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We investigate the stability and causality of relativistic spin hydrodynamics in the presence of a
nonvanishing spin density background, assuming that the spin chemical potential ωμν is of leading order
(ωμν ∼Oð1Þ) in the gradient expansion and is treated as a finite background in the linear perturbation
analysis. It is found that within the first-order spin hydrodynamic framework, a finite spin density
background modifies the dispersion relations, and modes propagating along different directions are
controlled by distinct transport coefficients. Certain specific modes only appear in the x direction. However,
the modes in the large wave-vector limit exhibit acausal behavior. To address this issue, we subsequently
adopt the framework of minimal causal spin hydrodynamics and derive the corresponding stability and
causality conditions. The spin density background directly determines whether stability and causality can
be satisfied simultaneously. In the small wave-vector limit, the results are similar to those of the first-order
theory. In the large wave-vector region, however, significant differences emerge: the distinctions between
different directions are no longer merely simple substitutions of transport coefficients, but involve more
complex combinations. This indicates that the difference between modes in different directions increases
with increasing wave vector.
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I. INTRODUCTION

High-energy heavy-ion collision experiments provide a
unique opportunity to create extremely hot and dense
matter under controlled laboratory conditions, enabling
the investigation of the quark-gluon plasma (QGP) that is
believed to have filled the early Universe. In such complex
many-particle systems, relativistic hydrodynamics has
proven remarkably successful in describing macroscopic
collective phenomena [1–6], such as various flow observ-
ables, indicating that the produced medium behaves as a
nearly perfect fluid over short timescales [7–9].
In recent years, experimental measurements have unveiled

a series of intriguing spin-related phenomena, including the
significant global polarization of Λ hyperons [5,10–14] and
the spin alignment of vector mesons [1,15–18]. These

observations suggest that in noncentral heavy-ion collisions,
theQGPacquires substantial total orbital angularmomentum,
part of which can be converted into spin angular momentum
through spin-orbit coupling and subsequently transferred to
final-state particles [19,20]. This discovery opens a new
avenue for probing themicroscopic structure anddynamics of
the QGP via spin degrees of freedom. However, conventional
relativistic hydrodynamics does not incorporate spin as an
intrinsic degree of freedom and is therefore unable to describe
the generation, evolution, and transport of spin.
In response to these developments, relativistic spin

hydrodynamics has emerged as a natural extension of
conventional hydrodynamic theory. In addition to energy-
momentum conservation, this framework introduces
dynamical variables associated with spin angular momen-
tum density and currents, along with their corresponding
conservation laws, aiming to provide a self-consistent
macroscopic description of relativistic fluids with spin.
In recent years, spin hydrodynamics has advanced rapidly.
Various formulations have been developed based on differ-
ent microscopic or first-principles approaches, such as
entropy-current and generalized thermodynamic analyses
[21–27], relativistic kinetic theory [28–36], quantum
statistical density operators [37–42], effective field
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theory [43–47], holographic duality [48,49], and equilib-
rium partition function techniques.
As in conventional hydrodynamics, a physically con-

sistent and numerically reliable theory of spin hydrody-
namics must satisfy two fundamental requirements:
stability and causality. These conditions are essential for
the internal consistency of the theoretical framework and
for the robustness of numerical simulations. Following the
pioneering work of Hiscock and Lindblom [50–52], sub-
sequent studies on the stability and causality of spin
hydrodynamics have continued to advance. It is worth
noting that most existing studies in this area perform linear
perturbation analyses under the assumption of a vanishing
background spin density [53–56]. However, in realistic
physical environments such as the QGP produced in heavy-
ion collisions, the large initial orbital angular momentum is
expected to induce a nonvanishing background spin den-
sity. In such scenarios, the coupling between spin degrees
of freedom and hydrodynamic variables—including fluid
velocity and energy density—may significantly modify the
system’s dynamical behavior, thereby introducing new and
more general challenges to the stability and causality of the
theory.
In this work, we investigate the stability and causality of

relativistic spin hydrodynamics in the presence of a non-
vanishing background spin density, assuming that the spin
chemical potential enters at leading order, i.e., ωμν ∼Oð1Þ,
and remains finite in the linear perturbation analysis. It is
found that within the first-order theory, dissipative modes
induced by the finite spin density violate causality, render-
ing the first-order formulation intrinsically acausal. To
resolve this issue, it becomes necessary to consider
second-order hydrodynamic theories [57–60]. In this study,
a minimal second-order framework by retaining only the
relaxation-time terms from the Müller-Israel-Stewart (MIS)
theory is adopted to analyze stability and causality [56,61].
Our results demonstrate that this second-order formulation
successfully eliminates the acausal modes.
This paper is organized as follows. In Sec. II, we briefly

review relativistic spin hydrodynamics and perform a mode
analysis of the first-order theory. A mode analysis of the
minimal causal second-order theory is carried out in
Sec. III. Finally, Sec. IV is devoted to conclusions and
discussions.
Throughout this work, we adopt the metric convention

gμν ¼ diagfþ;−;−;−g, The four-velocity satisfies the
normalization condition uμuμ ¼ 1, and the projection
tensor orthogonal to the four-velocity is defined as
Δμν ¼ gμν − uμuν.The projection of a four-vector onto
the subspace orthogonal to the four-velocity is denoted
by Ahμi ¼ ΔμνAν. For an arbitrary rank-two tensor, its
symmetric and antisymmetric parts are denoted by
Aμν
ðsÞ ¼AðμνÞ ¼ 1

2
ðAμνþAνμÞ and Aμν

ðaÞ ¼ A½μν� ¼ 1
2
ðAμν −AνμÞ

respectively. The symmetric, traceless, and four-velocity
orthogonal part of a rank-two tensor is denoted by

Ahμνi ¼Δμν
αβA

αβ ¼ 1
2
ðΔμ

αΔν
βþΔμ

βΔν
α− 2

3
ΔμνΔαβÞAαβ. The

contraction of tensor indices can be denoted
by AμBμ ≡ A · B.

II. LINEAR MODE ANALYSIS OF FIRST-ORDER
SPIN HYDRODYNAMICS

A. Relativistic spin hydrodynamics

The hydrodynamic equations are built upon the funda-
mental conservation laws of the system, including the
conservation of particle number, energy, momentum, and
total angular momentum as

∂μNμ ¼ 0; ∂μTμν ¼ 0; ∂λJλμν ¼ 0; ð1Þ

where Nμ denotes the particle-number current, Tμν is the
energy-momentum tensor, and Jλμν is the total angular
momentum tensor. The total angular momentum tensor Jλμν

can be written as

Jλμν ¼ xμTλν − xνTλμ þ Σλμν; ð2Þ

where the first two terms xμTλν − xνTλμ represent the
orbital angular momentum Lλμν, while Σλμν denotes the
spin angular momentum, which satisfies Σλμν ¼ −Σλνμ.
Combining Eqs. (1) and (2), one obtains

∂λΣλμν ¼ −2T ½μν�: ð3Þ

The right-hand side of the above equation originates from
the orbital angular momentum part in the total angular
momentum expression of Eq. (2), indicating that spin and
orbital angular momenta can be converted into each other.
Moreover, the antisymmetric part of the energy-momentum
tensor acts as a source or sink for the spin current [25,56].
Herein, we further elaborate on the issue regarding the

choice of forms for the energy-momentum tensor and the
angular momentum tensor. In quantum field theory, accord-
ing to Noether’s theorem, translational symmetry and
Lorentz symmetry—both continuous symmetries—each
correspond to a conserved charge, namely the canonical
energy-momentum tensor and the canonical angular
momentum tensor (the subscript “can” is used to denote
the canonical form):

Tμν
can ¼ ∂L

∂ð∂μΦaÞ
∂
νΦa − gμνL; ð4Þ

Jλμνcan ¼ xμTλν
can − xνTλμ

can þ Σλμν
can ; ð5Þ

where L is the Lagrangian density and Φa is the field
variable, in terms of which the spin tensor can then be
explicitly expressed as
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Σλμν
can ¼ −i

∂L
∂ð∂λΦaÞ

ðIμνÞabΦb; ð6Þ

where ðIμνÞab is the generator of the representation of the
Lorentz group to which Φa belongs. However, the energy-
momentum tensor and the angular momentum tensor are
not uniquely determined. By means of the so-called
pseudogauge transformation, distinct forms can be derived
without altering the conservation properties of the energy-
momentum tensor and the total angular momentum tensor
[26,62–64]. The transformations read as follows,

T̃μν ¼ Tμν
can þ 1

2
∂λðΦλμν −Φμλν þΦνμλÞ; ð7Þ

Σ̃λμν ¼ Σλμν
can −Φλμν; ð8Þ

where Φλμν is a rank-three tensor field, which is called a
superpotential. We denote the new energy-momentum
tensor and spin tensor by T̃μν and Σ̃λμν, respectively. For
example, if one chooses Φλμν ¼ Σλμν

can , the spin tensor
vanishes, the new energy-momentum tensor takes a sym-
metric form, and the total angular momentum tensor no
longer contains an explicit spin component. Their respec-
tive expressions are given by

T μν
Bel ¼ Tμν

can þ 1

2
∂λðΣλμν

can − Σμλν
can þ Σνμλ

canÞ; ð9Þ

J λμν
Bel ¼ xμT λν

Bel − xνT λμ
Bel; ð10Þ

Σλμν
Bel ¼ 0; ð11Þ

where T μν
Bel, J

λμν
Bel , and Σλμν

Bel are the Belinfante forms of the
energy-momentum tensor, the total angular momentum
tensor, and the spin angular momentum tensor,
respectively.
More generally, the canonical form of the spin angular

momentum tensor is antisymmetric only in its last two
indices. However, a totally antisymmetric form with respect
to all indices can be constructed by modifying the
Lagrangian density [56]. The two equivalent Lagrangian
densities are given as

L1 ¼ Φ̄ðiγ · ∂ −mÞΦ; ð12Þ

L2 ¼
1

2
Φ̄iγ · ∂

↔
Φ −mΦ̄Φ; ð13Þ

where γμ is the gamma matrix, and ∂

↔

μ ≡ ∂⃗μ − ∂⃖μ. Two sets
of energy-momentum and spin tensors can be obtained
accordingly

Tμν
1 ¼ Φ̄iγμ∂νΦ; Σλμν

1 ¼ 1

4
Φ̄iγλ½γμ; γν�Φ; ð14Þ

Tμν
2 ¼ i

2
Φ̄γμ ∂

↔ν
Φ; Σλμν

2 ¼ 1

8
Φ̄ifγλ; ½γμ; γν�gΦ; ð15Þ

where Σλμν
1 corresponds to the form that is antisymmetric in

its last two indices, while Σλμν
2 corresponds to the form fully

antisymmetric in all indices. In the theory of spin hydro-
dynamics, different choices of tensor forms yield distinct
results, and the question of which form conforms to
objective physical reality remains an open issue. In this
work, we employ the canonical forms of the energy-
momentum tensor and the angular momentum tensor.
The stability and causality results derived subsequently
via linear perturbation analysis may not be applicable to
other forms. The conditions corresponding to different
tensor forms should be analyzed independently.
The particle-number current, energy-momentum tensor,

and angular momentum tensor can be decomposed with
respect to the four-velocity as [21,24–27,65,66]

Nμ ¼ Nμ
ð0Þ þ Nμ

ð1Þ; ð16Þ

Nμ
ð0Þ ¼ nuμ; Nμ

ð1Þ ¼ nμ; ð17Þ

Tμν ¼ Tμν
ð0Þ þ Tμν

ð1Þ; ð18Þ

Tμν
ð0Þ ¼ euμuν − pΔμν; ð19Þ

Tμν
ð1Þ ¼ 2hðμuνÞ − ΠΔμν þ πμν þ 2q½μuν� þ ϕμν; ð20Þ

Σλμν ¼ Σλμν
ð0Þ þ Σλμν

ð1Þ ; ð21Þ

Σλμν
ð0Þ ¼ uλSμν; ð22Þ

Σλμν
ð1Þ ¼ 2Δλ½μuν�Σþ 2Σhλ½μi

ðsÞ uν� þ 2Σ½λ½μ�
ðaÞ u

ν� þΣhλihμihνi; ð23Þ

where Nμ
ð0Þ, Tμν

ð0Þ, and Σλμν
ð0Þ denote the zeroth-order

contributions of the corresponding physical quantities,
respectively, while Nμ

ð1Þ, T
μν
ð1Þ, and Σλμν

ð1Þ represent the corre-
sponding first-order derivative corrections, respectively. e,
p, n, and Sμν are the energy density, pressure, particle
number density, and spin density, respectively, whose orders
in the gradient expansion are given by Oð1Þ, nμ, hμ, Π, and
πμν denote the particle diffusion current, heat flow, bulk
viscous pressure, and shear stress tensor, respectively. qμ,
ϕμν corresponds to the antisymmetric part of the energy-
momentum tensor and is associated with spin effects, while

