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Perturbation theory, as well as most thermal field resummation methods widely used to study finite-
temperature quantum field theories, presents a non-negligible renormalization scale dependence. To address
this limitation, we propose an alternative method that combines the renormalization group improvement
prescription for the thermal effective potential with the optimized perturbation theory variational
resummation technique. Here, we apply this new framework, termed variational renormalization group,
to evaluate the effective potential of the scalar A¢* theory at finite temperatures, which represents a
benchmark model for phase transition studies. We show that the proposed approach significantly improves
scale stability, compared to the use of optimized perturbation theory alone, across key thermodynamic
quantities, including the effective potential, critical temperature, and pressure. These results establish the
variational renormalization group as a robust alternative tool for precision studies of thermal phase
transitions, with direct implications for cosmological applications (e.g., early-Universe thermodynamics)

and condensed matter systems.
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I. INTRODUCTION

In quantum field theories at finite temperatures, conven-
tional perturbation theory often fails due to the presence of
infrared (IR) divergences and the breakdown of the
perturbative expansion at high temperatures [1]. Thermal
effects introduce a new energy scale, represented by the
temperature 7', which amplifies long-wavelength (soft)
fluctuations. For example, in scalar A¢* theory, loop
corrections to the effective potential acquire terms propor-
tional to AT, even for small coupling 2. When AT? becomes
large (e.g., near a phase transition), higher-order terms in
the perturbative series (e.g., A"T>") grow uncontrollably,
destroying convergence. This is exacerbated by the appear-
ance of IR divergences in contributions with repeated soft-
momentum exchanges (e.g., “ring diagrams”), which
diverge as [ d’k/k? at finite T, rendering naive perturbation
theory ill defined.
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To address this issue, resummation techniques, e.g., hard
thermal loop (HTL) resummation and similar techniques
[2-4], reorganize the perturbative series by selectively
summing infinite classes of dominant diagrams, such as
those encoding Debye screening of IR singularities. For
example, HTL resummation incorporates thermal masses
m?, ~ AT? into propagators, taming IR divergences, and
restoring a controlled expansion. Hence, resummation and
nonperturbative tools are indispensable for modeling finite-
temperature systems, ranging from early-Universe cosmol-
ogy to quark-gluon plasma physics.

Although resummation methods in thermal field theory
can successfully mitigate infrared divergences and restore
perturbative control in finite-temperature quantum field
theories, they leave unresolved the significant renormali-
zation-scale dependence of thermodynamic quantities like
the effective potential, pressure, and critical temperature.
This residual scale sensitivity arises because the resumma-
tion process reorganizes the perturbative series without
fully enforcing renormalization group (RG) invariance, a
fundamental property of physical observables [5]. For
example, within scalar At theory, the resummed effec-
tive potential V¢ (T, 1) depends on the arbitrary renorm-
alization scale u, with variations of y by a factor of 2
often inducing more than ~20%-30% changes in calcu-
lated quantities such as the critical temperature 7'.. In
general, to circumvent the scale dependence problem in
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resummation evaluations, it is common to adopt a range of
values for the renormalization scale u, presenting results
within the range p € [zT, 4xT]. However, even when this
range of energy scale values is adopted, one still obtains a
strong scale dependence. This behavior seems somewhat
counterintuitive, since a fourfold variation in the energy
scale should not lead to drastic effects in physical quantities
such as the pressure, for example. Moreover, these results
worsen as the perturbative order increases [6—10]. Such
ambiguities undermine precision in applications such as
those related to early-Universe phase transition [11-13],
where, for example, predictions for bubble nucleation rates
or gravitational wave spectra depend sensitively on the
critical temperature 7 ..

In this situation, one may recur to renormalization group
improvement (RGI) techniques [14-16] and modify the
resummed expressions by imposing RG invariance through
the incorporation of logarithmic terms [~ In(u/7T)] dictated
by the f functions and anomalous dimensions of the theory.
However, even RGI cannot fully eliminate scale sensitivity in
strongly coupled regimes [A72 = O(1)], where nonpertur-
bative effects dominate. Thus, a hybrid approach (e.g.,
combining resummation methods and RGI) is essential to
produce an accurate description of the thermodynamics
associated with physical systems ranging from electroweak
symmetry breaking to quark-gluon plasma dynamics.

In the present work, we propose a hybrid approach that
combines the optimized perturbation theory (OPT) varia-
tional resummation method with the renormalization
group technique RGI. This framework [17,18] (see also
Ref. [19] for a recent review) was conceived to improve
the convergence of perturbative expansions, which often
suffer from divergence or poor behavior at strong cou-
plings. In standard perturbation theory, physical quanti-
ties are expanded as a power series in the coupling constant,
but such series are typically asymptotic and may not
yield accurate results beyond leading orders. The method
addresses this issue by modifying the original Lagrangian:
It introduces an artificial mass parameter (1) in such a way
that the modified theory interpolates between a solvable
(noninteracting) theory and the full interacting theory. The
key step is to perform a perturbative expansion around this
modified theory and then optimize the result by fixing # so
that the physical quantity of interest is least sensitive to
variations in it; this is known as the principle of minimal
sensitivity (PMS). This procedure allows for more reliable
approximations even in regimes where standard perturba-
tion theory fails, making it valuable for studying non-
perturbative aspects of quantum field systems. The OPT
has already been applied to a plethora of problems,
including low-energy systems of interest in condensed
matter [20-23], to the study of chiral phase transition in
QCD effective models [24-27], and also to different
problems in thermal quantum field theory [28-37]. The

method shows a fast convergence [38,39], and already at
the first nontrivial order it is able to produce results
improving over other nonperturbative methods, e.g., the
large-N expansion and Gaussian approximations, becom-
ing equivalent to the daisy and superdaisy nonperturbative
schemes [40].

In the context of OPT, a new scheme called renormal-
ization group optimized perturbation theory (RGOPT) was
developed to address the scale dependence problem [41-48].
This method modifies the original OPT implementation
and introduces a new (subtraction) term into the free
energy, ensuring invariance under the renormalization
group. The traditional OPT mass term, in a scalar field
theory, (1 — 8)5?, is written as (1 — §)“n?, where a turns out
to be a function of the RG f and y,, coefficients b, and y,,.
These adaptations have allowed this approximation to
achieve great success in investigating the symmetric phase
of several models, including QCD, as mentioned earlier.
However, so far the method has not yet been used, for
example, in the description of phase transitions. The
approach that we propose in the present paper differs
fundamentally from the RGOPT by preserving the original
prescription of the OPT method and improving over the
scale dependence displayed by the thermodynamic quan-
tities by applying directly the OPT resummation over the
RGI improved effective potential. We termed this alter-
native approach the variational renormalization group
(VRG). We will see that by preserving the original OPT
method, augmented with RG invariance properties, we can
study the system’s thermodynamic properties in both the
symmetric and broken phases in a systematic way.

This work is organized as follows. In Sec. II, we briefly
review the application of the OPT method to our fiducial A¢*
scalar field theory. The effective potential at finite temper-
ature up to second order in the OPT is explicitly written
down. In Sec. III, we review how the RGI method allows
an improvement of the effective potential with respect to
scale variations. We also show in that section how the RGI
method can be modified to carry out an improvement in the
context of the OPT finite-temperature effective potential,
ensuring that the improvement remains consistent with the
renormalization group. In Sec. IV, we present our main
numerical results for the thermodynamics of the quartic
scalar field when using the VRG. Finally, in Sec. V, we draw
our main conclusions and perspectives for future work. Five
Appendixes are also included where the relevant definitions,
expressions, and technical details used in our analysis
are given.

