factors of two from the two physical polarizations of
the gauge boson. To make the link between photons and
scalars, let us look at what happens to an electromagnetic
wave hitting a plate perpendicularly (so the fields parallel to
the plate are the ones that matter). In vacuum, it is sufficient
to look at the electric field, as the magnetic field can be
reconstructed using Maxwell’s equations without the mat-
ter terms. Assume a plate perpendicular to the z axis.
For a perfect electric conductor, the boundary condition

for the electric field is Ex ¼ 0 and Ey ¼ 0 on the surface of
the plate (in addition to Bz ¼ 0 for the magnetic field). This
means we have Dirichlet boundary conditions for the
electric field. For a perfect magnetic conductor, we have
Ez ¼ 0 for the electric field and Bx ¼ 0 and By ¼ 0 for the
magnetic field instead. This implies, through Faraday’s law,

that ð∇⃗ × E⃗Þx ¼ 0 and ð∇⃗ × E⃗Þy ¼ 0, and thus that ∂

∂z Ex ¼
0 and ∂

∂z Ey ¼ 0. This means that a magnetic conductor
translates to Neumann boundary conditions on the elec-
tric field.
Due to duality, we could have made the same argument

considering the magnetic field to reach the opposite
conclusion. However, it turns out that the BRW approach
does not respect duality, as already pointed out in [13]. It is
possible to redo the following section for a gauge field, and
one finds that the computations for electric conductors are
identical to those for Dirichlet boundary conditions on the
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scalar, and similarly magnetic conductors correspond to
Neumann boundary conditions. In Sec. IV, I show this in
more mathematical detail.
In Sec. II, I start with a quick review of the Casimir effect

with Dirichlet boundary conditions: once in the usual
approach by computing the modes, and once in the
BRW approach. In Sec. III, I do the same for Neumann
boundary conditions, and one finds an untreated divergence
in the BRWapproach. Section IV clarifies the link between
gauge fields and the scalars studied in the rest of the paper.
Section V covers several ways to regulate the divergence
found in Sec. III. In Sec. VI, the results are tied together.
The plates will always be located at z ¼ 0 and z ¼ L. I

use Lorentz-index notation vμ to write four-dimensional
vectors, and vector notation v⃗ for vectors in the three-
dimensional spacetime tangential to the plates. I work in
Wick-rotated spacetime (four spatial dimensions) to get rid
of bothersome factors of i.

II. DIRICHLET CASIMIR EFFECT

For self-containedness, let us start with a quick review of
the usual Casimir effect.
Assume a massless scalar in four dimensions, living in a

one-dimensional infinitely deep potential well of length L.
We have the Lagrangian density

1

2
∂μϕ∂

μϕ; ð1Þ

and the boundary conditions

ϕjz¼0;L ¼ 0: ð2Þ

We use the mode expansion

ϕ ¼
ffiffiffiffi
2

L

r Z
d3p
ð2πÞ3

X∞
n¼1

ϕ̃nðpÞeip⃗·x⃗ sin
πnz
L

; ð3Þ

which already fulfills the boundary conditions. The
Lagrangian is now

1

2

Z
d3p
ð2πÞ3

X∞
n¼1

ϕ̃nð−pÞϕ̃nðpÞ
�
p⃗2 þ

�
πn
L

�
2
�
; ð4Þ

and the vacuum energy is given by half the logarithm of the
determinant of the propagator,

1

2

Z
d3p
ð2πÞ3

X∞
n¼1

ln

�
p⃗2 þ

�
πn
L

�
2
�
: ð5Þ

A lot has been written on how to extract a finite value from
the above expression. It is generally accepted that dimen-
sional regularization gives the correct result. As it is also (to
me at least) the simplest approach, I will use it here.

For future reference, let me say some more on dimen-
sional regularization. The real world has 3þ 1 dimensions,
which we will write as d, and we will take d → 4 at the end.
A plate has 2þ 1 dimensions, so this will be d − 1. This
means that for d ¼ 3 (2þ 1 dimensions), the plates become
wires. The Casimir effect for such a setup has been
extensively studied, see for example [14]. Note, though,
that the number of dimensions perpendicular to the plates is
still exactly 1 even in dimensional regularization. We do not
take 1 − ϵ there.
Let us now proceed with the calculation. The (d − 1)-

dimensional integral is well known, and we find for
appropriate values of d

−
1

2ð4πÞðd−1Þ=2 Γ
�
−
d − 1

2

�X∞
n¼1

�
πn
L

�
d−1

¼ −
πðd−1Þ=2

2d
Γ
�
−
d − 1

2

�
1

Ld−1 ζð−dþ 1Þ: ð6Þ

This is the regularized vacuum energy, also found by
Ambjørn and Wolfram [14] (up to a factor of the volume
of the plate and with my d equal to their dþ 1). For the
Casimir pressure PCas, take minus the derivative with
respect to L,

PCas ¼ −
πðd−1Þ=2

2d
Γ
�
−
d − 1

2

�
d − 1

Ld ζð−dþ 1Þ: ð7Þ

This yields finite values for all positive d, which is a check
on the renormalizability of the setup. For 3þ 1 dimensions
we get the usual PCas ¼ −π2=480L4.
Now, let us redo the computation using the BRW

approach. In this approach, one lets the fields free every-
where in spacetime, and one introduces the boundary
conditions through a Dirac δ in the path integral,

