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We construct a hybrid equation of state (EoS) by smoothly interpolating the EoS in the hadron resonance
gas at low temperatures to that in the ideal parton gas at high temperatures, and employ it to study the
properties of the quantum chromodynamics (QCD) matter under a finite magnetic field and nonzero
chemical potential. In this work, we neglect the anomalous magnetic moment effects of both charged and
neutral particles. Our results show that the thermodynamic observables such as the entropy density, the
pressure, the energy density, the trace anomaly, and the specific heat at constant volume are sensitive to
both the finite magnetic field and chemical potential. As the chemical potential increases from zero, these
quantities rise in both the hadronic and quark-gluon plasma phases. In contrast, introducing a magnetic
field suppresses them at low temperatures but enhances them at high temperatures. Furthermore, nonzero
chemical potential and magnetic field introduce nontrivial modifications to the squared speed of sound.
Both effects increase its value near the critical temperature while reducing it at lower temperatures. When
both the chemical potential and the magnetic field are present, their influences superimpose, leading to
more intricate changes in the thermodynamic behavior. Finally, we compare our results with the lattice
QCD data for the quadratic fluctuations of conserved charges and their correlations. The model
successfully reproduces the temperature dependence of these observables at eB ¼ 0 and 0.04 GeV2.
However, at the stronger field strength eB ¼ 0.14 GeV2, the model underestimates the magnitudes while
still capturing the overall temperature trend.
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I. INTRODUCTION

Quantum chromodynamics (QCD) predicts a deconfine-
ment phase transition of the matter from hadronic phase to
quark-gluon plasma (QGP) phase at high temperatures or
high baryon densities. At low baryon densities and high
temperatures, the transition is a smooth crossover [1].
However, at high baryon densities and low temperatures,
the transition is of first-order [2,3]. QGP is expected to be
produced in ultrarelativistic heavy-ion collisions. Exploring
the properties of QCD phase transition is one of the
main goals in heavy-ion collisions at the BNL
Relativistic Heavy Ion Collider (RHIC) and CERN Large
Hadron Collider (LHC).
In noncentral heavy-ion collision, an external magnetic

field B is expected to be generated by the spectators. It has
been shown that at the RHIC energy the magnetic field has

the magnitude of the order of eB ∼m2
π ∼ 1018 Gauss, where

e is the electric charge, mπ is the mass of pions [4,5]. The
magnetic field generated at the LHC energy is around 10
times larger than that at the RHIC energy [4,5]. Such a
strong magnetic field can significantly influence the proper-
ties of the QCD phase transition and the equation of state
(EoS) [6,7]. Several models have been applied to
investigate these effects. They include the MIT bag model
[8–10], the quark-meson model [11–13], the linear sigma
model [14], the functional renormalization group approach
[15], the Nambu–Jona-Lasinio (NJL) model [16–20],
the lattice QCD (LQCD) [21–26], the hadron resonance
gas (HRG) model [27,28], and the perturbative QCD
(pQCD) [29].
Recently, the fluctuations and correlations of conserved

charges such as the net baryon number B, the electric
charge Q, and the strangeness S in the presence of a finite
magnetic field have attracted considerable interest. They
are sensitive to the system’s degrees of freedom and exhibit
distinct behaviors in the hadronic and QGP phases [30–33].
Moreover, the fluctuations are expected to be largely
enhanced around the critical end point (CEP) [34]. Thus
they have been measured experimentally to probe the CEP
[35,36]. In the framework of the NJL model [19,20,37,38],
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the LQCD [24,39], the HRG model [40–43], and the
pQCD [44], it has been shown that the finite magnetic
field has a nontrivial effect on these fluctuations and
correlations.
Compared with other models, the HRG model is a

relatively simple approach. It gives a good description of
the LQCD data on the thermodynamic observables as well
as the fluctuations of conserved charges at vanishing
magnetic field in the low temperature region, both at zero
[45–47] (μ ¼ 0) and nonzero chemical potentials (μ ≠ 0)
[48–50]. In Ref. [27], a modified HRG model was
developed to include the effects of finite magnetic field.
This model was utilized to investigate the effect of the
magnetic field on the QCD EoS [27,28] and the fluctua-
tions of conserved charges at vanishing chemical potentials
[40–43]. In the high-temperature limit, the ideal parton gas
(IPG) model [51] was used to describe the thermodynamic
observables and the EoS in the QGP phase [52–54]. It was
also employed to estimate the fluctuations and correlations
of conserved charges in the high temperature region
[55,56]. The estimation well described the results from
the LQCD calculation when an ideal and massless quark
gas was considered [56]. In Ref. [39], this model was
generalized to include the effects of finite magnetic field at
zero chemical potential.
In this work, in order to investigate the effects of the

finite magnetic field as well as the nonzero chemical
potential on the QCD matter, we employ the HRG (IPG)
model to describe the EoS in the hadronic (QGP) phase and
interpolate these two equations of state with a smooth
crossover. This interpolation method has previously been
employed, for instance, to study the temperature depend-
ence of thermodynamic properties in the chiral limit with
massless pions and light quarks [52]. In our implementa-
tion, the hadronic sector includes free hadrons and reso-
nances with masses up to 2.5 GeV=c2, while the QGP
sector consists of massless gluons and massive u, d, and s
quarks. Moreover, anomalous magnetic moment (AMM)
effects of both charged and neutral particles are neglected.
We will first investigate the QCD matter at the LHC energy
where μ ≈ 0 GeV and eB ≈ 10m2

π to explore the effect of
the strong magnetic field. Then we will study the QCD
matter at the RHIC energy where μ ≠ 0 and eB ≈m2

π to
probe both the effects of the finite magnetic field and the
nonzero chemical potential. Finally, we will present the
second-order fluctuations and correlations of conserved
charges as a function of temperature calculated from our
model and compare them with the results from LQCD.
This paper is organized as follows. In Sec. II, we describe

the HRG model, the IPG model, and construct a QCD EoS
under a finite magnetic field and chemical potential to
calculate thermodynamic quantities, as well as the fluctua-
tions and correlations of conserved charges. In Sec. III, we
analyze the effects of chemical potential and magnetic field
on the thermodynamic quantities and compare the

fluctuations and correlations of conserved charges obtained
from our model with LQCD results. Finally, the conclusion
is given in Sec. IV.

II. THE MODEL

In this section, we construct a hybrid HRGþ IPG
equation of state under a finite magnetic field and chemical
potential. In the absence of a magnetic field, the pressure is
isotropic. However, in the presence of a magnetic
field, the pressure becomes anisotropic, consisting of a
parallel component Pk and a perpendicular component P⊥.
Throughout this work, we adopt the B-scheme, where the
magnetic field B is treated as a fixed external variable.
Under this scheme, the grand-canonical potential is
ΩðB; T; μ; VÞ ¼ −T lnZðB; T; μ; VÞ, where T, V, and Z
are the temperature, volume and the partition function of the
system, respectively. The parallel pressure is then
Pk ¼−ð∂Ω

∂VÞT;μ;B, and the total magnetization is MB ¼
−ð∂Ω

∂BÞT;μ;V . The magnetization density is mB ¼ MB=V.
The perpendicular pressure follows from P⊥ ¼ Pk −mBB
[27,57]. For the HRG and IPG models, we only give the
parallel pressures,whose subscript “k” is omitted for brevity.
For the hybrid HRGþ IPG model, we provide both the
parallel and perpendicular components.

