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This work aims to develop a global formulation for A" = 2 harmonic/projective anti—de Sitter (AdS)
superspace AdS*® x §2 ~ AdS*® x CP! that allows for a simple action of superconformal (and hence AdS
isometry) transformations. First of all, we provide an alternative supertwistor description of the
N -extended AdS superspace in four dimensions, AdS**V, which corresponds to a realization of the
connected component OSpy (N |4; R) of the AdS isometry supergroup as SU(2,2|N) n OSp(N4;C).
The proposed realization yields the following properties: (i) AdS**V is an open domain of the compactified
N -extended Minkowski superspace, M**V; (ii) the infinitesimal A -extended superconformal trans-
formations naturally act on AdS**V; and (iii) the isometry transformations of AdS**V" are described by
those superconformal transformations which obey a certain constraint. The obtained results for AdSH*V are

then applied to develop a supertwistor formulation for an AdS flag superspace AdS*® x F, (2) that we
identify with the N = 2 harmonic/projective AdS superspace. This construction makes it possible
to read off the superconformal and AdS isometry transformations acting on the analytic subspace of the

harmonic superspace.

DOI: 10.1103/r56q-15¢cx

I. INTRODUCTION

As is well known, there exist two fully fledged
superspace approaches to formulate off-shell A =2
rigid supersymmetric field theories in four dimensions:
(1) harmonic superspace [1,2], and (ii) projective
superspace [3-5]. They make wuse of the same
superspace

M8 x CP! =~ M*® x SU(2)/U(1) (1.1)

which was introduced for the first time by Rosly [6].
However, they differ in the following conceptual points:
(i) the structure of off-shell supermultiplets used, and
(i) the supersymmetric action principle chosen. In
particular, they deal with different off-shell realizations
for the so-called charged hypermultiplet: (i) the ¢-
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"The relationship between the harmonic and projective super-
space formulations is spelled out in [7-10].
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hypermultiplet [1] in harmonic superspace, and (ii) the
polar hypermultiplet [4] in projective superspace.

In 2007, both the harmonic and projective superspace
approaches were extended to the case of N' =1 super-
symmetric theories in AdSs [12,13]. The projective super-
space construction of [12,13], in conjunction with the
concept of superconformal projective multiplets [14,15],
has proved to be powerful for nontrivial generalizations. It
has been used for developing off-shell formulations for
general supergravity-matter systems, first in five dimen-
sions [16-18], and soon after in four [19-21], three [22],
and six [23] dimensions. In a locally supersymmetric
framework, the superspaces AdS*® and AdS>® originate
as maximally supersymmetric solutions in the 4D A/ = 2
[24,25] and 5D N =1 [26] AdS supergravity theories
obtained by coupling the corresponding Weyl multiplet to
two conformal compensators: (i) the vector multiplet, and
(i) the O(2) multiplet.

Extending the covariant harmonic-superspace approach
developed for AdSs [12,13], or its four-dimensional
analog introduced recently in [27], to local supersymmetry
has turned out to be a nontrivial technical problem. To
explain this issue, it suffices to restrict our attention to the
4D N =2 case and consider the SU(2) superspace
formulation for A/ = 2 conformal supergravity [19]. Let

*The terminology “polar hypermultiplet” was introduced in the
influential paper [11].
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D, = (D,, Di,, D¥) be the corresponding covariant deriv-
atives for curved superspace M*® and let v; be the
homogeneous coordinates for CP!. The algebra of super-
gravity covariant derivatives [19] implies that the spinor
operators D := v Dl, and D} := v D} satisfy the anti-
commutation relations:

(DI D)} = 4Y 7 + 45T M,
{Di.D}} = 8G,0", (1.2)
with J*" =007 07 and ST =07 0] SY. Here My
and JY are the Lorentz and SU(2) generators, while
Yup, G and Si/ are torsion tensors. With the notation
D} = (D}, D}), a Grassmann analytic superfield Q is a
scalar superfield on curved superspace M*® which is v
dependent and obeys the covariant Grassmann analyticity
constraints

DIQ =0. (1.3)
These constraints have the integrability conditions
{D], D;}Q = 0. These conditions are automatically sat-

isfied for the projective multiplets, which are characterized
by the property [19]

JtQ =0. (1.4)
However, the integrability conditions do not hold for
general harmonic multiplets.’

A covariant harmonic-superspace formulation for
general N = 2 supergravity-matter systems was devel-
oped 10 years ago by Butter [29], who also presented a
plethora of nontrivial applications. In his approach, the
conventional harmonic superspace M*® x §2 is replaced
with M*B8 x TCP', where the internal space is the
tangent bundle of CP'* In the present paper we will
advocate for a different internal space, namely a flag
manifold [F;(2), which is often denoted F(1,C?).
Instead of considering a generic N' =2 curved super-
space M*®, our attention will be restricted to the AdS
case. Our analysis applies to the following AdS super-
spaces with auxiliary dimensions:

3This problem does not occur in the case of AdS superspace
AdS*® where Y5 = 0 and G,,; = 0[28]. The conditions Y5 = 0
and G,; =0 also hold in on-shell AdS supergravity upon
imposing an appropriate super-Weyl gauge [24,25]. The super-
space geometry of on-shell supergravity is determined by the
chiral super-Weyl tensor W,; and the real isotriplet Si.

“This approach in [29] was inspired by the biharmonic
construction for the quaternion Kihler manifolds developed by
Galperin, Ivanov, and Ogievetsky [30].

(i) N =2 AdS, flag superspace’

AdS*® xF,(2), [F(2)=GL(2,.C)/H,(2). (1.5a)
(i) N =1 AdS;s flag superspace
AdS B xF,(2), F,(2)=GL(2,C)/H,(2), (1.5b)

where [I:[|1(2) is the group of nonsingular lower triangu-
lar matrices,

H1(2)=={7=<Z S)eGL(Z,C)}. (1.6)

Here the flag manifold F;(2) is the space of flags
V, C V, = C?, with V, a one-dimensional subspace of
C?. Of course, F(2) can be viewed as CP' or as
§? ~SU(2)/U(1), which are precisely the realizations
corresponding to the projective and harmonic super-
spaces, respectively. However, its description as
GL(2,C)/H,(2) is most useful when dealing with
N =2 superconformal transformations in the analytic
subspace of harmonic superspace [36]. An important
fact is that the three equivalent realizations of [F,(2) are
naturally associated with different functional types of
(super)fields. This point will be elaborated upon in
Secs. II and III which are devoted to the discussion
of N =2 supersymmetric field theories on Minkowski
flag superspace M*® x F,(2). In the remainder of this
paper we will concentrate on a global description of the
flag superspace (1.5a) and develop its supertwistor
realization.

The supertwistor realizations for the N -extended AdS
superspaces AdS**V and AdS’®N were developed in
Refs. [37-39] and [40], respectively. In the present paper
(Secs. IV and V) we provide an alternative supertwistor
description of AdS**V, which corresponds to a realization
of the connected component OSpy(N[4;R) of the AdS
isometry supergroup as SU(2, 2|\') n OSp(N[4; C).° The

>The flag superspaces associated with (complexified) N-
extended Minkowski superspace were considered in [6,31-34].
In the case of A/ = 3 supersymmetry, the relevant flag manifold is
F(1,2,C%) [6], with its points being all possible sequences
V, c V, c C3, where V, and V, are one- and two-dimensional
subspaces of C3. This flag manifold in the realization
SU(3)/[U(1) x U(1)] was used in [32] to construct the complete

= 3 harmonic formalism and to present, for the first time, an
off-shell superfield action of A =3 SYM theory. Several
important multiplets in A/ = 3 conformal supergravity, including
the super Bach tensor, are naturally defined on the manifold
M2 % F(1,2,C3) [35].

