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We investigate the local characteristics of the Fulling-Rindler vacuum for a massive Dirac field induced
by a planar boundary moving with constant proper acceleration in (Dþ 1)-dimensional flat spacetime. On
the boundary, the field operator obeys the bag boundary condition. The boundary divides the right Rindler
wedge into two separate regions, called right-left (RL) and right-right (RR) regions. In both these regions,
the fermion condensate and the vacuum expectation value (VEV) of the energy-momentum tensor are
decomposed into two contributions. The first one presents the VEVs in the Fulling-Rindler vacuum when
the boundary is absent and the second one is the boundary-induced contribution. For points away from the
boundary, the renormalization is reduced to the one for the boundary-free geometry. The total VEVs are
dominated by the boundary-free parts near the Rindler horizon and by the boundary-induced parts in the
region near the boundary. For a massive field the boundary-free contributions in the fermion condensate and
the vacuum energy density and effective pressures are negative everywhere. The boundary-induced
contributions in the fermion condensate and the energy density are positive in the RL region and negative
in the RR region. For a massless field the fermion condensate vanishes in spatial dimensionsD ≥ 2, while the
VEVof the energy-momentum tensor is different from zero. This behavior contrasts with that of the VEVs in
theMinkowski vacuum for the geometry of a boundary at rest relative to an inertial observer. In the latter case,
the fermion condensate for a massless field is nonzero, while the VEV of the energy-momentum tensor
becomes zero. The obtained results are used to investigate theVEVof the fermionic energy-momentum tensor
in weak gravitational fields and background geometries that are conformally related to Rindler spacetime.

DOI: 10.1103/r3hf-lcl8

I. INTRODUCTION

The Rindler coordinates xμ¼ðτ;ρ;x2;…;xDÞ in (Dþ 1)-
dimensional flat spacetime, with the variation range
τ∈ð−∞;þ∞Þ, ρ∈ ½0;∞Þ, xi∈ ð−∞;þ∞Þ, i ¼ 2;…; D,
realize the reference frame of uniformly accelerated observ-
ers. They are related to the Minkowskian coordinates
x0μ ¼ ðx00 ¼ t; x01; x02;…; x0DÞ of inertial observers by
the coordinate transformation

t¼ρsinhτ; x1¼ρcoshτ; x0i¼xi; i¼2;…; D: ð1:1Þ
With this transformation, the line element in the Rindler
coordinates reads

ds2R ¼ gμνdxμdxν ¼ ρ2dτ2 − dρ2 − dx2; ð1:2Þ

where x ¼ ðx2; x3;…; xDÞ. The worldlines ρ ¼ const and
x ¼ const describe a uniformly accelerating observer
following the trajectory parallel to the x1 axis and having
a proper acceleration 1=ρ. The proper time τp of the
observer is expressed in terms of the dimensionless time
coordinate τ as τp ¼ ρτ. The hyperplanes x1 ¼ �t are
horizons for Rindler observers. They divide the Minkowski
spacetime into four wedges. For the coordinates defined
in (1.1) one has x1 > jtj and they correspond to the so
called right (R) region. The coordinate transformation in
the wedge x1 < −jtj [left (L) region] is given by (1.1) with
x1 ¼ −ρ cosh τ. The remaining wedges t > jx1j and
t < −jx1j present the future (F) and past (P) regions of
the Minkowski spacetime. The corresponding transforma-
tions read t ¼ �ρ cosh τ, x1 ¼ ρ sinh τ.
The interest to the Rindler spacetime, as a background

geometry in quantum field theory, is motivated by a number
of reasons. First of all, the Rindler geometry is a classic
example for discussing fundamental issues such as the
observer dependence of the concepts of vacuum and
particles. The Rinlder metric tensor is static and the
canonical quantization of a given field can be realized
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by using the modes of a given energy in both Rindler and
Minkowskian coordinates. Expanding the field operator
over those modes, the vacuum and particle states are
constructed following the standard procedure. It turns
out that the vacuum states constructed on the basis of
Rindlerian and Minkowskian modes (Fulling-Rinlder and
Minkowski vacua, respectively) are different (see, for
example, Refs. [1–3]). An observer moving with constant
acceleration registers Rindler quanta in the Minkowski
vacuum (the Unruh effect [4–6]), and an inertial observer
registers particles in the Fulling-Rindler vacuum. The
simplest example of the system registering particles is
the Unruh–de Witt pointlike detector [1]. An important
difference between Rindler observers and inertial observers
is the presence of an event horizon related to the accelerated
motion. The presence of the horizon introduces new
qualitative features in quantum field-theoretical effects.
The relative simplicity of the Rindler geometry allows
one to obtain closed analytical results for physical char-
acteristics describing the state of a quantum field. This
helps to understand the consequences of the existence of a
horizon in more complex situations in curved space time,
including those for de Sitter and black hole geometries.
An interesting quantum phenomena is the entanglement
between the states in the regions separated by horizons. In
the Rindler geometry the worldlines of uniformly accel-
erating observers are located in the right and left wedges.
For those observers, the Minkowski vacuum is an entangled
state that connects the states in separate wedges (see, for
example, Refs. [7–10] and references therein).
An intriguing macroscopic manifestation of the non-