A. Hadron resonance gas model

In the HRG model, with the quantum statistics taken into
account, the logarithm of the total grand canonical partition
function of a gas of noninteracting free hadrons and
resonances is written as [55]

lnZH ¼
X

i∈mesons

lnZM
i þ

X
i∈ baryons

lnZB
i ; ð1Þ

where lnZM=B
i refers to the logarithm of the partition

function for mesonic (M) or baryonic (B) particle species
i and is given by

lnZB=M
i ¼ �diV

ð2πÞ3
Z

d3p ln

�
1� exp

�
−
εi − μi
T

��
: ð2Þ

Here di and μi are, respectively, the degeneracy
and chemical potential of the particle species i,
μi ¼ BiμB þQiμQ þ SiμS, where Bi, Qi, and Si are,
respectively, the baryon number, the electric charge, and
the strangeness of the ith particle, μB, μQ, and μS are the
corresponding chemical potentials; the upper sign corre-
sponds to baryons (fermions) and the lower sign to mesons
(bosons); εi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ jpj2
p

is the energy of the particle i,
with mi and p being, respectively, its rest mass and
momentum.
In the presence of a constant uniform magnetic field eB

pointing in the positive z direction, we consider all particles
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to be pointlike [25]. All neutral particles are assumed to be
unaffected by the magnetic field, and the AMM effects are
neglected. Thus the energy levels of neutral particles are
εni ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ jpj2
p

. However, the charged particles would
undergo Landau quantization perpendicular to the magnetic
field [6]. Consequently, their energy levels become [58]

εci ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þm2

i þ 2jqijeB
�
lþ 1

2
− sz

�s
; ð3Þ

where qi, pz, and sz are, respectively, the electric charge,
the momentum, and the z component of the spin si for the
particle i; the non-negative integer l corresponds to the
allowed Landau levels. In Eq. (3), a Landé g-factor of 2 is
assigned to all charged particles with nonzero spin and the
AMM effects are ignored.
Once the partition function is known, the pressure of the

hadron resonance gas system is obtained by differentiation

PH ¼ T
∂ lnZH

∂V
¼

X
i∈ neutral

Pn
i þ

X
i∈ charged

Pc
i ; ð4Þ

where

Pn
i ¼

�diT
ð2πÞ3

Z
d3p ln

�
1� exp

�
−
εni − μi

T

��
; ð5Þ

Pc
i ¼

�d0ijqijeBT
2π2

Xsi
sz¼−si

X∞
l¼0

Z
∞

0

dpz

× ln
�
1� exp

�
−
εci − μi

T

��
; ð6Þ

where d0i is the degeneracy factor other than spin. Here the
momentum integrals in the pressure for the charged
particles have been modified as [28,40]

di

Z
d3p
ð2πÞ3 →

d0ijqijeB
2π

Xsi
sz¼−si

X∞
l¼0

Z
∞

−∞

dpz

2π
: ð7Þ

With the utilization of the identity

lnð1þ xÞ ¼
X∞
k¼1

ð−1Þkþ1
xk

k
; ð8Þ

where k is the sum index in the Taylor expansion and
jxj < 1, the pressures for the neutral and charged particles
can be, respectively, rewritten as [28,39]

Pn
i ¼

diT2m2
i

2π2
X∞
k¼1

ð∓ 1Þkþ1
ekμi=T

k2
K2

�
kmi

T

�
; ð9Þ

and

Pc
i ¼

d0ijqijeBT
2π2

Xsi
sz¼−si

X∞
l¼0

ε0i
X∞
k¼1

ð∓ 1Þkþ1

×
ekμi=T

k
K1

�
kε0i
T

�
; ð10Þ

with K1 and K2 being, respectively, the first-order and
second-order modified Bessel functions of the second
kind, ε0i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ 2jqijeBðlþ 1=2 − szÞ
p

.
According to the thermodynamic relation

dPi ¼ sidT þ nidμi þ ðmBÞidB, with ni and ðmBÞi being,
respectively, the particle and magnetization densities, the
entropy density of the hadron resonance gas system is

sH ¼
X

i∈ neutral

sni þ
X

i∈ charged

sci ; ð11Þ

where the entropy densities for the ith neutral
(sni ¼ ∂Pn

i =∂T) and charged particles (sci ¼ ∂Pc
i =∂T) are,

respectively, written as

sni ¼
dim2

i

2π2
X∞
k¼1

ð∓ 1Þkþ1
ekμi=T

k2

�
2TK2

�
kmi

T

�

− kμiK2

�
kmi

T

�
þ kmi

2

�
K1

�
kmi

T

�
þ K3

�
kmi

T

���
;

ð12Þ

and

sci ¼
d0ijqijeB
2π2

Xsi
sz¼−si

X∞
l¼0

ε0i
X∞
k¼1

ð∓ 1Þkþ1
ekμi=T

k

×

�
K1

�
kε0i
T

�
−
kμi
T

K1

�
kε0i
T

�

þ kε0i
2T

�
K0

�
kε0i
T

�
þ K2

�
kε0i
T

���
; ð13Þ

with K0 and K3 being the zeroth-order and third-order
modified Bessel functions of the second kind, respectively.
In the vanishing magnetic field, the entropy density for
charged particles is the same as that for neutral particles.

B. Ideal parton gas model

In the high temperature limit, the grand canonical QCD
partition function reduces to that of an ideal gas of quarks
and gluons. The dominant excitations in QGP are free
massless gluons and massive u, d and s quarks and
antiquarks. Similar to that in the HRG model, the
pressure of the QGP is expressed as PQGP ¼ Pg þ Pq,
where Pg (Pq) is the pressure for gluons (quarks and
antiquarks). For gluons, the degeneracy is given by
dg ¼ 2spin × ðN2

c − 1Þ ¼ 16, with Nc ¼ 3 being the
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number of colors. For quarks, the degeneracy excluding
spin is d0q ¼ Nc ¼ 3. In the vanishing magnetic field, with
the application of Eq. (9), the pressures for the massless
gluons as well as massive quarks and antiquarks are,
respectively, expressed as [39,51]

Pg ¼
8π2

45
T4; ð14Þ

and

Pq¼
X

f¼u;d;s;ū;d̄;s̄

X∞
k¼1

3T2m2
f

π2
ð−1Þkþ1

ekμf=T

k2
K2

�
kmf

T

�
: ð15Þ

Here for a quark of flavor f, mf and μf denote its mass and
chemical potential, respectively, with the latter being
decomposed as μf ¼ BfμB þQfμQ þ SfμS, where Bf,
Qf, and Sf are the baryon number, electric charge, and
strangeness of the quark, respectively.
Following the approach used in the HRG model, the

entropy density of the QGP system is given by

sQGP ¼ sg þ sq; ð16Þ

where sg ¼ ∂Pg=∂T is the gluon entropy density and
sq ¼ ∂Pq=∂T is the entropy density for quarks and anti-
quarks. These are expressed as

sg ¼
32π2

45
T3; ð17Þ

and

sq ¼
X

f¼u;d;s;ū;d̄;s̄

3m2
f

π2
X∞
k¼1

ð−1Þkþ1
ekμf=T

k2

�
2TK2

�
kmf

T

�

− kμfK2

�
kmf

T

�
þ kmf

2

�
K1

�
kmf

T

�
þ K3

�
kmf

T

���
:

ð18Þ

In the presence of magnetic field, the pressure for gluons
keeps unchanged, while the pressure for quarks and
antiquarks becomes

Pq ¼
X

f¼u;d;s

3jqfjeBT2

π2
	
Pl¼0
f ðBÞ þ Pl≠0

f ðBÞ
 ð19Þ

where qf is the electric charge of the quark with the flavor
f, the contributions from the lowest Landau level (LLL)
Pl¼0
f and the higher Landau levels Pl≠0

f are, respectively,
written as

Pl¼0
f ðBÞ ¼ mf

T

X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kmf

T

�
; ð20Þ

and

Pl≠0
f ðBÞ ¼ 2

T

X∞
l¼1

εþf
X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kεþf
T

�
;

