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Perturbation theory, as well as most thermal field resummation methods widely used to study finite-
temperature quantum field theories, presents a non-negligible renormalization scale dependence. To address
this limitation, we propose an alternative method that combines the renormalization group improvement
prescription for the thermal effective potential with the optimized perturbation theory variational
resummation technique. Here, we apply this new framework, termed variational renormalization group,
to evaluate the effective potential of the scalar λϕ4 theory at finite temperatures, which represents a
benchmark model for phase transition studies. We show that the proposed approach significantly improves
scale stability, compared to the use of optimized perturbation theory alone, across key thermodynamic
quantities, including the effective potential, critical temperature, and pressure. These results establish the
variational renormalization group as a robust alternative tool for precision studies of thermal phase
transitions, with direct implications for cosmological applications (e.g., early-Universe thermodynamics)
and condensed matter systems.
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I. INTRODUCTION

In quantum field theories at finite temperatures, conven-
tional perturbation theory often fails due to the presence of
infrared (IR) divergences and the breakdown of the
perturbative expansion at high temperatures [1]. Thermal
effects introduce a new energy scale, represented by the
temperature T, which amplifies long-wavelength (soft)
fluctuations. For example, in scalar λϕ4 theory, loop
corrections to the effective potential acquire terms propor-
tional to λT2, even for small coupling λ. When λT2 becomes
large (e.g., near a phase transition), higher-order terms in
the perturbative series (e.g., λnT2n) grow uncontrollably,
destroying convergence. This is exacerbated by the appear-
ance of IR divergences in contributions with repeated soft-
momentum exchanges (e.g., “ring diagrams”), which
diverge as

R
d3k=k2 at finite T, rendering naive perturbation

theory ill defined.

To address this issue, resummation techniques, e.g., hard
thermal loop (HTL) resummation and similar techniques
[2–4], reorganize the perturbative series by selectively
summing infinite classes of dominant diagrams, such as
those encoding Debye screening of IR singularities. For
example, HTL resummation incorporates thermal masses
m2

th ∼ λT2 into propagators, taming IR divergences, and
restoring a controlled expansion. Hence, resummation and
nonperturbative tools are indispensable for modeling finite-
temperature systems, ranging from early-Universe cosmol-
ogy to quark-gluon plasma physics.
Although resummation methods in thermal field theory

can successfully mitigate infrared divergences and restore
perturbative control in finite-temperature quantum field
theories, they leave unresolved the significant renormali-
zation-scale dependence of thermodynamic quantities like
the effective potential, pressure, and critical temperature.
This residual scale sensitivity arises because the resumma-
tion process reorganizes the perturbative series without
fully enforcing renormalization group (RG) invariance, a
fundamental property of physical observables [5]. For
example, within scalar λϕ4 theory, the resummed effec-
tive potential VeffðT; μÞ depends on the arbitrary renorm-
alization scale μ, with variations of μ by a factor of 2
often inducing more than ∼20%–30% changes in calcu-
lated quantities such as the critical temperature Tc. In
general, to circumvent the scale dependence problem in
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resummation evaluations, it is common to adopt a range of
values for the renormalization scale μ, presenting results
within the range μ∈ ½πT; 4πT�. However, even when this
range of energy scale values is adopted, one still obtains a
strong scale dependence. This behavior seems somewhat
counterintuitive, since a fourfold variation in the energy
scale should not lead to drastic effects in physical quantities
such as the pressure, for example. Moreover, these results
worsen as the perturbative order increases [6–10]. Such
ambiguities undermine precision in applications such as
those related to early-Universe phase transition [11–13],
where, for example, predictions for bubble nucleation rates
or gravitational wave spectra depend sensitively on the
critical temperature Tc.
In this situation, one may recur to renormalization group

improvement (RGI) techniques [14–16] and modify the
resummed expressions by imposing RG invariance through
the incorporation of logarithmic terms [∼ lnðμ=TÞ] dictated
by the β functions and anomalous dimensions of the theory.
However, evenRGI cannot fully eliminate scale sensitivity in
strongly coupled regimes [λT2 ≳Oð1Þ], where nonpertur-
bative effects dominate. Thus, a hybrid approach (e.g.,
combining resummation methods and RGI) is essential to
produce an accurate description of the thermodynamics
associated with physical systems ranging from electroweak
symmetry breaking to quark-gluon plasma dynamics.
In the present work, we propose a hybrid approach that

combines the optimized perturbation theory (OPT) varia-
tional resummation method with the renormalization
group technique RGI. This framework [17,18] (see also
Ref. [19] for a recent review) was conceived to improve
the convergence of perturbative expansions, which often
suffer from divergence or poor behavior at strong cou-
plings. In standard perturbation theory, physical quanti-
ties are expanded as a power series in the coupling constant,
but such series are typically asymptotic and may not
yield accurate results beyond leading orders. The method
addresses this issue by modifying the original Lagrangian:
It introduces an artificial mass parameter (η) in such a way
that the modified theory interpolates between a solvable
(noninteracting) theory and the full interacting theory. The
key step is to perform a perturbative expansion around this
modified theory and then optimize the result by fixing η so
that the physical quantity of interest is least sensitive to
variations in it; this is known as the principle of minimal
sensitivity (PMS). This procedure allows for more reliable
approximations even in regimes where standard perturba-
tion theory fails, making it valuable for studying non-
perturbative aspects of quantum field systems. The OPT
has already been applied to a plethora of problems,
including low-energy systems of interest in condensed
matter [20–23], to the study of chiral phase transition in
QCD effective models [24–27], and also to different
problems in thermal quantum field theory [28–37]. The

method shows a fast convergence [38,39], and already at
the first nontrivial order it is able to produce results
improving over other nonperturbative methods, e.g., the
large-N expansion and Gaussian approximations, becom-
ing equivalent to the daisy and superdaisy nonperturbative
schemes [40].
In the context of OPT, a new scheme called renormal-

ization group optimized perturbation theory (RGOPT) was
developed to address the scale dependence problem [41–48].
This method modifies the original OPT implementation
and introduces a new (subtraction) term into the free
energy, ensuring invariance under the renormalization
group. The traditional OPT mass term, in a scalar field
theory, ð1 − δÞη2, is written as ð1 − δÞaη2, where a turns out
to be a function of the RG β and γm coefficients b0 and γ0.
These adaptations have allowed this approximation to
achieve great success in investigating the symmetric phase
of several models, including QCD, as mentioned earlier.
However, so far the method has not yet been used, for
example, in the description of phase transitions. The
approach that we propose in the present paper differs
fundamentally from the RGOPT by preserving the original
prescription of the OPT method and improving over the
scale dependence displayed by the thermodynamic quan-
tities by applying directly the OPT resummation over the
RGI improved effective potential. We termed this alter-
native approach the variational renormalization group
(VRG). We will see that by preserving the original OPT
method, augmented with RG invariance properties, we can
study the system’s thermodynamic properties in both the
symmetric and broken phases in a systematic way.
This work is organized as follows. In Sec. II, we briefly

review the application of the OPTmethod to our fiducial λϕ4

scalar field theory. The effective potential at finite temper-
ature up to second order in the OPT is explicitly written
down. In Sec. III, we review how the RGI method allows
an improvement of the effective potential with respect to
scale variations. We also show in that section how the RGI
method can be modified to carry out an improvement in the
context of the OPT finite-temperature effective potential,
ensuring that the improvement remains consistent with the
renormalization group. In Sec. IV, we present our main
numerical results for the thermodynamics of the quartic
scalar field when using the VRG. Finally, in Sec. V, we draw
our main conclusions and perspectives for future work. Five
Appendixes are also included where the relevant definitions,
expressions, and technical details used in our analysis
are given.