Σ, Σhμαi
ðsÞ , Σ½μα�

ðaÞ , and Σhμihαihβi represent spin-related dissipa-

tive currents of the corresponding physical quantities,
respectively. All dissipative currents introduced above
satisfy the following constraints: nμuμ ¼ 0, hμuμ ¼ 0,
πμνuμ ¼ πμνuν ¼ 0, qμuμ ¼ 0, ϕμνuμ ¼ ϕμνuν ¼ 0,
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Σhμαi
ðsÞ uμ ¼ Σhμαi

ðsÞ uα ¼ 0, Σ½μα�
ðaÞ uμ ¼ Σ½μα�

ðaÞ uα ¼ 0, and

uμΣhμihαihβi ¼ uαΣhμihαihβi ¼ uβΣhμihαihβi ¼ 0, namely, all
first-order dissipative currents are orthogonal to the four-
velocity.
The particle-number current Nμ possesses four indepen-

dent components. The particle number density n is a scalar
with one degree of freedom, while the dissipative particle
current nμ is a four-vector orthogonal to the four-velocity
and therefore has three independent components.
Consequently, the degrees of freedom are matched in the
decomposition of the particle-number current. The spin
angular momentum tensor Σλμν is a rank-three tensor
antisymmetric in its last two indices, carrying a total of
24 degrees of freedom. The spin density Sμν is an anti-
symmetric tensor with six independent components. The

scalar Σ has one degree of freedom. The tensor Σhμαi
ðsÞ is

symmetric, traceless, and orthogonal to the four-velocity,
and thus contains five independent components. The tensor

Σ½μα�
ðaÞ is antisymmetric and orthogonal to the four-velocity,

with three degrees of freedom. The tensor Σhμihαihβi is
antisymmetric in its last two indices and orthogonal to the
four-velocity in all indices, possessing nine independent
components. Therefore, the degrees of freedom are con-
sistently matched in the decomposition of the spin tensor.
For the energy-momentum tensor Tμν, there are in total 16
independent components. Similarly, the scalar e, Π carry
one degree of freedom, each vector of hμ, qμ has three
degrees of freedom, and the four-velocity itself has only
three independent components due to the normalization
condition. The tensor πμν is symmetric, traceless, and
orthogonal to the four-velocity, contributing five degrees
of freedom, while the antisymmetric tensor ϕμν has three
degrees of freedom. Altogether, this yields 19 degrees of
freedom. To eliminate the redundant three degrees of
freedom and achieve consistency with the energy-momen-
tum tensor, one must fix the definition of the fluid velocity.
There exist several possible choices for the fluid frame,
among which the two most common are the Eckart frame
and the Landau frame. In this work, we adopt the Landau
frame, in which hμ ¼ 0.
With the inclusion of spin as an additional degree of

freedom in hydrodynamics, the thermodynamic relations
are correspondingly modified as [21–27,65,66]

eþ p ¼ Tsþ μnþ ωαβSαβ; ð24Þ

de ¼ Tdsþ μdnþ ωαβdSαβ; ð25Þ

dp ¼ sdT þ ndμþ Sαβdωαβ; ð26Þ

where T, s, μ, and ωαβ denote the temperature, entropy
density, chemical potential, and spin chemical potential,
respectively. ωαβ and μ play analogous roles, and are both

introduced as hydrodynamic variables, serving as the
conjugate quantities to Sαβ and n, respectively. Although
the particle number density, which is conjugate to the
chemical potential, is conserved, the spin angular momen-
tum conjugating to the spin chemical potential is not
necessarily conserved. As follows from Eq. (3), the anti-
symmetric part of the energy-momentum tensor can induce
spin-orbit conversion, in which case only the total angular
momentum remains conserved.
Within the framework of the quantum statistical density

operator [41,67], it can be shown that the spin chemical
potential ωμν is completely determined by the thermal
vorticityϖμν ≡ −ð∂μβν − ∂νβμÞ=2 in global equilibrium. In
this approach, the most general condition for global
equilibrium takes the form

∂ðμβνÞ ¼ 0; βμ ¼ bμ þϖμνxν; ð27Þ

ϖμν ¼ −∂½μβν� ¼ constant; ð28Þ

where βμ ¼ βuμ, β ¼ 1=T, and bμ is a constant four-vector.
From Eqs. (27) and (28) one finds ϖμν ∼Oð∂Þ. In global
equilibrium the spin chemical potential is completely
determined by the thermal vorticity, so it is natural to take
ωμν ∼Oð∂Þ. This chain of reasoning rests on the energy-
momentum tensor possessing an antisymmetric part. If
instead the energy-momentum tensor is taken to be sym-
metric, spin angular momentum becomes an independently
conserved quantity [Eq. (3)], and the link between the spin
chemical potential and the thermal vorticity in global
equilibrium is severed [65]. Consequently, ωμν is no longer
forced to beOð∂Þ and can consistently be counted asOð1Þ.
When we study linear stability and causality with a

nonvanishing background spin density, the background
state necessarily carries a finite spin chemical potential.
In the antisymmetric framework this would also require a
finite thermal vorticity to be compatible with the quantum
statistical density operator—i.e., a rigidly rotating back-
ground—which makes the analysis substantially more
involved. To keep the background static and simplify the
calculations, we therefore adopt a symmetric energy-
momentum tensor and the corresponding Oð1Þ counting
for ωμν. In this framework the spin current is independently
conserved and the spin chemical potential is not tied to the
thermal vorticity, permitting a static background with a
finite spin density.
To explicitly distinguish our framework [27,65] from

other common conventions in the literature [25,54,56,66],
we note that spin hydrodynamic theories generally fall
into two categories based on their power counting
schemes. In the first category, often derived from quantum
statistical operators in global equilibrium, the spin chemi-
cal potential is strictly bound to the thermal vorticity
(ωμν ∼ϖμν ∼Oð∂Þ), which requires an asymmetric
energy-momentum tensor. In contrast, the second

WEI LU, YANG ZHONG, and SHENG-QIN FENG PHYS. REV. D 114, 034050 (2026)

034050-4



category—adopted in this work—utilizes a symmetric
energy-momentum tensor, which decouples ωμν from the
thermal vorticity in equilibrium. This allows ωμν to be
counted as Oð1Þ. The Oð1Þ power counting scheme
provides a distinct advantage for linear stability analysis:
it enables us to investigate a homogeneous static back-
ground with a finite spin density, avoiding the spatial
dependencies and severe mathematical complications
introduced by a rigidly rotating background inherent to
the Oð∂Þ scheme.
From the thermodynamic relations given in Eqs. (24)–

(26), the expression for the covariant entropy-current can
be derived as

sμ ¼ βuνT
μν
ð0Þ þ βμp − αNμ

ð0Þ − βωαβΣ
μαβ
ð0Þ

þ βuνT
μν
ð1Þ − αNμ

ð1Þ − βωαβΣ
μαβ
ð1Þ

¼ sμð0Þ þ βuνT
μν
ð1Þ − αNμ

ð1Þ − βωαβΣ
μαβ
ð1Þ ; ð29Þ

where sμ is the entropy density current with α ¼ μ=T,
and sμð0Þ is the zeroth-order entropy density current;

sμð0Þ ≡ suμ ≡ βuνT
μν
ð0Þ þ βμp − αNμ

ð0Þ − βωαβΣ
μαβ
ð0Þ .

The zeroth-order entropy production can then bewritten as

∂μs
μ
ð0Þ ¼ 2βωαβT

½αβ�
ð1Þ ; ð30Þ

when the spin chemical potential is taken to be Oð1Þ, the
requirement of vanishing entropy production in the ideal fluid
limit implies that the antisymmetric part of the energy-
momentum tensor must vanish. This result is consistent with
the conclusion obtained from the quantum statistical density
operator framework [41,65,67,68].
As derived in Refs. [25–27,65], the entropy production

rate can be obtained as

∂μsμ ¼ nμ∂μαþ hμð∂μβ þ βuν∂νuμÞ
− ΠðβΔμν

∂μuνÞ þ πμνðβ∂μuνÞ
− Σ½2Δμαuβ∂μðβωαβÞ� − Σhμαi

ðsÞ ½2uβ∂μðβωαβÞ�
− Σ½μα�

ðaÞ ½2uβ∂μðβωαβÞ� − Σhμihαihβi½∂μðβωαβÞ�; ð31Þ

requiring consistency with the second law of thermody-
namics, i.e. ∂μsμ ≥ 0, one can then derive the first-order
constitutive relations [27,65] as

nμ ¼ κnΔμνð∂ναÞ; ð32Þ

hμ ¼ κΔμνðβ∂νT − uα∂αuνÞ; ð33Þ

Π ¼ −ζ∂μuμ; ð34Þ

πμν ¼ 2η∂hμuνi; ð35Þ

Σ ¼ −χ1uβΔμα
∂μðβωαβÞ; ð36Þ

Σhμαi
ðsÞ ¼ −χ2uβ

�
Δμ

γΔα
σ þ Δμ

σΔα
γ −

2

3
ΔμαΔγσ

�
∂
γðβωσβÞ;

ð37Þ

Σ½μα�
ðaÞ ¼ −χ3uβΔμζΔαλ

∂½ζðβωλ�βÞ; ð38Þ

Σhμihαihβi ¼ χ4ΔμρΔαηΔβκ
∂ρðβωηκÞ; ð39Þ

where κ, ζ, and η are the heat conductivity, shear and bulk
viscous coefficients, respectively. The κn, χ1, χ2, χ3, and χ4
are new transport coefficients associated with the spin
dissipative currents. The second law of thermodynamics
requires all transport coefficients to be positive, i.e.

κn; κ; ζ; η; χ1; χ2; χ3; χ4 > 0: ð40Þ

The conservation equation Eq. (1), together with the
constitutive relations (32)–(39), forms a closed set of
equations. For simplicity, the Nμ will be neglected in the
following analysis.

B. Linear mode analysis at first order

In this subsection, the stability and causality of first-
order spin hydrodynamics are analyzed in the presence of a
nonvanishing spin density background. We introduce linear
perturbations around the equilibrium configuration
of the hydrodynamic variables X, and assume that all

perturbations take the plane-wave form δX ¼ δX̃eiωt−ik⃗·x⃗.
Substituting these ansätze into the hydrodynamic equa-
tions, one obtains the corresponding dispersion relations
ω ¼ ωðkÞ. The stability requires

ImωðkÞ > 0; ð41Þ

and causality requires

lim
k→∞

����Reωk
���� ≤ 1 or lim

k→∞

����Re ∂ω
∂k

���� ≤ 1 ð42Þ

and

lim
k→∞

����ωk
���� is bounded: ð43Þ

As pointed out in Refs. [54,56], Eq. (42) alone is not
sufficient to ensure causality, and Eq. (43) must be imposed
as an additional constraint. Moreover, Eqs. (42) and (43)
provide only necessary, but not sufficient conditions for
causality. Further discussions on stability and causality can
be found in Refs. [69,70].
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In the existing analyses of spin fluid dynamics stability
and causality, the background state is typically set as a
static state with zero spin density [53–56,61]. A linear
perturbation analysis on a static background with non-
vanishing spin density is utilized in this work. To simplify
the calculations, we assume the background spin density is
nonzero only along the z-direction, i.e. S0zð0Þ and Sxyð0Þ. The
independent hydrodynamic variables are then perturbed as

e ¼ eð0Þ þ δe; uμ ¼ uμð0Þ þ δuμ; ð44Þ

Sμν ¼

8>><>>:
S0zð0Þ þ δS0z μ ¼ 0; ν ¼ z

Sxyð0Þ þ δSxy μ ¼ x; ν ¼ y

0þ δSμν other

; ð45Þ

where uμð0Þ ¼ ð1; 0⃗Þ, δuμ ¼ ð0; δviÞ, and vi the fluid three-
velocity.
For the equation of state, the following perturbation

relations and parameters are introduced as

δp ¼ χcδeþA0zδS0z þ BxyδSxy; ð46Þ

δβ ¼ χTδeþ C0zδS0z þDxyδSxy; ð47Þ

δω0i ¼ χbδS0i; δωij ¼ χsδSij: ð48Þ

The coefficients introduced in Eqs. (46)–(47) have a
clear thermodynamic interpretation. In the present frame-
work, the local equilibrium state is characterized by the
energy density and the independent spin density compo-
nents, such that the equation of state can be written as
p ¼ pðe; S0z; SxyÞ, β ¼ βðe; S0z; SxyÞ. Linearizing these
relations around the homogeneous background yields
Eqs. (46)–(47), and one obtains the coefficients corre-
sponding to generalized thermodynamic susceptibilities as

χc ≡
�
∂p
∂e

�
S0z;Sxy

; χT ≡
�
∂β

∂e

�
S0z;Sxy

; ð49Þ

which measure the response of the pressure and inverse
temperature to energy-density perturbations under fixed
spin densities. The remaining coefficients,

A0z ≡
�

∂p
∂S0z

�
e;Sxy

; Bxy ≡
�

∂p
∂Sxy

�
e;S0z

; ð50Þ

C0z ≡
�

∂β

∂S0z

�
e;Sxy

; Dxy ≡
�

∂β

∂Sxy

�
e;S0z

; ð51Þ

describe the coupling between the hydrodynamic and spin
sectors and quantify how spin density fluctuations modify
the local thermodynamic state.
Coefficients χb and χs are two constant equation-of-state

parameters representing the relationship between the spin
density tensor and spin chemical potential, corresponding
to the two associated components of “electriclike” and
”magneticlike.” Existing stability analyses indicate that
these two parameters have opposite signs [53,56]