ð21Þ

with εþf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ 2jqfjeBl
q

. Here, we have ignored the

AMM effects of quarks. The derivation of Eq. (19) is
presented in Appendix A.
Similarly, in the presence of magnetic field, the entropy

density for gluons keeps unchanged, while the entropy
density for quarks and antiquarks becomes

sq ¼
X

f¼u;d;s

3jqfjeBT2

π2
½sl¼0

f ðBÞ þ sl≠0f ðBÞ�; ð22Þ

where sl¼0
f ðBÞ and sl≠0f ðBÞ are, respectively, given by

sl¼0
f ðBÞ ¼ mf

2T3

X∞
k¼1

ð−1Þkþ1

k

�
kmf cosh

�
kμf
T

�

×

�
K0

�
kmf

T

�
þ K2

�
kmf

T

��
þ 2K1

�
kmf

T

�

×

�
T cosh

�
kμf
T

�
− kμf sinh

�
kμf
T

���
; ð23Þ

and

sl≠0f ðBÞ ¼ 1

T3

X∞
l¼1

εþf
X∞
k¼1

ð−1Þkþ1

k

�
kεþf cosh

�
kμf
T

�

×

�
K0

�
kεþf
T

�
þ K2

�
kεþf
T

��
þ 2K1

�
kεþf
T

�

×

�
T cosh

�
kμf
T

�
− kμf sinh

�
kμf
T

���
: ð24Þ

C. Smooth crossover around the critical temperature

At the critical temperature Tc, the liberation of color
degrees of freedom drives a sharp increase in entropy
density, signaling the transition from hadronic phase to
QGP phase. To ensure continuity between the entropy
densities of the two phases, we make a smooth interpola-
tion of sðTÞ between the hadronic gas at low T and the QGP
at high T. The simplest possible parametrization of the
entropy density sðTÞ that satisfies the thermodynamic
inequality ∂sðTÞ=∂T ≥ 0 and the third-law behavior
sðTÞ → constant as T → 0 is [52]
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sðTÞ ¼ fðTÞsHðTÞ þ ½1 − fðTÞ�sQGPðTÞ; ð25Þ

where fðTÞ is a weighting function,

fðTÞ ¼ 1

2

�
1 − tanh½ðT − TcÞ=Γ�

�
; ð26Þ

with Γ setting the width of the phase transition region. fðTÞ
is a decreasing function of T. It approaches unity at low
temperatures and 0 at high temperatures. Thus, for T
satisfying jT − Tcj > Γ, the system approaches the had-
ronic phase below Tc and the QGP phase above Tc, which
is consistent with the crossover nature of the QCD
transition. In our model, the smooth interpolation employs
a fixed critical temperature Tc, even at a finite magnetic
field (eB ≤ 0.14 GeV2) and nonzero baryon chemical
potential (μB ≈ 2Tc). This approximation is well justified.
Although the early LQCD results [59] showed a decrease in
Tc of about a few MeV at eB ∼ 0.2–0.4 GeV2, the latest
LQCD results in Ref. [25] show that for eB ≤ 0.3 GeV2 the
change in Tc is less than 1 MeV. Moreover, for μB ≤ 2Tc,
the shift of the critical temperature with the chemical
potential is also mild [60]. Therefore, within the parameter
ranges studied in this work, keeping Tc constant provides a
sound and practical simplification for the interpolation
scheme.
The anisotropic pressures PkðTÞ and P⊥ðTÞ, the energy

density εðTÞ, the specific heat at constant volume CVðTÞ, as
well as the parallel and perpendicular components of the
squared speed of sound ðc2sÞkðTÞ and ðc2sÞ⊥ðTÞ then can be,
respectively, obtained using the following expressions:

PkðTÞ ¼
Z

T

0

sðtÞdt; ð27Þ

P⊥ðTÞ ¼
Z

T

0

sðtÞdt − B
Z

T

0

∂sðtÞ
∂B

dt; ð28Þ

εðTÞ ¼ TsðTÞ − PkðTÞ þ
X
i

μi

Z
T

0

∂sðtÞ
∂μi

dt; ð29Þ

CVðTÞ ¼
∂εðTÞ
∂T






V
¼ T

∂sðTÞ
∂T

þ
X
i

μi
∂sðTÞ
∂μi

; ð30Þ

ðc2sÞkðTÞ ¼
∂PkðTÞ
∂εðTÞ ¼ sðTÞ

CVðTÞ
; ð31Þ

ðc2sÞ⊥ðTÞ ¼
∂P⊥ðTÞ
∂εðTÞ ¼ sðTÞ

CVðTÞ
−

1

CVðTÞ
B∂sðTÞ
∂B

; ð32Þ

where the index i in the summation runs over all the particle
species.

D. Fluctuations and correlations of conserved charges

The fluctuations and correlations of conserved charges
(B, Q, and S) encode fine details of the equation of state,
making them sensitive probes for changes in the degrees of
freedom and the QCD phase structure [30–33]. They are
characterized by the corresponding susceptibilities, which
are defined as the derivative of the dimensionless pressure
with respect to reduced chemical potential [33],

χ̂BQS
ijk ¼ ∂

iþjþkP=T4

∂μ̂iBμ̂
j
Qμ̂

k
S

; ð33Þ

where μ̂X ¼ μX=T, X ¼ B, Q, S. In the presence of a
magnetic field, we use the parallel pressure Pk because it
directly corresponds to the thermodynamic potential density
in the B-scheme. We only focus on the computation of
quadratic fluctuations and correlations, i.e., iþ jþ k ¼ 2.
For example, for charged hadrons in the HRGmodel at zero
chemical potential, the quadratic fluctuation and correlation
of the conserved charges are, respectively, expressed as [39]

χ̂X2 ¼ eB
2π2T3

X
j

jqjjX2
j

Xsj
sz¼−sj

X∞
l¼0

fðε0jÞ; ð34Þ

and

χ̂XY11 ¼ eB
2π2T3

X
j

jqjjXjYj

Xsj
sz¼−sj

X∞
l¼0

fðε0jÞ; ð35Þ

where the index j runs over all charged hadrons,
Xj and Yj represent B, Q, or S of the hadron
species j, fðε0jÞ ¼ ε0j

P∞
k¼1ð∓ 1Þkþ1kK1ðkε0j=TÞ, with

ε0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

j þ 2jqjjeBðlþ 1=2 − szÞ
q

. In the IPG model,

the quadratic fluctuations of the conserved charges and
their correlations in the high temperature limit can be
expressed as follows

χ̂B2 ¼ eB
9π2T3

X∞
k¼1

kð−1Þkþ1

�
2muK1

�
kmu

T

�
þmdK1

�
kmd

T

�
þmsK1

�
kms

T

�

þ 2
X∞
l¼1

�
2εþu K1

�
kεþu
T

�
þ εþd K1

�
kεþd
T

�
þ εþs K1

�
kεþs
T

���
; ð36Þ
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χ̂Q2 ¼ eB
9π2T3

X∞
k¼1

kð−1Þkþ1

�
8muK1

�
kmu

T

�
þmdK1

�
kmd

T

�
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χ̂BS11 ¼ −
eB
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��
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where mu=d=s is the mass of the u=d=s quark,

εþu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

u þ 4=3eBl
p

, εþd=s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

d=s þ 2=3eBl
q

. The der-

ivations of Eqs. (36)–(41) are shown in Appendix B.

