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Studies of scattering processes in scalar models with two Higgs doublets have recently hinted at a
connection between the absence of flavor-space entanglement in ΦþΦ0 scattering and an emergent SO(8)
symmetry in the scalar potential. We extend the analysis to all scattering channels with two particles in
the external states by treating the process as a four-qubit system in the weak isospin and flavor subspaces
of the two-particle state. We work with a generic quantum-information-theoretic principle encoded by the
commutativity of the initial-state density matrix with the transition matrix (at leading order in perturbation
theory). This yields a special case of the entanglement minimization conditions previously derived in the
literature, and we interpret the principle in terms of the conservation of nonstabilizerness (or “magic”).
Working at leading order in the quartic couplings, we find a consistent set of conditions that implies an
SO(8) symmetry on the quartic part of the potential for scattering an arbitrary initial state but a smaller
SUð2ÞR symmetry when the initial state is chosen to have definite isospin. This follows by accounting for
Bose symmetry in the initial state, which introduces entanglement between the isospin and flavor
subspaces.
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I. INTRODUCTION

Symmetry plays a crucial role in the formulation of the
Standard Model (SM) of particle physics and its proposed
extensions. Yet the particular form of the SM gauge group
is ultimately determined phenomenologically. The discov-
ery of a firm and consistent principle from which symmetry
can arise in quantum field theory would be not only
theoretically compelling, but also invaluable in guiding
the model builder interested in extending the SM to address
its many and well-known problems.
Recent research has suggested that ideas from quantum-

information theory may be relevant in this context. A general
quantum-information framework that connects global sym-
metries to the relativistic S matrix for 2 → 2 particle
scattering was recently presented in Ref. [1]. Minimization
of entanglement has been shown to lead to emergent
symmetries in nonrelativistic baryon scattering [2–5] and,

potentially, to the structure of the Cabibbo-Kobayashi-
Maskawa and Pontecorvo-Maki-Nakagawa-Sakata matrices
that describe flavor mixing in the quark and lepton sectors
[6]. Minimization of entanglement in the process Φþ

i Φ0
j →

Φþ
k Φ0

l (where i, j, k, and l denote different flavors) in a
two-Higgs-doublet (2HDM) extension of the Standard
Model has been shown to lead to an emergent maximal
global symmetry [7]. On the other hand, it has been shown
that entanglement minimization in other allowed scattering
processes in the same model does not lead to an emergent
symmetry [8,9] and, indeed, imposes conditions incon-
sistent with those derived from elastic ΦþΦ0 scattering.
Furthermore, the maximization of entanglement has also
been suggested as a symmetry-generating mechanism in
the 2HDM [10], and the same principle has been put
forward to explain the structure of the QED vertex [11] and
explored in the context of pure SUðNÞ gauge theory [12].
Although superficially these findings complicate the pic-
ture, it remains possible that there is indeed some con-
sistent principle that underlies the results; further study is
warranted in order to clarify the deeper meaning.
Our aim here is to elucidate the emergence of symmetry

in the 2HDM from scalar 2 → 2 scattering processes,
focusing on initial states with two incoming particles
(i.e., total particle number P ¼ 2) while accounting for
Bose symmetry and SUð2ÞL invariance. We show that the
emergence of the maximal SO(8) symmetry in the case of
ΦþΦ0 scattering can be framed as following from the
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condition that the initial- and final-state density matrices are
equal up to first order in the quartic couplings of the theory.
This is a stronger condition than requiring that the transition
matrix T have vanishing entanglement power [13], and we
show that it is equivalent to requiring the conservation of
nonstabilizerness, colloquially referred to as magic [14],
which characterizes those states of a system that confer an
advantage in quantum computing. Concretely, our condition
is equivalent to the requirement that the initial-state density
matrix commutes with T .
This constraint also restricts the form of the T matrix to

be proportional to the identity gate for an arbitrary initial
density matrix. This is similar to the case of minimally
entangling np scattering,1 where the condition follows
from rotational invariance in s-wave scattering [3,4]. We
note, however, that Bose symmetry plays an interesting role
in restricting the form of ρ and, therefore, allowing
more flexibility in the structure of the T matrix. We will
discuss below that the maximal SO(8) symmetry in the
2HDM potential follows from the fact that jΦþΦ0i is a
superposition of the triplet and singlet states of SUð2ÞL
with vanishing projection of the third component of weak
isospin. Our main aim is to extend the study of the
emergence of symmetry to all 2 → 2 scattering processes
with nonvanishing particle number within the same explic-
itly isospin-invariant formalism. We find that the scattering
of an arbitrary initial state results in an SO(8) symmetry
acting on the quartic part of the potential. Interestingly,
when Bose and SUð2ÞL symmetry are accounted for in the
initial state, consistent conditions imprinting an SUð2ÞR
symmetry onto the scalar potential can be derived after
imposing ½T ; ρ� ¼ 0when scattering states of definite weak
isospin. As we will see, this analysis complements the
existing entanglement results regarding the emergence of
the alignment limit (which ensures a SM-like Higgs boson).
Recent related work can be found in the study of magic in
the neutrino sector in Ref. [15], in the context of QED in
Ref. [16], and investigations of the magic generated in top
quark pair production at the Large Hadron Collider in
Refs. [14,17,18].
This paper is structured as follows. In Sec. II, we provide

