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This work aims to develop a global formulation for N ¼ 2 harmonic/projective anti–de Sitter (AdS)
superspace AdS4j8 × S2 ≃ AdS4j8 × CP1 that allows for a simple action of superconformal (and hence AdS
isometry) transformations. First of all, we provide an alternative supertwistor description of the
N -extended AdS superspace in four dimensions, AdS4j4N , which corresponds to a realization of the
connected component OSp0ðN j4;RÞ of the AdS isometry supergroup as SUð2; 2jN Þ ∩ OSpðN j4;CÞ.
The proposed realization yields the following properties: (i) AdS4j4N is an open domain of the compactified
N -extended Minkowski superspace, M̄4j4N ; (ii) the infinitesimal N -extended superconformal trans-

formations naturally act on AdS4j4N ; and (iii) the isometry transformations of AdS4j4N are described by
those superconformal transformations which obey a certain constraint. The obtained results for AdS4j4N are
then applied to develop a supertwistor formulation for an AdS flag superspace AdS4j8 × F1ð2Þ that we
identify with the N ¼ 2 harmonic/projective AdS superspace. This construction makes it possible
to read off the superconformal and AdS isometry transformations acting on the analytic subspace of the
harmonic superspace.

DOI: 10.1103/r56q-l5cx

I. INTRODUCTION

As is well known, there exist two fully fledged
superspace approaches to formulate off-shell N ¼ 2
rigid supersymmetric field theories in four dimensions:
(i) harmonic superspace [1,2], and (ii) projective
superspace [3–5]. They make use of the same
superspace

M4j8 × CP1 ≃M4j8 × SUð2Þ=Uð1Þ ð1:1Þ

which was introduced for the first time by Rosly [6].
However, they differ in the following conceptual points:
(i) the structure of off-shell supermultiplets used, and
(ii) the supersymmetric action principle chosen.1 In
particular, they deal with different off-shell realizations
for the so-called charged hypermultiplet: (i) the q-

hypermultiplet [1] in harmonic superspace, and (ii) the
polar hypermultiplet [4] in projective superspace.2

In 2007, both the harmonic and projective superspace
approaches were extended to the case of N ¼ 1 super-
symmetric theories in AdS5 [12,13]. The projective super-
space construction of [12,13], in conjunction with the
concept of superconformal projective multiplets [14,15],
has proved to be powerful for nontrivial generalizations. It
has been used for developing off-shell formulations for
general supergravity-matter systems, first in five dimen-
sions [16–18], and soon after in four [19–21], three [22],
and six [23] dimensions. In a locally supersymmetric
framework, the superspaces AdS4j8 and AdS5j8 originate
as maximally supersymmetric solutions in the 4D N ¼ 2

[24,25] and 5D N ¼ 1 [26] AdS supergravity theories
obtained by coupling the corresponding Weyl multiplet to
two conformal compensators: (i) the vector multiplet, and
(ii) the Oð2Þ multiplet.
Extending the covariant harmonic-superspace approach

developed for AdS5 [12,13], or its four-dimensional
analog introduced recently in [27], to local supersymmetry
has turned out to be a nontrivial technical problem. To
explain this issue, it suffices to restrict our attention to the
4D N ¼ 2 case and consider the SUð2Þ superspace
formulation for N ¼ 2 conformal supergravity [19]. Let

*Contact author: nowar.koning@research.uwa.edu.au
†Contact author: sergei.kuzenko@uwa.edu.au

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1The relationship between the harmonic and projective super-
space formulations is spelled out in [7–10].

2The terminology “polar hypermultiplet”was introduced in the
influential paper [11].
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DA ¼ ðDa;Di
α; D̄α̇

i Þ be the corresponding covariant deriv-
atives for curved superspace M4j8, and let vþi be the
homogeneous coordinates for CP1. The algebra of super-
gravity covariant derivatives [19] implies that the spinor
operators Dþ

α ≔ vþi D
i
α and D̄þ

α̇ ≔ vþi D̄
i
α̇ satisfy the anti-

commutation relations:

fDþ
α ;D

þ
β g ¼ 4YαβJþþ þ 4SþþMαβ;

fDþ
α ; D̄

þ
β̇
g ¼ 8Gαβ̇J

þþ; ð1:2Þ

with Jþþ ≔ vþi v
þ
j J

ij and Sþþ ≔ vþi v
þ
j S

ij. Here Mαβ

and Jij are the Lorentz and SUð2Þ generators, while
Yαβ, Gαβ̇, and Sij are torsion tensors. With the notation
Dþ

α̂ ¼ ðDþ
α ; D̄

þ
α̇ Þ, a Grassmann analytic superfield Q is a

scalar superfield on curved superspace M4j8 which is v
dependent and obeys the covariant Grassmann analyticity
constraints

Dþ
α̂Q ¼ 0: ð1:3Þ

These constraints have the integrability conditions
fDþ

α̂ ;D
þ
β̂
gQ ¼ 0. These conditions are automatically sat-

isfied for the projective multiplets, which are characterized
by the property [19]

JþþQ ¼ 0: ð1:4Þ

However, the integrability conditions do not hold for
general harmonic multiplets.3

A covariant harmonic-superspace formulation for
general N ¼ 2 supergravity-matter systems was devel-
oped 10 years ago by Butter [29], who also presented a
plethora of nontrivial applications. In his approach, the
conventional harmonic superspace M4j8 × S2 is replaced
with M4j8 × TCP1, where the internal space is the
tangent bundle of CP1.4 In the present paper we will
advocate for a different internal space, namely a flag
manifold F1ð2Þ, which is often denoted Fð1;C2Þ.
Instead of considering a generic N ¼ 2 curved super-
space M4j8, our attention will be restricted to the AdS
case. Our analysis applies to the following AdS super-
spaces with auxiliary dimensions:

(i) N ¼ 2 AdS4 flag superspace5

AdS4j8×F1ð2Þ; F1ð2Þ¼GLð2;CÞ=H̃1ð2Þ: ð1:5aÞ

(ii) N ¼ 1 AdS5 flag superspace

AdS5j8×F1ð2Þ; F1ð2Þ¼GLð2;CÞ=H̃1ð2Þ; ð1:5bÞ

where H̃1ð2Þ is the group of nonsingular lower triangu-
lar matrices,

H̃1ð2Þ ≔
�er ¼ � a 0

b c

�
∈GLð2;CÞ

�
: ð1:6Þ

Here the flag manifold F1ð2Þ is the space of flags
V1 ⊂ V2 ¼ C2, with V1 a one-dimensional subspace of
C2. Of course, F1ð2Þ can be viewed as CP1 or as
S2 ≃ SUð2Þ=Uð1Þ, which are precisely the realizations
corresponding to the projective and harmonic super-
spaces, respectively. However, its description as
GLð2;CÞ=H̃1ð2Þ is most useful when dealing with
N ¼ 2 superconformal transformations in the analytic
subspace of harmonic superspace [36]. An important
fact is that the three equivalent realizations of F1ð2Þ are
naturally associated with different functional types of
(super)fields. This point will be elaborated upon in
Secs. II and III which are devoted to the discussion
of N ¼ 2 supersymmetric field theories on Minkowski
flag superspace M4j8 × F1ð2Þ. In the remainder of this
paper we will concentrate on a global description of the
flag superspace (1.5a) and develop its supertwistor
realization.
The supertwistor realizations for the N -extended AdS

superspaces AdS4j4N and AdS5j8N were developed in
Refs. [37–39] and [40], respectively. In the present paper
(Secs. IV and V) we provide an alternative supertwistor
description of AdS4j4N , which corresponds to a realization
of the connected component OSp0ðN j4;RÞ of the AdS
isometry supergroup as SUð2; 2jN Þ ∩ OSpðN j4;CÞ.6 The

3This problem does not occur in the case of AdS superspace
AdS4j8 where Yαβ ¼ 0 and Gαβ̇ ¼ 0 [28]. The conditions Yαβ ¼ 0

and Gαβ̇ ¼ 0 also hold in on-shell AdS supergravity upon
imposing an appropriate super-Weyl gauge [24,25]. The super-
space geometry of on-shell supergravity is determined by the
chiral super-Weyl tensor Wαβ and the real isotriplet Sij.

4This approach in [29] was inspired by the biharmonic
construction for the quaternion Kähler manifolds developed by
Galperin, Ivanov, and Ogievetsky [30].

5The flag superspaces associated with (complexified) N -
extended Minkowski superspace were considered in [6,31–34].
In the case ofN ¼ 3 supersymmetry, the relevant flag manifold is
Fð1; 2;C3Þ [6], with its points being all possible sequences
V1 ⊂ V2 ⊂ C3, where V1 and V2 are one- and two-dimensional
subspaces of C3. This flag manifold in the realization
SUð3Þ=½Uð1Þ × Uð1Þ� was used in [32] to construct the complete
N ¼ 3 harmonic formalism and to present, for the first time, an
off-shell superfield action of N ¼ 3 SYM theory. Several
important multiplets in N ¼ 3 conformal supergravity, including
the super Bach tensor, are naturally defined on the manifold
M4j12 × Fð1; 2;C3Þ [35].