III. RESULTS AND DISCUSSIONS

A. At eB= 10m2
π and μ= 0 MeV

The QCD matter is initially examined under the con-
ditions of zero chemical potential (μB¼μS¼μQ¼0MeV)
and a magnetic field strength of eB ¼ 10m2

π. These
values correspond to the estimated chemical potential
and magnetic field produced in the off-central Pb-Pb
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 and 5.02 TeV [61,62]. Within
the QGP phase, the u, d, and s quarks are included, with
their masses taken as mu ¼ md ¼ 3.503 MeV=c2 and
ms ¼ 96.4 MeV=c2, respectively [63]. For the hadronic
phase, we consider hadrons and hadronic resonances
composed of u, d, and s quarks that have masses below
2.5 GeV=c2 [46], as listed by Particle Data Group [64]. For
the phase transition, Tc is taken to be 156.5 MeV [65], Γ is
set as 0.05 Tc, which is identical to the choice made
in Ref. [52].
In the upper panels of each subplot in Fig. 1, the

red dashed curves present the temperature dependence of
the dimensionless thermodynamic quantities, such
as the entropy density s=T3, the parallel pressure Pk=T4,
the energy density ε=T4, the trace anomaly Δ ¼
½ε − ðPk þ 2P⊥Þ�=T4, the specific heat at constant volume
CV=T3, and the parallel component of the squared speed of
sound ðc2sÞk at eB ¼ 10m2

π . In addition, the blue dashed

curves in Figs. 1(b) and 1(f), respectively, show the
temperature dependence of P⊥=T4 and ðc2sÞ⊥. To explicitly
highlight the influence of the magnetic field, the corre-
sponding results at eB ¼ 0 GeV2 are provided for com-
parison. They are depicted by solid black curves. In the
lower panels of each subplot, we present the ratio of the
thermodynamic quantities at a eB ¼ 10m2

π to those at
eB ¼ 0 GeV2. The qualitative behavior of the thermody-
namic quantities at a finite magnetic field is summarized as
follows.

(i) The normalized entropy density s=T3 rises sharply
within a narrow critical window of width (Γ)
∼8 MeV around the transition temperature Tc. At
very low temperatures, s=T3 tends asymptotically to
zero. Above Tc, s=T3 displays a distinct peak before
eventually saturating at the Stefan-Boltzmann (SB)
limit at very high temperatures. A key observation is
that the magnetic field suppresses the entropy
density in the low-temperature hadronic phase but
enhances it in the high-temperature QGP phase. The
underlying mechanisms are as follows. At low
temperatures, Landau-level quantization reduces
the accessible phase space for charged hadrons,
and the increased effective mass raises their excita-
tion threshold, leading to an exponential suppression
of their thermal abundance. At high temperatures,
the magnetic field reorganizes the phase space of
charged quarks. In particular, the LLL contributes a
large degeneracy proportional to the field strength,
which significantly increases the number of acces-
sible microscopic states in the QGP phase. The

QIN, FENG, HOU, SONG, ZHANG, ZHENG, and MAO PHYS. REV. D 114, 016028 (2026)

016028-6



nonmonotonic behavior, specifically the peak just
above Tc, is driven by the combined effects of the
strong magnetic enhancement of the partonic phase
and the rapid shift in phase weight governed by the
connecting function fðTÞ.
The ratio between the entropy densities with and

without the magnetic field, sB=s0, exhibits the
evolution from extreme low to high temperatures.
At very low temperatures, the entropy is dominated
by the lightest neutral hadron π0. Contributions from
charged pions are exponentially suppressed both
with and without the magnetic field, driving sB=s0
toward unity. As the temperature rises to approx-
imately 0.2 Tc, charged pions begin to contribute
significantly to the entropy in the zero-field case,

whereas in the magnetic field their contribution
remains strongly suppressed. This causes the zero-
field entropy to accelerate its growth relative to the
field-dependent entropy, driving sB=s0 down to its
minimum value. When the temperature increases
from 0.2 Tc to around 0.75 Tc where sB=s0 ¼ 1, the
spectrum of thermally excited hadrons expands to
include heavier resonances. The magnetic field
suppresses hadrons of different masses to varying
degrees: strongly suppressing light hadrons while
having a relatively weaker effect on heavier ones.
Consequently, its overall suppressive effect gradu-
ally diminishes, allowing sB=s0 to recover and reach
unity at 0.75 Tc. From 0.75 Tc to 0.9 Tc, the ratio
sB=s0 increases continuously from 1 to a peak value

(e) (f)

(c) (d)

(a) (b)

FIG. 1. Upper panels in (a) [(b), (c), (d), (e), and (f)]: s=T3 (Pk=T4, ε=T4, Δ, CV=T3, and ðc2sÞk) as a function of T=Tc. The dashed red
and solid black curves correspond to the cases with eB ¼ 10m2

π and eB ¼ 0 GeV2, respectively. In panels (b) and (f), the dashed blue
curves correspond to P⊥=T4 and ðc2sÞ⊥ at eB ¼ 10m2

π , respectively. Lower panels: the ratio between the thermodynamic quantities at
eB ¼ 10m2

π and eB ¼ 0 GeV2.
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of about 1.1. This rise is driven by the rapidly
growing influence of the partonic phase, whose
entropy is strongly enhanced by the magnetic field.
This enhancement overcomes the persistent but
diminishing suppression from the hadronic phase,
producing a net positive effect that peaks around 0.9
Tc. Finally, as the temperature increases from 0.9 Tc
to about 2 Tc, the ratio sB=s0 declines from its peak
and asymptotically approaches 1. This high-temper-
ature behavior reflects the transition of the magnetic-
field effect from a nonperturbative reorganization of
phase space to a perturbative correction on the ideal
gas state. These corrections scale as powers of
ðjqjeB=T2Þn with n ≥ 1 and therefore vanish in
the high-temperature limit [66].

(ii) At high temperatures, the normalized parallel pres-
sure Pk=T4 asymptotically approaches the SB limit,
which is consistent with the leading-order pQCD
result [67]. For T > Tc, it exhibits a moderate
increase, a trend that qualitatively agrees with pQCD
predictions when higher-order corrections are taken
into account. Moreover, the temperature dependence
of the ratio between the pressures with and without
the magnetic field, Pk=P0, is similar to that of sB=s0.
This is a direct manifestation of the fundamental
relation PkðTÞ ¼

R
T
0 sðtÞdt, which inherently leads

to a smoother, more gradual evolution for the
pressure [52]. This integral relationship further
dictates that the temperatures for the minimum
and maximum values of PB=P0 must be higher than
those for sB=s0. The normalized perpendicular
pressure P⊥=T4 exhibits a temperature dependence
similar to that of Pk=T4. According to Eq. (28), P⊥
is naturally smaller than Pk. However, at low
temperatures, P⊥ is slightly larger than Pk. The
underlying mechanism involves the thermal contri-
bution to the magnetization density mB. At very low
temperatures, no charged hadrons are thermally
excited, so mB ≈ 0 GeV2. As the temperature rises,
the charged pions, which are scalar bosons,
become thermally populated and contribute a neg-
ative magnetization. Since P⊥ ¼ Pk −mBB (with
B > 0 GeV2), a negative mB leads to P⊥ > Pk. At
higher temperatures, the lightest spin-1 particle, the
ρ� meson, becomes thermally active and provides a
positive contribution to mB. This can eventually turn
mB positive, causing P⊥ < Pk at high temperatures.

(iii) The temperature dependence of the normalized
energy density ε=T4 rises sharply near Tc and
exhibits a distinct peak just above Tc. This peak
arises from the rapid increase of the entropy density
sðTÞ coupled with a relatively slow rise of the
pressure in that region [52]. It is observed that the
ratio between the energy densities with and without

a magnetic field εB=ε0 and sB=s0 exhibit similar
trends as a function of temperature. It occurs because
both the entropy and energy densities are governed
by the same underlying mechanisms and are linked
through thermodynamic relations.