a convenient introduction to the concept of nonstabilizer-
ness, a brief review of the salient features of the 2HDM,
and an explanation of how to treat scalar scattering in
flavor space as a two-qubit system. In Sec. III, we compute
the initial- and final-state magic for the process ΦþΦ0 →
ΦþΦ0 at leading order in perturbation theory and demon-
strate the symmetries that emerge from conservation of
magic. In Sec. IV, we extend our formalism to cover all
2 → 2 scalar scattering processes involving states with total
particle number P ¼ 2 and investigate the resulting emer-
gent symmetries. We conclude in Sec. V.

II. BACKGROUND FORMALISM

A. Magic in quantum-information theory

Inspired by recent results for entanglement extremization,
our goal is to consider the viability of alternative or
generalized information-theoretic principles in a particle
physics setting. Accordingly, we first study another quan-
tum-information measure: magic. We follow the presenta-
tion ofRefs. [14,19] in outlining the relevant formalismhere.
We will be concerned with scattering processes between

particles whose flavor information is represented as a two-
state quantum system, that is, a qubit, with basis states j0i
and j1i. For a single qubit, one has the usual Pauli matrices
f1; σ1; σ2; σ3g. For a system of n qubits, one may define the
so-called Pauli strings by

P ¼ σi1 ⊗ � � � ⊗ σin ; ð1Þ

where ik ¼ 0, 1, 2, 3. These Pauli strings generate the Pauli
group, essentially consisting of the Pauli strings weighted
by phases of �1;�i. Then one may define the n-qubit
Clifford group Cn consisting of all unitary operators fixing
the Pauli group; that is,

Cn ≡ fU∈Uð2nÞ∶UPU† ¼ eiθP0g; ð2Þ

where P and P0 are Pauli strings and θ is a possible phase.
Being the normalizer of the Pauli group in Uð2nÞ, this
group contains the Pauli strings themselves as well as other
such well-known objects as the phase, Hadamard, and
CNOT gates [20].
By definition, elements of the Clifford group map

eigenstates of Pauli strings to eigenstates of Pauli strings.
States that may be reached by acting elements of the
Clifford group on computational basis states are called
stabilizer states; this set is a subset of Pauli-string eigen-
states and includes the computational basis states them-
selves as well as various others (e.g., the maximally
entangled Bell states).
The physical significance of these concepts is this: The

Gottesman-Knill theorem [21], by now a standard result in
quantum-information theory, asserts that quantum circuits
comprised of Clifford gates may be efficiently simulated on
a classical computer, even though they may produce highly
entangled states. In other words, entanglement alone is
insufficient to guarantee computational advantage; an addi-
tional resource is required. This resource is referred to as
nonstabilizerness ormagic. Magic states are precisely those
states that are not stabilizer states.
There exist a number of measures for quantifying magic

in the literature. The essential feature of any good magic
measure is faithfulness: The measure yields zero if and only
if the state is a stabilizer state. The so-called stabilizer
Rényi entropies were first proposed in Ref. [22] as a set of
easily calculated analytic measures. In this work, we use a

1An important difference is that T can also access the SWAP
gate in np scattering.
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closely related measure: the linearized stabilizer entropy,
also introduced in Ref. [22], defined on a pure state jψi in
the 2n-dimensional qubit space by

MlinðjψiÞ≡ 1 −
1

2n

X
P

jhψ jPjψij4; ð3Þ

where the sum runs over all Pauli strings. That this measure
is faithful [and also stable under free operations, i.e.,
MlinðUjψiÞ ¼ MlinðjψiÞ for all U∈ Cn] follows from the
proof of Theorem 1 in Ref. [23]. We will rewrite this
definition in terms of the density matrix ρ≡ jψihψ j:

MlinðρÞ ¼ 1 −
1

2n

X
P

Tr4ðρPÞ; ð4Þ

by Hermiticity of the Pauli matrices (hence, also the Pauli
strings). Note that this formula expressly assumes a
pure state.

B. 2HDM review

We now turn to the specific 2HDM setting for the 2 → 2
scattering we will consider. While inspired by a full two-
Higgs-doublet extension of the Standard Model, our con-
struction is deliberately simplified: We are interested only
in high-energy scalar scattering and will not concern
ourselves with couplings to SM fermions or gauge bosons.
Accordingly, we study a theory of two complex scalar
fieldsΦi, each transforming as ð1; 2; 1

2
Þ under the SM gauge

group, with hypercharge convention Q ¼ I3 þ Y. In stan-
dard notation, the 2HDM potential may be written as