Z
½dϕ�e−1

2

R
∂μϕ∂

μϕδðϕðz¼ 0ÞÞδðϕðz¼LÞÞ

¼
Z

½dϕ�½db0dbL�e−1
2

R
∂μϕ∂

μϕþi
R
b0ϕðz¼0Þþi

R
bLϕðz¼LÞ; ð8Þ

where the Fourier representation of the Dirac-δ function
was used. The first integral in the exponential is over all of
spacetime, while the second and third integrals are over the
plate at z ¼ 0 and at z ¼ L, respectively. Spacetime is
infinitely big now, so we use normal, continuous Fourier
transforms to rewrite the action as

1

2

Z
d4p
ð2πÞ4 p

2ϕ̃ð−pÞϕ̃ðpÞ − i
Z

d4p
ð2πÞ4 b̃

0ð−p⃗Þϕ̃ðpÞ

− i
Z

d4p
ð2πÞ4 e

ipzLb̃Lð−p⃗Þϕ̃ðpÞ: ð9Þ
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We decouple ϕ̃ from the b̃ s with the shift

ϕ̃ðpÞ → ϕ̃ðpÞ þ i
p2

ðb̃0ðp⃗Þ þ e−ipzLb̃Lðp⃗ÞÞ: ð10Þ

After this, ϕ̃ can be integrated out of the path integral and
gives an L-independent determinant that we can ignore.
What remains is

−
1

2

Z
d4p
ð2πÞ4 ðb̃

0ð−p⃗Þ þ eipzLb̃Lð−p⃗ÞÞ

×
1

p2
ðb̃0ðp⃗Þ þ e−ipzLb̃Lðp⃗ÞÞ: ð11Þ

The arguments of the b̃ s do not depend on pz, which can
be integrated out. The factor of 1=p2 ¼ 1=ðp⃗2 þ p2

zÞmakes
the integral convergent, and we find

−
1

4

Z
d3p
ð2πÞ3

1

jp⃗j ðb̃
0ð−p⃗Þb̃0ðp⃗Þ þ b̃Lð−p⃗Þb̃Lðp⃗Þ

þ e−Ljp⃗jb̃0ð−p⃗Þb̃Lðp⃗Þ þ e−Ljp⃗jb̃Lð−p⃗Þb̃0ðp⃗ÞÞ: ð12Þ

The vacuum energy is again half the logarithm of the
determinant of the propagator,

1

2

Z
d3p
ð2πÞ3 ln det

�
1 e−Ljp⃗j

e−Ljp⃗j 1

�

¼ 1

4π2

Z
∞

0

dpp2 lnð1 − e−2LpÞ ¼ −
π2

1440

1

L3
: ð13Þ

The pressure is again −π2=480L4.

III. NEUMANN CASIMIR EFFECT

Encouraged by the results of the previous Section, we
would like to know what happens in the case we impose
Neumann boundary conditions,

d
dz

ϕ

����
z¼0;L

¼ 0: ð14Þ

If we use the mode expansion

ϕ ¼
ffiffiffiffi
2

L

r Z
d3p
ð2πÞ3

X∞
n¼0

ϕ̃nðpÞeip⃗·x⃗ cos
πnz
L

; ð15Þ

we can repeat the computations from the previous section,
and the we conclude that the boundary conditions do not
change the Casimir pressure. This is a well-established fact.2

Let us look, however, at what happens in the BRW
approach. The path integral is now

Z
½dϕ�e−1

2

R
∂μϕ∂

μϕδ

�
d
dz

ϕðz ¼ 0Þ
�
δ

�
d
dz

ϕðz ¼ LÞ
�

¼
Z

½dϕ�½db0dbL�e−1
2

R
∂μϕ∂

μϕþi
R

b0 d
dzϕðz¼0Þþi

R
bL d

dzϕðz¼LÞ:

ð16Þ

In Fourier language, the action is

1

2

Z
d4p
ð2πÞ4 p

2ϕ̃ð−pÞϕ̃ðpÞ þ
Z

d4p
ð2πÞ4 b̃

0ð−p⃗Þpzϕ̃ðpÞ

þ
Z

d4p
ð2πÞ4 e

ipzLb̃Lð−p⃗Þpzϕ̃ðpÞ; ð17Þ

and we decouple ϕ̃ from the b̃ s with

ϕ̃ðpÞ → ϕ̃ðpÞ þ pz

p2
ðb̃0ðp⃗Þ þ e−ipzLb̃Lðp⃗ÞÞ: ð18Þ

What remains in the action after integrating out ϕ̃ is

−
1

2

Z
d4p
ð2πÞ4 ðb̃

0ð−p⃗Þ þ eipzLb̃Lð−p⃗ÞÞ

×
p2
z

p2
ðb̃0ðp⃗Þ þ e−ipzLb̃Lðp⃗ÞÞ: ð19Þ

The integral over pz of the terms without the exponential no
longer converges due to the extra factor of p2

z . To make this
clearer, we can rewrite the previous expression as

−
1

2

Z
d4p
ð2πÞ4 ðb̃

0ð−p⃗Þb̃0ðp⃗Þ þ b̃Lð−p⃗Þb̃Lðp⃗Þ

þ e−ipzLb̃0ð−p⃗Þb̃Lðp⃗Þ þ eipzLb̃Lð−p⃗Þb̃0ðp⃗ÞÞ

þ 1

2

Z
d4p
ð2πÞ4

p⃗2

p2
ðb̃0ð−p⃗Þb̃0ðp⃗Þ þ b̃Lð−p⃗Þb̃Lðp⃗Þ

þ e−ipzLb̃0ð−p⃗Þb̃Lðp⃗Þ þ eipzLb̃Lð−p⃗Þb̃0ðp⃗ÞÞ: ð20Þ

The second integral converges. In the first integral,
integrating the last two terms over pz gives δðLÞ, which
is obviously zero. The problem is in the first two terms
of the first integral. The integral over pz is essen-
tially

