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The low energy effective field theory of interacting neutrinos derived from the Standard Model may be
framed as a pointlike interaction and thereby modeled on a lattice of neutrino momenta. We identify a path
to take a continuum limit of this lattice problem in the center of momentum frame. In this limit, the weak
interaction is found to become trivial between incoming plane waves describing ultrarelativistic particles,
unless finite neutrino wave packet sizes are taken into consideration. We follow up with an analytic
treatment of interacting neutrino wave packets, demonstrating the importance of the wave packet size for
characterizing neutrino-neutrino scattering in dense environments.
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I. INTRODUCTION

Neutrino interactions are known to be weak (via Z boson
exchange in the Standard Model, although nonstandard
interactions have been proposed and simulated extensively
as well), only physically observable in sufficiently dense
media (comprised of ordinary matter or a dense neutrino
gas, such as the neutrino-driven wind of a supernova). This
weak interaction, even in a limit of only forward scattering
[1], permits exchange of flavor between neutrinos [2],
allowing for collective flavor oscillations of neutrinos.
Quantummany-body calculations, which were originally

intended to emulate the collective oscillations predicted in a
mean field theory and to examine the possibility of
neutrino-neutrino correlations accumulating through weak
flavor interaction, have been developed with increasing
detail to elucidate a richer structure to collective oscillations
(see various works over recent decades [2–30]).
A counterpoint to this line of work is concerned with the

interaction of neutrino fields with definite momenta for
periods of time much greater than flavor oscillation lengths
(i.e., a toy model of “plane waves in a box”). Some recent
efforts have been made to reassess these correlations while
modeling neutrinos of short spatial wave packet sizes,
incorporated by greatly reducing the interaction time of pairs
of neutrinos andevolving interactions pairwise [27,28,30,31].
Already, the wave packet size of neutrinos has long been
argued to play a fundamental role in the mechanism of

vacuum flavor oscillations [32,33]. Decoherence effects of
neutrinowave packets have been considered in the context of
neutrino forward scattering as well [34].
A yet more careful and comprehensive look at how we

study neutrino interactions was opened by the consider-
ation of general momentum transfers between neutrino
pairs (i.e., nonforward scattering) by Cirigliano, Sen, and
Yamauchi [29]. Ostensibly, the inclusion of nonforward
scattering addresses a separate concern of physical validity
in quantum many-body calculations from wave packet
sizes, as the former calculations still consider interaction
of neutrino ensembles with definite momenta (i.e., plane
waves on a lattice of momenta with discrete spacing Ap and
finite volume Vp).
By consideration of nonforward scattering of neutrinos

with general wave packet lengths, we show that the
physical importance of these effects are essentially tied
to one another. Furthermore, we find the physical impor-
tance of neutrino-neutrino interactions to be essentially
dependent upon these two effects.
We do so first by considering a continuum limit of the

lattice problem posed in nonforward scattering. In this
limit, we come to a perhaps surprising result that the weak
cross section of two ultrarelativistic particles (m ≪ E for
both particles) vanishes, unless a nonvanishing wave packet
size is taken into account.
Secondly, we analytically treat the evolution of an

interacting pair of neutrino wave packets of generic size
σx ∼ σ−1p , per the formalism of Kiers, Nussinov, and Weiss
[35]. Within this framework, we show that both the limit of
plane waves (σp ≪ p) and the limit of narrow wave packets
(σp ≫ p) result in a neutrino-neutrino cross section similar
to the familiar weak cross section. Moreover, this approach
suggests that plane waves interact mostly via coherent
forward scattering, while narrow wave packets could see
more significant nonforward scattering.
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The rest of this article is organized as follows: In Sec. II,
we briefly reiterate the steps to arrive at the four-point
interaction Hamiltonian for neutrinos including nonforward
scattering, emphasizing the importance of approximations
and quantization volume in doing so. In Sec. III, we also
reintroduce the lattice formalism for describing this inter-
action and then proceed to show new results from time
evolution calculations in the center of momentum (CoM)
frame. We reiterate the continuum limit of these lattice
results via analytic treatments directly from the continuum
Hamiltonian as well in Sec. IV. In Sec. V, we generalize the
analysis of nonforward scattering of neutrino plane waves
to wave packets of general sizes. Before concluding, we
address the separation of scales between the neutrino
interaction potential and relativistic energies in Sec. VI.
Finally, in Sec. VII, we summarize this work and point to
various limitations.

II. EFFECTIVE FIELD THEORY OF THE
WEAK INTERACTION BETWEEN
ULTRARELATIVISTIC PARTICLES

To begin our discussion, we reintroduce the full
Hamiltonian for the Fermi interaction of neutrinos in
general. We play close attention to (i) the scale E ≪ mZ
for low energy effective field theories in general, (ii) the
ultrarelativistic scale of both particles in the interaction
mν ≪ E, and (iii) the quantization lengths introduced in
reducing the full Hamiltonian to elastic or forward
scattering.
Recall the tree-level Lagrangian density for the

Standard Model neutral current interaction (i.e., Z boson
exchange) [2,36,37],

LνZ ¼ −
g

2 cos θW
GαβνL;αγ

μνL;βZμ; ð1Þ

where g is the weak coupling, θW is the Weinberg mixing
angle, νL ¼ PLν ¼ 1

2
ð1 − γ5Þν is a left-handed neutrino

field in Nf flavors spanned by an extra index α or β, γμ are
the Dirac matrices, and Zμ is the gauge field. Also, we have
allowed for the interaction to be standard (G ¼ 1) or
nonstandard (G is Hermitian), though for simplicity and
without loss of generality we consider the standard inter-
action for this work. Note that here we have taken the weak
interaction still to be entirely left handed, though the
presence of neutrino masses will introduce effects of a
magnitude ofOðmν=EÞ—a size of correction that we revisit
in the limit of ultrarelativistic neutrino scattering, as we
anticipate mν ∼ 10−2 eV and E ∼ 1 − 100 MeV in envi-
ronments that can produce copious enough neutrinos to
interact coherently.
Further, recall the low-energy effective field theory for

the weak interaction, in which we expect energy transferred

via neutral currents to pale in comparison to the Z boson
mass mZ ≫ E=c2,1

LðxÞ ¼ −
GFffiffiffi
2

p ναðxÞγμνβðxÞνβðxÞγμναðxÞ; ð2Þ

where now we have derived the pointlike, Fermi interaction
GF ¼ g2=4

ffiffiffi
2

p
cos2θWm2

Z ∼ 10−11 MeV−2, incurring an
error OðE2=m2

ZÞ in estimating this interaction. Taking
the neutrino fields to be definite Weyl spinors, one can
derive an effective Hamiltonian for the neutrino-neutrino
interaction [29],