II. THE EFFECTIVE POTENTIAL
OF THE λϕ4 MODEL IN THE OPT
AT NEXT-TO-LEADING ORDER

The OPT implementation consists of an interpolation
procedure followed by the application of variational
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condition that generates optimal (nonperturbative) results.
In our case, we start from the standard Lagrangian density
describing the λϕ4 theory:

L ¼ 1

2
ð∂μϕÞð∂μϕÞ −

m2

2
ϕ2 −

λ

4!
ϕ4: ð2:1Þ

The OPT prescription starts by implementing in the
Lagrangian density the following replacements [29–32]:

m2 → m2 þ ð1 − δÞη2; ð2:2Þ

λ → δλ; ð2:3Þ

obtaining the OPT deformed Lagrangian density

Lδ ¼ 1

2
ð∂μϕÞð∂μϕÞ −

Ω2

2
ϕ2 þ δη2

2
ϕ2 −

δλ

4!
ϕ4; ð2:4Þ

where δ represents an artificial bookkeeping parameter
(formally considered to be small), while Ω2 ¼ m2 þ η2

contains the important arbitrary variational mass parameter
η. The quantities of interest are evaluated up to some order
in δ, which is then set to the unit value, while η is fixed by
some optimization procedure. The most popular prescrip-
tion used in the literature is the PMS [49]. The PMS states
that if a theory containing nonphysical parameters is an
approximation of the correct theory, then varying the value
of η should not change the values of the physical quantities
in the approximate theory. Hence, for some physical
quantity Oδk, which is evaluated up to the order of δk,
the optimal value η̄ is determined from

∂Oδk

∂η

����
η̄

¼ 0: ð2:5Þ

The first applications of the OPT method were done for
systems at zero temperature [18,49–51]. Later, it has also
been applied at finite temperature at leading order
[29,38,52,53]. Its applicability at finite temperature for
the scalar λϕ4 theory in next-to-leading order (NLO) was
further tested in [33]. Here, we will borrow some of the
main results from [33] and refer the interested reader to that
reference for more details.
In practice, when applying the OPT, one can use the

results obtained by standard perturbation theory up to some
order λk in the coupling and then apply the changes given
by Eqs. (2.2) and (2.3) while reexpanding the result up to
the desired order δk. In the present application, we are
mainly concerned with the finite-temperature effective
potential for the scalar quartic model at the order of λ2.
Applying Eqs. (2.2) and (2.3) to the perturbative Oðλ2Þ
standard result and reexpanding yields the corresponding
OPT expression up to the order of δ2 (NLO), whose

contributions are represented by the Feynman diagrams
shown in Fig. 1.
Within our procedure, the first step is to evaluate a

relevant physical quantity, up to a given order, using the
deformed theory described by the OPT Lagrangian density,
Eq. (2.4). The effective potential can be obtained using the
standard method in the literature [54–57] by shifting the
scalar field around a background field ϕ → φþ ϕ0, where
hϕi ¼ φ, and performing the functional integration over ϕ0,
after which we can use the substitutions (2.2) and (2.3) to
obtain the corresponding OPT expression. Explicitly, the
renormalized effective potential for the OPT at NLO at
finite temperature is given by [33]

VOPT ¼ ΔVδ0
OPTδ

0 þ ΔVδ1
OPTδ

1 þ ΔVδ2
OPTδ

2 þOðδ3Þ; ð2:6Þ

where

ΔVδ0
OPT ¼ 1

2
½m2 þ η2�φ2 −

Ω4ð2LΩ þ 3Þ
8ð4πÞ2 −

J0;ΩT4

2ð4πÞ2 ; ð2:7Þ

ΔVδ1
OPT ¼ −

1

2
η2φ2 þ λ

4!
φ4

þ ℏη2

2ð4πÞ2 ½ðLΩ þ 1ÞΩ2 − J1;ΩT2�

−
φ2

2

λ

2ð4πÞ2 ½ðLΩ þ 1ÞΩ2 − J1;ΩT2�

þ λ

8ð4πÞ4 ½ðLΩ þ 1ÞΩ2 − J1;ΩT2�2

þ F δ; ð2:8Þ

and

FIG. 1. Feynman diagrams contributing to the effective poten-
tial for the λϕ4 model in the OPT case at NLO. The black circle
represents a quartic vertex proportional to δλ, and a black square
is a (new) quadratic vertex proportional to δη2, while the crossed
circle represents renormalization counterterms. The external lines
represent the background scalar field φ in the effective potential.
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ΔVδ2
OPT ¼ −

η4

4ð4πÞ2 ½LΩ þ J2;Ω� −
λ

4ð4πÞ4 η
2½LΩ þ J2;Ω�½ðLΩ þ 1ÞΩ2 − J1;ΩT2�

−
λ2

48ð4πÞ6
��

ð3LΩ þ 4ÞJ21;Ω þ J21;ΩJ2;Ω þ 2K2;Ω þ 4

3
K3;Ω

�
3T4

− ð12L2
Ω þ 28LΩ − 12 − π2 − 4C0 þ 6ðLΩ þ 1ÞJ2;ΩÞJ1;ΩΩ2T2

þ
�
5L3

Ω þ 17L2
Ω þ 41

2
LΩ − 23 −

23π2

12
− ψ 00ð1Þ þ C1 þ 3ðLΩ þ 1Þ2J2;Ω

�
Ω4

�

þ φ2

2

�
−

λ2Ω2

4ð4πÞ4
�
ðLΩ þ 1Þ2 þ 1þ π2

6

�
þ λη2

2ð4πÞ2 ðLΩ þ J2;ΩÞ þ
λ2

4ð4πÞ4 ððLΩ þ 1ÞΩ2 − J1;ΩT2ÞðLΩ þ J2;ΩÞ

−
λ2

6ð4πÞ4 ½−3Ω
2ðL2

Ω þ 3LΩ þ C2Þ þ 3T2ðLΩJ1;Ω þH2;Ω þH3;ΩÞ�
�
−
φ4

4!

3λ2

2ð4πÞ2 ½LΩ þ J2;Ω� þ F δ2 ; ð2:9Þ

where we have defined LΩ ¼ lnðμ2=Ω2Þ, with μ being the
renormalization energy scale in the MS regularization
scheme while C0, C1, andC2 are numerical constants given,
respectively, by C0 ¼ −9.8424, C1 ¼ 39.429, and
C2 ¼ 3.33288. The quantities J0;Ω, J1;Ω, J2;Ω, H2;Ω, H3;Ω,
K2;Ω, and K3;Ω are all functions of Ω=T, and their explicit
expressions are given in Appendix A, while the expressions
for the terms F δ and F δ2 appearing also in Eq. (2.6) are
provided in Appendix B. In the expression for the effective
potential, Eq. (2.6),φ denotes the constant background scalar
field, while m and λ represent the renormalized mass and
coupling, respectively. Note that m and λ are implicit
functions of the renormalization scaleμ and they are obtained
from the loop expansion of the original theory, prior to the
application of the OPT prescription given by (2.2) and (2.3).
The next step is the implementation of the RGI pro-

cedure to the original loop expanded Veff (see
Appendix C). Once the relevant RGI Veff is determined,
one may apply the OPT procedure in order to resum the
perturbative series. In the next section, we review these
steps, starting by determining the RGI Veff .

III. RENORMALIZATION GROUP
IMPROVEMENT AND THE OPT

IMPLEMENTATION

In this section, we present a brief summary of the method
that allows for the mitigation of scale dependence in an
effective potential within perturbation theory in ℏ. In the
context of the effective potential of the massive λϕ4 theory at
zero temperature Veff , which explicit expression can be found
in Ref. [58], the effective potential must satisfied the renorm-
alization group equation (RGE), that can be written as [59]

�
μ
∂

∂μ
þ βλ

∂

∂λ
þ γmm2

∂

∂m2
þ βΛ

∂

∂Λ
− γφφ

∂

∂φ

�
VeffðφÞ ¼ 0;

ð3:1Þ

where the functions βλ, γm, βΛ, and γφ are defined as

βλ ≡ μ
∂λ

∂μ
; ð3:2Þ

γm ≡ μ

m2

∂m2

∂μ
; ð3:3Þ

γφ ≡ μ
∂

∂μ
lnZ1=2

φ ; ð3:4Þ

βΛ ≡ μ
∂Λ
∂μ

; ð3:5Þ

with Zφ representing the wave function renormalization term.
Note that, to implement the RG procedure, we also introduce
the “cosmological constant” Λ [60]. In the RGI context, Λ is
used to ensure the scale invariance of the effective potential
[61–63]. For the λϕ4 theory, the functions βλ, γm, βΛ, and γφ
are well known and are defined, up to the order of ℏ3, as [64]

βλ ¼ β0λ
2ℏþ β1λ

3ℏ2 þ β2λ
4ℏ3;

γm ¼ γm0λℏþ γm1λ
2ℏ2 þ γm2λ

3ℏ3;

γφ ¼ γ0λℏþ γ1λ
2ℏ2 þ γ2λ

3ℏ3;

βΛ ¼ m4ðβΛ0ℏþ βΛ1λℏ2 þ βΛ2λ
2ℏ3Þ; ð3:6Þ

where

β0 ¼
3

ð4πÞ2 ; β1 ¼ −
17

3ð4πÞ4 ; β2 ¼
145
8
þ 12ζð3Þ
ð4πÞ6 ;

γm0
¼ 1

ð4πÞ2 ; γm1
¼ −

5

6ð4πÞ4 ; γm2
¼ 7

2ð4πÞ6 ;

γ0 ¼ 0; γ1 ¼
1

12ð4πÞ4 ; γ2 ¼ −
1

16ð4πÞ6 ;

