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We investigate the stability and causality of relativistic spin hydrodynamics in the presence of a
nonvanishing spin density background, assuming that the spin chemical potential @** is of leading order
(@ ~O(1)) in the gradient expansion and is treated as a finite background in the linear perturbation
analysis. It is found that within the first-order spin hydrodynamic framework, a finite spin density
background modifies the dispersion relations, and modes propagating along different directions are
controlled by distinct transport coefficients. Certain specific modes only appear in the x direction. However,
the modes in the large wave-vector limit exhibit acausal behavior. To address this issue, we subsequently
adopt the framework of minimal causal spin hydrodynamics and derive the corresponding stability and
causality conditions. The spin density background directly determines whether stability and causality can
be satisfied simultaneously. In the small wave-vector limit, the results are similar to those of the first-order
theory. In the large wave-vector region, however, significant differences emerge: the distinctions between
different directions are no longer merely simple substitutions of transport coefficients, but involve more
complex combinations. This indicates that the difference between modes in different directions increases

with increasing wave vector.

DOI: 10.1103/rc82-5fj1

I. INTRODUCTION

High-energy heavy-ion collision experiments provide a
unique opportunity to create extremely hot and dense
matter under controlled laboratory conditions, enabling
the investigation of the quark-gluon plasma (QGP) that is
believed to have filled the early Universe. In such complex
many-particle systems, relativistic hydrodynamics has
proven remarkably successful in describing macroscopic
collective phenomena [1-6], such as various flow observ-
ables, indicating that the produced medium behaves as a
nearly perfect fluid over short timescales [7-9].

In recent years, experimental measurements have unveiled
a series of intriguing spin-related phenomena, including the
significant global polarization of A hyperons [5,10-14] and
the spin alignment of vector mesons [1,15-18]. These
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observations suggest that in noncentral heavy-ion collisions,
the QGP acquires substantial total orbital angular momentum,
part of which can be converted into spin angular momentum
through spin-orbit coupling and subsequently transferred to
final-state particles [19,20]. This discovery opens a new
avenue for probing the microscopic structure and dynamics of
the QGP via spin degrees of freedom. However, conventional
relativistic hydrodynamics does not incorporate spin as an
intrinsic degree of freedom and is therefore unable to describe
the generation, evolution, and transport of spin.

In response to these developments, relativistic spin
hydrodynamics has emerged as a natural extension of
conventional hydrodynamic theory. In addition to energy-
momentum conservation, this framework introduces
dynamical variables associated with spin angular momen-
tum density and currents, along with their corresponding
conservation laws, aiming to provide a self-consistent
macroscopic description of relativistic fluids with spin.
In recent years, spin hydrodynamics has advanced rapidly.
Various formulations have been developed based on differ-
ent microscopic or first-principles approaches, such as
entropy-current and generalized thermodynamic analyses
[21-27], relativistic kinetic theory [28-36], quantum
statistical density operators [37-42], effective field
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theory [43—47], holographic duality [48,49], and equilib-
rium partition function techniques.

As in conventional hydrodynamics, a physically con-
sistent and numerically reliable theory of spin hydrody-
namics must satisfy two fundamental requirements:
stability and causality. These conditions are essential for
the internal consistency of the theoretical framework and
for the robustness of numerical simulations. Following the
pioneering work of Hiscock and Lindblom [50-52], sub-
sequent studies on the stability and causality of spin
hydrodynamics have continued to advance. It is worth
noting that most existing studies in this area perform linear
perturbation analyses under the assumption of a vanishing
background spin density [53-56]. However, in realistic
physical environments such as the QGP produced in heavy-
ion collisions, the large initial orbital angular momentum is
expected to induce a nonvanishing background spin den-
sity. In such scenarios, the coupling between spin degrees
of freedom and hydrodynamic variables—including fluid
velocity and energy density—may significantly modify the
system’s dynamical behavior, thereby introducing new and
more general challenges to the stability and causality of the
theory.

In this work, we investigate the stability and causality of
relativistic spin hydrodynamics in the presence of a non-
vanishing background spin density, assuming that the spin
chemical potential enters at leading order, i.e., @ ~ O(1),
and remains finite in the linear perturbation analysis. It is
found that within the first-order theory, dissipative modes
induced by the finite spin density violate causality, render-
ing the first-order formulation intrinsically acausal. To
resolve this issue, it becomes necessary to consider
second-order hydrodynamic theories [57-60]. In this study,
a minimal second-order framework by retaining only the
relaxation-time terms from the Miiller-Israel-Stewart (MIS)
theory is adopted to analyze stability and causality [56,61].
Our results demonstrate that this second-order formulation
successfully eliminates the acausal modes.

This paper is organized as follows. In Sec. II, we briefly
review relativistic spin hydrodynamics and perform a mode
analysis of the first-order theory. A mode analysis of the
minimal causal second-order theory is carried out in
Sec. III. Finally, Sec. IV is devoted to conclusions and
discussions.

Throughout this work, we adopt the metric convention
G = diag{+,—,—,—}, The four-velocity satisfies the
normalization condition #u, =1, and the projection
tensor orthogonal to the four-velocity is defined as
AW = g — yty’ The projection of a four-vector onto
the subspace orthogonal to the four-velocity is denoted
by A% = A*A,. For an arbitrary rank-two tensor, its
symmetric and antisymmetric parts are denoted by
Al =AW =3(A" +A%) and Al = Al =1 (A —A)
respectively. The symmetric, traceless, and four-velocity
orthogonal part of a rank-two tensor is denoted by

AW = NEAP =L (A A+ AP gAY —3 AP A 5) A, The

contraction of tensor indices can be denoted

by A*B, =A-B.

II. LINEAR MODE ANALYSIS OF FIRST-ORDER
SPIN HYDRODYNAMICS

A. Relativistic spin hydrodynamics

The hydrodynamic equations are built upon the funda-
mental conservation laws of the system, including the
conservation of particle number, energy, momentum, and
total angular momentum as

9,N* =0, 0,T" =0, 0,J* = 0, (1)
where N* denotes the particle-number current, 7# is the
energy-momentum tensor, and J*# is the total angular
momentum tensor. The total angular momentum tensor J*#*
can be written as

Jﬂﬂzx — x* Tﬂu _ va/lﬂ + Z/WU7 (2)
where the first two terms x*T% — x*T* represent the
orbital angular momentum L**, while ** denotes the
spin angular momentum, which satisfies T#¥ = —X#,
Combining Egs. (1) and (2), one obtains

0,3 = 2Tk, (3)

The right-hand side of the above equation originates from
the orbital angular momentum part in the total angular
momentum expression of Eq. (2), indicating that spin and
orbital angular momenta can be converted into each other.
Moreover, the antisymmetric part of the energy-momentum
tensor acts as a source or sink for the spin current [25,56].

Herein, we further elaborate on the issue regarding the
choice of forms for the energy-momentum tensor and the
angular momentum tensor. In quantum field theory, accord-
ing to Noether’s theorem, translational symmetry and
Lorentz symmetry—both continuous symmetries—each
correspond to a conserved charge, namely the canonical
energy-momentum tensor and the canonical angular
momentum tensor (the subscript “can” is used to denote
the canonical form):

oL
lé:n - 70y¢g - Ill/c, 4
3(0,®,) g ()

Ay A AU Auv
Jcan - X”Tcﬁn —x¥ can + ann, (5)

where L is the Lagrangian density and @, is the field
variable, in terms of which the spin tensor can then be
explicitly expressed as
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oL
T =i
a(a/lq)a>

(1) 4y Py (6)

where (I*),, is the generator of the representation of the
Lorentz group to which ®, belongs. However, the energy-
momentum tensor and the angular momentum tensor are
not uniquely determined. By means of the so-called
pseudogauge transformation, distinct forms can be derived
without altering the conservation properties of the energy-
momentum tensor and the total angular momentum tensor
[26,62—-64]. The transformations read as follows,

. 1
T = Tean + 5 0,(@H — DI+ @), (7)
S = St — i, (8)

where @ is a rank-three tensor field, which is called a
superpotential. We denote the new energy-momentum
tensor and spin tensor by 7** and Z*¥, respectively. For

example, if one chooses ®** = MY the spin tensor
vanishes, the new energy-momentum tensor takes a sym-
metric form, and the total angular momentum tensor no
longer contains an explicit spin component. Their respec-
tive expressions are given by

1
Ty = Than + 501( A Y ED Y B )
J ggf =Xt Tflsyel - XDT/I;;::P (10)
y)
23’5 =0, (11)

where 7%, J#* and }* are the Belinfante forms of the
energy-momentum tensor, the total angular momentum
tensor, and the spin angular momentum tensor,
respectively.

More generally, the canonical form of the spin angular
momentum tensor is antisymmetric only in its last two
indices. However, a totally antisymmetric form with respect
to all indices can be constructed by modifying the
Lagrangian density [56]. The two equivalent Lagrangian
densities are given as

L, =®(iy-0—m)d, (12)

1. < -

<~ - -
where y* is the gamma matrix, and d, = 9, — 9,,. Two sets
of energy-momentum and spin tensors can be obtained
accordingly

- 1 F
T = diprr®, I = Birlt 10, (14)

o .
Ty = %fby"a”@, o =g ®i{y e, (15)

where Z’}"” corresponds to the form that is antisymmetric in

its last two indices, while %" corresponds to the form fully
antisymmetric in all indices. In the theory of spin hydro-
dynamics, different choices of tensor forms yield distinct
results, and the question of which form conforms to
objective physical reality remains an open issue. In this
work, we employ the canonical forms of the energy-
momentum tensor and the angular momentum tensor.
The stability and causality results derived subsequently
via linear perturbation analysis may not be applicable to
other forms. The conditions corresponding to different
tensor forms should be analyzed independently.