Rþ∞
−∞

dpz
2π .

In [1–3], integrals without the exponential damping
e�ipzL are performed by adding this damping and then

2If one imposes different boundary conditions on the two
plates, for example Dirichlet at one side and Neumann on the
other side, the result is different.
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taking the limit L → 0.3 This givesZ þ∞

−∞

dpz

2π
→ lim

L→0

Z þ∞

−∞

dpz

2π
e�ipzL ¼ lim

L→0
δðLÞ ¼ 0: ð21Þ

This makes the first integral vanish, and the second integral
then leads to the same results as in the case of Dirichlet
boundary conditions. In [4–6] it is simply stated that δð0Þ is
zero in dimensional regularization. However, as stated
previously, the pz integral is exactly one-dimensional also
in dimensional regularization, not (1 − ϵ)-dimensional. It is
therefore not clear how a dimensional-regularization argu-
ment can be valid here.
It is common wisdom in quantum field theory that all

proper renormalization procedures should lead to the same
physical results. It is therefore worthwhile to look at other
ways to regularize the divergent pz integrals.

IV. INTERMEZZO: LINK BETWEEN SCALAR
AND GAUGE BOSON IN BRW

The goal of this Section is to show the link between
gauge fields (at tree-level order) and the free scalar,
specifically how perfect electric conductors correspond
to Dirichlet boundary conditions and perfect magnetic
conductors to Neumann boundary conditions. If one uses
the approach of solving for the modes in an infinitely deep
potential well with appropriate boundary conditions, this
correspondence depends on the picture one uses (electric
field, magnetic field, gauge field), but the Casimir effect
does not depend on the boundary conditions, provided they
are identical at both sides. In this Section, I will focus on
the BRW approach, which uses the gauge field Aμ.
Consider the Lagrangrian density of a (non-Abelian)

gauge boson,

1

4
FμνFμν; ð22Þ

where Fμν ¼ ∂μAν − ∂νAμ is the usual field strength tensor.
To fix the gauge, let us work in a general linear covariant
gauge, as is usually the case in the BRWapproach (such as
in the original paper [9]). We add the term 1

2α ð∂μAμÞ2 to the
Lagrangian density, where α is the gauge parameter. The
boundary conditions are iϵμνκλnνFκλ ¼ 0 for perfect electric
conductors and nνFμν ¼ 0 for perfect magnetic conductors.
The vector nμ is the normal vector on the surface. In our
case this is þδμz at z ¼ 0 and −δμz at z ¼ L.
Let us start with perfect magnetic conductors. The

boundary conditions can be written as �i∇⃗ × A⃗ ¼ 0.
Remember that vector notation v⃗ indicates the part of

the four-vector vμ tangential to the plates. In Fourier space

the conditions read ∓ p⃗ × ⃗Ã ¼ 0. There are no conditions
for modes with polarization in the direction of p⃗ (the three-
dimensional projection of the momentum) or in the z
direction, or in any direction in the span of p⃗ and z.
There is a two-dimensional vector space of polarizations
that do contribute nontrivially to the Casimir pressure: the
ones tangential to the plates but perpendicular to p⃗. That we
find two polarizations is as expected. I will write these
polarizations with Latin indices as Ãi. The conditions for
these two polarizations are jp⃗jÃi ¼ 0. Furthermore, given
that they are perpendicular to the momentum, the
Lagrangian density for the Ãis is just 1

2
p2Ãið−pÞÃiðpÞ.

This means we can start just like in (9), but with the b̃’s
replaced with jp⃗jb̃. This extra factor of jp⃗j will result in an
extra factor of p⃗2 in the propagator of the b̃ fields, but it
does not influence the integration over pz, and it contributes
only an irrelevant L-independent constant to the vacuum
energy. One concludes that a perfect electric conductor in
the BRWapproach is, up to this ultimately irrelevant factor
of p⃗2, formally identical to two free scalars with Dirichlet
boundary conditions.
For a perfect magnetic conductor, the boundary con-

ditions are �ð∇⃗Az − ∂zA⃗Þ ¼ 0, or in Fourier language

�iðp⃗Ãz − pz
⃗ÃÞ ¼ 0. Polarizations in the direction of the

four-momentum pμ are not subject to the boundary con-
ditions, as expected. Polarizations perpendicular to both pμ

and the z axis have the boundary conditions ∓ ipz
⃗Ã ¼ 0,

or after undoing the Fourier transform ∓ ∂zA⃗ ¼ 0. This
means that those two polarizations obey Neumann boun-
dary conditions. This shows how a perfect magnetic
conductor in the BRW approach contains two free scalars
with Neumann boundary conditions.
In the case of a perfect magnetic conductor, however,