6It is well known that the N -extended AdS superalgebra in
four dimensions, ospðN j4;RÞ, is a subalgebra of the
N -extended superconformal algebra suð2; 2jN Þ; see [41,42]
as well as [43] for a recent discussion.
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advantage of doing so is that it allows us to read off the
superconformal and isometry transformation rules for
AdS4j4N from those known for the compactified
Minkowski superspace. Section VI is devoted to deriving
a supertwistor realization of AdS4j8 × F1ð2Þ.
The main body of the paper is accompanied by three

technical appendixes. Appendix A contains a brief review
of N ¼ 2 conformal Killing supervector fields.
Appendix B describes another similarity transformation
for the AdS supergroup. Appendix C provides an alter-
native derivation of the (conformal) Killing supervector
fields for AdS4j4N .
Our two-component spinor notation and conventions

follow [44] and are similar to those used in [45]. In
particular, two-component spinor indices are raised and
lowered,

ψα ≔ εαβψβ; ψα ¼ εαβψ
β;

ϕ̄α̇ ≔ εα̇ β̇ϕ̄β̇; ϕ̄α̇ ¼ εα̇ β̇ϕ̄
β̇; ð1:7Þ

using the spinor metrics

εαβ¼−εβα; εαβ¼−εβα; ε12¼ ε21¼1; ð1:8aÞ

εα̇β̇¼−εβ̇α̇; εα̇β̇¼−εβ̇α̇; ε1̇ 2̇¼ ε2̇ 1̇¼1: ð1:8bÞ

One can convert between vector and spinor indices as
follows:

xαα̇ ¼ xaðσaÞαα̇;

xα̇α ¼ xaðσ̃aÞα̇α ⇔ xa ¼ −
1

2
ðσ̃aÞα̇αxαα̇ ¼ −

1

2
ðσaÞαα̇xα̇α;

ð1:9Þ

where the matrices σa and σ̃a are given by

σa¼ð12; σ⃗Þ¼ððσaÞαα̇Þ; σ̃a¼ð12;−σ⃗Þ¼ððσ̃aÞα̇αÞ;
ðσ̃aÞα̇α¼ εαβεα̇β̇ðσaÞββ̇: ð1:10Þ

II. THREE REALIZATIONS OF F1ð2Þ
The elements of F1ð2Þ are complete flags in C2. They

may be identified with nonsingular 2 × 2 complex
matrices7

w ¼ ðwi; viÞ∈GLð2;CÞ ⇔ detw ¼ viwi

≡ ðv; wÞ ≠ 0; vi ¼ εijvj ð2:1aÞ

defined modulo equivalence transformations of the form

w → wer ⇔ vi → cvi; wi → awi þ bvi; ac ≠ 0:

ð2:1bÞ

These relations imply that vi can be interpreted as the
homogeneous coordinate for CP1, while wi may be made
arbitrary modulo the restriction ðv; wÞ ≔ viwi ≠ 0. In other
words, wi is a purely “gauge” degree of freedom.
The same flag manifold, F1ð2Þ, can also be realised as

F1ð2Þ ¼ SLð2;CÞ=H1ð2Þ;

H1ð2Þ ≔
�
r ¼

�
c−1 0

b c

�
∈SLð2;CÞ

�
: ð2:2Þ

In this realization, the elements of F1ð2Þ are unimodular
2 × 2 complex matrices

v ¼ ðv−i ; vþi Þ∈SLð2;CÞ ⇔ detv ¼ vþiv−i ¼ 1 ð2:3aÞ

defined modulo equivalence transformations of the form

v → vr ⇔ vþi → cvþi ; v−i → c−1v−i þ bvþi : ð2:3bÞ

Here the superscript� carried by v� indicates the degree of
homogeneity, v� → c�1v�, under the scale transformation
with parameter c. The above freedom in the choice of v
may be used to choose a representative

u¼ðu−i ;uþi Þ∈SUð2Þ⇔uþi¼u−i ; uþiu−i ¼1: ð2:4aÞ

There still remain residual equivalence transformations
(2.3b) of the form

u�i → e�iφu�i ; φ∈R: ð2:4bÞ

This leads to the third realization of the flag manifold
F1ð2Þ,

F1ð2Þ ¼ SUð2Þ=Uð1Þ ≃ S2: ð2:5Þ

Both realizations (2.1) and (2.3) are useful when a
nonunitary group, say GLð2;CÞ, acts on F1ð2Þ. It suffices
to consider the action of SLð2;CÞ on F1ð2Þ, and in this case
it is natural to use the realization (2.3) of F1ð2Þ. Let g ≈
1þ Λ∈SLð2;CÞ be an infinitesimal group transformation,
tr Λ ¼ 0. Then

gv ≈ vþ Λv; Λv ¼ ðΛi
jv−j ;Λi

jvþj Þ: ð2:6Þ

This transformation can be accompanied by an infinitesi-
mal equivalence transformation (2.3b), gv ∼ gvr, such that
v−i remains unchanged. We end up with

7We often make use of antisymmetric 2 × 2matrices εij and εij
normalized as ε12 ¼ ε21 ¼ 1.
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δv−i ¼ 0; δvþi ¼ −ΛþþðvÞv−i ; ΛþþðvÞ ¼ Λjkvþj v
þ
k :

ð2:7Þ

This transformation law implies that SLð2;CÞ acts on F1ð2Þ
by holomorphic transformations.
Realization (2.1) is suitable to understand how the

internal space TCP1 used in [29] originates. We introduce
symmetric 2 × 2 matrices

ðΣIÞij ¼ ði1;−σ1;−σ3Þ ¼ ðΣIÞji;
ðΣIÞij ≔ εikεjlðΣIÞkl ¼ ði1; σ1; σ3Þ; ð2:8Þ

with I ¼ 1, 2, 3 and i, j ¼ 1, 2. Their properties are

X3
I¼1

ðΣIÞijðΣIÞkl¼2εiðkεlÞj; ðΣIÞijðΣJÞij¼−2δIJ: ð2:9Þ

Next we introduce a complex 3-vector

Z⃗ ¼ ðZIÞ∈C3; ZI ¼ 1

ðv; wÞ v
iðΣIÞijwj; ð2:10aÞ

with the property

Z⃗ · Z⃗ ¼ 1: ð2:10bÞ

The complex hypersurface in C3 defined by Eq. (2.10b)
provides a global realization for TCP1. Indeed, if we
introduce the real and imaginary parts of Z⃗, Z⃗ ¼ X⃗ þ iY⃗,
then the constraint(2.10b) can be recast in the form:

R⃗ · R⃗ ¼ 1; R⃗ · Y⃗ ¼ 0; R⃗ ≔
X⃗ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Y⃗ · Y⃗
p : ð2:11Þ

The expression for ZI in terms of vi and wi, Eq. (2.10a), is
invariant under the scale transformations (2.1b) described
by the parameters a and c. However ZI is not invariant
under the b-transformation (2.1b).
Of course, the realization (2.3) is also suitable to describe

the internal space TCP1. Here the expression (2.10a) for ZI

turns into

ZI ¼ vþi ðΣIÞijv−j : ð2:12Þ

This complex three-vector is invariant under the scale c-
transformation (2.3b). However, ZI is not invariant under
the b-transformation (2.3b).
Associated with the three realizations of F1ð2Þ consid-

ered above are three types of fields. In the case of (2.1), it is
natural to deal with functions ϕðp;qÞðv; wÞ that are homo-
geneous in vi and, independently, in wi,

ϕðp;qÞðcv; awÞ ¼ cpa−qϕðp;qÞðv; wÞ: ð2:13Þ

By replacing ϕðp;qÞðv; wÞ → ðv; wÞqϕðp;qÞðv; wÞ we can
always make q ¼ 0, and thus it suffices to work with
functions ΦðnÞðv; wÞ≡ ϕðn;0Þðv; wÞ,

ΦðnÞðcv; awÞ ¼ cnΦðnÞðv; wÞ: ð2:14Þ

Invariance under the b-transformations in (2.1b) will be
imposed on an action functional.
Realization (2.3) is obtained from (2.1) by introducing

the variables

vþi ≔ vi; v−i ≔ ðv; wÞ−1wi: ð2:15Þ

Then the function ΦðnÞðv; wÞ, Eq. (2.14), turns into
ΦðnÞðvþ; v−Þ such that

ΦðnÞðcvþ; c−1v−Þ ¼ cnΦðnÞðvþ; v−Þ; c∈C�≡C− f0g:
ð2:16Þ

Finally, in the case of the harmonic realization (2.4) one
deals with functions over SUð2Þ, ΨðnÞðuþ; u−Þ, of Uð1Þ
charge n∈Z, with the defining property

ΨðnÞðe�iφu�Þ ¼ einφΨðnÞðu�Þ; φ∈R: ð2:17Þ

In accordance with Schur’s lemma, an arbitrary function
Ψðu�Þ over SUð2Þ is a linear combination of functions of
definite charge,

Ψðu�Þ ¼
X
n∈Z

ΨðnÞðu�Þ: ð2:18Þ

Any function ΨðnÞðu�Þ over SUð2Þ proves to be repre-
sented by a convergent Fourier series of the form (see, e.g.,
[1,2,46])

ΨðnÞðu�Þ ¼
Xþ∞

k¼0

Ψði1���inþkj1���jkÞuþi1 � � �uþikþn
u−j1 � � �u−jk ; ð2:19Þ

where the charge is assumed to be non-negative, n ≥ 0. An
analogous representation holds in the n < 0 case.
As a generalization of (2.19), we formally represent a

holomorphic function ΦðnÞðv�Þ satisfying the homogeneity
condition (2.16) as

ΦðnÞðv�Þ¼
Xþ∞

k¼0

Φði1���inþkj1���jkÞvþi1 � � �vþikþn
v−j1 � � �v−jk ; n≥ 0;

ð2:20aÞ

where the variables v�i are related to u�i as

vþi ¼ cuþi ; v−i ¼ c−1u−i þb−−uþi ; c∈C� ð2:20bÞ
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for arbitrary b−− ∈C. One may think of ΦðnÞðv�Þ to be an
analytic continuation of (2.19), assuming that the series in
(2.20a) is convergent when b−− in (2.20b) is equal to zero.

III. MINKOWSKI FLAG SUPERSPACE M4j8 × F1ð2Þ
In this section we argue that M4j8 × F1ð2Þ is suitable to

describe off-shell N ¼ 2 supersymmetric theories for all
realizations of F1ð2Þ discussed earlier.