(iv) CV=T3 has an obvious peak near Tc. Its origin lies in
the fact that CV is the derivative of the energy
density with respect to temperature, and the energy
density undergoes its most rapid, nonlinear change
at the critical point. Moreover, the temperature
dependence of the ratio between the CV values
with and without the magnetic field, ðCVÞB=ðCVÞ0,
is similar to that of sB=s0. However, the temperatures
for the minimum and maximum values of
ðCVÞB=ðCVÞ0 are lower than those for sB=s0. This
occurs because CV is proportional to the temperature
derivative of the entropy density, making it more
sensitive to the rate of change of sðTÞ rather than its
absolute value.

(v) The trace anomaly Δ exhibits a prominent peak just
above Tc, which reflects the rapid rise in entropy
density sðTÞ associated with the liberation of quark
and gluon degrees of freedom during deconfine-
ment. This peak vanishes as the temperature ap-
proaches either zero or infinity. It is observed that the
temperature dependence of the ratio between the Δ
values with and without the magnetic field, ΔB=Δ0,
is similar to that of sB=s0.

(vi) ðc2sÞk exhibits a sudden drop in the critical region
jT − Tcj < Γ. This behavior arises from the energy
density εðTÞ rising more rapidly than the parallel
pressure PkðTÞ, leading to a soft equation of state. At
low temperatures, ðc2sÞk is smaller than 1=3, as the
energy density ε receives a significant contribution
from the rest masses of hadrons, resulting in
ε > 3Pk. The presence of a magnetic field further
suppresses ðc2sÞk by increasing the effective mass of

charged hadrons to meff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ jqjeB

p
, which

enhances the exponential Boltzmann suppression
expð−meff=TÞ. In the limit T → 0, both Pk and ε
vanish, but their derivatives vanish at different rates,
yielding the asymptotic scaling ðc2sÞk ≈ T=meff ,
which guarantees ðc2sÞk → 0. As the temperature
rises above Tc, ðc2sÞk recovers and exhibits a peak.
This occurs due to a competition between two
effects in the deconfined phase: the high effective
stiffness contributed by quarks in the LLL and the
gradual restoration of three-dimensional ideal gas
behavior as higher Landau levels become populated.
This competition produces a maximum in ðc2sÞk
before it eventually approaches 1=3 at very high
temperatures, where the magnetic field’s influence
becomes perturbative and the system approaches the
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SB limit. According to Eq. (32), ðc2sÞ⊥ is typically
smaller than ðc2sÞk, yet at low temperatures the
former becomes slightly larger. This behavior is
similar to that of the pressure.

B. At eB=m2
π and μ ≠ 0 MeV

The QCD matter is further examined under conditions
of a finite magnetic field and chemical potential. The
field strength is set as eB ¼ m2

π . The baryon, strangeness,
and electric charge chemical potentials are taken as
μB ¼ 337.5 MeV, μS ¼ 79.3 MeV, and μQ ¼ 0 MeV,
respectively. These values correspond to the estimated
magnetic field and chemical potentials produced in off-
central Au–Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV [68,69].

Since the magnetic field is weak, the difference between
the parallel and perpendicular pressures is small [70]. Thus
we ignore the pressure anisotropy and take the parallel
pressure as the pressure of the system. In the upper panels of
each subplot in Fig. 2, the solid blue, dashed red, and dotted
purple curves present the temperature dependence
of the dimensionless thermodynamic quantities with
eB ¼ 0 GeV2 and μ ≠ 0 MeV, eB ¼ m2

π and μ ¼ 0 MeV,
as well as eB ¼ m2

π and μ ≠ 0 MeV, respectively. The
critical temperature Tc and Γ are set to the same values
used for the case at the LHC energy with eB ¼ 10m2

π

and μ ¼ 0 MeV. For direct comparison, the results for
eB ¼ 0 GeV2 and μ ¼ 0 MeV are also shown as solid
black curves. The lower panels display ratios that highlight
the separate and combined effects of the finitemagnetic field

(a) (b)

(c) (d)

(e) (f)

FIG. 2. Upper panels in (a) [(b), (c), (d), (e), and (f)]: s=T3 (P=T4, ε=T4, Δ, CV=T3, and c2s) as a function of T=Tc. The solid black,
solid blue, dashed red, and dotted purple curves correspond to the cases with eB ¼ 0 GeV2 and μ ¼ 0 MeV, eB ¼ 0 GeV2 and
μ ≠ 0 MeV, eB ¼ m2

π and μ ¼ 0 MeV, as well as eB ¼ m2
π and μ ≠ 0 MeV, respectively. Lower panels: the ratios between the

thermodynamic quantities denoted by legend.
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and chemical potential. The solid blue curves represent the
ratio of the thermodynamic quantities at μ ≠ 0 MeV to those
at μ ¼ 0 MeV, both with eB ¼ m2

π . The dashed red curves
represent the ratios of the thermodynamic quantities at
eB ¼ m2

π to those at eB ¼ 0 GeV2, both with μ ≠ 0 MeV.
The dotted purple curves represent the ratios of the thermo-
dynamic quantities at eB ¼ m2

π and μ ≠ 0 MeV to those at
eB ¼ 0 GeV2 and μ ¼ 0 MeV. The qualitative behaviors of
the thermodynamic quantities are summarized as follows.

(i) The chemical potential enhances the thermodynamic
observables s=T3, P=T4, ε=T4, Δ, and CV=T3 in
both the hadronic and QGP phases. This enhance-
ment stems from the particle-antiparticle asymmetry
induced by the chemical potential. Consequently, the
asymmetry increases the accessible microscopic
phase space, resulting in an enhancement of these
thermodynamic quantities. A consistent trend was
observed in the normalized pressure and trace
anomaly computed from Dyson-Schwinger equa-
tions, where these quantities also grew with increas-
ing quark chemical potential [71]. Moreover, the
ratios between these thermodynamic quantities with
and without a chemical potential, such as sB;μ=sB;0
and PB;μ=PB;0, display a distinct peak at temper-
atures below Tc. This feature can be understood as a
consequence of the chemical potential significantly
lowering the effective excitation energy for baryons
and strange hadrons, thereby enhancing their con-
tributions. In contrast, at zero chemical potential,
these heavier degrees of freedom remain thermally
suppressed. The resulting pronounced enhancement
in the presence of μ leads to a maximum in the ratio.

(ii) The magnetic field eB ¼ m2
π suppresses the thermo-

dynamic observables s=T3, P=T4, ε=T4, Δ, and
CV=T3 in the low temperature region, which is
consistent with the behavior observed for a stronger
field eB ¼ 10m2

π . As the temperature rises to above
0.4-0.5 Tc, the thermal energy becomes enough to
populate higher Landau levels. Since more levels are
occupied, the relative constraining effect of the field
on the total phase space weakens. Moreover, more
massive neutral resonances are thermally excited,
which dilutes the relative impact of the magnetic
field on the thermodynamic quantities. Conse-
quently, the thermodynamic observables calculated
with and without the magnetic field begin to con-
verge at this temperature region. Furthermore, the
temperature at which the ratio between these
thermodynamic quantities with and without the
magnetic field reaches a minimum is lower for eB ¼
m2

π than that for eB ¼ 10m2
π. This shift is due to the

competition between thermal excitation and mag-
netic confinement, governed by the Landau level
spacing which scales with

ffiffiffiffiffiffi
eB

p
. For the stronger

magnetic field, the larger Landau level spacing
requires a higher temperature for thermal energy
to effectively overcome the magnetic constraint,
shifting the minimum to the higher temperature.