V ¼ −m2
11Φ

†
1Φ1 −m2

22Φ
†
2Φ2 − ðm2

12Φ
†
1Φ2 þ H:c:Þ

þ λ1ðΦ†
1Φ1Þ2 þ λ2ðΦ†

2Φ2Þ2 þ λ3ðΦ†
1Φ1ÞðΦ†

2Φ2Þ

þ λ4ðΦ†
1Φ2ÞðΦ†

2Φ1Þ þ
�
λ5
2
ðΦ†

1Φ2Þ2

þ λ6ðΦ†
1Φ1ÞðΦ†

1Φ2Þ þ λ7ðΦ†
2Φ2ÞðΦ†

1Φ2Þ þ H:c:

�
:

ð5Þ

The parameters appearing in the above potential depend
on the choice of basis for the doublets, but, in our simplified
scalar-only scenario, all choices lead to the same physics. For
simplicity, we assume explicit CP conservation (so the
quartic couplings are real) and aUð1ÞEM-invariantminimum.
The alignment limit is defined as the limit in which one

of the mass eigenstates of the extended scalar sector
assumes the likeness of the 125 GeV SM Higgs; for a
review, see Refs. [24,25]. In a full 2HDM extension of the
SM, the SM Higgs may be identified with the combination
HSM ¼ H cos ðα − βÞ þ h sin ðα − βÞ of the two CP-even
neutral scalars H and h, where α and β diagonalize the

CP-even and -odd sectors, respectively. (Note that we here
assume no spontaneous CP violation; we will see later that
this is justified for our analysis.) The cubic couplings of H
and h to the SM gauge bosons are then modified by factors
of cos ðα − βÞ and sin ðα − βÞ. It follows that alignment is
realized for α − β → 0; π=2, when one ofH or h behaves as
the SM Higgs boson; we here assume the case α → β.
Reference [24] has demonstrated that this is equivalent to
the requirement

λ7t4β − κ2t3β þ 3ðλ6 − λ7Þt2β þ κ1tβ − λ6 ¼ 0; ð6Þ

with tβ ≡ tan β ¼ v2=v1—where vi is the vacuum expect-
ation value of Φi—and κi ≡ 2λi − λ3 − λ4 − λ5. Barring a
delicate fine-tuning of the quartic couplings, the easiest
way to realize natural alignment is to impose a symmetry
on the scalar sector that precludes the offending terms. The
possible symmetries of the 2HDM potential have been
classified [26]; only a handful lead to natural alignment,
including most notably the maximal SO(8) custodial
symmetry acting on the eight real degrees of freedom
contained in the two doublets. This symmetry results in the
potential

V ¼ −m2ðΦ†
1Φ1 þΦ†

2Φ2Þ þ λðΦ†
1Φ1 þΦ†

2Φ2Þ2 ð7Þ

and must be broken softly in order to avoid generating a
largely massless spectrum.

C. Scalar scattering of qubits

Here, we describe how scalar scattering in the 2HDM
setting can be described as a system of two qubits in
flavor space. Initially, we will consider only the process
ΦþΦ0 → ΦþΦ0, previously explored in Ref. [7]. We take
the doublet number as our internal flavor degree of free-
dom. Then we identify our Alice and Bob qubits, respec-
tively, as jiiA ∼Φþ

iþ1 and jiiB ∼Φ0
iþ1, i ¼ 0, 1. To be even

more explicit, we write the doublets as Φia such that i
enumerates over flavor and a over the isospin components
of the doublet; that is,

Φi1 ¼ Φþ
i ; Φi2 ¼ Φ0

i : ð8Þ

For now, we restrict our attention to flavor, but we will
return to isospin later. We thus identify the “Alice” qubit as
a linear combination of the I3 ¼ þ1=2 components of
the doublets and the “Bob” qubit as a combination of the
I3 ¼ −1=2 components.
Prior to fixing a basis for the doublets, we may redefine

our Higgs fields by an SU(2) rotation on the vector
ðΦ1;Φ2Þ, mixing flavor in the process. We, therefore,
implicitly fix the basis by rotating the doublets such that
m2

ij is diagonal—i.e., there are no mixed bilinears in the
quadratic part of the potential; then, the components of the
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doublets—our flavor basis states—are mass eigenstates in
the high-energy regime. This rotation has no impact in our
toy-model setting without SM couplings.
Since we consider 2 → 2 scattering at leading order, the

dynamics are restricted to the two-particle Hilbert spaceH2

(a subspace of the full Fock space F ), and multiparticle
states are not accessed perturbatively [27]. Amore complete
development of the following formalism may be found in
Ref. [9]; see Refs. [6,8] for related approaches. We partition
the Hilbert space as H2 ≃Hp ⊗ Hflav, where Hp ≃
L2ðR3 ⊗ R3Þ corresponds to the two-particle momentum
degrees of freedom andHflav ≃ C2 ⊗ C2 corresponds to the
discrete two-qubit flavor space. States in these spaces are
normalized in the typical way: for the momentum states

hp1p2jq1q2i ¼ ð2πÞ64Ep1
Ep2

× δð3Þðp1 − q1Þδð3Þðp2 − q2Þ ð9Þ

and for the flavor

hijjkli¼ δijδkl; 12¼
X
ij

jijihijj: ð10Þ

Our prescattering initial state is

jψ0i ¼
X
ij

Bijjiji

⊗
Z

d3p1

ð2πÞ32E1

d3p2

ð2πÞ32E2

ϕðp1;p2Þjp1p2i; ð11Þ

where the coefficientsBij and themomentumwave function
ϕðp1;p2Þ satisfy the usual normalization conditions. The
postscattering final state is then jψfi ¼ Sjψ0i, where S ≡
12 þ iT is theSmatrix and theT -matrix elements define the
scattering amplitudes Mijkl by

hp3; k;p4; ljiT jp1; i;p2; ji
≡ iMklijðp1; p2 → p3; p4Þ
× ð2πÞ4δð4Þðp1 þ p2 − p3 − p4Þ: ð12Þ

