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In this paper, we explore the properties of quarkonia in a hot QCD medium using a newly proposed
collision kernel that consistently incorporates the particle’s momentum dependence into the relaxation
timescale of the medium. The longitudinal component of the gluon self-energy, along with the Debye
screening mass, is computed within the one-loop hard thermal loop framework by incorporating
nonequilibrium corrections. A modified kinetic theory with an extended relaxation time approximation
is employed to model the nonequilibrium dynamics of the QCD medium. The sensitivity of the heavy
quarkonia potential to the momentum dependence of the relaxation time is studied. Further, we studied the
binding energy and thermal width of quarkonia states within this new kinetic theory. Sizable variations in
the temperature behavior of these quantities are observed in comparison with the standard relaxation time
approximation method due to the particle momentum dependence on the relaxation timescale of the QCD
medium. Our findings highlight that accounting for the microscopic nature of the collision timescale is
crucial for understanding the quarkonium behavior in a QCD medium.
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I. INTRODUCTION

Experimental programs at the Relativistic Heavy Ion
Collider (RHIC) and the Large Hadron Collider (LHC)
are considered to be the primary laboratories for studying
strongly interacting nuclear matter, under extreme condi-
tions. Significant theoretical efforts have been dedicated to
understanding the properties of the new phase of matter,
quark-gluon plasma (QGP). One of the notable break-
throughs is the success of relativistic dissipative hydro-
dynamics for describing the collective behavior of the
QGP [1,2]. The key properties of this QCD natter can be
extracted from its collective flow and final particle spectra
[3,4]. In addition, heavy quarks and quarkonia constitute
another class of probes that can offer tomographic infor-
mation about the medium [5–13]. These “hard probes” are
created in the initial stages of the collision, propagate

through the evolving nuclear medium, and interact with it,
allowing them to witness the entire QGP evolution [14–19].
Heavy quarkonia are bound states of heavy quark-

antiquark pairs, and their suppression could act as an
unambiguous signal for the existence of the QGP in the
collision events. The pioneering work of Karsch et al. laid
the theoretical foundation for studying the properties of
quarkonium in a QCD medium at a finite-temperature by
utilizing potential models [20]. Further, Matsui and Satz
have demonstrated that the color screening in the QGP
could lead to the dissociation of quarkonia [21]. Recent
theoretical studies have explored the in-medium modifica-
tions of the heavy quark-antiquark potential, paving the
way for a more realistic description of quarkonium sup-
pression in the heavy-ion collision experiments [22–39].
These modifications to the quarkonium potential can be
introduced through the dielectric properties of the under-
lying medium.
The medium created at the collision experiments at the

RHIC and LHC is not instantaneously thermalized. Instead,
it undergoes a preequilibrium phase, which is characterized
by momentum-space anisotropies and rapid longitudinal
expansion. Such preequilibrium conditions can further the
quarkonium potential and thereby its properties in the
evolving medium. This sets the motivation for the present
study. A comprehensive understanding of how nonequili-
brium effects influence heavy quarkonium requires the
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proper knowledge of the system away from equilibrium.
One natural way to model the nonequilibrium contribution
is by solving kinetic theory. The most standard approach
for this is the Anderson-Witting relaxation time approxi-
mation (RTA) [40]. However, the traditional RTA frame-
work does not fully respect the conservation laws in
relativistic kinetic theory if the relaxation time becomes
momentum dependent [41–43]. To address this, novel
approaches have been introduced recently [44–46], which
offer improved theoretical consistency.
In the current analysis, we utilize the recently developed

extended relaxation time approximation (ERTA) [42,46] to
model the nonequilibrium corrections to the quarkonium
properties. We begin by evaluating the nonequilibrium
corrections to the longitudinal component of the gluon self-
energy and the Debye screening mass within the framework
of one-loop hard thermal loop theory [47,48]. These
corrections form the basis for a modified heavy quarko-
nium potential in an evolving QGP medium. We then
investigate the in-medium behavior of quarkonium states,
focusing specifically on their binding energy and thermal
width while accounting for nonequilibrium effects. Further,
we perform a direct comparison of the ERTA corrections
with the conventional RTA observations with a parame-
trized momentum-dependent form of the thermal relaxa-
tion time.
The manuscript is organized as follows. In Sec. II, we

present the formalism of the present analysis. Section II A
discusses the contributions from gluon and quark loops to
the heavy quarkonium potential in the evolving QGP. We
review the ERTA framework in Sec. II B. Section II C
outlines the modified screening mass within the ERTA,
while Sec. II D describes the nonequilibrium modifications
to the quarkonium binding energy and thermal width in the
medium. The results and corresponding discussion are
presented in Sec. III. Finally, in Sec. IV, we summarize
this study with an outlook.
Throughout this paper, we use the metric

gμν ¼ diagð1;−1;−1;−1Þ. A four-vector is denoted by
Aμ ≡ ða0;aÞ, with A2 ¼ AμAμ. A lowercase letter a ¼ jaj
denotes the magnitude of a particle’s three-momentum a.

II. FORMALISM

A. Quarkonium potential in QCD medium

Understanding the dissociation of quarkonium states
near the QCD crossover temperature requires a realistic
treatment of the heavy quark-antiquark potential that
includes nonperturbative effects. While the Cornell poten-
tial, comprising a short-range Coulomb interaction and a
long-range linear confinement term, accurately captures
quarkonium properties in vacuum, its extension to a
thermal medium is far more complex and remains less
well established. To model the medium modifications, we
employ a framework in which the in-medium potential in

coordinate space is derived through a Fourier transform
of the momentum-space potential, modified by the
medium’s dielectric response. This potential can be
expressed as [49,50]

VðrÞ ¼
Z

d3p
ð2πÞ3 ðe

ip·r − 1ÞVCornellðpÞ
ϵðpÞ ; ð1Þ

where ϵðpÞ encodes the screening effects of the thermal
medium. The momentum-space form of the Cornell poten-
tial takes the form as

VCornellðpÞ ¼ −
4πα

p2
−
8πσ

p4
: ð2Þ

Here, α ¼ CFαs with αs as the running coupling constant
and CF ¼ ðN2

c − 1Þ=2Nc with Nc ¼ 3 as the number of
color charges; σ represents the string tension responsible
for quark confinement. The dielectric permittivity ϵðpÞ
plays a crucial role in describing medium effects on the
heavy-quark potential. It is defined as [50,51]