(iii) The squared speed of sound c2s exhibits a distinct
dependence on the chemical potential. It increases near
the critical temperature Tc but decreases at lower
temperatures. This behavior can be explained by the
way the chemical potential modifies the dominant
degrees of freedom in each regime. At low temper-
atures, a finite chemical potential activates a substan-
tial population of baryons and strange hadrons. These
massive degrees of freedom are characterized by a
lower c2s, which reduces the average c2s of the system.
In contrast, near Tc, the chemical potential preferen-
tially enhances the excitation of quark degrees of
freedom.This shifts the equation of state toward that of
the QGP phase, which possesses a higher character-
istic c2s , thereby increasing c2s . Additionally, it is
observed that the magnetic field eB ¼ m2

π suppresses
c2s at low temperatures, an effect qualitatively similar to
that seen under a stronger field eB ¼ 10m2

π .
(iv) When both a chemical potential and a magnetic field

are present, their effects superimpose, resulting in
more complex changes in the thermodynamic
behavior. This interplay is reflected in the dotted
purple curves shown in the lower panels of each
subplot in Fig. 2. These curves display the
temperature dependence of the ratios of thermody-
namic quantities at eB ¼ m2

π and μ ≠ 0 MeV to the
corresponding quantities at eB ¼ 0 GeV2 and
μ ¼ 0 MeV.

In Ref. [72], we have investigated the dependence of
thermodynamic quantities on the width parameter Γ in the
absence of magnetic fields and at zero chemical potential. It
was found that increasing Γ results in a smoother temper-
ature dependence for both the entropy density and the
pressure. Furthermore, the characteristic peaks in the trace
anomaly and the specific heat at constant volume become
broader and lower in height. For the squared speed of
sound, a larger Γ leads to a shallower and considerably
wider dip. Qualitatively similar trends in the Γ-dependence
are observed even in the presence of a finite magnetic field
and nonvanishing chemical potentials.

C. Fluctuations and correlations of conserved charges

The upper panels of each subplot in Fig. 3 present the
temperature dependence of the quadratic fluctuations of
conserved charges B, Q, and S, χ̂B2 , χ̂

Q
2 , and χ̂S2 , as well as

their correlations χ̂BQ11 , −χ̂BS11 , and χ̂QS
11 under different

magnetic fields at zero chemical potential. The solid black,
red, and blue curves correspond to our model calculations
at eB ¼ 0, 0.04, and 0.14 GeV2, respectively. For
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comparison, the LQCD results at the same magnetic fields
[24,25,47] are displayed using empty triangles, circles, and
squares, respectively. The lower panels in each subplot
show the ratios between the fluctuations or correlations
calculated with our model at eB ¼ 0.14 and 0 GeV2. The
qualitative behaviors of these fluctuations and correlations
can be summarized as follows.

(i) The quadratic fluctuations of conserved charges, χ̂B2 ,
χ̂Q2 , and χ̂S2 , all increase with temperature. This
common trend originates from the thermal excitation
of charge-carrying degrees of freedom and their
dramatic change across the QCD crossover. In the
hadronic phase, the dominant carriers differ
markedly in mass: the electric charge is carried
mainly by the lightest charged pions, the strangeness

by heavier kaons, and the baryon number by the
heaviest nucleons. Consequently, as temperature
rises from zero, χ̂Q2 grows first and already reaches
a sizable value at moderate temperatures, followed
by χ̂S2, while χ̂B2 remains strongly suppressed and is
very small until close to the transition region. This
mass-ordered sequential excitation is consistent with
the HRG picture, in which the equilibrium density of
a species is approximately controlled by a Boltz-
mann factor e−m=T. Near Tc, all three susceptibilities
exhibit a rapid rise. This steep increase signals the
sudden liberation of quark-level degrees of freedom
as the system enters the deconfined regime. In the
QGP phase, the effect of quark masses gradually
diminishes with increasing temperature, and

(b)

(a)

(c)

(d)

(e)

(f)

FIG. 3. Upper panels in (a) [(b), (c), (d), (e), and (f)]: χ̂B2 (χ̂Q2 , χ̂
S
2 , χ̂

BQ
11 ,−χ̂BS11 , and χ̂

QS
11 ) as a function of temperature. The solid black, red,

and blue curves correspond to the cases with eB ¼ 0, 0.04, and 0.14 GeV2, respectively. The LQCD results at these magnetic fields
[24,25,47] are represented by the empty triangles, circles, and squares, respectively. Lower panels: the ratios between the fluctuations or
correlations calculated with our model at eB ¼ 0.14 and 0 GeV2.
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quarks and antiquarks are more easily excited,
causing χ̂B2 , χ̂

Q
2 , and χ̂S2 to increase further. In the

high-temperature limit, they approach the SB values
of a noninteracting three-flavor quark gas: χ̂B2 tends
to 1=3, χ̂Q2 tends to 2=3, and χ̂S2 tend to 1.

(ii) The quadratic correlations of conserved charges, χ̂QS
11

and −χ̂BS11 , increase monotonically with temperature,
while χ̂BQ11 shows a nonmonotonic temperature
dependence. This pattern can be understood as
follows. In the hadronic phase, χ̂QS

11 arises mainly
from hadrons that carry both Q and S, such as K�,
Σ�, and Ξ�. Since their Q and S usually have the
same sign, they produce a positive correlation. The
correlation χ̂BS11 is dominated by strange baryons
(e.g., Λ, Σ, Ξ, Ω), which carry both the B and S.
Their B and S typically have opposite signs, yielding
a negative correlation. The main contribution to χ̂BQ11
comes from charged baryons (e.g., p, Δþþ), for
which the B and Q share the same sign, so χ̂BQ11 > 0.
As the temperature rises, more strange and charged
hadrons are thermally excited, causing χ̂QS

11 , −χ̂BS11
and χ̂BQ11 to grow rapidly. Across the crossover
region, quark degrees of freedom begin to be
liberated. The strange quark plays a key role because
it simultaneously carries electric charge, baryon
number, and strangeness. Its contribution is positive
for χ̂QS

11 and χ̂BQ11 , but negative for χ̂BS11 . Compared
with hadrons, quarks possess additional color de-
grees of freedom and have much lighter masses.
Consequently, χ̂QS

11 and −χ̂BS11 rise sharply during the
transition. In the QGP phase, as temperature in-
creases further, the thermal energy becomes much
larger than the strange-quark mass ms, making
strange quarks and antiquarks easier to excite. This
enhances χ̂QS

11 and −χ̂BS11 , which continue to grow
with temperature. Meanwhile, the ratio mf=T de-
creases for all quark flavors. The quark susceptibil-
ities χu2 , χ

d
2, and χ

s
2 all approach unity, but the lighter

up and down quarks approach this limit faster than
the strange quark. The combination 2χu2 − χd2 − χs2,
which governs χ̂BQ11 , therefore diminishes with rising
temperature, causing χ̂BQ11 to decrease after passing
through a maximum. In the high-temperature limit,
all three quarks become effectively massless
(mf=T → 0). This drives χ̂QS

11 and −χ̂BS11 to the

common SB value of 1=3, while χ̂BQ11 tends to zero.
(iii) The quantities χ̂B2 , χ̂

S
2, χ̂

BQ
11 , χ̂

QS
11 , and −χ̂BS11 generally

increase with magnetic field. However, this trend
shows temperature-dependent exceptions: at low
temperatures (T ≤ 110 MeV ∼ 0.7Tc), χ̂S2 and χ̂QS

11

decrease with the field, while at high temperatures

(T ≥ 250 MeV ∼ 1.6Tc), χ̂B2 and χ̂BQ11 also decrease.
This behavior can be understood as follows. At low
temperatures, the strangeness fluctuations are domi-
nated by the lightest charged kaons. As spin-0
bosons, kaons experience Landau quantization but
have no intrinsic spin magnetic moment. The mag-
netic field increases the kaon’s effective mass-squared
by eB, significantly raising the minimum energy
required to produce charged kaons. This suppressive
effect overwhelms the increase in Landau-level
degeneracy, leading to a net reduction of χ̂S2 and
χ̂QS
11 with the magnetic field. In the intermediate

temperature range, the increase of χ̂B2 and χ̂S2 is driven
by themagnetic field’s effect on their primary charged
carriers. In addition to the increased low-energy
density of states from Landau quantization, charged
baryons and many strange hadrons possess spin. For
these particles, the coupling of their spin magnetic
moment to the field lowers the energy of spin-aligned
states. This effectively reduces the energy cost to
produce these particles and their antiparticles, thereby
enhancing χ̂B2 and χ̂S2 . The correlations χ̂