βΛ0
¼ 1

2ð4πÞ2 ; βΛ1
¼ 0; and βΛ2

¼ 1

16ð4πÞ6 : ð3:7Þ

An effective potential fully satisfying Eq. (3.1) is invariant
under the RGE. In practice, the literature presents some
methods that provideways to obtain an approximate solution
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to Eq. (3.1) in a way that mitigates the scale dependence of
the effective potential. For our purposes, the method intro-
duced in Ref. [61] and later explored by the authors of
Refs. [62,63,65–67] will prove to be the most useful. The
improvement of the effective potential through the properties
of the renormalization group has also been investigated in the
context of finite temperature in Ref. [68] at leading order in
the loop expansion. The calculations for the scalar theory λϕ4

at T ¼ 0were later studied in Refs. [69] and [58] at two- and
three-loop orders, respectively.
The method proposed in Ref. [61] involves solving the

RGE through a set of ordinary differential equations order by
order in perturbation theory. Following the original
Refs. [58,61,62,69], the RGI of the effective potential begins
by noticing that the solution of Eq. (3.1) cannot vary if one
considers a change in the energy scale from μ to μ̄ and the
effective potential should remain unaffected through such a
change of scale. Formally, this condition of invariance under
a change of scale from μ to μ̄ can be expressed as

Veffðμ; λ; m2;φ;ΛÞ ¼ Veffðμ̄; λ̄; m̄2; φ̄; Λ̄Þ: ð3:8Þ

Following the procedure inRefs. [62,69], to find a solution of
Eq. (3.1), we introduce the reparametrization μ̄ → tμ̄, such
that λ̄ðμ̄Þ ¼ λ̄ðtμ̄Þ, m̄2ðμ̄Þ ¼ m̄2ðtμ̄Þ, φ̄ðμ̄Þ ¼ φ̄ðtμ̄Þ, and
Λ̄ðμ̄Þ ¼ Λ̄ðtμ̄Þ. Based on the requirement that the effective
potential remains constant along the curves defined by this
reparametrization, i.e.,

dVeff

dt
≡

�
∂μ̄

∂t
∂

∂μ̄
þ ∂λ̄

∂t
∂

∂λ̄
þ ∂m̄2

∂t
∂

∂m̄2
þ ∂Λ̄

∂t
∂

∂Λ̄
þ ∂φ̄

∂t
∂

∂φ̄

�
Veff

¼ 0: ð3:9Þ

Comparing Eq. (3.9) with the RGE (3.1), we identify the set
of equations to be solved:

ℏ
dμ̄
dt

¼ μ̄; ℏ
dλ̄
dt

¼ β̄λ; ℏ
dm̄2

dt
¼ γ̄mm̄2;

ℏ
dφ̄
dt

¼ −γ̄φφ̄; ℏ
dΛ̄
dt

¼ β̄Λ; ð3:10Þ

wherewe have reintroduced theℏ symbol to keep track of the
order in which these equations are solved (as a loop
expansion, in powers of ℏ) for the parameters of the theory.
Up to the order of ℏ2, the solutions of the set of differential
equations in (3.10) are

λ̄ ¼ λ̄0 þ λ̄1ℏþ λ2ℏ2; ð3:11Þ

m̄2 ¼ m̄2
0 þ m̄2

1ℏþ m̄2
2ℏ

2; ð3:12Þ

ϕ̄ ¼ ϕ̄0 þ ϕ̄1ℏþ ϕ̄2ℏ2; ð3:13Þ

Λ̄ ¼ Λ̄0 þ Λ̄1ℏþ Λ̄2ℏ2; ð3:14Þ

where the explicit expressions for each term in the above
solutions can be found in Refs. [58,69]. For completeness,
we reproduce these solutions in Appendix D, where they are
explicitlypresented in termsofEqs. (D4), (D7), and (D9)–(D18).

A. Obtaining the effective potential in the RGI method

The underlying physical motivation for the chosen RGI
strategy can be summarized as follows. The RGI strategy
adopted here is motivated by the requirement that physical
observables should be insensitive to arbitrary renormaliza-
tion scales, which arise as artifacts of the perturbative
framework. In thermal field theory, this issue is further
compounded by the presence of medium-induced effects,
such as thermal screening, which are not efficiently
captured by a naive perturbative expansion. The introduc-
tion of a variational parameter provides an effective way to
encode these medium effects through a dynamically gen-
erated mass scale. By combining RG invariance with a
variational optimization procedure, the VRG approach
enforces a principle of minimal sensitivity with respect
to both the renormalization scale and the variational
parameter. This leads to a reorganization of the perturbative
series around physically relevant scales, thereby improving
the stability and reliability of the resulting thermodynamic
quantities.
The RGI method applied to the effective potential (see,

e.g., Ref. [69]) starts by first substituting Eqs. (3.11)–(3.14)
into the original effective potential to ensure that Eq. (3.8) is
satisfied. The effective potential is then reexpanded in
powers of ℏ up to the appropriate order at which Veff is
being evaluated. After reexpanding Veff , we then substitute
in it the solutions for each one of the terms appearing on the
right-hand side of Eqs. (3.11)–(3.14); e.g., one uses the
explicit solutions given byEqs. (D4), (D7), and (D9)–(D18).
The result still has a dependence on the renormalization
scale, and some suitable choice forμmust be considered. For
this, we first note that the first relation in Eq. (3.10), when
using the boundary condition μ̄ð0Þ ¼ μ, has the solution

μ̄2 ¼ μ2 expð2t=ℏÞ: ð3:15Þ

We also note that the parameter t encodes how the change
between the scales μ and μ̄ occurs. The main idea of the RGI
method is to choose a value for t in such away as tominimize
the dependence on the scale. The scale dependence in the
original effective potential arises from logarithmic terms.
These scale-dependent logarithmic terms can vanish
through an appropriate choice of μ̄, for example, by taking
the argument of original logarithms to satisfy [62]

m̄2ðtÞ þ 1
2
λ̄ðtÞϕ̄ðtÞ2

μ̄2ðtÞ ¼ 1; ð3:16Þ

whichmust be solved order by order, since the parameters of
the theory have a perturbative expansion. Although solving
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Eq. (3.16), in general, represents a complex task, one can,
nevertheless, choose μ̄ judiciously. As suggested in
Ref. [58], by choosing the simple form

t ¼ ℏ
2
ln

�
m2 þ λφ2=2

μ2

�
; ð3:17Þ

one can reproduce Kastening’s original results [61], as
shown in Ref. [69].
In the context of the finite-temperature effective poten-

tial, the same procedure can be applied. New terms arise
due to the finite-temperature procedure; these terms also
contain the parameters of the theory, which must undergo
the appropriate modifications due to the RGI—for further
details, see Ref. [68].
Next, we describe the procedure outlined above for the

RGI of the effective potential in the context of the OPT
method at finite temperatures.

B. Obtaining the effective potential in the VRG method

We now present a consistent implementation of the VRG
method for the finite-temperature effective potential
derived within the OPT. The strategy is to apply OPT
directly to the RGI finite-temperature effective potential,
thereby combining variational resummation with a system-
atic reduction of renormalization-scale dependence.
The construction proceeds as follows. First, we consider

the loop expanded finite-temperature effective potential.
The RGI procedure described above is then applied to this
effective potential. At this stage, the RG equations are
solved without fixing the optimized scale μ̄. This procedure
leads to the RGI effective potential as described above.
Next, the OPT deformation, defined by Eqs. (2.2) and

(2.3), is implemented in the RGI effective potential. When
expanding the effective potential in powers of the book-
keeping parameter δ, the quantity ξ ¼ 1 − β0λt is left
unexpanded. This prescription ensures that the δ expansion
does not spoil the logarithmic resummation achieved by the
RGI method, in close analogy with the treatment of the ℏ
expansion in Refs. [58,69].
The optimum scale μ̄ is next fixed according to the OPT

order under consideration. For instance, at high temper-
atures and at first order in δ, all logarithmic terms can be
cast in the form lnðαT=μ̄Þ, where α ¼ 4π=eγE . This allows
us to choose, for example, μ̄ ¼ αT and adopt the same
prescription at the order of δ2. The resulting VRG effective
potentials at the orders of δ and δ2 are given in Eqs. (E1)
and (E5), respectively, with explicit expressions collected
in Appendix E. The final step is to obtain the arbitrary mass
parameter η, which is then fixed by applying the PMS
condition Eq. (2.5) to the VRG effective potential.