ϵ−1ðpÞ ¼ lim
p0→0

p2D̄11ðPÞ; ð3Þ

where D̄11ðPÞ denotes the longitudinal part of the “11”
component of the resummed gluon propagator in the real-
time formalism. This relationship reflects how medium-
induced screening alters the interaction between a heavy
quark and antiquark ultimately influencing the stability and
dissociation behavior of quarkonium states. The propagator
D̄11ðPÞ can be decomposed in terms of the retarded,
advanced, and symmetric resummed propagators as [52,53]

D̄11ðPÞ ¼
1

2

�
D̄RðPÞ þ D̄AðPÞ þ D̄FðPÞ

�
: ð4Þ

Using this decomposition along with the relevant expres-
sions for the propagators, the inverse dielectric function of
an expanding QCD medium can be written as

ϵ−1ðpÞ ¼ p2

p2 þm2
D
− i

πTpm2
D

ðp2 þm2
DÞ2

; ð5Þ

where mD is the Debye screening mass. The first term in
Eq. (5) represents the medium-induced screening, while the
second (imaginary) term accounts for the Landau damping.
Note that the real part of the screened quarkonia potential is
obtained from the Fourier transform of 1

2
ðD̄R þ D̄AÞ. In

contrast, the imaginary component, associated with Landau
damping, originates from the Fourier transform of the
symmetric part of the gluon propagator D̄F. Using
Eq. (5) in Eq. (1), the screened (real) potential between
heavy quarks in the medium becomes
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ReVðrÞ ¼ −
Z

d3p
ð2πÞ3 ðe

ip·r − 1Þ
�
4πα

p2
þ 8πσ

p4

�
p2

p2 þm2
D

¼ −αmD

�
e−r̂

r̂
þ 1

�
þ 2σ

mD

�
1þ e−r̂ − 1

r̂

�
; ð6Þ

with r̂ ¼ rmD and the imaginary part of the potential takes
the form as

ImVðrÞ ¼
Z

d3p
ð2πÞ3 ðe

ip·r − 1Þ
�
4πα

p2
þ 8πσ

p4

�
πTp;m2

D

ðp2 þm2
DÞ2

:

ð7Þ

Defining the following integrals,

χðxÞ ¼ 2

Z
∞

0

dz
zðz2 þ 1Þ2

�
1 −

sin xz
xz

�
; ð8aÞ

ϕnðxÞ ¼ 2

Z
∞

0

dzz
ðz2 þ 1Þn

�
1 −

sin xz
xz

�
; ð8bÞ

we can write the imaginary part of the heavy quarkonia
potential as

ImVðrÞ ¼ −Tαϕ2ðr̂Þ − 2
Tσ
m2

D
χðr̂Þ;

¼ ImVCoulombðr̂Þ þ ImVStringðr̂Þ: ð9Þ

In Eq. (9) above, the first term is due to the Coulomb part of
the Cornell potential, and the second term is called the
string part of the imaginary potential. We note that the
Debye screening mass plays a central role in determining
both the real and imaginary parts of the in-medium
quarkonia potential. Now, we proceed to calculate the
Debye mass in the relevant thermal medium.

1. Gluon self-energy and screening mass

In a thermal medium, the propagation of gluons is
modified by the presence of thermal quarks and gluons,
leading to the screening of color charges. This effect is
quantified by the Debye mass, which governs the expo-
nential suppression of long-range chromoelectric fields.
The nonequilibrium effects due to the expansion of the
medium can be captured by the screening mass. To
consistently incorporate both equilibrium and nonequili-
brium dynamics, we evaluate the self-energies and propa-
gators using the well-known Keldysh real-time formalism
[54,55], which is particularly suited for studying time-
dependent phenomena in a thermal field theory, as dis-
cussed in Refs. [52,56–59]. Within this approach, the
longitudinal component of the gluon self-energy receives
contributions from gluon and quark loop diagrams. The
longitudinal component of gluon self-energy with quark
loop is given as [52,55,59]

ΠL
q;RðPÞ ¼ i2Nfg2s

Z
d4K
ð2πÞ4 ðq0k0 þ q · kþm2Þ

×
2πið1 − 2fðkÞÞδðK2 −m2Þ

Q2 −m2 − i sgnðq0Þϵ
; ð10Þ

whereQμ ¼ Kμ − Pμ, gs is the coupling constant, Nf is the
number of quark flavors, and d4K is the momentum
integration measure. The distribution function fðkÞ con-
tains the details of the hydrodynamically evolving medium.
Carrying out the k0 integration using the pole structure of
the propagators and applying the hard thermal loop (HTL)
approximation, the expression can be simplified consid-
erably. After angular integration and keeping only the
leading-order HTL contributions, one finally obtains

ΠL
q;RðPÞ¼

Nfg2s
4π3

Z
k2dkdΩ

Ek
fðkÞ

E2
k

k2 −ðk̂ · p̂Þ2�
k̂ · p̂þp0þiϵ

pk Ek

�
2
; ð11Þ

where we consider the number of quark flavors as Nf ¼ 3.
The quark contribution to the Debye mass in QCD is
obtained as

m2
D;q ¼ −ΠL

Rðp0 ¼ 0; p → 0; mÞ: ð12Þ

The gluon and ghost loop contributions to the Debye
screening mass in an evolving QCD medium can be
expressed within the HTL as

m2
D;g ¼

2CAg2s
π2

Z
∞

0

k dkf; ð13Þ

where CA is the group factor [47]. For the system out of
equilibrium, we have f ¼ f0 þ δf. In equilibrium, the
screening properties are governed by the equilibrium
distribution function f0. However, in a system slightly
away from equilibrium, such as the QGP produced in
heavy-ion collisions, the distribution function acquires a
nonequilibrium correction δf, reflecting the response of the
system to external perturbations. The microscopic dynam-
ics of the medium determine the precise form and encode
essential information about its relaxation properties. One
approach to model this is through kinetic theory. Below, we
discuss the formulation of relativistic hydrodynamics from
kinetic theory, based on the ERTA.