A. Harmonic superspace approach: The u� realization

Within the 4D N ¼ 2 harmonic superspace approach
one works with analytic superfields QðnÞðz; u�Þ that are
defined on R4j8 × S2 and obey the Grassmann analyticity
constraints

Dþ
αQðnÞ ¼ 0; D̄þ

α̇Q
ðnÞ ¼ 0;

D�
α ≔ u�i D

i
α; D̄�̇

α ≔ u�i D̄
i
α̇: ð3:1Þ

With respect to the harmonic variables u�i , Q
ðnÞðz; u�Þ is a

smooth function on SUð2Þ of Uð1Þ charge n,

QðnÞðz; e�iφu�Þ ¼ einφQðnÞðz; u�Þ; φ∈R; ð3:2aÞ

QðnÞðz; uÞ ¼
Xþ∞

k¼0

Qði1���ikþnj1���jkÞðzÞuþi1 � � � uþikþn
u−j1 � � � u−jk ;

ð3:2bÞ

where the charge is assumed to be non-negative, n ≥ 0. The
harmonic superspace action is

S½Lðþ4Þ�¼
Z

d4x
Z

duðD−Þ4Lðþ4Þðx;θ; θ̄;u�Þjθ¼θ̄¼0;

ðD−Þ4¼ 1

16
ðD−Þ2ðD̄−Þ2: ð3:3Þ

The integral over SUð2Þ is defined in accordance with [1]Z
duQðnÞðu�Þ ¼ δn;0Q: ð3:4Þ

Here Q is the harmonic-independent coefficient in the
Fourier series for Qð0Þðu�Þ,

Qð0Þðu�Þ¼Qþ
Xþ∞

k¼1

Qði1���ikj1���jkÞuþi1 � ��uþik u−j1 � ��u−jk : ð3:5Þ

The action (3.3) is known to be N ¼ 2 supersymmetric;
see the next subsection for the proof.

B. The v� realization

Now we analytically continue the superfield (3.2) to the
v-variables (2.20b),

QðnÞðz;cvþ;c−1v−Þ¼cnQðnÞðz;v�Þ; c∈C�≡C−f0g;
ð3:6aÞ

QðnÞðz;vÞ¼QðzÞþ
Xþ∞

k¼1

Qði1���ikþnj1���jkÞðzÞvþi1 ���vþikþn
v−j1 ���v−jk ;

ð3:6bÞ

and the integer n is said to be the weight of QðnÞ. This
superfield is still Grassmann analytic,

Dþ
αQðnÞðz; vÞ ¼ 0; D̄þ

α̇Q
ðnÞðz; vÞ ¼ 0;

D�
α ≔ v�i D

i
α; D̄�̇

α ≔ v�i D̄
i
α̇: ð3:7Þ

We can formally extend the algebraic definition of the
integral (3.4) to the variables v,

Z
dvQðnÞðv�Þ ≔ δn;0Q: ð3:8Þ

Finally, we define the flag-superspace action

S½Lðþ4Þ� ¼
Z

d4x
Z

dvðD−Þ4Lðþ4Þðx; θ; θ̄; v�Þjθ¼θ̄¼0;

ð3:9Þ

where the spinor covariant derivatives D−
α and D̄−

α̇ are
defined in (3.7).
The integrand in (3.9) is obviously invariant under

arbitrary rescalings vþi → cvþi and v−i → c−1v−i . Let us
give a small disturbance to the variables v−,

δv−i ¼ b−−vþi ; ð3:10Þ

while keeping vþ fixed.8 The Lagrangian changes as

δLðþ4Þ ¼ b−−DþþLðþ4Þ ¼ Dþþðb−−Lðþ4ÞÞ;

Dþþ ¼ vþi
∂

∂v−i
: ð3:11Þ

Of special importance is the fact that applying the operator
Dþþ to any Grassmann analytic superfield QðnÞ results in a
Grassmann analytic one,

½Dþþ; Dþ
α � ¼ 0; ½Dþþ; D̄þ

α̇ � ¼ 0: ð3:12Þ

It holds that

Dþ
α Ξþþ¼0; D̄þ

α̇ Ξþþ¼0⇒S½DþþΞþþ�¼0: ð3:13Þ

8Notation b−− in (3.10) indicates that any rescaling vþi → cvþi
and δv−i → c−1δv−i results in b−− → c−2b−−.
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We conclude that the action (3.9) is invariant under the
transformations (2.3b). Therefore the model is defined on
the flag superspaceM4j8 × F1ð2Þ, although the integrand in
(3.9) is a composite superfield on M4j8 × TCP1.
The action (3.9) is supersymmetric. It is actually super-

conformal provided the Lagrangian Lðþ4Þ transforms as a
primary dimension-2 superfield9

δξLð4Þ ¼ ðξ − Λþþ½ξ�D−−ÞLð4Þ þ 2Σ½ξ�Lð4Þ;

D−− ¼ v−i
∂

∂vþi
: ð3:14Þ

Here ξ ¼ ξAðzÞDA is an arbitraryN ¼ 2 conformal Killing
supervector field (see Appendix A), and Λþþ½ξ� and Σ½ξ�
are its descendants,

Λþþ½ξ� ≔ vþi v
þ
j Λij½ξ�; ð3:15aÞ

Σ½ξ� ≔ vþi v
−
j Λij½ξ� þ 1

2
ðσ½ξ� þ σ̄½ξ�Þ: ð3:15bÞ

The descendants Λij½ξ� and σ½ξ� of ξ are defined in
Appendix A. The important property of the building blocks
(3.15), which appear in (3.14), is their Grassmann analy-
ticity

Dþ
α Λþþ½ξ� ¼ 0; D̄þ

α̇ Λþþ½ξ� ¼ 0; ð3:16aÞ

Dþ
α Σ½ξ� ¼ 0; D̄þ

α̇ Σ½ξ� ¼ 0: ð3:16bÞ

To massage the variation (3.14), we point out the identity

ξ¼ ξ̄¼ ξaðzÞ∂a − ðξþαD−
α þ ξ̄þα̇D̄−

α̇ Þþ ðξ−αDþ
α þ ξ̄−α̇D̄þ

α̇ Þ;
ð3:17Þ

with ξ�α ¼ ξαiv�i and ξ̄þα̇ ¼ ξ̄α̇iv�i . Then, making use of
the properties of ξ, (3.14) may be brought to the form:

δLð4Þ ¼ ∂aðξaLð4ÞÞ þD−
α ðξþαLð4ÞÞ þ D̄−

α̇ ðξ̄þα̇Lð4ÞÞ
−D−−ðΛþþ½ξ�Lð4ÞÞ; ð3:18Þ

see [14,15] for similar derivations. Here the first three terms
on the right do not contribute to the variation of the action,

δξS½Lðþ4Þ� ¼
Z

d4x
Z

dvðD−Þ4δξLðþ4Þðx; θ; θ̄; v�Þjθ¼θ̄¼0:

ð3:19Þ

The last term in (3.18) also does not contribute to the
variation of the action since

Z
dvD−−Qþþðv�Þ ¼ 0: ð3:20Þ

Analyzing the transformation law (3.14), one observes
that it includes a transformation of the complex harmonics
v�i of the form (2.7).

C. Projective superspace approach:
The ðw;vÞ realization

In this approach, off-shell supermultiplets are described
in terms of weight-n Grassmann analytic superfields
QðnÞðz; vÞ,

Dð1Þ
α QðnÞ ¼ D̄ð1Þ

α̇ QðnÞ ¼ 0;

QðnÞðz; cvÞ ¼ cnQðnÞðz; vÞ; c∈C� ð3:21Þ

which are independent of w,

∂

∂wi
QðnÞ ¼ 0: ð3:22Þ

In other words, QðnÞðz; vÞ is a holomorphic function on an
open domain of CP1, with vi being the homogeneous
coordinates for CP1.
The projective superspace action principle is10

S ≔ −
1

2π

I
γ
vidvi

Z
d4xΔð−4ÞLð2Þðz; vÞjθ¼θ̄¼0: ð3:23Þ

Here γ denotes a closed contour in CP1, viðtÞ, parametrized
by an evolution parameter t. The action makes use of the
following fourth-order differential operator:

Δð−4Þ ≔
1

16
∇α∇α∇β̇∇β̇; ∇α ≔

1

ðv; wÞwiDi
α;

∇β̇ ≔
1

ðv; wÞwiD̄i
β̇
; ð3:24Þ

where ðv; wÞ ≔ viwi. Herewi is a fixed isotwistor chosen to
be arbitrary modulo the condition ðv; wÞ ≠ 0 along the
integration contour. The action proves to be independent of
wi; see [15] for the proof. Thus the action is invariant under
arbitrary transformations (2.3b).

IV. NEW REALIZATION OF THE ADS
SUPERGROUP

In this section we introduce a new realization for the
connected component OSp0ðN j4;RÞ of the AdS isometry

9See [14] for the five-dimensional counterpart of the trans-
formation law (3.14).

10In the super-Poincaré case, this action was introduced in [3].
It was reformulated in a manifestly projective-invariant form in
[47]. The superconformal case was studied in [15].
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supergroup as SUð2; 2jN Þ ∩ OSpðN j4;CÞ. It will be used
in Sec. V.