®It is well known that the A/-extended AdS superalgebra in
four dimensions, 03p(N|4;R), is a subalgebra of the
N-extended superconformal algebra 81(2,2|N); see [41,42]
as well as [43] for a recent discussion.
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advantage of doing so is that it allows us to read off the
superconformal and isometry transformation rules for
AdS*™V from those known for the compactified
Minkowski superspace. Section VI is devoted to deriving
a supertwistor realization of AdS*® x [F,(2).

The main body of the paper is accompanied by three
technical appendixes. Appendix A contains a brief review
of AN =2 conformal Killing supervector fields.
Appendix B describes another similarity transformation
for the AdS supergroup. Appendix C provides an alter-
native derivation of the (conformal) Killing supervector
fields for AdS**V.

Our two-component spinor notation and conventions
follow [44] and are similar to those used in [45]. In
particular, two-component spinor indices are raised and
lowered,

wh= Py oy, = ey
q_ba = eaﬁq_ﬁ[j’ a’il = €a[j$/}’ (17)
using the spinor metrics
eV =—e" e p=—ep,, €=y =1; (1.8a)
e — e, ey——e, i=ey=1.  (18b)

One can convert between vector and spinor indices as
follows:

where the matrices ¢, and &, are given by

0q= (1]2’5:) - ((Ga)ao‘c)’
(3,)" =P (0,).

G, =(12.=6) = ((5,)").
(1.10)

II. THREE REALIZATIONS OF F,(2)

The elements of [F;(2) are complete flags in C2. They
may be identified with nonsingular 2 x?2 complex
matrices’

w = (w;,v;) €GL(2,C) & detw = v'w;

= (v,w) #0, v = e, (2.1a)

"We often make use of antisymmetric 2 x 2 matrices £ and ;;
normalized as £'? = &,; = 1.

defined modulo equivalence transformations of the form

ac # 0.
(2.1b)

W = WF S v; — CU;, w; = aw; + bv;,

These relations imply that »; can be interpreted as the
homogeneous coordinate for CP!, while w; may be made
arbitrary modulo the restriction (v, w) := v'w; # 0. In other
words, w; is a purely “gauge” degree of freedom.

The same flag manifold, F;(2), can also be realised as

Fi(2) = SL(2,C)/H,(2),

H,(2) = {r: <C; S) eSL(Z,C)}. (2.2)

In this realization, the elements of F;(2) are unimodular
2 x 2 complex matrices

v=(v7,v])€SL(2,C) & detv = vTv; =1 (2.3a)

defined modulo equivalence transformations of the form

+

v ure vl - el vy = c oy + bof.

(2.3b)

Here the superscript & carried by »™ indicates the degree of
homogeneity, v* — ¢*!v*, under the scale transformation
with parameter c¢. The above freedom in the choice of v
may be used to choose a representative

u=(u7,uf )eSUR)eut=u;, utuy=1. (2.4a)
There still remain residual equivalence transformations
(2.3b) of the form

+

+ip, x
T = et %y, pEeR.

u (2.4b)
This leads to the third realization of the flag manifold
l]:l (2) P
Fi(2) = SU(2)/U(1) ~ $2. (2.5)
Both realizations (2.1) and (2.3) are useful when a
nonunitary group, say GL(2,C), acts on F;(2). It suffices
to consider the action of SL(2, C) on [F;(2), and in this case
it is natural to use the realization (2.3) of F;(2). Let g~
1+ AeSL(2,C) be an infinitesimal group transformation,
tr A = 0. Then
gur v+ Av, Av = (AJv7, AJv)).  (2.6)
This transformation can be accompanied by an infinitesi-
mal equivalence transformation (2.3b), gv ~ gvr, such that
v; remains unchanged. We end up with

065019-3



NOWAR E. KONING and SERGEI M. KUZENKO

PHYS. REV. D 113, 065019 (2026)

ovy =0,

; svf ==ATT(v)oy,  ATT(v) = A/kvaz.

(2.7)

This transformation law implies that SL(2, C) acts on F;(2)
by holomorphic transformations.

Realization (2.1) is suitable to understand how the

internal space TCP' used in [29] originates. We introduce
symmetric 2 X 2 matrices

(Zl)ij = (“]7_01,—0'3) = (Zl)jh

(zl)ij = gikﬁ’ﬂ(zl)kl = (i1, 0y, 03), (2.8)

with I =1, 2, 3 and i, j = 1, 2. Their properties are

3
Z(Zl)ij(zl)klzzgi(kgl)j’ (Z’)ij(zj)ij:—%”- (2-9)
=1

Next we introduce a complex 3-vector

7l =

Z=(z)eC?, Vi)W, (2.10a)

(v, w)

with the property

-

Z-Z=1. (2.10b)
The complex hypersurface in C* defined by Eq. (2.10b)
provides a global realization for TCP'. Indeed, if we

introduce the real and imaginary parts of Z,Z=X+1iY,
then the constraint(2.10b) can be recast in the form:

-

= X

RE=1, RV=0 Re—X__
VI+Y-Y

The expression for Z! in terms of v’ and w', Eq. (2.10a), is
invariant under the scale transformations (2.1b) described
by the parameters a and ¢. However Z! is not invariant
under the b-transformation (2.1b).

Of course, the realization (2.3) is also suitable to describe
the internal space TCP!. Here the expression (2.10a) for Z/
turns into

(2.11)

7l = vt (2

; (2.12)

This complex three-vector is invariant under the scale c-
transformation (2.3b). However, Z/ is not invariant under
the b-transformation (2.3b).

Associated with the three realizations of [,(2) consid-
ered above are three types of fields. In the case of (2.1), it is
natural to deal with functions ¢”? (v, w) that are homo-
geneous in »; and, independently, in w;,

P9 (cv,aw) = cPa~9pPD (v, w). (2.13)

By replacing ¢"9 (v, w) = (v,w)¢P9 (v, w) we can
always make ¢ =0, and thus it suffices to work with
functions ®") (v, w) = ¢ (v, w),

O (cv, aw) = "®" (v, w). (2.14)
Invariance under the b-transformations in (2.1b) will be
imposed on an action functional.

Realization (2.3) is obtained from (2.1) by introducing

the variables

+

v; =0,

v7 = (v, w) ;. (2.15)
Then the function CD(”)(v,w), Eq. (2.14), turns into
@ (p*, v7) such that

oW (cot, c7lv7) ="MW (vt 07),  ceC*=C-{0}.

(2.16)

Finally, in the case of the harmonic realization (2.4) one
deals with functions over SU(2), ¥ (u*,u™), of U(1)
charge n € Z, with the defining property

P (eHiey®) = elnogn) (y+), peR.  (2.17)
In accordance with Schur’s lemma, an arbitrary function
¥(u*) over SU(2) is a linear combination of functions of
definite charge,

Y(ut) = Z‘P(") (u®).

nez

(2.18)

Any function ¥ (u*) over SU(2) proves to be repre-
sented by a convergent Fourier series of the form (see, e.g.,
[1,2,46])

+0o0
l}’(")(ui) = Zl}l(il-~-in+kj1"'jk)ul‘_t . u?k‘ﬂ uj - uy (2.19)
k=0

where the charge is assumed to be non-negative, n > 0. An
analogous representation holds in the n < 0 case.