Wehere assume that the flavor andmomentum space remain
separated; i.e., the postscattering ket is also a product state in
momentum and flavor. Reference [9] has demonstrated that
entanglement between these spaces is typically generated in
2 → 2 scalar scattering, but it can be shown that ours is a
good assumption at leading order in perturbation theory.We
wish to study the information-theoretic properties of states in
the two-qubit flavor space. Here, the density matrices may
be formed as usual:

ρ0 ¼ jψ0ihψ0jflav ¼
X
ijkl

BijB�
kljijihklj; ð13Þ

for the initial-state density matrix, and

ρf ¼ Sρ0S† ¼ ð12 þ iT Þρ0ð12 − iT Þ
¼ ρ0 þ i½T ; ρ0� þOðλ2Þ; ð14Þ

for the final, wherewe have used the fact that T ¼ T † at first
order in the perturbation(s) λ. Representing the discrete basis
as vectors in R4, one may now straightforwardly calculate
the initial- and final-statemagic per Eq. (4). This is permitted
because Trðρ20Þ ¼ 1 by construction, so the initial state is
pure; and it may further be shown that Trðρ2fÞ ¼ 1þOðλ2Þ,
so the final state is also pure (to first order in perturbation
theory).

III. MAGIC CONSERVATION
AND THE ALIGNMENT LIMIT

We now commence our investigation of conservation
of magic and emergent symmetry by computing the magic
for the initial and final states of the scattering process
ΦþΦ0 → ΦþΦ0. As emphasized, we work to lowest order
in perturbation theory; at this order, the scattering is
facilitated by the contact interactions in the quartic part
of the Higgs potential. Referring to Eq. (14), it is clear that
the final-state density matrix will generically have the form
ρf ¼ ρ0 þOðλÞ. Since we assume an arbitrary initial state,
ρ0 is unconstrained; it is, thus, natural to consider magic
conservation, in contrast to the entanglement extremization
conditions previously explored in the literature.
We enforce conservation of magic by expanding the

final-state linearized stabilizer entropy to first order in the
lowest-order amplitudes Mijkl; we then subtract the initial-
state contribution and demand that the remaining poly-
nomial in Bij and B�

ij vanishes identically. This results in
the following condition:

Mijkl ¼ Mδikδjl ð15Þ
with i, j, k, l ¼ 0, 1 and whereM is fixed and real. That is,
the amplitudesMijij are equal and real for all i and j, and all
other amplitudes vanish. We stress that this condition is
valid for any theory admitting a discrete qubit subspace and
satisfying the assumptions of Sec. II C, not just the 2HDM
toy model studied in this work. We also note that, in some
sense, the condition of Eq. (15) is trivial, because we then
have

hijj½T ; ρ0�jkli ¼
X
mn

ðMijmnBmnB�
kl −M�

klmnBijB�
mnÞ

¼
X
mn

MðδimδjnBmnB�
kl − δkmδlnBijB�

mnÞ

¼ MðBijB�
kl − BijB�

klÞ ¼ 0 ð16Þ
and, hence, ρf ¼ ρ0 þOðλ2Þ. In fact, it is straightforward
to verify that Eq. (15) is the necessary condition for
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hijj½T ; ρ0�jkli ¼ 0þOðλ2Þ; thus, conservation of magic is
equivalent to the vanishing of the commutator ½T ; ρ0�. This
is in contrast to other information-theoretic measures, such
as the fidelity or von Neumann entropy, which are trivially
conserved at leading order and, thus, do not lead to an
interesting constraint. On the other hand, the vanishing of
this commutator will surely entail the leading-order con-
servation of various other information-theoretic functions;
thus, if one were attempting to formulate a generalized
quantum-information principle applicable to a host of
measures, one might be naturally inclined to this scenario.
We hereafter treat the commutativity of ρ0 and T as our
guiding constraint.
In particular, Eq. (15) is a special case of the conditions

previously derived for minimal entanglement (for the case
of an initial product state in flavor space), which we display
here for completeness [1,7,8]:

Mijkl ¼ 0 for i ≠ k ∧ j ≠ l; ð17aÞ

Mijil ¼ Mkjkl for j ≠ l; ð17bÞ

Mijlj ¼ Miklk for i ≠ l; ð17cÞ

Mijij þMklkl ¼ Milil þMjkjk: ð17dÞ

From an information-theoretic perspective, the above con-
ditions relate the S matrix to the identity gate up to single-
qubit operations, whereas Eq. (15) forces the S matrix to be
the identity gate. This may be seen more clearly if we
display the OðλÞ scattering amplitudes in matrix form like
so, following Ref. [8]:

iM0 ≡ i

0
BBBB@

M0000 M0001 M0010 M0011

M0100 M0101 M0110 M0111

M1000 M1001 M1010 M1011

M1100 M1101 M1110 M1111

1
CCCCA: ð18Þ

Thus, the condition of Eq. (15) amounts to requiring the
above matrix be proportional to the identity matrix.
For ΦþΦ0 → ΦþΦ0 scattering in the 2HDM, we have

iM0 ¼ i

0
BBBB@

2λ1 λ6 λ6 λ5

λ6 λ3 λ4 λ7

λ6 λ4 λ3 λ7

λ5 λ7 λ7 2λ2

1
CCCCA: ð19Þ

Equation (15) requires λ1 ¼ λ2 ¼ λ3=2≡ λ and λi ¼ 0
otherwise, yielding the maximally symmetric quartic
potential

V4 ¼ λðΦ†
1Φ1 þΦ†

2Φ2Þ2: ð20Þ

In this case, our potential clearly satisfies the conditions for
natural alignment, where the left-hand side of Eq. (6)
vanishes identically for arbitrary tβ [28]. As the quartic
potential is maximally symmetric, we note that we do not
have spontaneous CP violation; we are, thus, justified to
apply the conditions of Eq. (6). In our framework, the mass
parameters of the Higgs potential do not contribute to the
scattering amplitudes of Eq. (19), leaving the quadratic
sector unconstrained. However, having absorbed the mix-
ing term m2

12 via an SU(2) rotation as described above, the
full potential exhibits an accidental SOð4Þ1 ⊗ SOð4Þ2
symmetry, reflecting invariance under independent rota-
tions mixing the real degrees of freedom within each
doublet Φi. This group acts to stabilize the lightest state
from each of Φ1 and Φ2, raising the question of whether a
symmetry of the kind required to stabilize dark matter
could arise from information-theoretic considerations. An
exploration of this possibility would require our toy model
to be properly embedded in the SM and, as such, is beyond
the scope of this work; see Ref. [10] for an investigation of
mirror symmetry from maximization of entanglement. If
m2

12 is nonzero and cannot be rotated away, it breaks
the symmetry to the diagonal subgroup SOð4Þ1þ2, acting
identically on both doublets.
It is instructive to contrast this result with the conditions

for minimal entanglement; in the 2HDM and at the level of
the OðλÞ contact diagram, Eq. (17) yields

λ1þλ2¼ λ3; λ4¼ λ5¼ 0; λ6¼ λ7: ð21Þ

Comparing to Eq. (6), we see that these conditions are
insufficient to realize natural alignment. Thus, Eq. (15) is
more constraining than minimization of entanglement.

IV. EMERGENT SYMMETRY
FROM ΦΦ → ΦΦ SCATTERING

We now extend our analysis from the specific process
ΦþΦ0 → ΦþΦ0 to all 2 → 2 scalar scattering channels
involving states with total particle number P ¼ 2, generi-
cally represented as ΦiΦj → ΦkΦl. We begin by extending
the scattering formalism: We enlarge the Hilbert space to
include a discrete isospin subspace to accommodate all
scattering channels and account for Bose symmetry in the
initial state. We show that our commutator condition
implies an SO(8) symmetry acting on the quartic potential
when scattering the most general allowed initial state, but
this is reduced to an emergent SUð2ÞR symmetry when
scattering two-particle states of definite isospin.

A. Generalized scattering formalism

It will be useful to rewrite Eq. (5) in terms of scalar
bilinears that transform in a well-defined way under
permutations of both Higgs-flavor and weak-isospin indi-
ces, so as to facilitate the construction of Bose-symmetric
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states. The four possible bilinears written in this way will
be constructed from the singlet and triplet representations
of SU(2): the regular SUð2ÞL in the case of weak isospin,
and a group we label SUð2ÞR only preemptively, corre-
sponding to the freedom to change the Higgs-flavor
basis. We can, thus, construct a complex bidoublet Φ≡
ðΦ1;Φ2Þ, which furnishes the ð2; 2Þ product irrep under
SUð2ÞL ⊗ SUð2ÞR. The ΦΦ bilinear then transforms as

ð2L ⊗ 2RÞ⊗ ð2L ⊗ 2RÞ¼ ð2⊗ 2ÞL ⊗ ð2⊗ 2ÞR
¼ð1⊕ 3ÞL ⊗ ð1⊕ 3ÞR
¼ð1L ⊗ 1RÞ⊕ ð3L ⊗ 3RÞ: ð22Þ