Hνν ¼
GFffiffiffi
2

p
Z

Gαβα0β0
flav Gmomðp;q;p0;q0Þa†α0 ðp0Þa†β0 ðq0Þ

× aαðpÞaβðqÞð2πÞdδðp0 þ q0 − p − qÞ

×
dp

ð2πÞd
dq

ð2πÞd
dp0

ð2πÞd
dq0

ð2πÞd ; ð3Þ

where a† and a are dimensionful creation and annihilation
operators [38] for neutrinos of definite momenta (and either
flavor or mass), and we have factored couplings for
momenta and flavor,

Gαβα0β0
flav ¼ 1

2
ðδαα0δββ0 þ δαβ0δβα0 Þ; ð4Þ

Gmomðp;q;p0;q0Þ ¼ fðp;qÞfðp0;q0Þ�: ð5Þ

Here, f is a form factor dependent only on the geometry in
momentum space, as derived from the appropriate inner
product of Pauli spinors jp̂;�i, (�1)-eigenvectors of p̂ · σ⃗,

1ffiffiffi
2

p fðp;qÞ ¼ hp̂;þjq̂;−i

¼ e−iϕp sin

�
θp
2

�
cos

�
θq
2

�

− e−iϕq sin

�
θq
2

�
cos

�
θp
2

�
; ð6Þ

whose magnitude takes the simple, more familiar form

jfðp;qÞj2 ¼ 1 − p̂ · q̂: ð7Þ

Let us point out here that we arrive at this form factor
Gmom from neglecting contributions Oðmν=EÞ to the
spinors solving the Dirac equation, whose contractions
define f. As such, we should not expect this form to apply
to, e.g., neutrino-electron interactions, as even for

1Given our earlier discussion, we now limit our attention to
approximately left-handed neutrinos and suppress notation of
their chirality as we proceed.
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relativistic matter we should typically have E ∼me; here,
we must distinguish ultrarelativistic (E ≫ mν neutrinos)
from simply relativistic (E ∼m matter).
Now, given this general Hamiltonian for the neutrino

interaction, we may restrict to two simplified cases: elastic
scattering (jpj ¼ jp0j) and coherent forward scattering
(p ¼ p0). In each case, we may obtain the simpler
Hamiltonian through insertion of an appropriately normalized
Dirac distribution2πl−1

elasδðjpj − jp0jÞ or ð2πÞ3l−3
cohδðp − p0Þ,

respectively, with quantization lengths l to regularize the
distributions [38,39]. Thus, in the case of forward scattering,
where only flavor (or equivalently momentum) is swapped,
we obtain

Hcoh ¼
GFffiffiffi
2

p
V
Gαβα0β0

flav

Z
ð1 − p̂ · q̂Þ

× a†α0 ðpÞa†β0 ðqÞaαðpÞaβðqÞ
dp

ð2πÞd
dq

ð2πÞd ; ð8Þ

whereV is a spatial volume of quantization for the interacting
neutrinos. As we reinterpret this volume in a later analysis,
this volume may be thought of in terms of the size of wave
packets interacting. Alternatively this inverse volume may be
taken for interacting planewaves as a normalization related to
the density of our ensemble [40].
This part of the Hamiltonian has been studied at length in

past literature, from mean-field to quantum many-body
treatments. In the former case, coherent interactions were
expected to come mainly from forward scattering of
neutrinos, as the leading order term in a quantum
Boltzmann equation, if the collision term is expected to
be small [5,6,8,37]. In the latter case, the estimation of
some quantum correlations between interacting particles
could be estimated for at least flavor swapping using this
Hamiltonian [41], otherwise inaccessible in a mean-field
theory before collisions are incorporated. Originally, this
term was isolated by Pantaleone [2] per an argument
by Mikheev and Smirnov [1] applied to neutrino-matter
interactions; namely, ultrarelativistic particles scattering
through a thin medium would predominantly scatter for-
ward. We reevaluate this intuition, restarting our analysis
with the original Hamiltonian of Eq. (3).

III. NEUTRINO INTERACTION
AS A LATTICE PROBLEM

To render the problem of simulating neutrino interactions
including momentum transfers computationally feasible,
we discretize the allowed momentum states that neutrinos
in our calculation may occupy. The momentum state of an
individual neutrino jpi ¼ a†ðpÞjvaci (derived from the
vacuum state jvaci) is normalized in the same way as
the creation and annihilation operators, but this normali-
zation is now controlled through the lattice spacing Ap. We
express this regularization in terms of the inner product:

hpjqi ¼ ð2πÞdδðp − qÞ ← A−d
p δp;q. In kind, integration

over real-space momentum is reduced to summation over
the lattice P via

R
dp=ð2πÞd ← Ad

P
p∈P ¼ V−1P

p, in
effect giving us a spatial box quantization volume V ¼ A−d

p .
Notably, this lattice spacing, serving as a normalization to
allowed momentum states, also plays the role of a wave
packet size σp limiting the spatial extent σx ∼ σ−1p of a plane
wave jpi; we expound on this connection in Sec. V. In this
sense, one can view the continuum limit Ap → 0 as an
expansion in our basis of allowed momentum states until
they become plane waves of truly infinite (spatial)
extent V → ∞.
In Ref. [29], the lattice is squarely discretized with a

spacing Ap, yet bounded within a radial cutoff Λ:
P ¼ fp ¼ Apðkxp̂x þ kyp̂yÞ∶kx; ky ∈Z; jpj ≤ Λg. Within
this model, it was found for two and for four interacting
neutrinos that elastic scattering constitutes the most impor-
tant part of the interaction, as the size of the neutrino-
neutrino potential is much smaller than their kinetic energy.
The elastic Hamiltonian on the lattice is thus2