trivial physical properties of the quantum vacuum is the
Casimir effect (for reviews see Refs. [11–14]). It is a
boundary-induced phenomenon caused by the influence
of boundaries on quantum fluctuations of fields. The effect
has been thoroughly investigated for both bosonic and
fermionic fields and for various geometries of boundaries
and background spacetime. A series of high-precision
experiments confirm the Casimir effect for electromagnetic
field in problems involving conducting and dielectric
boundaries. An interesting topic in the investigations on
the Casimir effect is the dependence of the expectation
values of physical quantities on the chosen vacuum state.
In the present paper we study the Casimir contributions in
the fermion condensate and the mean energy-momentum
tensor for a Dirac field, induced by a planar boundary
moving with constant proper acceleration through the
Fulling-Rindler vacuum state (quantum fermionic fields
in Rindler spacetime have been considered in various
aspects in the literature, see, e.g., Refs. [15–32]). Similar
studies have been conducted previously in Refs. [33–38]
for scalar and electromagnetic fields in the geometry of a
single and two parallel planar boundaries. Note that the
problems of the Fulling-Rindler vacuum polarization by
moving boundaries are closely related to the investigation

of the Casimir effect in weak gravitational fields (see, for
example, Refs. [39–50]).
The organization of the paper is as follows. The problem

setup and the Dirac modes in the RR and RL regions,
separated by a mirror, are presented in the next section. In
Sec. III we investigate the fermion condensate in those
regions. The boundary-induced contributions are explicitly
separated and their behavior in asymptotic regions of the
parameters is studied. The corresponding investigation for
the expectation value of the energy-momentum tensor is
given in Sec. IV. The main results are summarized in
Sec. VI. In Appendix A we present the details of the
evaluation of the normalization integrals in the RR and RL
regions. In Appendix B, by using the generalized Abel-
Plana formula, a summation formula is derived for the
series appearing in the expressions of the expectation
values in the RR region. The proof of the identities, used
for the separation of the boundary-induced contributions in
the expectation values for the RL region, is presented in
Appendix C.

II. PROBLEM SETUP AND FERMIONIC MODES

A. Problem setup

Consider a fermionic field ψðxμÞ in background of
spacetime described by the line element (1.2). The
(Dþ 1)-bein fields will be taken in the form
eμð0Þ ¼ δμ0=ρ, e

μ
ðbÞ ¼ δμb, b ¼ 1; 2;…, and for the covariant

components of the metric tensor, gμν ¼ ηabe
ðaÞ
μ eðbÞν , one has

gμν ¼ diagðρ2;−1;…;−1Þ. Here, ηab is the Minkowskian
metric tensor in Cartesian coordinates with
a; b ¼ 0; 1;…; D. The field operator obeys the Dirac
equation

ðiγμ∇μ −mÞψ ¼ 0; ∇μ ¼ ∂μ þ Γμ; ð2:1Þ

with the spin connection Γμ. For the N × N Dirac matrices
in the coordinates xμ we have the relation γμ ¼ eμðbÞγ

ðbÞ,

where γðbÞ are the flat spacetime gamma matrices in
Cartesian coordinates (for the construction of the matrices
γðbÞ in general number of the spacetime dimension see, e.g.,
Refs. [51,52]). They obey the anticommutation relation
fγμ; γνg ¼ 2gμν and we will assume that the field ψðxμÞ
realizes the irreducible representation of this Clifford
algebra. For odd values of spatial dimension D, the
irreducible representation is unique (up to a similarity
transformation). For even D one has two inequivalent
irreducible representations. The dimension of the Dirac
matrices in the irreducible representation is given by
N ¼ 2½ðDþ1Þ=2�, where ½� � �� stands for the integer part of
the enclosed expression. Denoting the covariant derivative
for vector fields by ;, the spin connection is expressed
as Γμ ¼ γðaÞγðbÞeνðaÞeðbÞν;μ=4.
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Our main interest is the shift in the vacuum expectation
values (VEVs) of the physical characteristics of the Fulling-
Rindler vacuum induced by a uniformly accelerated mirror
moving along the axis x1 with a proper acceleration 1=ρ0.
On the boundary ρ ¼ ρ0 with the normal nμ the Dirac field
obeys the bag boundary condition