χb < 0; χs > 0; ð52Þ

in previous studies, a linear relation between Sμν and ωμν

has often been assumed for simplicity. However, such a
linear relation can be shown to be invalid under the
condition χb < 0 and χs > 0. For a detailed investigation
of the equation of state relating the spin density and the spin
chemical potential, see Ref. [71].
For convenience in writing and calculations, the follow-

ing definitions of the relevant parameters that will be used
subsequently are provided as

A¼A0zS
0z
ð0Þ; B¼BxyS

xy
ð0Þ; C¼C0zS

0z
ð0Þ; D¼DxyS

xy
ð0Þ;

ð53Þ

χ̃1 ¼ χ1χb; χ̃2 ¼ χ2χb; χ̃3 ¼ χ3χb; χ̃4 ¼ χ4χs;

ð54Þ

χ12 ¼ χ1 þ
4

3
χ2; χ23 ¼ χ2 þ χ3; ð55Þ

χ̃12 ¼
�
χ1 þ

4

3
χ2

�
χb; χ̃23 ¼ ðχ2 þ χ3Þχb; ð56Þ

θ ¼ 1

eð0Þ þ pð0Þ
; CT ¼ C þ βð0Þ; DT ¼ Dþ βð0Þ:

ð57Þ

By substituting the perturbations from Eqs. (44) and (45)
into the spin hydrodynamics Eqs. (1) and (32)–(39), one
obtains the following linearized equations as

0 ¼ ∂0ðδeÞ þ ∂iðδϑiÞ; ð58Þ

0 ¼ −χc∂jðδeÞ þ ðγk − γ⊥Þ∂j∂iðδϑiÞ þ ð∂0 þ γ⊥∂i∂iÞðδϑjÞ −A0z∂
jðδS0zÞ − Bxy∂

jðδSxyÞ; ð59Þ
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0 ¼ ∂0ðδS0iÞ þ S0ið0Þ∂jðδujÞ − χ̃1χTSð0Þ0a∂i∂aδe − χ̃1C0zSð0Þ0a∂i∂aδS0z

− χ̃1DxySð0Þ0a∂i∂aδSxy − χ̃1βð0Þ∂i∂aδS0a − χ̃2βð0Þ∂j∂iδS0j

þ χ̃2βð0Þ∂j∂jδS0i þ
2

3
χ̃2βð0Þ∂i∂mδS0m − χ̃2χTS

0j
ð0Þ∂j∂

iδe

− χ̃2S
0j
ð0ÞC0z∂j∂

iδS0z − χ̃2S
0j
ð0ÞDxy∂j∂

iδSxy þ χ̃2S0ið0ÞχT∂j∂jδe

þ χ̃2S0ið0ÞC0z∂j∂jδS
0z þ χ̃2S0ið0ÞDxy∂j∂jδSxy þ

2

3
χ̃2S0mð0ÞχT∂

i
∂mδe

þ 2

3
χ̃2S0mð0ÞC0z∂

i
∂mδS0z þ

2

3
χ̃2S0mð0ÞDxy∂

i
∂mδSxy

þ χ̃3βð0Þ∂j∂iδS0j þ χ̃3βð0Þ∂j∂jδS0i þ χ̃3S
0j
ð0ÞχT∂j∂

iδe

þ χ̃3S
0j
ð0ÞC0z∂j∂

iδS0z þ χ̃3S
0j
ð0ÞDxy∂j∂

iδSxy þ χ̃3S0ið0ÞχT∂j∂jδe

þ χ̃3S0ið0ÞC0z∂j∂jδS
0z þ χ̃3S0ið0ÞDxy∂j∂jδSxy; ð60Þ

0 ¼ ∂0ðδSijÞ þ Sijð0Þ∂nðδunÞ þ χ̃4βð0Þ∂n∂nδSij þ χ̃4S
ij
ð0ÞχT∂n∂

nδe

þ χ̃4S
ij
ð0ÞC0z∂n∂

nδS0z þ χ̃4S
ij
ð0ÞDxy∂n∂

nδSxy; ð61Þ

where

ϑi ≡ ðeð0Þ þ pð0ÞÞδui; ð62Þ

γk ≡
4
3
ηþ ζ

eð0Þ þ pð0Þ
; γ⊥ ≡ η

eð0Þ þ pð0Þ
: ð63Þ

Next, the perturbations δe, δuμ, and δSμν in the plane-
wave form are given as

δX ¼ δX̃eiωt−ik⃗·x⃗: ð64Þ

In the absence of a spin density background, the system
exhibits rotational symmetry and therefore any wave vector
direction can be chosen for analysis. However, once a
nonvanishing spin density background along the z-direc-
tion is assumed, SOð3Þ symmetry is explicitly broken. As a
consequence, the mode analyses for perturbations propa-
gating parallel and perpendicular to the z direction are no
longer equivalent. The separate mode analyses for wave
vectors along the z direction ðk ¼ ð0; 0; kzÞÞ and along the
x direction ðk ¼ ðkx; 0; 0ÞÞ are investigated in this work. It
should be emphasized that the stability and causality
conditions, Eqs. (41)–(43), are universal and do not rely
on SO(3) symmetry. The stability criterion Eq. (41)

originates from the fundamental requirement of thermo-
dynamic equilibrium, namely that all fluctuations must
decay; hence this condition must hold regardless of spatial
anisotropy. Similarly, the causality constraints Eqs. (42)–
(43) stem from the principle of the constancy of the speed
of light and must be satisfied for all cases.

1. Mode analysis along the x direction

We first consider the case in which the wave vector is
along the x direction, i.e. k ¼ ðkx; 0; 0Þ. With the plane-
wave ansatz in Eq. (64), the spin hydrodynamic equations
can be written as

M1δX̃1 ¼ 0; ð65Þ

where

M1 ¼
�

M1 0

0 M2

�
; ð66Þ

δX̃1≡ ðδẽ;δϑ̃x;δS̃xy;δS̃0z;δϑ̃y;δϑ̃z;δS̃0x;δS̃0y;δS̃xz;δS̃yzÞT;
ð67Þ

and

M1 ¼

0BBBBB@
iω −ik 0 0

−ikχc iωþ γkk2 −ikBxy −ikA0z

χ̃4χTS
xy
ð0Þk

2 −ikθSxyð0Þ iωþ χ̃4DTk2 χ̃4C0zS
xy
ð0Þk

2

−χ̃23χTS0zð0Þk
2 −ikθS0zð0Þ −χ̃23DxyS

0z
ð0Þk

2iω −χ̃23CTk2

1CCCCCA; ð68Þ
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M2 ¼

0BBBBBBBBBB@

iωþ γ⊥k2 0 0 0 0 0

0 iωþ γ⊥k2 0 0 0 0

0 0 iω − χ̃12βð0Þk2x 0 0 0

0 0 0 iω − χ̃23βð0Þk2x 0 0

0 0 0 0 iωþ χ̃4βð0Þk2 0

0 0 0 0 0 iωþ χ̃4βð0Þk2

1CCCCCCCCCCA
: ð69Þ

The dispersion relations are determined by the existence
of nontrivial solutions of the characteristic matrix M1,
i.e., detM1 ¼ 0.
In this case, the characteristic matrixM1 is diagonal, and

the condition can be simplified to

detM1 · detM2 ¼ 0; ð70Þ

since M2 is diagonal, the corresponding dispersion rela-
tions detM2 ¼ 0 can be obtained straightforwardly as

ω ¼ iγ⊥k2; ð71Þ

ω ¼ −iβð0Þχ̃12k2; ð72Þ

ω ¼ −iβð0Þχ̃23k2; ð73Þ

ω ¼ iβð0Þχ̃4k2: ð74Þ

Equation (71) represents the shearlike modes, whose
damping is governed solely by γ⊥ and remains unaffected
by the spin background at leading order. In contrast,
Eqs. (72)–(74) are spin dissipative modes, corresponding

to the relaxation of spin currents such as Σ, Σhμαi
ðsÞ , Σ½μα�

ðaÞ and

Σhμihαihβi, reflecting dissipative processes intrinsic to the
spin sector. Notably, these modes persist even in the zero-
spin background. This is because they are independent of
the state parameters of the nonvanishing spin background
(A, B, etc.).
For M1, a direct analytical treatment is rather involved,

therefore, we focus on the dispersion relations in various
limiting cases. In the small wave-vector limit k → 0, one
obtains

ω¼�cvkþi

�
1

2
γkþ

½χTþθðβð0ÞþCþDÞ�ðχ̃4B− χ̃23AÞ
2c2v

�
k2;

ð75Þ

where the introduced parameter cv is

cv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χc þ

A
eð0Þ þ pð0Þ

þ B
eð0Þ þ pð0Þ

s
: ð76Þ

The dispersion relation in Eq. (75) corresponds to a
complex coupled soundlike mode. The mode represents
a propagating excitation with dissipative attenuation, analo-
gous to the ordinary sound mode in an unpolarized fluid.
Compared with the zero-spin background case
(ω ¼ �cskþ i 1

2
γkk2), however, the finite spin density

background significantly modifies both the propagation
and damping properties of the mode. The propagation
velocity is no longer given by the conventional sound speed
cs, but is replaced by the effective velocity cv, which
depends explicitly on the spin background parameters A
and B. As a result, the spin background directly affects the
causality condition through the value of cv. In addition, the
attenuation coefficient is no longer determined solely by
the viscous parameter γk. Instead, it receives additional
contributions from the spin dissipative transport coeffi-
cients (χ̃4, χ̃23 or χ̃12) and the background spin density
parameters (A, B, C and D), indicating that the coupling
between longitudinal hydrodynamic fluctuations and spin
degrees of freedom can either enhance or suppress the
damping of the sound mode. Therefore, while the mode
retains its soundlike character, its effective propagation and
dissipation are substantially altered by the finite spin
background.
For the stability analysis, we apply the constraint

Eq. (41) to the dispersion relations of Eqs. (71)–(74)
and (75) under the small wave-vector limit, thereby
obtaining the stability conditions as

γ⊥ > 0; χb < 0; χs > 0; ð77Þ

1

2
γk þ

½χT þ θðβð0Þ þ C þDÞ�ðχ̃4B − χ̃23AÞ
2c2v

> 0: ð78Þ

Applying the causality constraints Eqs. (42) and (43) to the
dispersion relation yields the causality conditions

0 ≤ cv ≤ 1: ð79Þ

It can be seen from Eq. (77) that the constraints imposed
by the stability of the system on the state parameters χb and
χs are identical to those obtained in the zero-spin back-
ground case, even when a background spin density is
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present. The primary impact of the nontrivial spin back-
ground is reflected in the propagation mode Eq. (75).
In the large wave-vector limit k → ∞, one obtains

ω ¼ i
ðβð0Þ þ C þDÞχc − ðAþ BÞχT

γkðβð0Þ þ C þDÞ ; ð80Þ

ω ¼ 1

2
i
�
āx �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ā2x þ b̄x

q �
k2; ð81Þ

where the introduced parameters āx and b̄x are given as

āx ¼ ðβð0Þ þDÞχ̃4 − ðβð0Þ þ CÞχ̃23; ð82Þ

b̄x ¼ 4χ̃4χ̃23βð0Þðβð0Þ þ C þDÞ: ð83Þ

Modes (80) and (81) correspond to complex coupled
spin dissipative modes arising from the mixing of different
spin-current fluctuations in the presence of a finite spin
background. Their damping rates are determined jointly by
the spin transport coefficients and the spin background
corrections, demonstrating that the relaxation dynamics of
the spin sector is strongly influenced by both dis-
sipative transport and background polarization effects.
Equation (80) represents a nonpropagating relaxation mode
with a finite damping rate, whereas Eq. (81) consists of two
purely dissipative branches whose frequencies scale as k2

in the ultraviolet limit.
Although Eq. (81) does not describe propagating

excitations, its ultraviolet behavior has important implica-
tions for causality. Since ReðωÞ ¼ 0, the conditions

limk→∞ jReðω=kÞj ≤ 1 and limk→∞ jReð∂ω=∂kÞj ≤ 1 are
trivially satisfied. However, Eq. (81) scales as ω ∝ ik2,
implying j ωk j ∝ k, which diverges as k → ∞. Therefore, the
boundedness requirement of the causality criterion is
violated, and the mode is acausal. This behavior is
analogous to the diffusive modes of conventional first-
order hydrodynamics and the first-order spin hydrody-
namic theory in the Landau frame. Consequently, the
presence of a finite spin background does not remove
the intrinsic acausality associated with first-order dissipa-
tive theories, although it modifies the corresponding damp-
ing rates through the spin-dependent coefficients C and D.