Hlat;el ¼
GFffiffiffi
2

p
V3

Gαβα0β0
flav

X
p;q;p0 ;q0 ∈P
pþq¼p0þq0

Gmomðp;q;p0;q0Þ

× δjpjþjqj;jp0jþjq0ja
†
α0 ðp0Þa†β0 ðq0ÞaαðpÞaβðqÞ: ð9Þ

In principle, there are two separate limits to be taken to
recover the physics of the interaction in Eq. (3): (i) an
infinite-volume limit in momentum space, Λ → ∞ and
(ii) a continuum limit, Ap → 0, each of which present
computational challenges, as the Hilbert space grows with
the number of allowed momenta—even with a constant
number of particles occupying the lattice.
A simple scenario in which these difficulties may be

addressed with relative ease involves again a pair of
(standard) interacting neutrinos. We consider evolution
on timescales long enough for interactions, which we show
later to be ∼ðGFE3Þ−1 and thus much shorter than the
length scale of vacuum oscillations. As such, we boost to
the CoM frame for a pair of neutrinos, giving us an initial
momentum state of jp0;−p0i, and evolve with the above
Hamiltonian.
Importantly, the conservation of momentum restricts the

allowed final states of this Hamiltonian to fjp0;−p0ig in the
CoM frame. Furthermore, elasticity then confines these
states to antipodal pairs on the circle in momentum space
fjp0;−p0i∶jp0j ¼ jpjg, as depicted in Fig. 1. In effect, this

2Of course, this Hamiltonian includes only the potential
interaction, omitting the kinetic energy. For the time being, we
proceed in most analyses with only this term, leaving some
further considerations of kinetic energy for future work. Never-
theless, we rectify this omission ourselves and justify the
applicability of our results at the end of our analysis.
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restriction obviates the need for an infinite-volume limit in
momentum space, allowing us to focus our efforts to a
continuum limit. Moreover, since our volume of momen-
tum is now a finite, fixed value ϕ, a continuum limit may be
taken via increasing the number of lattice points M → ∞
such that M=V ¼ ϕ is held fixed, implying V → ∞ and
Ap → 0. Lastly, note that the coupling between different
momenta in this frame is isotropic, Gmom → 2, since
fðp;−pÞ ¼ ffiffiffi

2
p

.3 The computational difficulty of taking
the necessary extrapolations from our lattice results is thus
greatly simplified; we need to consider oscillations only in
flavor or between different momenta pairs lying on this jpj
circle. More specifically, we may considerM evenly spaced
pairs of points jpk;−pki on this circle: P ∘ ¼ fpk ¼
jpjðcos θk; sin θkÞ∶θk ¼ πk=M; k ¼ 0; 1;…;M − 1g.
In particular, let us isolate the momentum effects of our

Hamiltonian in this model by evaluating the total occu-
pancy numbers of neutrinos in each momentum state:
nðpÞ ¼ P

α nαðpÞ, for p∈P ∘ . (Since we have integrated
out flavor degrees of freedom in this observable, we should
expect similar results even for Nf > 2, although compa-
rable numerical uncertainties introduced with finite time
step sizes δ may require δ → ðNf=2Þ−1δ.) We display
simulated oscillations in these occupancies for Nf ¼ 2

flavors over time for M ¼ 4 and 8 in Fig. 2. It is intriguing
to observe that, as the number of allowed momenta M
increases, the amplitude of oscillations from the initial
momentum p0 to pi≠0 gradually shrinks, while the (dimen-
sionless) frequency of oscillations grows.
We summarize these trends in n and t for a variety of

allowedM in Fig. 3. In fact, we can see numerically that as
M → ∞ there are clear trends for both the survival

probability of the incoming momentum state jp0i [i.e.,
the trough of nðp0Þ] and the frequency of oscillations
(1=2tmin). Namely, minfnðp0Þg → 1 and G0tmin → 0.
Particularly the former trend may be counterintuitive to
predict; we find that as more channels for momentum
transfer are allowed, the likelihood of these momentum
transfers altogether decreases. Making sense of this behav-
ior and addressing this confusion is worthwhile before we
proceed to more general considerations. In short, we see
that features of these oscillations are consequences of the
lattice discretization in this model.
To understand our results in this problem, let us first

summarize the simplifications of our Hamiltonian in the
CoM frame as we have described above. First, the
Hamiltonian may be factorized into a part that transfers
momentum Hmom and a part that exchanges flavor Hflav,
comprising

Hνν ¼ Hflav ⊗ Hmom: ð10Þ

Moreover, the Hamiltonian for momentum transfer
Hmom is isotropic in the CoM and thus takes the following
form:

FIG. 2. Oscillations over (unitless) G0t time according to
Eqs. (11) and (12) in the total occupancy numbers per momentum
in the lattice of the CoM frame. The incoming momentum state
jp0;−p0i produces all possible outgoing states with equal like-
lihood, so we display just p1 ≠ p0 for brevity. Shown here are
results from allowing forM ¼ 4 (top) andM ¼ 8 (bottom) evenly
spaced pairs of outgoing momenta in simulations. In all simu-
lations, a dimensionless time step value of G0δ ¼ 0.002 is used.

FIG. 1. The space of allowed momenta resulting from the
incoming state jp0;−p0i discretized toM ¼ 8 evenly spaced pairs.

3Here, we have chosen a global phase of 1 for each Pauli
spinor, hp̂;�jp̂;�i ¼ 1, and noticed j−p̂;þi ¼ jþp̂;−i for
definite left-handed spinors.
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Hmom;lat¼G0 XM−1

k;l¼0

jpk;−pkihpl;−plj≐G0

0
BB@
1 � � � 1

..

. . .
. ..

.