Note that the cross terms ð1L ⊗ 3RÞ and ð3L ⊗ 1RÞ vanish
identically, since they are antisymmetric under the inter-
change of two identical scalar multiplets.
In terms of these bilinears, the quartic part of the

potential V4 can be written

V4 ¼
X1
I¼0

XI

m¼−I

X1
R¼0

XR
n;n0¼−R

λRn;n0 ðORI
m;nÞ†ORI

m;n0 ; ð23Þ

where

ORI
m;n ¼

X
a;b

X
i;j

CI;m
ab C

R;n
ij ΦiaΦjb: ð24Þ

Here, the CI;m
ab and CR;n

ij are Clebsch-Gordan coefficients
coupling the bilinear 2 ⊗ 2 representation to generalized-
spin-I and generalized-spin-R irreps with projectionsm and
n. The indices i and j enumerate flavor, and a and b are
SUð2ÞL fundamental indices. The matrices are

C0;0 ¼ 1ffiffiffi
2

p
�

0 1

−1 0

�
; ð25Þ

C1;m ¼

8>>>>>>>>><
>>>>>>>>>:

�
1 0

0 0

�
m ¼ 1;

1ffiffi
2

p
�
0 1

1 0

�
m ¼ 0;

�
0 0

0 1

�
m ¼ −1:

ð26Þ

The coefficients λRn;n0 contain ten real parameters in total:
one in λ00;0 ≡ λS and nine within the 3 × 3 Hermitian matrix
λ1 ≡ λT . We emphasize that this amounts at this stage only
to a suggestive change of basis on the potential.
Equation (23) is not invariant under SUð2ÞR, since λRn;n0
carries free SUð2ÞR indices and, in general, is not propor-
tional to the identity. The correspondence between the
parameters in this potential and those of Eq. (5) is

λS ¼
1

2
ðλ3 − λ4Þ;

λT ¼

0
BB@

λ1
1ffiffi
2

p λ6
1
2
λ5

1ffiffi
2

p λ�6
1
2
ðλ3 þ λ4Þ 1ffiffi

2
p λ7

1
2
λ�5

1ffiffi
2

p λ�7 λ2

1
CCA; ð27Þ

where we order the triplet basis states j1; ni in order of
decreasing n, i.e., as fj1; 1i; j1; 0i; j1;−1ig.
We refine our partition of the Hilbert space to

H2 ≃Hp ⊗ Hiso ⊗ Hflav, where the new factor Hiso ≃
C2 ⊗ C2 corresponds to the discrete two-qubit isospin
space. We indicate a generic basis for H2 as jabi ⊗
jiji ⊗ jp1p2i, where p1 and p2 are three-momenta asso-
ciated with the momentum four-vectors p1;2 ¼ ðE1;2;p1;2Þ,
the indices a and b are fundamental SUð2ÞL isospin
indices, and i and j are Higgs-flavor indices. The momen-
tum and discrete states are normalized in the standard way
as above. A general initial product state in the isospin,
flavor, and momentum subspaces ofH2 now takes the form

jψ0i ¼
X
a;b

Aabjabi ⊗
X
i;j

Bijjiji

⊗
Z

d3p1

ð2πÞ32E1

d3p2

ð2πÞ32E2

ϕðp1;p2Þjp1p2i; ð28Þ

where, again, the coefficients Aab and Bij and the momen-
tum wave function ϕðp1;p2Þ satisfy the usual normaliza-
tion conditions.
The products jai ⊗ jbi ¼ jabi and jii ⊗ jji ¼ jiji can

be decomposed using Clebsch-Gordan coefficients, so that
the general initial state may alternately be written

jψ0i ¼
X
I;m

αI;mjI; mi ⊗
X
R;n

βR;njR; ni

⊗
Z

d3p1

ð2πÞ32E1

d3p2

ð2πÞ32E2

ϕðp1;p2Þjp1p2i: ð29Þ

Here, we have adopted the standard notation familiar from
the study of angular momentum, where jJ;mi is used for
irreps of SU(2) labeled by their total weight J and third-
component projection m. The αI;m and βR;n are coefficients
related to the Aab and Bij from Eq. (28), respectively.
Now that we are treating weak isospin as an additional

quantum number, the states involved in the scattering are of
the same underlying species. Bose symmetry, thus, requires
that jψ0i be symmetric under interchange of the two
particles. For now, we assume ϕðp1;p2Þ is symmetric
under p1 ↔ p2 and suppress the momentum part of the
state going forward for clarity. We return to the case of an
antisymmetric momentum wave function in Sec. IV C. This
assumption enforces that only the products shown in
Eq. (22) can enter in Eq. (29), i.e.,
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jψ0i ¼ α0;0j0; 0i ⊗ β0;0j0; 0i
þ α1;mj1; mi ⊗ β1;nj1; ni; ð30Þ

with an implied sum over the projections m and n. Bose
symmetry has, thus, introduced a level of entanglement
between the isospin and flavor subspaces. We can construct
a general initial-state density matrix for the product state as