A. The superconformal group and supertwistors

The N -extended superconformal group in four dimen-
sions is SUð2; 2jN Þ.11 By definition, it consists of all
supermatrices

ĝ ¼
�A B

C D

�
; ĝ∈SLð4jN ;CÞ ð4:1Þ

satisfying the master equation

ĝ†Ωĝ ¼ Ω; Ω ¼

0
B@

0 12 0

12 0 0

0 0 −1N

1
CA: ð4:2Þ

In accordance with [48], a supertwistor T is a column
vector

T¼ðTAÞ¼
�
T α̂

Ti

�
; α̂¼1;2;3;4; i¼1;…;N : ð4:3Þ

In the case of even supertwistors, T α̂ is bosonic and Ti is
fermionic. In the case of odd supertwistors, T α̂ is fermionic
while Ti is bosonic. The even and odd supertwistors are
called pure. We introduce the parity function ϵðTÞ defined
as ϵðTÞ ¼ 0 if T is even and ϵðTÞ ¼ 1 if T is odd. If we
define

ϵA ¼
�
0; A ¼ α̂

1; A ¼ i
ð4:4Þ

then the components TA of a pure supertwistor have the
following Grassmann parities:

ϵðTAÞ ¼ ϵðTÞ þ ϵA ðmod 2Þ: ð4:5Þ

The space of even supertwistors is naturally identified with
C4jN , while the space of odd supertwistors may be
identified with CN j4. The supergroup SUð2; 2jN Þ acts
on the space of even supertwistors and on the space of odd
supertwistors,

T → ĝT ⇒ T†Ω → T†Ωĝ−1: ð4:6Þ

It holds that ϵðĝTÞ ¼ ϵðTÞ. The supertwistor space is
equipped with the SUð2; 2jN Þ-invariant inner product

hTjSi ¼ T†ΩS: ð4:7Þ

B. The AdS supergroup

In this paper, the connected component OSp0ðN j4;RÞ
of OSpðN j4;RÞ will be identified with the N -extended
AdS supergroup in four dimensions. We recall that the
supergroup OSpðN j4;CÞ consists of those supermatrices

f ¼ ðfABÞ ¼
� A B

C D

�
∈GLð4jN ;CÞ ð4:8Þ

which satisfy the master equation

fsTJf ¼ J; ð4:9aÞ

where fsT denotes the supertranspose of f,

ðfsTÞAB ≔ ð−1ÞϵAϵBþϵBfBA ⇔ fsT ¼
 
AT −CT

BT DT

!
;

ð4:9bÞ

and the symplectic supermatrix J is given by

J ¼

0
B@

0 12 0

−12 0 0

0 0 i1N

1
CA: ð4:9cÞ

The elements ofOSpðN j4;RÞ ⊂ OSpðN j4;CÞ satisfy the
reality condition

f† ¼ fsT: ð4:9dÞ

The supergroup OSpðN j4;CÞ naturally acts on the
supertwistor space.12 This action is characterized by the
OSpðN j4;CÞ-invariant inner product

hTjSiJ ≔ TsTJS; ð4:10Þ

where the supertranspose TsT of T is defined as

TsT ≔ ðT α̂;−ð−1ÞϵðTÞTiÞ ¼ ðTAð−1ÞϵðTÞϵAþϵAÞ: ð4:11Þ

Now, let us restrict our attention to the action of
OSpðN j4;RÞ on the supertwistor space. Then there exists
the involution � defined as

T → �T; ð�TÞA ¼ ð−1ÞϵðTÞϵAþϵATA; ð4:12Þ

where TA denotes the complex conjugate of TA. Its key
properties are

11The case N ¼ 4 is somewhat special, but the corresponding
details will not be discussed here.

12The supertwistor space is defined as in the previous sub-
section. However, in this subsection our attention is restricted to
the action of OSpðN j4;CÞ or of its subgroup OSpðN j4;RÞ on
the supertwistor space.
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�ð�TÞ ¼ T; ð4:13aÞ

fð�TÞ ¼ �ðfTÞ; ∀ f∈OSpðN j4;RÞ: ð4:13bÞ

A supertwistor is said to be real if it satisfies the reality
condition

�T ¼ T ⇔ T† ¼ TsT: ð4:14Þ

C. New realization of the AdS supergroup

For our purposes it is useful to work with an alternative
realization of the AdS supergroup, as a subgroup of the
superconformal group. Let OSp0ðN j4;RÞU be the sub-
group of SUð2; 2jN Þ consisting of those supermatrices
g∈SLð4jN ;CÞ which are singled out by the conditions

g†Ωg ¼ Ω; ð4:15aÞ

gsTJg ¼ J; ð4:15bÞ

where J denotes follows symplectic supermatrix

J¼

0
B@

ε 0 0

0 −ε 0

0 0 i1N

1
CA; ε¼

�
0 1

−1 0

�
: ð4:16Þ

The supergroup OSp0ðN j4;RÞU proves to be isomor-
phic toOSp0ðN j4;RÞ. The proof is based on the following
supermatrix correspondence:

f → g ¼ U−1fU; ∀ f∈OSp0ðN j4;RÞ: ð4:17Þ
Here the supermatrix U is defined as

U ¼
�m 0

0 1N

�
;

m ¼ 1

2

�
α12 þ αε ᾱ12 þ αε

−α12 þ ᾱε ᾱ12 − αε

�
;

α ¼ eiπ=4 ¼ 1þ iffiffiffi
2

p : ð4:18Þ

It obeys the useful relations

U† ¼ U−1; ð4:19aÞ

U†JU ¼ −iΩ; ð4:19bÞ

ðUÞsTJU ¼ J: ð4:19cÞ

It can be constructed making use of the alternative
realizations for OSp0ðN j4;RÞ and SUð2; 2jN Þ provided
in [14,49]. Specifically,

U−1 ¼ MΣU; ð4:20Þ

with

M ¼ 1ffiffiffi
2

p

0
B@

12 −ε 0

−ε 12 0

0 0
ffiffiffi
2

p
1N

1
CA; ð4:21aÞ

Σ ¼ 1ffiffiffi
2

p

0
B@

12 −12 0

12 12 0

0 0
ffiffiffi
2

p
1N

1
CA; ð4:21bÞ

U ¼ 1ffiffiffi
2

p

0
B@

12 i12 0

i12 12 0

0 0
ffiffiffi
2

p
1N

1
CA: ð4:21cÞ

The relations (4.19) can be proven with the aid of the
following properties:

UJU† ¼ −iI; ðU−1ÞsTJU−1 ¼ J; ð4:22aÞ

ΣIΣ† ¼ Ω; ðΣ−1ÞsTJΣ−1 ¼ J; ð4:22bÞ

MΩM† ¼ Ω; ðM−1ÞsTJM−1 ¼ J; ð4:22cÞ

where I is defined as

I ¼

0
B@

12 0 0

0 −12 0

0 0 −1N

1
CA: ð4:23Þ

Further, the matrices M, Σ, and U are unitary,

M−1 ¼ M†; Σ−1 ¼ Σ†; U−1 ¼ U†: ð4:24Þ

These properties imply that the supermatrix g defined by
Eq. (4.17) obeys the conditions (4.15), and hence
g∈OSp0ðN j4;RÞU. In Appendix B we introduce another
supermatrix that relates the realizations OSp0ðN j4;RÞ
and OSp0ðN j4;RÞU.
Associated with OSp0ðN j4;RÞU are two invariant inner

products,

hTjSiΩ ≔ T†ΩS; ð4:25aÞ

hTjSiJ ≔ TsTJS; ð4:25bÞ

for arbitrary pure supertwistors T and S.
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The supergroup elements g satisfy the reality condition

g† ¼ϒ−1gsTϒ; ϒ¼UsTU¼

0
B@

0 iε 0

−iε 0 0

0 0 1N

1
CA:

ð4:26Þ

Then, making use of Eq. (4.26), one can introduce an
involution operation ⋆ defined as

T → ⋆T; ð⋆TÞA ¼ ð−1ÞϵðTÞϵAþϵAðϒ−1T̄ÞA: ð4:27Þ

Its key properties are

⋆ð⋆TÞ ¼ T; ð4:28aÞ

gð⋆TÞ ¼ ⋆ðgTÞ: ð4:28bÞ

In our new realization of the AdS supergroup, a super-
twistor T is said to be real if it satisfies

⋆T ¼ T: ð4:29Þ

Further, we observe that

⋆TsT ¼ T†ϒ−1; ð4:30Þ

which, in conjunction with the relations (4.19), yields

h⋆TjSiJ ¼ −ihTjSiΩ: ð4:31Þ

V. THE SUPERTWISTOR REALIZATIONS
OF ADS4j4N

Before introducing the supertwistor realization of
AdS4j4N in terms of the supergroup OSp0ðN j4;RÞU, we
recall the original construction given in [37] and formulated
in terms of the supergroup OSp0ðN j4;RÞ.