IV. RESULTS

Let us now analyze how well the VRG performs in order
to attenuate the scale dependence of the OPT effective

potential by mainly comparing predictions for the sym-
metric (m2 ≥ 0) and the nonsymmetric (m2 < 0) cases.
Concerning the first case, we will also make a comparison
with the results provided by other nonperturbative methods
commonly used in the literature, e.g., the results obtained
from the two-particle irreducible approach (2PI), from the
functional renormalization group (FRG), and from the
RGOPT method. This will help us gauge how our approach
performs compared to these other methods. In addition, we
also examine whether the VRG potential preserves the
universality class of the λϕ4 theory.1

To analyze the dependence of the effective potential on
the renormalization scale, we start by considering the scale
dependence of the renormalized parameters mðμÞ2, λðμÞ,
and φðμÞ. As already specified in the previous section, at
the first order for both OPT and VRG, we consider the
running of the renormalized parameters up to Oðℏ2Þ and
which are determined by the equations

μλ0ðμÞ ¼ 3
λðμÞ2
ð4πÞ2 −

17λðμÞ3
3ð4πÞ4 ; ð4:1Þ

μ
m0ðμÞ
mðμÞ ¼ λðμÞ

2ð4πÞ2 ; ð4:2Þ

μ
φ0ðμÞ
φðμÞ ¼ −

λðμÞ2
12ð4πÞ4 ; ð4:3Þ

where these solutions are used in Eq. (2.6), at the order of δ,
in the case of OPT, and in Eq. (E1) for VRG. In the second
order for both OPT and VRG, we consider the running of
the parameters up to Oðℏ3Þ, which are now given by

μλ0ðμÞ ¼ 3
λðμÞ2
ð4πÞ2 −

17λðμÞ3
3ð4πÞ4

þ λðμÞ4
ð4πÞ6

�
145

8
þ 12ζð3Þ

�
; ð4:4Þ

μ
m0ðμÞ
mðμÞ ¼ λðμÞ

2ð4πÞ2 þ
7λðμÞ2
2ð4πÞ6 ; ð4:5Þ

μ
φ0ðμÞ
φðμÞ ¼ −

λðμÞ2
12ð4πÞ4 −

λðμÞ3
16ð4πÞ6 ; ð4:6Þ

wherewenow substitute these solutions inEq. (2.6), up to the
order of δ2, in the case of OPT, and in Eq. (E5) for VRG. The
boundary conditions used to solve the set of Eqs. (4.1)–(4.6)
are λðμ0Þ ¼ λ0,mðμ0Þ ¼ m0, and φðμ0Þ ¼ φ0, where μ0 is a
reference scale to be defined below. As is common in the

1Recall that the Z2 symmetric scalar field model (2.1) belongs
to the same universality class of the Ising model for d ≤ 4, with
the model exhibiting a second-order phase transition at the critical
point [59,70,71].
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literature, to check the stability of the computed quantities
with the scale μ, wewill vary it around the so-called “central”
value μ ¼ 2πT within the usual range μ∈ ½πT; 4πT�. As a
reference scale, we can then choose μ0 ¼ 2πT0 where, for
simplicity, the reference temperature is set to T0 ¼ m0=ð2πÞ
so that μ0 ¼ m0. This choice will allow us to easily express
all physical quantities in units ofm0 (or, likewise, in terms of
the reference scale μ0).

A. Symmetric phase

The symmetric phase is characterized by a non-negative
quadratic field term in the potential, which leads to a
vanishing vacuum expectation value, hϕi≡ φ ¼ 0. Let us
start by analyzing, within the different schemes, the
pressure and which in the symmetric phase is then defined
as P ¼ −Veffðφ ¼ 0; TÞ. With this aim, it is convenient to
normalize P by the ideal gas value, which, for a free scalar
field theory, is given by

Pideal ¼
π2T4

90
: ð4:7Þ

In Fig. 2, we compare the OPT and VRG results for the
pressure subtracted by the constant vacuum term, ΔP ¼
P − Pvacuum [Fig. 2(a)] and for the optimal variational PMS
parameter η̄ as functions of temperature [Fig. 2(b)]. The
results indicate that the VRG exhibits a much milder scale
dependence than the OPT. We also find that in both cases,
the different orders (δ and δ2) show a very good con-
vergence for ΔP, with it stabilizing between 0.92 ≤
ΔP=Pideal ≤ 0.95 in the temperature range considered.
Figure 2(b) indicates that the optimal η̄ provided by the
VRG prescription is less sensitive to scale variations than
the result from the OPT. This suggests that the new
approach encodes part of the improvement brought about
by the renormalization group also directly on the optimal
value η̄.
In Fig. 3, we now show the results for the pressure

[Fig. 3(a)] and for the optimal PMS mass parameter η̄
[Fig. 3(b)] as a function of the renormalized coupling while
keeping the temperature fixed. We observe that the VRG
predictions remain close to the center of the band generated
by the OPT while significantly reducing the scale depend-
ence at both orders. This is the same qualitative behavior
observed in Fig. 2. From the value λ≳ 1, or, equivalently,
ðλ=24Þ1=2 ≳ 0.2, the bands showing the scale dependence
increase considerably in the case of the OPT, while for the
VRG the increase is less dramatic.
In addition to the direct comparison between the two

techniques shown in Figs. 2 and 3, the comparison can also
be included with other methods found in the literature.
Many of these alternative approximations present results
for the pressure that are very much similar to the one shown
in Fig. 3(a), for example.

While the strong reduction of the renormalization-scale
dependence observed in the VRG results provides an
important consistency check, it should not be interpreted
by itself as a proof of improved physical accuracy. In the
present framework, this stabilization arises from the com-
bined optimization with respect to both the RG scale and the
variational parameter, which enforces a form of local
insensitivity to unphysical parameters. This procedure
effectively reorganizes the perturbative expansion and
typically correlates with improved convergence properties.
However, part of the reduction in μ dependence is also a
direct consequence of the variational constraint and, there-
fore, does not strictly guarantee proximity to the exact result.
A definitive assessment of the accuracy of the method
ultimately requires comparison with nonperturbative

(a)

(b)

FIG. 2. The pressure subtracted by the constant vacuum term,
ΔP ¼ P − Pvacuum, normalized by the ideal gas result (a) and the
optimal mass parameter η̄ (b) as functions of T=m0 for the OPT
and VRG methods at the orders of δ and δ2. In both cases, the
coupling value is fixed at the representative value λ0 ¼ 12.25, and
the scale dependence range is given by πT ≤ μ ≤ 4πT. In the
OPT up to δ and δ2 order and VRG up to δ2, the upper curve in the
bands corresponds to the value μ ¼ 4πT, while the lower curve in
the bands corresponds to μ ¼ πT. Otherwise, the VRG up to δ
order gets inverted. This pattern is repeated in the other figures.
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benchmarks, which is here done in Fig. 4, with results from
other available nonperturbative methods found in the liter-
ature. To compare, in Fig. 4(a), our results with the
predictions of other methods, we consider only the massless
limit, since this is the case analyzed by the other authors. In
Fig. 4(a), we compare our results for the OPTandVRGwith
those produced by the RGOPT. The latter results (up to the
order of δ2) were originally obtained in Ref. [47]. Note that
this reference also presents the predictions from the screened
perturbation theory (SPT), which turn out to be very similar
to the ones generated by the standard OPT. Therefore, to
make the comparison less clumsy, in Fig. 4(a), we compare
only OPT, VRG, and RGOPT.
For the same massless (unbroken symmetry) case, the

literature also contains results generated by alternative
methods such as the FRG, which involves a possible
truncation of the potential and a choice of regulator.
The local potential approximation (LPA) is commonly
used to solve the FRG flow equation, and the regulators
employed in this approximation were the exponential
regulator and the Litim regulator (see Ref. [72] for details).
Reference [73] also includes the Blaizot, Méndez-Galain,
and Wschebor (BMW) approximation which is based on
the FRG with the aim to improve the LPA one. In addition
to these FRG-based methods, results obtained with the 2PI
resummation were also presented in Refs. [72,73]. To make
a clear comparison of our results with all these other
methods, in Fig. 4(b), we consider only the OPT and VRG
cases at the order of δ2. Also, since those other methods
have presented results only at the central scale value
μ ¼ 2πT (without showing the scale-dependent bands),
we do the same here for the OPT and VRG. As shown in
Fig. 4(b), the VRG (and similarly the OPT) remains close to

(a)

(b)

FIG. 3. Similar to Fig. 2 but showing the normalized pressure
(a) and the optimal mass parameter η̄ (b) as a function of the
renormalized coupling, with the temperature fixed at T ¼ 20m0.

(a) (b)

FIG. 4. The pressure subtracted by the constant vacuum term, ΔP ¼ P − Pvacuum, normalized by the ideal gas result, as a function
of the coupling, for the (symmetric) massless case. In (a), the OPT, VRG, and RGOPT results are compared for πT ≤ μ ≤ 4πT. In
(b), the OPT, VRG, FRG (with implementations LPA and BMW—see the text), and 2PI predictions are compared for the central
scale, μ ¼ 2πT. The renormalized coupling is taken at the central value for the scale, λ≡ λð2πTÞ, and the temperature is fixed
at T ¼ μ0.
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the 2PI results up to ðλ=24Þ1=2 ∼ 1.2 (corresponding to
λ ∼ 34.6), beyond which the VRG exhibits an increased
suppression of the pressure relative to the other methods.
On the other hand, the RGOPT, shown in Fig. 4(a), also
indicates a similar, though more pronounced, suppression
of the pressure relative to the ideal gas case.
Let us now examine the subtracted effective potential,

ΔV ¼ Veffðφ; TÞ − Veffðφ ¼ 0; TÞ, as a function of the
background field, φ. The results are shown in Fig. 5 for
the choices T ¼ 20m0 and λ0 ¼ 12.25. It can be observed
in this figure that, as the field increases, the scale depend-
ence becomes more pronounced in the case of OPT at both
orders, whereas in the case of VRG, also at both orders, the
effective potential is not so sensitive to scale variation as the
field grows.