ρ ¼ jα0;0j2j0; 0ih0; 0j ⊗ jβ0;0j2j0; 0ih0; 0j
þ α0;0α

�
1;m0 j0; 0ih1; m0j ⊗ β0;0β

�
1;n0 j0; 0ih1; n0j

þ α1;mα
�
0;0j1; mih0; 0j ⊗ β1;nβ

�
0;0j1; nih0; 0j

þ α1;mα
�
1;m0 j1; mih1; m0j ⊗ β1;nβ

�
1;n0 j1; nih1; n0j; ð31Þ

where the operators are written in the order SUð2ÞL ⊗
SUð2ÞR.
Since the operator ORI

m;n of Eq. (24) annihilates the
two-particle state jsi≡ jI; mi ⊗ jR; ni, and the conjugate
operator ðORI

m;nÞ† creates it, the discrete part of the T matrix
for ΦΦ → ΦΦ scattering can be written in a form con-
venient for comparison with the density matrix:

T ¼
X
s;s0

jsihsjT js0ihs0j ¼
X
s;s0

Ms→s0 jsihs0j ð32Þ

¼ λSj0; 0ih0; 0j ⊗ j0; 0ih0; 0j
þ

X
m;n;n0

ðλTÞn;n0 j1; mih1; mj ⊗ j1; nih1; n0j; ð33Þ

reading off the tree-level amplitudes as the Lagrangian
parameters λS and λT defined in Eq. (27).

B. Maximal symmetry from ΦΦ → ΦΦ scattering

We now consider the scattering of the generic initial
product state described by Eq. (31) in full generality. The
commutator can be written in 2 × 2 block form; in the basis
fj0; 0i ⊗ j0; 0i; j1; mi ⊗ j1; nig, we have

��
λS 0

0 ðλTÞn;n0δm;m0

�
;

� jα0;0j2jβ0;0j2 α0;0α
�
1;m0β0;0β

�
1;n0

α1;mα
�
0;0β1;nβ

�
0;0 α1;mα

�
1;m0β1;nβ

�
1;n0

��
: ð34Þ

This vanishes for arbitrary α0;0, α1;n, β0;0, and β1;n if and
only if the upper-left and lower-right blocks of T act
proportionally to the identity on the subspace, i.e., when
λS ¼ ðλTÞn;n with no sum over n. This fixes λ1 ¼ λ2 ¼ 1

2
λ3

from Eq. (27), resulting in the emergence of the maximal
SO(8) symmetry on V4.
Armed with this general result, we revisit the case of

ΦþΦ0 scattering studied in Sec. III in our isospin-covariant
formalism. The SUð2ÞL triplet and singlet combinations for

P ¼ 2 scattering, written in terms of the charged states, are

j1; mi ∼

0
BB@

jΦþΦþi
1ffiffi
2

p ðjΦþΦ0i þ jΦ0ΦþiÞ
jΦ0Φ0i

1
CCA

m

; ð35Þ

j0; 0i ∼ 1ffiffiffi
2

p ðjΦþΦ0i − jΦ0ΦþiÞ; ð36Þ

and flavor indices are left implied. The SUð2ÞL part of the
state jΦþΦ0i can, thus, be written

jΦþΦ0i ¼ 1ffiffiffi
2

p ðj1; 0i þ j0; 0iÞ; ð37Þ

for which α0;0 ¼ α1;0 ¼ 1=
ffiffiffi
2

p
. In this particular case, the

commutator reduces to

1

2

��
λS 0

0 ðλTÞn;n0δm;m0

�
;

� jβ0;0j2 δ0;m0β0;0β
�
1;n0

δ0;mβ1;nβ
�
0;0 δ0;mδ0;m0β1;nβ

�
1;n0

��
; ð38Þ

but, for arbitrary β0;0; β1;n, it remains true that the only
circumstance in which this object can vanish is that
described above, recovering the maximal symmetry.
Essential to this result is the fact that the initial state is a

superposition of states of differing total isospin, as seen
clearly in Eq. (37). In the next section, we go on to show
that scattering states of definite isospin results in a smaller
SUð2ÞR symmetry due to the entanglement between the two
discrete sectors imposed by Bose symmetry.

C. Recovering SUð2ÞR
We now turn to the general case of P ¼ 2 scattering of

states of definite isospin. We begin with the triplet state,
whose initial density matrix is given by Eq. (31) with
α00 ¼ β00 ¼ 0:

ρ0 ¼ α1;mα
�
1;m0 j1; mih1; m0j ⊗ β1;nβ

�
1;n0 j1; nih1; n0j: ð39Þ

It is clear that ρ0 trivially commutes with the singlet piece
of T as seen in Eq. (33). Thus, in this case, the commu-
tation condition enforces λT ∼ 13 for arbitrary α1;m and β1;n.
We see in Eq. (27) that this imposes the relations

λ1 ¼ λ2 ¼
1

2
ðλ3 þ λ4Þ ð40Þ

on the quartic part of the potential. In the presence of
these relations, V4 becomes invariant under a global SU(2)
rotation acting in the Higgs-flavor space [26]. This is
analogous to the quartic potential of the scalar bidoublet
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present in models featuring left-right symmetry.
Importantly, the full transition matrix carries a nontrivial
structure, as only the triplet block is proportional to the
identity; we also note that the alignment limit is still
realized, as per Eq. (6).
The case of singlet scattering produces no additional

relations. Setting α1;m ¼ β1;n ¼ 0, the density matrix is

ρ0 ¼ jα0;0j2j0; 0ih0; 0j ⊗ jβ0;0j2j0; 0ih0; 0j; ð41Þ

and this trivially commutes with T for all α00 and β00.
The recovery of an SUð2ÞR flavor symmetry here is

perhaps unsurprising. Already in Eq. (30), we see that Bose
symmetry has enforced a correlation between the SU(2)
representations in each term. Choosing to scatter an isospin
triplet, for instance, automatically selects the spin-1 irrep on
the flavor side as well. Requiring the T matrix to commute
with irreps of SUð2ÞR then imprints the symmetry onto the
quartic potential.