A. Original realization

Here we will make use of the supergroup
OSp0ðN j4;RÞ. Let us consider the space of complex even
supertwistors, which can be identified with C4jN . In this
space, we consider complex two-planes which are gener-
ated by two even supertwistors

T ¼ ðTA
μÞ; μ ¼ 1; 2; ð5:1Þ

such that the bodies of T1 and T2 are linearly independent.
By construction, the supertwistors Tμ are defined modulo
the equivalence relation

Tμ ∼ T̃μ ¼ TνRν
μ; R ¼ ðRν

μÞ∈GLð2;CÞ; ð5:2Þ

as the bases fTμg and fT̃μg span the same two-plane. We
restrict our attention to those two-planes which satisfy the
constraints

εμνhTμjTνiJ ≠ 0; ð5:3aÞ

h�TμjTνiJ ¼ 0: ð5:3bÞ

Here the supertwistor �T denotes the conjugate of T
defined by (4.12). These conditions are preserved under
the action of the supergroup OSp0ðN j4;RÞ. We say that
any pair of supertwistors satisfying the constraints (5.3)
constitutes a frame, and the space of frames is denotedFN .
The supergroup OSp0ðN j4;RÞ acts on the space of

frames as

Tμ → fTμ; f∈OSp0ðN j4;RÞ: ð5:4Þ

This action is naturally extended to the quotient space
FN =∼, where the equivalence relation is given by (5.2). As
shown in [37], AdS4j4N can be identified with this quotient
space

AdS4j4N ¼ FN = ∼ : ð5:5Þ

B. New realization

In this subsection we will show how the AdS superspace
AdS4j4N arises as an open domain of compactified N -
extended Minkowski superspace, M̄4j4N , the latter being
studied in [14].
As discussed in [14], M̄4j4N is the space of null two-

planes in the space of complex even supertwistors. Given
such a two-plane, it may be described by two even
supertwistors

T ¼ ðTA
μÞ; μ ¼ 1; 2; ð5:6Þ

such that the bodies of T1 and T2 are linearly independent.
That the two-planes are null means they satisfy the
constraint

hTμjTνiΩ ¼ 0: ð5:7Þ

By construction, the supertwistors Tμ are defined modulo
the equivalence relation

Tμ ∼ T̃μ ¼ TνRν
μ; R ¼ ðRν

μÞ∈GLð2;CÞ; ð5:8Þ

as the bases fTμg and fT̃μg span the same two-plane. The
condition (5.7) is preserved under the action of the super-
conformal group SUð2; 2jN Þ.
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Let us restrict our attention to those two-planes which
satisfy the additional condition

hTμjTνiJ ≠ 0: ð5:9Þ

Then, making use of the equivalence relation (5.8), we can
normalize the two-planes such that

hTμjTνiΩ ¼ 0; ð5:10aÞ

hTμjTνiJ ¼ lεμν; ð5:10bÞ

for some constant parameter l > 0. The conditions (5.10)
are preserved under the action of the AdS supergroup
OSp0ðN j4;RÞU, and under equivalence transformations of
the form

Tμ ∼ T̃μ ¼ TνNν
μ; N ¼ ðNν

μÞ∈SLð2;CÞ: ð5:11Þ

We say that any pair of supertwistors satisfying the
relations (5.10) constitutes a frame, and the space of frames
is denoted FN . The supergroup OSp0ðN j4;RÞU acts on
FN by the rule

Tμ → gTμ; g∈OSp0ðN j4;RÞU: ð5:12Þ

This action is naturally extended to the quotient space
FN =∼, which was identified with AdS superspace in [37],

AdS4j4N ¼ FN = ∼ : ð5:13Þ

C. The north chart of AdS4j4N

In what follows, we will set l ¼ 1. It is instructive to
write the two-plane explicitly as

T ¼ ðTμÞ ¼
 F
G
φ

!
: ð5:14Þ

Here, F and G are 2 × 2 matrices, and φ is an N × 2
matrix. Then, the conditions (5.10) imply the following:

F†Gþ G†F − φ†φ ¼ 0; ð5:15aÞ

ðdetF − detGÞε − iφTφ ¼ ε: ð5:15bÞ

Let us define the north chart to consist of those
normalized two-planes for which detF ≠ 0. Then, making
use of the equivalence relation (5.11), we can choose

F ¼ λ12; ð5:16Þ

for some parameter λ. We then find that the two-planes are
of the form

T¼ λ

0
@ 12
−ix̃þ
2θ

1
A; x̃þ ¼ ðxα̇αþ Þ; θ¼ðθiαÞ; ð5:17Þ

where the bosonic ðxα̇αþ Þ and fermionic ðθiαÞ variables are
chiral and satisfy the conditions

x̃þ − x̃− ¼ 4iθ†θ; x̃− ¼ ðx̃þÞ†: ð5:18Þ

The solution to the above condition is given by

x̃� ¼ x̃�2iθ†θ; x̃� ¼ xa�σ̃a; σ̃a ¼ð12;−σ⃗Þ; ð5:19Þ

where σ⃗ are the Pauli matrices. The parameter λ takes the
form

λ ¼ ð1 − x2þ þ 2iθ2Þ−1
2; θ2 ¼ trðθTθεÞ: ð5:20Þ

It follows that the north chart is parametrized by the chiral
coordinates xaþ and θi

α.
To describe the action of the AdS supergroup on the

north chart, it is instructive to begin with an element of the
superconformal group, which can be represented as

ĝ ¼ eL; L ¼

0
B@

−Kα
β − 1

2
Δδαβ ibαβ̇ 2ηα

j

−iaα̇β K̄α̇
β̇ þ 1

2
Δ̄δα̇β̇ 2ϵ̄α̇j

2ϵi
β 2η̄iβ̇

1
N ðΔ̄ − ΔÞδij þ Λi

j

1
CA; ð5:21Þ

with

K ¼ ðKα
βÞ; trK ¼ 0; Λ ¼ ðΛi

jÞ;
Λ† ¼ −Λ; trΛ ¼ 0: ð5:22Þ

Here, the matrix elements correspond to a Lorentz
transformation ðKα

β; K̄α̇
β̇Þ, Poincaré translation aα̇β,

special conformal transformation bαβ̇, Q-supersym-

metry ðϵαi ; ϵ̄α̇iÞ, S-supersymmetry ðηiα; η̄iα̇Þ, combined
chiral and scale transformation Δ, and SUðN Þ trans-
formation Λi

j.
It can be shown (see [14] for the derivation) that, under

infinitesimal superconformal transformations, the coordi-
nates of the north chart transform as
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δx̃þ ¼ ãþ 1

2
ðΔþ Δ̄Þx̃þ þ K̄x̃þ þ x̃þK

− x̃þbx̃þ þ 4iϵ̄θ − 4x̃þηθ; ð5:23aÞ

δθ ¼ ϵþ 1

2N
ððN − 2ÞΔþ 2Δ̄Þθ þ θK

þ Λθ − θbx̃þ − iη̄x̃þ − 4θηθ: ð5:23bÞ

The AdS transformations can be singled out as those
superconformal transformations which preserve the AdS
condition (5.10b). This requirement proves to impose the
following constraints on the parameters in (5.23)

ba ¼ −aa; ð5:24aÞ

ηα
i ¼ iδijϵαj; ð5:24bÞ

Δ ¼ 0: ð5:24cÞ

Further, only the antisymmetric component of Λ remains

Λ ¼ −ΛT: ð5:25Þ

D. Invariant supermetric on AdS4j4N

In this section we will elucidate some more details about
the supertwistor construction above, and use it to introduce
anOSp0ðN j4;RÞU-invariant supermetric on AdS4j4N . Our
analysis is similar to that given in [50] for the 2n-extended
supersphere S3j4n.
Given a superconformal transformation ĝ∈SUð2; 2jN Þ

that preserves the condition (5.9) on an open domain of
AdS4j4N , a two-plane T transforms as

T → ĝT ∼T0 ¼ ĝTRðĝ;TÞ;
Rðĝ;TÞ∈GLð2;CÞ: ð5:26Þ

Here, the matrix Rðĝ;TÞ serves two purposes: (i) it is used
to preserve the parametrization ofT, Eq. (5.17); and (ii) it is
used to restore the normalization condition (5.10b). Indeed,
for a generic superconformal transformation, the two-plane
ĝT does not satisfy (5.10b). However, provided it still
satisfies (5.9), that is

hĝTμjĝTνiJ ≠ 0; ð5:27Þ

one can always make use of the equivalence relation (5.8)
to restore the normalization

hT 0μjT 0νiJ ¼ lεμν: ð5:28Þ

The situation differs slightly for AdS transformations.
Given an element of the AdS supergroup
g∈OSp0ðN j4;RÞU, a two-plane T transforms as

T → gT ∼T0 ¼ gTNðg;TÞ; Nðg;TÞ∈SLð2;CÞ:
ð5:29Þ

That the matrix Nðg; TÞ belongs to SLð2;CÞ follows from
the fact that the AdS transformations preserve the condition
(5.10b). To prove this, let us consider a two-plane belong-
ing to the north chart of AdS4j4N , Eq. (5.17). Then, for the
AdS transformation g, we have

gT ¼ λðxþ; θÞ
0
@Aðg; xþ; θÞ

Bðg; xþ; θÞ
χðg; xþ; θÞ

1
A: ð5:30Þ

Here we have explicitly indicated the dependence of λ on
the coordinates xaþ and θiα. Further, the matrices A, B, χ are
coordinate dependent as well as determined by the specific
transformation g under consideration. For simplicity, let us
assume that gT also belongs to the north chart of AdS4j4N ,
that is detA ≠ 0. We then introduce the unimodular matrix

N ¼ A−1 detA
1
2 ⇒ detN ¼ 1: ð5:31Þ

Making use of the equivalence relation (5.11), we have

gT ∼ gTN ¼ λðxþ; θÞ detA1
2

0
@ 12

BA−1

χA−1

1
A

≡ γðx0þ; θ0Þ
0
@ 12

−ix̃0þ
2θ0

1
A: ð5:32Þ

Finally, the symplectic condition (5.10b) implies

γðx0þ; θ0Þ ¼ ð1 − x02þ þ 2iθ02Þ−1
2 ¼ λðx0þ; θ0Þ: ð5:33Þ

This completes the proof.
Now that we have determined the transformation proper-

ties of the two-planes T under both finite superconformal
and finite AdS transformations, let us introduce the matrix
two-point function

EðT1;T2Þ ¼ T†
1ΩT2; ð5:34Þ

for two two-planes T1 and T2. Given the null condition
(5.7), it follows that

EðT1;T1Þ ¼ 0: ð5:35Þ

The two-point function EðT1;T2Þ transforms homo-
geneously under superconformal transformations

EðT0
1;T

0
2Þ ¼ R†ðĝ;T1ÞEðT1;T2ÞRðĝ;T2Þ; ð5:36Þ

and under AdS transformations
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EðT0
1;T