B. Relativistic hydrodynamics with ERTA

Before we obtain the expressions of the Debye mass and
hence the potential, we would like to give a brief overview
of the framework of ERTA hydrodynamics, based on which
the nonequilibrium corrections are calculated.
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1. Relativistic hydrodynamics

As the system under consideration is made of massless
and chargeless particles, the only relevant conserved
current is the energy-momentum tensor (associated with
the translational invariance). Under the choice of Landau
frame (UνTμν ¼ εUμ), the conserved energy-momentum
tensor can be written as

Tμν ¼ εUμUν − PΔμν þ πμν ¼
Z

d3p
ð2πÞ3pPμPνfðX;PÞ;

ð14Þ

where ε is the out-of-equilibrium energy density, P is the
isotropic pressure, πμν is the shear viscous pressure, and
Δμν ¼ gμν − UμUν is the projection operator orthogonal to
the fluid four-velocity Uμ. Additionally, the Landau match-
ing choice requires that ε be equal to the equilibrium energy
density (ε0), i.e., ε ¼ ε0. We can then express the macro-
scopic variables ε0, P, and πμν as

ε0 ¼ UμUνTμν ¼
Z

d3p
ð2πÞ3p ðU · PÞ2f0ðX;PÞ; ð15aÞ

P¼−
1

3
ΔμνTμν¼−

1

3

Z
d3p

ð2πÞ3pðP ·Δ ·PÞf0ðX;PÞ; ð15bÞ

πμν ¼ Δμν
αβT

αβ ¼ Δμν
αβ

Z
d3p

ð2πÞ3pPαPβfðX;PÞ; ð15cÞ

where Δμν
αβ ¼ 1

2
ðΔμ

αΔν
β þ Δμ

βΔν
αÞ − 1

3
ΔαβΔμν is the doubly

symmetric traceless projection operator that is orthogonal
to fluid four-velocity. The conservation law for energy-
momentum tensor (∂μTμν ¼ 0) leads to the evolution
equation for ε0 and Uμ as

ε̇0 þ ðε0 þ PÞθ − πμνσμν ¼ 0; ð16aÞ

ðε0 þ PÞU̇α − ð∇αPÞ þ Δα
ν∂μπ

μν ¼ 0; ð16bÞ

with θ≡ ∂ ·U being the expansion, and σμν ¼ Δμν
αβð∂αUβÞ

being the shear velocity tensor. The spacetime derivative
has been split into components along and orthogonal toUμ,
yielding ∂μ ¼ UμDþ∇μ, whereD≡ ðU · ∂Þ is the comov-
ing derivative and ∇μ ≡ Δα

μ∂α is the spacelike derivative.
We have also used the shorthand notation, Ȧ ¼ DA ¼
Uμ

∂μA for the comoving derivative. Using the definitions
from Eqs. (15a)–(15c) in Eqs. (16a) and (16b), we obtain
the evolution equations for temperature and fluid four-
velocity as [46]

β̇ ¼ β

3
θ þOð∂2Þ and βU̇μ ¼ −∇μβ þOð∂2Þ; ð17Þ

whereOð∂2Þ represents corrections from second and higher
orders that have been ignored presently. The relations of
Eq. (17) will be used later to derive the nonequilibrium
correction δf.

2. The ERTA framework

It has been known for a long time that, for a gas of
classical particles, the particles with lower momenta attain
the equilibrium distribution at an earlier time than those
with higher momenta [60]. Thus, it is natural to presume
that the relaxation time for particles of different momenta
will be different as well. Recent studies [61,62] have also
arrived at similar conclusions while considering the dynam-
ics of the QCD system. These studies then inspired the
development of several new kinetic theoretical frameworks
where the relaxation time was allowed to be dependent on
momenta [45,46,63,64]. In the present analysis, we employ
the ERTA framework to determine the out-of-equilibrium
distribution function up to first order in spacetime gradient.
Below, we provide a brief overview of the first-order ERTA
approach.
The relativistic Boltzmann equation, in the absence of

any external force, under the RTA takes the form as [40]

Pμ
∂μf ¼ −

ðU · PÞ
τR

ðf − f0Þ; ð18Þ

where the equilibrium distribution function f0 is given by

f0ðX;PÞ ¼
1

exp½βðU · PÞ þ α� þ a
; ð19Þ

with β ¼ 1=T being the inverse temperature,Uμ as the fluid
four-velocity, the dimensionless quantity α ¼ μ=T being
the ratio of chemical potential to temperature, and a taking
the values 0,1, and −1 for particles following Maxwell-
Boltzmann, Fermi-Dirac (FD), and Bose-Einstein (BE)
statistics, respectively.
For a system in an out-of-equilibrium state, the phase-

space distribution function can be split into equilibrium and
nonequilibrium parts by following the Chapman-Enskog
expansion as

fðX;PÞ ¼ f0ðX;PÞ þ δfðX;PÞ; ð20Þ

where the condition δf
f0
≪ 1 is imposed for the formulation

of hydrodynamic theories. In such systems, the notions of
temperature, chemical potential, and fluid velocity are ill
defined; hence, T, μ, and Uμ correspond to some auxiliary
variables that coincide with respective variables only at
equilibrium. Consequently, the equilibrium state (f0) used
in Eq. (20) is an auxiliary equilibrium [46]. The out-of-
equilibrium variables T, μ, and Uμ (which we call “hydro-
dynamic variables” from this point onward) are fixed only
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through frame and matching conditions. However, in
relativistic hydrodynamics, these frame and matching
conditions are completely arbitrary; hence, the definitions
of hydrodynamic variables are also a matter of choice. As a
result of this ambiguity, one may expect that the equilib-
rium distribution function as described in Eq. (19) is not the
actual equilibrium state of the system, as mentioned above.
However, in the case of the RTA, one is forced to choose the
Landau frame and matching conditions to ensure conser-
vation law, as a result of which the hydrodynamic variables
end up being the variables associated with the equilibrium
state, provided the relaxation time is momentum indepen-
dent. When the relaxation time is momentum dependent,
the conservation laws can no longer be guaranteed, and this
leads to the proposal of the ERTA, which modifies the
Boltzmann equation as

Pμ
∂μf ¼ −

ðU · PÞ
τR

ðf − f�0Þ; ð21Þ

where f�0 is given by

f�0ðX;PÞ ¼
1

exp½β�ðU� · PÞ þ α�� þ a
; ð22Þ

with β� ¼ 1=T� and α� ¼ μ�=T�. Here, T�; μ�, and U�
μ

correspond to the temperature, chemical potential, and the
fluid four-velocity of the system at equilibrium. The starred
quantities are called the thermodynamic variables, and
consequently, f�0 represents the true thermodynamic local
equilibrium of the system toward which the out-of-equi-
librium system relaxes as t → ∞. It should be noted that,
in general, the variables, β�; U�

μ, and μ� are functions of
spacetime. The advantages of this collision kernel in
Eq. (21) are that (i) the relaxation time can now be taken
to be momentum dependent [46], and (ii) one is free to
choose any arbitrary frame and matching condition [65,66].
The thermodynamic variables and hydrodynamic variables
are related to each other through the relations