B. Broken phase

Let us now consider the results for the broken symmetry
phase, where investigations related to the phase transitions
can be performed. This will also allow us to gauge the scale
dependence on the critical temperature for symmetry
restoration. In the broken phase, the field acquires a
temperature-independent nonvanishing vacuum expecta-
tion value, σð0Þ, already at the classical (tree) level.
Then, considering the temperature-dependent higher-order
contributions to the effective potential, one can analyze the
thermal behavior of the order parameter σðTÞ, which
characterizes the possible phase transition patterns. The
critical temperature (Tc) associated with the restoration of
symmetry is determined by the condition σðTcÞ ¼ 0. At the
order of δ, the authors of Ref. [33] found that the OPT free
energy leads to a first-order phase transition failing to
respect the universality class of the λϕ4 model. The very
same result is also found here with the VRG. However, at

the order of δ2, the OPT correctly predicts a second-order
phase transition, as shown in Ref. [33]. As we shall see, at
the same perturbative order, the VRG also correctly
predicts a second-order phase transition. For this reason,
we will now focus on only the order-δ2 results when
analyzing the broken phase.
As usual, the order parameter σðTÞ can be determined by

minimizing the thermal effective potential, which here is
done for both the OPT and VRG ones:

dVeffðφ; TÞ
dφ

����
φ¼σðTÞ

¼ 0: ð4:8Þ

Another quantity of interest is the (temperature-dependent)
curvature of the effective potential at the origin2:

m2
T ¼ d2VeffðφÞ

dφ2

����
φ¼0

: ð4:9Þ

Note that the above derivative is taken around the origin
with the aim of investigating the phase transition, that is, the
sign change of the curvature term of the potential. We also
emphasize that Eq. (4.9), at the level of the approximations
considered here, yields exactly the same critical temper-
ature result as Eq. (4.8).3

In Fig. 6, we show the temperature dependence for σðTÞ
[Fig. 6(a)] and for m2

T [Fig. 6(b)] for both OPT and VRG at
the order of δ2. To facilitate visualization of the scale
dependence of both quantities, here we have considered the
coupling as fixed at the value λ0 ¼ 0.1, while μ is again
varied within the range πT ≤ μ ≤ 4πT. Although it may
appear that there is no scale variation in the VRG, this is
merely a misleading impression caused by the image, since
a rather mild scale variation was observed at the numerical
level. This figure is important because, in addition to
illustrating the continuous variation of the vacuum expect-
ation value of the field, it also provides an assessment of
how Tc responds to scale variations, as we shall discuss in
what follows. Note that the temperature-dependent curva-
ture m2

T of the effective potential, which is another way to
determine the critical temperature, expresses the variation

FIG. 5. Subtracted effective potential, ΔV ¼ Veffðφ; TÞ −
Veffðφ ¼ 0; TÞ, in units of mass as a function of the field for
fixed coupling λ0 ¼ 12.25 and temperature (T ¼ 20m0). The
scale dependence range is given by πT ≤ μ ≤ 4πT. The figure
shows the results obtained with the OPT and VRG at perturbative
orders δ and δ2.

2Even though it is common to call Eq. (4.9) a thermal mass, it
should not be confused with the true temperature-dependent
effective mass, defined through the on-shell pole of the scalar
field propagator at finite temperature. At the order of δ, both
quantities are the same, but at second order, since the effective
potential includes only off-shell contributions, they are not
equivalent.

3Note that this equality holds within the present level of
approximation used in the VRG framework. At higher orders,
small deviations may arise due to residual truncation effects. In
other situations (e.g., first-order phase transitions), where linear
and cubic terms in the field may be present (either at tree level or
generated by quantum or thermal corrections), this equality
would no longer hold.
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of the mass values and a change in its sign marks the phase
transition. Let us point out that the coupling was chosen at
λ0 ¼ 0.1 for two main reasons: The first is that weak
couplings require higher critical temperatures, favoring the
high-temperature analysis used in this work; the second
reason is that a weak coupling allows us to perform a direct
comparison with results obtained in the literature, such as in
perturbative calculations [54,56] and nonperturbative
calculations [29,33,74].
Figure 6 also shows that σðTÞ and m2

T approach the
critical point in a way that is similar to that exhibited by the
Ising model in three spatial dimensions in the context of
statistical mechanics [75] and can be specified by the
critical exponents defined as follows:

ν ¼ lim
τ→0

ln jmT j
ln jτj ; ð4:10Þ

β ¼ lim
τ→0

ln σðτÞ
ln jτj ; ð4:11Þ

where, in the usual prescription, τ denotes the reduced
temperature, τ ¼ ðT − TcÞ=Tc, and Tc is the critical temper-
ature. In Fig. 7, a linear fitting is performed for both the
thermal expectationvalue [Fig. 7(a)] and the curvature of the
potential [Fig. 7(b)]. In Fig. 7(a), we start from a temperature
below the critical temperature and gradually increase it in
successive steps until it approaches the critical temperature,
with each point corresponding to a temperature increment of
ΔT=m0 ¼ 0.0001. Figure 7(b) basically displays the same
procedure but starting from a temperature above the critical
value. Note that both results approach the critical exponent
values ν ¼ 1=2 and β ¼ 1=2, which are still the values
predicted by the mean-field approximation [59]. A similar
situation has also been shown to occur in the two-loop

(a) (b)

FIG. 6. The temperature-dependent expectation value normalized by the tree-level vacuum value σð0Þ (a) and the effective potential
curvature (b) as a function of the temperature. The scale dependence range is given by πT ≤ μ ≤ 4πT, and the coupling is fixed at
λ0 ¼ 0.1. In both cases, the results for OPT and VRG are at the order of δ2. For the OPT, the curve on the right corresponds to μ ¼ πT,
while the curve on the left corresponds to μ ¼ 4πT. Similar for VRG, though the band due to the variation of the scale is barely visible in
the plots.

(a) (b)

FIG. 7. The results for ln jσj (a) and for ln jmT j (b) as a function of ln jτj. In each case, the dots are the numerical results. The
corresponding values for the critical exponents in each case, obtained by the fittings, are also indicated. The coupling is fixed at λ0 ¼ 0.1
and μ ¼ πT.
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Φ-derivable approximation [76], which also found the
critical exponents to coincide with those in the mean-field
approximation. In that reference, this was attributed to the
order of the approximation used not being enough to
produce nonanalyticities in the effective potential. We
believe that a similar issue also occurs here, despite the
fact that OPTand VRG at the order of δ2 correctly predict a
second-order phase transition.
We note that, due to the high-temperature approximation

considered here, weak couplings (λ0 ≪ 1) make the scale
dependence range quite tight. However, a numerical analy-
sis of the critical temperature values can be obtained and
shall prove to be useful when further analyzing the scale
dependence of a physical observable such as Tc. In Table I,
we present the Tc values for λ0 ¼ 0.1, 0.5, and 1.0, as well
as the quantityΔTc ¼ ½TcðπTÞ − Tcð4πTÞ�=TcðπTÞ, which
represents the percentage variation in the critical temper-
atures computed at the extrema of the scale variation that
we consider.
Let us now check the dependence of the effective

potential in the OPT and VRG cases as a function of the
background field just as we have done in the symmetric
case (see Fig. 5). This is shown in Fig. 8. We choose λ0 ¼ 1
as a representative value for the coupling constant. The
values of the temperature have been taken below and above
the critical value, which shows well that the phase transition

is second order, as also confirmed with the results shown in
Fig. 6. Furthermore, the results displayed in Fig. 8 indicate
the efficiency of the VRG method in suppressing the scale
dependence compared to the results for the OPT. An
important aspect elucidated by these results is the differ-
ence in scale at the minimum of the potential, a feature that
had already been demonstrated in Fig. 6(a).