2. Mode analysis along the z direction

Similar to the case along the x direction, the same
conclusion can also be obtained when the wave vector is
along the z direction

M2δX̃2 ¼ 0; ð84Þ

where

M2 ¼
�
M3 0

0 M4

�
; ð85Þ

δX̃2 ≡ ðδẽ;δϑ̃z;δS̃xy;δS̃0z;δϑ̃y;δϑ̃x;δS̃0x;δS̃0y;δS̃xz;δS̃yzÞT;
ð86Þ

where

M3 ¼

0BBBBB@
iω −ik 0 0

−ikχc iωþ γkk2 −ikBxy −ikA0z

χ̃4χTS
xy
ð0Þk

2 −ikθSxyð0Þ iωþDT χ̃4k2 χ̃4C0zS
xy
ð0Þk

2

−χ̃12χTS0zð0Þk
2 −ikθS0zð0Þ −χ̃12DxyS

0z
ð0Þk

2 iω − χ̃12CTk2

1CCCCCA; ð87Þ

M4 ¼

0BBBBBBBBBB@

iωþ γ⊥k2 0 0 0 0 0

0 iωþ γ⊥k2 0 0 0 0

0 0 iω − χ̃23βð0Þk2 0 0 0

0 0 0 iω − χ̃23βð0Þk2 0 0

0 0 0 0 iωþ χ̃4βð0Þk2 0

0 0 0 0 0 iωþ χ̃4βð0Þk2

1CCCCCCCCCCA
: ð88Þ

From detM4 ¼ 0, one can obtain the following relationship as

ω ¼ iγ⊥k2; ð89Þ
ω ¼ −iχ̃23βð0Þk2; ð90Þ
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ω ¼ iχ̃4βð0Þk2: ð91Þ

At the small wave-vector limit of k → 0, from
detM3 ¼ 0, one can obtain

ω¼�cvkþi

�
1

2
γkþ

½χTþθðβð0ÞþCþDÞ�ðχ̃4B− χ̃12AÞ
2c2v

�
k2:

ð92Þ

In the large wave-vector limit k → ∞, one obtains

ω ¼ i
ðβð0Þ þ C þDÞχc − ðAþ BÞχT

γkðβð0Þ þ C þDÞ ; ð93Þ

ω ¼ 1

2
i
�
āz �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ā2z þ b̄z

q �
k2; ð94Þ

where

āz ¼ ðβð0Þ þDÞχ̃4 − ðβð0Þ þ CÞχ̃12; ð95Þ

b̄z ¼ 4χ̃4χ̃12βð0Þðβð0Þ þ C þDÞ: ð96Þ

The dispersion relations along the z direction are given by
Eqs. (89)–(91) and (92)–(94).
The dispersion relations in the z direction exhibit the

same qualitative structure as those obtained for perturba-
tions propagating along the x direction. Specifically,
Eq. (89) corresponds to a shearlike mode, while
Eqs. (90) and (91) describe nonpropagating spin dissipative
modes associated with the relaxation of spin-current
fluctuations. Equation (92) represents a complex coupled
soundlike propagating mode, whereas Eqs. (93) and (94),
together with the accompanying non-propagating branch,
correspond to complex coupled spin dissipative modes in
the large wave-vector limit. Therefore, the classification of
the modes remains unchanged when the propagation
direction is rotated from the transverse (x direction)
direction to the longitudinal (z direction) direction.
Regarding the stability and causality conditions, they share
the same structure as the x-direction counterparts, which
are presented as

γ⊥ > 0; χb < 0; χs > 0; ð97Þ

1

2
γk þ

½χT þ θðβð0Þ þ C þDÞ�ðχ̃4B − χ̃12AÞ
2c2v

> 0; ð98Þ

0 ≤ cv ≤ 1: ð99Þ

Similarly, Eq. (94) also leads to acausality.
Although the mode classification is unchanged, quanti-

tative differences arise between the transverse (x-direction)
and longitudinal (z-direction) propagation directions. The

complex coupled soundlike modes in Eqs. (75) and (92)
possess identical real parts, implying that the propagation
velocity of long-wavelength disturbances is independent of
the direction relative to the spin background. However,
their imaginary parts (damping terms) differ, implying that
the decay rates of perturbations along the x and z directions
are distinct. This difference arises from different combi-
nations of spin dissipative transport coefficients: the damp-
ing is governed by χ23 in the x direction and by χ12 in the z
direction. The same relation holds between modes of
Eqs. (81) and (94). Furthermore, compared with the x
direction, the purely dissipative modes in the z direction
lack the mode of Eq. (72), indicating that this mode exists
only in specific directions and exhibits directional depend-
ence. All these features reflect the breaking of the SOð3Þ
symmetry of the system.
Combining the dispersion relations in both directions,

we conclude that within our framework, the first-order spin
fluid with a nonvanishing spin background is acausal, as in
previous first-order fluid theories. To obtain results con-
sistent with fundamental physical constraints, we should
extend the first-order fluid theory to the second-order
theory.

III. LINEAR MODAL ANALYSIS OF SECOND-
ORDER MINIMAL CAUSAL SPIN

HYDRODYNAMICS

A. Second-order relativistic spin hydrodynamics

The stability and causality of first-order spin hydro-
dynamics in the presence of a nonvanishing spin density
background are investigated in the previous section. The
results show that the first-order theory exhibits acausal
behavior and thus cannot describe realistic physical sys-
tems. This is consistent with the known fact that first-order
theories in relativistic hydrodynamics are generically
acausal [51–53,56]. However, recent studies suggest that
stable and causal first-order theories might exist within
generalized frameworks, as demonstrated by the Bemfica-
Disconzi-Noronha-Kovtun (BDNK) framework [72–74].
For further study on the connection between BDNK theory
and second-order fluid theories, refer to Ref. [75].
To construct a stable and causal hydrodynamic theory,

one may consider second-order formulations [57–60]. In
this section, the Müller-Israel-Stewart (MIS) theory is
adopted, whose core idea is to incorporate second-order
corrections into a first-order framework. Among all second-
order terms, those proportional to relaxation time play a
crucial role in restoring causality. When these terms are
included, the hydrodynamic equations transition from
parabolic to hyperbolic type, thereby allowing causal signal
propagation. To simplify the analysis, we therefore only
consider second-order corrections involving relaxation
time, leading to what is called minimal causal spin hydro-
dynamics [56,61]. For studies incorporating complete
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noncrossed second-order terms, see Refs. [54,66]. The
constitutive relations now take the form of

τΠ
d
dτ

Πþ Π ¼ −ζ∂μuμ; ð100Þ

τπΔαhμΔνiβ d
dτ

παβ þ πμν ¼ 2η∂hμuνi; ð101Þ

τΣ
d
dτ

Σþ Σ ¼ −χ1½uβΔμα
∂μðβωαβÞ�; ð102Þ

τΣs
ΔγhμΔαiβ d

dτ
ΣðsÞγβ þ Σhμαi

ðsÞ

¼ −χ2uβ
�
Δμ

γΔα
σ þ Δμ

σΔα
γ −

2

3
ΔμαΔγσ

�
∂
γðβωσβÞ; ð103Þ

τΣa
ΔμγΔαβ d

dτ
ΣðaÞγβ þ Σ½μα�

ðaÞ ¼ −χ3uβΔμζΔαλ
∂½ζðβωλ�βÞ;

ð104Þ

τΣ4
ΔμρΔα½ηΔβ;κ� d

dτ
Σhρihηihκi þ Σhμihαihβi

¼ χ4ΔμρΔαηΔβκ
∂ρðβωηκÞ; ð105Þ

where τΠ, τπ, τΣ, τΣs
, τΣa

, and τΣ4
represent the relaxation

time of the dissipation, and all these quantities are positive
definite.
In the second-order theory, all dissipative quantities will

be treated as independent variables like the main hydro-
dynamic variables. So the hydrodynamic perturbation
equations are given as

0 ¼ ∂0ðδeÞ þ ∂iðδϑiÞ; ð106Þ

0 ¼ −χc∂jδeþ ∂0δϑ
j −A0z∂

jδS0z

− Bxy∂
jδSxy − ∂

jδΠþ ∂iðδπijÞ; ð107Þ

0 ¼ ∂0ðδS0iÞ þ θS0ið0Þ∂jðδϑjÞ − ∂
iδΣ − ∂jδΣ

hiji
ðsÞ þ ∂jδΣ

½ij�
ðaÞ;

ð108Þ

0 ¼ ∂0ðδSijÞ þ θSijð0Þ∂nðδϑnÞ þ ∂nðδΣhnihiihjiÞ; ð109Þ

δΠ ¼ −
�
γk −

4

3
γ⊥

�
∂iδϑ

i − τΠ∂0δΠ; ð110Þ

δπij ¼ γ⊥
�
∂
iδϑj þ ∂

jδϑi −
2

3
gij∂αδϑα

	
− τπDδπij; ð111Þ

δΣ ¼ χ̃1χTSð0Þ0j∂jδeþ χ̃1C0zSð0Þ0j∂jδS0z þ χ̃1DxySð0Þ0j∂jδSxy þ χ̃1βð0Þ∂jδS0j − τΣ∂0δΣ; ð112Þ

δΣhiji
ðsÞ ¼ −τΣs

∂0δΣ
ij
ðsÞ þ χ̃2βð0Þ∂iδS0j þ χ̃2βð0Þ∂jδS0i −

2

3
χ̃2βð0Þg

ij
ð0Þ∂mδS

0m

þ χ̃2S
0j
ð0ÞχT∂

iδeþ χ̃2S
0j
ð0ÞC0z∂

iδS0z þ χ̃2S
0j
ð0ÞDxy∂

iδSxy

þ χ̃2S0ið0ÞχT∂
jδeþ χ̃2S0ið0ÞC0z∂

jδS0z þ χ̃2S0ið0ÞDxy∂
jδSxy

−
2

3
χ̃2g

ij
ð0ÞS

0m
ð0ÞχT∂mδe −

2

3
χ̃2g

ij
ð0ÞS

0m
ð0ÞC0z∂mδS

0z −
2

3
χ̃2g

ij
ð0ÞS

0m
ð0ÞDxy∂mδSxy; ð113Þ

δΣ½ij�
ðaÞ ¼ −τΣa

∂0δΣ
ij
ðaÞ þ χ̃3βð0Þ∂iδS0j − χ̃3βð0Þ∂jδS0i

þ χ̃3S
0j
ð0ÞχT∂

iδeþ χ̃3S
0j
ð0ÞC0z∂

iδS0z þ χ̃3S
0j
ð0ÞDxy∂

iδSxy

− χ̃3S0ið0ÞχT∂
jδe − χ̃3S0ið0ÞC0z∂

jδS0z − χ̃3S0ið0ÞDxy∂
jδSxy; ð114Þ

δΣhnihiihji ¼ −τΣ4
∂0δΣhnihiihji þ χ̃4βð0Þ∂nδSij þ χ̃4S

ij
ð0ÞχT∂

nδeþ χ̃4S
ij
ð0ÞC0z∂

nδS0z þ χ̃4S
ij
ð0ÞDxy∂

nδSxy: ð115Þ

B. Linear mode analysis at second order

1. Mode analysis along the x direction

By first analyzing the situation in the x direction, one can obtain the hydrodynamic equations as

M3δX̃3 ¼ 0; ð116Þ

where
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M3 ¼

0BBBBBBBBBB@

M5 0 0 0 0 0

0 M6 0 0 0 0

0 0 M7 0 0 0

0 0 0 M8 0 0

0 0 0 0 M9 0

0 0 0 0 0 M10

1CCCCCCCCCCA
; ð117Þ

δX̃3 ¼ ðδẽ; δϑ̃x; δS̃0x; δΠ̃; δΣ̃; δπ̃xx; δΣ̃xx
ðsÞ; δϑ̃

y; δS̃0y; δS̃xy; δπ̃xy; δΣ̃xy
ðsÞ; δΣ̃

xy
ðaÞ; δΣ̃

xxy; δϑ̃z; δS̃0z; δS̃xz; δπ̃xz;