there is a third polarization that contributes nontrivially: the
one in the plane spanned by pμ and the z axis but
perpendicular to pμ. The existence of this third polarization
was also pointed out in [13]. To figure out the boundary
conditions for this third polarization, we multiply the
original boundary conditions for perfect magnetic conduc-
tors with p⃗=jp⃗j and use that the polarization of interest is

perpendicular to pμ: p⃗ · ⃗Ã ¼ −pzÃz. This brings us to the

boundary conditions �i p
2

jp⃗jAz ¼ 0. Undoing the Fourier
transform is not practical here. Instead we can dive into
the BRW method and start from (9), but now with the b̃’s

replaced with �i p
2

jp⃗j b̃. This will result in an extra factor of

−ðp2Þ2=p⃗2 in the propagator of the b̃ fields, and thus the
factor of 1=p2 in (11) is replaced with −p2=p⃗2. This finally
yields an expression like the first term in (20), but with the
integrand multiplied with −p2=p⃗2 ¼ −1 − p2

z=p⃗2. As such,
the divergence is only worse.

3In these papers, they usually consider the integral of
p2
ze�ipzL=p2 for strictly positive L. The condition of strictly

positive L results in the absence of the Dirac-δ term.
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The final lesson is that a perfect magnetic conductor in
the BRW approach is identical to two free scalars with
Neumann boundary conditions, plus one polarization that
diverges even worse.

V. NEUMANN WITH DIFFERENT REGULATORS

In this Section, we will have another look at the
computation of the Casimir effect with Neumann boundary
conditions in the BRW approach, and then also in a related
approach. The aim is always to ensure that the integrals in
(20) are finite.
There are many regulators we can try. We do need to be

careful about the physical implications, as those can
sometimes spoil the validity of a regulator. For example,
simple cutoff regularization can be problematic for gauge
theories as it breaks the gauge invariance, and dimensional
regularization is not compatible with supersymmetry. The
current computations are for a free scalar, which gives us
more leeway. Eventually, though, we are interested in QED
and Yang-Mills theory, and so the implications for gauge
theory must always be kept in mind.

A. Cutoff

Cutoff regularization seems to be the simplest option for
the problem at hand. For a massless scalar, this should pose
no problems. Could we impose a cutoff when looking at a
gauge theory?
Note that the cutoff would be imposed on an integral that

relates to the plate dynamics, and not directly to the actual
content of the theory. To reword it in more physical
language, photons of sufficiently high energy (such as
gamma rays) penetrate any material, including conductors.
In the BRWapproach, the plates are infinitely thin, and so it
is natural to assume they would become invisible to
photons of sufficiently high energy.4

In Yang-Mills theory, a similar argument can be used: the
“plates” are now a thin slice of the true Yang-Mills vacuum
between two MIT bags (hadrons, for example). High-
energy gluons can obviously cross such a thin slice, as
they are asymptotically free.
A physically correct cutoff would obviously be rather

complicated, as the penetration of the high-energy gauge
bosons would not be a step function. In practice, though,
the details of the regulator should drop out of the final
results. Let us then proceed.

Performing the pz integrals in (20) with a cutoff Λ gives
for large Λ

1

4

Z
d3p
ð2πÞ3 jp⃗j

�
b̃0ð−p⃗Þ

�
1 −

2Λ
πjp⃗j

�
b̃0ðp⃗Þ þ b̃Lð−p⃗Þ

×

�
1 −

2Λ
πjp⃗j

�
b̃Lðp⃗Þ þ e−Ljp⃗jb̃0ð−p⃗Þ

×

�
1 −

2eLjp⃗j sinðLΛÞ
πLjp⃗j

�
b̃Lðp⃗Þ þ e−Ljp⃗jb̃Lð−p⃗Þ

×

�
1 −

2eLjp⃗j sinðLΛÞ
πLjp⃗j

�
b̃0ðp⃗Þ

�
þOðΛ−1Þ: ð23Þ

The vacuum energy can be computed the usual way,

1

2

Z
d3p
ð2πÞ3 ln det

0
B@ 1 − 2Λ

πjp⃗j e−Ljp⃗j − 2 sinðLΛÞ
πLjp⃗j

e−Ljp⃗j − 2 sinðLΛÞ
πLjp⃗j 1 − 2Λ

πjp⃗j

1
CA

¼ 1

2

Z
d3p
ð2πÞ3 ðCþOðΛ−2ÞÞ: ð24Þ

Here, C is an L-independent expression. The lowest-order
terms that depend on L are of order Λ−2, and so the Casimir
pressure vanishes when the cutoff is removed. The best we
can say is that the Casimir effect is a UV effect for
Neumann boundary conditions in the BRW approach.