ð1þ inμγμÞψ ¼ 0: ð2:2Þ

In the MIT bag model of hadrons, this boundary condition
is used to confine quarks within a finite volume. It ensures
that there is no flux of fermions at the boundary on which
the boundary condition is imposed. From this condition, it
follows that nμjμ ¼ 0 for ρ ¼ ρ0, where jμ ¼ ψ̄γμψ being
the current density. Here and below, ψ̄ ¼ ψ†γð0Þ is the Dirac
conjugate for the field ψ . Due to the condition (2.2), the
boundary ρ ¼ ρ0 reflects all the fermion modes. In this
sense, the boundary can be called a mirror for the Dirac
field. In the following, the terms boundary and mirror will
be used interchangeably. We assume that the mirror is
located in the R wedge of the Rindler geometry. It divides
the R region into two subregions: region 0 ≤ ρ < ρ0 (RL
region) and region ρ0 < ρ < ∞ (RR region). For the
components of the normal in those regions we have
nμ ¼ δðJÞδ1μ with δðJÞ ¼ −1 in the RR region and δðJÞ ¼ 1

in the RL region. In Fig. 1 we plotted the coordinate lines in
the R wedge of the Rindler spacetime. The worldline of the
mirror, separating the RL and RR regions, is plotted by a
thick curve.

As physical characteristics of the fermionic Fulling-
Rindler vacuum, the fermion condensate and the expect-
ation value of the energy-momentum tensor will be
considered. The evaluation procedure we will employ is
based on the summation of the corresponding mode sums
over the complete set of fermionic modes. In what follows
we specify the mode functions and the eigenvalues of
quantum numbers for the RL and RR regions.

B. Mode functions: General structure

We want to find a complete set of solutions to Eq. (2.1)
for the geometry (1.2) obeying the boundary condition
(2.2). The expression for the spin connection is simplified
to Γμ ¼ δ0μγ

ð0Þγð1Þ=2. Following the procedure described in

[32], the positive and negative energy modes, ψ ðþÞ
σ and

ψ ð−Þ
σ , respectively, are presented in the form

ψ ð�Þ
σ ðxμÞ ¼ Nσe∓iωτþik·xZiω∓1

2
γð0Þγð1Þ ðλρÞχð�Þ

η ðkÞ; ð2:3Þ

where k ¼ ðk2;…; kDÞ and the function ZνðxÞ is the
linear combination of the modified Bessel functions
IνðxÞ and KνðxÞ,

ZνðxÞ ¼ C1σIνðxÞ þ C2σKνðxÞ: ð2:4Þ

In (2.3), σ ¼ ðω;k; ηÞ presents the set of quantum numbers
specifying the modes, and

λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
; k ¼ jkj: ð2:5Þ

The quantum number η specifies the spinorial degrees
of freedom. For the energy of the mode (2.3), measured
by an observer with fixed spatial coordinates ðρ;xÞ, one
has ερ ¼ ω=ρ.

The spinors χð�Þ
η ðkÞ obey the relation

PðkÞχð�Þ
η ðkÞ ¼ χð�Þ

η ðkÞ; ð2:6Þ

where

PðkÞ ¼ 1

2

�
1 − iγð1Þ

γkþm
λ

�
; γk ¼

XD
i¼2

γðiÞki: ð2:7Þ

For the operator (2.7), the properties P2ðkÞ ¼ PðkÞ and
P†ðkÞ ¼ PðkÞ are easily checked. The orthonormality and
completeness relations

χð�Þ†
η ðkÞχð�Þ

η0 ðkÞ ¼ δηη0 ;X
η

χð�Þ
ηα ðkÞχð�Þ†

ηβ ðkÞ ¼ PαβðkÞ; ð2:8Þ
FIG. 1. Coordinate lines τ ¼ const and ρ ¼ const in the R
region of the Rindler spacetime on the plane ðx1; tÞ. The world-
line of a uniformly accelerating mirror is depicted by a thick line.
It separates the RL and RR regions.
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take place for χð�Þ
η ðkÞ, with α and β being spinor indices. In

addition, by using (2.6), the property

�
1þ iγð1Þ

γkþm
λ

�
χð�Þ
η ðkÞ ¼ 0; ð2:9Þ

is easily proven.