The particle-number current, energy-momentum tensor,
and angular momentum tensor can be decomposed with
respect to the four-velocity as [21,24-27,65,66]

N* = Nig + Ny, (16)
N?o) = nut, N’(’l) = n*, (17)
T = T’(‘g) + Tﬁ'), (18)

T’Z(';) = eutu’ — pA", (19)

TV = 20— TIAW + 2 + 2g0u) + ¢, (20)

v N Ay
The = T 4 S, (21)

Ty = uisw, (22)

s = 28 s 4 25 ) 4 25l 4 S W (23)

H My Auv
where N(o)’ T(o)’ and Z(o)

contributions of the corresponding physical quantities,

denote the zeroth-order

respectively, while N’(' 1y T’{]” » and Z?’l‘ ;’ represent the corre-
sponding first-order derivative corrections, respectively. e,
p, n, and S are the energy density, pressure, particle
number density, and spin density, respectively, whose orders
in the gradient expansion are given by O(1), n#, h*, I1, and
7" denote the particle diffusion current, heat flow, bulk
viscous pressure, and shear stress tensor, respectively. g*,
@™ corresponds to the antisymmetric part of the energy-
momentum tensor and is associated with spin effects, while
%, ZE’: ;’>, Z[(’:;], and (@) represent spin-related dissipa-
tive currents of the corresponding physical quantities,
respectively. All dissipative currents introduced above
satisfy the following constraints: n*u, =0, h*u, =0,
ﬂ””uﬂ = a*u, =0, q"uﬂ =0, qb’”‘uu = ¢"*u, =0,
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&) U = ZE’;)@ua =0, Z[(’;{;] U, = Z([’;()I]ua =0, and
u 2<ﬂ><(l><ﬂ> — uaz<.‘4><“><ﬁ> — u/}2<ﬂ><"><ﬂ> — ()’ namely’ all
first-order dissipative currents are orthogonal to the four-
velocity.

The particle-number current N# possesses four indepen-
dent components. The particle number density 7 is a scalar
with one degree of freedom, while the dissipative particle
current n* is a four-vector orthogonal to the four-velocity
and therefore has three independent components.
Consequently, the degrees of freedom are matched in the
decomposition of the particle-number current. The spin
angular momentum tensor I** is a rank-three tensor
antisymmetric in its last two indices, carrying a total of
24 degrees of freedom. The spin density S*¥ is an anti-
symmetric tensor with six independent components. The

scalar £ has one degree of freedom. The tensor ZE’:; ) is

symmetric, traceless, and orthogonal to the four-velocity,
and thus contains five independent components. The tensor
ZE’Z‘;‘] is antisymmetric and orthogonal to the four-velocity,
with three degrees of freedom. The tensor (@) jg
antisymmetric in its last two indices and orthogonal to the
four-velocity in all indices, possessing nine independent
components. Therefore, the degrees of freedom are con-
sistently matched in the decomposition of the spin tensor.
For the energy-momentum tensor 7+, there are in total 16
independent components. Similarly, the scalar e, IT carry
one degree of freedom, each vector of A*, ¢* has three
degrees of freedom, and the four-velocity itself has only
three independent components due to the normalization
condition. The tensor #** is symmetric, traceless, and
orthogonal to the four-velocity, contributing five degrees
of freedom, while the antisymmetric tensor ¢** has three
degrees of freedom. Altogether, this yields 19 degrees of
freedom. To eliminate the redundant three degrees of
freedom and achieve consistency with the energy-momen-
tum tensor, one must fix the definition of the fluid velocity.
There exist several possible choices for the fluid frame,
among which the two most common are the Eckart frame
and the Landau frame. In this work, we adopt the Landau
frame, in which ## = 0.

With the inclusion of spin as an additional degree of
freedom in hydrodynamics, the thermodynamic relations
are correspondingly modified as [21-27,65,66]

e+p="Ts+un+ a)aﬂS"/}, (24)
de = Tds + pdn + @,;dS?, (25)
dp = sdT + ndu + SPdw,, (26)

where T, s, u, and Wep denote the temperature, entropy
density, chemical potential, and spin chemical potential,
respectively. w,; and p play analogous roles, and are both

introduced as hydrodynamic variables, serving as the
conjugate quantities to S% and n, respectively. Although
the particle number density, which is conjugate to the
chemical potential, is conserved, the spin angular momen-
tum conjugating to the spin chemical potential is not
necessarily conserved. As follows from Eq. (3), the anti-
symmetric part of the energy-momentum tensor can induce
spin-orbit conversion, in which case only the total angular
momentum remains conserved.

Within the framework of the quantum statistical density
operator [41,67], it can be shown that the spin chemical
potential @* is completely determined by the thermal
vorticity w,, = —(d,4, — 9,5,)/2 in global equilibrium. In
this approach, the most general condition for global
equilibrium takes the form

by =0, B =b, +w@,x", (27)

@,, = —0},f},) = constant, (28)

where $, = pu,, p = 1/T, and b, is a constant four-vector.
From Egs. (27) and (28) one finds @,, ~ O(9). In global
equilibrium the spin chemical potential is completely
determined by the thermal vorticity, so it is natural to take
@" ~ (O(0). This chain of reasoning rests on the energy-
momentum tensor possessing an antisymmetric part. If
instead the energy-momentum tensor is taken to be sym-
metric, spin angular momentum becomes an independently
conserved quantity [Eq. (3)], and the link between the spin
chemical potential and the thermal vorticity in global
equilibrium is severed [65]. Consequently, @** is no longer
forced to be O(d) and can consistently be counted as O(1).

When we study linear stability and causality with a
nonvanishing background spin density, the background
state necessarily carries a finite spin chemical potential.
In the antisymmetric framework this would also require a
finite thermal vorticity to be compatible with the quantum
statistical density operator—i.e., a rigidly rotating back-
ground—which makes the analysis substantially more
involved. To keep the background static and simplify the
calculations, we therefore adopt a symmetric energy-
momentum tensor and the corresponding O(1) counting
for w*. In this framework the spin current is independently
conserved and the spin chemical potential is not tied to the
thermal vorticity, permitting a static background with a
finite spin density.

To explicitly distinguish our framework [27,65] from
other common conventions in the literature [25,54,56,66],
we note that spin hydrodynamic theories generally fall
into two categories based on their power counting
schemes. In the first category, often derived from quantum
statistical operators in global equilibrium, the spin chemi-
cal potential is strictly bound to the thermal vorticity
(" ~w@" ~(O(d)), which requires an asymmetric
energy-momentum tensor. In contrast, the second
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category—adopted in this work—utilizes a symmetric
energy-momentum tensor, which decouples @ from the
thermal vorticity in equilibrium. This allows @*” to be
counted as O(1). The O(1) power counting scheme
provides a distinct advantage for linear stability analysis:
it enables us to investigate a homogeneous static back-
ground with a finite spin density, avoiding the spatial
dependencies and severe mathematical complications
introduced by a rigidly rotating background inherent to
the O(0) scheme.

From the thermodynamic relations given in Egs. (24)—
(26), the expression for the covariant entropy-current can
be derived as

_ v aff
st = ﬁuDT’go) +pp— aN’(‘O) - ﬁwaﬁZ’(‘())

AT = = o

_ v afp
= s’(‘m —l—ﬁu,JT’(’l) - aN’('l) —ﬂa)aﬁZ’('l) , (29)
where s# is the entropy density current with o = u/T,

and s’('o) is the zeroth-order entropy density current;

s’(‘o) =sut = /)’uyT’(‘g> +pp— aN’(’()) - ﬂa)aﬂZ’(’g)ﬁ.
The zeroth-order entropy production can then be written as

_ [af]
aﬂsl(lo) = Zﬂa)a/}T(l) s

(30)
when the spin chemical potential is taken to be O(1), the
requirement of vanishing entropy production in the ideal fluid
limit implies that the antisymmetric part of the energy-
momentum tensor must vanish. This result is consistent with
the conclusion obtained from the quantum statistical density
operator framework [41,65,67,68].

As derived in Refs. [25-27,65], the entropy production
rate can be obtained as

d,s" = n*o,a + h*(0,f + pu’o,u,)
- H(ﬂA’waﬂub) + ﬂ-/u/(ﬁaﬂul/)

- Z[ZA"“u/’()ﬂ (/ia)aﬂ)] - ZE’:;)O [zuﬂau (ﬁwaﬂ)]

~ 51200, (o) - EPOD(G, (o). (31)

requiring consistency with the second law of thermody-
namics, i.e. d,s* > 0, one can then derive the first-order
constitutive relations [27,65] as

n = k,A"(0,a), (32)

W = kAP (0, T — u*o,u,), (33)
11 = —o,u", (34)

o = 2notu), (35)

2=y uﬂAﬂaaﬂ (ﬂa)aﬂ)v (36)

a 2
Z& "= —uy (A" A%+ AGAT, — 2 A”O’Aw> o (B,

(37)
S = =yl AHEAT O (Pavy), (38)
W@ = 4, AW ATAPG (Ba,), (39)

where «, ¢, and 7 are the heat conductivity, shear and bulk
viscous coefficients, respectively. The «,,, 1, ¥2, ¥3, and y4
are new transport coefficients associated with the spin
dissipative currents. The second law of thermodynamics
requires all transport coefficients to be positive, i.e.