II. THE EFFECTIVE POTENTIAL
OF THE i¢* MODEL IN THE OPT
AT NEXT-TO-LEADING ORDER

The OPT implementation consists of an interpolation
procedure followed by the application of variational
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condition that generates optimal (nonperturbative) results.
In our case, we start from the standard Lagrangian density
describing the A¢* theory:

1 m? A
L=3@0h)0d) -Z -4 21

The OPT prescription starts by implementing in the
Lagrangian density the following replacements [29-32]:

m? - m? + (1 = 8)n%, (2.2)
A= 62, (2.3)
obtaining the OPT deformed Lagrangian density
L= l(aﬂfp)((w(/}) —9—24)2 +5—'72¢2 SR
2 2 2 4!

where 0 represents an artificial bookkeeping parameter
(formally considered to be small), while Q> = m? + 5>
contains the important arbitrary variational mass parameter
n. The quantities of interest are evaluated up to some order
in 6, which is then set to the unit value, while 7 is fixed by
some optimization procedure. The most popular prescrip-
tion used in the literature is the PMS [49]. The PMS states
that if a theory containing nonphysical parameters is an
approximation of the correct theory, then varying the value
of 1 should not change the values of the physical quantities
in the approximate theory. Hence, for some physical
quantity Og, which is evaluated up to the order of &,
the optimal value # is determined from

005k
on i

=0. (2.5)

The first applications of the OPT method were done for
systems at zero temperature [18,49-51]. Later, it has also
been applied at finite temperature at leading order
[29,38,52,53]. Its applicability at finite temperature for
the scalar A¢* theory in next-to-leading order (NLO) was
further tested in [33]. Here, we will borrow some of the
main results from [33] and refer the interested reader to that
reference for more details.

In practice, when applying the OPT, one can use the
results obtained by standard perturbation theory up to some
order A* in the coupling and then apply the changes given
by Egs. (2.2) and (2.3) while reexpanding the result up to
the desired order 5. In the present application, we are
mainly concerned with the finite-temperature effective
potential for the scalar quartic model at the order of A2.
Applying Egs. (2.2) and (2.3) to the perturbative (O(4?)
standard result and reexpanding yields the corresponding
OPT expression up to the order of &> (NLO), whose

OO0 000E
PeNED SRS

FIG. 1. Feynman diagrams contributing to the effective poten-
tial for the A¢* model in the OPT case at NLO. The black circle
represents a quartic vertex proportional to 04, and a black square
is a (new) quadratic vertex proportional to &»”, while the crossed
circle represents renormalization counterterms. The external lines
represent the background scalar field ¢ in the effective potential.

contributions are represented by the Feynman diagrams
shown in Fig. 1.

Within our procedure, the first step is to evaluate a
relevant physical quantity, up to a given order, using the
deformed theory described by the OPT Lagrangian density,
Eq. (2.4). The effective potential can be obtained using the
standard method in the literature [54-57] by shifting the
scalar field around a background field ¢p — ¢ + ¢, where
(¢p) = @, and performing the functional integration over ¢/,
after which we can use the substitutions (2.2) and (2.3) to
obtain the corresponding OPT expression. Explicitly, the
renormalized effective potential for the OPT at NLO at
finite temperature is given by [33]

Vorr = AV?)OPTéo + AVpd + AV%ZPT‘52 +0(8%), (2.6)
where

Q2L +3) JooI"

1
AV = —[m? + n*e? — - . (2.7
orr =5 lm>+ e s@n?  2dnp &7
| 1 y)
S 2.2 4
AVopr = 2’7 @ +4!§0
nn?
+ 2{dn) (Lo + 1)Q%2 —J| oT?
2
Q- A
2
jtm[(LQ +1)Q? = J, oT??
+ F, (2.8)

and
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4
n A
AVEpr = e Lo +Jy0] - an[Lg + Lrol[(Lg + 1)Q% — J, oT?]
s ), 4 \
~ 48(4x)0 (3Lo +4)Jiq +Jialaa +2K20 + 5 K30 |3T

— (1203 +28Lg — 12 =722 —4Cy + 6(Lg + 1)J5.0)J | oQ°T?

3 , 4l 232, 2 4
+ 5L9+17LQ+7LQ—23—?—1// (1)+C1 +3(LQ+1> JQ.Q Q
2 202 2 2 2
@ A7Q 5 bis An 5 "
— |-—( (L 1 1+— ——— (Lo +J L 1)Q* —J 1 oT7)(Lg +J
2 = (Tt 17414 5) 4 2 (Lo 4 20) + 5 (L + D92 = 1 aP) Lo + J3)
2 2072 2 gt 32
o(an) [-3Q°(LG +3Lg + Cy) + 3T (Lot 1o + Hao + H3 o)l | — 4120407 Lo+ 20| + Fg. (2.9)
|
where we have defined Lo = In(u?/Q?), with y being the _ 04
renormalization energy scale in the MS regularization ou
scheme while C, C;, and C, are numerical constants given, om?
respectively, by C, = —9.8424, C, =39.429, and Yo = izi (3.3)
C2 = 3.33288. The quantities ‘]O,Q? JI,Q’ szg, HZ,Q’ H3’Q, m (d
K; o, and K3 are all functions of Q/7, and their explicit . 1n Z1/2 34
expressions are given in Appendix A, while the expressions Yo =H o " (3.4)
for the terms Fs and F 5 appearing also in Eq. (2.6) are oA
provided in Appendix B. In the expression for the effective A= U o’ (3.5)

potential, Eq. (2.6), ¢ denotes the constant background scalar
field, while m and A represent the renormalized mass and
coupling, respectively. Note that m and A are implicit
functions of the renormalization scale x and they are obtained
from the loop expansion of the original theory, prior to the
application of the OPT prescription given by (2.2) and (2.3).

The next step is the implementation of the RGI pro-
cedure to the original loop expanded V. (see
Appendix C). Once the relevant RGI V. is determined,
one may apply the OPT procedure in order to resum the
perturbative series. In the next section, we review these
steps, starting by determining the RGI V ;.