The boundary condition for the modes (2.3) is written as

ð1þ iδðJÞγð1ÞÞZiω∓1
2
γð0Þγð1Þ ðλρÞχð�Þ

η ðkÞ ¼ 0: ð2:10Þ

By using the relation (see also Ref. [15])

fðγð0Þγð1ÞÞ ¼ 1

2

X
ϰ¼�1

ð1þ ϰγð0Þγð1ÞÞfðϰÞ; ð2:11Þ

for a given function fðxÞ, the condition is rewritten as

X
ϰ¼�1

h
1þ ϰγð0Þγð1Þ þ iδðJÞðγð1Þ þ ϰγð0ÞÞ

i
χð�Þ
η ðkÞZiω∓ϰ

2
ðλρÞ ¼ 0: ð2:12Þ

Multiplying by χð�Þ†
η ðkÞ and summing over η we get

X
ϰ¼�1

X
η

χðþÞ†
η ðkÞ

h
1þ iδðJÞðϰγð0Þ þ γð1ÞÞ

i
χð�Þ
η ðkÞZiω∓ϰ

2
ðλρ0Þ ¼ 0; ð2:13Þ

where the relation

χð�Þ†
η0 ðkÞγð0Þγð1Þχð�Þ

η ðkÞ ¼ 0; ð2:14Þ

has been used. This relation follows from (2.9). The further
simplification of (2.13) is done by using the relations

X
η

χðjÞ†η ðkÞχðjÞη ðkÞ ¼ N
2
;

X
η

χðjÞ†η ðkÞðϰγð0Þ þ γð1ÞÞχðjÞη ðkÞ ¼ imN
2λ

; ð2:15Þ

with the result

Ziω−1
2
ðλρ0Þ þ Ziωþ1

2
ðλρ0Þ ¼ 0; ð2:16Þ

for both positive and negative energy modes.
The mode functions (2.3) are normalized by the

condition

Z
dDx

ffiffiffiffiffi
jgj

p
ψ̄ ð�Þ
σ0 γ0ψ ð�Þ

σ ¼ δσσ0 ; ð2:17Þ

where g is the determinant of the metric tensor. Here, δσσ0 is
understood as Dirac delta function for continuous quantum
numbers and as Kronecker symbol for discrete ones.
We have described the features of the modes which are

the same for the RR and RL regions. In further consid-
eration one needs to specify the region.

C. Mode functions in the RR region

In the RR region, the function Iiω−1
2
γð0Þγð1Þ ðλρÞ exponen-

tially increases for large ρ and for normalizable modes we
should take C1σ ¼ 0. The mode functions are expressed as

ψ ðjÞ
σ ¼ NRR

σ e−jiωτþik·xKiω−j1
2
γð0Þγð1Þ ðλρÞχðjÞη ðkÞ; ð2:18Þ

with j ¼ þ;−. For the ρ-dependent part we have the
relations

½Kiω∓1
2
γð0Þγð1Þ ðλρÞ�† ¼ Kiω�1

2
γð0Þγð1Þ ðλρÞ;

γð0ÞKiω∓1
2
γð0Þγð1Þ ðλρÞ ¼ Kiω�1

2
γð0Þγð1Þ ðλρÞγð0Þ: ð2:19Þ

The eigenvalues of the quantum number ω are determined
by the equation [see Eq. (2.16)]

Kiω−1
2
ðλρ0Þ þ Kiωþ1

2
ðλρ0Þ ¼ 0: ð2:20Þ

Note that this equation can also be written in the form
Re½Kiωþ1

2
ðλρ0Þ� ¼ 0. We will denote the roots of the

equation (2.20) for a given λ by ω ¼ ωn ¼ ωnðλÞ,
n ¼ 1; 2;…. By taking into account that Kiωn�1=2ðλρ0Þ ¼
�Kiωnþ1=2ðλρ0Þ, we get

Kiωn∓1
2
γð0Þγð1Þ ðλρ0Þ ¼ �γð0Þγð1ÞKiωn−1

2
ðλρ0Þ: ð2:21Þ

The normalization condition (2.17) for the modes (2.18)
is written in the form
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JðRRÞηη0;nn0 jNRR
σ j2 ¼ δnn0δηη0