B. Thick plates with b fields

The problem is the infinite extent of the pz integral in
(20). We all know that large extent in the momentum
domain corresponds to small extent in space, so the
problem is actually the infinite thinness of the plate.
And so we are led to ask whether the problem could not
be solved with thicker plates. This means that, in the path
integral (8), we replace δðϕðz ¼ 0ÞÞ with

Q
0
z¼−d δðϕðzÞÞ

and δðϕðz ¼ LÞÞ with
QLþd

z¼L δðϕðzÞÞ, where the products
are continuous. Neumann boundary conditions are imposed
analogously. This gives both plates a thickness d.
It will turn out that both cases, Dirichlet and Neumann,

require further regularization. One way to do this is by
considering more general Robin boundary conditions
instead,

cϕ −
d
dz

ϕ

����
z¼0

¼ 0; cϕþ d
dz

ϕ

����
z¼L

¼ 0; ð25Þ

where c > 0 is a parameter (of dimension mass) that
interpolates between Dirichlet and Neumann: c → ∞ gives

4It is possible to introduce infinitely thin but still impermeable
plates, as in [15]. In that paper, the authors assume that the
regions between and outside the plates decouple, and they solve
for the modes separately in the different regions. This is different
from the BRWapproach, where the path integral over the physical
fields (gauge fields or the scalar ϕ) is over functions where z goes
from minus to plus infinity.
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Dirichlet and c → 0 gives Neumann.5 The normal vector on
the plates has different sense left and right, whence the
difference in sign.
For a string vibrating between its two endpoints, Robin

boundary conditions can be interpreted as the endpoints
being attached to springs perpendicular to the string. If these
springs are infinitely strong (spring constant to infinity), this
corresponds to Dirichlet boundary conditions (c → ∞),
while infinitely weak springs (zero spring constant) corre-
spond to Neumann boundary conditions (c ¼ 0).
The intuitive interpretation of general Robin boundary

conditions in the BRW approach is more muddled. For
example, if one approaches the plates from outside (z < −d
or z > Lþ d), one finds that the normal vector to the plate

is flipped compared to the side between the plates, and the
interpretation of (25) is that now c is negative. This would
correspond to springs with negative spring constants. The
interpretation of (25) inside the plates (−d < z < 0 and
L < z < Lþ d) is even less clear. Only the limit c → ∞
has clear physical meaning throughout: the field ϕ is fixed
inside the plates. Even Neumann boundary conditions, the
other case of interest, cannot readily be understood in terms
of strings and springs. This Section is therefore best
understood as simply a more intuitive renormalization of
the BRW approach.
We can proceed as in the case of infinitely thin plates,

and we find for the action after integrating out ϕ̃,

−
1

2

Z
d4p
ð2πÞ4

�Z
0

−d
dz1ðc − ipzÞeipzz1 b̃ð−p⃗; z1Þ þ

Z
Lþd

L
dz1ðcþ ipzÞeipzz1 b̃ð−p⃗; z1Þ

�
1

p2

×

�Z
0

−d
dz2ðcþ ipzÞe−ipzz2 b̃ðp⃗; z2Þ þ

Z
Lþd

L
dz2ðc − ipzÞe−ipzz2 b̃ðp⃗; z2Þ

�
: ð26Þ

Working out the products once more gives terms with p2
z like in (19), but the thickness of the plates now provides a damping

factor eipzðz1−z2Þ. What were problematic terms in (20) now give a δðz1 − z2Þ instead. This can be integrated over, say, z2 to
find a finite value. This validates our assumption that a finite thickness would regulate the problematic pz integral. Doing
the integral over pz gives

−
1

2

Z
d3p
ð2πÞ3

�Z
0

−d
dzþ

Z
Lþd

L
dz

�
b̃ð−p⃗; zÞb̃ðp⃗; zÞ

−
1

4

Z
d3p
ð2πÞ3

c2 − p⃗2

jp⃗j
�Z

0

−d
dz1

Z
0

−d
dz2 þ

Z
Lþd

L
dz1

Z
Lþd

L
dz2

�
e−jz1−z2jjp⃗jb̃ð−p⃗; z1Þb̃ðp⃗; z2Þ

−
1

4

Z
d3p
ð2πÞ3

ðc − jp⃗jÞ2
jp⃗j

�Z
0

−d
dz1

Z
Lþd

L
dz2 þ

Z
Lþd

L
dz1

Z
0

−d
dz2

�
e−jz1−z2jjp⃗jb̃ð−p⃗; z1Þb̃ðp⃗; z2Þ: ð27Þ

The first term comes from the δðz1 − z2Þ.
To deal with the z dependence, define

b̃�ðp⃗; zÞ ¼ 1ffiffiffi
2

p ðb̃ðp⃗; zþ LÞ � b̃ðp⃗;−zÞÞ ð0 < z < dÞ; ð28aÞ

b̃�ðp⃗; zÞ ¼
Xþ∞

n¼−∞
e2πinz=dβ�n ðp⃗Þ: ð28bÞ

The fields b̃� are even and odd superpositions of the b fields on both plates. The matrix in (13) shows that this choice will
decouple the two modes. We get for the action in terms of the β modes,

5In the case of gauge theory, the analogon of this parameter is dimensionless, and in [16] it is called the duality angle, as it interpolates
between electric and magnetic conductors.
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−
d
2