III. RENORMALIZATION GROUP
IMPROVEMENT AND THE OPT
IMPLEMENTATION

In this section, we present a brief summary of the method
that allows for the mitigation of scale dependence in an
effective potential within perturbation theory in 4. In the
context of the effective potential of the massive A¢* theory at
zero temperature V¢, which explicit expression can be found
in Ref. [58], the effective potential must satisfied the renorm-
alization group equation (RGE), that can be written as [59]

0 0 , 0 0 0
—_— —_— —_— —_—— —_— V :0’
Hou tPigytrmm s gt Pagy = 1p0 g | Verl®)

om?
(3.1)

where the functions f;, 7,,, f, and y,, are defined as

with Z,, representing the wave function renormalization term.
Note that, to implement the RG procedure, we also introduce
the “cosmological constant” A [60]. In the RGI context, A is
used to ensure the scale invariance of the effective potential
[61-63]. For the A¢* theory, the functions f3,, 7,,, B, and Yo

are well known and are defined, up to the order of 73, as [64]
By = Poi*h + pi130* + o2t h,
VYm = 7m0’1h + 7/m1/12h2 + 7m2’13h3’
Yo = 70/1}’1 + }’1/127’12 + }’213fl3,

Br = m*(Baoh + PriAn® + Prad*h?), (3.6)
where
3 17 2412¢(3)
ﬂO - 27 ﬁl - 4 2 = 6 )
(4r) 3(4n) (4rx)
I s 7
Imo =42 T Tt T T 20
., o o
= N TRt T T 164
1
_ , —0, and B — . (3.7
ﬁAo 2(47[)2 )BAI an )BAZ 16(47{)6 ( )

An effective potential fully satisfying Eq. (3.1) is invariant
under the RGE. In practice, the literature presents some
methods that provide ways to obtain an approximate solution
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to Eq. (3.1) in a way that mitigates the scale dependence of
the effective potential. For our purposes, the method intro-
duced in Ref. [61] and later explored by the authors of
Refs. [62,63,65-67] will prove to be the most useful. The
improvement of the effective potential through the properties
of the renormalization group has also been investigated in the
context of finite temperature in Ref. [68] at leading order in
the loop expansion. The calculations for the scalar theory A¢*
at T = 0 were later studied in Refs. [69] and [58] at two- and
three-loop orders, respectively.

The method proposed in Ref. [61] involves solving the
RGE through a set of ordinary differential equations order by
order in perturbation theory. Following the original
Refs. [58,61,62,69], the RGI of the effective potential begins
by noticing that the solution of Eq. (3.1) cannot vary if one
considers a change in the energy scale from y to ji and the
effective potential should remain unaffected through such a
change of scale. Formally, this condition of invariance under
a change of scale from u to iz can be expressed as

Veff(ﬂv A mz’ @, A) = Veff(ﬁ’ 4, ﬁ,lZ’ ?, A) (38)
Following the procedure in Refs. [62,69], to find a solution of
Eq. (3.1), we introduce the reparametrization iz — tfi, such
that A(g) = A(ti), m*(i) = m*(tp), (i) = @(tf), and
A() = A(ti). Based on the requirement that the effective
potential remains constant along the curves defined by this
reparametrization, i.e.,

%o
ot oA

om* 9

dVer _[0R0 010  om* o
ot om>

dr Eapﬁ&ﬁ
=0.

0p 0
Voo
ot op|
(3.9)

Comparing Eq. (3.9) with the RGE (3.1), we identify the set
of equations to be solved:

di  _ di - dm*  _ _,
M= Mg =P Mg = e
dp _ _ _ dA -
hE = V- flE = P (3.10)

where we have reintroduced the 7 symbol to keep track of the
order in which these equations are solved (as a loop
expansion, in powers of #) for the parameters of the theory.
Up to the order of A2, the solutions of the set of differential
equations in (3.10) are

A= 2o+ Ah+ LR, (3.11)
m? = mj + imth + m3n?, (3.12)
b = po+ 1o+ Po1?, (3.13)
A=Ay + Ah+ A2, (3.14)

where the explicit expressions for each term in the above
solutions can be found in Refs. [58,69]. For completeness,
we reproduce these solutions in Appendix D, where they are
explicitly presented in terms of Egs. (D4), (D7), and (D9)-(D18).

A. Obtaining the effective potential in the RGI method

The underlying physical motivation for the chosen RGI
strategy can be summarized as follows. The RGI strategy
adopted here is motivated by the requirement that physical
observables should be insensitive to arbitrary renormaliza-
tion scales, which arise as artifacts of the perturbative
framework. In thermal field theory, this issue is further
compounded by the presence of medium-induced effects,
such as thermal screening, which are not efficiently
captured by a naive perturbative expansion. The introduc-
tion of a variational parameter provides an effective way to
encode these medium effects through a dynamically gen-
erated mass scale. By combining RG invariance with a
variational optimization procedure, the VRG approach
enforces a principle of minimal sensitivity with respect
to both the renormalization scale and the variational
parameter. This leads to a reorganization of the perturbative
series around physically relevant scales, thereby improving
the stability and reliability of the resulting thermodynamic
quantities.

The RGI method applied to the effective potential (see,
e.g., Ref. [69]) starts by first substituting Egs. (3.11)—(3.14)
into the original effective potential to ensure that Eq. (3.8) is
satisfied. The effective potential is then reexpanded in
powers of & up to the appropriate order at which Vg is
being evaluated. After reexpanding V., we then substitute
in it the solutions for each one of the terms appearing on the
right-hand side of Eqs. (3.11)-(3.14); e.g., one uses the
explicit solutions given by Egs. (D4), (D7), and (D9)—(D18).
The result still has a dependence on the renormalization
scale, and some suitable choice for x must be considered. For
this, we first note that the first relation in Eq. (3.10), when
using the boundary condition fi(0) = p, has the solution

> = u?exp(2t/h). (3.15)
We also note that the parameter ¢ encodes how the change
between the scales y and jz occurs. The main idea of the RGI
method is to choose a value for 7 in such a way as to minimize
the dependence on the scale. The scale dependence in the
original effective potential arises from logarithmic terms.
These scale-dependent logarithmic terms can vanish
through an appropriate choice of ji, for example, by taking
the argument of original logarithms to satisfy [62]

m* (1) + 5 A1) (1)
(1)

which must be solved order by order, since the parameters of
the theory have a perturbative expansion. Although solving

=1, (3.16)
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Eq. (3.16), in general, represents a complex task, one can,
nevertheless, choose j judiciously. As suggested in
Ref. [58], by choosing the simple form

h <m2+/1q02/2>
—In| —————,

2 u?

t= (3.17)
one can reproduce Kastening’s original results [61], as
shown in Ref. [69].

In the context of the finite-temperature effective poten-
tial, the same procedure can be applied. New terms arise
due to the finite-temperature procedure; these terms also
contain the parameters of the theory, which must undergo
the appropriate modifications due to the RGI—for further
details, see Ref. [68].

Next, we describe the procedure outlined above for the
RGI of the effective potential in the context of the OPT
method at finite temperatures.

B. Obtaining the effective potential in the VRG method

We now present a consistent implementation of the VRG
method for the finite-temperature effective potential
derived within the OPT. The strategy is to apply OPT
directly to the RGI finite-temperature effective potential,
thereby combining variational resummation with a system-
atic reduction of renormalization-scale dependence.

The construction proceeds as follows. First, we consider
the loop expanded finite-temperature effective potential.
The RGI procedure described above is then applied to this
effective potential. At this stage, the RG equations are
solved without fixing the optimized scale ji. This procedure
leads to the RGI effective potential as described above.

Next, the OPT deformation, defined by Eqgs. (2.2) and
(2.3), is implemented in the RGI effective potential. When
expanding the effective potential in powers of the book-
keeping parameter &, the quantity &= 1— fyir is left
unexpanded. This prescription ensures that the § expansion
does not spoil the logarithmic resummation achieved by the
RGI method, in close analogy with the treatment of the 7
expansion in Refs. [58,69].

The optimum scale j is next fixed according to the OPT
order under consideration. For instance, at high temper-
atures and at first order in 8, all logarithmic terms can be
cast in the form In(aT/f), where @ = 4z /e?=. This allows
us to choose, for example, ji = aT and adopt the same
prescription at the order of 8. The resulting VRG effective
potentials at the orders of & and &> are given in Egs. (E1)
and (ES), respectively, with explicit expressions collected
in Appendix E. The final step is to obtain the arbitrary mass
parameter n, which is then fixed by applying the PMS
condition Eq. (2.5) to the VRG effective potential.