δΣ̃xz
ðsÞ; δΣ̃

xz
ðaÞ; δΣ̃

xxz; δS̃yz; δπ̃yz; δΣ̃yz
ðsÞ; δΣ̃

yz
ðaÞ; δΣ̃

xyz; δπ̃yy; δΣ̃yy
ðsÞ; δΣ̃

yxy; δΣ̃zxy; δΣ̃yxz; δΣ̃zxz; δΣ̃yyz; δΣ̃zyzÞT: ð118Þ

The explicit expressions for each block matrix in M3 are

M5 ¼

0BBBBBBBBBBBBBBBBBBBBBBBB@

iω −ik 0 0 0 0 0 0 0 0

−ikχc iω 0 0 0 −ikA0z −ikBxy −ik −ik 0

ikχ̃2S
0z
ð0ÞχT 0 Γ4 0 0 ikχ̃2CT ikχ̃2DxyS

0z
ð0Þ 0 0 0

ikχ̃3S
0z
ð0ÞχT 0 0 Γ5 0 ikχ̃3CT ikχ̃3DxyS

0z
ð0Þ 0 0 0

ikχ̃4S
xy
ð0ÞχT 0 0 0 Γ6 ikχ̃4C0zS

xy
ð0Þ ikχ̃4DT 0 0 0

0 −ikθS0zð0Þ ik ik 0 iω 0 0 0 0

0 −ikθSxyð0Þ 0 0 −ik 0 iω 0 0 0

0 −ðγk − 4
3
γ⊥Þik 0 0 0 0 0 −Γ2 0 0

0 − 4
3
γ⊥ik 0 0 0 0 0 0 −Γ1 0

0 2
3
γ⊥ik 0 0 0 0 0 0 0 −Γ1

1CCCCCCCCCCCCCCCCCCCCCCCCA

; ð119Þ

M6 ¼

0BBB@
iω 0 −ik 0

0 iω 0 −ik
γ⊥ik 0 Γ1 0

0 γ⊥ik 0 Γ1

1CCCA; ð120Þ

M7 ¼

0BBBBB@
iω −ik ik 0

−ikχ̃1βð0Þ Γ3 0 0

4
3
ikχ̃2βð0Þ 0 Γ4 0

− 2
3
ikχ̃2βð0Þ 0 0 Γ4

1CCCCCA; ð121Þ

M8 ¼

0B@ iω ik ik

ikχ̃2βð0Þ Γ3 0

ikχ̃3βð0Þ 0 Γ5

1CA; ð122Þ

M9 ¼

0BBBBB@
iω 0 −ik 0

0 iω 0 −ik
ikχ̃4βð0Þ 0 Γ6 0

0 ikχ̃4βð0Þ 0 Γ6

1CCCCCA; ð123Þ

M10 ¼

0BBBBBBBBBBBBBBBBB@

Γ1 0 0 0 0 0 0 0 0

0 Γ4 0 0 0 0 0 0 0

0 0 Γ5 0 0 0 0 0 0

0 0 0 Γ6 0 0 0 0 0

0 0 0 0 Γ6 0 0 0 0

0 0 0 0 0 Γ6 0 0 0

0 0 0 0 0 0 Γ6 0 0

0 0 0 0 0 0 0 Γ6 0

0 0 0 0 0 0 0 0 Γ6

1CCCCCCCCCCCCCCCCCA

:

ð124Þ
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where

Γ1 ¼−τπiω− 1; Γ2 ¼−τΠiω−1; Γ3 ¼−iωτΣ −1;

Γ4 ¼−iωτΣs
− 1; Γ5 ¼−iωτΣa

−1; Γ6 ¼−iωτΣ4
−1:

ð125Þ

From detM10 ¼ 0, one can obtain

ω ¼ i
τπ

; ð126Þ

ω ¼ i
τΣs

; ð127Þ

ω ¼ i
τΣa

; ð128Þ

ω ¼ i
τΣ4

: ð129Þ

One can obtain the results from detMj ¼ 0ðj ≠ 10Þ in
the k → 0 limit as

ω ¼ i
τΣ

; ð130Þ

ω ¼ i
τπ

; ð131Þ

ω ¼ i
τΠ

; ð132Þ

ω ¼ i
τΣs

; ð133Þ

ω ¼ i
τΣa

; ð134Þ

ω ¼ i
τΣ4

; ð135Þ

ω ¼ iγ⊥k2; ð136Þ

ω ¼ −iβð0Þχ̃12k2; ð137Þ

ω ¼ −iβð0Þχ̃23k2; ð138Þ

ω ¼ iβð0Þχ̃4k2; ð139Þ

ω¼�cvkþi
�
1

2
γkþ

½χTþθðβð0ÞþCþDÞ�ðχ̃4B− χ̃23AÞ
2c2v

�
k2;

ð140Þ

where detM5 ¼ 0 gives Eqs. (131)–(134) and (140);
detM6 ¼ 0 gives Eqs. (132) and (136); detM7 ¼ 0 gives
Eqs. (130), (133), and (137); detM8 ¼ 0 gives Eqs. (133),
(134), and (138); detM9 ¼ 0 gives Eqs. (135) and (139).
Compared with the first-order theory, the most notable new
feature in the long-wavelength limit is the appearance of the
relaxation modes in Eqs. (130)–(135), whose frequencies
are determined solely by the corresponding relaxation
times. These modes originate from promoting dissipative
currents to independent dynamical variables within the
second-order framework and therefore have no counter-
parts in the first-order theory.
Apart from these additional relaxation modes, the

remaining hydrodynamic spectrum, Eqs. (136)–(140),
retains the same structure as in the first-order spin fluid.
Consequently, the classification and physical interpretation
of the shearlike, spin dissipative, and complex coupled
soundlike modes remain unchanged. This demonstrates
that the second-order theory correctly reproduces the first-
order hydrodynamic behavior in the infrared limit while
introducing additional nonhydrodynamic relaxation
degrees of freedom.
The results of detMj ¼ 0ðj ≠ 10Þ in the k → ∞ limit are

given as

ω¼ i

�
1

4
p−

1

2
h−

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
p2þðq−rÞþ−p3−4pqþ24t

4h

r �
;

ð141Þ

ω ¼ � 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
21=3ãxm

1=3
x þ 22=3fx −m2=3

x

21=3τ16m
1=3
x

s
kþ iYx1; ð142Þ

ω ¼ � 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
24=3m1=3

x ãx − ð1þ i
ffiffiffi
3

p Þ22=3fx þ ð1 − i
ffiffiffi
3

p Þm2=3
x

24=3m1=3
x τ16

s
kþ iYx2; ð143Þ

ω ¼ � 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
24=3m1=3

x ãx − ð1 − i
ffiffiffi
3

p Þ22=3fx þ ð1þ i
ffiffiffi
3

p Þm2=3
x

24=3m1=3
x τ16

s
kþ iYx3; ð144Þ
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ω ¼ �
ffiffiffiffiffi
γ⊥
τπ

r
kþ i

2τπ
; ð145Þ

ω ¼ i
3χ1 þ 4χ2

3χ1τΣs
þ 4χ2τΣ

; ð146Þ

ω¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βð0Þð3χ̃1τΣs

þ 4χ̃2τΣÞ
3τΣτΣs

s
kþ i

3τ2Σs
χ1 þ 4τ2Σχ2

6τΣτ
2
Σs
χ1 þ 8τΣs

τ2Σχ2
;

ð147Þ

ω ¼ i
χ2 þ χ3

τΣa
χ2 þ τΣs

χ3
; ð148Þ

ω¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βð0Þðχ̃2τΣa

þ χ̃3τΣs
Þ

τΣa
τΣs

s
kþ i

τ2Σa
χ2þτ2Σs

χ3
2τΣs

τΣa
ðτΣa

χ2þτΣs
χ3Þ

;

ð149Þ

ω ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffi
βð0Þχ̃4
τΣ4

s
kþ i

2τΣ4

: ð150Þ

The parameters in Eq. (141) are defined in the Appendix A,
and those in Eqs. (142)–(144) are defined in the Appen-
dixes B and C. detM5 ¼ 0 gives Eqs. (141)–(144);
detM6 ¼ 0 gives (145); detM7 ¼ 0 gives Eqs. (146) and
(147); detM8 ¼ 0 gives Eqs. (148) and (149); detM9 ¼ 0
gives (150).
Far more intricate than those in the first-order theory, the

dispersion relations (141)–(150) reveal a much richer mode
structure in the large wave-vector limit. In addition to the
ordinary soundlike and spin dissipative excitations already
present in the zero-spin background theory, the finite spin
density generates several additional branches that remain
coupled to the background polarization even in the ultra-
violet regime. The resulting eigenmodes can be grouped
into four categories.
The first category consists of soundlike modes, repre-

sented by Eqs. (145), (147), (149), and (150), which take
the generic form ω ¼ �vkþ iΓ. The corresponding propa-
gation velocities are determined by dissipative transport
coefficients and relaxation times, such as v ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

γ⊥=τπ
p

and

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βð0Þðχ̃2τΣa

þ χ̃3τΣs
Þ=ðτΣa

τΣs
Þ

q
. Since these veloc-

ities do not explicitly depend on the spin background
parameters, these modes survive unchanged in the limit
Sμνð0Þ → 0 and therefore represent direct extensions of the

soundlike excitations already encountered in the zero-spin
background theory.
The second category corresponds to spin dissipative

modes, represented by Eqs. (146) and (148). These modes
describe purely relaxational dynamics associated with spin
transport and spin-current dissipation. Their ultraviolet
behavior is governed entirely by the spin dissipative

coefficients and the corresponding relaxation times.
Consequently, they are insensitive to the background spin
density and remain present even in the zero-spin back-
ground theory.
The third category contains the complex coupled sound-

like modes, represented by Eqs. (142)–(144). Unlike the
corresponding modes in the small-k regime, the ultraviolet
dispersion relations exhibit a considerably more intricate
dependence on the spin background parameters A, B, C,
and D. The resulting propagation velocities and damping
terms are determined by nontrivial combinations of relax-
ation times, dissipative transport coefficients, and spin
background corrections, indicating that the coupling
between hydrodynamic and spin degrees of freedom
remains important even at very short wavelengths.
The fourth category consists of complex coupled spin

dissipative modes, represented by Eq. (141). In contrast to
the analogous modes encountered in the first-order theory,
whose large-k behavior is diffusive and therefore acausal,
these second-order modes acquire finite relaxation scales
through the Müller-Israel-Stewart-type structure of the
theory. Their dispersion relations remain explicitly depen-
dent on the spin background parameters, demonstrating
that the polarization-induced couplings continue to influ-
ence the relaxation dynamics of the spin sector in the
ultraviolet limit. Therefore, these modes provide a direct
manifestation of the interplay between spin relaxation and
causal second-order dissipative dynamics.
Substituting into Eq. (41) yields the stability condition

τΠ; τπ; τΣ; τΣs
; τΣa

; τΣ4
> 0; ð151Þ

γ⊥ > 0; χb < 0; χs > 0; ð152Þ

1

2
γk þ

½χT þ θðβð0Þ þ C þDÞ�ðχ̃4B − χ̃23AÞ
2c2v

> 0; ð153Þ

1

4
p −

1

2
h −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
p2 þ ðq − rÞ þ −p3 − 4pqþ 24t

4h

r
> 0;

ð154Þ

Yxi > 0; ð155Þ

and the causality conditions are

0 ≤ cc ≤ 1; ð156Þ

0 ≤ −
21=3ãxm

1=3
x þ 22=3fx −m2=3

x

2
1
3τ16m

1
3
x

≤ 1; ð157Þ

0≤−
24=3m1=3

x ãx−ð1� i
ffiffiffi
3

p Þ22=3fxþð1∓ i
ffiffiffi
3

p Þm2=3
x

24=3m1=3
x τ16

≤1;

ð158Þ
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0 ≤
γ⊥
τπ

≤ 1; ð159Þ

0 ≤
−βð0Þð3χ̃1τΣs

þ 4χ̃2τΣÞ
3τΣτΣs

≤ 1; ð160Þ

0 ≤
−βð0Þðχ̃2τΣa

þ χ̃3τΣs
Þ

τΣa
τΣs

≤ 1; ð161Þ

0 ≤
βð0Þχ̃4
τΣ4

≤ 1: ð162Þ

Compared to the acausal outcomes in first-order theory,
the structure of the causality conditions in Eqs. (159)–(162)
reveals that the corresponding causal conditions can be
satisfied as long as the relaxation time is sufficiently large.
This is consistent with the intended effect of introducing the
relaxation time, and this result has also been reported in
previous studies [55–58]. For conditions of Eqs. (157) and

(158), however, an intuitive variation relation cannot be
derived due to the strong coupling between the relaxation
time and the spin background state. Nevertheless, from the
condition of Eq. (156), the following relation can be
derived as

−
χT
θ

≤ Aþ B ≤
1 − χT

θ
; ð163Þ

this gives a constraint condition for the parameters A
and B.