Z
d3p
ð2πÞ3

X
�

Xþ∞

n¼−∞
β�−nð−p⃗Þβ�n ðp⃗Þ −

d2

4

Z
d3p
ð2πÞ3

c2 − p⃗2

jp⃗j
X
�

�
2jp⃗jd

Xþ∞

n¼−∞

1

p⃗2d2 þ 4π2n2
β�−nð−p⃗Þβ�n ðp⃗Þ

þ 2ðe−jp⃗jd − 1Þ
Xþ∞

m;n¼−∞

p⃗2d2 þ 4π2mn
ðp⃗2d2 þ 4π2m2Þðp⃗2d2 þ 4π2n2Þ β

�
mð−p⃗Þβ�n ðp⃗Þ

�

−
d2

4

Z
d3p
ð2πÞ3

ðc − jp⃗jÞ2
jp⃗j e−Ljp⃗jðe−jp⃗jd − 1Þ2

X
�
ð�1Þ

Xþ∞

m;n¼−∞

β�mð−p⃗Þ
jp⃗jd − 2πim

β�n ðp⃗Þ
jp⃗jd − 2πin

: ð29Þ

Now define the following matrices and vectors,

Mmn ¼
�

2jp⃗jd
p⃗2d2 þ 4π2m2

þ 2jp⃗j
dðc2 − p⃗2Þ

�
δmþn; ð30aÞ

am ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðe−jp⃗jd − 1Þ

q jp⃗jd
p⃗2d2 þ 4π2m2

; ð30bÞ

bm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðe−jp⃗jd − 1Þ

q
2πm

p⃗2d2 þ 4π2m2
; ð30cÞ

c�m ¼ s�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c − jp⃗j
cþ jp⃗j

s
e−

L
2
jp⃗jðe−jp⃗jd − 1Þ 1

jp⃗jd − 2πim
; ð30dÞ

where sþ ¼ 1 and s− ¼ i.6 This allows us to rewrite the action as

−
d2

4

Z
d3p
ð2πÞ3

c2 − p⃗2

jp⃗j
X
�

Xþ∞

m;n¼−∞
β�mð−p⃗ÞðMmn þ aman þ bmbn þ c�mc�n Þβ�n ðp⃗Þ: ð31Þ

We now need to compute the logarithm of the determinant ofMmn þ aman þ bmbn þ c�mc�n . The matrixM is diagonal and
L independent, and so we can use that ln detðMmn þ aman þ bmbn þ c�mc�n Þ ¼ ln detM þ ln detðδmn þM−1

mkakan þ
M−1

mkbkbn þM−1
mkc

�
k c

�
n Þ. The first term is an L-independent constant that we can ignore. For the second term, it is easy

to see that any vector perpendicular to a, b, and c is a right eigenvector of eigenvalue 1, and any vector perpendicular to
M−1a,M−1b, andM−1c is a left eigenvector of eigenvalue 1. The eigenvalues of interest come from the spans of a, b, and c
(on the right) and of M−1a, M−1b, and M−1c (on the left). It is tedious but straightforward to compute the operator in
question in the relevant vector spaces, and the result is that

ln detðMmn þ aman þ bmbn þ c�mc�n Þ ¼ ln detM þ ln det

0
BB@

1þ aM−1a aM−1b aM−1c�

bM−1a 1þ bM−1b bM−1c�

c�M−1a c�M−1b 1þ c�M−1c�

1
CCA: ð32Þ

Computing all the matrix and vector products and simplifying yields for the vacuum energy up to L-independent terms7

1

2

X
�

Z
d3p
ð2πÞ3 ln

�
1� e−Ljp⃗j

1 − e−2cd

ðcþjp⃗j
c−jp⃗jÞ2 − e−2cd

�
: ð33Þ

In the pure-Dirichlet limit c → ∞, this reduces to (13) as it should. This means that all d dependence drops out in this limit,
and the BRW approach with infinitely thin plates from the start is justified for Dirichlet boundary conditions.

6The signs of the vectors a, b, and c can be chosen arbitrarily; the final result does not depend on such choices. The choice of branch
cut for the square roots is irrelevant by the same reason.

7Some of those L-independent terms are singular in both the pure-Dirichlet limit c → ∞ and the pure-Neumann limit c → 0, which
shows how introducing c was necessary to regulate the intermediate computations.
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If instead we take the pure-Neumann limit c → 0, and we
expand for small d, the Casimir pressure evaluates to
− 15d2

64π2L6 ð1 − 3d
L þ � � �Þ. For general Robin boundary con-

ditions, we find for small d that the Casimir pressure is equal
to − 15d2

64π2L6 ð1 − 8
5
cLþ 6

5
c2L2 − 8

15
c3L3 þ 2

15
c4L4Þ þ � � �.

The limits d → 0 and c → ∞ do not commute.
As such, we once more find that the Casimir pressure for

Neumann boundary conditions in the BRW approach
vanishes for very thin plates. In the limit d → ∞, however,
one does not recover the expected result (see [17] for two
plates with identical Robin boundary conditions, called RR
there, and with their a equal to my L). If one assumes
c < 0, the limit d → ∞ recovers (13), which would be the
expected result if one changes the sign of c at one of the two
plates in (25), as is easily verified adapting the mode
expansion (3) and continuing the computations there for
such a case. If one redoes the computations in this Section
but with such a changed sign, one amusingly does recover
the results of [17]. It seems that the BRW approach with
thick plates and for Robin boundary conditions is confused
about the sign of c. This may be related to the fact that the
boundary conditions have the wrong sign outside the plates,
as mentioned in the beginning of this Section.