As a generalization of (2.19), we formally represent a
holomorphic function @) (v*) satisfying the homogeneity
condition (2.16) as

+00
(I)(”)(Ui) = Zq)(il"'iwrkjl“‘jk)/u?l' - U[‘_Ln vi vy, 2 0,
k=0
(2.20a)
where the variables v are related to u as
v =cuf, vi=clui +buf, ceC (2.20b)
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for arbitrary b=~ € C. One may think of ®(")(v*) to be an
analytic continuation of (2.19), assuming that the series in
(2.20a) is convergent when b~ in (2.20b) is equal to zero.

III. MINKOWSKI FLAG SUPERSPACE M*8 x [, (2)

In this section we argue that M*® x [, (2) is suitable to
describe off-shell N' =2 supersymmetric theories for all
realizations of [, (2) discussed earlier.

A. Harmonic superspace approach: The u™ realization

Within the 4D N = 2 harmonic superspace approach
one works with analytic superfields Q") (z, u*) that are

defined on R*® x $? and obey the Grassmann analyticity
constraints

Do = D QW =
DI = uil);,, Di = ufDj,. (3.1)
With respect to the harmonic variables u, Q") (z, u®) is a
smooth function on SU(2) of U(1) charge n,
QW (z,et0u*) = e Q) (z, u*), pER, (3.2a)
Q(”) (Z’ u) = Z Q(ll"'lk+n]l"']k)<z)ujl_ “ e ulf:+n u‘l_] PP ujfk’
k=0
(3.2b)

where the charge is assumed to be non-negative, n > 0. The
harmonic superspace action is

L) /d4 /du L (x,0,0,u™)|g_po>

(D) = (D (D). (3.3)

16

The integral over SU(2) is defined in accordance with [1]

/ duQ" (u*) = 6, Q. (3.4)

Here Q is the harmonic-independent coefficient in the
Fourier series for Q) (u*),

+o0
<0)(ui):QJFZQ(ilwimwjk)u: cufuius. (3.5)
k=1

The action (3.3) is known to be N/ = 2 supersymmetric;
see the next subsection for the proof.

B. The v* realization

Now we analytically continue the superfield (3.2) to the
v-variables (2.20b),

(Z cot, el )—c”Q ( ) ceC*=C-{0},
(3.6a)
+00 o
Q(”)(Z,U):Q(Z)+k§:Q(ll"'lH"hmM) (Z)DZ.../U?];HIU]TI ...y;{’
=1
(3.6b)

and the integer n is said to be the weight of Q. This

superfield is still Grassmann analytic,

D{JMr Q(n) (Z, U) — O’ D{JIF Q(”) (Z, 1)) = 07
Dg: = ’U?:Dé, Daz = ’l);tD;l (37)

We can formally extend the algebraic definition of the
integral (3.4) to the variables v,

/ dv Q" (v*) = 5,0Q. (3.8)

Finally, we define the flag-superspace action

L] = / d*x / do(D7)* LY (x,0.0, vF)|p_pq.
(3.9)

where the spinor covariant derivatives D, and Dj are
defined in (3.7).

The integrand in (3.9) is obviously invariant under

arbitrary rescalings v — cv; and v; — ¢~'v;y. Let us
give a small disturbance to the Vanables v,
svy = b o], (3.10)

while keeping v fixed.® The Lagrangian changes as

SLEY = b= DL

0
DYt = v —. 3.11
vl ()/U ( )

— D++(b——£(+4))’

Of special importance is the fact that applying the operator

D™ to any Grassmann analytic superfield Q) results in a

Grassmann analytic one,
D+, Df] =0,

(D™, Di]=0. (3.12)

It holds that

D{ETT =0, DETT=0=S[D™ET]=0. (3.13)

$Notation 5~ in (3.10) indicates that any rescaling v — cv;"

and §v; — ¢~'6v7 results in b7 — ¢ 727
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We conclude that the action (3.9) is invariant under the
transformations (2.3b). Therefore the model is defined on
the flag superspace M*® x [ (2), although the integrand in

(3.9) is a composite superfield on M*® x TCP!.

The action (3.9) is supersymmetric. It is actually super-
conformal provided the Lagrangian L4 transforms as a
primary dimension-2 superfield

SLY = (&= ATH[EIDT)LW +23[E] LW,
(3.14)
Here & = £4(z)D 4 is an arbitrary N = 2 conformal Killing

supervector field (see Appendix A), and AT"[£] and Z[¢]
are its descendants,

ATHE = v ol AT, (3.154)
Sle) = of i AV + 3 ol + 5D, (3.15b)

The descendants AY[¢] and o[f] of & are defined in
Appendix A. The important property of the building blocks
(3.15), which appear in (3.14), is their Grassmann analy-
ticity

DiATH[E =0,  DiATH[E =0, (3.16a)

D/Elg =0, Diz[g=0.  (3.16b)

To massage the variation (3.14), we point out the identity

E=E=¢9(2)0, — (V2D +EMDy) + (67°Df + E°DY),
(3.17)

with £+¢ = g%yt and E7% = ¥y, Then, making use of
the properties of £, (3.14) may be brought to the form:
LW = 0,(£°LY) + Dy (£7°LW) + Dy (€L

— D (ATHE LM, (3.18)

see [14,15] for similar derivations. Here the first three terms
on the right do not contribute to the variation of the action,

5.S[LCH] = / dx / do(D) 5L (x,0.0. 15 .
(3.19)

The last term in (3.18) also does not contribute to the
variation of the action since

See [14] for the five-dimensional counterpart of the trans-
formation law (3.14).

/ dvD-Q () = 0, (3.20)
Analyzing the transformation law (3.14), one observes

that it includes a transformation of the complex harmonics
v of the form (2.7).

C. Projective superspace approach:
The (w.v) realization

In this approach, off-shell supermultiplets are described
in terms of weight-n Grassmann analytic superfields

0" (z,v),

Dgl)Q(n) - [)(UQ(") =0,

a

0" (z,cv) = c"Q"(z,v), c€C* (3.21)
which are independent of w,
0
m =0. 3.22

In other words, Q(")(z, v) is a holomorphic function on an
open domain of CP', with »; being the homogeneous
coordinates for CP'.

The projective superspace action principle is'’

1 )
St j[ pydp / drADLO (2 )y s (3.23)
2z J,

Here y denotes a closed contour in CP!, v'(¢), parametrized
by an evolution parameter ¢. The action makes use of the
following fourth-order differential operator:

1 ,
—w; Dy,
a (U, W) l a

1 .
(_4> =V . /} =
S A L/

(3.24)

where (v, w) == v'w;. Here w; is a fixed isotwistor chosen to
be arbitrary modulo the condition (v,w) # 0 along the
integration contour. The action proves to be independent of
w;; see [15] for the proof. Thus the action is invariant under
arbitrary transformations (2.3b).

IV. NEW REALIZATION OF THE ADS
SUPERGROUP

In this section we introduce a new realization for the
connected component OSp,(N|4; R) of the AdS isometry

In the super-Poincaré case, this action was introduced in [3].
It was reformulated in a manifestly projective-invariant form in
[47]. The superconformal case was studied in [15].
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supergroup as SU(2,2|N') n OSp(N|4; C). It will be used

in Sec. V.