Kp, K, g? X1 X2 X3: X4 > 0. (40)

The conservation equation Eq. (1), together with the
constitutive relations (32)—(39), forms a closed set of
equations. For simplicity, the N* will be neglected in the
following analysis.

B. Linear mode analysis at first order

In this subsection, the stability and causality of first-
order spin hydrodynamics are analyzed in the presence of a
nonvanishing spin density background. We introduce linear
perturbations around the equilibrium configuration
of the hydrodynamic variables X, and assume that all

perturbations take the plane-wave form 6X = §Xe™@—ik¥,
Substituting these ansitze into the hydrodynamic equa-
tions, one obtains the corresponding dispersion relations
@ = w(k). The stability requires

Imw(k) > 0, (41)
and causality requires
im [Re? <1 or lim [Re%<1  (42)
k—o0 k|~ k—o0 ok|
and
. w| .
khm Nk bounded. (43)

As pointed out in Refs. [54,56], Eq. (42) alone is not
sufficient to ensure causality, and Eq. (43) must be imposed
as an additional constraint. Moreover, Egs. (42) and (43)
provide only necessary, but not sufficient conditions for
causality. Further discussions on stability and causality can
be found in Refs. [69,70].
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In the existing analyses of spin fluid dynamics stability
and causality, the background state is typically set as a
static state with zero spin density [53-56,61]. A linear
perturbation analysis on a static background with non-
vanishing spin density is utilized in this work. To simplify
the calculations, we assume the background spin density is
nonzero only along the z-direction, i.e. Sog) and S’(‘g . The
independent hydrodynamic variables are then pertur%ed as

e = e + e, ' = uy + Su, (44)
St +08% u=0v=z

S = S&—l—&S"y U=XU=1y, (45)
04 oS other

where u’ZO) = (16) ou* = (0,6v"), and v’ the fluid three-

velocity.
For the equation of state, the following perturbation
relations and parameters are introduced as

5p = y.0e + Ay 58% + B,,65", (46)
8 = yrde + Co.65% + D, 657, (47)
8" = y,68%, dw' = y 651, (48)

The coefficients introduced in Eqgs. (46)—(47) have a
clear thermodynamic interpretation. In the present frame-
work, the local equilibrium state is characterized by the
energy density and the independent spin density compo-
nents, such that the equation of state can be written as
p = ple,S%,8%), p=p(e, % ). Linearizing these
relations around the homogeneous background yields
Egs. (46)—(47), and one obtains the coefficients corre-
sponding to generalized thermodynamic susceptibilities as

ap op
== , = (= , 49
XL (ae) SUZ,SX’V XT <ae> SOZ,S'W ( )

which measure the response of the pressure and inverse
temperature to energy-density perturbations under fixed
spin densities. The remaining coefficients,

ap ap
= , B., = , (50
AOZ (aSOz) e,SY - (asxy> e,802 ( )
9p op
=(-—1) ., D . (51
COZ (aSOZ> e, 5V ’ (any) e,80: ( )

0= —x.0'(de) + (v) = 71)00;(58) + (o + 11 0:0") (68) — Ay, 0/ (55%) — B, 0 (85™),

describe the coupling between the hydrodynamic and spin
sectors and quantify how spin density fluctuations modify
the local thermodynamic state.

Coefficients y,, and y, are two constant equation-of-state
parameters representing the relationship between the spin
density tensor and spin chemical potential, corresponding
to the two associated components of “electriclike” and
“magneticlike.” Existing stability analyses indicate that
these two parameters have opposite signs [53,56]

x5 <0, x>0, (52)
in previous studies, a linear relation between S$* and @
has often been assumed for simplicity. However, such a
linear relation can be shown to be invalid under the
condition y;, < 0 and y, > 0. For a detailed investigation
of the equation of state relating the spin density and the spin
chemical potential, see Ref. [71].

For convenience in writing and calculations, the follow-
ing definitions of the relevant parameters that will be used
subsequently are provided as

A=A S5, B=ByS

0 Xy
), C:COZS(S)’ D:nyS (;),

(

(53)
X=X b X=X Kb X3=X3Xb>»  Xa=Xakss
(54)
4
X12 = X1 +§)(zv X253 =X2 T X3 (55)

- 4 ~
X2 = <)(1 +§)(2>)(ha J3 = (2 +x3)xp. (56)

0=— Cr =C+ By Dr =D+ Po)-
(57)
By substituting the perturbations from Eqgs. (44) and (45)

into the spin hydrodynamics Egs. (1) and (32)—(39), one
obtains the following linearized equations as

0 = 0y(Se) + 0;(59"). (58)

(59)
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0 = 0y(65”) + Soé)aj(éu/) — 21X15(0)0a9'0°6¢ = 71Co.S (0)0a0' 55

(

= 11Dy S(0)0a0' 085 — 71 B(0)0' 0,65 — 72(0)0,;0' 58
. 2 o o

+ 72(0)0,0,68% + 342809 0,68 — Fox 7S 0;0'5e

— 71253 C0:0,0'88% = 7,80 D, 0,0'65™ + 7,85 x70,0,5¢

by i Ly i Xy 2 by m i
+)(ZS?6)COZOJOJ5SOZ +J(ZS(()O)ny0J0]5S Y + g}(zS?O))(Ta dm(‘ie

2 m i 2 m i Xy
+ gﬂfZS(()o)COza 0,,65% + gle?O)nya a,,68%
+)?3ﬁ(0>0j6"5$°/ +)?3/}(0)6jaj550i —i—th?é))(Tajai(Se

+)?3S(()é>0016faiésoz T )?35(()6)nyajai55xy +)~(3S(()(§)ZT‘3jaj5€

+73 S‘()& Co,0;0;65% + 73 S‘()(§> D,,0;0;65™,

0 = 0(8S7) + S{5,0,(5u") + 74(0)0,0" 88" + 74} y70,0" e

+ ;2452‘{))(302 0,0"88% + ;2452'{)) D,,0,0"55™,

(60)

(61)

where
19i = (6(0) + p(o))(Sui, (62)
4
in+<¢ n
y=—, yp=——.  (63)
) T P €(0) T P(0)

Next, the perturbations de, ou*, and 6S* in the plane-
wave form are given as
6X = X elw—ikT, (64)
In the absence of a spin density background, the system
exhibits rotational symmetry and therefore any wave vector
direction can be chosen for analysis. However, once a
nonvanishing spin density background along the z-direc-
tion is assumed, SO(3) symmetry is explicitly broken. As a
consequence, the mode analyses for perturbations propa-
gating parallel and perpendicular to the z direction are no
longer equivalent. The separate mode analyses for wave
vectors along the z direction (k = (0,0, k,)) and along the
x direction (k = (k,,0,0)) are investigated in this work. It
should be emphasized that the stability and causality
conditions, Eqgs. (41)—(43), are universal and do not rely
on SO(3) symmetry. The stability criterion Eq. (41)
|

o —ik
—ik){c iw+ }’”k2
M= sy —ikes?,
~TaxrSiG K —ikOS(E,

|

originates from the fundamental requirement of thermo-
dynamic equilibrium, namely that all fluctuations must
decay; hence this condition must hold regardless of spatial
anisotropy. Similarly, the causality constraints Eqs. (42)—
(43) stem from the principle of the constancy of the speed
of light and must be satisfied for all cases.

1. Mode analysis along the x direction

We first consider the case in which the wave vector is
along the x direction, i.e. k = (k,,0,0). With the plane-
wave ansatz in Eq. (64), the spin hydrodynamic equations
can be written as

M,8X, =0,

Ml - )
0 M,

6X, = (62,69%,68%,65%,69",697,65%,68% 65, 654)T,

(65)

where

(66)

(67)
and
0 0
—ikB,, ik Ay,
. - - x , 68
110 +)(4DTk2 )(4COZS((})))k2 ( )

—)?23ny5%> Kiw  —jpCrk?
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io+y k 0 0
0 io+y, kK 0

M. — 0 0 lw—)(lzﬂ(o)kx
T 0 0 0
0 0 0
0 0 0

The dispersion relations are determined by the existence
of nontrivial solutions of the characteristic matrix M,
ie., det M; = 0.

In this case, the characteristic matrix M is diagonal, and
the condition can be simplified to

detM, - detM, =0, (70)
since M, is diagonal, the corresponding dispersion rela-
tions det M, = O can be obtained straightforwardly as

w =iy k?, (71)
o= —iﬂ(o)ﬁ?lzkzv (72)
= —if )72k, (73)

0= iﬁ(o))?4k2. (74)

Equation (71) represents the shearlike modes, whose
damping is governed solely by y, and remains unaffected
by the spin background at leading order. In contrast,
Egs. (72)—(74) are spin dissipative modes, corresponding

to the relaxation of spin currents such as X, Zé’: )a >, ZE’Z‘;‘] and

W@ reflecting dissipative processes intrinsic to the
spin sector. Notably, these modes persist even in the zero-
spin background. This is because they are independent of
the state parameters of the nonvanishing spin background
(A, B, etc.).