U�
μ¼UμþδUμ; T� ¼TþδT; μ� ¼μþδμ; ð23Þ

where the correction terms (denoted with δ in front) can be
determined through frame and matching conditions [46].
Since the ERTA provides us with the expressions of the
transport coefficients that are invariant under choice of
frame and matching conditions, for the present work, we
choose the Landau-Lifshitz version [67] of the frame and
matching condition. Consequently, following the results of
Ref. [46], we can write

δUμ ¼ βC1ð∇μαÞ; δT ¼ C2θ; δμ ¼ C3θ; ð24Þ

where the coefficients C1, C2, and C3 can be found in
Refs. [46,68]. In the present study, the system under

consideration consists of chargeless, massless particles,
hence we have C1 ¼ C2 ¼ C3 ¼ 0. Note that the shear
viscosity coefficient will depend on the nature of the
momentum dependence of the relaxation time. In the
present work, we will consider the following parametriza-
tion of the relaxation time:

τRðX;PÞ ¼ tRðXÞ
�
U · P
T

�
l
: ð25Þ

Here, tR denotes the momentum-independent component,
while the parameter l characterizes the momentum depend-
ence of the relaxation time.1 In principle, the parameter l
can depend on the temperature [66]. However, for the
present study, we confine our analysis to the case where l is
independent of temperature. The temperature-dependent
scenario will be explored in future.
By solving the relativistic Boltzmann equation as

described in Eq. (21), we obtain the nonequilibrium
correction as [46]

δfð1Þ ¼
βτRðX;PÞ
ðU · PÞ PμPνσμνf0f̃0

¼ β1þltRðXÞ
ðU · PÞ1−l P

μPνσμνf0f̃0; ð26Þ

where the subscript (1) in δfð1Þ denotes that only the first-
order corrections have been considered, and we have
defined f̃0 ¼ 1 − af0. As mentioned before, in the deri-
vation of Eq. (26), we had to consider the hydrodynamic
evolution equation (17).

3. Transport coefficients

Having determined the nonequilibrium correction to the
distribution function in Eq. (26), we can use Eq. (15c)
to obtain the sole transport coefficient of fluid under
consideration, i.e., the shear viscosity. In Eq. (15c), the
equilibrium part of the distribution function (f0) gives zero
contribution and, using Eq. (26), we obtain the shear
viscous pressure as

πμν ¼ 2βK32σ
μν; ð27Þ

where the thermodynamic integral is defined as

Knm≡ 1

ð2mþ1Þ!!
Z

d3p
ð2πÞ3pτRðU ·PÞn−2mðP ·Δ ·PÞmf0f̃0:

ð28Þ

1In this work, we focus on the range 0 ≤ l ≤ 1 which is the
region of interest for a QCD medium [61,62].
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This reduces to tRβlJnþl;m, if the parametrization of
Eq. (25) is chosen, with the definition

Jnm ≡ 1

ð2mþ 1Þ!!
Z

d3p
ð2πÞ3p ðU · PÞn−2mðP · Δ · PÞmf0f̃0:

ð29Þ

Comparing the result of Eq. (27) with the Navier-Stokes
relation, πμν ¼ 2ησμν. We can identify the shear viscosity
as [46]

η ¼ tRβlþ1J3þl;2: ð30Þ

In the next part, we discuss how the system under
consideration behaves when the fluid undergoes a boost-
invariant expansion along a particular direction (say the z
axis or the beam axis in heavy-ion collision) with the
transverse direction being homogeneous and isotropic [69].

4. Bjorken expansion

The nonequilibrium correction to the distribution func-
tion as given in Eq. (26) depends on the four-velocity of the
fluid element via the velocity stress tensor σμν as defined
below Eq. (16b). In this work, we choose this velocity
profile to be of a one-dimensional (1D) longitudinal
boost-invariant expansion given by Uμ ¼ ðt=τ; 0; 0; z=τÞ,
where τ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
is the proper time of the fluid element.

In terms of Milne coordinates ðτ; x; y; ηsÞ, where ηs ¼
tanh−1ðz=tÞ is the spacetime rapidity, the fluid velocity
becomes Uμ ¼ ð1; 0; 0; 0Þ and the metric takes the form
gμν ¼ ð1;−1;−1;−1=τ2Þ. With this, the temporal deriva-
tive becomes D ¼ Uμ

∂μ ¼ ∂=∂τ and the expansion scalar
takes the form θ ¼ ∂μUμ ¼ 1=τ. We also have σμν ¼
diag½0; 1=ð3τÞ; 1=ð3τÞ;−2=ð3τ3Þ� and this leads to
πμνσμν ¼ 4η=ð3τ2Þ in Eq. (16a) of the energy evolution
equation. The energy evolution equation can now be used
to derive the evolution of temperature in the fluid element
as a function of the proper time,

dT
dτ

¼ 1

dε0=dT

�
4η

3τ2
−
ε0 þ P

τ

�
; ð31Þ

where η is given by Eq. (30) and we employ the conformal
equation of state, ε0 ¼ 3P. The temperature as a function of
the proper time τ can be determined by numerically solving
the Eq. (31), which can be used to study the screening
properties of the evolving medium.
Next, we will use the information obtained so far to

determine the gluon self-energy, screening mass, and other
phenomenologically relevant variables to study the proper-
ties of quarkonium states in the fluid system under
consideration.

C. Modified screening within the ERTA

The nonequilibrium corrections to the gluon self-energy
from quark loop in the massless case can be obtained from
Eq. (11) by setting Ek ¼ k as

δΠRðPÞ ¼
Nfg2s
4π3

Z
kdkdΩ

1 − ðk̂ · p̂Þ2�
k̂ · p̂þ p0þiϵ

p

�
2
δf: ð32Þ

Here, we have k̂ · p̂ ¼ cos θkp and dΩ ¼ sin θkpdθkpdϕ,
where θkp is the angle between the particle and gluon
momentum. With this, the expression for the gluon self-
energy correction becomes

δΠRðPÞ ¼
Nfg2s
2π2

Z
∞

0

Z
π

0

kdk sin θkpdθkp

×
1 − cos2θkp�

cos θkp þ p0þiϵ
p

�
2
δf: ð33Þ

In general, the nonequilibrium correction to the distribution
function (δf) depends on the particle momentum k, the
angle θkp, and the hydrodynamic velocity Uμ of the fluid
element. This is apparent when we consider a fluid velocity
profile of a purely longitudinal boost-invariant expansion.
In this scenario, we can express the first-order correction to
the distribution function as derived using momentum-
dependent relaxation time within the ERTA framework
given in Eq. (26) as