ð2πÞD−1 ; ð2:22Þ

where

JðRRÞηη0;nn0 ¼ χðþÞ†
η0 ðkÞ

Z
∞

ρ0

dρKiωn0þ1
2
γð0Þγð1Þ ðλρÞ

× Kiωn−1
2
γð0Þγð1Þ ðλρÞχðþÞ

η ðkÞ: ð2:23Þ

The coefficient of jNRR
σ j2 is expressed in terms of Jωω0 ,

defined by (A1), with ω ¼ ωn, ω0 ¼ ωn0 , ρ1 → ρ0, ρ2 ¼ ∞,
and ZνðxÞ ¼ KνðxÞ. This gives

JðRRÞηη0;nn0 ¼
δηη0

2i
lim
ρ→ρ0

ρ
X
ϰ¼�1

ϰKiω−ϰ=2ðλρÞKiω0þϰ=2ðλρÞ
ω0−ω

: ð2:24Þ

For n0 ≠ n, we directly put ρ ¼ ρ0 in the arguments of the
Macdonald function and from the boundary condition it
follows that, as expected,

P
ϰ¼�1 ϰKiωn−ϰ=2ðλρÞ×

Kiωn0þϰ=2ðλρÞ ¼ 0. In the limit ω0 → ω, we evaluate the
right-hand side of (2.24) by using l’Hôpital’s rule. By
taking into account that ϰKiωn−ϰ=2ðλρ0Þ ¼ −Kiωnþ1=2ðλρ0Þ,
we get

JðRRÞηη0;nn ¼ δηη0
i
2
ρ0Kiωnþ1=2ðλρ0Þ∂ωK̄iωþ1=2ðλρ0Þjω¼ωn

;

ð2:25Þ

with the notation

K̄iωþ1=2ðzÞ ¼ Kiωþ1=2ðzÞ þ Kiω−1=2ðzÞ: ð2:26Þ

From the Wronskian for the modified Bessel functions,
by taking into account that Kiωn−1=2ðλρ0Þ ¼
−Kiωnþ1=2ðλρ0Þ, one finds

Kiωnþ1
2
ðλρ0Þ ¼ −

1

λρ0Īiωnþ1=2ðλρ0Þ
; ð2:27Þ

where

Īiωþ1=2ðzÞ ¼ Iiωþ1=2ðzÞ − Iiω−1=2ðzÞ: ð2:28Þ

The final expression for JðRRÞηη0;nn0 reads

JðRRÞηη0;nn0 ¼ δηη0δnn0
∂ωK̄iωþ1=2ðλρ0Þ
2iλĪiωþ1=2ðλρ0Þ

����
ω¼ωn

: ð2:29Þ

With this result, the normalization coefficient is obtained
from (2.22),

jNRR
σ j2 ¼ 2iλĪiωþ1=2ðλρ0Þ

ð2πÞD−1
∂ωK̄iωþ1=2ðλρ0Þ

����
ω¼ωn

: ð2:30Þ

Note that K̄−iωþ1=2ðzÞ ¼ K̄iωþ1=2ðzÞ and, hence, the func-
tion K̄iωþ1=2ðzÞ is real for real values of ω and z. In
addition, we have K1=2−iωn

ðλρ0Þ ¼ −K1=2þiωn
ðλρ0Þ and the

function K1=2þiωn
ðλρ0Þ is purely imaginary. From (2.27)

it follows that the same is the case for the function
Īiωnþ1=2ðλρ0Þ and the function iĪiωnþ1=2ðλρ0Þ in (2.30)
is real.

D. Mode functions in the RL region

In the RL region, corresponding to 0 < ρ < ρ0, both the
functions IνðxÞ and KνðxÞ are allowed in (2.4). The relative
coefficient in the linear combination of those functions is
determined by the boundary condition (2.16). The mode
functions are presented in the form

ψ ðjÞ
σ ¼ NRL

σ e−jiωτþik·xZiω−j1
2
γð0Þγð1Þ ðλρÞχðjÞη ðkÞ; ð2:31Þ

where

ZνðλρÞ ¼ e−νπiIνðλρÞ þ CσKνðλρÞ: ð2:32Þ

Note that the function ZνðλρÞ obeys the same recurrence
relations as the function KνðλρÞ [the factor e−νπi in front of
IνðλρÞ is added for this purpose]. The coefficient Cσ is
found from the boundary condition (2.16) and is given by
the expression

Cσ ¼ ieπω
Īiωþ1=2ðλρ0Þ
K̄iωþ1=2ðλρ0Þ

; ð2:33Þ

with the notations (2.26) and (2.28). Note that unlike the
RR region, the spectrum of ω in the RL region is
continuous. It can be shown that