1 � � � 1

1
CCA;

ð11Þ

where G0 ¼ ffiffiffi
2

p
GF=V (while M=V ¼ 2πjpjσ02p is fixed for

some σ0p characterizing any small uncertainty in the radius
or width of the disk of momenta in this problem) is an
overall coupling strength. That is to say, our Hamiltonian
“forgets” the directions of the initial momenta jp0;−p0i
and outputs an uniform superposition of antipropagating
neutrinos fjpk;−pki∶k ≥ 0g.4 Mathematically, the
Hamiltonian is thus proportional to a projection operator;
Hn

mom;lat ¼ ðG0MÞn−1Hmom;lat for n∈N.
It is now clear to see how this system evolves for

arbitrary choices of M; the time evolution in momentum
states thus takes the simple form

Umom;lat ¼ e−itHmom;lat ¼ 1þ ðe−itG0M − 1ÞHmom;lat

G0M
: ð12Þ

Immediately, we may see that the (angular) frequency of
oscillations is G0M, and crucially, the evolution operator
reduces to identity as M → ∞. Observe that this trend in
probability is independent of the choice of normalization in
Hmom; even if we were to adjust G0 as a function of M, the
above analysis for minfnðp0Þg depends only on the
normalized projector Hmom;lat=G0M, whose individual
matrix elements vanish asM → ∞. In fact, we may identify
the trends plotted in Fig. 3 exactly using the above form for
our evolution in momentum. The first trough of nðp0Þ
oscillations over time will occur at G0tmin ¼ π=M, and so
the survival probability is 1 − 4=M þ 4=M2.
We should also point out that ordinary flavor swaps,

resulting from forward scattering, vanish in this model as
well. Trends similar to nðp0Þ can be observed for neðp0Þ −
nxðp0Þ in numerical simulations of a two-flavor model, and
these similarities may be expected from the factorized form
of the Hamiltonian in Eq. (10). The same trends are also
observed when we irregularly space pairs of antipodal
points on the circle of P ∘ (calculations not shown).
Importantly, this limit is a consequence of how finely

we resolve momentum states with our interaction on
the lattice, which cannot be solved simply by binning
together the probabilities of various outgoing states. For
example, suppose we sum over all nonforward scattering
outgoing states, averaged over long times;

P
k>0 nðpkÞ ¼

max
P

k>0 jhpk; −pkje−itHjp0;−p0ij2 ¼ 2ðM − 1Þ=M2 ¼
ð1 − minfnðp0ÞgÞ=2 → 0, as we can also see from

the trend in the survival probability nðp0Þ. We can
however add coherently the amplitudes of these
outgoing nonforward scattering states for a finite result,P

k>0hpk;−pkje−itHjp0;−p0i=→0 as M → ∞, encourag-
ing us to more deeply contemplate the meaning of our
survival probabilities and amplitudes thereof calculated on
the lattice.
In order to resolve on the lattice our regular intuition that

an interaction persists even in the continuum limit, we must
add coherently the wave function amplitudes across a
constant fraction lattice sites in which we would like to
detect a neutrino. That is to say, a finite resolution in
momentum space is required to recover the neutrino-
neutrino interacting behavior in the continuum limit.

FIG. 3. In both plots, we identify the trough in oscillations for
the occupancy of the initial momentum p0, nðp0Þ, by the closest
time value in numerical simulations. In all simulations, a
dimensionless time step value of G0δ ¼ 0.002 is used. This
method produces uncertainties in measured time values and
consequently in survival probabilities of simulations for each
plot. Notably, numerical simulations per a program adapted from
that of Ref. [29] are in excellent agreement with formulae derived
form Eq. (12) (depicted as solid trend lines in each plot.) Top: we
illustrate a trend in the survival probability of an incoming
momentum state p0 as a function of the number M of allowed
outgoing momentum as a result of the neutrino-neutrino inter-
action. In fact, as we refine the discretization of our lattice in the
CoM, we find this survival probability to eventually become
constant (at 1) in time for M → ∞. Bottom: we illustrate a trend
in the time required to reach the first trough in the occupancy of
the incoming momentum state p0 as a function of the number M
of allowed outgoing momentum as a result of the neutrino-
neutrino interaction. We find that the oscillation frequency grows
linearly withM, and correspondingly this required time value tmin
trends to zero.

4Notably, at this stage, our argument applies to not only the
earlier d ¼ 2 picture in our simulations, but also more general
spatial dimensions d ≥ 2.
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Let us demonstrate this interpretation first in d ¼ 2 and
then in arbitrary dimension d ≥ 2.
To start in d ¼ 2, consider a coherent sum over a

finite region of the lattice in momentum space P∠ ≔
fjpjðcos θ; sin θÞ∶a ≤ θ ≤ bg containing the incoming
momenta θ ¼ 0 (assuming a < 0 and b > 0). This
sum results in the overall probability nðP∠Þ ¼
jPp0 ∈P∠hp0;−p0jUmom;latjp;−pij2 and giving a fraction
of the momentum space jP∠j=M ¼ jb − aj=π that is
constant in M with jb − aj ∼ σp=jpj.5 Using our earlier
formula in Eq. (12), we find that

X
p0 ∈P∠nfpg

hp0;−p0jUmom;latjp;−pi

¼ ðe−itG0M − 1Þ jP∠j − 1

M
ð13Þ

⇒
X

p0 ∈P∠

hp0;−p0jUmom;latjp;−pi

¼ 1þ ðe−itG0M − 1Þ jP∠j
M

: ð14Þ

For example, if we chose the region a ¼ −π=4, b ¼ π=4
(a quarter of the circle) for M ≫ 1, then jP∠j ¼ M=2,
showing that the coherently summed survival probability
nðP∠Þ ¼ j1þ e−itG