0
2Þ ¼ N†ðg;T1ÞEðT1;T2ÞNðg;T2Þ: ð5:37Þ

Associated with EðT1;T2Þ is the two-point function

ωðT1;T2Þ ¼ det EðT1;T2Þ; ð5:38Þ

with the superconformal transformation law

ωðT0
1;T

0
2Þ¼ detR†ðĝ;T1ÞdetRðĝ;T2ÞωðT1;T2Þ: ð5:39Þ

Given the relation (5.37) and the fact that
Nðg;TÞ∈SLð2;CÞ, it follows that ωðT1;T2Þ is invariant
under the AdS transformations.
If we restrict our attention to the AdS supergroup only,

we can introduce chiral and antichiral two-point functions

EþðT1;T2Þ ¼ TsT
1 JT2; ð5:40aÞ

E−ðT1;T2Þ ¼ ð⋆T1ÞsTJ⋆T2; ð5:40bÞ

and

ωþðT1;T2Þ ¼ det EþðT1;T2Þ; ð5:41aÞ

ω−ðT1;T2Þ ¼ det E−ðT1;T2Þ: ð5:41bÞ

The two-point functions ω;ωþ, and ω− are invariant under
the AdS transformations (5.29). However, under equiva-
lence transformations (5.8), they scale as

ωðT1;T2Þ → detR†
1 detR2ωðT1;T2Þ; ð5:42aÞ

ωþðT1;T2Þ → detR1 detR2ωþðT1;T2Þ; ð5:42bÞ

ω−ðT1;T2Þ → detR†
1 detR

†
2ω−ðT1;T2Þ: ð5:42cÞ

Making use of the above analysis, we can construct a
two-point function that is invariant under both the AdS
transformations (5.29) and arbitrary equivalence transfor-
mations of the form (5.8), as follows:

ω̃ðT1;T2Þ ¼
ωðT1;T2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω−ðT1;T1ÞωþðT2;T2Þ
p : ð5:43Þ

Choosing T1 ¼ T and T2 ¼ Tþ dT allows us to obtain
the AdS supersymmetric interval defined by

ds2 ¼ ω̃ðT;Tþ dTÞ: ð5:44Þ

Let us evaluate ω̃ðT;Tþ dTÞ in the north chart. We find

EðT;Tþ dTÞ ¼ −ijλj2Πaσ̃a;

Πa ¼ dxa þ iðθσadθ̄ − dθσaθ̄Þ; ð5:45Þ

where Πa is the Volkov-Akulov one-form [51,52]. We end
up with the supermetric

ds2 ¼ λ2λ̄2ΠaΠbηab: ð5:46Þ

which is AdS invariant.

VI. THE SUPERTWISTOR REALIZATION
OF ADS4j8 × F1ð2Þ

In this section we will develop a supertwistor realization
for the flag superspace (1.5a). Such a realization neces-
sarily makes use of odd supertwistors, for which our
conventions are described in Sec. IV. The supertwistor
realization for the flag superspace M̄4j8 × F1ð2Þ was given
in [14], and here we will build on that construction.
Our starting point is the space of quadruples

fTμ;Ξþ;Ξ−g consisting of two even supertwistors Tμ

and two odd supertwistors Ξ� such that (i) the bodies of
Tμ are linearly independent four-vectors, and (ii) the bodies
of Ξ� are linearly independent two-vectors. These super-
twistors are further required to obey the relations

hTμjTνiΩ ¼ 0; hTμjΞ�iΩ ¼ 0; ð6:1aÞ

hTμjTνiJ ¼ lεμν; ð6:1bÞ

and are defined modulo the equivalence relation

ðΞ−;Ξþ; TμÞ ∼ ðΞ−;Ξþ; TνÞ

0
B@

a 0 0

b c 0

ρ−ν ρþν Rν
μ

1
CA;

0
B@

a 0 0

b c 0

ρ− ρþ R

1
CA∈GLð2j2;CÞ; ð6:2Þ

with ρ�ν anticommuting complex parameters. No symplec-
tic condition is imposed on the odd supertwistors Ξ�. As
above, one can work with normalized two-planes by fixing
a particular value of l. Then, the gauge freedom (6.2) is
reduced such that the 2 × 2 matrix R∈SLð2;CÞ. In what
follows we will set l ¼ 1.
The even and odd supertwistors can be represented as

T ¼
0
@F

G
φ

1
A; Ξ� ¼

0
@ ξ�

ψ�

V�

1
A: ð6:3Þ

Then, the conditions (6.1) imply the following:

F†ψ þ G†ξ − φ†V ¼ 0; ð6:4Þ
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in addition to those we encountered in the previous
section, Eq. (5.15).
In the north chart, where det F ≠ 0, the supertwistors can

be chosen to take the form

T ¼ λ

0
@ 12

−ix̃þ
2θ

1
A; Ξ� ¼

0
@ 0

2θ̄�

v�

1
A; ð6:5Þ

with

v� ¼ ðv�i Þ; θ̄� ¼ ðθ̄�α̇Þ; ð6:6aÞ

and

detðvi−; viþÞ ¼ vþiv−i ≠ 0; vþi ¼ εijvþj : ð6:6bÞ

The orthogonality conditions hTμjΞ�iΩ ¼ 0 imply

θ̄�α̇ ¼ θ̄α̇iv�i : ð6:7Þ

The complex harmonic variables v�i in (6.5) are still
defined modulo arbitrary transformations of the form

ðvi−; viþÞ → ðvi−; viþÞer;
er ¼ �a 0

b c

�
∈GLð2;CÞ: ð6:8Þ

We see that the complex harmonic variables v� parametrize
F1ð2Þ as described in Sec. II. It follows that the set
fTμ;Ξ−;Ξþg constitutes a supertwistor realization of the
AdS flag superspace (1.5).
Let us make use of the equivalence relation (6.8) to

impose the condition

vþiv−i ¼ 1: ð6:9aÞ

The harmonics then obey the identity

vþi v
−
j − vþj v

−
i ¼ εij: ð6:9bÞ

As explained in Sec. II, the gauge freedom (6.8) allows one
to represent any infinitesimal transformation of the har-
monics in the form (2.7).
To determine the action of the AdS supergroup on the

harmonic variable vþ, it is useful to begin with an
infinitesimal superconformal transformation (5.21). It can
be shown that

δvþi ¼ −Λ̃þþv−i ; ð6:10aÞ

where Λ̃þþ is expressed as

Λ̃þþ ¼Λijvþi v
þ
j −4iθþbθ̄þ−4ðθþηþ− θ̄þη̄þÞ; ð6:10bÞ

see [14] for the derivation. Making use of the derivatives
Dþ

α and D̄þ
α̇ defined by Eq. (3.7), we can see that

Dþ
α Λ̃þþ ¼ D̄þ

α̇ Λ̃þþ ¼ 0: ð6:11Þ

The variations of θþα and θ̄þα̇ are given by

δθþα ¼ δθαivþi − Λ̃þþθαiv−i ;

δθ̄þα̇ ¼ δθ̄α̇ivþi − Λ̃þþθ̄α̇iv−i ; ð6:12Þ
where δθαi is given by (5.23). Further, they satisfy the
property

Dþ
β δθ

þ
α ¼ D̄þ

β̇
δθþα ¼ 0: ð6:13Þ

Now, one can single out the AdS transformations by
imposing the constraints (5.24) and (5.25).
Finally, we comment on the analytic bosonic coordinates

ya ¼ xa−2iθðiσaθ̄jÞvþi v
−
j ; Dþ

α ya ¼ D̄þ
α̇ y

a ¼ 0: ð6:14Þ
It can be shown that, under an infinitesimal transformation
of the AdS supergroup, the variation δya satisfies

Dþ
α δya ¼ Dþ

α δðxa− − iθþσaθ̄−Þ ¼ 0; ð6:15aÞ

D̄þ
α̇ δy

a ¼ D̄þ
α̇ δðxaþ − iθ−σaθ̄þÞ ¼ 0: ð6:15bÞ

In order to prove the relations (6.15), we make use of the
identities (6.9b) and (6.13), as well as the fact that δxaþ,
defined by Eq. (5.23) subject to the conditions (5.24), is
chiral, D̄i

α̇δx
aþ ¼ 0. It follows that the analytic subspace

parametrized by the variables

ζ ¼ ðya; θþα; θ̄þα̇ ; v
þ
i ; v

−
i Þ; Dþ

α ζ ¼ D̄þ
α̇ ζ ¼ 0 ð6:16Þ

is invariant under the AdS supergroup.