For M, a direct analytical treatment is rather involved,
therefore, we focus on the dispersion relations in various
limiting cases. In the small wave-vector limit k — 0, one
obtains

0 DV(5.8B—%
wzicvk+i<ly+b(7+ By +C+D)|(74 )(23«4))]{2’

2 2¢2
(75)
where the introduced parameter c, is
A B
cv = c + + . (76)
€0 TP €0 T Po

0 0 0
0 0 0
0 0 0
i® — 723 0)k3 0 0 (69)
0 i+ 7aP ok 0
0 0 i + 7afok

The dispersion relation in Eq. (75) corresponds to a
complex coupled soundlike mode. The mode represents
a propagating excitation with dissipative attenuation, analo-
gous to the ordinary sound mode in an unpolarized fluid.
Compared with the zero-spin background case
(w = £,k + iy k?), however, the finite spin density
background significantly modifies both the propagation
and damping properties of the mode. The propagation
velocity is no longer given by the conventional sound speed
¢, but is replaced by the effective velocity c¢,, which
depends explicitly on the spin background parameters A
and B. As a result, the spin background directly affects the
causality condition through the value of ¢,. In addition, the
attenuation coefficient is no longer determined solely by
the viscous parameter Y|l Instead, it receives additional
contributions from the spin dissipative transport coeffi-
cients (¥4, Y23 or y12) and the background spin density
parameters (A, B, C and D), indicating that the coupling
between longitudinal hydrodynamic fluctuations and spin
degrees of freedom can either enhance or suppress the
damping of the sound mode. Therefore, while the mode
retains its soundlike character, its effective propagation and
dissipation are substantially altered by the finite spin
background.

For the stability analysis, we apply the constraint
Eq. (41) to the dispersion relations of Egs. (71)—(74)
and (75) under the small wave-vector limit, thereby
obtaining the stability conditions as

}/J_ > O, /Yb < O, /’{/S > 0, (77)
1 r + 0By + C+D)](7aB — 723.A)
S+ r © 52 >0. (78)

Applying the causality constraints Eqgs. (42) and (43) to the
dispersion relation yields the causality conditions

0<Lc, L 1.

<¢, < (79)

It can be seen from Eq. (77) that the constraints imposed
by the stability of the system on the state parameters y,;, and
s are identical to those obtained in the zero-spin back-
ground case, even when a background spin density is
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present. The primary impact of the nontrivial spin back-
ground is reflected in the propagation mode Eq. (75).
In the large wave-vector limit k — oo, one obtains

By +C+D)y.— (A+Byr

o =1 , 80
7By +C+ D) (80)

_ L =27 )12
w—§l<ax:t\/ax+bx)k, (81)

where the introduced parameters @, and b, are given as

a, = (Bo) + D)ta — (Boy + itz (82)

b = 4747230 (Po) +C+ D). (83)

Modes (80) and (81) correspond to complex coupled
spin dissipative modes arising from the mixing of different
spin-current fluctuations in the presence of a finite spin
background. Their damping rates are determined jointly by
the spin transport coefficients and the spin background
corrections, demonstrating that the relaxation dynamics of
the spin sector is strongly influenced by both dis-
sipative transport and background polarization effects.
Equation (80) represents a nonpropagating relaxation mode
with a finite damping rate, whereas Eq. (81) consists of two
purely dissipative branches whose frequencies scale as k>
in the ultraviolet limit.

limy_ |Re(w/k)| <1 and lim;_ |[Re(dw/dk)| <1 are
trivially satisfied. However, Eq. (81) scales as @ ik,
implying | 2| o« k, which diverges as k — oco. Therefore, the
boundedness requirement of the causality criterion is
violated, and the mode is acausal. This behavior is
analogous to the diffusive modes of conventional first-
order hydrodynamics and the first-order spin hydrody-
namic theory in the Landau frame. Consequently, the
presence of a finite spin background does not remove
the intrinsic acausality associated with first-order dissipa-
tive theories, although it modifies the corresponding damp-
ing rates through the spin-dependent coefficients C and D.

2. Mode analysis along the z direction

Similar to the case along the x direction, the same
conclusion can also be obtained when the wave vector is
along the z direction

M25X2 = 0,

M2 - s
0 M,

6X, = (62,69%,65%,65%,68,69%, 68,65, 657, 68%)T,

(34)

where

(85)

Although Eq. (81) does not describe propagating (86)
excitations, its ultraviolet behavior has important implica-
tions for causality. Since Re(w) =0, the conditions  where
|
io —ik 0 0
—iky, io + 7 k* —ikB,, —ik Ay,
M == ~ XV . X . ~ ~ Xy 5 87
3 ){4)(7"5((}]) k2 —lkGS(g) o+ DT)(4I€2 ){46015(3) k2 ( )
~T1oxrS k> —ik8S 7Dy Sk iw = 71aCrk?
io+y k 0 0 0 0 0
0 iw—+y Kk 0 0 0 0
0 0 0] —)?23/))(0)](2 0 0 0
My = 88
4 0 0 0 i — 723(0)k> 0 0 (88)
0 0 0 0 0 i+ )?4ﬁ(0>k2
From det M, = 0, one can obtain the following relationship as
w = l.]/Lkz, (89)
0 = —i72P o)k (90)
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o = 74P o)k*. (91)

At the small wave-vector limit of k — 0, from
det M5 = 0, one can obtain

(1
w="c,k+i <5}/ + 22
(92)

In the large wave-vector limit kK — oo, one obtains

By +C+D)y.— (A+Byr

w =1 , 93
7By +C+ D) ©3)
1 2 7 \;2
a)fzz(azj: az+bz)k, (94)
where
a, = Py +D)is— (Bo) +Ci1as (95)
b, = 47.712B(0)(Bo) + C + D). (96)

The dispersion relations along the z direction are given by
Eqgs. (89)—(91) and (92)-(94).

The dispersion relations in the z direction exhibit the
same qualitative structure as those obtained for perturba-
tions propagating along the x direction. Specifically,
Eq. (89) corresponds to a shearlike mode, while
Eqgs. (90) and (91) describe nonpropagating spin dissipative
modes associated with the relaxation of spin-current
fluctuations. Equation (92) represents a complex coupled
soundlike propagating mode, whereas Eqs. (93) and (94),
together with the accompanying non-propagating branch,
correspond to complex coupled spin dissipative modes in
the large wave-vector limit. Therefore, the classification of
the modes remains unchanged when the propagation
direction is rotated from the transverse (x direction)
direction to the longitudinal (z direction) direction.
Regarding the stability and causality conditions, they share
the same structure as the x-direction counterparts, which
are presented as

7, >0, xp <0, x5 >0, (97)

1 er + 0By + C+ D) (4B = 712.A)
it o >0, (98)
0<ec, <1, (99)

Similarly, Eq. (94) also leads to acausality.

Although the mode classification is unchanged, quanti-
tative differences arise between the transverse (x-direction)
and longitudinal (z-direction) propagation directions. The

e +0(Bo)+C+D)] ()?43—)?12A)> 2.

complex coupled soundlike modes in Egs. (75) and (92)
possess identical real parts, implying that the propagation
velocity of long-wavelength disturbances is independent of
the direction relative to the spin background. However,
their imaginary parts (damping terms) differ, implying that
the decay rates of perturbations along the x and z directions
are distinct. This difference arises from different combi-
nations of spin dissipative transport coefficients: the damp-
ing is governed by y»53 in the x direction and by y;, in the z
direction. The same relation holds between modes of
Egs. (81) and (94). Furthermore, compared with the x
direction, the purely dissipative modes in the z direction
lack the mode of Eq. (72), indicating that this mode exists
only in specific directions and exhibits directional depend-
ence. All these features reflect the breaking of the SO(3)
symmetry of the system.

Combining the dispersion relations in both directions,
we conclude that within our framework, the first-order spin
fluid with a nonvanishing spin background is acausal, as in
previous first-order fluid theories. To obtain results con-
sistent with fundamental physical constraints, we should
extend the first-order fluid theory to the second-order
theory.

III. LINEAR MODAL ANALYSIS OF SECOND-
ORDER MINIMAL CAUSAL SPIN
HYDRODYNAMICS

A. Second-order relativistic spin hydrodynamics

The stability and causality of first-order spin hydro-
dynamics in the presence of a nonvanishing spin density
background are investigated in the previous section. The
results show that the first-order theory exhibits acausal
behavior and thus cannot describe realistic physical sys-
tems. This is consistent with the known fact that first-order
theories in relativistic hydrodynamics are generically
acausal [51-53,56]. However, recent studies suggest that
stable and causal first-order theories might exist within
generalized frameworks, as demonstrated by the Bemfica-
Disconzi-Noronha-Kovtun (BDNK) framework [72-74].
For further study on the connection between BDNK theory
and second-order fluid theories, refer to Ref. [75].