δf ≡ δfð1Þ ¼
βτR

ðU · KÞ
k2

3τ
ð1 − 3cos2θkpÞf0f̃0: ð34Þ

A detailed derivation can be found in Appendix A. By
utilizing the parametrized form of relaxation time as
described in Eq. (25) in Eq. (34), the nonequilibrium
contribution of the self-energy can be expressed as

δΠRðPÞ ¼
Nfg2s
2π2

tR
3τ

1

Tlþ1

Z
∞

0

klþ2dkf0f̃0

×
Z

π

0

sin θð1 − 3cos2θÞdθ ð1 − cos2θÞ�
cos θ þ p0þiϵ

p

�
2
:

ð35Þ

Since the structure of δΠRðPÞ is the same for the gluon loop
as well, we end up with

δΠRðPÞ¼
g2stRβlþ1

6π2τ

�
NfI

ðqÞ
l þNcI

ðgÞ
l

�
½Iθð1;0Þ−3Iθð1;2Þ�;

ð36Þ
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where the integrals in the above expression are defined as

Iθðn;mÞ¼
Z

π

0

sinnθ cosmθ
1− cos2θ�

cosθþ p0þiϵ
p

�
2
dθ; ð37aÞ

IðqÞl ¼
Z

∞

0

klþ2
ek=T

ðek=T þ 1Þ2 dk; ð37bÞ

IðgÞl ¼
Z

∞

0

klþ2
ek=T

ðek=T − 1Þ2 dk: ð37cÞ

While the angular integrals are the same for both quark
and gluon loop contributions to the gluon self-energy, the k

integrals for quark and gluon contributions, denoted by IðqÞl

and IðgÞl , respectively, must be evaluated separately. The IðqÞl

and IðgÞl integrals are estimated in Appendix B. With this,
we obtain the gluon self-energy correction as

δΠRðPÞ¼
g2stRT2

6π2τ

h
NcþNfð1−2−ðlþ1ÞÞ

i

×Γðlþ3Þζðlþ2Þ½Iθð1;0Þ−3Iθð1;2Þ�; l>−1;

ð38Þ

where ζðlÞ is the Riemann ζ, and the angular integrals
Iθð1; 0Þ and Iθð1; 2Þ are evaluated as

Iθð1; 0Þ ¼ 4

�ðp0 þ iϵÞ
2p

ln

�
p0 þ pþ iϵ
p0 − pþ iϵ

�
− 1

�
; ð39aÞ

Iθð1; 2Þ ¼ −
2ðp0 þ iϵÞ

p3

h
p2 − 2ðp0 þ iϵÞ2

i

× ln

�
p0 þ pþ iϵ
p0 − pþ iϵ

�
−
8ðp0 þ iϵÞ2

p2
þ 4

3
: ð39bÞ

Taking the static limit of this nonequilibrium correction
to self-energy, we can determine the correction to the
Debye screening mass as

δm2
D ¼ − lim

p0¼0;p→0
δΠRðPÞ: ð40Þ

In the static limit, the angular integrals, which are the only
gluon momentum-dependent quantity in Eq. (38), become

lim
p0¼0;p→0

Iθð1; 0Þ ¼ −4; ð41aÞ

lim
p0¼0;p→0

Iθð1; 2Þ ¼
4

3
: ð41bÞ

With this, we get the expression for the nonequilibrium
correction to the screening mass squared as

δm2
D ¼ 4g2stRT2

3π2τ

h
Nc þ Nfð1 − 2−ðlþ1ÞÞ

i

× Γðlþ 3Þζðlþ 2Þ; l > −1: ð42Þ

The total Debye screening mass, including the equilibrium
part, in an expanding medium within the ERTA framework,
can be written as

m2
D ¼ g2sT2

6
ðNf þ 2NcÞ þ

4g2stRT2

3π2τ

h
Nc þNfð1− 2−ðlþ1ÞÞ

i

× Γðlþ 3Þζðlþ 2Þ; l> −1: ð43Þ

The modification of the screening mass can affect the real
and imaginary part of quarkonia potential as discussed
in Sec. II A, which, in turn, can modify the in-medium
properties of heavy quarkonia, which we discuss in the next
section.

D. In-medium properties of quarkonium states

We now focus on two physical observables essential for
understanding the behavior of heavy quarkonium states in a
thermal medium: the thermal width, which quantifies the
dissociation rate, and the binding energy. These parameters
provide valuable insights into the stability and longevity of
heavy quark-antiquark bound states such as charmonium
and bottomonium in hot and dense environments, like those
created in heavy-ion collisions.
To compute the binding energy, we use the real part of

the in-medium potential, which includes both Coulomb and
string contributions. The potential reduces to its vacuum
form at short distances and approaches a screened Coulomb
behavior at large separations (r̂ ≫ 1). Following Ref. [39],
the large r̂ approximation leads to a Coulombic potential
given by

VðrÞ ¼ −
2σ

m2
Dr

þ 2σ

mD
− αmD: ð44Þ

Solving the Schrödinger equation with this potential yields
the quantized energy levels of quarkonium systems such as
charmonium and bottomonium,2

En ¼ −
1

n2
mQσ

2

m4
D

þ 2σ

mD
− αmD; ð45Þ

where mQ is the heavy-quark mass and mD is the Debye
screening mass, whose explicit form is given in Eq. (43).
The ground (n ¼ 1) and first excited (n ¼ 2) states corre-
spond to the J=ψ and ψ 0 for charmonium and ϒ and ϒ0 for
bottomonium. In this work, we focus on the ground-state
(J=ψ) binding energy given by Eb ¼ Vð∞Þ − E1; results

2In the high-temperature limit, αmD ≫ 2σ=mD; hence the
second term can be neglected in both Eqs. (44) and (45).
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for excited states can be obtained similarly. The full
Schrödinger equation with the complete in-medium poten-
tial will be solved numerically in a future study to obtain
precise binding energies.
The thermal width (Γ) provides the measure of the in-

medium decay or dissociation probability of a bound
quarkonium state and can be evaluated from the imaginary
part of the in-medium potential between the heavy quark
and antiquark. Assuming knowledge of the spatial wave
function ΨðrÞ of the quarkonium state, the thermal width Γ
can be expressed as an expectation value of the imaginary
part of the potential ImVðr; TÞ, given in Eq. (9), evaluated
over the wave function profile. Specifically, it is given
by [50,51,70]