V. CONCLUSIONS

In this work, we present an alternative resummation
method that aims to improve the effective potential
obtained with the traditional OPT by imposing RG con-
ditions. The proposed new prescription, called here the
VRG, combines the RGI method, originally prescribed in
Refs. [58,69], with the OPT procedure. The OPT is directly
applied to the RGI finite-temperature effective potential,
which then combines the variational resummation with a
systematic reduction of renormalization-scale dependence.
This approach encapsulates a consistent way to merge

these two tools and the results presented here for the λϕ4

theory are promising, showing a significant reduction in the
scale dependence in both the symmetric and broken phases
of the theory. A major advantage of the prescription
proposed in this work is that no modification of the
standard OPT framework is required apart from the
incorporation of the properties of the RGI procedure.
Since VRG improves the scale dependence of the standard
OPT, we believe that it can also be useful in improving the
scale of other thermal resummation methods, such as SPT
and HTLpt, which are plagued by high scale dependence
issues.
In the broken phase, the VRG has proven to be fully

consistent for what we expect for the phase transition
pattern of the theory. In particular, the predictions for the
order parameter and the critical temperature have proven to
be very stable against scale variations. We have observed
that the VRG respects the same universality class as the λϕ4

theory, predicting a second-order phase transition, as
expected. In this application, it was not possible to access
the critical temperature for higher couplings because of the
use of high-temperature approximations. This may be
remediated in the future by accounting for the full
momentum integration of the loop terms, bypassing the
high-temperature approximations. This would require to
perform a more comprehensive numerical analysis to better

TABLE I. Sample results from OPT and VRG for the critical temperature and its percentual difference at the
extrema of the interval for the scale dependence, πT ≤ μ ≤ 4πT.

λ0 ½TOPT
c ðπTÞ, TOPT

c ð4πTÞ� ΔTOPT
c (%) ½TVRG

c ðπTÞ, TVRG
c ð4πTÞ� ΔTVRG

c (%)

0.1 [15.566558, 15.552963] 0.087333 [15.558629, 15.558627] 0.000010
0.5 [7.00635, 6.97562] 0.438617 [6.988491, 6.988452] 0.000558
1.0 [4.964792, 4.920350] 0.895167 [4.939094, 4.938934] 0.003237

FIG. 8. Subtracted effective potential, ΔV ¼ Veffðφ; TÞ −
Veffðφ ¼ 0; TÞ, as a function of φ. The results for OPT and
VRG are at the order of δ2. The coupling is fixed at the values
λ0 ¼ 1. The scale dependence range is such that πT ≤ μ ≤ 4πT.
From bottom to top, the regions correspond to the temperature
fixed at T ¼ Tc − ΔT, T ¼ Tc, and T ¼ Tc þ ΔT, respectively,
with ΔT=m0 ¼ 5 × 10−6.
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understand the broken phase for a wide range of λ and
temperature values. We leave this more involved numerical
analysis for a future work.
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APPENDIX A: THERMAL INTEGRALS

The thermal functions JnðaÞ appearing in Eq. (2.6), with
a ¼ Ω=T, are defined as

JnðaÞ≡
4Γ

�
1
2

�

Γ
�
5
2
− n

�
Z

∞

0

dx
x4−2nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ a2

p 1

e
ffiffiffiffiffiffiffiffiffi
x2þa2

p
− 1

; ðA1Þ

which satisfies the identity

Jnþ1ðaÞ ¼ −
1

2a
∂JnðaÞ
∂a

: ðA2Þ

When a ≪ 1, we have the high-temperature expansion for
the JnðaÞ functions as given by [33,54,77,78]

J0ðaÞ¼
8π

3
a3þa4

�
ln

�
a
4π

�
þ γE−

3

4

�
−
4π2

3
a2þ16

45
π4

þ128
X∞
n¼1

ð−1Þnð2n−1Þ!!ζð2nþ1Það2nþ4Þ

32ðnþ2Þ!2nþ1ð2πÞ2n ; ðA3Þ

J1ðaÞ¼−4πa−2a2
�
ln

�
a
4π

�
þ γE−

1

2

�
þ4π2

3

−16
X∞
n¼1

�ð−1Þnð2n−1Þ!!ζð2nþ1Það2nþ2Þ

4n!2nþ1ðnþ1Þð2πÞ2n
�

ðA4Þ

and

J2ðaÞ ¼
2π

a
þ 2 ln

�
a
4π

�
þ 2γE

þ 4

�X∞
n¼1

ð−1Þnð2n − 1Þ!!ζð2nþ 1Þa2n
n!2nþ1ð2πÞ2n

�
; ðA5Þ

where γE ¼ 0.57721 is the Euler-Mascheroni constant.
The function H2 appearing in Eq. (2.6) is given by [2]

H2ðaÞ ¼
�
2 −

πffiffiffi
3

p
�
J1ðaÞ; ðA6Þ

while the H3 function in the high-temperature approxima-
tion is [79]

H3ðaÞ ≃ −
ð4πÞ2
12

½lnða2Þ þ 5.3025�: ðA7Þ

The functions K2 and K3 in Eq. (2.6) are, respectively,
given by [47,80]

K2ðaÞ ≃
ð4πÞ4
72

�
ln aþ 1

2
þ ζ0ð−1Þ

ζð−1Þ
�

− 372.65aðln aþ 1.4658Þ ðA8Þ

and

K3ðaÞ ≃
ð4πÞ4
48

�
−

7

15
þ ζ0ð−1Þ

ζð−1Þ −
ζ0ð−3Þ
ζð−3Þ

�

þ 1600.0aðln aþ 1.3045Þ; ðA9Þ

where ζðxÞ is the Riemann zeta function.

APPENDIX B: RENORMALIZED PARAMETERS

In the context of the usual perturbation theory, the
renormalized parameters are determined by the renormal-
ization conditions (e.g., by the pole of the propagator for
the mass and by the amplitude 2 → 2 scattering for the
quartic coupling constant) [81]. These parameters are also
known as physical parameters [80]. Accordingly, the bare
mass and coupling are related to the renormalized ones
through

m2
b ¼ m2 þ λm2

2ð4πÞ2
�
ln

�
μ2

m2

�
þ 1

�
þ λ2m2

ð4πÞ4
�
−
11

48

þ 1

2
ln2

�
μ2

m2

�
þ 1

3
ln

�
μ2

m2

��
þOðλ3Þ; ðB1Þ

λb ¼ λþ λ2

ð4πÞ2
�
3

2
ln

�
μ2

m2

�
þ 1

�
þOðλ3Þ: ðB2Þ
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The effective potential for the OPT at the order of δ2,
Eq. (2.6), is obtained by first performing the above
replacements in the perturbative effective potential with
bare parameters (see, e.g., Ref. [33]) and then applying the
OPT procedure given by Eqs. (2.2) and (2.3) and expanding
in δ to the desired order. To the order of δ2, this procedure
then gives origin Eq. (2.6), with the two terms in that
equation, F δ and F δ2 , given, respectively, by

F δ ¼
λφ2Ω2

4ð4πÞ2 ½LΩ þ 1� þ λΩ2

4ð4πÞ4 ½LΩ þ 1�

× ½Ω2ðLΩ þ 1Þ − T2J1;Ω� ðB3Þ

and

F δ2 ¼
η2λ

4ð4πÞ4 ½J2;ΩðLΩ þ 1ÞΩ2 − J1;ΩT2ð2J2;Ω þ LΩÞ� −
λφ2η2

2ð4πÞ2 LΩ þ λ2φ4

48ð4πÞ2 ð3LΩ þ 2Þ

þ ℏ3λ2

48ð4πÞ6 ½Ω
2J1;ΩT2ð4C1 − 6J2;ΩðLΩ þ 1Þ − 12L2

Ω − 28LΩ þ π2 þ 12Þ�

þ ℏ3λ2

48ð4πÞ6 ½Ω
4ðLΩ þ 1Þð−4C1 − π2 þ 3J2;ΩðLΩ þ 1Þ þ 10LΩ − 18Þ þ 3J21;Ωð3LΩ þ 2ÞT4�

þ λ2φ2

48ð4πÞ4 ½6J1;Ωð3LΩ þ 2ÞT2 − Ω2ð4C1 þ 24C2 þ 6J2;ΩLΩ þ 6J2;Ω þ 12L2
Ω þ 32LΩ − π2 − 12Þ�: ðB4Þ

APPENDIX C: THE PERTURBATIVE EFFECTIVE
POTENTIAL OF THE MASSIVE λϕ4 THEORY IN

ℏ ORDER

In this appendix, we present the effective potential of the
massive λϕ4 theory at finite temperature, organized in
orders of ℏ. The zero-temperature case was used at the
beginning of Sec. III for the review of RGI, whose result is
found in Ref. [58]:

Veff ¼ ΔVℏ0

effℏ
0 þ ΔVℏ1

effℏ
1 þ ΔVℏ2

effℏ
2

þ ΔVℏ3
effℏ

3 þOðℏ4Þ; ðC1Þ

where

ΔVℏ0
eff ¼

1

2
m2φ2 þ λ

4!
φ4 þ Λ; ðC2Þ

ΔVℏ1
eff ¼ −

m4
Hð2LmH

þ 3Þ
8ð4πÞ2 −

J0;mH
T4

2ð4πÞ2 ; ðC3Þ

ΔVℏ2
eff ¼

λ

8ð4πÞ4 ½ðLmH
þ 1Þm2

H − J1;mH
T2�2

−
λ2φ2

12ð4πÞ4 ½−3m
2
HðL2

mH
þ 3LmH

þ C2Þ

þ 3T2ðLmH
J1;mH

þH2;mH
þH3;mH

Þ�

−
λ2φ2m2

H

8ð4πÞ4
�
ðLmH

þ 1Þ2 þ 1þ π2

6

�
; ðC4Þ

and

ΔVℏ3
eff ¼

λ2

48ð4πÞ6
��

ð3LmH
þ 4ÞJ21;mH

þ J21;mH
J2;mH

þ 2K2;mH
þ 4

3
K3;mH

�
3T4

− ð12L2
mH

þ 28LmH
− 12 − π2 − 4C0 þ 6ðLmH

þ 1ÞJ2;mH
ÞJ1;mH

m2
HT

2

þ
�
5L3

mH
þ 17L2

mH
þ 41

2
LmH

− 23 −
23π2

12
− ψ 00ð1Þ þ C1 þ 3ðLmH

þ 1Þ2J2;mH

�
m4

H

�
þOðλ3Þ; ðC5Þ

where we have defined LmH
¼ lnðμ2=m2

HÞ and
m2

H ¼ m2 þ 1
2
λφ2. Terms beyond Oðλ2Þ will not be

necessary for the purposes of this work. This
potential contains all orders in perturbation theory

in λ. The quantities J0;mH
, J1;mH

, J2;mH
, H2;mH

,
H3;mH

, K2;mH
, and K3;mH

are all functions of
mH=T, and their explicit expressions are given in
Appendix A.
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APPENDIX D: SOLUTIONS FOR THE RGI
FUNCTIONS

Starting with the first differential equation in Eq. (3.10),

ℏ
dμ̄
dt

¼ μ̄; ðD1Þ

and choosing the initial condition at t ¼ 0 as μ̄ð0Þ ¼ μ, the
solution of Eq. (D1) is given by

t ¼ ℏ
2
ln

�
μ̄2

μ2

�
: ðD2Þ

Considering now the equation for λ̄ in Eq. (3.10) and
following [58,69], at one-loop order we have that

λ̄00ðtÞ − β0λ̄0ðtÞ2 ¼ 0; ðD3Þ

whose solution, with initial conditions at t ¼ 0 given by
λ̄0ð0Þ ¼ λðμÞ, is found to be

λ̄0 ¼
λ

ξ
; ðD4Þ

where we have defined ξ ¼ 1 − β0λt. Going to ℏ2 order, the
equation for the scale-dependent coupling is

ℏ2½−2β0λ̄0ðtÞλ̄1ðtÞ − β1λ̄0ðtÞ3 þ λ̄01ðtÞ�
þ ℏ½λ̄00ðtÞ − β0λ̄0ðtÞ2� ¼ 0: ðD5Þ

Using the solution from Eq. (D4), Eq. (D5) simplifies to

ℏ2

�
β0λ

3

ðβ0λt − 1Þ3 þ
2β0λλ̄1ðtÞ
β0λt − 1

þ λ̄01ðtÞ
�
¼ 0; ðD6Þ

and its solution, using the initial condition λ̄1ð0Þ ¼ 0, is
given by

λ̄1 ¼ −
β1λ

2

β0ξ
2
ln ξ: ðD7Þ

Similarly, at the order of ℏ3 we find

−
λ4ðβ21 ln2ð1 − β0λtÞ − 3β21 lnð1 − β0λtÞ þ β0β2Þ

β0ðβ0λt − 1Þ4

þ 2β0λλ̄2ðtÞ
β0λt − 1

þ λ̄02ðtÞ ¼ 0; ðD8Þ

where we have used the previous solutions for λ̄0 and λ̄1.
Considering the initial condition λ̄2ð0Þ ¼ 0, we obtain the
solution for Eq. (D8) as given by

λ̄2 ¼
λ3

ξ2

��
−
β21
β20

þ β2
β0

�
½ξ−1 − 1� − β21

β20

ln ξ
ξ

þ β21β
2
0

ln2 ξ
ξ

�
: ðD9Þ

The solutions for the scale-dependent mass at the orders
of ℏ0, ℏ, and ℏ2 are found similarly [using the boundary
conditions m̄2

0ð0Þ ¼ m2ðμÞ and m̄2
1ð0Þ ¼ m̄2

2ð0Þ ¼ 0] and
are, respectively, given by

m̄2
0 ¼

m2

ξγm0=β0
; ðD10Þ

m̄2
1 ¼

λm2

ξγm0=β0

��
−
β1γm0

β20
þ γm1

β0

�
½ξ−1 − 1�

−
β1γm0

β20

ln ξ
ξ

�
; ðD11Þ

and

m̄2
2 ¼

λ2m2

ξγm0=β0

��
β21γm0

β30
−
β2γm0

β20
−
β21γ

2
m0

β40
þ 2β1γm0γm1

β30
−
γ2m1

β20

�
½ξ−1 − 1�

þ
�
−
β21γm0

2β30
þ β2γm0

2β20
þ β21γ

2
m0

2β40
−
β1γm1

2β20
−
β1γm0γm1

β30
þ γ2m1

2β20
þ γm2

2β0

�
½ξ−2 − 1�

þ ln ξ
ξ

�
−
β21γ

2
m0

β40
þ β1γm0γm1

β30

�
þ ln ξ

ξ2

�
β21γ

2
m0

β40
−
β1γm1

β20
−
β1γm0γm1

β30

�
þ
�
β21γm0

2β30
þ β21γ

2
m0

2β40

�
ln2ξ
ξ2

�
. ðD12Þ

Likewise, the solutions for the background field at the
orders of ℏ0, ℏ, and ℏ2, using the boundary conditions
φ̄0ð0Þ ¼ φðμÞ and φ̄1ð0Þ ¼ φ̄2ð0Þ ¼ 0, are found to be
given, respectively, by

φ̄0 ¼
φ

ξ−γ0=β0
; ðD13Þ

φ̄1 ¼
λφ

ξ−γ0=β0

��
β1γ0
β20

−
γ1
β0

�
½ξ−1 − 1� þ β1γ0

β20

ln ξ
ξ

�
; ðD14Þ

and

CÂMARA, PINTO, and RAMOS PHYS. REV. D 113, 096004 (2026)

096004-14



φ̄2 ¼
λ2φ

ξ−γ0=β0

��
β21γ0
2β30

−
β2γ0
2β20

þβ21γ
2
0

2β40
þβ1γ1

2β20
þ γ21
2β20

−
β1γ0γ1
β30

−
γ2
2β0

�
½ξ−2−1�þ

�
−
β21γ0
β30

þβ2γ0
β20

−
β21γ

2
0

β40
þ2β1γ0γ1

β30
−
γ21
β20

�
½ξ−1−1�

þ
�
−
β21γ

2
0

β40
þβ1γ0γ1

β30

�
lnξ
ξ

þ
�
β21γ

2
0

β40
þβ1γ1

β20
−
β1γ0γ1
β30

�
lnξ
ξ2

þ
�
−
β21γ0
2β30

þβ21γ
2
0

2β40

�
ln2ξ
ξ2

�
: ðD15Þ

Finally, the solutions for the vacuum energy at the orders of ℏ0, ℏ, and ℏ2, using the boundary conditions
Λ̄0ð0Þ ¼ Λ̄1ð0Þ ¼ Λ̄2ð0Þ ¼ 0, are found to be given, respectively, by

Λ̄0 ¼ −
m4βΛ0

λðβ0 − 2γm0Þ
½ξ1−2γm0=β0 − 1�; ðD16Þ

Λ̄1 ¼ m4

�
2βΛ0

β0ðβ0 − 2γm0Þ
�
−
β1γm0

β0
þ γm1

�
½ξ1−2γm0=β0 − 1�

−
�
β1βΛ0
β20

þ β1βΛ0
2β0γm0

−
βΛ0γm1

β0γm0

−
βΛ1
2γm0

�
½ξ−2γm0=β0 − 1� − βΛ0β1

β20

ln ξ

ξ2γm0=β0

�
; ðD17Þ

and

Λ̄2 ¼ λm4

��
β1βΛ1
β20

−
β2βΛ0
β20

−
2β21βΛ0γm0

β40
þ 4β1βΛ0γm1

β30
−
βΛ1γm1

β0γm0

þ β1βΛ0γm1

β20γm0

−
2βΛ0γ

2
m1

β20γm0

�
½ξ−2γm0=β0 − 1�

þ
�
β21γm0

β20
−
β2γm0

β0
−
2β21γ

2
m0

β30
þ 4β1γm0γm1β

2
0 þ γm2 − 2γ2m1β0 −

β1γm1

β0

�
βΛ0ðξ1−2γm0=β0 − 1Þ
β0ðβ0 − 2γm0Þ

þ
�
βΛ2 −

β1βΛ1
β0

−
2β1βΛ1γm0

β20
þ β21βΛ0γm0

β30
þ β2βΛ0γm0

β20
þ 2β21βΛ0γ

2
m0

β40
þ 2βΛ1γm1

β0

−
3β1βΛ0γm1

β20
−
4β1βΛ0γm0γm1

β30
þ 2βΛ0γ

2
m1

β20
þ βΛ0γm2

β0

� ðξ−1−2γm0=β0 − 1Þ
β0 þ 2γm0

þ
�
2β1βΛ0γm1

β30
−
2β21βΛ0γm0

β40

�
ln ξ

ξ2γm0=β0

þ ln ξ

ξ1þ2γm0=β0

�
−
β1βΛ1
β20

þ 2β21βΛ0γm0

β40
−
2β1βΛ0γm1

β30

�
þ β21βΛ0γm0

β40

ln2ξ

ξ1þ2γm0=β0

�
: ðD18Þ

The solutions for the coupling, mass, background field, and vacuum energy at ℏ3 can be found in Ref. [58].