VII. CONCLUSION

When dealing with off-shell N ¼ 1 and N ¼ 2 super-
symmetric field theories in AdS4 (see [25,28,53–58] for an
incomplete list of references) one usually makes use of
local superspace differential geometry. In the N -extended
case, the algebra of covariant derivatives for AdS4j4N is
given by the graded commutation relations [38,39],

fDi
α;D

j
βg ¼ 4SijMαβ − 4εαβSk½iJj�k; ð7:1aÞ

fD̄α̇
i ; D̄

β̇
jg ¼ −4S̄ijM̄α̇ β̇ þ 4εα̇ β̇S̄k½iJkj�; ð7:1bÞ

fDi
α; D̄

β̇
jg ¼ −2iδijDα

β̇; ð7:1cÞ

½Di
α;Dββ̇� ¼−iεαβSijD̄β̇j; ½D̄α̇

i ;Dββ̇� ¼ iδα̇
β̇
S̄ijD

j
β; ð7:1dÞ

ANTI–DE SITTER FLAG SUPERSPACE PHYS. REV. D 113, 065019 (2026)

065019-13



½Dαα̇;Dββ̇� ¼ −2jSj2ðεαβM̄α̇ β̇ þ εα̇ β̇MαβÞ;

jSj2 ≔ 1

N
SijS̄ij > 0: ð7:1eÞ

Here Jij denotes the SUðN Þ generator, Sij ¼ Sji is a

covariantly constant curvature tensor, and S̄ij ≔ Sij. When
N > 1, the constraint DASjk ¼ 0 implies the following
integrability condition:

δ½iðkS
j�mS̄lÞm ¼ 0 ⇒ SikS̄jk ¼

1

N
δijS

klS̄kl: ð7:2Þ

As demonstrated in [39], performing a local UðN ÞR
transformation allows one to bring Sij to the form

Sij ¼ δijS: ð7:3Þ

Now, the condition DASjk ¼ 0 tells us the SUðN ÞR
connection involves only the operators

J ij ≔ −2δk½iJj�k ¼ −J ji; ð7:4Þ

which generate the group SOðN Þ. The algebra of covariant
derivatives then takes the form:

fDi
α;D

j
βg ¼ 4SδijMαβ þ 2εαβSJ ij; ð7:5aÞ

fD̄α̇
i ; D̄

β̇
jg ¼ −4S̄δijM̄α̇ β̇ − 2εαβS̄J ij; ð7:5bÞ

fDi
α; D̄

β̇
jg ¼ −2iδijDα

β̇; ð7:5cÞ

½Di
α;Dββ̇� ¼−iεαβSD̄i

β̇
; ½D̄α̇

i ;Dββ̇� ¼ iδα̇
β̇
S̄Dβj; ð7:5dÞ

½Dαα̇;Dββ̇� ¼ −2jSj2ðεαβM̄α̇ β̇ þ εα̇ β̇MαβÞ: ð7:5eÞ

In a previous series of papers [37–39], we have devel-
oped the global approach to the AdS4j4N supergeometry.
The novelty of the present paper is that we have reformu-
lated the global realization of AdS4j4N by explicitly
embedding the AdS supergroup in the superconformal
group. The virtue of this approach is that (i) it shows
how the AdS superspace arises as a certain open domain of
M̄4j4N , (ii) it allows us to read off the superconformal and
isometry transformation rules for AdS4j4N in terms of those
known for M̄4j4N , and (iii) it proves most suitable for
developing a global realization of the flag superspace (1.5).
In a recent work [43] Ivanov and Zaigraev derived the

AdS isometry transformations on the analytic subspace of
the N ¼ 2 AdS harmonic superspace. Their construction
was based on the following two inputs: (i) the known N ¼
2 superconformal transformations in the analytic subspace
of harmonic superspace [36], and (ii) the known embedding
of the N -extended AdS superalgebra ospðN j4;RÞ in the

N -extended superconformal algebra suð2; 2jN Þ [41,42].
Their analysis was limited to an open domain of theN ¼ 2
AdS harmonic superspace, and no discussion of its global
structure was given. In our approach, the AdS isometry
transformations acting on the analytic subspace of theN ¼
2 AdS harmonic superspace are readily derived from the
supertwistor formulation given. The two approaches are
related to each other as follows. In the notation of Sec. V C,
the north chart of AdS4j4N corresponds to those two-planes
(5.14) and (5.15) which are characterized by the condition
def F ≠ 0. In the N ¼ 2 case, this is exactly the open
domain of AdS4j8 which was dealt with in [43]. As
concerns the complement of the north chart in AdS4j4N ,
which is singled out by requiring def F ¼ 0, it is a closed
subset of AdS4j4N . The latter subset has measure zero, and
therefore it does not contribute to the supersymmetric
actions (such as the action over the analytic subspace of
N ¼ 2 AdS harmonic superspace [43]) provided the
dynamical superfields obey natural boundary conditions.
It would be useful to re-formulate the harmonic superspace
action for AdS4 as an integral over a closed super six-form,
similar to the flat-superspace case studied in [59]. To
achieve such a goal, our global approach to AdS4j8 ×
F1ð2Þ is expected to be advantageous.
Invariance of the projective-superspace action under the

transformations (2.1b) in five-dimensional N ¼ 1 super-
gravity [18] and four-dimensionalN ¼ 2 supergravity [60]
was essential for the explicit construction of the action
functional. We believe that the harmonic-superspace action
principle in supergravity (in the biharmonic setting) should
be compatible with invariance under (2.3b). This issue will
be discussed elsewhere.
Let us now consider the algebra (7.5) in theN ¼ 2 case.

The presence of the SOð2Þ generator suggests that it is
quite natural to consider an AdS superspace of the form
AdS4j8 × S1, although this superspace does not allow the
action of the superconformal group. Making use of our
construction in the present paper, one can readily derive a
supertwistor realization of this superspace.13 To do so, we
introduce the space of triples fTμ;Ξg consisting of two
even supertwistors Tμ and a single real odd supertwistor
Ξ ¼ ⋆Ξ such that (i) the bodies of Tμ are linearly
independent four-vectors, and (ii) the body of Ξ is non-
vanishing. These supertwistors are required to obey the
relations

hTμjTνiΩ ¼ 0; hTμjΞiΩ ¼ 0; ð7:6aÞ

hTμjTνiJ ¼ lεμν; ð7:6bÞ

and are defined modulo the equivalence relation

13See [40] for a similar story in five dimensions.
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ðΞ; TμÞ ∼ ðΞ; TνÞ
� a 0

0 Rν
μ

�
;

a∈R − f0g; R∈GLð2;CÞ: ð7:7Þ

The superspace obtained is seen to be

AdS4j8 ×RP1 ≃ AdS4j8 × S1: ð7:8Þ
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APPENDIX A: N = 2 CONFORMAL KILLING
SUPERVECTOR FIELDS

This appendix is devoted to a brief review of the N ¼ 2
conformal Killing supervector fields. Our presentation is
inspired by [61] and follows [62].
An infinitesimal superconformal transformation

zA → zA þ δzA;

δzA ¼ ξzA ¼ ðξa þ iðξiσaθ̄i − θiσ
aξ̄iÞ; ξαi ; ξ̄iα̇Þ ðA1Þ

is generated by a conformal Killing supervector field

ξ ¼ ξb∂b þ ξβjD
j
β þ ξ̄j

β̇
D̄β̇

j ¼ ξ̄: ðA2Þ

The defining property of ξ is

½ξ; Di
α� ¼ −ðDi

αξ
β
j ÞDj

β: ðA3Þ

This condition implies the relations

D̄α̇
i ξ

β
j ¼0; D̄α̇

i ξ
β̇β¼4iεα̇β̇ξβi ⇒ ξαi ¼−

i
8
D̄α̇iξ

α̇α ðA4Þ

and their complex conjugates, and therefore

DðαiξβÞβ̇ ¼ 0; D̄i
ðα̇ξββ̇Þ ¼ 0 ⇒ ∂ðαðα̇ξβÞβ̇Þ ¼ 0: ðA5Þ

It then follows that

½ξ; Di
α� ¼ −Kα

β½ξ�Di
β −

1

2
σ̄½ξ�Di

α − Λi
j½ξ�Dj

α: ðA6Þ

Here we have introduced the chiral Lorentz Kβγ½ξ� and
super-Weyl σ½ξ� parameters, as well as the SUð2ÞR param-
eter Λij½ξ� defined by

Kαβ½ξ� ¼
1

2
Di

ðαξβÞi ¼ Kβα½ξ�; D̄α̇
i Kαβ½ξ� ¼ 0; ðA7aÞ

σ½ξ� ¼ 1

2
D̄α̇

i ξ̄
i
α̇; D̄α̇

i σ½ξ� ¼ 0; ðA7bÞ

Λij½ξ� ¼ −
i
16

½Dði
α ; D̄

jÞ
α̇ �ξαα̇ ¼ Λji½ξ�;

Λij½ξ� ¼ Λij½ξ�: ðA7cÞ

We recall that the Lorentz parameters with vector and
spinor indices are related to each other as follows:
Kbc½ξ� ¼ ðσbcÞβγKβγ½ξ� − ðσ̃bcÞβ̇ γ̇Kβ̇ γ̇½ξ�. The parameters
in (A7) obey several first-order differential properties:

Di
αΛjk½ξ� ¼ εiðjDkÞ

α σ½ξ�; ðA8aÞ

Di
αKβγ½ξ� ¼ −εαðβDi

γÞσ½ξ�; ðA8bÞ

and therefore

Dði
αΛjkÞ½ξ� ¼ D̄ði

α̇ΛjkÞ½ξ� ¼ 0; ðA9aÞ

Di
αD

j
βσ½ξ� ¼ 0: ðA9bÞ

The superconformal transformation law of a primary
tensor superfield (with suppressed indices) is

δξU ¼ K½ξ�U; ðA10aÞ

K½ξ� ¼ ξþ 1

2
Kab½ξ�Mab þ Λij½ξ�Jij þ pσ½ξ� þ qσ̄½ξ�:

ðA10bÞ

Here the generators Mab and Jij act on the Lorentz and
SUð2Þ indices of U, respectively. The parameters p and q
are related to the dimension (or Weyl weight) w and Uð1ÞR
charge c of U as pþ q ¼ w and p − q ¼ − 1

2
c.