ΓðTÞ ¼ −
Z

d3rjΨðrÞj2 ImVðr;TÞ; ð46Þ

where T denotes the temperature. The imaginary part of the
potential accounts for the Landau damping and in-medium
scattering processes that lead to the dissociation of the
bound state. This formulation is derived using first-order
quantum mechanical perturbation theory, where the unper-
turbed wave functions are taken to be the Coulombic
eigenfunctions of the bound-state system.
For our analysis, we consider the ground states of the

charmonium system, corresponding to J=ψ . The radial
parts of the Coulombic wave function for the 1s state is
given by

Ψ1sðrÞ ¼
1ffiffiffiffiffiffiffiffi
πr3B

p e−r=rB ; ð47Þ

where rB ¼ m2
D

mQσ
is the Bohr radius of the quarkonium

system with σ as the string tension. The Bohr radius reflects
the spatial extent of the bound state and plays a crucial role
in determining the overlap with the imaginary potential.
Since the wave function Ψ1sðrÞ is spherically symmetric,
the integral in Eq. (46) can be simplified to a radial form.
The magnitude of Γ thus captures how the in-medium
effects, encoded in ImVðr; TÞ, modify the stability of the
quarkonium states. We note that this approach provides a
good estimate for the ground-state width, while a more
detailed calculation using the full numerically obtained
wave function can be considered in future work.

III. RESULTS AND DISCUSSIONS

To study the evolution of quarkonia and their properties,
1D boost-invariant longitudinal expansion of the medium
has been considered. The temperature evolution of the
expanding fluid can be obtained from the hydrodynamical
equations. From the ERTA-based hydrodynamics, the
temperature evolution in the massless limit as a function
of the proper time τ was obtained by numerically solving

Eq. (31). The shear viscosity η depends on the momentum

dependence parameter l as η ¼ 2tRβlþ1½NcNfJ
ðqÞ
3þl;2þ

ðN2
c − 1ÞJðgÞ3þl;2�, where the superscripts (q=g) represent

the quark or gluonic distribution function within the
thermodynamic integral.
For quantitative estimation, we choose the initial temper-

ature T ¼ 350 MeV at initial proper time τ0 ¼ 0.6 fm=c
and the momentum-independent part of the relaxation time
is taken to be inversely proportional to the temperature T in
the medium, τR ¼ κ=T, where κ ¼ 0.125 [71]. The temper-
ature profile for the longitudinal expansion is depicted in
Fig. 1. Notably, the momentum dependence of the relax-
ation time has a substantial impact on the temperature
evolution. The black solid curve corresponds to the ideal
hydrodynamic (equilibrium) case, where the system
remains locally equilibrated and the temperature decreases
most rapidly with time following the standard scaling law
TðτÞ ∝ τ−1=3. The dashed curves represent nonequilibrium
scenarios with different choices of l: the standard RTA case
with l ¼ 0, along with the values l ¼ 0.5 and l ¼ 1. From
Eq. (25), it is understood that the relaxation time becomes
more sensitive to the particle momenta as the value of l
increases. A larger l implies that the high-momentum
particles take longer to equilibrate. Consequently, the
effective thermalization of the medium slows down,
and the temperature drops more slowly compared to the
equilibrium case and the standard RTA estimation.
Figure 2 (left panel) illustrates the significance of non-

equilibrium correction to the screening mass. This is
achieved by plotting the proper time evolution of the ratio
δmD
mD

. The nonequilibrium correction δmD is obtained within
the ERTA framework as described in Eq. (42). At early
times, when the system is hotter and farther from equilib-
rium, the dissipative corrections to the screening mass are

FIG. 1. Temperature evolution of the medium as a function of
its proper time (τ) for equilibrium and nonequilibrium scenarios
within the ERTA for different values of the momentum depend-
ence parameter l.
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more prominent. As the system evolves and cools with
time, these corrections diminish. We note that the ERTA
framework yields significantly larger corrections compared
to the conventional RTA result (l ¼ 0) throughout the
entire evolution. The dependence of l on the ratio δmD

mD
for a

fixed proper time (τ ¼ 2 fm=c) is shown in Fig. 2 (right
panel). We observe that the magnitude of δmD

mD
increases with

l, indicating that systems with stronger momentum
dependence in their relaxation dynamics exhibit greater
deviations from equilibrium. This observation underscores
the crucial role of microscopic relaxation dynamics in
determining in-medium properties, which, in turn, can
affect the quarkonia potential in the QCD medium.
Figure 3 depicts the real part of the in-medium quarko-

nium potential as a function of the distance r between the
heavy quark-antiquark pair, for different values of the
momentum dependence parameter l. The left panel cor-
responds to an early proper time τ ¼ 0.6 fm=c, where the
ideal system is hotter (T ∼ 350 MeV), and the right panel
corresponds to a later time τ ¼ 2 fm=c, where the

temperature has dropped to T ∼ 235 MeV. In both panels,
the black solid curve represents the equilibrium potential,
and the l ¼ 0 case represents the nonequilibrium scenario
within the RTA approximation. The nonequilibrium cor-
rections have a crucial role, especially at larger values of r.
The ERTA framework introduces substantial modifications
to the RTA-based corrections. As the value of l increases,
the potential exhibits enhanced screening, indicating
stronger medium modifications driven by nonequilibrium
effects. The potential flattens more rapidly with increasing
distance for higher values of l, which can potentially reduce
the binding strength of heavy-quark pairs at larger separa-
tions. While the qualitative behavior of the real part of the
potential in the later stage of evolution (τ ¼ 2 fm=c) remains
the same in comparison with the early time (τ ¼ 0.6 fm=c),
the magnitude differs. This difference arises due to temper-
ature-dependent screening in the medium. Notably, we
observe that the impact of dissipative corrections is more
pronounced in the early stages of evolution.
The imaginary part of the in-medium quarkonium

potential as a function of the interquark distance r within

FIG. 2. The ratio of δmD to the total screening massmD is plotted against the proper time τ for different values of l (left). On the right,
this ratio is plotted against l at τ ¼ 2 fm=c which corresponds to T ∼ 235 MeV in the equilibrium scenario.