To construct a stable and causal hydrodynamic theory,
one may consider second-order formulations [57-60]. In
this section, the Miiller-Israel-Stewart (MIS) theory is
adopted, whose core idea is to incorporate second-order
corrections into a first-order framework. Among all second-
order terms, those proportional to relaxation time play a
crucial role in restoring causality. When these terms are
included, the hydrodynamic equations transition from
parabolic to hyperbolic type, thereby allowing causal signal
propagation. To simplify the analysis, we therefore only
consider second-order corrections involving relaxation
time, leading to what is called minimal causal spin hydro-
dynamics [56,61]. For studies incorporating complete
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noncrossed second-order terms, see Refs. [54,66]. The
constitutive relations now take the form of

time of the dissipation, and all these quantities are positive
definite.
In the second-order theory, all dissipative quantities will

d be treated as independent variables like the main hydro-
SO+ = -0, 100 red as. ) e
o dt * EOu (100) dynamic variables. So the hydrodynamic perturbation
J equations are given as
T, ANAY — 75+ o = 200 ut), (101) ,
dr 0 = dy(Se) + 9;(59), (106)
d
I HI= [/ A9, (Pgg)l,  (102) 0 = —y. 08¢ + 0,59 — Ag,0/55%
P — B,, 088 — ¢8I + 0,(67"), (107)
o ATVAD )+ e
) 0 = 00(85%) + 0% 0,(69) — I'6% — 9,6%()) + 9,63},
= —X2Up <A’;A‘; + AI;AJO/( - EAMGAJ/G) 0}/(/3(00'[3)’ (103) (108)
a d o a _ ij ij n n) (i) (j
o5, AVTA ﬂaz(wﬁ + z(b;)J — —ya Ul A AT (Bayyy), 0= 09(657) + 05 0,(69") + 9, (=" OU), (109)
(104) 4 A
Oll = — <]/” - 3]/L> 6l~519’ - Tnaoan, (1 10)
d
TZ4 AW’Aa[nAﬂ’K] d_ 2(/)) ) + Z<ﬂ><a> )
T N 2 N
= 24D ADAPY (), (105) o7’ =7y1 [al&w +0/59' -3 g”dﬁ&“] —7,Dé7',  (111)
where 7y, 7., 73, 75, 75, and 7y, represent the relaxation
|
8% = 71xrS(0)0;"8€ + 71C0:S(0)0j 8% + 71Dy S (0)0;/6S™ + 71(0)0;08% — 75.040%, (112)
sr) =~y OZL) + 1aP0) 058 + 7o )85 — 5 ;(zﬁ G OmBS"
+ ;(25<f);ﬁalae + 128 p 1Co:0'58% + ;KQS?J)D 058
+ 1280 xr0'8e + 7280 Co.0' 88 + 728 Dy, 9/ 5S™
2 2 ~ ij m 2 [ ij m Xy
= 37200yt rOmbe = 37200y S0 Cor0nS* = 3 729/0)S{6) Dy O3S (113)
ST} = —t5,008%) + 73B(0)0'6 = 73B0)0/ 58"
+ 73S(ar0'Se + 7350 Co:0'88% + 7354 Dyy 065
~ 23S xrd5e — 738( Co.0/88" — 73S( D,y /55", (114)
SEMOU) = —zy 9y SEMNU) + 7,80)0"5SY + ;(457 10" + ;(451 1Co:0"58% + ;(45”)7) 9155 (115)

B. Linear mode analysis at second order

1. Mode analysis along the x direction

By first analyzing the situation in the x direction, one can obtain the hydrodynamic equations as

Mi6X5 =0,

where

(116)
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My 0 0 O 0 0
0 Mg 0 0 0 0
0O 0 M, 0 0 0
M; = : (117)
0 0 0 Mg 0O O
0 0 0 0 My O
0 0 0 0 0 My

6X3 = (52,69", 68 611, 65, 67, 657, 697, 68, 65%, 67, 6% 1)) 657 65, 697, 8%, 68, 67,

(B8 55, 6807, 6707, 657 881 650 5w, 68 S, 687 55w, 55, 58507, 6500). (118)

25 0%(g) () 9%(a) («)

()

The explicit expressions for each block matrix in Mj5 are

iw —ik 0 0 0 0 0 0 0 0
—iky, i 0 0 —ik Ay, —ikB,,  -ik —ik 0
ik;?zS%);(T 0 r, 0 ikj,Cr ik)?szyS(()é) 0 0 0
ik;hS?&;(T 0 0 I's 0 ikysCr ik)?3nyS?5> 0O 0 0
ikZaS @y 0 0 0 Te ikzaCoSy — ikiaDr 0 0 0
Ms = . (119)
0 —ik0Sy, ik ik 0 ) 0 0o 0 0
0 —ik6S 3, 0 0 -—ik 0 iw 0 0 0
0 —(yy—%y)ik 0 0 0 -, 0 0
0 —dy ik 0 0 0 0 -I 0
0 2y, ik 0 0 0 0 0 -I
io 0 —ik 0 lg’ Y _(ik 0
. 110 —1
=] 0 TR Mo=\ gy o 1, o | U
a0 A 0 iknfo O T
0 yik 0 T,
r, o0 0 0 0 0 0 0 O
i® —ik ik 0 o I, 0o 0 0 0 0 0 0
—ikp\foy T3 0 0 0 0 s’ 0 0 0 0 0 O
My = SikipBo O Ty - (121) 0 0 0T, 0 0 0 0 0
~ZikppBey O O T, My=]0 0 0 0 Iy 0 0 0 O
0 0 0 0 0Ty 0 0 O
0 0 0 0 0 0 Iy 0 0
fw ik ik O 0 0 0 0 0 0Ty 0
Mg = | ikpfo) Ts 0 (122) 0O 0 0 0 0 0 0 0 Iy
lk)(3ﬂ(o) 0 TIs (124)
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where
F] :—T,,ia)—l, FZI—T]'[ia)—l, F3:—i0)T):—1,
F4 = —l.CUT):x - 1, FS = _inZU - 1, F6 = —ian'24 —1.
(125)
From det M, = 0, one can obtain
i
w=—, (126)
Tﬂ
i
w=—, (127)
TZ;
i
w=—>, (128)
Tza
i
w=— (129)
724
One can obtain the results from det M; = 0(;j # 10) in
the k& — 0 limit as
i
w=—, (130)
>
i (131)
w=—,
TIT
! (132)
w=—,
n
i (133)
w=—
TES ’
i (134)
w=—
T,
i (135)
0 =—,
T24
w =iy k?, (136)
o = —if) 712k, (137)

= —if o) F2k?, (138)

o = if0)7sk*, (139)

0 C+D)|(7sB=jr3A
a)::tcl)k+i<%y||+bh+ (Bo) +C+D)|(7aB~723 )>k2,

2
2c¢3

(140)

where detMs =0 gives Egs. (131)—(134) and (140);
det Mg = 0 gives Egs. (132) and (136); det M, = 0 gives
Eqgs. (130), (133), and (137); det Mg = O gives Egs. (133),
(134), and (138); det My = 0 gives Egs. (135) and (139).
Compared with the first-order theory, the most notable new
feature in the long-wavelength limit is the appearance of the
relaxation modes in Egs. (130)-(135), whose frequencies
are determined solely by the corresponding relaxation
times. These modes originate from promoting dissipative
currents to independent dynamical variables within the
second-order framework and therefore have no counter-
parts in the first-order theory.

Apart from these additional relaxation modes, the
remaining hydrodynamic spectrum, Eqgs. (136)-(140),
retains the same structure as in the first-order spin fluid.
Consequently, the classification and physical interpretation
of the shearlike, spin dissipative, and complex coupled
soundlike modes remain unchanged. This demonstrates
that the second-order theory correctly reproduces the first-
order hydrodynamic behavior in the infrared limit while
introducing additional nonhydrodynamic relaxation
degrees of freedom.

The results of det M; = 0(j # 10) in the k — co limit are
given as

-p3 —4pq+24t>

1111
il 2 (g
v ’(4” 2 2\/2” tla=n+ an

(141)

1 NBg /3 L0223 F _ 20
a)—i—\/— Gms_ ¥ 2T T My (142)

3 27l

jE1\/ 2Bma, — (1+iv3)223f 4+ (1 - iv3)mi?
w==L—4/—

4 1/3
2 /3mx/ Ti6

k4 i, (143)

! 24Bma, — (1-iv3)223f, + (1 + ivV3)m??
w= 24/3m)lc/3116

kY5, (144)
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o=+ [T+ (145)
T, 27,
3 4
Y1+ 4 (146)

B 3yits, +4xpots

37%‘.){ |4t

- 35 + 47
a):i\/ ﬁ(o)( X173, szz)k+

37272\_ ! 6727%\)(1 + 8’1’2A T%XQ ’
(147)
w=i—220 (148)

s X2+ Ts X3

— Y>Ts + /3T
a)—i\/ ﬂ(o)()(z z, TX3 EA'),’\—f—i

2 2
s X2t T35 X3

Ty, Ty, 215 5 (15 00 + 75 03)
(149)
R O CL (150)
T24 27524

The parameters in Eq. (141) are defined in the Appendix A,
and those in Eqs. (142)—(144) are defined in the Appen-
dixes B and C. detMs; =0 gives Egs. (141)-(144);
det Mg = 0 gives (145); det M; = 0 gives Egs. (146) and
(147); det Mg = 0 gives Eqgs. (148) and (149); det My = 0
gives (150).

Far more intricate than those in the first-order theory, the
dispersion relations (141)—(150) reveal a much richer mode
structure in the large wave-vector limit. In addition to the
ordinary soundlike and spin dissipative excitations already
present in the zero-spin background theory, the finite spin
density generates several additional branches that remain
coupled to the background polarization even in the ultra-
violet regime. The resulting eigenmodes can be grouped
into four categories.

The first category consists of soundlike modes, repre-
sented by Eqgs. (145), (147), (149), and (150), which take
the generic form w = £ovk + iI". The corresponding propa-
gation velocities are determined by dissipative transport

coefficients and relaxation times, such as v = \/y, /7, and

v= \/ —Bo)(X27s, +737s,)/(75,75,). Since these veloc-
ities do not explicitly depend on the spin background
parameters, these modes survive unchanged in the limit
S%) — 0 and therefore represent direct extensions of the

soundlike excitations already encountered in the zero-spin
background theory.

The second category corresponds to spin dissipative
modes, represented by Eqs. (146) and (148). These modes
describe purely relaxational dynamics associated with spin
transport and spin-current dissipation. Their ultraviolet
behavior is governed entirely by the spin dissipative

coefficients and the corresponding relaxation times.
Consequently, they are insensitive to the background spin
density and remain present even in the zero-spin back-
ground theory.