IV. RESULTS

Let us now analyze how well the VRG performs in order
to attenuate the scale dependence of the OPT effective

potential by mainly comparing predictions for the sym-
metric (m*> > 0) and the nonsymmetric (m? < 0) cases.
Concerning the first case, we will also make a comparison
with the results provided by other nonperturbative methods
commonly used in the literature, e.g., the results obtained
from the two-particle irreducible approach (2PI), from the
functional renormalization group (FRG), and from the
RGOPT method. This will help us gauge how our approach
performs compared to these other methods. In addition, we
also examine whether the VRG potential preserves the
universality class of the A¢* theory.'

To analyze the dependence of the effective potential on
the renormalization scale, we start by considering the scale
dependence of the renormalized parameters m(u), A(u),
and @(u). As already specified in the previous section, at
the first order for both OPT and VRG, we consider the
running of the renormalized parameters up to O(#?) and
which are determined by the equations

Aw)?  174()?

pA' (u) =3 (4”)2 3(47[)4 ’ (4.1)
m'(u)  Ap)
Fonlu) = 2(dn)?” 42)
o'(w)  Au)?
Holw) ~  T2(dn) (43)

where these solutions are used in Eq. (2.6), at the order of 9,
in the case of OPT, and in Eq. (E1) for VRG. In the second
order for both OPT and VRG, we consider the running of
the parameters up to O(A?), which are now given by

M) 17A(p)?

uA'(p) =3

(4m)*  3(4n)*
ﬁf’r ;6 ng + 12¢(3)} : (4.4)
m'(p) _ Aw) | TAw)?
Honle) ~ 2427 " 2(dx)0” (4:3)
@) Aw? A’
T T

where we now substitute these solutions in Eq. (2.6), up to the
order of 8, in the case of OPT, and in Eq. (E5) for VRG. The
boundary conditions used to solve the set of Egs. (4.1)—(4.6)

are A(po) = Ao, m(po) = my, and (o) = @o, where yg is a
reference scale to be defined below. As is common in the

'Recall that the Z, symmetric scalar field model (2.1) belongs
to the same universality class of the Ising model for d < 4, with
the model exhibiting a second-order phase transition at the critical
point [59,70,71].
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literature, to check the stability of the computed quantities
with the scale u, we will vary it around the so-called “central”
value u = 27T within the usual range y € [zT,4xT]. As a
reference scale, we can then choose uy = 22T where, for
simplicity, the reference temperature is set to 7o = mg/(27)
so that yy = my. This choice will allow us to easily express
all physical quantities in units of m, (or, likewise, in terms of
the reference scale y).

A. Symmetric phase

The symmetric phase is characterized by a non-negative
quadratic field term in the potential, which leads to a
vanishing vacuum expectation value, (¢) = ¢ = 0. Let us
start by analyzing, within the different schemes, the
pressure and which in the symmetric phase is then defined
as P = —V.x(p = 0, T). With this aim, it is convenient to
normalize P by the ideal gas value, which, for a free scalar
field theory, is given by

72Tt

Pigeat = 90 (4.7)

In Fig. 2, we compare the OPT and VRG results for the
pressure subtracted by the constant vacuum term, AP =
P — P, cuum [Fig. 2(2)] and for the optimal variational PMS
parameter 7 as functions of temperature [Fig. 2(b)]. The
results indicate that the VRG exhibits a much milder scale
dependence than the OPT. We also find that in both cases,
the different orders (5 and &%) show a very good con-
vergence for AP, with it stabilizing between 0.92 <
AP/Piyeq <095 in the temperature range considered.
Figure 2(b) indicates that the optimal # provided by the
VRG prescription is less sensitive to scale variations than
the result from the OPT. This suggests that the new
approach encodes part of the improvement brought about
by the renormalization group also directly on the optimal
value 7.

In Fig. 3, we now show the results for the pressure
[Fig. 3(a)] and for the optimal PMS mass parameter 7
[Fig. 3(b)] as a function of the renormalized coupling while
keeping the temperature fixed. We observe that the VRG
predictions remain close to the center of the band generated
by the OPT while significantly reducing the scale depend-
ence at both orders. This is the same qualitative behavior
observed in Fig. 2. From the value 1 2 1, or, equivalently,
(4/24)'/2 > 0.2, the bands showing the scale dependence
increase considerably in the case of the OPT, while for the
VRG the increase is less dramatic.

In addition to the direct comparison between the two
techniques shown in Figs. 2 and 3, the comparison can also
be included with other methods found in the literature.
Many of these alternative approximations present results
for the pressure that are very much similar to the one shown
in Fig. 3(a), for example.

0.96
0.95} m———
0.94¢

T - OPT O(J)
yr VRG O(J)
v - OPTO(8?) |
VRG O(5?) |
1 6 8 10 12
Timg
(a)

b - oPT o(J)
b ----- VRG O(&)
OPT O(5?)
4 VRG O(52)

T/mo
(b)

FIG. 2. The pressure subtracted by the constant vacuum term,
AP = P — P cuum» Normalized by the ideal gas result (a) and the
optimal mass parameter 7 (b) as functions of 7'/m, for the OPT
and VRG methods at the orders of & and &%. In both cases, the
coupling value is fixed at the representative value 1, = 12.25, and
the scale dependence range is given by z7 < u < 4zT. In the
OPT up to 6 and 6> order and VRG up to 6, the upper curve in the
bands corresponds to the value y = 4T, while the lower curve in
the bands corresponds to ¢ = zT. Otherwise, the VRG up to §
order gets inverted. This pattern is repeated in the other figures.

While the strong reduction of the renormalization-scale
dependence observed in the VRG results provides an
important consistency check, it should not be interpreted
by itself as a proof of improved physical accuracy. In the
present framework, this stabilization arises from the com-
bined optimization with respect to both the RG scale and the
variational parameter, which enforces a form of local
insensitivity to unphysical parameters. This procedure
effectively reorganizes the perturbative expansion and
typically correlates with improved convergence properties.
However, part of the reduction in u dependence is also a
direct consequence of the variational constraint and, there-
fore, does not strictly guarantee proximity to the exact result.
A definitive assessment of the accuracy of the method
ultimately requires comparison with nonperturbative
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1.00

SEEEE - OPT O(J)

————— VRG 0O(J)
0.92}
rrrrrrr OPT O(5?)
0.90 VRG O(5?)
0.0 0.2 0.4 0.6 0.8 1.0
(A124)"?
(a)
14F )
rrrrr - OPT O(J) .
120 VRG 0(J) -
10p oo OPT O(5?)
o g VRG O(52
IS (6%)
NI
4 L
2 L
0 kL N N N N A
0.0 0.2 0.4 0.6 0.8 1.0
(A124)"?
(b)
FIG. 3. Similar to Fig. 2 but showing the normalized pressure

(a) and the optimal mass parameter # (b) as a function of the
renormalized coupling, with the temperature fixed at 7 = 20m,.