FIG. 3. The real part of a quarkonia potential is plotted against the distance, r between the heavy quarks, for various values of l at
proper times, τ ¼ 0.6 fm=c corresponding to T ∼ 350 MeV (left) and τ ¼ 2 fm=c corresponding to T ∼ 235 MeV (right).
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the ERTA framework at τ ¼ 0.6 fm=c is plotted in Fig. 4.
The left panel separately depicts the Coulomb and string
contributions to the imaginary part of the potential, which
are the first and second term of Eq. (9), respectively, for
both the equilibrium and nonequilibrium scenarios, while
the right panel displays the total imaginary potential. We
observe that the string part shows considerable sensitivity
to the momentum dependence of the collision dynamics in
the medium, whereas the Coulomb part shows a weaker
dependence on the same as compared to the string part.
Figure 5 illustrates the behavior of the imaginary part of the
potential at a later time, τ ¼ 2 fm=c. In contrast to the late-
time scenario, dissipative corrections have a significant
impact on the imaginary part of the potential during the
early stages of evolution. These effects become increas-
ingly pronounced with larger values of l, suggesting that
momentum-dependent microscopic interactions at early
times are important. Although this effect is less prominent
at later times (τ ¼ 2 fm=c), as shown in Fig. 5, it remains

non-negligible. The total imaginary part of the potential
exhibits a narrowing deviation between the l-dependent
curves and the equilibrium case over time. These findings
indicate that, while dissipative effects gradually weaken as
the system evolves, they remain non-negligible even at
τ ¼ 2 fm=c, particularly for larger values of l.
Next, following Sec. II D, we focus on the ground state

of J=ψ quarkonium in the present study. This state, often
modeled as a 1s bound state of a charm-anticharm ðcc̄Þ pair
is of particular interest due to its relatively large binding
energy and stability in the QGP. For quantitative estima-
tion, we take the charmonium mass as mc ¼ 1.25 GeV.
Figure 6 depicts the binding energies (left panel) and
thermal widths (right panel) as a function of proper time
τ within the ERTA framework. In both plots, the black solid
line represents the equilibrium result, corresponding to the
case without any viscous corrections. The binding energy is
found to increase with proper time, reflecting its inverse
temperature dependence (Fig. 6, left panel). As the system

FIG. 4. The imaginary part of a quarkonia potential is plotted against the distance r between the quark antiquark pair for various values
of l at τ ¼ 0.6 fm=c. Left: both contributions from Coulomb and string parts to the imaginary potential for each l along with the
equilibrium case. Right: the total value of the imaginary potential for both the equilibrium and nonequilibrium scenarios.

FIG. 5. The imaginary part of a quarkonia potential is plotted against the distance r between the quark-antiquark pair for various values
of l at τ ¼ 2 fm=c. Left: both contributions from Coulomb and string parts to the imaginary potential for each l along with the
equilibrium case. Right: the total value of the imaginary potential for both the equilibrium and nonequilibrium scenarios.
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evolves and cools, the quarkonium states become more
strongly bound due to reduced thermal screening in the
medium. We also note that the inclusion of dissipative
effects leads to a reduction in binding energy which can
be explained due to the fact that the viscous corrections
enhance the screening of the heavy-quark potential and, as
a result, the interaction between the quark and antiquark
weakens. Furthermore, as the momentum dependence
parameter l increases in value, the screening effect
becomes more pronounced, resulting in a further decrease
in the binding energy. It is also worth noting that the ERTA
framework leads to notable modifications compared to the
standard RTA corrections (l ¼ 0 case).
The decay width of the 1s bound state was determined as

a function of the proper time τ using Eq. (46) and the Bohr
radius defined after Eq. (47). We notice that, throughout the
evolution of the QGP medium, dissipative effects tend to
increase the thermal width of the quarkonium state com-
pared to the case when equilibrium is assumed (Fig. 6, right
panel). This shows that dissipative effects decrease the
lifetime of the ground state, which implies that the
dissociation rates increase; hence, it should lead to a
stronger quarkonia suppression. We also note that this
increase in thermal width compared to the equilibrium
scenario increases with the value of l. These results are
consistent with Fig. 2 (right panel), which shows that
higher values of l lead to greater screening in the medium,
which should weaken the interquark potential and, hence,
should lead to a shorter lifetime of the quarkonia state and,
in turn, the thermal width should increase. Hence, we find
that the momentum dependence in the relaxation time via
the parameter l has a crucial role in determining the
behavior of the thermal width. As the system cools
down with increasing proper time τ, the temperature
decreases, leading to a reduction in the number of thermally
excited quarks and gluons as well as the screening mass in
both the equilibrium and nonequilibrium scenarios as
shown in Fig. 2 (left panel). Consequently, we see in

Fig. 6 (right panel) that the decay width naturally becomes
smaller as the system evolves since the interquark potential
strengthens and the QGP becomes less capable of disso-
ciating the quarkonium state. Apart from this, we observe
that the l ¼ 1 case shows a maximum around
τ ¼ 0.8 fm=c. This might be due to an interplay of the
screening and the number of excited quarks and gluons
available to cause quarkonia dissociation, which increases
the thermal width momentarily. This nonmonotonous
behavior should be investigated in a future study.

IV. SUMMARY AND OUTLOOK

In this study, we explored the properties of quarkonia in a
QCD medium within a newly proposed microscopic theory
that incorporates particle momentum dependence in the
relaxation time. We begin by estimating the nonequilibrium
corrections to the longitudinal component of the gluon
self-energy within the one-loop HTL approximation. The
nonequilibrium dynamics of the QCDmedium are modeled
within the ERTA-based modified kinetic theory. We ana-
lyzed the sensitivity of quarkonia potential to nonequili-
brium effects arising from the expansion of the medium.
The in-medium modifications to the potential are incorpo-
rated through the dielectric response of the QCD medium.
To quantify these effects, we analyzed the binding energy
and thermal width of quarkonia states. We observe that
the bulk viscous corrections are minimal, whereas shear
viscous corrections are non-negligible and significantly
affect the binding energy and thermal width. We compared
the ERTA-based calculations of the system of massless
particles with those obtained from standard RTA results.
Notably, we observe that the momentum dependence of the
relaxation time has a sizable impact on the nonequilibrium
corrections to the physical observables. Our findings high-
light that incorporating the specifics of microscopic inter-
actions on the collision timescale is crucial for the study of
quarkonia in the QCD medium. This dependence has