A. The superconformal group and supertwistors

The N -extended superconformal group in four dimen-
sions is SU(2,2|N ).11 By definition, it consists of all
supermatrices

/A | B ) ‘
g= (C D)’ geSL(4|N;0) (4.1)

satisfying the master equation

0] 1, 0
Q=0 Q=|1, | 0 0 (4.2)
0| 0 | -1y

In accordance with [48], a supertwistor 7 is a column
vector

T-
T=(TA)=<7?’), a=1234, i=1..N. (43)

In the case of even supertwistors, T, is bosonic and T; is
fermionic. In the case of odd supertwistors, T, is fermionic
while 7; is bosonic. The even and odd supertwistors are
called pure. We introduce the parity function ¢(7) defined
as €(T) =0if T is even and €(7T) = 1 if T is odd. If we
define

(4.4)

then the components 7, of a pure supertwistor have the
following Grassmann parities:
e(Ty) = e(T) + e,

(mod 2). (4.5)

The space of even supertwistors is naturally identified with
C*W, while the space of odd supertwistors may be
identified with CN1*. The supergroup SU(2,2|N) acts
on the space of even supertwistors and on the space of odd
supertwistors,

T—gT = TQ—TQj . (4.6)

It holds that ¢(gT) = e(T). The supertwistor space is
equipped with the SU(2, 2| \/)-invariant inner product

(T|S) = T*QsS. (4.7)

""The case N = 4 is somewhat special, but the corresponding
details will not be discussed here.

B. The AdS supergroup

In this paper, the connected component OSp,(N|4; R)
of OSp(N|4;R) will be identified with the N -extended
AdS supergroup in four dimensions. We recall that the
supergroup OSp(N|4; C) consists of those supermatrices

A B
=04 = (CJW) €GLUN:C)  (48)

which satisfy the master equation

I =, (4.9a)

where f°T denotes the supertranspose of f,

(fST)A = (_1)€A€B+€Bf A o fST _ (AT _CT>
) ’ BT DT ’

(4.9b)
and the symplectic supermatrix J is given by
0 1, 0
J=|-1, | o 0 (4.9¢)
0 0 ily

The elements of OSp(N |4; R) ¢ OSp(N |4; C) satisfy the
reality condition

f% — fST.

The supergroup OSp(N/|4;C) naturally acts on the
supertwistor space. -~ This action is characterized by the
OSp(N|4; C)-invariant inner product

(4.9d)

(T|S) ;= T*TJS, (4.10)
where the supertranspose T°T of T is defined as
T o= (Ta =(=1)0T) = (Ty(=1)Meres). (4.11)

Now, let us restrict our attention to the action of
OSp(N|4;R) on the supertwistor space. Then there exists
the involution * defined as

T — T, (*T), = (=1)DeateaT (4.12)
where T, denotes the complex conjugate of T,. Its key
properties are

The supertwistor space is defined as in the previous sub-
section. However, in this subsection our attention is restricted to
the action of OSp(N|4; C) or of its subgroup OSp(N]4; R) on
the supertwistor space.
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«(+T) =T, (4.13a)

f(*T) = *(fT), VY fe€eOSpN|4;R).

(4.13b)
A supertwistor is said to be real if it satisfies the reality
condition

«T=T&T =TT, (4.14)

C. New realization of the AdS supergroup

For our purposes it is useful to work with an alternative
realization of the AdS supergroup, as a subgroup of the
superconformal group. Let OSpy(N|4;R),, be the sub-
group of SU(2,2|N) consisting of those supermatrices
g€ SL(4|NV;C) which are singled out by the conditions

g Qg =Q, (4.15a)
9'39=3. (4.15b)
where § denotes follows symplectic supermatrix
e| O 0 01
=10 —-| 0 [, g:( ) (4.16)
. -10
0 0 1]]_/\/

The supergroup OSp, (N |4;R),, proves to be isomor-
phic to OSp,(N]4; R). The proof is based on the following
supermatrix correspondence:

fog=Ulfu, VvV fe0OSpy(N|4;R). (4.17)
Here the supermatrix A is defined as
" m 0
~(570)
1/ ala+ae | al,+ae
m=_ - - ,
2 (—aﬂ2+ae ‘ al, —ae)
4 1+i
a=e"t = . 4.18
7 (4.18)
It obeys the useful relations
ut=u-t, (4.19a)
UTIU = —iQ, (4.19b)
ustu = g. (4.19¢)

It can be constructed making use of the alternative
realizations for OSp,(N[4;R) and SU(2,2|N') provided
in [14,49]. Specifically,

U~ = MU, (4.20)
with
]]2 —& 0
1
M=—|-¢ | 1 0o . 4.21a
7 2 (4.21a)
0 0 V21,
1, | -1, 0
1
0 0 V21,
1, | il 0
U=—| il 1, 0 (4.21c)
0 0 V21,

The relations (4.19) can be proven with the aid of the
following properties:

UJIUT = —il, (UhHsTgut = 4, (4.22a)
I = Q, (1) Tgz-t =, (4.22b)
MOMT = Q, (M=) TIM~! = 5, (4.22¢)
where I is defined as
1, 0 0
I=| 0 -1, 0 (4.23)
0 0 Ty
Further, the matrices M, X, and U are unitary,
M~ =M", =37 Ul =U". (4.24)

These properties imply that the supermatrix g defined by
Eq. (4.17) obeys the conditions (4.15), and hence
g€ 08Spy(N]4;R),. In Appendix B we introduce another
supermatrix that relates the realizations OSp,(/N[4;R)

and OSpy(N[4;R),,.
Associated with OSp, (N |4; R),, are two invariant inner
products,
(T|S)q :=TTQS, (4.25a)
(T|S)g = TTFS, (4.25b)

for arbitrary pure supertwistors 7" and S.
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The supergroup elements g satisfy the reality condition

0 |ie] O
g =""1gTY, TYT=wTU=| —ie | O 0
0 0 | Ty
(4.26)

Then, making use of Eq. (4.26), one can introduce an
involution operation % defined as

T — T, (*T), = (=1)Deatea(r=1T), . (4.27)
Its key properties are

*(*T) =T, (4.28a)

g(*xT) = *(gT). (4.28Db)

In our new realization of the AdS supergroup, a super-
twistor 7 is said to be real if it satisfies

*T =T. (4.29)

Further, we observe that

*TT = THY1, (4.30)

which, in conjunction with the relations (4.19), yields

(XT|S)g = —i(T|S)q. (4.31)

V. THE SUPERTWISTOR REALIZATIONS
OF ADS*4V

Before introducing the supertwistor realization of
AdS*™V in terms of the supergroup OSp,(N|4; R),, we
recall the original construction given in [37] and formulated
in terms of the supergroup OSp,(N[4; R).

A. Original realization

Here we will make wuse of the supergroup
OSp,(N]4;R). Let us consider the space of complex even
supertwistors, which can be identified with C*V', In this
space, we consider complex two-planes which are gener-
ated by two even supertwistors

T = (Ty"), u=1,2, (5.1)
such that the bodies of 7' and 7? are linearly independent.
By construction, the supertwistors 7# are defined modulo
the equivalence relation

" ~T" =T'R},  R=(R})EGL(2,C), (52)
as the bases {7*} and {T#} span the same two-plane. We
restrict our attention to those two-planes which satisfy the
constraints

£, (T#|T*), # 0, (5.3a)

(xT*|T"); = 0. (5.3b)
Here the supertwistor *7 denotes the conjugate of T
defined by (4.12). These conditions are preserved under
the action of the supergroup OSp,(N|4;R). We say that
any pair of supertwistors satisfying the constraints (5.3)
constitutes a frame, and the space of frames is denoted & /.