.00~ - RGOPT 0(59)
N
S RGOPT O(5)
0.98 S
AN RGOPT 0(62)
® BN
2 0.96
Q
Q ., "~ - OPT O(d)
< 0.94
***** VRG 0(&) e
0.92 OPT 0(52) \"\\ <
0.90 VRG 0(62) =S
0.0 0.2 0.4 0.6 0.8 1.0
(A124)"2
(a)

benchmarks, which is here done in Fig. 4, with results from
other available nonperturbative methods found in the liter-
ature. To compare, in Fig. 4(a), our results with the
predictions of other methods, we consider only the massless
limit, since this is the case analyzed by the other authors. In
Fig. 4(a), we compare our results for the OPT and VRG with
those produced by the RGOPT. The latter results (up to the
order of 6%) were originally obtained in Ref. [47]. Note that
this reference also presents the predictions from the screened
perturbation theory (SPT), which turn out to be very similar
to the ones generated by the standard OPT. Therefore, to
make the comparison less clumsy, in Fig. 4(a), we compare
only OPT, VRG, and RGOPT.

For the same massless (unbroken symmetry) case, the
literature also contains results generated by alternative
methods such as the FRG, which involves a possible
truncation of the potential and a choice of regulator.
The local potential approximation (LPA) is commonly
used to solve the FRG flow equation, and the regulators
employed in this approximation were the exponential
regulator and the Litim regulator (see Ref. [72] for details).
Reference [73] also includes the Blaizot, Méndez-Galain,
and Wschebor (BMW) approximation which is based on
the FRG with the aim to improve the LPA one. In addition
to these FRG-based methods, results obtained with the 2PI
resummation were also presented in Refs. [72,73]. To make
a clear comparison of our results with all these other
methods, in Fig. 4(b), we consider only the OPT and VRG
cases at the order of &%. Also, since those other methods
have presented results only at the central scale value
u =2xT (without showing the scale-dependent bands),
we do the same here for the OPT and VRG. As shown in
Fig. 4(b), the VRG (and similarly the OPT) remains close to

OPT (62)

VRG (62)

LPA (Exp) NG

LPA (Litim)
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
(A/24)"?

(b)

FIG. 4. The pressure subtracted by the constant vacuum term, AP = P — P, ,um, Normalized by the ideal gas result, as a function
of the coupling, for the (symmetric) massless case. In (a), the OPT, VRG, and RGOPT results are compared for z7 < y < 4zT. In
(b), the OPT, VRG, FRG (with implementations LPA and BMW—see the text), and 2PI predictions are compared for the central
scale, u = 2xT. The renormalized coupling is taken at the central value for the scale, 4 = A(2zT), and the temperature is fixed

at T:ﬂo
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FIG. 5. Subtracted effective potential, AV = V (0, T) —

Vee(@ = 0,T), in units of mass as a function of the field for
fixed coupling Ay = 12.25 and temperature (7" = 20m). The
scale dependence range is given by zT < u < 4zT. The figure
shows the results obtained with the OPT and VRG at perturbative
orders § and &°.

the 2PI results up to (1/24)'/> ~ 1.2 (corresponding to
A~ 34.6), beyond which the VRG exhibits an increased
suppression of the pressure relative to the other methods.
On the other hand, the RGOPT, shown in Fig. 4(a), also
indicates a similar, though more pronounced, suppression
of the pressure relative to the ideal gas case.

Let us now examine the subtracted effective potential,
AV =V (9, T) — Veii(p = 0,T), as a function of the
background field, ¢. The results are shown in Fig. 5 for
the choices 7' = 20m, and 1, = 12.25. It can be observed
in this figure that, as the field increases, the scale depend-
ence becomes more pronounced in the case of OPT at both
orders, whereas in the case of VRG, also at both orders, the
effective potential is not so sensitive to scale variation as the
field grows.

B. Broken phase

Let us now consider the results for the broken symmetry
phase, where investigations related to the phase transitions
can be performed. This will also allow us to gauge the scale
dependence on the critical temperature for symmetry
restoration. In the broken phase, the field acquires a
temperature-independent nonvanishing vacuum expecta-
tion value, 6(0), already at the classical (tree) level.
Then, considering the temperature-dependent higher-order
contributions to the effective potential, one can analyze the
thermal behavior of the order parameter o(7), which
characterizes the possible phase transition patterns. The
critical temperature (7'.) associated with the restoration of
symmetry is determined by the condition ¢(7.) = 0. At the
order of 6, the authors of Ref. [33] found that the OPT free
energy leads to a first-order phase transition failing to
respect the universality class of the A¢* model. The very
same result is also found here with the VRG. However, at

the order of &2, the OPT correctly predicts a second-order
phase transition, as shown in Ref. [33]. As we shall see, at
the same perturbative order, the VRG also correctly
predicts a second-order phase transition. For this reason,
we will now focus on only the order-6* results when
analyzing the broken phase.

As usual, the order parameter ¢(7') can be determined by
minimizing the thermal effective potential, which here is
done for both the OPT and VRG ones:

dVey(o.T)

i = 0. (4.8)

¢=0o(T)

Another quantity of interest is the (temperature-dependent)
curvature of the effective potential at the 0rigin2:

d?V gt ()
dgo2

(4.9)

2 _
my =
=0

Note that the above derivative is taken around the origin
with the aim of investigating the phase transition, that is, the
sign change of the curvature term of the potential. We also
emphasize that Eq. (4.9), at the level of the approximations
considered here, yields exactly the same critical temper-
ature result as Eq. (4.8).

In Fig. 6, we show the temperature dependence for o(7)
[Fig. 6(a)] and for m% [Fig. 6(b)] for both OPT and VRG at
the order of &°. To facilitate visualization of the scale
dependence of both quantities, here we have considered the
coupling as fixed at the value 1y = 0.1, while u is again
varied within the range z7T < u < 4zT. Although it may
appear that there is no scale variation in the VRG, this is
merely a misleading impression caused by the image, since
a rather mild scale variation was observed at the numerical
level. This figure is important because, in addition to
illustrating the continuous variation of the vacuum expect-
ation value of the field, it also provides an assessment of
how T responds to scale variations, as we shall discuss in
what follows. Note that the temperature-dependent curva-
ture m? of the effective potential, which is another way to
determine the critical temperature, expresses the variation

’Even though it is common to call Eq. (4.9) a thermal mass, it
should not be confused with the true temperature-dependent
effective mass, defined through the on-shell pole of the scalar
field propagator at finite temperature. At the order of §, both
quantities are the same, but at second order, since the effective
potential includes only off-shell contributions, they are not
equivalent.

*Note that this equality holds within the present level of
approximation used in the VRG framework. At higher orders,
small deviations may arise due to residual truncation effects. In
other situations (e.g., first-order phase transitions), where linear
and cubic terms in the field may be present (either at tree level or
generated by quantum or thermal corrections), this equality
would no longer hold.
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FIG. 6. The temperature-dependent expectation value normalized by the tree-level vacuum value ¢(0) (a) and the effective potential
curvature (b) as a function of the temperature. The scale dependence range is given by z7 < y < 4T, and the coupling is fixed at
Ao = 0.1. In both cases, the results for OPT and VRG are at the order of 5°. For the OPT, the curve on the right corresponds to u = zT,
while the curve on the left corresponds to 4 = 4z T . Similar for VRG, though the band due to the variation of the scale is barely visible in

the plots.

of the mass values and a change in its sign marks the phase
transition. Let us point out that the coupling was chosen at
Ao = 0.1 for two main reasons: The first is that weak
couplings require higher critical temperatures, favoring the
high-temperature analysis used in this work; the second
reason is that a weak coupling allows us to perform a direct
comparison with results obtained in the literature, such as in
perturbative calculations [54,56] and nonperturbative
calculations [29,33,74].