APPENDIX E: VRG EFFECTIVE POTENTIAL

Here, we give the complete expressions for the VRG effective potential at the orders of δ and δ2 that were used in our
numerical studies.
The VRG effective potential at the order of δ is given by

Vδ
VRG ¼ 1

2
Ω̄2φ2 þ 1

4!

λ

ξ
φ4 −

Ω̄4ð2Lμ̄ þ 3Þ
8ð4πÞ2 −

J0;Ω̄T
4

2ð4πÞ2 −
λ

8ð4πÞ4ξ ½ðLμ̄ þ 1Þ2Ω̄4 − J2
1;Ω̄T

4� þ λφ2

4ð4πÞ2ξ J1;Ω̄T
2

þ η2

2ð4πÞ2 ½ðLμ̄ þ 1ÞΩ̄2 − J1;Ω̄T
2� þ Fvac;1; ðE1Þ

where ξ ¼ 1 − λβ0t, t ¼ lnðμ̄=μÞ, and we have also defined

Ω̄2 ¼ 1

ξ1=3
ðm2 þ η2Þ; ðE2Þ

Lμ̄ ¼ lnðμ2e2t=Ω̄2Þ; ðE3Þ

and
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Fvac;1 ¼
ðη2 − ξ1=3Ω̄2Þ2

2λ
ð1 − ξ1=3Þ þ Ω̄4

54ð4πÞ2 ½35 − 54ξ2=3 þ 17 ln ξþ 19ξ�

þ Ω̄2λ

108ξð4πÞ4 ½19ðξ − 1Þ − 34 ln ξ�½ðLμ̄ þ 1ÞΩ̄2 − J1;Ω̄T
2�

−
Ω̄2λφ2½8ðξ − 1Þ − 17 ln ξ�

54ξð4πÞ2 −
Ω̄4λ

ξð4πÞ4
�
−
289ln2ξ
1458

þ 7776ζð3Þ þ 2509

11664
ξ2

þ 323ðξ − 1Þ ln ξ
1458

−
36ζð3Þ þ 23

30
ξ5=3 −

3888ζð3Þ þ 9239

29160
þ 7776ζð3Þ þ 10129

11664
ξ

�
: ðE4Þ

At the order of δ2, the VRG effective potential is given by

Vδ2
VRG ¼ Vδ

VRG þ η4

4ξ2=3ð4πÞ2 ðLμ̄ þ J2;Ω̄Þ þ
λη2

4ξ4=3ð4πÞ4 ½J1;Ω̄J2;Ω̄T
2 þ Lμ̄ðLμ̄ þ 1ÞΩ̄2�

−
λ2

48ξ2ð4πÞ6
��

5L3
μ̄ þ 7L2

μ̄ þ
�
57

2
þ 4C1 þ π2

�
Lμ̄ − 5 −

11π2

12
− ψ 00ð1Þ þ C0 þ 4C1

�
Ω̄4

þ
�
2J2

1;Ω̄ þ J2
1;Ω̄J2;Ω̄ þ 2K2;Ω̄ þ 4

3
K3;Ω̄

�
3T4

�

þ φ2



λη2

4ξ4=3ð4πÞ2 J2;Ω̄ þ λ2

4ξ2ð4πÞ4
�
−T2

�
1

2
J1;Ω̄J2;Ω̄ þH2;Ω̄ þH3;Ω̄ − J1;Ω̄

�
þ
�
C1

3
þ C2 þ

Lμ̄

6

�
Ω̄2

��

þ λ2φ4

48ξ2ð4πÞ2 ð2 − 3J2;Ω̄Þ þ Fvac;2 þ Fφ; ðE5Þ

where

Fφ ¼ φ2



λ2Ω̄2ð19ðξ − 1Þ − 34 ln ξÞ

216ξ2ð4πÞ4 ðLμ̄ þ J2;Ω̄Þ −
λ2ðξþ 34 ln ξ − 1Þ

72ξ2ð4πÞ4 ½ðLμ̄ þ 1ÞΩ̄2 − T2J1;Ω̄�

þ λ2Ω̄2

ξ2ð4πÞ4
�
17ð43þ 108Lμ̄ − 16ξÞ ln ξ

5832
þ 289ln2ξ

729
þ ðξ − 1Þ

11664
ð−864Lμ̄ þ 973ξþ 3888ζð3Þðξ − 1Þ − 4186Þ

�

þ η2λð8ðξ − 1Þ − 17 ln ξÞ
54ξ4=3ð4πÞ2

�
þ λ2φ4ðξ − 1þ 17 ln ξÞ

216ξ2ð4πÞ2 ðE6Þ

and

Fvac;2 ¼
η4ð35 − 54ξ2=3 þ 19ξþ 17 ln ξÞ

54ð4πÞ2ξ2=3 þ 17λ2 ln ξ
72ξ2ð4πÞ6 ½ðLμ̄ þ 1ÞΩ̄2 − T2J1;Ω̄�2 þ

η2λΩ̄2

ξ4=3ð4πÞ4
�
−
23ξ5=3

15
þ 2509ξ2

5832

þ 10129ξ

5832
−
289ln2ξ
729

þ 323

729
ξ ln ξ −

323 ln ξ
729

−
1

5
12ξ5=3ζð3Þ þ 4ξ2ζð3Þ

3
þ 4ξζð3Þ

3
−
4ζð3Þ
15

−
9239

14580

�

þ λ2Ω̄2ð19ðξ − 1Þ − 34 ln ξÞ2
23328ξ2ð4πÞ6 f½ðLμ̄ þ 1ÞΩ2 − T2J1;Ω̄� − 2Ω̄2ðLμ̄ þ J2;Ω̄Þg

þ f½ðLμ̄ þ 1ÞΩ2 − T2J1;Ω̄� − 2Ω̄2ðLμ̄ þ J2;Ω̄Þg
λ2ðLμ̄ þ 1ÞΩ̄2ð19ðξ − 1Þ − 34 ln ξÞ

432ξ2ð4πÞ6

−
λ2Ω̄2ð19ðξ − 1Þ − 34 lnðξÞÞ

216ξ2ð4πÞ6 ðLμ̄ þ J2;Ω̄Þ × ½ðLμ̄ þ 1ÞΩ̄2 − T2J1;Ω̄�
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þ λ2Ω̄2

18895680ξ2ð4πÞ6
�
−4860T2J1;Ω̄½−34ð63Lμ̄ − 19ξþ 34Þ ln ξ − 1734ln2ξ

þ ðξ − 1Þð171Lμ̄ − 2ξð648ζð3Þ þ 179Þ þ 1296ζð3Þ þ 1435Þ� þ Ω̄2½831060L2
μ̄ðξ − 1Þ − 981264ξþ 5923585

− 34680ð243Lμ̄ þ 76ξþ 257Þln2ξ − 314928π4ξ8=3 þ 83154114ξ8=3 þ 209952π4ξ3 − 33518530ξ3

þ 104976π4ξ2 − 54577905ξ2 þ 3930400ln3ξ − 9720Lμ̄ðξ − 1Þðξð648ζð3Þ þ 179Þ − 648ζð3Þ − 803Þ
þ 108177768ξ8=3ζð3Þ þ 141717600ξ8=3ζð5Þ − 67301280ξ3ζð3Þ − 83980800ξ3ζð5Þ − 45839520ξ2ζð3Þ
− 62985600ξ2ζð5Þ þ 1959552ξζð3Þ þ 3003480ζð3Þ þ 5248800ζð5Þ − 1020 ln ξð10206L2

μ̄ − 162Lμ̄ð19ξ − 97Þ
− ξ2ð7776ζð3Þ þ 2509Þ þ 4ξð3888ζð3Þ þ 2357Þ − 7776ζð3Þ − 5218Þ�
. ðE7Þ
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