The third category contains the complex coupled sound-
like modes, represented by Eqs. (142)—(144). Unlike the
corresponding modes in the small-k regime, the ultraviolet
dispersion relations exhibit a considerably more intricate
dependence on the spin background parameters A, B, C,
and D. The resulting propagation velocities and damping
terms are determined by nontrivial combinations of relax-
ation times, dissipative transport coefficients, and spin
background corrections, indicating that the coupling
between hydrodynamic and spin degrees of freedom
remains important even at very short wavelengths.

The fourth category consists of complex coupled spin
dissipative modes, represented by Eq. (141). In contrast to
the analogous modes encountered in the first-order theory,
whose large-k behavior is diffusive and therefore acausal,
these second-order modes acquire finite relaxation scales
through the Miiller-Israel-Stewart-type structure of the
theory. Their dispersion relations remain explicitly depen-
dent on the spin background parameters, demonstrating
that the polarization-induced couplings continue to influ-
ence the relaxation dynamics of the spin sector in the
ultraviolet limit. Therefore, these modes provide a direct
manifestation of the interplay between spin relaxation and
causal second-order dissipative dynamics.

Substituting into Eq. (41) yields the stability condition

1, Tps Ty Ty, T, 5 T, > 0, (151)
y, >0, xp <0, x5 >0, (152)

1 + 60 + C+D)|(74B — 23 A
57/” n D (ﬁ(o) o N (XaB = 723 A) >0, (153)

1 1 1 /1 —p® —4pq + 24t
—p——h——\/—p2+(q—r)~|— P Pq > 0,

4 2 2V2 4h
(154)
Y, >0, (155)
and the causality conditions are
0<c. <21, (156)
c 2laml 4 20f —ml

1
| 1
2§T16m;

2Pma, - (121322 + (1 FiV3)mY
24/3"’!}/3716

0< <1

’

(158)
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o<™<, (159)
Tﬂ
- 3y + 47
0< Boy(B717s, +47273) <1, (160)
37272‘“
— LY + LY
0< ﬂ(o)()(sza )(3sz) <1 (161)
TEMTZ.\
0 <Pty (162)
724

Compared to the acausal outcomes in first-order theory,
the structure of the causality conditions in Egs. (159)—(162)
reveals that the corresponding causal conditions can be
satisfied as long as the relaxation time is sufficiently large.

(158), however, an intuitive variation relation cannot be
derived due to the strong coupling between the relaxation
time and the spin background state. Nevertheless, from the
condition of Eq. (156), the following relation can be
derived as

(163)

this gives a constraint condition for the parameters A
and B.

2. Mode analysis along the z direction

Using the same method, one can derive the characteristic
equation along the z axis direction as

This is consistent with the intended effect of introducing the M,X, =0, (164)
relaxation time, and this result has also been reported in
previous studies [55-58]. For conditions of Egs. (157) and  where
|
Xy = (62,60%, 6%, 655, 657, 627, 8%, 68", 611, 6™, 67, 68", 69, 67, 6%, 68, 677, 657
65, 55‘:( f), 52{2), 585%2, 587, 5577, 557, 67V, 62’8) 52)(‘; ) EYEI VR VI VS YRl M L (165)
and
My 0 0 0 0 0
0 M, O 0 0 0
0 0 M 0 0 0
0 0 0 M5 O 0
0 0 0 0 My O
0 0 0 0 0 M;s
the explicit expressions for each block matrix in My are as follows:
io —ik 0O o0 0 O 0 0 0 0 O
—iky. o 0O o0 0 O —ik Ay, —ikB,, —ik ik ik
—iky, ;(TS%> 0 s 0 0 0 —ikyCp  —iky, S%)ny 0 0 0
—%ik;?z;(TS?g) 0 0 Iy 0 0 —Zikp,Cr —%ikf(zS%)ny 0 0 0
—%ik;st?g) 0 0 0 T, 0 =3ikparCr —%ik)?zS%)ny 0 0 0
M” = lk}?y{TS)(%’) 0 0 0 0 FG lk)?4S)(c(‘;)COZ lk)?4DT 0 O O s (167)
0 —ik0Sy,  —ik —ik —ik 0 i 0 0 0 0
0 —ikHSZ%') 0 0 0 -—ik 0 iw 0 0 O
0 —(7] —%yl)ik 0O o0 0 O 0 0 -I, 0 O
0 —2y.ik 0 0 0 0 0 0 I, 0
0 —%y ik 0O 0 O 0 0 0 0 I
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io 0 —ik 0 w=—, (174)
T
Iy 0 iw 0 —ik (168 >
12 = , .
yiik 0 r o0 w:i’ (175)
0 VJ_lk 0 Fl Tzl\
io ik —ik w=-", (176)
o~ Ts,
My = | ikixfoy Ts 0 |, (169)
724 ’
iw 0 —-ik 0
0 i 0 —ik w =iy k?, (178)
U ikgap 0 r, o | UM
X42(0) 6 = =73k, (179)
0 ikyspoy 0 Ty
o = 74P o)k, (180)
rhoooo=oo®o0o®o
1 +6 +C+D)|(FsB-j12A
0, 0000O0O O w:icvk‘f'i(i}/”—i—bﬁ (Bo) i N(ZaB=712 )>k2,
00500000 O ‘ (181)
00 0T, 06 OO OO
Mis=]0 0 0 0I¢0 0 O O (171) where Egs. (178)—(181) herein take the same form as the
0000 O0OT 00 0 results from the first-order theory, and thus the discrepan-
0 cies relative to the x direction are also identical. One can
00000O0Ts00 obtain the results from detM; =0 (j = 11 ~14) in the
00 00 O0O0O0T¢ O k — oo limit as
00 00 0 0 0 0Ty
3 4
W= %’ (182)
In the k — 0 limit, one obtains TE X1 T AT
J (* a%+4bzcz_az
S = : 183
=L, (172) o= i( PR (183)
i ~ 1/3 2/3 2/3
w=—, (173) L 2 B3am” + 225 —mI”
(2 @ = Zl:g\/— 21/33116}";/3 "+lel7 (184)
1| 6ml2283a, —2(1 4 iV3)f, +2'3(1 - iv/3)m2?
W=+ : — k+iY,, (185)
3 611622/3mz
1 [ 6m?22Ra, —2(1 —iV3)f. +2'3(1 + iv/3)m2?
W=+ : " k+iY .3, (186)
3 67,62%m;
71 i
=+, /—k+— 187
@ \ 7, + 2z, (187)
_ . Xt (188)

s X2+ Ts X3
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2 2
s X3 TS 0

K

—_ LY _|_~
a):i\/ ﬁ(o)()(zfza )(3725),4_1.

Ty, Ty, 2ty 75 (5,02 + 75 03)

(189)

S 07 PO (190)
1'24 2’[24

The parameters in Eq. (183) are defined in the Appendix D,
while those in Eqgs. (184)—(186) are defined in the Appen-
dixes E and F. The stability condition is obtained as

TH’TIT’TE’TZX’TEU’TZ4 > O, (191)
v, >0, xp <0, xs >0, (192)
1 +0 +C+D)|(7sB-j10A
“y+ ler (ﬁ(o) . N (7aB = 712 A) >0, (193)
2 2¢;,
+y/a? +4b,c, —
i Sl S} (194)
2b,
Y, > 0. (195)
The causality condition is
0<e. <1, (196)
0S_2%3&Zm§+2%fz—misl’ (197)

1 1
2337161’}1%

6mi*223a —2(1+iV/3)f, +2'3(1 Fiv3)m?

0< <1,
67162%17’1;/3
(198)
o<™<, (199)
T/T
- ¥2Ts + J3T
0< ﬂ(o)()(z x, TX3 zs) <1 (200)
TZIITEJ
o<for (201)
’['24

The physical interpretation of the modes in the z
direction largely parallels that discussed for the x direction
and will therefore not be repeated here. In the long-
wavelength limit, Eqs. (178)—(181) exhibit the same
qualitative structure as the corresponding modes obtained
in the first-order theory. Consequently, the distinctions
between the x and z directions remain identical to those
discussed previously. In particular, the spin dissipative

modes are governed by different transport coefficients in
the two directions, reflecting the anisotropy induced by the
nonvanishing spin background.

More significant differences emerge in the large wave-
vector limit. Unlike the x direction, where the mode
structure contains the additional branches described by
Egs. (138) and (149), these modes are absent in the z
direction. As a consequence, the spectrum of ultraviolet
excitations exhibits a clear directional dependence.
Furthermore, comparison of Eqgs. (183)—(186) with
Eqgs. (141)—(144) shows that the differences between the
two directions cannot be reduced to the simple replacement
X12 <> Y23 that characterizes the first-order theory. Instead,
the corresponding dispersion relations possess substantially
different structures and depend on distinct combinations of
the spin background parameters.

These results indicate that the influence of the finite spin
background becomes increasingly pronounced in the sec-
ond-order theory. Besides modifying the stability and
causality conditions through the spin background param-
eters, the anisotropy associated with the equilibrium spin
density leads to genuinely direction-dependent collective
excitations. Certain modes appear only for perturbations
propagating in specific directions, while different combi-
nations of transport coefficients and spin background
corrections govern the dynamics in the transverse and
longitudinal sectors.