D. Antisymmetric momentum wave function

Until now, we have assumed that the momentum wave
function of Eq. (28) is symmetric under p1 ↔ p2. We now
revisit the antisymmetric case to tie off the last loose end. In
the case of antisymmetric ϕðp1;p2Þ, the remainder of the
state should be antisymmetric under particle interchange.
This singles out the complementary parts of the decom-
position of Eq. (22) that are totally antisymmetric. The
initial antisymmetric product state is then

jψ0;Ai¼ α0;0j0;0i⊗ β1;nj1;niþα1;mj1;mi⊗ β0;0j0;0i;
ð42Þ

with

ρ0;A ¼ jα0;0j2j0; 0ih0; 0j ⊗ β1;nβ
�
1;n0 j1; nih1; n0j

þ α0;0α
�
1;m0 j0; 0ih1; m0j ⊗ β1;nβ

�
0;0j1; nih0; 0j

þ α1;mα
�
0;0j1; mih0; 0j ⊗ β0;0β

�
1;n0 j0; 0ih1; n0j

þ α1;mα
�
1;m0 j1; mih1; m0j ⊗ jβ0;0j2j0; 0ih0; 0j: ð43Þ

Comparing to Eq. (33), it is clear that T and ρ0;A are
orthogonal for all choices of αI;m and βR;n: Any nonzero
amplitude in the isospin subspace is paired with a vanishing
one in the flavor subspace, and vice versa. We, therefore,
conclude that scattering with an antisymmetric momentum
wave function imposes no further constraints on the quartic
couplings.

V. CONCLUSIONS

In this work, we have explored quantum-information-
theoretic constraints in the 2 → 2 scattering of scalars in a
two-Higgs-doublet model. Building on previous studies

that considered entanglement extremization, we have
introduced a new perspective based on conservation of
magic or, equivalently, commutativity of the T matrix with
the in-state density matrix as a guiding principle for
emergent symmetries and field-theoretic structure.
We demonstrated that imposing magic conservation at

lowest order in perturbation theory for elastic ΦþΦ0 →
ΦþΦ0 scattering constrains the quartic part of the Higgs
potential to a maximally symmetric form. This would
naturally realise the alignment limit in a full 2HDM
extension of the Standard Model. We found that the
constraints on the scattering amplitude imposed by
our principle are a special case of those previously
derived in the literature from the minimization of entan-
glement for initial product states. Our conclusions suggest
that this commutativity requirement be viewed as a useful
explanatory tool, which here appears to provide a quan-
tum-information-theoretic justification for an otherwise
unexplained fine-tuning.
We then extended our analysis to all 2 → 2 scalar

scattering processes with total particle number P ¼ 2 by
treating (the third component of) weak isospin as an
explicit qubit degree of freedom in its own right. In this
case, Bose symmetry constrains the form of the initial-state
density matrix in the finite part of the Hilbert space; we
have demonstrated that the maximal symmetry is recovered
when scattering particular or general superpositions of
definite-isospin states but that, when scattering states of
definite isospin, we recover a smaller SUð2ÞR symmetry
that nevertheless admits Standard Model alignment. These
conclusions hold regardless of the symmetry properties of
the initial-state momentum wave function.
We comment here on the consistency of our results with

previous studies. Even though magic conservation is more
constraining than entanglement minimization, the results of
Ref. [8] are not inconsistent with our results, because we do
not consider the same class of scattering processes; namely,
we concentrate only on P ¼ 2 channels. We anticipate that
the inclusion of isospin as an additional quantum number
may lead to different results even in the P ¼ 0 channels,
too. Reference [9] studies other P ¼ 2 channels in the
context of entanglement minimization, but their results
aggregate over all scattering processes; furthermore, we
find that symmetrization of the initial state (for the case of
identical particles) plays an important role in our analysis.
Future work should extend this analysis beyond lowest

order in perturbation theory. This requires the inclusion of
multiparticle states and would necessitate a more careful
treatment of the scattering formalism used here. A complete
treatment of the total particle number P ¼ 0 scalar scatter-
ing processes omitted here would also be illuminating.
Interactions with gauge bosons and fermions should be
incorporated in order to understand the interplay of this
framework with the Standard Model—in particular,
whether phenomenologically interesting scenarios (e.g.,
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an inert doublet model, a canonical left-right symmetric
model, etc.) can be realized. In all, it is clear that candidate
quantum-information-theoretic principles extending beyond
entanglement provide useful constraints on field-theoretic
structure; we believe that such ideas are worth exploring in
more detail going forward.
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