The supergroup OSpy(N]4;R) acts on the space of
frames as

T — fT*, f€08Spy(N

4;R). (5.4)
This action is naturally extended to the quotient space
B v/ ~, where the equivalence relation is given by (5.2). As
shown in [37], AdS** can be identified with this quotient
space

AdSHWY =&/~ (5.5)

B. New realization

In this subsection we will show how the AdS superspace
AdS**V arises as an open domain of compactified N-
extended Minkowski superspace, M**V the latter being
studied in [14]. B

As discussed in [14], M**V is the space of null two-
planes in the space of complex even supertwistors. Given
such a two-plane, it may be described by two even
supertwistors

T = (Ty4"), u=12, (5.6)
such that the bodies of 7' and 7? are linearly independent.
That the two-planes are null means they satisfy the
constraint

(TH|T")g = 0. (5.7)
By construction, the supertwistors 7# are defined modulo
the equivalence relation

TH ~TH = T'R,*, R = (R})€GL(2,C), (5.8)
as the bases {T#} and {T*} span the same two-plane. The
condition (5.7) is preserved under the action of the super-
conformal group SU(2,2|\).
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Let us restrict our attention to those two-planes which
satisfy the additional condition
(T"|T")5 # 0. (5.9)
Then, making use of the equivalence relation (5.8), we can
normalize the two-planes such that

(TH|T*)g = 0, (5.10a)

(TH|TY) g = Ce, (5.10b)
for some constant parameter £ > 0. The conditions (5.10)
are preserved under the action of the AdS supergroup
OSpy (N |4; R),, and under equivalence transformations of
the form
T+ ~TH = TN ¥, N = (N/}#)eSL(2,C).  (5.11)
We say that any pair of supertwistors satisfying the
relations (5.10) constitutes a frame, and the space of frames
is denoted . The supergroup OSp,(N]4;R), acts on
S by the rule

T — gT*, g€OSpy(N|4R)y.  (5.12)
This action is naturally extended to the quotient space
B/ ~, which was identified with AdS superspace in [37],

AdSHW =&/~ (5.13)

C. The north chart of AdS**V

In what follows, we will set # = 1. It is instructive to
write the two-plane explicitly as

Here, F and G are 2 x 2 matrices, and ¢ is an N x 2
matrix. Then, the conditions (5.10) imply the following:

F'G+G'F-¢'p=0, (5.15a)

(det F —detG)e —ipTp = . (5.15b)

Let us define the north chart to consist of those
normalized two-planes for which det F' # 0. Then, making
use of the equivalence relation (5.11), we can choose

F =1, (5.16)

for some parameter 4. We then find that the two-planes are
of the form

1,
—i%,
20

T=) 0=(0,). (5.17)

o Fp = (a0,

where the bosonic (x4*) and fermionic (6;%) variables are
chiral and satisfy the conditions

X, —%_ = 4i0'0, o= (%)% (5.18)
The solution to the above condition is given by
¥, =%+2i0'0, x.=x%6, &,=(1,,—6), (5.19)

where ¢ are the Pauli matrices. The parameter A takes the
form

A=(1-x2 +2i*)72, 0> =u(0"0). (5.20)
It follows that the north chart is parametrized by the chiral
coordinates x¢ and 6,%.

F To describe the action of the AdS supergroup on the
T=(1") = G |- (5.14) north chart, it is instructive to begin with an element of the

@ superconformal group, which can be represented as

|
-K,/ -1As,f ib,; 21,
'/g — CL, L = _iaa/’) I_({lﬂ +%A§aﬂ 25(11- S (521)
2¢/ 2 (A= 8)57 + A/
|
with special conformal transformation b,;, Q-supersym-
5 ' metry (€%, &%), S-supersymmetry (7},7;,), combined
K= (K/). trk =0, A= (A/), chiral and scale transformation A, and SU(N) trans-
AT = —A, trA = 0. (5.22)  formation A

Here, the matrix elements correspond to a Lorentz
transformation (K,”, K%;), Poincaré translation a®,

It can be shown (see [14] for the derivation) that, under
infinitesimal superconformal transformations, the coordi-
nates of the north chart transform as
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1 _ _
0%, =a+5(A+ A% +Ki, +3,K

— X, bx, + 4i€0 — 4% n0, (5.23a)
1 _
=e+—=((N=2)A+2A K
50 €+2N((./\/ JA+2A)0+ 6
+ A0 — Ob%, —iijx, — 40n0. (5.23b)

The AdS transformations can be singled out as those
superconformal transformations which preserve the AdS
condition (5.10b). This requirement proves to impose the
following constraints on the parameters in (5.23)

b¢ = —a“, (5.24a)
Ny =16€,, (5.24b)
A=0. (5.24¢)

Further, only the antisymmetric component of A remains

A =—AT. (5.25)

D. Invariant supermetric on AdS4*V

In this section we will elucidate some more details about
the supertwistor construction above, and use it to introduce
an OSp, (N |4; R)y-invariant supermetric on AdS**V. Our
analysis is similar to that given in [50] for the 2n-extended
supersphere S314.

Given a superconformal transformation j€ SU(2,2|N)
that preserves the condition (5.9) on an open domain of
AdS*™V | a two-plane ¥ transforms as

T > §T~Y = §TR(3.9).

R(3,2)eGL(2,0C). (5.26)
Here, the matrix R(g, ¥) serves two purposes: (i) it is used
to preserve the parametrization of ¥, Eq. (5.17); and (ii) it is
used to restore the normalization condition (5.10b). Indeed,
for a generic superconformal transformation, the two-plane
g does not satisfy (5.10b). However, provided it still
satisfies (5.9), that is
(GT"[5T") 5 # 0, (5.27)
one can always make use of the equivalence relation (5.8)
to restore the normalization
(TH|T") g = e (5.28)
The situation differs slightly for AdS transformations.

Given an element of the AdS supergroup
g€08Spy(N]4;R)y, a two-plane T transforms as

T > gT~T =9¢g2TN(9,2), N(g.%)eSL(2,C).

(5.29)

That the matrix N(g, T) belongs to SL(2, C) follows from
the fact that the AdS transformations preserve the condition
(5.10b). To prove this, let us consider a two-plane belong-

ing to the north chart of AdS**V, Eq. (5.17). Then, for the
AdS transformation g, we have

A(gv X 9)
B(g,x,0)
Z(g, Xis 9)

9% = A(x_,0) (5.30)

Here we have explicitly indicated the dependence of 1 on
the coordinates x4 and 6;%. Further, the matrices A, B, y are
coordinate dependent as well as determined by the specific
transformation g under consideration. For simplicity, let us
assume that ¢7 also belongs to the north chart of AdS**V,
that is det A # 0. We then introduce the unimodular matrix

N =A""detA: = detN = 1. (5.31)

Making use of the equivalence relation (5.11), we have

1>
9% ~ gIN = A(x,.0)detAz| BA™!
xA™!
1,
=r(x}.0) | —i¥y (5.32)
20'
Finally, the symplectic condition (5.10b) implies
y(xX,0)=(1-x%+ 2i0?)1 = AX . 0). (5.33)

This completes the proof.