BQ
11 , χ̂

QS
11 and

−χ̂BS11 receive dominant contributions from particles
that carry both of the relevant charges (e.g., charged
baryons for χ̂BQ11 , strange mesons for χ̂QS

11 , strange
baryons for χ̂BS11 ). The magnetic enhancement of these
multicharge carriers simultaneously boosts their indi-
vidual abundances and amplifies the correlation
between the two conserved charges they carry.
Among the correlations, χ̂BQ11 exhibits the largest
magnetic field response because the two quantities
it correlates, B andQ, share charged baryons (e.g., p,
Δþþ, Σþ) as their primary carriers. The magnetic
field reduces the energy threshold for producing
charged baryons and antibaryons, thereby strongly
enhancing the correlation between B and Q. At high
temperatures, the system undergoes dimensional
reduction: the transverse motion of quarks is quan-
tized, and only the LLL remains thermally accessible.
Although the LLL possesses a high degeneracy
proportional to eB, the overall available density of
states for charge carriers is drastically reduced com-
pared to the zero-field, three-dimensional case. This
loss of phase space suppresses the charge fluctua-
tions, causing χ̂B2 and χ̂BQ11 to decrease with increasing
magnetic field in the high-temperature regime.

(iv) At low temperatures, χ̂Q2 decreases with the magnetic
field. Near Tc, it exhibits an increasing trend, while
at high temperatures, it decreases again with the
magnetic field. This nonmonotonic behavior can be
understood as follows. At low temperatures, the
charge fluctuations are dominated by the lightest
spin-0 charged pions. The reason for the reduction of
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χ̂Q2 with the magnetic field is similar to that of χ̂S2 . As
the temperature approaches Tc, heavier charged
hadrons with nonzero spin, such as vector mesons
(ρ�, K��) and baryons(p, Σ�), become thermally
active and contribute significantly to charge fluctu-
ations. Beyond Landau quantization, they possess a
spin magnetic moment. The magnetic field lowers
the energy of spin states aligned with it. This
enhancing effect from magnetic moment coupling
can partially or fully counteract the mass-increase
effect from Landau quantization. Consequently, near
Tc the magnetic field tends to enhance χ̂Q2 . At high
temperatures, due to similar reasons as those for χ̂B2
and χ̂BQ11 , χ̂

Q
2 decreases with the magnetic field.

(v) Our model successfully reproduces the temperature
dependence of the quadratic fluctuations of con-
served charges and their correlations calculated by
LQCD at eB ¼ 0 and 0.04 GeV2 [24,25,47]. At high
temperatures without a magnetic field, the quadratic
baryon-number fluctuation from pQCD has been
shown to be compatible with LQCD results [73].
Our results are therefore consistent with the pQCD
predictions in the high-temperature regime. How-
ever, at the stronger field strength eB ¼ 0.14 GeV2,
our model underestimates these quantities, despite
capturing a similar overall temperature trend. This
discrepancy highlights inherent limitations of our
model. A key oversimplification is that we assign a
Landé g-factor of 2 to all charged particles with
nonzero spin and neglect the AMM effects of neutral
particles. This is inaccurate for composite hadrons.
For instance, the proton has a large anomalous
magnetic moment with gp ≈ 5.586. In a strong
magnetic field, this substantial anomalous moment
dramatically enhances the thermal excitation of
baryons and antibaryons [74]. Our model, with
g ¼ 2, severely underestimates this enhancement,
leading to a significant underprediction of baryon-
number fluctuations χ̂B2 and their correlations with
charge, such as χ̂BQ11 . Moreover, in the high-temper-
ature region, ourmodel assumes the system is an ideal
parton gas. However, at such strong field strengths,
interactions among quarks can become significant.
The IPG model ignores these interaction effects,
which are inherently included in LQCD calculations.

IV. CONCLUSIONS

Based on a smooth interpolation between the hadron
resonance gas and the ideal parton gas, we have developed
a hybrid equation of state to investigate the QCD crossover
under a finite magnetic field and chemical potential. Our
analysis reveals that the thermodynamic quantities such as the
entropy density, the pressure, the energy density, the trace
anomaly, and the specific heat at constant volume respond

sensitively to both external conditions. While a nonzero
chemical potential enhances these observables in both phases,
a magnetic field suppresses them at low temperatures and
enhances them at high temperatures. Furthermore, both the
finite chemical potential and the magnetic field significantly
modify the squared speed of sound, increasing it near the
transition region but reducing it at lower temperatures. When
the chemical potential and magnetic field are present simul-
taneously, their effects superimpose, producing a complex
thermodynamic response. Moreover, our model successfully
reproduces the temperature dependence of conserved charge
fluctuations and their correlations fromLQCD at eB ¼ 0 and
0.04 GeV2. However, at the stronger field eB ¼ 0.14 GeV2,
the model captures the qualitative trend but systematically
underestimates the magnitudes. This discrepancy highlights
the growing importance of physics beyond our current
framework, such as the AMM effects of both charged and
neutral particles and the interactions in the QGP at stronger
field strengths. Addressing these effects will be an important
direction for our future work.
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APPENDIX A: THE DERIVATION OF EQ. (19)

In the presence of a constant uniform magnetic field eB
pointing in the positive z direction, the pressure for quarks
and antiquarks is expressed as

Pq ¼
X

f¼u;d;s;ū;d̄;s̄

3jqfjeBT
2π2

Xþ
sz¼−1=2

X∞
l¼0

ε0f

×
X∞
k¼1

ð−1Þkþ1
e
kμf
T

k
K1

�
kε0f
T

�
; ðA1Þ

where ε0f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ 2jqfjeBðlþ 1=2 − szÞ
q

. For a given

flavor f, the pressure for the quarks and antiquarks with
sz ¼ 1=2 is written as
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Pþ
f ¼ 3jqfjeBT

2π2

�X∞
l¼0

εþf
X∞
k¼1

ð−1Þkþ1
e
kμf
T

k
K1

�
kεþf
T

�
þ
X∞
l¼0

εþf
X∞
k¼1

ð−1Þkþ1
e−

kμf
T

k
K1

�
kεþf
T

��

¼ 3jqfjeBT
2π2

X∞
l¼0

εþf
X∞
k¼1

ð−1Þkþ1
e
kμf
T þ e−

kμf
T

k
K1

�
kεþf
T

�

¼ 3jqfjeBT
π2

X∞
l¼0

εþf
X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kεþf
T

�
; ðA2Þ

where εþf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ 2jqfjeBl
q

. For a given flavor f, the pressure for the quarks and antiquarks with sz ¼ −1=2 is written as

P−
f ¼ 3jqfjeBT

2π2

�X∞
l¼0

ε−f
X∞
k¼1

ð−1Þkþ1
e
kμf
T

k
K1

�
kε−f
T

�
þ
X∞
l¼0

ε−f
X∞
k¼1

ð−1Þkþ1
e−

kμf
T

k
K1

�
kε−f
T

��

¼ 3jqfjeBT
2π2

X∞
l¼0

ε−f
X∞
k¼1

ð−1Þkþ1
e
kμf
T þ e−

kμf
T

k
K1

�
kε−f
T

�

¼ 3jqfjeBT
π2

X∞
l¼0

ε−f
X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kε−f
T

�

¼ 3jqfjeBT
π2

X∞
l¼1

εþf
X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kεþf
T

�
; ðA3Þ

where ε−f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

f þ 2jqfjeBðlþ 1Þ
q

.