0Mj2=4 is nonvanishing in the con-
tinuum limit. In principle, we can consider this volume
jP∠j a wave packet size in the angle of an outgoing
neutrino’s momentum, over whose basis states we have
summed coherently to obtain a finite result. We can
familiarize ourselves with this result by analogy with cross
sections in scattering theory; recall that there we generally
need to integrate over finite ranges of momentum for the
final result to be nonvanishing as well.
To generalize to greater dimensions, we replace the

circumference of a semicircle with the solid angle of a
(d − 1)-dimensional hemisphere, Ωd=2 ¼ πd=2=Γðd=2Þ,
and thus a solid angle per lattice site Ωlat ¼ Ωd=2M over
M sites. Moreover, our coherent sum spans the points
within another solid angle P□ centered around p with size
Ω0 given by 2Ω0=Ωd ∼ ðσp=jpjÞd−1,6 so that Ω0=Ωlat grows
linearly inM ≫ 1. Then, we find our result to generalize to

X
p0 ∈P□

hp0;−p0jUmom;latjp;−pi ¼ 1þ ðe−itG0M − 1Þ 2Ω0

Ωd
;

ð15Þ

again yielding a finite survival probability over the wave
packet nðP□Þ even in the continuum limit of Ωlat → 0 (or,
equivalently, M → ∞). In general, we find that it is vital to
consider the finite width of a wave function for outgoing
particles in the neutrino-neutrino interaction; only in this
way do we recover a nontrivial physical prediction from
this Standard Model interaction. We have seen thus far on
the lattice that a coherent sum over states encompassed by
an outgoing wave packet permits a finite prediction for the
interaction. Calculations of only plane waves result in a
trivial interaction in a continuum limit, as their width in
momentum is reduced to zero in this case. We may find
similar physical behaviors for the time evolution of
approximate plane waves, if we repeat our calculation
starting from the continuum Hamiltonian of Eq. (3), as we
see in the following section.

IV. PLANE WAVE NEUTRINOS INTERACTING
IN THE CONTINUUM

The calculations performed above begin with a lattice
model approximating our original Hamiltonian of Eq. (3)
and attempt to restore the continuum limit for a simple
CoM scattering problem. Let us now revisit the original
Hamiltonian and briefly reiterate the above argument,
without the use of a lattice, to illustrate the need for more
careful consideration of quantization volume (i.e., wave
packet size) when treating this problem.
Again, we consider the factored Hamiltonian for

momentum transfer between a pair of neutrinos,

Hmom ¼GFffiffiffi
2

p
Z

fðp;qÞfðp0;q0Þ�a†ðp0Þa†ðq0ÞaðpÞaðqÞ

× ð2πÞdδðpþq−p0−q0Þ dp
ð2πÞd

dq
ð2πÞd

dp0

ð2πÞd
dq0

ð2πÞd ;

ð16Þ
acting on CoM states jp0;−p0i,7

Hmomjp0;−p0i ¼
ffiffiffi
2

p
GF

Z
jp0;−p0i dp0

ð2πÞd : ð17Þ

As in the lattice calculation, we find Hmom “forgets” the
initial direction of the incoming neutrinos in the CoM

5Note that when we choose a lattice spacing in momentum
space as coarse as the wave packet size, Ap ∼ σp, we recover an
interpretation that a neutrino field is localized to a single site on
the lattice. Otherwise, we must perform the appropriate summa-
tion over sites within a wave packet’s reach.

6Here, we are considering an exact CoM frame, such that there
is no uncertainty in the magnitude of jpj; if we are to introduce
uncertainty here as well with the same size σp, then we consider a
thin volume instead of a definite solid angle and effectively
replace our fraction with 2Ω0=Ωd ∼ ðσp=jpjÞd. The analysis that
follows remains unchanged.

7These quantum states of definite momenta are defined such
that hpjp0i ¼ ð2πÞdδðp − p0Þ. In principle, they also require some
normalization, given usually by a quantization volume in position
space, V (see, e.g., Ref. [40]). This volume becomes all the more
essential to avoid ill-defined squares of Dirac distributions when
calculating inner products of states of equal and opposite
momenta, hp;−pjp0;−p0i ∼ Vdð2πÞdδðp − p0Þ.
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frame. Consequently, we may observe a similar idempo-
tence property in the continuous space of CoM states,

Hn
momjp0;−p0i ¼ ð

ffiffiffi
2

p
GFϕ0Þn−1Hmomjp0;−p0i; ð18Þ

where ϕ0 ≔
R
dp=ð2πÞ3 is a volume of the outgoing

momenta space, which must be renormalized (e.g., via a
cutoff Λ) to obtain a finite result. The evolution of a state in
the CoM frame again becomes easy to compute,

Umomjp0;−p0i

¼
�
1þ ðe−it

ffiffi
2

p
GFϕ0 − 1Þ Hmomffiffiffi

2
p

GFϕ0

�
jp0;−p0i: ð19Þ

Thus, we recover the same trivial behavior in the infinite-
volume limit ϕ0 → ∞ as we had seen in the continuum
limit of the earlier lattice calculation. Conversely, we can
begin to resolve this paradoxical behavior and recover
nontrivial interaction through the more careful treatment of
the momentum volume.
Indeed, for the general initial state of plane waves

jp0;q0i with total momentum ptot ¼ p0 þ q0, we may
generalize the result of Eq. (17),

Hmomjp0;q0i ¼
GFffiffiffi
2

p fðp0;q0Þ
Z

fðp0;ptot − p0Þ�

× jp0;ptot − p0i dp0

ð2πÞd ; ð20Þ

implying

Hn
momjp0;q0i ¼ ½

ffiffiffi
2

p
GFϕðptotÞ�n−1Hmomjp0;q0i; ð21Þ

where ϕðptotÞ ≔
1

2

Z
jfðp0;ptot − p0Þj2 dp0

ð2πÞd ; ð22Þ

and therefore,

Umomjp0;q0i ¼
�
1þ ðe−it

ffiffi
2

p
GFϕ − 1Þ Hmomffiffiffi

2
p

GFϕ

�
jp0;q0i:

ð23Þ

We now have a similar interesting result in terms of the
volume of the space of outgoing momentum ϕðptotÞ, where
jptotj is the scale for this volume independent of the
renormalization of this integral, now keeping our result
finite. Here,

ffiffiffi
2

p
GFϕ plays the same dual role as didG0M in

the previous lattice calculation of both the phase for
oscillations in momentum and the normalization of the
Hamiltonian term of the evolution formula [c.f., Eq. (12)].
As we show in the Appendix, the volume can indeed be
renormalized and found to be jptotj3=24π2. Estimating the
momentum volume ϕ ∼ E3 with the energy scale E, we

compute the timescale of this interaction to beOð1=GFE3Þ.
Intriguingly, this timescale is proportional to the estimate of
Ref. [29] via the combination of a mean-field approxima-
tion H ∼GFρν and a quasistatic equilibrium ρν ∼ E3; here,
we have made neither of these approximations to arrive at
the same estimate. In fact this result is quite general; when
we consider more general initial conditions later, we find
this interaction to have the same timescale.
If we return to the question of scattering in the CoM

frame, we find from ptot → 0 that ϕðptotÞ → 0, and there-
fore, the evolution reduces to

Umomjp0;−p0i → ð1 − itHmomÞjp0;−p0i

¼ jp0;−p0i − it
ffiffiffi
2

p
GF

Z
jp;−pi dp

ð2πÞ3 :

ð24Þ

The above result may appear to be nonunitary, but carefully
note that our renormalized Hamiltonian becomes nilpotent
in the CoM, where ϕ → 0 in Eq. (21). A more intuitive and
complete analysis of this problem can be broached if we
treat our problem more generally with wave packets as
opposed to only plane waves, as we proceed in the
following section. Nevertheless, we have seen that a
calculation starting from the continuum interaction agrees
with and complements both the numerical and analytical
treatments on the lattice from our previous section. In
particular, we have reiterated how approximate plane wave
neutrino states interact on a timescale 1=

ffiffiffi
2

p
GFϕ, although

questions about the strength of their interaction would
entail further consideration of wave packet size.

V. INTERACTING NEUTRINO WAVE PACKETS

A general formalism for calculating the oscillations of
neutrinos modeled as plane waves or more generic wave
packets was introduced by Kiers, Nussinov, and Weiss in
Ref. [35]. In their case, oscillations in vacuum and dense
matter were considered. We adopt this approach and now
consider the case of neutrinos interacting with each other.
In this manner, we hope to gain a better understanding of
how neutrino interactions manifest as a function of wave
packet size and ultimately could survive from becoming
trivial as per the earlier lattice calculation.
Recall that a spherically symmetric Gaussian8 wave

packet may be written as

8Our analysis proceeds with this particular shape of wave
function. However, we claim that our results are similar for more
general shapes of wave functions that are still mostly confined to
the same length scale as the Gaussian wave packet size. However,
there may be important further considerations in an analysis of
relativistic scattering of asymmetric wave packets, as argued for
the case of hadrons in Ref. [42].
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jψpi ¼
Z

ψpðp0Þjp0i dp0

ð2πÞd

¼ ð2πÞd=2
ð ffiffiffiffiffiffi

2π
p

σpÞd=2
Z

e−ðp−p0Þ2=4σ2p jp0i dp0

ð2πÞd ; ð25Þ

in d spatial dimensions. Indeed, this description also
includes regularized plane waves with quantization volume
V ¼ σdx ∼ σ−dp . For small wave packet sizes σp ≪ jpj,
we find that the Gaussian wave packet behaves simi-
larly to a Dirac distribution, exp½−ðp − p0Þ2=4σ2p�≈
ð ffiffiffiffiffiffi

4π
p

σpÞdδðp − p0Þ, representing the plane wave state

ð ffiffiffiffiffiffiffiffi
2=π

p
σpÞd=2jpi. Crucially, this basis is overcomplete, in

the sense that

hψpjψp0 i ¼ e−ðp−p0Þ2=8σ2p : ð26Þ
In this way, the finite wave packet size sidesteps the need to
regularize inner products of multiparticle states and thereby
simplifies our analysis.
We can then consider the evolution of interacting wave

packets in this formalism with the Hamiltonian of Eq. (16),

Hmomjψp0
;ψq0i ¼

GFffiffiffi
2

p
Z

ψp0
ðpÞψq0ðqÞ

× fðp;qÞfðp0;pþ q − p0Þ�jp;qi

×
dp0

ð2πÞd
dp

ð2πÞd
dq

ð2πÞd : ð27Þ

The result is mostly the same as in Eq. (20), though we now
convolve that state with the wave packet shape of the
incoming neutrinos ψp0

ψq0 . Further, the analogue to our
idempotence property from the planewave treatment is now

Hn
momjψp0

;ψq0i ¼
Z

ψp0
ðpÞψq0ðqÞ

× ½
ffiffiffi
2

p
GFϕðpþ qÞ�n−1Hmomjp;qi

×
dp

ð2πÞd
dq

ð2πÞd ; ð28Þ

implying for the time-evolved survival probability
Ps ¼ jhe−itHij2, in particular,

he−itHmomi − 1

¼
Z

ψp0
ðpÞψp0

ðp0Þ�ψq0ðqÞψq0ðpþ q − p0Þ�

× ðe−it
ffiffi
2

p
GFϕðpþqÞ − 1Þ fðp;qÞfðp

0;pþ q − p0Þ�
2ϕðpþ qÞ

×
dp0

ð2πÞd
dp

ð2πÞd
dq

ð2πÞd : ð29Þ

We can further analyze this form in the limits of small
wave packet sizes σp ≫ jp0j; jq0j and large wave packet

sizes σp ≪ jp0j; jq0j. In the latter case, we recover a
treatment of plane waves of quantization volume
V ∼ σ3x ∼ σ−3p . Functionally, we find that the wave packets
in momentum space are then well approximated by Dirac
distributions,

ψp0
ðp0Þψp0

ðpÞ�≈ð2πÞd=2ð4πσpÞdδðp0−pÞδðp−p0Þ; ð30Þ

and so our survival simplifies as

he−itHmomi − 1 ≈ ð4πÞdð
ffiffiffiffiffiffi
2π

p
σpÞd

× ðe−it
ffiffi
2

p
GFϕðp0þq0Þ − 1Þ jfðp0;q0Þj2

2ϕðp0 þ q0Þ
:

ð31Þ

Note that had we chosen general outgoing momenta for the
wave packets p0

0;q
0
0 with comparable sizes, we would still

find amplitudes to approximate Dirac distributions and find
a similar probability for arbitrary outgoing momenta.
Indeed, in this case, as we take σp ≪ jpj, we can use
Eqs. (20) and (23) to estimate the (normalized) matrix
elements for p0

0 þ q0
0 ¼ p0 þ q0,

σ2dp hp0
0;q

0
0jðU − 1Þjp0;q0i

¼ ðe−it
ffiffi
2

p
GFϕ − 1Þ fðp0;q0Þfðp0

0;q
0
0Þ�

2ϕ
σdp: ð32Þ

In order to estimate a quantity like the scattering
amplitude from our above forms, we must also approximate
the length in time of the interaction t ∼ σx ∼ σ−1p . If the box
size is within the range GFE2 ≪ σp=E ≪ 1,9 then we find
the above amplitude to reduce to ∼GFσ

2
p. We arrive at the

same result if we take the CoM limit (ϕ → 0) without
assuming this lower bound on the size of σp. Our cross
section for neutrino wave packets Σνν ∼G2

Fσ
4
p=E2 ¼

ΣWðσp=EÞ4 appears similar to the well-known weak cross
section ΣW ≔ G2

FE
2.

If we are to instead consider spatially narrow wave
packets σp ≫ E, then we may instead integrate over the
large region in which incoming and outgoing Gaussian
momentum distributions evaluated in he−itHi are over-
lapping and approximately constant ∼σ−d=2p . In this case,
we may again linearly approximate our exponential since
tGFE3 ≪ 1. Meanwhile, integrals over momenta each
yield factors of σdp. Thus, we again estimate

9Observe the width of this range for E ∼MeV spans 11
orders of magnitude. Let us also briefly remark that from
observed supernova neutrino luminosities Lν ∼ 1053 ergs=s
we may roughly estimate with a bulb model [43], ρν ≈ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðLν=EÞ=4πR2
ν

p
∼ σ3p, that the limit σp ≲ E begins around

Rν ≳ 100 km.
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he−itHi − 1 ∼ GFσ
2
p, although here we see nonforward

scattering to play a more significant role.
It is tempting then to conclude that our result for the

neutrino wave packet scattering amplitude ∼GFσ
2
p is quite

general, observing it for both narrow wave packets and
plane waves. However, direct calculation of the above
integrals for Eq. (29) in the regime σp ∼ E remains a more
complicated task. Let us instead argue intuitively that in the
limit of σp ∼ E we have taken our box size to be around the
Compton wavelength. Precisely in this regime is where
typical particle physics scattering arguments are already
well established, and we would expect the usual weak cross
section Σνν → ΣW from our calculation σp → E.
Adopting the framework of treating the evolution of

general wave packet sizes, we have been able to connect the
behavior of interacting “plane waves” (functionally,
σp ≪ E) with that of “wave packets” (σp ≫ E). In general,
we find the timescale of the interaction to be dependent on
the

ffiffiffi
2

p
GFϕ, where ϕ ∼ E3 is the volume of momenta

accessible in this interaction. In addition, we have obtained
a sort of invariant formula for the amplitude of their
interaction ∼GFσ

2
p.

VI. ULTRARELATIVISTIC PARTICLES
AND WEAK INTERACTIONS

Before we conclude, let us return to a discussion of a
more complete Hamiltonian of interacting neutrinos,
including not only the potential itself but also the kinetic
energy, usually given in the form

Hν ¼
XNf

i¼1

Z
niðpÞEiðpÞ

dp
ð2πÞd ; ð33Þ

where niðpÞ ¼ a†i ðpÞaiðpÞ is again the number occupancy
operator for a neutrino of mass mi, and EiðpÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
≈ jpj½1þOðm2

i =jpj2Þ� is the relativistic energy
of a free neutrino. Thus far, our analysis has been limited to
the effects on neutrino wave packets of the interaction
potential. Let us consider now a slightly more complete
analysis with the Hamiltonian Hν þHνν.
First and most crucially, note the large separation of

scales between these terms, kHνk ∼MeV per a pair of
neutrinos, whereas kHννk ∼ GFkHνk3 ∼ 10−10 MeV for a
comparable pair. As such, we can expect that some sort of
perturbative approaches should apply for wave packets as
well as plane waves, and we consider both cases separately
now. In short, we hope to indicate with this extra consid-
eration that our earlier results focusing on H ¼ Hνν still
provide valid physical insights to ultrarelativistic, interact-
ing neutrinos.
As we have seen in the previous section, the timescale on

which the neutrino interaction varies is related to the wave
packet size; τ ∼ σx ∼ σ−1p . In the case of neutrino plane

waves (σp ≪ E), where the wave packet is much larger
than the Compton wavelength of the particle, the effective
potential should change slowly, thereby producing an
adiabatic transition as neutrinos interact. That is, for plane
waves, the evolution of the interaction satisfies the con-
dition for adiabaticity,

σp ∼
���� 1

Em − En

�
Em; t

���� ∂H
∂t

����En; t

	����
≪

����
�
Em; t

���� ∂
∂t

����En; t

	���� ∼ E; ð34Þ

for energy levels Em, En evolving in time. Consequently, if
we take plane waves as our initial state, then we find our
evolved wave function to remain an approximately definite
kinetic energy eigenstate throughout the interaction and
afterward (t ≫ σ−1p ), up to order OðGFE2Þ. Any error
produced in results from this approximation of adiabaticity
must be limited in size to Oðσp=EÞ per our analysis above.
In contrast, narrow spatial wave packets (σp ≫ E) of

neutrinos would interact very much nonadiabatically, i.e.,
τE ∼ E=σp ≪ 1. Conveniently, in this case, we may simply
perform a Suzuki-Trotter expansion of our time evolution
operator, effectively separating our analysis of the potential
from the kinetic term via

e−iτðHνþHννÞ ¼ e−iτHνe−iτHνν þOððτEÞ2Þ: ð35Þ

We could thus isolate altogether the evolution operator of
the interaction expð−itHννÞ considered in earlier sections
incurring an error in our short time evolution of OðE2=σ2pÞ
in this case.