C. Static, nondynamical background

In [18], Graham et al. propose a different approach.
Instead of imposing the boundary conditions with an
addition to the path integral, they add terms to the action.
They consider Dirichlet boundary conditions and impose
them with an extra term

1

2

Z
d4xσðxÞϕðxÞ2: ð34Þ

Here, σ is a nondynamic background field. If one chooses σ
to be a sum of rectangular/boxcar functions, then the
boundary conditions are imposed in the limit of infinitely
high rectangles. Concretely, the pair of thick plates con-
sidered in the previous Section would be parametrized by

σðxÞ¼λðHðzþdÞHð−zÞþHðz−LÞHð−zþLþdÞÞ; ð35Þ

whereH is the Heaviside step function. In the limit λ → ∞,
such a term forces ϕðxÞ2 to be zero inside the plates.8

If such a term is added to the action, one needs to
reconsider the renormalization of the theory. In the
Dirichlet case, new divergences are generated of the form
σ and σ2, see [18] for a full account. Those divergences are

local, though, and so do not depend on L. As such, they will
not influence the Casimir pressure.
In order to compute the vacuum energy, one needs the

determinant of the operator −∂2 þ σ, or after Fourier
transforming the dimensions transverse to the plate

−
d2

dz2
þ p⃗2 þ σðzÞ: ð36Þ

Graham et al. use phase shifts to compute this, but it is
possible to cut out a step using the Gel’fand-Yaglom
theorem for one-dimensional functional determinants in
a finite interval [20,21]. To do so, put the system in a finite
box from z ¼ −Z to z ¼ þZ. Then one solves the initial
value problem

�
−

d2

dz2
þ p⃗2 þ σðzÞ

�
ϕðzÞ ¼ 0; ϕð−ZÞ ¼ 0;

ϕ0ð−ZÞ ¼ 1; ð37Þ

and

det

�
−

d2

dz2
þ p⃗2 þ σðzÞ

�
∝ ϕðþZÞ: ð38Þ

This is a proportionality, and to get a definite result, one
divides by a determinant of a different operator. For the
case at hand, we then take the limit Z → ∞. It is obvious
that, as a shortcut, we can put Z → ∞ from the start,
demand ϕðzÞ ∼ ez for z → −∞, and look at the coefficient
of the exponential divergence at z → þ∞.
For σðzÞ of the form (35), we find that the solutions to

(37) are linear combinations of e�jp⃗jz between and outside

the plates, and linear combinations of e�z
ffiffiffiffiffiffiffiffi
p⃗2þλ

p
inside the

plates. Solving the initial value problem (37) then amounts
to gluing those solutions together. This is an exercise in
systems of two linear equations in two unknowns (namely
the coefficients in the linear combinations). Doing so for all
the transitions, one finds ϕðþZÞ. Taking Z → ∞ and then
dividing by the same determinant for L → ∞ [to get rid of
the proportionality constant in (38)] yields the determinant,
up to an L-independent coefficient. Half the logarithm
gives the vacuum energy, again up to irrelevant L-inde-
pendent terms,

1

2

Z
d3p
ð2πÞ3 ln

�
1−

e−2jp⃗jLλ2

ð2p⃗2þλþ2jp⃗j
ffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2þλ

p
cothd

ffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2þλ

p
Þ2
�
:

ð39Þ

In the limit λ → ∞, this gives the usual result for Dirichlet
boundary conditions.
To modify the approach for Neumann boundary con-

ditions, we need to add the term

8In [19] a similar approach is used, but with σðxÞ ¼
λ
L ðδðzÞ þ δðz − LÞÞ. It seems that this simplifies the computations
of the vacuum energy, but the approach by Graham et al. allows
for the more intuitive explanation of what is going on in the next
Section.
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1

2

Z
d4xσðxÞ

�
d
dz

ϕðxÞ
�

2

ð40Þ

to the action instead. Such an addition will obviously lead
to a great many extra primitive divergences, but in the free
theory we are considering here, those can all be absorbed
by local counterterms of the form σn. Again, contributions
from such counterterms to the vacuum energy do not
depend on L due to their locality, and we can proceed
without having to actually compute them.
We now need the determinant of the operator

−
d
dz

ð1þ σðzÞÞ d
dz

þ p⃗2: ð41Þ

This is complicated by the existence of points where
σ0ðzÞ ≠ 0. However, we can rewrite this as detð− d

dzð1þ
σðzÞÞ d2

dz2þ p⃗2 d
dzÞ=detð ddzÞ¼ detð−ð1þσðzÞÞ d2

dz2þ p⃗2Þ. Now,
the determinant of 1þ σðzÞ does not depend on L [we have
ln detð1þ σðzÞÞ ¼ R

dz lnð1þ σðzÞÞ ¼ 2d ln λ]. We can
therefore equivalently consider the operator

−
d2

dz2
þ p⃗2

1þ σðzÞ : ð42Þ

The initial value problem is solved by linear combinations
of e�jp⃗jz between and outside the plates, and linear
combinations of e�jp⃗jz= ffiffiffiffiffiffi

1þλ
p

inside the plates. We proceed
as in the Dirichlet case and find for the vacuum energy up to
irrelevant L-independent terms,