The most general N ¼ 2 conformal Killing supervector
field has the form

ξα̇αþ ¼ aα̇αþ1

2
ðΔþ Δ̄Þxα̇αþ þ K̄α̇

β̇x
β̇α
þ þxα̇βþ Kβ

α−xα̇βþ bββ̇x
β̇α
þ

þ4iϵ̄α̇iθαi −4xα̇βþ ηiβθ
α
i ; ðA11aÞ

ξαi ¼ ϵαi þ
1

2
Δ̄θαi þ θβi Kβ

α þ Λi
jθαj − θβi bββ̇x

β̇α
þ

− iη̄β̇ix
β̇α
þ − 4θβi η

j
βθ

α
j ; ðA11bÞ

where we have introduced the complex four-vector

ξaþ ¼ ξa þ 2iξiσaθ̄i; ξ̄a ¼ ξa; ðA12Þ
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along with the complex bosonic coordinates xaþ ¼ xa þ
iθiσaθ̄i of the chiral subspace ofM4j8. The constant bosonic
parameters in (A11) correspond to the spacetime translation
(aα̇α), Lorentz transformation (Kβ

α; K̄α̇
β̇), SUð2ÞR trans-

formation (Λij ¼ Λji), special conformal transformation
(bαβ̇), and combined scale and Uð1ÞR transformations
(Δ ¼ τ − 2iφ). The constant fermionic parameters in
(A11) correspond to the Q-supersymmetry (ϵαi ) and S-
supersymmetry (ηαi ) transformations. The constant param-
eters Kαβ, Λij and Δ are obtained from Kαβ½ξ�, Λij½ξ� and
σ½ξ�, respectively, by setting zA ¼ 0.
In the case of the Q-supersymmetry transformation,

when the only nonvanishing parameters in (A11) are ϵαi
and its conjugate, it holds that the descendants Kab½ξ�,
Λij½ξ�, and σ½ξ� vanish, and the transformation law (A10)
takes the universal form

δϵU ¼ ð2iðθiσaϵ̄i − ϵiσ
aθ̄iÞ∂b þ ϵαi D

i
α þ ϵ̄iα̇D̄

α̇
i ÞU

≕ ðϵαi Qi
α þ ϵ̄iα̇Q̄

α̇
i ÞU: ðA13Þ

APPENDIX B: ANOTHER SIMILARITY
TRANSFORMATION FOR THE ADS

SUPERGROUP

In Sec. IV C, we described an isomorphic realization of
the AdS supergroup, denoted OSp0ðN j4;RÞU, which was
useful for our applications in this paper. It turns out that
there is another unitary supermatrix which relates the two
realizations of the AdS supergroup OSp0ðN j4;RÞ and
OSp0ðN j4;RÞU. Below, we will describe this supermatrix
and how it is related to that of Eq. (4.18).
Let us introduce the supermatrix N defined as

N¼
 
n 0

0 1N

!
; n¼ e−iπ=4ffiffiffi

2
p

 
12 −ε
iε −i12

!
: ðB1Þ

The supermatrix N enjoys the properties

N† ¼ N−1; ðB2aÞ

N†JN ¼ −iΩ; ðB2bÞ

NsTJN ¼ J: ðB2cÞ

It turns out that, for every f∈OSp0ðN j4;RÞ, the super-
matrix defined by

g ¼ N−1fN ðB3Þ

belongs to OSp0ðN j4;RÞU.
As the supermatrices N and U both take us to the

realization OSp0ðN j4;RÞU, they must be related to each
other in the following way:

U ¼ NS; ðB4aÞ

where S satisfies the following properties:

S† ¼ S−1; S†ΩS ¼ Ω; SsTJS ¼ J: ðB4bÞ

It can be shown that the solution to Eq. B4 takes the form

S ¼
� s 0

0 1N

�
; s ¼ 1ffiffiffi

2
p
�

ε iε

iε ε

�
: ðB5Þ

APPENDIX C: THE KILLING SUPERVECTORS
OF ADS4j4N

In this appendix we will provide an alternative derivation
of the constraints (5.24) and (5.25), making use of the
SUðN Þ superspace formulation for AdS4j4N developed
in [38,39].
AdS4j4N is parametrized by local coordinates

zM ¼ ðxm; θμ{ ; θ̄{μ̇Þ. Its covariant derivatives DA ¼
ðDa;Di

α; D̄α̇
i Þ take the form

DA ¼ EA þ 1

2
ΩA

cdMcd þΦA
i
jJji: ðC1Þ

Here, Mcd ¼ −Mdc are the Lorentz generators, and Jij are
the SUðN Þ generators. In a conformally flat frame, the
covariant derivatives are given by the expressions

Di
α ¼ e

N−2
2N σþ 1

N σ̄ðDi
α þDβiσMαβ þDj

ασJijÞ; ðC2aÞ

D̄α̇
i ¼ e

1
NσþN−2

2N σ̄ðD̄α̇
i − D̄β̇iσ̄M̄

α̇ β̇ − D̄α̇
j σ̄J

j
iÞ; ðC2bÞ

Dαα̇ ¼ e
1
2
σþ1

2
σ̄

�
∂αα̇ þ

i
2
Di

ασD̄α̇i þ
i
2
D̄α̇iσ̄Di

α

þ 1

2

�
∂
β
α̇ðσ þ σ̄Þ − i

2
DβiσD̄α̇iσ̄

�
Mαβ

þ 1

2

�
∂α

β̇ðσ þ σ̄Þ þ i
2
Di

ασD̄
β̇
i σ̄

�

× M̄α̇ β̇ −
i
2
Di

ασD̄α̇jσ̄Jji

�
; ðC2cÞ

whereDA ¼ ð∂a; Di
α; D̄α̇

i Þ are the flatN -extended covariant
derivatives, and σ is a chiral superfield, D̄α̇

i σ ¼ 0, satisfying
the constraints

D½i
ðαD

j�
βÞe

σ ¼ 0; ðC3aÞ

½Di
α; D̄α̇i�eN2 ðσþσ̄Þ ¼ 0: ðC3bÞ

In the N ¼ 1 case, the constraint (C3a) should be replaced
with
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−
1

4
e2σ̄D2e−σ ¼ const: ðC4Þ

The constraints (C3a), (C3b), and (C4) have been solved in
[28,44,57] in the N ¼ 1 and N ¼ 2 cases, for both
stereographic coordinates and Poincaré coordinates. In
the N -extended case, they are solved in [39] for both
realizations. For the stereographic solution, W ¼ e−σ takes
the form

W ¼
�
1 −

sijs̄ij
4N

x2þ þ sijθij

�
−1
; ðC5Þ

where sij satisfies the properties

sij ¼ sji; siks̄kj ¼ jsj2δij; s̄ij ≔ sij: ðC6Þ

The superfield W plays the role of the compensator for
AdS4j4N . It should be pointed out that W had been
constructed earlier, in Ref. [42], making use of an alter-
native approach.
Now we turn to determining the Killing supervectors of

AdS4j4N . An infinitesimal isometry of AdS4j4N is gener-
ated by a Killing supervector ξAEA which is defined to
satisfy the property

½ξADA þ 1

2
λcdMcd þ λijJji;DB� ¼ 0 ðC7Þ

for a real antisymmetric tensor λcdðzÞ. In the N ¼ 2 case,
λij ¼ εjkλik is symmetric, λij ¼ λji, and (C7) was solved in
[28]. Since AdS4j4N is conformally related to N -extended
Minkowski superspace M4j4N , see the relations (C2), the
supervector ξAEA can be decomposed with respect to the
AdS basis fEAg or the flat basis fDAg, as

ξ ¼ ξAEA ¼ ξADA: ðC8Þ

Here, ξA are the components of a conformal Killing
supervector, which generates infinitesimal superconformal
transformations in M4j4N

zA ⟶ zA þ ξzA; ðC9Þ

and is defined to satisfy the constraint

½ξ; Di
α� ∝ Dj

β; ðC10Þ

see, e.g., [14,61], for more details. With respect to the basis
fDAg, the components of ξ are

ξ̃þ ¼ ðξα̇αþ Þ ¼ ãþ 1

2
ðΔþ Δ̄Þx̃þ þ K̄x̃þ

þ x̃þK − x̃þbx̃þ þ 4iϵ̄θ − 4x̃þηθ; ðC11aÞ

ðξαi Þ ¼ ϵþ 1

2N
ððN − 2ÞΔþ 2Δ̄ÞÞθ þ θK þ Λθ

− θbx̃þ − iη̄x̃þ − 4θηθ; ðC11bÞ

ξa ¼ 1

2
ðξaþ þ ξa−Þ þ iðθiσaξ̄i − ξiσ

aθ̄iÞ;

ξaþ ¼ −
1

2
ξα̇αþ ðσaÞαα̇ ¼ ξa−; ðC11cÞ

where the parameters fa; b; K; K̄;Δ; Δ̄; ϵ; ϵ̄; η; η̄;Λg are
identified with those in (5.21).
Given a superconformal transformation, the compensator

W transforms as

δW ¼ ξW þ σ½ξ�W; ðC12aÞ

σ½ξ� ¼ 1

N ðN − 4Þ ððN − 2ÞDi
αξ

α
i − 2D̄α̇

i ξ̄
i
α̇Þ: ðC12bÞ

Then, the problem of determining the AdS Killing super-
vectors proves to be equivalent to determining those
conformal Killing supervectors which do not change the
compensator (C5),

δW ¼ 0: ðC13Þ

The N ¼ 1 and N ¼ 2 cases were worked out in [28,44],
respectively. It can be shown that Eq. (C13) imposes the
following constraints on the transformation parameters in
(C11)

ba ¼ −
sijs̄ij
4N

aa; ðC14aÞ

ηiα ¼
1

2
sijϵαj; ðC14bÞ

skðiΛk
jÞ ¼ 0; ðC14cÞ

Δ ¼ 0: ðC14dÞ

In particular, Eq. (C14c) implies

ŝΛþ ΛTŝ ¼ 0; ŝ ≔ ðsijÞ: ðC15Þ

Then, making use of (C8), one can read off the components
of the AdS Killing supervector ξA.
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Finally, comparing the compensator (C5) with the chiral
parameter λ given by Eq. (5.20), we find

λ ¼ e−
1
2
σ: ðC16Þ

Further, in the north chart developed in the main body,
sij is given by

sij ¼ 2iδij: ðC17Þ

Inserting (C17) into (C14), we find complete agreement
with the constraints derived from the supertwistor
approach, Eqs. (5.24) and (5.25).
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