C�
σ ¼ Cσ þ

i
π
ðe2πω þ 1Þ; ð2:34Þ

where the star stands for the complex conjugate.
By using the relation (2.34) we can see that [compare

with (2.19)]

½Ziω∓1
2
γð0Þγð1Þ ðλρÞ�† ¼ Ziω�1

2
γð0Þγð1Þ ðλρÞ;

γð0ÞZiω∓1
2
γð0Þγð1Þ ðλρÞ ¼ Ziω�1

2
γð0Þγð1Þ ðλρÞγð0Þ; ð2:35Þ

and the normalization condition for the positive energy
modes (2.31) is written in the form

JðRLÞηη0;ωω0 jNRL
σ j2 ¼ δðω − ω0Þ

ð2πÞD−1 δηη0 ; ð2:36Þ
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where

JðRLÞηη0;ωω0 ¼ χðþÞ†
η0 ðkÞ

Z
ρ0

0

dρZiω0þ1
2
γð0Þγð1Þ ðλρÞ

× Ziω−1
2
γð0Þγð1Þ ðλρÞχðþÞ

η ðkÞ: ð2:37Þ

By using the result (A9) with ρ2 → ρ0, ρ1 → 0, and the
boundary condition (2.16), we can see that the contribution
from the upper limit ρ ¼ ρ0 becomes zero. The expression
(2.37) is transformed to

JðRLÞηη0;ωω0 ¼ δηη0

2iλ
lim
x→0

x
X
ϰ¼�1

ϰZiω−ϰ=2ðxÞZiω0þϰ=2ðxÞ
ω0 − ω

; ð2:38Þ

where we have introduced x ¼ λρ. By making use of the
asymptotics for the modified Bessel functions for small
values of the argument and the relation (2.34), we can see
that for 0 < x ≪ 1, to the leading order,

X
ϰ¼�1

ϰZiω−ϰ
2
ðxÞZiω0þϰ

2
ðxÞ ≈ iπjCσj2

sin ½ðω − ω0Þ lnðx=2Þ�
x cosh ðωπÞ :

ð2:39Þ

Plugging this in (2.38) and by taking into account that

lim
x→0

sin ðu lnðx=2ÞÞ
u

¼ −πδðuÞ; ð2:40Þ

we get

JðRLÞηη0;ωω0 ¼ δηη0π
2jCσj2

2λ cosh ðωπÞ δðω
0 − ωÞ: ð2:41Þ

With this result, the normalization constant in the RL
region is found to be

jNRL
σ j2 ¼ 8λ cosh ðωπÞ

ð2πÞDþ1jCσj2
; ð2:42Þ

with Cσ given by (2.33).

III. FERMION CONDENSATE

After specifying the normalized mode functions in the
RR and RL regions, we investigate the VEVs of physical
observables. In this section, we consider the fermion
condensate. The formation of a nonzero fermion conden-
sate is critically important in quantum field theory and in
many condensed matter systems exhibiting superconduc-
tivity and superfluidity. The condensate provides a mecha-
nism that gives fermions mass and acts as an order
parameter for dynamical symmetry breaking, such as chiral
symmetry breaking in quantum chromodynamics through
the formation of a quark condensate. In the context of the

Nambu-Jona-Lasinio model with quartic interaction, the
effective dynamical mass of fermions is proportional to the
fermion condensate, and the coefficient is determined by
the four-fermion coupling constant.
The fermion condensate is defined as the VEV

h0jψ̄ψ j0i≡ hψ̄ψi, where j0i stands for the Fulling-
Rindler vacuum state. Expanding the field operator in

terms of complete set of modes fψ ðþÞ
σ ;ψ ð−Þ

σ g, the con-
densate is presented in the form of the mode-sum

hψ̄ψi ¼ 1

2

X
σ

�
ψ̄ ð−Þ
σ ψ ð−Þ

σ − ψ̄ ðþÞ
σ ψ ðþÞ

σ

�
; ð3:1Þ

where
P

σ includes a summation over discrete quantum
numbers and an integration over the continuous ones. The
fermion condensate in the RR and RL regions will be
studied separately.