VII. CONCLUSIONS

One might ask how the triviality of the continuum limit
shown in our lattice problem can be resolved with well-
known results for the weak interaction insofar as they may
apply to neutrinos. To this question we must answer that we
find the neutrino wave packet size to play a crucial role in
the neutrino-neutrino interaction, and it therefore would be
most appropriate to maintain a finite discretization in
momentum space Ap ∼ σp ∼ V−1=3 for the lattice model
or otherwise to appropriately sum over the growing number
of lattice sites within a wave packet’s width as the lattice
grows finer. In our CoM problem presented earlier, this
fixture would amount to selecting a finite number of
momentum pairs M ∼ ρν=E3, in which case oscillations
from neutrino-neutrino interactions are still nonvanishing.
Additionally, in the limit of interacting plane waves, we

have shown that the forward scattering (i.e., flavor swap-
ping) will be most physically interesting, as the invariant
scattering amplitude (or, equivalently, cross section) is
directly related to the spread in momentum space, which
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is small by assumption here, and therefore may have little
bearing on kinematics. Conversely, in the limit of small
neutrino wave packets, we see that nonforward scattering
plays a larger role. The analysis presented above considers
a picture of two ultrarelativistic neutrinos scattering via the
weak interaction, using varied wave packet sizes. It is
therefore somewhat generic in helping to better understand
neutrino-neutrino interactions, but it is also simplistic and
leaves room for further analysis along various directions.
While we have considered the effects of including more

allowed momentum states in our simulations of the
neutrino interaction, we have not yet comprehensively
probed the effects of including more neutrinos occupying
those states in simulations simultaneously. As such, the
consequences of this analysis through the lens of a many-
body theory still need to be seen in future work. The
evolution of more than two interacting neutrino wave
packets could be much more complicated to predict, yet
it could induce more intricate or emergent behaviors yet to
be uncovered; without further study, we cannot yet say
what consequences the inclusion of wave packet nature
would have on many-body neutrino physics. Nevertheless,
we maintain that an analysis with two neutrinos can say
much about the physics of this interaction. The interaction
of neutrinos with antineutrinos is not directly addressed in
our analysis and opens up greater complexity to be
investigated, as would an explicit treatment of the spin
nature of neutrinos and antineutrinos alike. Although the
generalization of our analysis to arbitrary numbers of
neutrino flavors is straightforward since we did not depend
upon a choice of Nf in this work, there may be more
features of entanglement between momenta and flavor yet
to be appreciated.
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APPENDIX: VOLUME OF OUTGOING
MOMENTUM SPACE

In Sec. III, we introduce the space of outgoing momen-
tum states permitted by the weak interaction of neutrinos
with incoming momenta p0 þ q0 ¼ ptot. Here, we show the
calculation of volume for this space, ϕ, defined in Eq. (22).
We begin by recognizing the dependence of this volume

on the geometry of incoming momenta,

ϕðptotÞ ¼
1

2

Z
ð1 − cos θp0;ptot−p0 Þ dp0

ð2πÞd ; ðA1Þ

while

cos θp0;ptot−p0 ¼ p0 · ðptot − p0Þ
jp0jjptot − p0j

¼ jptotj cos θp0;ptot
− jp0j

jptot − p0j ; ðA2Þ

so we have the simple formula,

ϕðptotÞ ¼
1

2

Z �
1 − jptotj

cos θp0;ptot

jptot − p0j þ
jp0j

jptot − p0j
�

×
dp0

ð2πÞd : ðA3Þ

Now, choosing to renormalize this integral using a high-
momentum cutoff jp0j ≤ Λ, taken such that Λ > jptotj as
well, we can evaluate the integrals of each of the three
integrand terms in Eq. (A3) with spherical geometry,

Z
fjp0j≤Λg

dp0 ¼ 4π

3
Λ3; ðA4Þ

Z
fjp0j≤Λg

cos θp0;ptot

jptot − p0j dp
0 ¼ 4π

3
jptotjΛ − πjptotj2; ðA5Þ

Z
fjp0j≤Λg

jp0j
jptot − p0j dp

0 ¼ 4π

3
Λ3 −

π

3
jptotj3: ðA6Þ

Explicitly, the latter terms can be calculated naturally
in a piecewise fashion over the complementary regions
fjp0j ≤ jptotjg and fjptotj < jp0j < Λg, as
Z jp0j

jptot − p0j dp
0

¼ 2π

jptotj
Z

ðjp0j þ jptotj − jjp0j − jptotjjÞjp0j2djp0j; ðA7Þ
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Z
cos θp0;ptot

jptot − p0j dp
0

¼ 2π

3jptotj2
Z

½ðjp0j2 − jp0jjptotj þ jptotj2Þðjp0j þ jptotjÞ

− ðjp0j2 þ jp0jjptotj þ jptotj2Þjjp0j − jptotjj�djp0j: ðA8Þ

In summary, our momentum volume with a cutoff Λ
becomes

ϕðptotÞ¼
1

2ð2πÞ3
�
8π

3
Λ3−

4π

3
Λjptotj2þ

2π

3
jptotj3

�
: ðA9Þ

Intuitively, our final result must be independent of the
scheme of renormalization. More precisely, we should
expect that the effective field theory of the Fermi

four-point interaction with a hard momentum cutoff also
involves a cutoff dependence in our Fermi coupling
GFðΛÞ. Ultimately, one can show that, in allowing for
this dependence, we also introduce counterterms to our
Hamiltonian that are dependent on the cutoff Λ and
include higher order derivatives producing OðGFjpj2Þ
corrections, which we would demand to cancel any
such Λ-dependence in the calculation of relevant observ-
ables. Thus, we can identify a renormalized value for the
volume of our allowed momentum space with the cutoff-
independent contribution,

ϕðptotÞ →
jptotj3
24π2

: ðA10Þ
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