Figure 6 also shows that ¢(T) and m2 approach the
critical point in a way that is similar to that exhibited by the
Ising model in three spatial dimensions in the context of
statistical mechanics [75] and can be specified by the
critical exponents defined as follows:

: (4.10)

. Ino(7)
f=lm In|z] ° (4.11)
where, in the usual prescription, z denotes the reduced
temperature, 7 = (T — T,.)/T., and T . is the critical temper-
ature. In Fig. 7, a linear fitting is performed for both the
thermal expectation value [Fig. 7(a)] and the curvature of the
potential [Fig. 7(b)]. In Fig. 7(a), we start from a temperature
below the critical temperature and gradually increase it in
successive steps until it approaches the critical temperature,
with each point corresponding to a temperature increment of
AT /my = 0.0001. Figure 7(b) basically displays the same
procedure but starting from a temperature above the critical
value. Note that both results approach the critical exponent
values v = 1/2 and = 1/2, which are still the values
predicted by the mean-field approximation [59]. A similar
situation has also been shown to occur in the two-loop

1.5 . . .
W oPT s? W OPT 52
_2.0F -4.5¢
® VRG s? ® VRG 52
=25 1—=-50
S S
£ 30 =
= _55
-3.5 — 4 =0.499205 — v =0.500094
-6.0 ]
-40} ‘ ‘ Sooc f=0499276 : ‘ e v =0.500047
-13 -12 -11 -10 -9 -13 -12 -11 -10 -9
In| 7| In| 7|
(a) (b)

FIG. 7. The results for In|o| (a) and for In|my| (b) as a function of In|z|. In each case, the dots are the numerical results. The
corresponding values for the critical exponents in each case, obtained by the fittings, are also indicated. The coupling is fixed at 15 = 0.1

and y = aT.
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TABLE 1.

Sample results from OPT and VRG for the critical temperature and its percentual difference at the

extrema of the interval for the scale dependence, z7 < u < 4xT.

Ao [TOPT(xT), TOPT (4xT)) ATOPT (%) [TYRG(2T), TYRG (47T)) ATYRG (%)
0.1 [15.566558, 15.552963] 0.087333 [15.558629, 15.558627] 0.000010
0.5 [7.00635, 6.97562] 0.438617 [6.988491, 6.988452] 0.000558
1.0 [4.964792, 4.920350] 0.895167 [4.939094, 4.938934] 0.003237

®-derivable approximation [76], which also found the
critical exponents to coincide with those in the mean-field
approximation. In that reference, this was attributed to the
order of the approximation used not being enough to
produce nonanalyticities in the effective potential. We
believe that a similar issue also occurs here, despite the
fact that OPT and VRG at the order of & correctly predict a
second-order phase transition.

We note that, due to the high-temperature approximation
considered here, weak couplings (1 < 1) make the scale
dependence range quite tight. However, a numerical analy-
sis of the critical temperature values can be obtained and
shall prove to be useful when further analyzing the scale
dependence of a physical observable such as T'... In Table I,
we present the 7', values for 15 = 0.1, 0.5, and 1.0, as well
as the quantity AT, = [T .(zT) — T.(4xT)|/T.(zT), which
represents the percentage variation in the critical temper-
atures computed at the extrema of the scale variation that
we consider.

Let us now check the dependence of the effective
potential in the OPT and VRG cases as a function of the
background field just as we have done in the symmetric
case (see Fig. 5). This is shown in Fig. 8. We choose 15 = 1
as a representative value for the coupling constant. The
values of the temperature have been taken below and above
the critical value, which shows well that the phase transition

9 10-11T , , — 7
1x107""F , /

T o / 1l/
S 0 ’
> Y/
N //

S0 /

— N\
2 \\\ =
_2x 10—11 b VRF O(c“) ~———

0.000 0.002 0.004 0.006 0.008 0.010 0.012
@lmg

FIG. 8. Subtracted effective potential, AV = V u(,T) —
V(@ =0,T), as a function of ¢. The results for OPT and
VRG are at the order of 82. The coupling is fixed at the values
Ao = 1. The scale dependence range is such that z7 < p < 4xzT.
From bottom to top, the regions correspond to the temperature
fixedat T =T, - AT, T=T,., and T = T_. + AT, respectively,
with AT/my =5 x 1078,

1s second order, as also confirmed with the results shown in
Fig. 6. Furthermore, the results displayed in Fig. 8 indicate
the efficiency of the VRG method in suppressing the scale
dependence compared to the results for the OPT. An
important aspect elucidated by these results is the differ-
ence in scale at the minimum of the potential, a feature that
had already been demonstrated in Fig. 6(a).

V. CONCLUSIONS

In this work, we present an alternative resummation
method that aims to improve the effective potential
obtained with the traditional OPT by imposing RG con-
ditions. The proposed new prescription, called here the
VRG, combines the RGI method, originally prescribed in
Refs. [58,69], with the OPT procedure. The OPT is directly
applied to the RGI finite-temperature effective potential,
which then combines the variational resummation with a
systematic reduction of renormalization-scale dependence.

This approach encapsulates a consistent way to merge
these two tools and the results presented here for the Ag*
theory are promising, showing a significant reduction in the
scale dependence in both the symmetric and broken phases
of the theory. A major advantage of the prescription
proposed in this work is that no modification of the
standard OPT framework is required apart from the
incorporation of the properties of the RGI procedure.
Since VRG improves the scale dependence of the standard
OPT, we believe that it can also be useful in improving the
scale of other thermal resummation methods, such as SPT
and HTLpt, which are plagued by high scale dependence
issues.

In the broken phase, the VRG has proven to be fully
consistent for what we expect for the phase transition
pattern of the theory. In particular, the predictions for the
order parameter and the critical temperature have proven to
be very stable against scale variations. We have observed
that the VRG respects the same universality class as the A¢*
theory, predicting a second-order phase transition, as
expected. In this application, it was not possible to access
the critical temperature for higher couplings because of the
use of high-temperature approximations. This may be
remediated in the future by accounting for the full
momentum integration of the loop terms, bypassing the
high-temperature approximations. This would require to
perform a more comprehensive numerical analysis to better
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understand the broken phase for a wide range of 4 and
temperature values. We leave this more involved numerical
analysis for a future work.
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APPENDIX A: THERMAL INTEGRALS

The thermal functions J,(a) appearing in Eq. (2.6), with
a =Q/T, are defined as

4r <%) 0 x4—2n 1
J,(a) E—/ dx , (A1)
n) b “VETE T
which satisfies the identity
1 dJ,(a)
J = . A2
wi1(a) " 2a oa (A2)

When a < 1, we have the high-temperature expansion for
the J,(a) functions as given by [33,54,77,78]

8 3\ 4x? 16
N R A

"(2n—1)N¢(2n41)a?+4)

+1282 32 T2 2 (A3)
Ji(a) =—4na—-2a? [In<4 >+7E_%:| _|_4%
(=1)*(2n =111 (2n41)a?+2)
162( n|2n+1(n_|_1)(2”) ) <A4)

and

2
J>(a) :—”+21n(4 ) 2y,

i (=1)"(2n = N (2n + 1)a?

n!2n+l (27[)2”

+4[ } (A5)

n=1

where yp = 0.57721 is the Euler-Mascheroni constant.
The function H, appearing in Eq. (2.6) is given by [2]

Hs(a) = (2 - %)Jl (),

while the H; function in the high-temperature approxima-
tion is [79]

(A6)

(47)?