FIG. 6. Left: the binding energy of the J=Ψ ground state as a function of proper time τ at various values of l. Right: the line width at
various values of the momentum dependence parameter l.
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potential implications for phenomenological studies
as well.
This work represents a step toward the realistic descrip-

tion of the quarkonia potential in the QCD medium. For a
more realistic study, two aspects need further attention.
First, it is necessary to incorporate effective modeling of
thermal medium effects within the ERTA framework,
which includes a consideration of the temperature depend-
ence of the l parameter [66]. Although this extension poses
mathematical challenges, it may reveal nontrivial contri-
butions of bulk viscous corrections. Second, we need to
consider a realistic 1þ 3D expansion of the QGP medium,
where the medium may evolve according to the Israel-
Stewart-like second-order hydrodynamic theories. We
intend to explore these aspects in the near future.
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APPENDIX A: FIRST-ORDER CORRECTION
TO DISTRIBUTION FUNCTION δf ð1Þ IN

BJORKEN EXPANSION

Here, we show that the form of δfð1Þ given in Eq. (26)
can be reduced to Eq. (34) in a longitudinally expanding
fluid that is boost invariant. For this, we need to calculate
the form of KμKνσμν in the local rest frame of the fluid
using the Cartesian coordinates to be able to express it in
terms of k and the angle between the gluon and the particle
momenta θkp. We begin with the components of the shear
velocity tensor σμν in Cartesian coordinates obtained by
differentiating the fluid velocity Uμ ¼ ðt=τ; 0; 0; z=τÞ using
its definition σμν ¼ Δμν

αβ∂
αUβ,

σμν¼

0
BBBBBB@

−2z2

3τ3
0 0 −2zt

3τ3

0 1
3τ 0 0

0 0 1
3τ 0

−2zt
3τ3

0 0 −2t2

3τ3

1
CCCCCCA
inCartesiancoordinates ðt;x;y;zÞ:

ðA1Þ

Boosting to the local rest frame (LRF) of the fluid via a
Lorentz transformation Λα

βðηÞ where η ¼ tanh−1ðz=tÞ is the
spacetime rapidity, the components of the σμνLRF tensor
become

σμνLRF¼

0
BBBBB@

0 0 0 0

0 1
3τ 0 0

0 0 1
3τ 0

0 0 0 − 2
3τ

1
CCCCCA
in Cartesian coordinates ðt;x;y;zÞ:

ðA2Þ
With this, we have

kμkνσ
μν
LRF ¼ k2xσ11LRF þ k2yσ22LRF þ k2zσ33LRF; ðA3Þ

where Kμ ¼ ðEk;−kx;−ky;−kzÞ are the components
of particle momenta in the Cartesian coordinates in the
local rest frame of the fluid. Hence, we can express them
as kx ¼ ksinθkp cosϕ, ky ¼ ksinθkp sinϕ, and kz¼kcosθkp.
This leads to

KμKνσ
μν
LRF ¼

1

3τ
k2sin2θkp −

2

3τ
k2cos2θkp

¼ k2

3τ
ð1 − 3cos2θkpÞ: ðA4Þ

With this, we can write the form of the nonequilibrium
correction to the distribution function as given in Eq. (26).

APPENDIX B: ESTIMATION OF Il INTEGRALS

We consider the form for the equilibrium distribution
function,

f0 ¼
1

ek=T þ a
; f0f̃0 ¼

ek=T

ðek=T þ aÞ2 ; ðB1Þ

where a ¼ 1; 0;−1 for particles following Fermi-Dirac,
Maxwell-Boltzmann, or Bose-Einstein statistics, respec-
tively, and f̃0 ¼ 1 − af0. The Il integral can be defined as

Il ¼ Tlþ3

Z
∞

0

dz
zlþ2ez

ðez þ aÞ2 ; ðB2Þ

where we have substituted k=T ¼ z in Eq. (37c). By
defining u ¼ zlþ2 and v ¼ − 1

ezþa and using integration
by parts, we obtain

Il
Tlþ3

¼ −
Z

∞

0

v
du
dz

þ uvj∞0

¼ ðlþ 2Þ
Z

∞

0

dz
zlþ1

ez þ a
þ lim

z→0

zlþ2

ez þ a
− lim

z→∞

zlþ2

ez þ a
:

ðB3Þ
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The limits in the above expression become 0 since the
exponential in the denominator increases faster than the
polynomial in the numerator as z → ∞. With this,
the integral becomes

Il ¼ Tlþ3ðlþ 2Þ
Z

∞

0

dz
zlþ1

ez þ a
: ðB4Þ

This is a standard integral that can be expressed in terms of
the Dirichlet ηðlÞ function or Riemann ζðsÞ function, based
on if a ¼ 1 for FD statistics (quarks) or if a ¼ −1 for BE
statistics (gluons).

1. Quark sector

The Dirichlet ηðsÞ function is defined as

ηðsÞ ¼
X∞
n¼0

ð−1Þn−1
ns

¼ 1

1s
−

1

2s
þ 1

3s
−… ðB5Þ

This is convergent for s > 0 and it is related to the Riemann
ζ function ζðsÞ by

ηðsÞ ¼ ð1 − 2ð1−sÞÞζðsÞ: ðB6Þ

At s ¼ 1, the simple pole for ζðsÞ is canceled by the zero in
the other factor, leading to a finite value of ln 2. Integrals
like the following can be expressed in terms of the ηðsÞ
functions:

Z
∞

0

dz
zs−1ez

ez þ 1
¼ ηðsÞΓðsÞ: ðB7Þ

Using this, we can write IðqÞl as

IðqÞl ¼Tlþ3ðlþ2ÞΓðlþ2Þηðlþ2Þ; l>−2: ðB8Þ

Using the property Γðsþ 1Þ ¼ sΓðsÞ and Eq. (B6), we
have

IðqÞl ¼Tlþ3Γðlþ3Þð1−2−ðlþ1ÞÞζðlþ2Þ; l>−2: ðB9Þ

2. Gluon sector

The Riemann ζ function is defined as

ζðsÞ ¼
X∞
n¼0

1

ns
¼ 1

1s
þ 1

2s
þ 1

3s
þ…: ðB10Þ

This series is convergent for s > 1. The following form of
integrals can be expressed in terms of the ζðsÞ functions:

Z
∞

0

dz
zs−1ez

ez − 1
¼ ζðsÞΓðsÞ: ðB11Þ

This leads to the form of IðgÞl as

IðgÞl ¼ Tlþ3Γðlþ 3Þζðlþ 2Þ; l > −1: ðB12Þ

Hence, for values of the momentum dependence parameter
l > −1 (which is within our range of interest), we get the
following expression for the building block of the gluon
self-energy:

NfI
ðqÞ
l þ NcI

ðgÞ
l

¼
h
Nc þ Nfð1 − 2−ðlþ1ÞÞ

i
Tlþ3Γðlþ 3Þζðlþ 2Þ:

ðB13Þ
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