IV. SUMMARY AND CONCLUSIONS

In this work, we investigated the stability and causality
of relativistic spin hydrodynamics in the presence of a
nonvanishing spin density background, i.e. Sf;, # 0, within
the framework of linear mode analysis. Since, under the
condition of @ ~ (O(0), the equilibrium state requires the
spin chemical potential to be determined by the thermal
vorticity ,,, a nonzero spin density would necessarily
imply a moving background configuration. In order to
maintain a static background in the linear analysis, we
instead adopt @ ~ O(1), in which case the relation
between @ and w,, disappears, allowing for a static
background with finite spin density. Assuming that the
nonvanishing components of the equilibrium spin density
are given by S?& #0, S“g) # 0, the rotational symmetry of
the system is reduced from SO(3) to SO(2) in the x-y
plane. Consequently, separate mode analyses must be
performed for perturbations propagating parallel and
perpendicular to the spin-polarization direction. From the
linearized hydrodynamic equations, the corresponding
dispersion relations are derived.

Within first-order spin hydrodynamics, the dispersion
relations along the parallel and perpendicular directions
exhibit the same structural form in both the small and large
wave-vector limits. However, mode (72) only appears in the
x direction. The presence of a finite spin density modifies
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several dissipative and propagating modes, including their
sound velocities and damping coefficients. Different
choices of the spin background state can lead to either
enhancement or suppression of the damping terms. The
difference lies in the transport coefficients entering the
dispersion relations: along the x direction they are governed
by y,3. whereas along the z direction they involve y;,
indicating that different propagation directions are con-
trolled by different transport coefficients in this anisotropic
system. Compared to the vanishing spin density case, in
addition to these modifications, entirely new dissipative
modes, Egs. (81) and (94), emerge. However, these modes
are acausal, demonstrating that first-order spin hydrody-
namics in this framework is intrinsically noncausal.

We further investigated the minimal causal second-order
spin hydrodynamics [56,61], in which only the relaxation-
time terms most crucial for causality are retained. For the
complete second-order formulation, see Ref. [66]. Our
analysis shows that, in the small wave-vector limit, the
dispersion relations along both directions resemble those of
the first-order theory, with additional contributions arising
from the relaxation times. In contrast, in the large wave-
vector limit, a finite spin density generates new dissipative
and propagating modes, and substantial differences appear
between the x and z directions. This demonstrates that the
anisotropy induced by the spin density background leads to
similar structures at small wave vectors (up to different
transport coefficients), while this similarity is broken at
large wave vectors.The resulting stability and causality
conditions reveal that both the spin density and the spin-
related parameters in the thermodynamic equation of state
directly determine whether the system is stable and causal.

Finally, our analysis has been restricted to asymptotic
limits. The stability and causality properties at finite wave-
vector k remain to be explored. As suggested in Ref. [56],
systems that are stable and causal in asymptotic regimes
may still exhibit instabilities at finite k. In addition, the
present study is limited to static backgrounds, and exten-
sions to moving backgrounds [69,73] will be addressed in
future work.
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APPENDIX A: DEFINITION OF THE
PARAMETERS IN EQ. (141)

_ _ by _ G - d,
fif2’ fif2’ fif2’ fif2’
h:\/%p2+(q+r), (A1)
f1= o) +C+D)fu +3tmmr(A+B), (A2
fr=1.(ts 00 + T5.03)s (A3)
where
fuu =471 (=) = 37 (y) + 7rxe)- (Ad)
a, = (Bo) +C+D)ay +3t07(A+ Blay,  (AS)
where
ayq =4y, (1, — ) ra(te + 73,) +r3(7, + 73]
= 37, (120xa + X30xs)- (A6)
Ay = 1) (7 + 275,) + 227075, + To(tn +15,)], (A7)
ay, = ¥ (7 + 275) +xc[2enty, + To(mn +75)], (A8)

Ay =2111(ts, 02 + T35 X3) + L[ (Tn 15, )12 + (tn+ 73, )13
(A9)

by = (Boy + C+D)by = 3yr(A+ B)(2bra + X3bxs)s

(A10)
where
bxl = 3)(2 [7\\(2% + TZ,,) +)(cbxa]
+ 313 [}/H (ZTﬂ + TES) +)(cbxs]
— 4y 1(7e — ) Or2 + 13) (Al1)
by =72+ tnty, + 20,(tn + 73, ), (A12)
bxs = T% + mnts, + ZTIT(TH + TZX)' (A13)

¢ = (Boy +C+D)cyy + 307 (A+ B)(12¢xa + X3Cxs)-
(A14)

where
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e =4y 1(t =) (2 +13) dra = 2T + T + 7y, (A20)
- 37ﬂb(2(YH +)(6Cxa> +Z3(7|| +chxs)]’ (AIS) d.. =21 + 1+ s . (Azl)
Cxg = Tn1 t+ Ts,» (A16)
Gy = 1 + 75,. (A17) APPENDIX B: DEFINITION OF THE

PARAMETERS AT ORDER k! IN EQS. (142)—-(144)
dx = (ﬂ(O) +C+ D)dxl _)(T(A + B)(Zdea +)(3dxs)a

(A18) 3
fx = <_Zl§ + 9bx716)7 (Bl)
where
my = Cx+ /& 413, (B2)
dxl = }'||()(2 +)(3) +Zcb(2(27ﬂ + T+ TZa)
+ 1327, + 7 + 73], (A19) Ti16 = 7,71ty 75,75, (B3)

a, =4y 5 75,75, (1, — 1) + 31,{s, [~75, 75, (v + TnC}) + (73,02 + 72 73)Cr) — TnTs, 75, 74 Dr}, (B4)

b, =15, (t3, 0 + 75 73){~471t0C + 7,[C(4y L = 3y)) + 3t (=Clx. + 0B) + A(yr + 6D))]}
+ 73,75, Za[=30mmBrr + 0C) + Dbys| = 367 tatnia(es, 72 + 75 73) + Bioy {7, (75,72 + 7. 73)bre

+ Zales, 75, bus = 3t,7n(vs, 00 + 75.73) (C+ D))}, (B5)

where
bys =4y (=7, + ) + 34[y) + nlxe + 0A)], (B6)
by =4y, (t, —tn) - 32.[y) + tulre + 0B)]. (B7)

¢, = =108y 2146(7, — 1) (D175 + 2D,y | trTae + 2yﬁrﬁ6) + 144Eyir£61”(1” — )%

— 128y 76 (2, — )’ + 2702[3D 1y w746 + 3Darentie + 21 Tis + mi(Ca + 73, C)]. (B8)

where
T46 = T3, T3, T35, (B9)

Cy1 = _26?%72 T% - 3CTTZST%HT%4Z%(DS:B(O)TZG + 26%724)?3)
+ 3,3(0)72572]24)?2(D3T%a = 2Dy 0)Ts, T, 03 — 724)(3) (B10)
Crp = 3D3/3 Tz Ty, X3 — 3D5ﬁ(O)CTTZ,LT%4)~(§ - 2(3?1%4)?*3
+ 13, (eits, + Dria)(2ci73, = SPioyTsx s + 2D773), (B11)
E = 15,215 75 (v + c3tn) 4 Cron(ts 72 + 75.73)] — Drnts, s Y4, (B12)
and

D, = Ti@ééf% + 2B0)7s, 75, (72,02 + T2 X3)Xc = Chits, 0 +12.73)%)

- 2/5(0)746)?4(72S72a)(c +2Cr (s 72 + 75 03)) — D%é 73 )ﬁ’ (B13)
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D, = Crrs, (15,70 + 15 73) + 15,75, (2¢375, — Dria). Ds =13y +Crly- (B17)

(B14)
APPENDIX C: DEFINITION OF THE
PARAMETERS AT ORDER k' IN EQS. (142)—(144)

Yxn
Dy =150 + Poyia (B16) Yy = Y ()

D3 = 173y — 4B (0T X T +ﬁ%o))~(z2p (B15)

Y = 2t1(472(71 — 72)Eyis + 371 (—73E s + 12(2572Evie + 7a(75(76(5X% — 40(A + B) — 4y.) X3,
+ (=3B(xr + 0C) — ExE9)74)X2% + 73Ex16)))). (C2)

Yo = 4r2(71 — 72) (t6(Enitsia + 14(25X% + EaZ3)) X5 — (5(EtaX3; + Evja) + t4Eq3)ia + Fig)
+ 37y (J’3(—Fx8 - 2(75)?2(X)2ciEx176 - Ex7)?4) + 74(X)2ci76(75X§i + Exl)?l”) - (ExZTSX)%i + Ex7}?3))?4)))

203 F 7 + 11 (Frq + 0a(t5(Fay + 22F u5) X5 + 14 (25 E6 X5 + 73F s + Fu) X3 + (72 +73)Fx6)) (C3)
|

Eq =P +C. (€4 Fu=(X4t6E.s — (A+ Blyr + DE3)7a)fo.  (C20)

ExZZﬂO + D, (CS)
© Foo = Sy (texs(xr + 0D)X2
Eg=X%—Yer (Co) + (Sa(rexras + xo(usxr + xsExs)) — Dysyr)ia),
C21

By = X%~z —0A () (c2)

Es =X —y.— 0B, (C8) F3 = C(X376Es — (Brr + EnEw)is), (C22)

Ey = X5 =20~ 0A 0B, (C9) Fu = t6E6X3 + (=B(yr +60C) = EgE,u)7s,  (C23)
Eyg=E.En— CD, (CIO)

FxS = (A()(T + GD) + CExS + ﬂOExS)’ (C24)
E. = 3X% — 2., (C11)

Fo= (e =X )P+ Fq+Fo+Fg), C25

b4 3053y, o) o= (e = X2)ZB+ Fuy + Fo + Fa).  (C25)

ExlO = (X,%iT6Ex9 - (2(./4 + B))(T + DExg))?4)ﬂ0, (C13) Fx7 = TS)?ZFX6 + T4(T5Fx4X§i +)?3Fx6)’ (C26)

E.1 = C(tgEwX? + (=2Byr — EnE 8)74), Cl4 - -
xll (t6E0X5; + ( XT wEw)74) ( ) Fg= 11(15(16}()2& +E i _EXZZ4)X)2a‘ + 74((z5 +T6)X)2ci

Ev> =S, (3texs(xr +0D) X2, + Eais — Eola) Xy
+ (S2(2xexras +x90(2usxr +xsExs)) = 2Dxsyr) 7). + (72 + 73) (X Eaits — Exafa))- (C27)
(C15)
13~ ,.1/3 2/3 2/3
Eyz = (3X;2ciEx176 —2Ea74), (Cl6) Xa = % \/_ = axm;/;:ljni;; — J (C28)
E.y = (4X376 = 3E0is), (C17)

’

1| 243ma,—(1+iv3)225f 4+ (1= iv3)m??
Eys = (ts72E3 + t4(tsEva Xy + 73Eq3)).  (C18) sz:_\/_ 24313,
¥ Tie

E.6 = (=Eg74f§ + Exio + Exi1 + Eq2). (C19) (C29)
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1\/ 2B3my3a, —(1=iv3)22B3f + (1 +iV3)m3? b, =[B(0)bo1 + (BrprnAyr +Cby) + (3z,tuByr + Dby ).