Hs(a) ~— B [In(a?

) +5.3025]. (A7)

The functions K, and K5 in Eq. (2.6) are, respectively,
given by [47,80]

Kz(a)g“”)“(l e >)

72 27
—372.65a(In a + 1.4658) (A8)
and
(4 O(-1) f(=3)
Kala) =45 ( 5+ 4(—3))
+1600.0a(Ina + 1.3045), (A9)

where {(x) is the Riemann zeta function.

APPENDIX B: RENORMALIZED PARAMETERS

In the context of the usual perturbation theory, the
renormalized parameters are determined by the renormal-
ization conditions (e.g., by the pole of the propagator for
the mass and by the amplitude 2 — 2 scattering for the
quartic coupling constant) [81]. These parameters are also
known as physical parameters [80]. Accordingly, the bare
mass and coupling are related to the renormalized ones
through

Am? MZ
mj = m2+2(4ﬂ>2 [IH<W> + 1] +

A2m? 11
(4m)* | 48

+%ln2 <:;) +;ln<:;>} + 023, (B1)
X _,1+(4'1—;2 Eln(i—i) + 1} +O(2%). (B2)
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The effective potential for the OPT at the order of &7, Fo_ Ap*Q? Lo+ 1]+ 2 Lo+ 1]
Eq. (2.6), is obtained by first performing the above o 4(4x)? Q 4(4n)* Q
replacements in the perturbative effective potential with ) ’
bare parameters (see, e.g., Ref. [33]) and then applying the X[ QLo +1) - T 0] (B3)
OPT procedure given by Egs. (2.2) and (2.3) and expanding
in & to the desired order. To the order of &, this procedure
then gives origin Eq. (2.6), with the two terms in that and
equation, Fs and F g, given, respectively, by
2 y) 2.2 /12(ﬂ4
Fp=—"lhollg+ 1)@ —J,oT2 (2050 + Lo)] — LI 3Lg+2
& 4(4ﬂ)4[ 20(Llo+1) 107%(2/20 + Lo 2(ax)? Q+48(4ﬂ_)2( o+2)
na 2 2 2 2
+ 11 T*(4C = 6J50(Lo + 1) = 1205 — 28Lg + n° + 12)]
48(4x) ’ '
n32?
+ 18(4n)° [Q*(Lg + 1)(—4C) — 72 4+ 3J50(Lq+ 1) + 10Lg — 18) +3J7 o (3Lg + 2)T*]
2y 2 _ 02 2 2
+ W [6J,0(3Lg +2)T* — Q*(4C 4+ 24Cy 4+ 6J,0Lo + 6J59 + 120 + 32Lg — n* — 12)].  (B4)
APPENDIX C: THE PERTURBATIVE EFFECTIVE m4 (2L, +3) Jon T
POTENTIAL OF THE MASSIVE i¢* THEORY IN AVZ’f]f == m”2 — 0 5 (C3)
8(4n) 2(4n)
n ORDER
In this appendix, we present the effective potential of the
massive A¢* theory at finite temperature, organized in
orders of f. The zero-temperature case was used at the w A 2 212
beginning of Sec. III for the review of RGI, whose result is AVer = 8(4x)* (Lo, + Vg = T 1, T
found in Ref. [58]: 202
, 1 . - Tj_pzl. [=3m3 (L7, + 3Ly, + C,)
Var = AVIERO + AVELR! 4+ AV 22 (47)
2
+ Avg;fh3 + O(h4), (C]) + 3T (LmHJI,mH + HZ.mH + H3,mH)]
Lot [, a1 C4
where ~ 8 (L, 1)+ 141, (C4)
AV = lmZ(pZ + i(p“ +A (C2)
) 41 ’ and
|
A 3L, +4)J3,, +J3,, T 2K ks, )3T
i = 18 (4x)° BLy, + 1, I, T2y + 2K, +§ 3.my
—-(12L2, +28L,, —12—7*—4Cy+ 6(L,,, + 1)J2m, ) 1 m,myT?
3 » 4l 237, 2 4 3
+ | 5Ly, + 175, +7Lmﬁ -23 — TV (1) +Cy +3(Ly, + 1) Tom, |my| +0OR),  (C5)
|
where we have defined L, =In(y*/m7) and in A The quantities Jo,.. Jim,» Jom,> Hom,
m3 = m*+3Ap*. Terms beyond O(4?) will not be  Hs,, , K,,, and Ks, are all functions of

necessary for the purposes of this work. This
potential contains all orders in perturbation theory
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APPENDIX D: SOLUTIONS FOR THE RGI
FUNCTIONS

Starting with the first differential equation in Eq. (3.10),

dp
h—=[ D1
=R (D1)
and choosing the initial condition at 7 = 0 as i(0) = y, the
solution of Eq. (D1) is given by
no (i

Considering now the equation for 1 in Eq. (3.10) and
following [58,69], at one-loop order we have that

20(1) = Boo(1)* = 0,

whose solution, with initial conditions at = 0 given by
20(0) = A(u), is found to be

(D3)

Ao = 3 (D4)

where we have defined & = 1 — fyAt. Going to /2 order, the
equation for the scale-dependent coupling is

W2 [=2B0do (1) (1) = Bro(1)* + 21 (1)]

- B2

/11 = /3052 11’15 (D7)

Similarly, at the order of 4> we find

2H(BTIn%(1 — Boar) — 367 In(1 — Byat) + o)
Bo(PoAt — 1)*

Z(1) =0,

2BoAa (1

PoAt — 1
where we have used the previous solutions for A, and 1,.
Considering the initial condition 4,(0) = 0, we obtain the
solution for Eq. (D8) as given by

B[R ﬂ2> L Pne
2 S ] 1_p A==
2= ¢2K N L -
12
+ﬂ%ﬂ3“75] (D9)

The solutions for the scale-dependent mass at the orders
of A%, h, and A? are found similarly [using the boundary
conditions m3(0) = m?(u) and m3(0) = m3(0) = 0] and
are, respectively, given by

m2

7 7 T D10
+ 1 (1) = Polo(1)?] = 0. (D5) 07 grm/Po (D10)
Using the solution from Eq. (D4), Eq. (D5) simplifies to , A2 Biro le
_ my = AP {(‘ % )[5_ 1]
h2 |: ﬂOAS Zﬂ()/lﬂl (t) + /_1/ (t>:| -0 (D6) 51’ o ﬁO ﬁO
Bodt =1 " poar—1 " : _ﬁlVZmO E] (1)
_ b ¢
and its solution, using the initial condition 4,(0) =0, is
given by and
|
_, _ Am? 7m0 Barmo  Pivmo | 2Brrmo¥mi Vot \ et
M2 = et 5 ;o om 3 (& -1
é}’mo 0 ﬂO ﬂO ﬂO ﬂO ﬁo