A. Condensate in the RR region

Plugging the mode functions (2.18) in (3.1) and using
the second relation in (2.15), the fermion condensate in the
RR-region is presented in the form

hψ̄ψi ¼ −
mN

2DπD−1

Z
dk

X∞
n¼1

Īiωþ1=2ðλρ0Þ
∂ωK̄iωþ1=2ðλρ0Þ

×
h
K2

iωþ1
2

ðλρÞ − K2
iω−1

2

ðλρÞ
i
ω¼ωn

: ð3:2Þ

This expression is divergent and some regularization
scheme is implicitly assumed (e.g., point-splitting or a
cutoff function). For points ρ ≠ ρ0, the divergences are the
same as those in a problem without boundaries and the
renormalization of the condensate reduces to the corre-
sponding procedure in the problem without boundaries.
This can also be understood based on general consider-
ations. In quantum field theories in curved spaces, the
divergences of vacuum averages at a given spacetime point
are uniquely determined by the local geometric character-
istics of the background spacetime at that point, such as the
Riemann tensor and combinations constructed from it.
Introducing boundaries does not change the local geometry
of spacetime at points outside the boundary; therefore,
it does not lead to new divergences in the local physical
characteristics of vacuum averages. Thus, renormalizing
these averages is equivalent to renormalizing them in a
problem without boundaries. In the problem under con-
sideration, the background spacetime is flat, and sub-
tracting the Minkowski spacetime parts from the vacuum
expectation values of local observables yields finite physi-
cal values at points outside the boundary.
The above arguments do not apply to points on the

boundary. Typically, local vacuum expectation values
diverge as they approach the boundary. In the literature
on the Casimir effect, these divergences are studied for
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various boundary and background geometries (see, for
example, Refs. [11–14]). The presence of surface diver-
gences indicates that physical quantities containing con-
tributions from local averages at boundary points
necessitate additional renormalization. An important exam-
ple of such a quantity is the total vacuum energy. In the
following discussion we will explicitly separate the boun-
dary-free contributions in local observables such as the
fermion condensate and the mean energy-momentum
tensor. The corresponding renormalization procedure has
already been discussed in [32]. Thus, the choice of a
specific regularization scheme is not important for the
subsequent analysis.
From the point of view of further calculations, the

representation (3.2) has two disadvantages: (i) the eigen-
values ωn of the energy are given implicitly, as roots of the
Eq. (2.20), and (ii) the series terms for large n are highly
oscillatory. Both of these difficulties can be overcome by
applying to the series over n in (3.2) the summation
formula (B5) with the function

FðzÞ ¼ K2
izþ1

2

ðλρÞ − K2
iz−1

2

ðλρÞ: ð3:3Þ

This allows one to present the fermion condensate in the
form

hψ̄ψi ¼ hψ̄ψi0 þ
mN
ð2πÞD

Z
dk

Z
∞

0

dx
Īxþ1=2ðλρ0Þ
K̄xþ1=2ðλρ0Þ

×
h
K2

xþ1
2

ðλρÞ − K2
x−1

2

ðλρÞ
i
; ð3:4Þ

where

hψ̄ψi0 ¼
4mN

ð2πÞDþ1

Z
dk

Z
∞

0

dω cosh πω Im
h
K2

1
2
−iωðλρÞ

i
:

ð3:5Þ

The part hψ̄ψi0 comes from the integral in the square
brackets of (B5) and coincides with the fermion condensate
in the boundary-free geometry. The representation (3.4) is
well adapted for investigating the properties of the con-
densate. First, explicit knowledge of the eigenmodes ωn
is not required. Second, the integrand monotonically
decreases within the range of the integration variables near
the upper limits of integration. Third, the boundary-induced
contribution is explicitly separated.
The renormalization of (3.5) is done by subtracting

the condensate in Minkowski spacetime: hψ̄ψiren0 ¼
hψ̄ψi0 − hψ̄ψiM and the renormalized fermion condensate
for the Fulling-Rindler vacuum in the absence of bounda-
ries is expressed as [32]

hψ̄ψiren0 ¼ 21−DmN

π
Dþ3
2 Γ

�
D−1
2

�Z
∞

0

dωe−πω
Z

∞

m
dλλðλ2 −m2ÞD−3

2

× Im ½K2
1=2−iωðλρÞ�; ð3:6Þ

for D ≥ 2. For D ¼ 1 we have

hψ̄ψiren0 ¼ m
π2

Z
∞

0

dωe−πω Im ½K2
1=2−iωðmρÞ�: ð3:7Þ

Another representation for the boundary-free part in the
fermion condensate is provided in [32],

hψ̄ψiren0 ¼ −
2NmD

ð2πÞDþ3
2

Z
∞

0

du
u sinh u

u2 þ π2=4
fD−1

2
ð2mρ coshuÞ;