2. Mode analysis along the z direction

Using the same method, one can derive the characteristic
equation along the z axis direction as

M4δX̃4 ¼ 0; ð164Þ

where

δX̃4 ≡ ðδẽ; δϑ̃z; δΣ̃; δΣ̃xx
ðsÞ; δΣ̃

yy
ðsÞ; δΣ̃

zxy; δS̃0z; δS̃xy; δΠ̃; δπ̃xx; δπ̃yy; δϑ̃x; δϑ̃y; δπ̃xz; δπ̃yz; δS̃0x; δΣ̃xz
ðsÞ; δΣ̃

xz
ðaÞ;

δS̃0y; δΣ̃yz
ðsÞ; δΣ̃

yz
ðaÞ; δS̃

xz; δS̃yz; δΣ̃zxz; δΣ̃zyz; δπ̃xy; δΣ̃xy
ðsÞ; δΣ̃

xy
ðaÞ; δΣ̃

xxy; δΣ̃yxy; δΣ̃xxz; δΣ̃yxz; δΣ̃xyz; δΣ̃yyzÞT; ð165Þ

and

M4 ¼

0BBBBBBBBB@

M11 0 0 0 0 0

0 M12 0 0 0 0

0 0 M13 0 0 0

0 0 0 M13 0 0

0 0 0 0 M14 0

0 0 0 0 0 M15

1CCCCCCCCCA
; ð166Þ

the explicit expressions for each block matrix in M4 are as follows:

M11 ¼

0BBBBBBBBBBBBBBBBBBBBBBBBBBB@

iω −ik 0 0 0 0 0 0 0 0 0

−ikχc iω 0 0 0 0 −ikA0z −ikBxy −ik ik ik

−ikχ̃1χTS0zð0Þ 0 Γ3 0 0 0 −ikχ̃1CT −ikχ̃1S0zð0ÞDxy 0 0 0

− 2
3
ikχ̃2χTS

0z
ð0Þ 0 0 Γ4 0 0 − 2

3
ikχ̃2CT − 2

3
ikχ̃2S

0z
ð0ÞDxy 0 0 0

− 2
3
ikχ̃2χTS

0z
ð0Þ 0 0 0 Γ4 0 − 2

3
ikχ̃2χbCT − 2

3
ikχ̃2S

0z
ð0ÞDxy 0 0 0

ikχ̃4χTS
xy
ð0Þ 0 0 0 0 Γ6 ikχ̃4S

xy
ð0ÞC0z ikχ̃4DT 0 0 0

0 −ikθS0zð0Þ −ik −ik −ik 0 iω 0 0 0 0

0 −ikθSxyð0Þ 0 0 0 −ik 0 iω 0 0 0

0 −ðγk − 4
3
γ⊥Þik 0 0 0 0 0 0 −Γ2 0 0

0 − 2
3
γ⊥ik 0 0 0 0 0 0 0 Γ1 0

0 − 2
3
γ⊥ik 0 0 0 0 0 0 0 0 Γ1

1CCCCCCCCCCCCCCCCCCCCCCCCCCCA

; ð167Þ
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M12 ¼

0BBBB@
iω 0 −ik 0

0 iω 0 −ik
γ⊥ik 0 Γ1 0

0 γ⊥ik 0 Γ1

1CCCCA; ð168Þ

M13 ¼

0B@ iω ik −ik
ikχ̃2βð0Þ Γ4 0

−ikχ̃3βð0Þ 0 Γ5

1CA; ð169Þ

M14 ¼

0BBBBB@
iω 0 −ik 0

0 iω 0 −ik
ikχ̃4βð0Þ 0 Γ6 0

0 ikχ̃4βð0Þ 0 Γ6

1CCCCCA; ð170Þ

M15¼

0BBBBBBBBBBBBBBBBBB@

Γ1 0 0 0 0 0 0 0 0

0 Γ4 0 0 0 0 0 0 0

0 0 Γ5 0 0 0 0 0 0

0 0 0 Γ6 0 0 0 0 0

0 0 0 0 Γ6 0 0 0 0

0 0 0 0 0 Γ6 0 0 0

0 0 0 0 0 0 Γ6 0 0

0 0 0 0 0 0 0 Γ6 0

0 0 0 0 0 0 0 0 Γ6

1CCCCCCCCCCCCCCCCCCA

: ð171Þ

In the k → 0 limit, one obtains

ω ¼ i
τπ

; ð172Þ

ω ¼ i
τΠ

; ð173Þ

ω ¼ i
τΣ

; ð174Þ

ω ¼ i
τΣs

; ð175Þ

ω ¼ i
τΣa

; ð176Þ

ω ¼ i
τΣ4

; ð177Þ

ω ¼ iγ⊥k2; ð178Þ

ω ¼ −iχ̃23βð0Þk2; ð179Þ

ω ¼ iχ̃4βð0Þk2; ð180Þ

ω¼�cvkþi

�
1

2
γkþ

½χTþθðβð0ÞþCþDÞ�ðχ̃4B− χ̃12AÞ
2c2v

�
k2;

ð181Þ

where Eqs. (178)–(181) herein take the same form as the
results from the first-order theory, and thus the discrepan-
cies relative to the x direction are also identical. One can
obtain the results from detMj ¼ 0 ðj ¼ 11 ∼ 14Þ in the
k → ∞ limit as

ω ¼ i
3χ1 þ 4χ2

3τΣs
χ1 þ 4τΣχ2

; ð182Þ

ω ¼ i

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2z þ 4bzcz

p
− az

2bz

�
; ð183Þ

ω ¼ � 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
21=33ãzm

1=3
z þ 22=3fz −m2=3

z

21=33τ16m
1=3
z

s
kþ iYz1; ð184Þ

ω ¼ � 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
6m1=3

z 22=3ãz − 2ð1þ i
ffiffiffi
3

p Þfz þ 21=3ð1 − i
ffiffiffi
3

p Þm2=3
z

6τ162
2=3m1=3

z

s
kþ iYz2; ð185Þ

ω ¼ � 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
6m1=3

z 22=3ãz − 2ð1 − i
ffiffiffi
3

p Þfz þ 21=3ð1þ i
ffiffiffi
3

p Þm2=3
z

6τ162
2=3m1=3

z

s
kþ iYz3; ð186Þ

ω ¼ �
ffiffiffiffiffi
γ⊥
τπ

r
kþ i

2τπ
; ð187Þ

ω ¼ i
χ2 þ χ3

τΣa
χ2 þ τΣs

χ3
; ð188Þ
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ω¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βð0Þðχ̃2τΣa

þ χ̃3τΣs
Þ

τΣa
τΣs

s
kþ i

τ2Σs
χ3 þ τ2Σa

χ2
2τΣa

τΣs
ðτΣa

χ2 þ τΣs
χ3Þ

;

ð189Þ

ω ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffi
βð0Þχ̃4
τΣ4

s
kþ i

2τΣ4

: ð190Þ

The parameters in Eq. (183) are defined in the Appendix D,
while those in Eqs. (184)–(186) are defined in the Appen-
dixes E and F. The stability condition is obtained as

τΠ; τπ; τΣ; τΣs
; τΣa

; τΣ4
> 0; ð191Þ

γ⊥ > 0; χb < 0; χs > 0; ð192Þ

1

2
γk þ

½χT þ θðβð0Þ þ C þDÞ�ðχ̃4B − χ̃12AÞ
2c2v

> 0; ð193Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2z þ 4bzcz

p
− az

2bz
> 0; ð194Þ

Yzi > 0: ð195Þ

The causality condition is

0 ≤ cc ≤ 1; ð196Þ

0 ≤ −
2
1
33ãzm

1
3
z þ 2

2
3fz −m

2
3
z

2
1
33τ16m

1
3
z

≤ 1; ð197Þ

0≤−
6m1=3

z 22=3ãz−2ð1� i
ffiffiffi
3

p Þfzþ21=3ð1∓ i
ffiffiffi
3

p Þm2=3
z

6τ162
2
3m1=3

z

≤1;

ð198Þ

0 ≤
γ⊥
τπ

≤ 1; ð199Þ

0 ≤
−βð0Þðχ̃2τΣa

þ χ̃3τΣs
Þ

τΣa
τΣs

≤ 1; ð200Þ

0 ≤
βð0Þχ̃4
τΣ4

≤ 1: ð201Þ

The physical interpretation of the modes in the z
direction largely parallels that discussed for the x direction
and will therefore not be repeated here. In the long-
wavelength limit, Eqs. (178)–(181) exhibit the same
qualitative structure as the corresponding modes obtained
in the first-order theory. Consequently, the distinctions
between the x and z directions remain identical to those
discussed previously. In particular, the spin dissipative

modes are governed by different transport coefficients in
the two directions, reflecting the anisotropy induced by the
nonvanishing spin background.
More significant differences emerge in the large wave-

vector limit. Unlike the x direction, where the mode
structure contains the additional branches described by
Eqs. (138) and (149), these modes are absent in the z
direction. As a consequence, the spectrum of ultraviolet
excitations exhibits a clear directional dependence.
Furthermore, comparison of Eqs. (183)–(186) with
Eqs. (141)–(144) shows that the differences between the
two directions cannot be reduced to the simple replacement
χ12 ↔ χ23 that characterizes the first-order theory. Instead,
the corresponding dispersion relations possess substantially
different structures and depend on distinct combinations of
the spin background parameters.
These results indicate that the influence of the finite spin

background becomes increasingly pronounced in the sec-
ond-order theory. Besides modifying the stability and
causality conditions through the spin background param-
eters, the anisotropy associated with the equilibrium spin
density leads to genuinely direction-dependent collective
excitations. Certain modes appear only for perturbations
propagating in specific directions, while different combi-
nations of transport coefficients and spin background
corrections govern the dynamics in the transverse and
longitudinal sectors.

IV. SUMMARY AND CONCLUSIONS

In this work, we investigated the stability and causality
of relativistic spin hydrodynamics in the presence of a
nonvanishing spin density background, i.e. Sμνð0Þ ≠ 0, within
the framework of linear mode analysis. Since, under the
condition of ωμν ∼Oð∂Þ, the equilibrium state requires the
spin chemical potential to be determined by the thermal
vorticity ϖμν, a nonzero spin density would necessarily
imply a moving background configuration. In order to
maintain a static background in the linear analysis, we
instead adopt ωμν ∼Oð1Þ, in which case the relation
between ωμν and ϖμν disappears, allowing for a static
background with finite spin density. Assuming that the
nonvanishing components of the equilibrium spin density
are given by S0zð0Þ ≠ 0, Sxyð0Þ ≠ 0, the rotational symmetry of

the system is reduced from SOð3Þ to SOð2Þ in the x-y
plane. Consequently, separate mode analyses must be
performed for perturbations propagating parallel and
perpendicular to the spin-polarization direction. From the
linearized hydrodynamic equations, the corresponding
dispersion relations are derived.
Within first-order spin hydrodynamics, the dispersion

relations along the parallel and perpendicular directions
exhibit the same structural form in both the small and large
wave-vector limits. However, mode (72) only appears in the
x direction. The presence of a finite spin density modifies
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several dissipative and propagating modes, including their
sound velocities and damping coefficients. Different
choices of the spin background state can lead to either
enhancement or suppression of the damping terms. The
difference lies in the transport coefficients entering the
dispersion relations: along the x direction they are governed
by χ23, whereas along the z direction they involve χ12,
indicating that different propagation directions are con-
trolled by different transport coefficients in this anisotropic
system. Compared to the vanishing spin density case, in
addition to these modifications, entirely new dissipative
modes, Eqs. (81) and (94), emerge. However, these modes
are acausal, demonstrating that first-order spin hydrody-
namics in this framework is intrinsically noncausal.
We further investigated the minimal causal second-order

spin hydrodynamics [56,61], in which only the relaxation-
time terms most crucial for causality are retained. For the
complete second-order formulation, see Ref. [66]. Our
analysis shows that, in the small wave-vector limit, the
dispersion relations along both directions resemble those of
the first-order theory, with additional contributions arising
from the relaxation times. In contrast, in the large wave-
vector limit, a finite spin density generates new dissipative
and propagating modes, and substantial differences appear
between the x and z directions. This demonstrates that the
anisotropy induced by the spin density background leads to
similar structures at small wave vectors (up to different
transport coefficients), while this similarity is broken at
large wave vectors.The resulting stability and causality
conditions reveal that both the spin density and the spin-
related parameters in the thermodynamic equation of state
directly determine whether the system is stable and causal.
Finally, our analysis has been restricted to asymptotic

limits. The stability and causality properties at finite wave-
vector k remain to be explored. As suggested in Ref. [56],
systems that are stable and causal in asymptotic regimes
may still exhibit instabilities at finite k. In addition, the
present study is limited to static backgrounds, and exten-
sions to moving backgrounds [69,73] will be addressed in
future work.
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APPENDIX A: DEFINITION OF THE
PARAMETERS IN EQ. (141)

p¼ ax
f1f2

; q¼ bx
f1f2

; r¼ cx
f1f2

; t¼ dx
f1f2

;

h¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
p2 þ ðqþ rÞ

r
; ðA1Þ

f1 ¼ ðβð0Þ þ C þDÞf11 þ 3τπτΠχTðAþ BÞ; ðA2Þ

f2 ¼ τπðτΣa
χ2 þ τΣs

χ3Þ; ðA3Þ

where

f11 ¼ 4γ⊥ðτπ − τΠÞ − 3τπðγk þ τΠχcÞ: ðA4Þ

ax ¼ ðβð0Þ þ C þDÞax1 þ 3τπχTðAþ BÞax2; ðA5Þ

where

ax1 ¼ 4γ⊥ðτπ − τΠÞ½χ2ðτπ þ τΣa
Þ þ χ3ðτπ þ τΣs

Þ�
− 3τπðχ2axa þ χ3axsÞ; ðA6Þ

axa ¼ γkðτπ þ 2τΣa
Þ þ χc½2τΠτΣa

þ τπðτΠ þ τΣa
Þ�; ðA7Þ

axs ¼ γkðτπ þ 2τΣs
Þ þ χc½2τΠτΣs

þ τπðτΠ þ τΣs
Þ�; ðA8Þ

ax2 ¼ 2τΠðτΣa
χ2þ τΣs

χ3Þþ τπ½ðτΠþ τΣa
Þχ2þðτΠþ τΣs

Þχ3�:
ðA9Þ

bx ¼ ðβð0Þ þ C þDÞbx1 − 3χTðAþ BÞðχ2bxa þ χ3bxsÞ;
ðA10Þ

where

bx1 ¼ 3χ2½γkð2τπ þ τΣa
Þ þ χcbxa�

þ 3χ3½γkð2τπ þ τΣs
Þ þ χcbxs�

− 4γ⊥ðτπ − τΠÞðχ2 þ χ3Þ; ðA11Þ

bxa ¼ τ2π þ τΠτΣa
þ 2τπðτΠ þ τΣa

Þ; ðA12Þ

bxs ¼ τ2π þ τΠτΣs
þ 2τπðτΠ þ τΣs

Þ: ðA13Þ

cx ¼ ðβð0Þ þ C þDÞcx1 þ 3τπχTðAþ BÞðχ2cxa þ χ3cxsÞ;
ðA14Þ

where
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cx1 ¼ 4γ⊥ðτπ − τΠÞðχ2 þ χ3Þ
− 3τπ½χ2ðγk þ χccxaÞ þ χ3ðγk þ χccxsÞ�; ðA15Þ