X 33— 5
! 3 24/37’”)1;/3116 (D2)

C30
(C30) b = 4y.(ty — ) = 35y + Txe). (D3)
C; = 3uc(ﬂ(0) +C+D) _)(T('A"’_B)]' (D4)
APPENDIX D: DEFINITION OF THE

PARAMETERS IN EQ. (183) APPENDIX E: DEFINITION OF THE
PARAMETERS AT ORDER k' IN EQS. (184)—(186)

a, = 3{Poly| +xc(tz + )]

fo= =92 + 2.7y, (E1)
+ [7)C = (7 + ) (Axr — 2.C)]
+ D= (& + ) Brr —xD))}. (D) me =+ 84S (E2)

a, =4y, 75 1575, (7, — Tn) + 31'”{724 [—Tz‘fz(yn + tnc2)

4
+n (sz(l + gﬁ)?z) (Bo) + C)] — s, 7574 (Blo) + D)}’ (E3)

b, = Tz4l;z4{—4}’ﬁnc +7,[C(4y L = 3y)) + 3tn(—Clx. + 0B) + A(yr + 6D))]}
+ 3ty w574 |37, mByr 4+ 6C) + Dl;z5] - 3ﬂ%0>T”TH)?4EZ4

+ /B(O){TE4Ez4Ez6 + 374 [Tzl‘Tzlszs — 7,7nb.4(C+ D)}, (E4)
b= 3tz 71 + 41372), (ES)

bs =4y (-t + ) + 32,y + tnly. + 0A)], (E6)

b =4y (1, — ) — 3.y + talye + 0B)]. (E7)

¢, = =324y 13136(2, — 1) (=D, 7 + 6By Trtae + 187ﬁ756) + 1296y2 7, (7, — 11) 736 (T B, + 67 T36)
— 345673 (1, — 1)’ 136 — 2773 97 Th36 D, 27}/”711136 54;/“136 +13(8,1 +Cpn + 5+ Cr)

+ 9‘[%7& 724)?1 (ﬁ?())EZS =+ 3ﬁ(20) E.z6 + Zlz7 - 3ﬂ(0) CZS)]’ (Eg)
¢ = —128Ci73 73, (E9)
Cp = —144Cr7y, 73 75 (2175, + 74(B0)Cr + D(Bio) — 2C))), (E10)

¢.3 = 2773 (cits, + Dria)(2cins, + 2775 + v5,74(B(0) (408 = 5(0A + 1))

+ (9B(6C + x7) +D(493—5(9A +x:))))s (E11)
Cy = —1087%,.724)?2(—,5?0))?2 ﬁ( aCar + Cap + Po)Caa) (E12)
Coar = 275, (0A + OB = 2¢,) + 74(C + 2D), (E13)

CZ42 = —C 7,'2 (C(QB ‘l‘){c) .A(26'C + 36D + 3}{7‘)) + 724)?4(86(396 + oD + 3}{7‘)
D(A(OC + 30D + 3y7) — 2¢.C)) + 2CD?*33, (E14)
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Gz = —C? rz (=20A+ 0B + y.) + Dyi(C — D) — 75, 74(2D(0A - 2¢.)
+ B(=36C + 20D + 6y1) + 2C(08 — 21.) + A(20C — 30D + 627)), (E15)

C.5 = 3213 73 + 2415 T3 uftr — 973 73, (E16)
T = —3T§S)?4(2124 (0A+ 0B —2y.) + j4s(C+2D))
+ 8’[2412:)?2(724(—29./4 + 96 +)(C> +)?4(2C + D)) + 3267% /{7%, (E17)
Cy = 912 (—c373,(C(0B + x.) — A(20C + 30D + 3y7)) + 73,74(BC(30C + 6D + 3y7)

D(A(OC + 30D + 3yr) — 21.C)) + 2D*Ci?)
+ 320312 73 — 24Cts 5,7 (75, (A(20C + 30D + 3y7) — C(0B + 1)) 4+ 2CDZy), (E18)

Ty = 372 (c37, (-20A + 0B + x.) + 75,74 (2D(OA - 2,
+ B(=36C + 20D + 6y7) +2C(0B — 2y,)
+ A(20C = 30D + 6y7)) + Dy22(D - C))
+ 81y, 75 7o (75, (A(40C + 30D + 3y7) — 2C(0B + x.))
T 2401, (D =€) = 3202 73, (E19)

B, = 5, (6¢ts7s + Cryp7,) — 3D1757s Ja (E20)

Dz = 96%1%3_7:%4)?% —|— 3736)?1 (724(80%-)?2 + 3TZ>YDzl) + 6725}?4DZ2)

+ 13(16C573 73 + 1275 75,72 (15, D1 + 274D n) + 973 D 3). (E21)
D1 = Po)(0A - 208 - 2¢,) + A(OC + 30D + 3y7) — 2C(0B + 1), (E22)
D, = 2B0)Cr +D(2f ) = C), (E23)

D = =2¢iey, + Di7; + 5,74 (B0) 20A — 68 + 21,

- 2D(HA +xe) = B(30C 4 0D + 3y1)), (E24)

.1 = Po)(—20A+ 0B+ y.) + C(OB + x.) — A20C + 30D + 3y7), (E25)
736 = 373, T3, (E26)

7, =3tz )1 +41500. (E27)

APPENDIX F: DEFINITION OF THE PARAMETERS AT ORDER £’ IN EQS. (184)-(186)

Y.q= 1,75 (47 (7, = ) (G = G3) + 37,(—y (G2 — G3) + (375, 71Gos
+ 75(3X2 7, (7a(—H 2G4 = TB(OC + x7)) + X275, (2X% + H 7)) + 472G o)), (F2)
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Yo = 4y (zp — ) (s, Hoo + H ) + 37, (=y (2e5, H o + H 16) + 27ty H oy
+ 1o (vs, Hoy + wnltg, (Ho7 + 237 + 272)Hog) + 12(315 H A X% + Hos + 47:H 5))))). (F3)

G, =3tz 1 +4r312, (F4)

G, = X215, (27X 7575, + T1yGaH,y),  (F5)
G.3 = 421X 75ty Hop 4 5B0 205G H 3),  (F6)
G =9X% —T0A—Ty.. (F7)

G.s = 9X% — 708 —Ty,. (F8)

Gy = (X275, (GsH,y + TAyr +70.AD)
— Boyta((7X% = 5¢ ) H 3 + Sxr(A+B))),  (F9)

H; = ) +C, (F10)

H, = o) + D, (F11)

H_ = P +C+D, (F12)
Hoy =X~ e, (F13)

H,;s = X% —y.—0A, (F14)
H.g=X%—y.—0B, (F15)
H7=X%—-y.—0A-0B, (F16)

HZS = X?iTZ4Hz9 _ﬂ(O))(4)(s((A + B))(T + Hz4H23)’

(F17)
HZ9 = -A)(T + Hz6Hzl +0AD, (Flg)
H o = poyHzs + H.sD + B(yr +6C),  (F19)

H, =315 71 H s + 75(37s, (75, H 7 X% — 74H 10) X2
+47,H ), (F20)

H,, = X275, (31575 X2 + G H 1yp,) — 7a(3ts7s, H 0 X7,

+ﬁ(0)Glez3)(b)’ (FZI)
HZ13 = 3T2lvci(’l'zl‘7:24 + TE(TZ‘ + 2724)), (FZZ)
H,4 = Hzl)(bxgi(:;TES)(l (g, +213,)
+ 4y (ty 15, +15(75, +173,))).  (F23)
H,5 = j4(37s, (275 + 75 )H p X%,
+ 2B Hoaxs B3tz 01 + 212(75 + 73.))), (F24)
Hzl6 = Tﬂ(HzB + Hzl4 - HzlS)’ (FZS)
H 7 = 315 X2 (15, H 7 X% + 71 Hyo — 1aH 1), (F26)
H. 5 = 275 X2,(375, H7 X2 4 272H 0 — 374H 10),  (F27)
1| 2Ba.m + 23 —m
X, = S S (F28)

W |

1

1 I
3 3
2337 gm3

o] 6mi2a, —2(1 + iv3)f, + 2(1 — iv3)m}
2 =5 - 1 )
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