Now that we have determined the transformation proper-
ties of the two-planes T under both finite superconformal
and finite AdS transformations, let us introduce the matrix
two-point function

£(%,,%,) =203,, (5.34)
for two two-planes ¥; and ¥,. Given the null condition
(5.7), it follows that

£(g,,%,) =0. (5.35)

The two-point function &(¥;,ZT,) transforms homo-
geneously under superconformal transformations

(5.36)

and under AdS transformations
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5(5/1(3/2) :NT(97‘31)5(517‘32)N(97 zz)- (5-37)

Associated with £(Z,T,) is the two-point function

0(Z,2,) =det&(T,T,), (5.38)
with the superconformal transformation law
o(T), ) =detR"(3,Z,)detR(5,Z,)w(Z,,Z,).  (5.39)
Given the relation (5.37) and the fact that

N(g,Z)eSL(2,C), it follows that o(ZT;, ;) is invariant
under the AdS transformations.

If we restrict our attention to the AdS supergroup only,
we can introduce chiral and antichiral two-point functions

E.(T.) = S?TS% (5.40a)
E(T1.T,) = (*T))TI*Ds, (5.40b)

and
w1 (Z), Ty) =det& (T, 2,). (5.41a)
o_(T,2,) =detE_(T,2,). (5.41b)

The two-point functions w, @, and w_ are invariant under
the AdS transformations (5.29). However, under equiva-
lence transformations (5.8), they scale as

o(Z,,T,) = detR] det Ry (T,, T,), (5.42a)
CU+(S£1,S2) - detR1 detR2w+(‘3',l,f£2), (542b)
0_(T,,%,) = detR] det Ryw_(T,.Z,).  (5.42c)

Making use of the above analysis, we can construct a
two-point function that is invariant under both the AdS
transformations (5.29) and arbitrary equivalence transfor-
mations of the form (5.8), as follows:

o(T,2T,)
N0 (T.%,)

(5.43)

IQ Q

V(3.

Choosing T; = T and ¥, = T + d< allows us to obtain
the AdS supersymmetric interval defined by

ds? = &(T, T + dY). (5.44)

Let us evaluate (%, T + d¥) in the north chart. We find

£(T, T +dT) = —iAPT14G,,

I = dx® +i(069d0 — d0°d),  (5.45)

where I1¢ is the Volkov-Akulov one-form [51,52]. We end
up with the supermetric

ds? = 222’111y . (5.46)

which is AdS invariant.

VI. THE SUPERTWISTOR REALIZATION
OF ADS*8 x [F,(2)

In this section we will develop a supertwistor realization
for the flag superspace (1.5a). Such a realization neces-
sarily makes use of odd supertwistors, for which our
conventions are described in Sec. IV. The supertwistor
realization for the flag superspace M*® x [F|(2) was given
in [14], and here we will build on that construction.

Our starting point is the space of quadruples
{T*,E",E"} consisting of two even supertwistors T+
and two odd supertwistors Z* such that (i) the bodies of
T# are linearly independent four-vectors, and (ii) the bodies
of Z* are linearly independent two-vectors. These super-
twistors are further required to obey the relations

(TH|T) g = 0, (TH|E*) o = 0, (6.1a)
(TH|T")g = Ce, (6.1b)
and are defined modulo the equivalence relation
a 0 0

2,0), (6.2)

with p anticommuting complex parameters. No symplec-
tic condition is imposed on the odd supertwistors Z*. As
above, one can work with normalized two-planes by fixing
a particular value of #. Then, the gauge freedom (6.2) is
reduced such that the 2 x 2 matrix R € SL(2,C). In what
follows we will set 7 = 1.

The even and odd supertwistors can be represented as

F &
g=|g|. E=|y (6.3)
@ vE
Then, the conditions (6.1) imply the following:
Fly +G'é— 'V =0, (6.4)
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in addition to those we encountered in the previous
section, Eq. (5.15).

In the north chart, where det F' # 0, the supertwistors can
be chosen to take the form

1, 0
T=A| -k, |, EF=[20F|, (65)
26 vt
with
v = (v7), 0+ = (0*%), (6.6a)
and

det(v;~, v;") = vy #0, vt =¢lv. (6.6b)
The orthogonality conditions (T#|E%), = 0 imply

G — iy, (6.7)
The complex harmonic variables Uii in (6.5) are still
defined modulo arbitrary transformations of the form

(vi"v, ") = (v o),

7= (Z 2) €GL(2,C).  (6.8)

We see that the complex harmonic variables v* parametrize
F(2) as described in Sec. II. It follows that the set
{T*,E~,E"} constitutes a supertwistor realization of the
AdS flag superspace (1.5).

Let us make use of the equivalence relation (6.8) to
impose the condition

vy = 1. (6.92)
The harmonics then obey the identity
v vy = of vy = g (6.9b)

As explained in Sec. II, the gauge freedom (6.8) allows one
to represent any infinitesimal transformation of the har-
monics in the form (2.7).

To determine the action of the AdS supergroup on the
harmonic variable v, it is useful to begin with an
infinitesimal superconformal transformation (5.21). It can
be shown that

svi = -ATTor, (6.10a)
where At is expressed as
AT =Ny v —4i07b0T - 40Tyt —077);  (6.10b)

see [14] for the derivation. Making use of the derivatives
D and D} defined by Eq. (3.7), we can see that

DiATT =DIATT =0. (6.11)
The variations of 7% and 6 are given by
8077 = 507 v — ATTO" 7,
80 = 50% p — ATTo% T, (6.12)

where 60 is given by (5.23). Further, they satisfy the
property

D;;ﬁ% = D;(SQ;L =0. (6.13)
Now, one can single out the AdS transformations by
imposing the constraints (5.24) and (5.25).

Finally, we comment on the analytic bosonic coordinates
y'=x4=2i0c*0)vf vy, Diy*=Dfy"=0. (6.14)
It can be shown that, under an infinitesimal transformation
of the AdS supergroup, the variation oy satisfies

D8y = Dis(x* —i0t607) =0,  (6.15a)

D8y = D(x4 —i0~6%0%) = 0. (6.15b)
In order to prove the relations (6.15), we make use of the
identities (6.9b) and (6.13), as well as the fact that ox9,
defined by Eq. (5.23) subject to the conditions (5.24), is
chiral, Di6x4 = 0. It follows that the analytic subspace
parametrized by the variables
{= (v, 0,05, v v7),

05,0, v; Df¢=Df¢=0 (6.16)

is invariant under the AdS supergroup.