cxa ¼ τΠ þ τΣa
; ðA16Þ

cxs ¼ τΠ þ τΣs
: ðA17Þ

dx ¼ ðβð0Þ þ C þDÞdx1 − χTðAþ BÞðχ2dxa þ χ3dxsÞ;
ðA18Þ

where

dx1 ¼ γkðχ2 þ χ3Þ þ χc½χ2ð2τπ þ τΠ þ τΣa
Þ

þ χ3ð2τπ þ τΠ þ τΣs
Þ�; ðA19Þ

dxa ¼ 2τπ þ τΠ þ τΣa
; ðA20Þ

dxs ¼ 2τπ þ τΠ þ τΣs
: ðA21Þ

APPENDIX B: DEFINITION OF THE
PARAMETERS AT ORDER k1 IN EQS. (142)–(144)

fx ¼ ð−ã2x þ 9b̃xτ16Þ; ðB1Þ

mx ¼ ecx þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c̃2x þ 4f3x

q
; ðB2Þ

τ16 ¼ τπτΠτΣs
τΣa

τΣ4
; ðB3Þ

ãx ¼ 4γ⊥τΣs
τΣa

τΣ4
ðτπ − τΠÞ þ 3τπfτΣ4

½−τΣs
τΣa

ðγk þ τΠc2vÞ þ τΠðτΣa
χ̃2 þ τΣs

χ̃3ÞCT � − τΠτΣs
τΣa

χ̃4DTg; ðB4Þ

b̃x ¼ τΣ4
ðτΣa

χ̃2 þ τΣs
χ̃3Þf−4γ⊥τΠC þ τπ½Cð4γ⊥ − 3γkÞ þ 3τΠð−Cðχc þ θBÞ þAðχT þ θDÞÞ�g

þ τΣs
τΣa

χ̃4½−3τπτΠBðχT þ θCÞ þDb̃x5� − 3β2ð0ÞτπτΠχ̃4ðτΣa
χ̃2 þ τΣs

χ̃3Þ þ βð0ÞfτΣ4
ðτΣa

χ̃2 þ τΣs
χ̃3Þb̃x6

þ χ̃4½τΣs
τΣa

b̃x5 − 3τπτΠðτΣa
χ̃2 þ τΣs

χ̃3ÞðC þDÞ�g; ðB5Þ

where

b̃x5 ¼ 4γ⊥ð−τπ þ τΠÞ þ 3τπ½γk þ τΠðχc þ θAÞ�; ðB6Þ

b̃x6 ¼ 4γ⊥ðτπ − τΠÞ − 3τπ½γk þ τΠðχc þ θBÞ�: ðB7Þ

c̃x ¼ −108γ⊥τ2πτ46ðτπ − τΠÞðD1τ
2
Π þ 2D2γkτΠτ46 þ 2γ2kτ

2
46Þ þ 144Eγ2⊥τ246τπðτπ − τΠÞ2;

− 128γ3⊥τ346ðτπ − τΠÞ3 þ 27τ3π½3D1γkτ2Πτ46 þ 3D2γ
2
kτΠτ

2
46 þ 2γ3kτ

3
46 þ τ3Πðc̃x1 þ τ2Σs

c̃x2Þ�; ðB8Þ

where

τ46 ¼ τΣs
τΣa

τΣ4
; ðB9Þ

c̃x1 ¼ −2C3Tτ3Σa
τ3Σ4

χ̃32 − 3CTτΣs
τ2Σa

τ2Σ4
χ̃22ðD5βð0ÞτΣa

þ 2C2TτΣ4
χ̃3Þ

þ 3βð0Þτ2Σs
τΣa

τΣ4
χ̃2ðD3τ

2
Σa

− 2D4βð0ÞτΣa
τΣ4

χ̃3 − 2β2ð0Þτ
2
Σ4
χ̃23Þ; ðB10Þ

c̃x2 ¼ 3D3βð0Þτ2Σa
τΣ4

χ̃3 − 3D5βð0ÞCTτΣa
τ2Σ4

χ̃23 − 2C3Tτ
3
Σ4
χ̃33

þ τ3Σa
ðc2vτΣ4

þDT χ̃4Þð2c4vτ2Σ4
− 5βð0ÞτΣ4

χcχ̃4 þ 2D2
T χ̃

2
4Þ; ðB11Þ

E ¼ τΣ4
½2τΣs

τΣa
ðγk þ c2vτΠÞ þ CTτΠðτΣa

χ̃2 þ τΣs
χ̃3Þ� −DTτΠτΣs

τΣa
χ̃4; ðB12Þ

and

D1 ¼ τ2Σ4
ð2c4vτ2Σs

τ2Σa
þ 2βð0ÞτΣs

τΣa
ðτΣa

χ̃2 þ τΣs
χ̃3Þχc − C2TðτΣa

χ̃2 þ τΣs
χ̃3Þ2Þ

− 2βð0Þτ46χ̃4ðτΣs
τΣa

χc þ 2CTðτΣa
χ̃2 þ τΣs

χ̃3ÞÞ −D2
Tτ

2
Σs
τ2Σa

χ̃24; ðB13Þ
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D2 ¼ CTτΣ4
ðτΣa

χ̃2 þ τΣs
χ̃3Þ þ τΣs

τΣa
ð2c2vτΣ4

−DT χ̃4Þ;
ðB14Þ

D3 ¼ c2vτ2Σ4
χc − 4βð0ÞτΣ4

χcχ̃4 þ β2ð0Þχ̃
2
4; ðB15Þ

D4 ¼ τΣ4
χc þ βð0Þχ̃4; ðB16Þ

D5 ¼ τΣ4
χc þ CT χ̃4: ðB17Þ

APPENDIX C: DEFINITION OF THE
PARAMETERS AT ORDER k0 IN EQS. (142)–(144)

Yxi ¼
Yxn

Yxd
; ðC1Þ

Yxd ¼ 2τ1ð4γ2ðτ1 − τ2ÞEx15 þ 3τ1ð−γ3Ex15 þ τ2ðτ5χ̃2Ex16 þ τ4ðτ5ðτ6ð5X2
xi − 4θðAþ BÞ − 4χcÞX2

xi

þ ð−3BðχT þ θCÞ − Ex2Ex9Þχ̃4ÞX2
xi þ χ̃3Ex16ÞÞÞÞ; ðC2Þ

Yxn ¼ 4γ2ðτ1 − τ2Þðτ6ðEx1τ5χ̃2 þ τ4ðτ5X2
xi þ Ex1χ̃3ÞÞX2

xi − ðτ5ðEx2τ4X2
xi þ Ex7χ̃2Þ þ τ4Ex7χ̃3Þχ̃4 þ Fx8Þ

þ 3τ1ðγ3ð−Fx8 − 2ðτ5χ̃2ðX2
xiEx1τ6 − Ex7χ̃4Þ þ τ4ðX2

xiτ6ðτ5X2
xi þ Ex1χ̃3Þ − ðEx2τ5X2

xi þ Ex7χ̃3Þχ̃4ÞÞÞ
þ 2τ2Fx7 þ τ1ðFx7 þ τ2ðτ5ðFx4 þ χ̃2Fx5ÞX2

xi þ τ4ðτ5Ex6X2
xi þ χ̃3Fx5 þ Fx4ÞX2

xi þ ðχ̃2 þ χ̃3ÞFx6ÞÞÞ; ðC3Þ

Ex1 ¼ βð0Þ þ C; ðC4Þ

Ex2 ¼ βð0Þ þD; ðC5Þ

Ex3 ¼ X2
xi − χc; ðC6Þ

Ex4 ¼ X2
xi − χc − θA; ðC7Þ

Ex5 ¼ X2
xi − χc − θB; ðC8Þ

Ex6 ¼ X2
xi − χc − θA − θB; ðC9Þ

Ex7 ¼ Ex1Ex2 − CD; ðC10Þ

Ex8 ¼ 3X2
xi − 2χc; ðC11Þ

Ex9 ¼ 4X2
xi − 3θB − 3χc; ðC12Þ

Ex10 ¼ ðX2
xiτ6Ex9 − ð2ðAþ BÞχT þDEx8Þχ̃4Þβ0; ðC13Þ

Ex11 ¼ Cðτ6Ex9X2
xi þ ð−2BχT − Ex2Ex8Þχ̃4Þ; ðC14Þ

Ex12 ¼ S1ð3τ6χ5ðχT þθDÞX2
xi

þðS2ð2χ6χTχ8þχ9ð2χ5χT þχ8Ex8ÞÞ−2Dχ5χTÞχ̃4Þ;
ðC15Þ

Ex13 ¼ ð3X2
xiEx1τ6 − 2Ex7χ̃4Þ; ðC16Þ

Ex14 ¼ ð4X2
xiτ6 − 3Ex2χ̃4Þ; ðC17Þ

Ex15 ¼ ðτ5χ̃2Ex13 þ τ4ðτ5Ex14X2
xi þ χ̃3Ex13ÞÞ; ðC18Þ

Ex16 ¼ ð−Ex8χ̃4β
2
0 þ Ex10 þ Ex11 þ Ex12Þ; ðC19Þ

Fx1 ¼ ðX2
xiτ6Ex5 − ððAþ BÞχT þDEx3Þχ̃4Þβ0; ðC20Þ

Fx2 ¼ S1ðτ6χ5ðχT þ θDÞX2
xi

þ ðS2ðχ6χTχ8 þ χ9ðχ5χT þ χ8Ex3ÞÞ −Dχ5χTÞχ̃4Þ;
ðC21Þ

Fx3 ¼ CðX2
xiτ6Ex5 − ðBχT þ Ex2Ex3Þχ̃4Þ; ðC22Þ

Fx4 ¼ τ6Ex6X2
xi þ ð−BðχT þ θCÞ − Ex2Ex4Þχ̃4; ðC23Þ

Fx5 ¼ ðAðχT þ θDÞ þ CEx5 þ β0Ex5Þ; ðC24Þ

Fx6 ¼ ððχc − X2
xiÞχ̃4β20 þ Fx1 þ Fx2 þ Fx3Þ; ðC25Þ

Fx7 ¼ τ5χ̃2Fx6 þ τ4ðτ5Fx4X2
xi þ χ̃3Fx6Þ; ðC26Þ

Fx8 ¼ τ1ðτ5ðτ6X2
xi þ Ex1χ̃2 − Ex2χ̃4ÞX2

xi þ τ4ððτ5 þ τ6ÞX2
xi

þ Ex1χ̃3 − Ex2χ̃4ÞX2
xi

þ ðχ̃2 þ χ̃3ÞðX2
xiEx1τ6 − Ex7χ̃4ÞÞ; ðC27Þ

Xx1 ¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
21=3ãxm

1=3
x þ 22=3fx −m2=3

x

21=3τ16m
1=3
x

s
; ðC28Þ

Xx2¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
24=3m1=3

x ãx−ð1þ i
ffiffiffi
3

p Þ22=3fxþð1− i
ffiffiffi
3

p Þm2=3
x

24=3m1=3
x τ16

s
;

ðC29Þ
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Xx3¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
24=3m1=3

x ãx−ð1− i
ffiffiffi
3

p Þ22=3fxþð1þ i
ffiffiffi
3

p Þm2=3
x

24=3m1=3
x τ16

s
:

ðC30Þ

APPENDIX D: DEFINITION OF THE
PARAMETERS IN EQ. (183)

az ¼ 3fβð0Þ½γk þ χcðτπ þ τΠÞ�
þ ½γkC − ðτπ þ τΠÞðAχT − χcCÞ�
þ ½γkD − ðτπ þ τΠÞðBχT − χcDÞ�g; ðD1Þ

bz¼½βð0Þbz1þð3τπτΠAχTþCbz1Þþð3τπτΠBχTþDbz1Þ�;
ðD2Þ

bz1 ¼ 4γ⊥ðτπ − τΠÞ − 3τπðγk þ τΠχcÞ; ðD3Þ

cz ¼ 3½χcðβð0Þ þ C þDÞ − χTðAþ BÞ�: ðD4Þ

APPENDIX E: DEFINITION OF THE
PARAMETERS AT ORDER k1 IN EQS. (184)–(186)

fz ¼ −9 eaz2 þ 27b̃zτ16; ðE1Þ

mz ¼ c̃z þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c̃2z þ 4f3z

q
; ðE2Þ

ãz ¼ 4γ⊥τΣs
τΣτΣ4

ðτπ − τΠÞ þ 3τπ



τΣ4

�
−τΣs

τΣðγk þ τΠc2vÞ

þ τΠ

�
τΣs

χ̃1 þ
4

3
τΣχ̃2

�
ðβð0Þ þ CÞ

	
− τΠτΣs

τΣχ̃4ðβð0Þ þDÞ
�
; ðE3Þ

b̃z ¼ τΣ4
b̃z4f−4γ⊥τΠC þ τπ½Cð4γ⊥ − 3γkÞ þ 3τΠð−Cðχc þ θBÞ þAðχT þ θDÞÞ�g

þ 3τΣs
τΣχ̃4½−3τπτΠBðχT þ θCÞ þDb̃z5� − 3β2ð0ÞτπτΠχ̃4b̃z4

þ βð0ÞfτΣ4
b̃z4b̃z6 þ 3χ̃4½τΣs

τΣb̃z5 − τπτΠb̃z4ðC þDÞ�g; ðE4Þ

b̃z4 ¼ ð3τΣs
χ̃1 þ 4τΣχ̃2Þ; ðE5Þ

b̃z5 ¼ 4γ⊥ð−τπ þ τΠÞ þ 3τπ½γk þ τΠðχc þ θAÞ�; ðE6Þ

b̃z6 ¼ 4γ⊥ðτπ − τΠÞ − 3τπ½γk þ τΠðχc þ θBÞ�: ðE7Þ

c̃z ¼ −324γ⊥τ2πτ36ðτπ − τΠÞð−Dzτ
2
Π þ 6BzγkτΠτ36 þ 18γ2kτ

2
36Þ þ 1296γ2⊥τπðτπ − τΠÞ2τ236ðτΠB̃z þ 6γkτ36Þ

− 3456γ3⊥ðτπ − τΠÞ3τ336 − 27τ3π½9γkτ2Πτ36D̃z − 27γ2kτΠτ
2
36B̃z − 54γ3kτ

3
36 þ τ3Πðc̃z1 þ c̃z2 þ c̃z3 þ c̃z4Þ

þ 9τ2ΣτΣs
τΣ4

χ̃1ðβ3ð0Þc̃z5 þ 3β2ð0Þc̃z6 þ c̃z7 − 3βð0Þc̃z8Þ�; ðE8Þ

c̃z1 ¼ −128C3Tτ3Σ4
χ̃32; ðE9Þ

c̃z2 ¼ −144CTτΣs
τ2Σ4

χ̃22ðẽz1τΣ4
þ χ̃4ðβð0ÞCT þDðβð0Þ − 2CÞÞÞ; ðE10Þ

c̃z3 ¼ 27τ3Σs
ðc2vτΣ4

þDT χ̃4Þð2c4vτ2Σ4
þ 2D2

T χ̃
2
4 þ τΣ4

χ̃4ðβð0Þð4θB − 5ðθAþ χcÞÞ
þ ð9BðθC þ χTÞ þDð4θB − 5ðθAþ χcÞÞÞÞÞ; ðE11Þ

c̃z4 ¼ −108τ2Σs
τΣ4

χ̃2ð−β3ð0Þχ̃24 − β2ð0Þχ̃4c̃z41 þ c̃z42 þ βð0Þc̃z43Þ; ðE12Þ

c̃z41 ¼ 2τΣ4
ðθAþ θB − 2χcÞ þ χ̃4ðC þ 2DÞ; ðE13Þ

c̃z42 ¼ −c2vτ2Σ4
ðCðθB þ χcÞ −Að2θC þ 3θDþ 3χTÞÞ þ τΣ4

χ̃4ðBCð3θC þ θDþ 3χTÞ
þDðAðθC þ 3θDþ 3χTÞ − 2χcCÞÞ þ 2CD2χ̃24; ðE14Þ
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c̃z43 ¼ −c2vτ2Σ4
ð−2θAþ θB þ χcÞ þDχ̃24ðC −DÞ − τΣ4

χ̃4ð2DðθA − 2χcÞ
þ Bð−3θC þ 2θDþ 6χTÞ þ 2CðθB − 2χcÞ þAð2θC − 3θDþ 6χTÞÞ; ðE15Þ

c̃z5 ¼ 32τ2Σ4
χ̃22 þ 24τΣs

τΣ4
χ̃4χ̃2 − 9τ2Σs

χ̃24; ðE16Þ

c̃z6 ¼ −3τ2Σs
χ̃4ð2τΣ4

ðθAþ θB − 2χcÞ þ χ̃4ðC þ 2DÞÞ
þ 8τΣ4

τΣs
χ̃2ðτΣ4

ð−2θAþ θB þ χcÞ þ χ̃4ð2C þDÞÞ þ 32Cτ2Σ4
χ̃22; ðE17Þ

c̃z7 ¼ 9τ2Σs
ð−c2vτ2Σ4

ðCðθB þ χcÞ −Að2θC þ 3θDþ 3χTÞÞ þ τΣ4
χ̃4ðBCð3θC þ θDþ 3χTÞ

þDðAðθC þ 3θDþ 3χTÞ − 2χcCÞÞ þ 2D2Cχ̃24Þ
þ 32C3τ2Σ4

χ̃22 − 24CτΣs
τΣ4

χ̃2ðτΣ4
ðAð2θC þ 3θDþ 3χTÞ − CðθB þ χcÞÞ þ 2CDχ̃4Þ; ðE18Þ

c̃z8 ¼ 3τ2Σs
ðc2vτ2Σ4

ð−2θAþ θB þ χcÞ þ τΣ4
χ̃4ð2DðθA − 2χcÞ

þ Bð−3θC þ 2θDþ 6χTÞ þ 2CðθB − 2χcÞ
þAð2θC − 3θDþ 6χTÞÞ þDχ24χ

2
sðD − CÞÞ

þ 8τΣ4
τΣs

χ̃2ðτΣ4
ðAð4θC þ 3θDþ 3χTÞ − 2CðθB þ χcÞÞ

þ χ4CχsðD − CÞÞ − 32C2τ2Σ4
χ̃22; ðE19Þ

B̃z ¼ τΣ4
ð6c2vτΣτΣs

þ CTχbτzÞ − 3DTτΣτΣs
χ̃4; ðE20Þ

D̃z ¼ 9C2Tτ
2
Σs
τ2Σ4

χ̃21 þ 3τ36χ̃1ðτΣ4
ð8C2T χ̃2 þ 3τΣs

D̃z1Þ þ 6τΣs
χ̃4D̃z2Þ

þ τ2Σð16C2Tτ2Σ4
χ̃22 þ 12τΣs

τΣ4
χ̃2ðτΣ4

D̃z1 þ 2χ̃4D̃z2Þ þ 9τ2Σs
D̃z3Þ; ðE21Þ

D̃z1 ¼ βð0ÞðθA − 2θB − 2χcÞ þAðθC þ 3θDþ 3χTÞ − 2CðθB þ χcÞ; ðE22Þ

D̃z2 ¼ 2βð0ÞCT þDð2βð0Þ − CÞ; ðE23Þ

D̃z3 ¼ −2c4vτ2Σ4
þD2

T χ̃
2
4 þ τΣ4

χ̃4ðβð0Þð2θA − θB þ 2χcÞ
þ 2DðθAþ χcÞ − Bð3θC þ θDþ 3χTÞÞ; ðE24Þ

ẽz1 ¼ βð0Þð−2θAþ θB þ χcÞ þ CðθB þ χcÞ −Að2θC þ 3θDþ 3χTÞ; ðE25Þ

τ36 ¼ τΣτΣs
τΣ4

; ðE26Þ

τz ¼ 3τΣs
χ1 þ 4τΣχ2: ðE27Þ

APPENDIX F: DEFINITION OF THE PARAMETERS AT ORDER k0 IN EQS. (184)–(186)

Yzi ¼
Yzn

Yzd
; ðF1Þ

Yzd ¼ τπτΣs
ð4γ⊥ðτπ − τΠÞðGz2 −Gz3Þ þ 3τπð−γkðGz2 −Gz3Þ þ τΠð3τΣs

χ̃1Gz6

þ τΣð3X2
ziτΣs

ðχ̃4ð−Hz2Gz4 − 7BðθC þ χTÞÞ þ X2
ziτΣ4

ð2X2
zi þHz7ÞÞ þ 4χ̃2Gz6ÞÞÞÞ; ðF2Þ
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Yzn ¼ ð4γ⊥ðτπ − τΠÞðτΣs
Hz12 þHz16Þ þ 3τπð−γkð2τΣs

Hz12 þHz16Þ þ 2τΠτΣs
Hz11

þ τπðτΣs
Hz11 þ τΠðτΣs

ðHz17 þ 2ð3χ̃1 þ 2χ̃2ÞHz8Þ þ τΣð3τ2Σs
Hz7X4

zi þHz18 þ 4χ̃2Hz8ÞÞÞÞÞ; ðF3Þ

Gz1 ¼ 3τΣs
χ1 þ 4τΣχ2; ðF4Þ

Gz2 ¼ X2
ziτΣ4

ð27X2
ziτΣτΣs

þ 7χbGz1Hz1Þ; ðF5Þ

Gz3 ¼ χ̃4ð21X2
ziτΣτΣs

Hz2 þ 5βð0ÞχbGz1Hz3Þ; ðF6Þ

Gz4 ¼ 9X2
zi − 7θA − 7χc; ðF7Þ

Gz5 ¼ 9X2
zi − 7θB − 7χc; ðF8Þ

Gz6 ¼ ðX2
ziτΣ4

ðGz5Hz1 þ 7AχT þ 7θADÞ
− βð0Þχ̃4ðð7X2

zi − 5χcÞHz3 þ 5χTðAþ BÞÞÞ; ðF9Þ

Hz1 ¼ βð0Þ þ C; ðF10Þ

Hz2 ¼ βð0Þ þD; ðF11Þ

Hz3 ¼ βð0Þ þ C þD; ðF12Þ

Hz4 ¼ X2
zi − χc; ðF13Þ

Hz5 ¼ X2
zi − χc − θA; ðF14Þ

Hz6 ¼ X2
zi − χc − θB; ðF15Þ

Hz7 ¼ X2
zi − χc − θA − θB; ðF16Þ

Hz8 ¼ X2
ziτΣ4

Hz9 − βð0Þχ4χsððAþ BÞχT þHz4Hz3Þ;
ðF17Þ

Hz9 ¼ AχT þHz6Hz1 þ θAD; ðF18Þ

Hz10 ¼ βð0ÞHz5 þHz5Dþ BðχT þ θCÞ; ðF19Þ

Hz11 ¼ 3τΣs
χ̃1Hz8 þ τΣð3τΣs

ðτΣ4
Hz7X2

zi − χ̃4Hz10ÞX2
zi

þ 4χ̃2Hz8Þ; ðF20Þ

Hz12 ¼ X2
ziτΣ4

ð3τΣτΣs
X2
zi þ Gz1Hz1χbÞ − χ̃4ð3τΣτΣs

Hz2X2
zi

þ βð0ÞGz1Hz3χbÞ; ðF21Þ

Hz13 ¼ 3τΣs
c4vðτΣs

τΣ4
þ τΣðτΣs

þ 2τΣ4
ÞÞ; ðF22Þ

Hz14 ¼ Hz1χbX2
zið3τΣs

χ1ðτΣs
þ 2τΣ4

Þ
þ 4χ2ðτΣs

τΣ4
þ τΣðτΣs

þ τΣ4
ÞÞÞ; ðF23Þ

Hz15 ¼ χ̃4ð3τΣs
ð2τΣ þ τΣs

ÞHz2X2
zi

þ 2βð0ÞHz3χbð3τΣs
χ1 þ 2χ2ðτΣ þ τΣs

ÞÞÞ; ðF24Þ

Hz16 ¼ τπðHz13 þHz14 −Hz15Þ; ðF25Þ

Hz17 ¼ 3τΣs
X2
ziðτΣ4

Hz7X2
zi þ χ̃1Hz9 − χ̃4Hz10Þ; ðF26Þ

Hz18 ¼ 2τΣs
X2
zið3τΣ4

Hz7X2
zi þ 2χ̃2Hz9 − 3χ̃4Hz10Þ; ðF27Þ

Xz1 ¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
2
1
33ãzm

1
3
z þ 2

2
3fz −m

2
3
z

2
1
33τ16m

1
3
z

vuut ; ðF28Þ

Xz2 ¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
6m

1
3
z2

2
3ãz − 2ð1þ i

ffiffiffi
3

p Þfz þ 2
1
3ð1 − i

ffiffiffi
3

p Þm2
3
z

6τ162
2
3m

1
3
z

vuut ;

ðF29Þ

Xz3 ¼
1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
6m

1
3
z2

2
3ãz − 2ð1 − i

ffiffiffi
3

p Þfz þ 2
1
3ð1þ i

ffiffiffi
3

p Þm2
3
z

6τ162
2
3m

1
3
z

vuut :

ðF30Þ
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