Bavmo

+ <_ﬂ%ymO + +ﬁ%}’31() _ﬁlyml
2 285 28, 28

2
_ ﬁlym(;yml 4 Lml yml ymZ) [5_ ]
P 265 2o

'3 ﬂS & ﬂo

Likewise, the solutions for the background field at the
orders of #° A, and A%, using the boundary conditions
@0(0) = @(u) and @,(0) = »,(0) =0, are found to be
given, respectively, by

- @

%o = g—}’o//fo ’ (D13)

_‘r_E( ﬂlﬂ]/in0+ﬁlym0y'nl>+1n§<ﬂ1ym0
0

2
ﬁlﬁyénl_ﬂly;gm) N (ﬂi%uﬁ;;zo) hjf_f] (D12)

o M |(Biro 1)y ME] D14
. f—m/ﬁoKﬁg ﬁo>[‘f g P19

and
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I =) Kﬁ?m Bavo By Biri v Buron 72) 5 ( Bivo Baro Birg 2Bron ﬁ) »
= ~f2ro Aifo (Bl AL PLORL 72 —1]4 (B0 220 Firo AT —1
2 [\2gy 2 28 28 28 By 2% -1 R B -1l
ﬂ%?(z) Biror1\Iné %7(2) Biri Birori\Iné %70 %7(2) lnzf
(i) o O P (o 5 ) 1)

Finally, the solutions for the vacuum energy at the orders of #°, &, and A%, using the boundary conditions
Ao(0) = A;(0) = A,(0) = 0, are found to be given, respectively, by

= m* o
Ap = — 1=2rn0/bo — 1], D16
O o210 | (1)
X 2P no < Pivmo -
A — m4|:ﬂ — + }/I‘I’l 51 27n10/ﬂ0 —_ 1
: 0(Bo = 27mo) bo )l |
_ (ﬁlﬂ/\o n Pibro  Pao¥m _ Pai )[g_zymo/ﬂo 1] _Profi Iné ]’ (D17)
B 2B0vmo Po¥mo  2Ymo P Exrmlb
and
Ay = am? |:<ﬁl:62/\l _ﬁzﬁz/\o _ 2,3%3/:103%0 + 4ﬁ1ﬁ/;07m1 _ﬂm}’ml +ﬂ1,52A07m1 _ 2ﬁ;\07%n1> [&2rmolbo — 1]
ﬁo .Bo ﬁo ﬂo Bo¥mo ﬂo}’mo ﬂo}’mo
ﬁ%YmO ﬂZymO 2ﬂ%y20 2 2 ﬂlyml ﬂAO(él_zymn//}O - 1)
+ - — 5 4B oY mPo + Ymz = 20 mbo —
( B Po B HmOTmizo T e O By Bo(Bo = 2 mo)
2 7 27 2 2
+ (ﬁ/\z _ﬁlﬂm _ ﬂlﬂz\zﬂmo +ﬂ1ﬂA27m0 +ﬂ2ﬂ/\(2)7m0 + ﬂlﬂ/:OYmO + Pai¥m
Po o Po o Bo Po
_3P1BaoYmi _ AB1BAYmoYm1 n 2P0 1 +ﬂA07m2> (&1 72rmlbo — 1) i <2ﬂ1ﬂAo7’m1 _ 2ﬂ%ﬂ/\07’mo) Ing
S B B Po Bo + 27mo B B &Exrmo/bo
1 252 2 2 In?
ng _ﬂlﬁm + PiProYmo _ P1Pr0Y m1 +ﬂ1ﬁA07mo n°g ' (D18)
fl“rz?mo/ﬂo ﬂ% ﬁg ﬂ% ﬂg §1+27m0/ﬂ0

The solutions for the coupling, mass, background field, and vacuum energy at 43 can be found in Ref. [58].

APPENDIX E: VRG EFFECTIVE POTENTIAL

Here, we give the complete expressions for the VRG effective potential at the orders of § and &° that were used in our
numerical studies.
The VRG effective potential at the order of d is given by

Virg = %QZ(PZ + 4%%404 - 94(82(1;2; ) ;((THT; - 8(4;11)45 [(Ly +1)2Q =3 5T + 4(1—3325]1.QT2
b (L4 D8 10T+ P €D
where & = 1 — Afyt, t = In(ii/u), and we have also defined
52 L2 2
@ = i 7+ 7). (2)
L; = In(u?e* /Q?), (E3)

and
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(,72 _ 51/3@2)2 | o4
Fopg=————— 2 (1=E53) 4+ " [35-54£*3 + 171 19
vac,l1 2 ( 5 )+54(4ﬂ)2[ 5 + n§+ 5]
+ o [19(E—1)=34In¢[(L; + 1)Q%> — J, 5T
108&(4x)* " L&
3 Qz/lgoz[S(f —1)=17In¢] 3 QA _289ln2§ 7776£(3) + 2509 2
543;(47z)2 5(471)4 1458 11664
323(E=1)Iné 3 36¢(3) +23 o3 3888¢(3) + 9239 n 7776£(3) + 10129 (E4)
1458 30 29160 11664
At the order of 6%, the VRG effective potential is given by
Vt\slzRG = Virg JFL(L* +J20) +L["1 alroT? + Li(L; +1)Q7)
452/3(47[)2 H 8 4534/3(4”)4 R , AT
A2 57 1172 -
- L3 L2 —+4 2. —5— —y''(1 4 (o}
4852(4ﬂ)6|:<5”+7ﬂ+<2+ C1+7T> i— 3 B (1) + Cy + C1>
4
+ <2J%’Q + J%,sz,g + 2K2’Q + §K3,Q> 3T4:|
n? 22 1 C, L\ -
+ (,02{454/37(47[)2]2@ + W |:—T2 (z]l.g.lzqg ‘I‘ HZ,Q + H3,Q —_ Jl,f)) + <? + C2 + FM Qz
/12§04
+ 132 (4n)? (2-3J50) + Fyacnr + F,, (Es)
where
/12(22(19(5—1)—341n§) /12(§+341n(§—1) _
F, = ¢* L.+J,q)— L+ 1)Q>-T%J, 4
17 { 21652(471')4 ( " + 2,9) 7252(477)4 [( i + ) I,Q]
207 [17(43 + 108L; — 16E)Iné  289In%E (E-1)
—864L; + 973 3888L(3)(E—1) —4186
Jr<§2(47z)4 { 5832 729 11664 ( Pt &+ 401G ) )
nZ/I(S(.f —1)=17In¢) /12(p4(.§— 1+ 171n¢)
4/3 2 2 2 (E6)
54643 (4x) 216&%(4r)
and
4 _ 2/3 2 2152 5/3 2
7' (35 = 54&7° + 196 + 171n &) 174 Iné& =5 ) ) n=AQ 23¢& 2509¢&
F = L.+ 1)Q~—T4J, 5 —
vee:2 54(4x)?E3 7282 (4m)° (L +1) ol EYV3(4x)t 15 5832
10129¢  289In%¢ 323 323Iné 1 4§2C(3) 4EC(3) 4¢(3) 9239
- —¢&Iné— ——128/3¢(3 - -
5832 729 + 729§ né 729 5 £PEB) + 3 + 3 15 14580
Z2QH19(¢—1) —34In¢é)?

33 (dne ULt D& =T 10l = 20%(Ls + Ja0))

(L + 1)Q2(19(E = 1) = 341n ¢)
4328 (47)°
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B 2168 (41x)°

(Lp 4+ Jy0) ¥ [(Ly + 1)Q* = T%J, g]
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