VII. CONCLUSION

When dealing with off-shell N' =1 and N = 2 super-
symmetric field theories in AdS, (see [25,28,53-58] for an
incomplete list of references) one usually makes use of
local superspace differential geometry. In the A -extended
case, the algebra of covariant derivatives for AdSHV s
given by the graded commutation relations [38,39],

{Di,. D)} = 4SUM 5 — 4e,pSHiM,. (7.1a)

(D, D)} = —43,; M, 5 + 45,05, (7.1b)

(D, D)} = -2i6:D,/, (7.1c)

[Di. Dyl = —ieqyS' Dy, [DE.Dyy] =i635,D). (7.1d)
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2 D/}ﬁ] = _2|S|2(€aﬂMa/}’ + 8(’1[}’Maﬂ)’
1 ..
|S|? = NS’/S,-]- > 0. (7.1e)
Here J'; denotes the SU(N') generator, ¥ = S/ is a
covariantly constant curvature tensor, and S, ;= S, When

N > 1, the constraint D,S/* =0 implies the following
integrability condition:

SIS = 0 = S*

1 . -
- Né}Slekl. (72)

As demonstrated in [39], performing a local U(N),
transformation allows one to bring S%/ to the form

Sii = §ii§. (7.3)

Now, the condition D,8* =0 tells us the SU(N ),
connection involves only the operators
J = =280, = =7, (7.4)

which generate the group SO(N). The algebra of covariant
derivatives then takes the form:

{Di,. D)} = 4S8 M 5+ 26,5ST.  (1.50)

(D4, D)} = —455,M*F — 2657, (7.5b)
(Di, DI} = —2i6'D,7, (7.5¢)

[Di,. Dyjl = —ieqsSD}.  [Df. Dyl =i6}SDy;.  (7.5d)
(Do Dpsl = —2|S|2(€aﬂM&/} + &45Mp). (7.5¢)

In a previous series of papers [37-39], we have devel-
oped the global approach to the AdS**V supergeometry.
The novelty of the present paper is that we have reformu-
lated the global realization of AdS**V by explicitly
embedding the AdS supergroup in the superconformal
group. The virtue of this approach is that (i) it shows
how the AdS superspace arises as a certain open domain of
M**V | (ii) it allows us to read off the superconformal and
isometry transformation rules for AdS**V" in terms of those
known for M**V, and (iii) it proves most suitable for
developing a global realization of the flag superspace (1.5).

In a recent work [43] Ivanov and Zaigraev derived the
AdS isometry transformations on the analytic subspace of
the A/ =2 AdS harmonic superspace. Their construction
was based on the following two inputs: (i) the known N =
2 superconformal transformations in the analytic subspace
of harmonic superspace [36], and (ii) the known embedding
of the N-extended AdS superalgebra 08p(N|4;R) in the

N-extended superconformal algebra 8u(2, ) [41.42].
Their analysis was limited to an open domain of the N = 2
AdS harmonic superspace, and no discussion of its global
structure was given. In our approach, the AdS isometry
transformations acting on the analytic subspace of the N' =
2 AdS harmonic superspace are readily derived from the
supertwistor formulation given. The two approaches are
related to each other as follows. In the notation of Sec. V C,

the north chart of AdS**V corresponds to those two-planes
(5.14) and (5.15) which are characterized by the condition
def F #0. In the N =2 case, this is exactly the open
domain of AdS*® which was dealt with in [43]. As
concerns the complement of the north chart in AdS**V,
which is singled out by requiring def F' = 0, it is a closed
subset of AdS**V. The latter subset has measure zero, and
therefore it does not contribute to the supersymmetric
actions (such as the action over the analytic subspace of
N =2 AdS harmonic superspace [43]) provided the
dynamical superfields obey natural boundary conditions.
It would be useful to re-formulate the harmonic superspace
action for AdS, as an integral over a closed super six-form,
similar to the flat-superspace case studied in [59]. To
achieve such a goal, our global approach to AdS*® x
F(2) is expected to be advantageous.

Invariance of the projective-superspace action under the
transformations (2.1b) in five-dimensional A" =1 super-
gravity [18] and four-dimensional N' = 2 supergravity [60]
was essential for the explicit construction of the action
functional. We believe that the harmonic-superspace action
principle in supergravity (in the biharmonic setting) should
be compatible with invariance under (2.3b). This issue will
be discussed elsewhere.

Let us now consider the algebra (7.5) in the N' = 2 case.
The presence of the SO(2) generator suggests that it is
quite natural to consider an AdS superspace of the form
AdS*® x S, although this superspace does not allow the
action of the superconformal group. Making use of our
construction in the present paper, one can readily derive a
supertwistor realization of this superspace.13 To do so, we
introduce the space of triples {T#,E} consisting of two
even supertwistors 7# and a single real odd supertwistor
E = %E such that (i) the bodies of T7* are linearly
independent four-vectors, and (ii) the body of E is non-
vanishing. These supertwistors are required to obey the
relations

(T"]T")q =0, (T*|8)q =0, (7.6a)

(TH|T")g = Ce, (7.6b)
and are defined modulo the equivalence relation

BSee [40] for a similar story in five dimensions.
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= u = a 0
& ~Em)(5 o)

aeR - {0}, ReGL(2,0C). (7.7)
The superspace obtained is seen to be

AdS*® x RP! ~ AdS*® x ST, (7.8)
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APPENDIX A: N =2 CONFORMAL KILLING
SUPERVECTOR FIELDS

This appendix is devoted to a brief review of the N' = 2
conformal Killing supervector fields. Our presentation is
inspired by [61] and follows [62].

An infinitesimal superconformal transformation

A= A 464,

A= §ZA = (5“ + i(iiffuéi - ‘91‘5“51-)’ 775&) (Al)

is generated by a conformal Killing supervector field

£= o, + D)+ BD) =& (A2)
The defining property of £ is
6. Di] = —(Dy&) D), (A3)
This condition implies the relations
D:a‘ff =0, D?fﬁﬂ :4180155? =& = _éDm’faa (A4)
and their complex conjugates, and therefore
Dby = 0. Digép) = 0= daabpypy = 0. (AS)
It then follows that
6.0 = ~K/(EDj ~ S 3lelD; ~ A Dl (a6)

Here we have introduced the chiral Lorentz Kz, [£] and
super-Weyl o[£] parameters, as well as the SU(2), param-
eter AY[£] defined by

1 . _ .
Ka/i[ﬂ = EDEaé/})l = K/}a[f]’ D?Ka/}[ﬂ = 0’ (A7a)
1-._. _ .
o] = QD?%’ Dfol¢] =0, (A7b)
AlE] =~ DK, Bl)jg = ATg,
ATE] = Ajle]. (ATc)

We recall that the Lorentz parameters with vector and
spinor indices are related to each other as follows:

KPe[E] = (6"),, KPr[E] - (5b6)ﬁ~7fﬂy[§]. The parameters
in (A7) obey several first-order differential properties:

DiAK[E = VDY o], (A8a)
Di,Kp,[&] = 4D} o8], (A8b)
and therefore
DIAM[E = DYAM[E =0, (A9a)
D},D}ol] = 0. (A9b)

The superconformal transformation law of a primary
tensor superfield (with suppressed indices) is

8:U = Klglu (A10a)

Kiél=¢++ Kab[f]Mab + Aij[f]-]ij + polé] + q51g].
(A10b)

Here the generators M, and J;; act on the Lorentz and
SU(2) indices of U, respectively. The parameters p and g
are related to the dimension (or Weyl weight) w and U(1),
charge c of Uas p+g=wand p—gq=—3c.