1

2

Z
d3p
ð2πÞ3 ln

�
1−

e−2jp⃗jLλ2�
λþ2þ2

ffiffiffiffiffiffiffiffiffiffi
1þλ

p
coth jp⃗jdffiffiffiffiffiffi

1þλ
p

�
2

�
: ð43Þ

This time, the λ → ∞ limit gives

1

2

Z
d3p
ð2πÞ3 ln

�
1 −

e−2jp⃗jL�
1þ 2

jp⃗jd
�
2

�
: ð44Þ

This once more gives − 15d2

64π2L6 ð1 − 3d
L þ � � �Þ for the Casimir

pressure at small thickness d. Again, the Casimir pressure
vanishes for infinitely thin plates in this approach. The limit
d → ∞ also yields the expected result (13).
This is consistent with what was found in [22]. They also

impose the boundary conditions by adding terms to the
action, initially encoding infinitesimally thin plates. They
then also find that a finite plate thickness is required to really
impose Neumann boundary conditions in their approach.

VI. WRAP-UP

From the previous Section, it is obvious that putting
d
dzϕ ¼ 0 in vanishingly thin plates does not yield any

Casimir effect, neither when using the BRWapproach or in
the approach using static background fields à la Graham
et al. (As mentioned before, this conclusion does not hold
for approaches such as in [15]. They do consider thin
plates, but they solve for the modes between the plates and
outside the plates separately. This means that the modes are
implicitly interrupted in the bulk of the plates, and the
system is effectively put into three infinitely deep potential
wells: one from minus infinity to the first plate, one
between the plates, and one from the second plate to plus
infinity.) We went through three different ways to regulate
the problem: BRW with cutoff, BRW with thick plates, and
the background approach by Graham et al. In all three
cases, the conclusion is that the Casimir pressure goes to
zero for infinitely thin plates, except in the Dirichlet case. In
the last two cases, we found exactly the same small-
thickness behavior, even though the approaches were quite
different, and we did recover the usual values for the
Casimir pressure when taking the plate thickness to infinity
(but not for general Robin boundary conditions). This lends
credence to the correctness of the results obtained there.
It appears that the regulators used in [1–6] are faulty. One

cannot compute the integral
Rþ∞
−∞

dpz
2π

p2
z

p2 by integrating

p2
ze�ipzL=p2 and taking L → 0 as done in [1–3]. This is

because the integral of p2
ze�ipzL=p2 is not continuous

around L ¼ 0 and has a term ∝ δðLÞ there. And one cannot
put δð0Þ ¼ 0 as done in [4–6], as the argument of dimen-
sional regularization is not valid (there is exactly one
direction perpendicular to the plate, never 1 − ϵ). The more
physical ways of taming this divergence explored in the
previous Section show how this divergence in the integral
over pz does influence physical results and leads to
expressions incompatible with what is found in the usual
approach, namely by putting the system in an infinitely deep
potential well with the appropriate boundary conditions.
To get some intuition for what exactly is happening, let

us revisit the approach by Graham et al.
Consider a wave traveling along the z axis under the

Hamiltonian in (36), and hitting one of the plates. Inside the

plate, the wave function will go like e�z
ffiffi
λ

p
for very large λ.

The meaning hereof is clear: in the case of a plus sign, we
interpret this as a wave coming from the right, being
strongly damped by the wall, and coming out at the left side

reduced by a factor of e−d
ffiffi
λ

p
. The case of a minus sign is the

same but in opposite sense. In the limit λ → ∞, the plates
become completely opaque and no waves can go through.
This shows that the Graham et al. approach is a good way
to impose Dirichlet boundary conditions.
If instead we aim for Neumann boundary conditions, we

are led to the Hamiltonian in (42). In the limit of large λ this
is just −d2=dz2, which is solved by any linear function of z.
This means that a wave hitting the plate will go through
linearly and continue at the other side. It may be reduced in
amplitude, but even in the limit λ → ∞, most waves will go

PATH-INTEGRAL APPROACH TO CASIMIR EFFECT WITH … PHYS. REV. D 113, 045016 (2026)

045016-9



through in some form or other. If we then take the limit of
small d, the plates become harmless: all waves pass through
without modification. This is why the Graham et al.
approach as is does not work for Neumann boundary
conditions.
Infinitely thick plates solve the problem: A linearly

rising function is not square integrable and must be
discarded. Therefore, the only waves we can keep are
the ones that hit the plates with exactly d

dzϕ ¼ 0, and those
are the ones considered in (15).
If we now turn our attention to QED or Yang–Mills

theory, we find that, for finite plate thickness, there is no
electric–magnetic duality any longer. From the consider-
ations just given, the reason is obvious: For finite plate
thickness, waves can enter the plates, which must be made
of matter and therefore break duality. Duality can only be
seen in cases where waves penetrating the plates have no
impact on the final physical results.
In a true conductor this would be the case even for finite

thickness: In addition to boundary conditions like E⃗k ¼ 0, a

true perfect conductor also has bulk conditions like E⃗ ¼ 0
inside the plate. And it appears that, for perfect electro-
magnetic conductors that are not purely of electric type, this
matters.
Nevertheless, the papers [1–6] somehow did obtain the

expected results. It is not immediately clear to me why this
should happen. But until this can be clarified, results
obtained from the BRW approach with Neumann or
Robin boundary conditions (and no bulk conditions) plus
dropping of infinities should be treated with caution.
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