With the combination of Pþ
f and P−

f , the pressure for quarks and antiquarks is rewritten as

Pq ¼
X

f¼u;d;s

Pþ
f þ P−

f

¼
X

f¼u;d;s

3jqfjeBT2

π2
½Pl¼0

f ðBÞ þ Pl≠0
f ðBÞ�; ðA4Þ

where the LLL Pl¼0
f and the higher Landau levels and Pl≠0

f are, respectively, expressed as

Pl¼0
f ðBÞ ¼ mf

T

X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kmf

T

�
; ðA5Þ

and

Pl≠0
f ðBÞ ¼ 2

T

X∞
l¼1

εþf
X∞
k¼1

ð−1Þkþ1

k
cosh

�
kμf
T

�
K1

�
kεþf
T

�
: ðA6Þ

APPENDIX B: THE DERIVATION OF EQS. (36)–(41)

By taking the derivatives of the quark pressure in Eq. (19) with respect to the quark chemical potentials and then setting
μu;d;s ¼ 0, one obtains the quark number susceptibilities for the flavors u, d, and s as follows,

χu2 ¼
∂
2Pq

∂μ2u






μu;d;s¼0

¼ 3 2
3
eBT

π2
mu

X∞
k¼1

ð−1Þkþ1

k
k2

T2
K1

�
kmu

T

�
þ 6 2

3
eBT

π2
X∞
l¼1

εþu
X∞
k¼1

ð−1Þkþ1

k
k2

T2
K1

�
kεþu
T

�

¼ 2eB
π2T

X∞
k¼1

kð−1Þkþ1

�
muK1

�
kmu

T

�
þ 2

X∞
l¼1

εþu K1

�
kεþu
T

��
; ðB1Þ
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χd2 ¼
∂
2Pq

∂μ2d






μu;d;s¼0

¼ 3 1
3
eBT

π2
md

X∞
k¼1

ð−1Þkþ1

k
k2

T2
K1

�
kmd

T

�
þ 6 1

3
eBT

π2
X∞
l¼1

εþd
X∞
k¼1

ð−1Þkþ1

k
k2

T2
K1

�
kεþd
T

�

¼ eB
π2T

X∞
k¼1

kð−1Þkþ1

�
mdK1

�
kmd

T

�
þ 2

X∞
l¼1

εþd K1

�
kεþd
T

��
; ðB2Þ

χs2 ¼
∂
2Pq

∂μ2s






μu;d;s¼0

¼ 3 1
3
eBT

π2
ms

X∞
k¼1

ð−1Þkþ1

k
k2

T2
K1

�
kms

T

�
þ 6 1

3
eBT

π2
X∞
l¼1

εþs
X∞
k¼1

ð−1Þkþ1

k
k2

T2
K1

�
kεþs
T

�

¼ eB
π2T

X∞
k¼1

kð−1Þkþ1

�
msK1

�
kms

T

�
þ 2

X∞
l¼1

εþs K1

�
kεþs
T

��
; ðB3Þ

where mu=d=s is the mass of the u=d=s quark,

εþu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

u þ 4=3eBl
p

, εþd=s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

d=s þ 2=3eBl
q

. The

mixed quark number susceptibilities χud11 ¼ χus11 ¼ χds11 ¼ 0.
The quark chemical potentials have the following rela-

tions with the chemical potentials of baryon number,
electric charge, and strangeness,

μu ¼
1

3
μB þ 2

3
μQ;

μd ¼
1

3
μB −

1

3
μQ;

μs ¼
1

3
μB −

1

3
μQ − μS: ðB4Þ

Taking the derivative of Pq with respect to the baryon
chemical potential and applying Eq. (B4), one obtains

∂Pq

∂μB
¼

X
i¼u;d;s

∂Pq

∂μi
·
∂μi
∂μB

¼ 1

3

�
Pq

∂μu
þ Pq

∂μd
þ Pq

∂μs

�
: ðB5Þ

Differentiating Pq once more with respect to μB, one can
derive

χB2 ¼ ∂
2Pq

∂μ2B

¼ 1

3

��
∂
2Pq

∂μ2u

∂μu
∂μB

þ ∂
2Pq

∂μu∂μd

∂μd
∂μB

þ ∂
2Pq

∂μu∂μs

∂μs
∂μB

�
þ
�

∂
2Pq

∂μd∂μu

∂μu
∂μB

þ ∂
2Pq

∂μ2d

∂μd
∂μB

þ ∂
2Pq

∂μd∂μs

∂μs
∂μB

�

þ
�

∂
2Pq

∂μs∂μu

∂μu
∂μB

þ ∂
2Pq

∂μs∂μd

∂μd
∂μB

þ ∂
2Pq

∂μ2s

∂μs
∂μB

��

¼ 1

3
·
1

3
½ðχu2 þ χud11 þ χus11Þ þ ðχud11 þ χd2 þ χds11Þ þ ðχus11 þ χds11 þ χs2Þ�

¼ 1

9
ðχu2 þ χd2 þ χs2 þ 2χud11 þ 2χus11 þ 2χds11Þ: ðB6Þ

Similarly, χQ2 , χ
S
2 , χ

BQ
11 , χ

QS
11 , and χBS11 are, respectively, expressed as [75]
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χQ2 ¼ 1

9
ð4χu2 þ χd2 þ χs2 − 4χud11 − 4χus11 þ 2χds11Þ;

χS2 ¼ χ2s ;

χBQ11 ¼ 1

9
ð2χu2 − χd2 − χs2 þ χud11 þ χus11 − 2χds11Þ;

χQS
11 ¼ 1

3
ðχs2 − 2χus11 þ χds11Þ;

χBS11 ¼ −
1

3
ðχs2 þ χus11 þ χds11Þ: ðB7Þ

Substituting Eqs. (B1)–(B3) as well as χud11 ¼ χus11 ¼ χds11 ¼ 0 into Eqs. (B6) and (B7), one gets

χB2 ¼ eB
9π2T

X∞
k¼1

kð−1Þkþ1

�
2muK1

�
kmu

T

�
þmdK1

�
kmd

T

�
þmsK1

�
kms

T

�

þ 2
X∞
l¼1

�
2εþu K1

�
kεþu
T

�
þ εþd K1

�
kεþd
T

�
þ εþs K1

�
kεþs
T

���
; ðB8Þ

χQ2 ¼ eB
9π2T
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�
8muK1

�
kmu

T

�
þmdK1

�
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T

�
þmsK1

�
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T

�
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X∞
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�
8εþu K1

�
kεþu
T

�
þ εþd K1

�
kεþd
T

�
þ εþs K1

�
kεþs
T

���
; ðB9Þ

χS2 ¼
eB
π2T

X∞
k¼1

kð−1Þkþ1

�
msK1

�
kms

T

�
þ 2

X∞
l¼1

εþs K1

�
kεþs
T

��
; ðB10Þ

χBQ11 ¼ eB
9π2T

X∞
k¼1

kð−1Þkþ1

�
4muK1

�
kmu

T

�
−mdK1

�
kmd

T

�
−msK1

�
kms

T
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�
4εþu K1

�
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T
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− εþd K1
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− εþs K1
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χQS
11 ¼ eB

3π2T
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k¼1

kð−1Þkþ1

�
msK1

�
kms

T
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þ 2
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εþs K1

�
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T
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; ðB12Þ

χBS11 ¼ −
eB
3π2T

X∞
k¼1

kð−1Þkþ1

�
msK1

�
kms

T

�
þ 2

X∞
l¼1

εþs K1

�
kεþs
T

��
: ðB13Þ

The dimensionless susceptibilities then can be expressed as

χ̂X2 ¼ χX2 =T
2;

χ̂XY11 ¼ χXY11 =T
2; ðB14Þ

where X; Y ¼ B, Q, S.
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