The most general A = 2 conformal Killing supervector
field has the form

‘ o1 ;
gia:a““—l—z(A—FA)x —|—K"‘ﬂ)c+ +x% Kﬁ —xiﬂbﬁﬂxﬁa

+dig?i07 — 4x Vs, (Alla)
1- ) ;
a __ QA o4 a o P
=€+ EAei + G?Kﬂ + Ai]ej - Gf‘jbﬁﬂx+
— iyl — 400, (A11b)

where we have introduced the complex four-vector

=& 200, & =g (A12)
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along with the complex bosonic coordinates x4 = x* +
i0,670" of the chiral subspace of M*/®. The constant bosonic
parameters in (A11) correspond to the spacetime translation
(a®), Lorentz transformation (Kﬁ“,l_(‘j‘ﬁ), SU(2), trans-
formation (A = AJ%), special conformal transformation
(bp), and combined scale and U(1)g transformations
(A =7 —2ip). The constant fermionic parameters in
(A11) correspond to the Q-supersymmetry (ef) and S-
supersymmetry (1) transformations. The constant param-
eters K5, AV and A are obtained from K 4[é], AV[£] and
o|€], respectively, by setting z4 = 0.

In the case of the Q-supersymmetry transformation,
when the only nonvanishing parameters in (All) are €f
and its conjugate, it holds that the descendants K“’[¢],
A[¢], and o6[¢] vanish, and the transformation law (A10)
takes the universal form

5.U = (2i(0;0°€' — €;6°0")0,, + €D, + €,DF)U

=: (€7 Qi + &,07)U. (A13)

APPENDIX B: ANOTHER SIMILARITY
TRANSFORMATION FOR THE ADS
SUPERGROUP

In Sec. IV C, we described an isomorphic realization of
the AdS supergroup, denoted OSp, (N |4; R),;, which was
useful for our applications in this paper. It turns out that
there is another unitary supermatrix which relates the two
realizations of the AdS supergroup OSpy(N]4;R) and
OSp,(N]4;R),. Below, we will describe this supermatrix
and how it is related to that of Eq. (4.18).

Let us introduce the supermatrix M defined as

n 0 e_iﬂ/4 ]]2 —& B1
=03y ) "~ \e|o,) ®Y

The supermatrix It enjoys the properties

N =N, (B2a)
NTIN = —iQ, (B2b)
NTIN = §. (B2c¢)

It turns out that, for every f € OSp,(N
matrix defined by

4;R), the super-

g=N"N (B3)
belongs to OSpy(N]4; R),,.

As the supermatrices 91 and U both take us to the
realization OSpy(N|4; R),,, they must be related to each
other in the following way:

U=NG, (B4a)

where © satisfies the following properties:

c="!, ©ee=0Q ©TFe=F. (Bdb)

It can be shown that the solution to Eq. B4 takes the form

:<(€; 110>’ §2\2<; 15) (B5)

APPENDIX C: THE KILLING SUPERVECTORS
OF ADS#4V

In this appendix we will provide an alternative derivation
of the constraints (5.24) and (5.25), making use of the
SU(N) superspace formulation for AdS**V developed
in [38,39].

AdS*™ is  parametrized by
M= (x", 0 9;) Its covariant

(D,, Di,, D%) take the form

coordinates
D A -

local
derivatives

| D o
DA = EA +§QALdMCd+(DAlj\ﬂ]i. (C])
Here, M, = —M ,, are the Lorentz generators, and J' jare
the SU(N') generators. In a conformally flat frame, the
covariant derivatives are given by the expressions

Di, = 577Dl + DFioM,y + Djoldi}),  (C2a)
Di = v 577 (D¥ — DjM*# — Di5Ji;),  (C2b)
1 1= i i i N =ni
Daa = et (aaa + EDQGDO‘”' + EDaiGD:l
1 N RNV
) <aﬂa(0 +6) - EDﬁl"Dr‘zi”> Moy
1 ; _ 1o —p
+5 3. (6 +5) + EDLUD,-G
X Ma/‘} —%DQUDaJ5J]Jl>, (CZC)

where D, = (9, Di,, D?) are the flat \-extended covariant
derivatives, and ¢ is a chiral superfield, D% = 0, satisfying
the constraints

D[i D/] e’ = 0’

D) (C3a)

[Di, Dyyle¥+7) = 0. (C3b)

In the N = 1 case, the constraint (C3a) should be replaced
with

065019-16



ANTI-DE SITTER FLAG SUPERSPACE

PHYS. REV. D 113, 065019 (2026)

1 ..
—Zez"Dze“’ = const. (C4)

The constraints (C3a), (C3b), and (C4) have been solved in
[28,44,57] in the NN =1 and N =2 cases, for both
stereographic coordinates and Poincaré coordinates. In
the N -extended case, they are solved in [39] for both
realizations. For the stereographic solution, W = e™° takes
the form

U85 5 g )
W: 1—4Nx++S/9ij N (CS)
where s satisfies the properties
si=si, sy =sPel 5, =8, (C6)

The superfield W plays the role of the compensator for
AdS*V It should be pointed out that W had been
constructed earlier, in Ref. [42], making use of an alter-
native approach.

Now we turn to determining the Killing supervectors of
AdS**N  An infinitesimal isometry of AdS**V is gener-
ated by a Killing supervector & E, which is defined to
satisfy the property

1 o
[E'Dy + ElCndd + 40, D] =0 (C7)

for a real antisymmetric tensor A°“(z). In the A/ = 2 case,
A = /% )i, is symmetric, AV = A/, and (C7) was solved in
[28]. Since AdS**V is conformally related to A/-extended
Minkowski superspace M**V | see the relations (C2), the

supervector E*E, can be decomposed with respect to the
AdS basis {E,} or the flat basis {D,}, as

§=8'E, =¢'Dy. (C8)

Here, &4 are the components of a conformal Killing
supervector, which generates infinitesimal superconformal
transformations in M**V

A — A e, (C9)
and is defined to satisfy the constraint
[, D] & Dy, (C10)

see, e.g., [14,61], for more details. With respect to the basis
{D,}, the components of & are

- . 1 - _
¢, =) = 5’+§(A + A%, + Kx,

£ %, K — %, b, + 4ie0 — 4%, 6, (Cl1a)
1 _

(&) = €+ 557 (W =2)A +2R))0 + 0K + A6

—0bx, —inx, — 4650, (Cl1b)

a 1 a a . agi apni

&= 5(@ + &%) +i(0,09¢" = §i00"),

1 . —
& = =5 &0 = &, (Cllc)

where the parameters {a,b,K,K,A, A, €, &n,ij, A} are
identified with those in (5.21).

Given a superconformal transformation, the compensator
W transforms as

SW = EW + olE]W, (C12a)

1

olé] = NNV =4 (V' =2)Di&s —2DJE).

(C12b)
Then, the problem of determining the AdS Killing super-
vectors proves to be equivalent to determining those
conformal Killing supervectors which do not change the
compensator (C5),

oW = 0. (C13)
The N =1 and N = 2 cases were worked out in [28,44],
respectively. It can be shown that Eq. (C13) imposes the

following constraints on the transformation parameters in
(C11)

po — 575 4o (Cl4a)
=TI a?, a
i L
Na :Es'eajv (C14b)
sKEA) =0, (Cl4c)
A=0 (Cl144d)
In particular, Eq. (Cl4c) implies
SA+ ATs =0, § = (sY). (C15)

Then, making use of (C8), one can read off the components
of the AdS Killing supervector &*.
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Finally, comparing the compensator (C5) with the chiral
parameter A given by Eq. (5.20), we find

1

A=e. (C16)

Further, in the north chart developed in the main body,
s is given by

51 = 2i5 (C17)

Inserting (C17) into (C14), we find complete agreement
with the constraints derived from the supertwistor
approach, Egs. (5.24) and (5.25).
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