ð3:8Þ

with the function

fνðzÞ ¼ z−νKνðzÞ: ð3:9Þ

The expression (3.8) shows that for a massive field the
boundary-free part in the fermion condensate is negative.
Integrating the boundary-induced contribution in (3.4)

over the angular coordinates of the momentum k, the
renormalized fermion condensate in the RR region is
decomposed as

hψ̄ψiren ¼ hψ̄ψiren0 þ hψ̄ψib; ð3:10Þ

where the boundary-induced contribution is given by
the formula

hψ̄ψib ¼
21−DmN

π
Dþ1
2 ΓðD−1

2
Þ

Z
∞

m
dλλðλ2 −m2ÞD−3

2

×
Z

∞

1=2
dν

Īνðλρ0Þ
K̄νðλρ0Þ

h
K2

νðλρÞ − K2
ν−1ðλρÞ

i
; ð3:11Þ

for D ≥ 2. In the case D ¼ 1, the boundary-induced part is
expressed as

hψ̄ψib ¼
m
π

Z
∞

1=2
dν

Īνðmρ0Þ
K̄νðmρ0Þ

h
K2

νðmρÞ − K2
ν−1ðmρÞ

i
:

ð3:12Þ

In the integration range of (3.11) we have the relations

ĪνðzÞ<0; K̄νðzÞ>0; KνðzÞ>Kν−1ðzÞ: ð3:13Þ

We conclude from this that, in the RR region, both the
boundary-free and boundary-induced contributions to
the fermion condensate are negative for a massive field.
In the zero-mass limit, the condensate tends to zero like
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hψ̄ψib ∝ m for D > 2 and like hψ̄ψib ∝ m lnm for D ¼ 2.
In the caseD ¼ 1, the condensate tends to nonzero limiting
value. Taking the limit m → 0 in (3.12), we obtain

hψ̄ψibjm¼0 ¼ −
1

2πρ ln ðρ=ρ0Þ
; D ¼ 1: ð3:14Þ

Let us consider the asymptotics of the fermion con-
densate near the plate and at large distances from it. Near
the boundary, assuming that ρ=ρ0 − 1 ≪ 1, the dominant
contribution to (3.11) comes from large values of λ and ν.
Introducing a new integration variable z ¼ λ=ν, we use the
uniform asymptotic expansions of the modified Bessel
functions for large values of the order (see, for example,
Ref. [53]). It can be seen that for ν ≫ 1, to the leading
order,

ĪνðνuÞ
K̄νðνuÞ

≈
e2νηðuÞ

πu
ðu − tuÞðtu þ 1Þ;

K2
νðνuÞ − K2

ν−1ðνuÞ ≈
πe−2νηðuÞ

νu2

�
1 −

1

tu

�
ð3:15Þ

where

ηðuÞ ¼ tu þ ln
u

1þ tu
; tu ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u2

p
: ð3:16Þ

Substituting these asymptotics in (3.11) and by taking into
account that for ρ=ρ0 − 1 ≪ 1 one has ηðuρ=ρ0Þ − ηðuÞ≈
tuðρ=ρ0 − 1Þ, for the leading term in the expansion of the
fermion condensate over the distance from the boundary
we get

hψ̄ψib ≈
ð4πÞ−Dþ1

2 mN
ðρ − ρ0ÞD−1

�
Γ
�
D − 1

2

�
−
ΓðD

2
− 1Þ

ΓðD−1
2
Þ Γ

�
D
2

�	
;

ð3:17Þ

for D ≥ 3. For D ¼ 2 the asymptotic is given by

hψ̄ψib ≈
ffiffiffiffi
m

p
4πðρ − ρ0Þ3=2

"
Γð3

4
Þ

Γð1
4
Þ −

Γð5
4
Þ

Γð3
4
Þ

#
: ð3:18Þ

In the case D ¼ 1 one obtains

hψ̄ψib ≈ −
1

2πðρ − ρ0Þ
: ð3:19Þ

This leading term does not depend on the mass and could
also been obtained directly from (3.14).
At large distances from the boundary and for a

massive field, mρ ≫ 1, the argument λρ of the

Macdonald functions in (3.12) is large and we use the
corresponding asymptotic [53]. The dominant contribution
to the integral over λ comes from the region near the lower
limit of the integral. In the leading order for D ≥ 1 one
obtains

hψ̄ψib ≈
NmDe−2mρ

2Dþ1π
D−1
2 ðmρÞDþ3

2

Z
∞

1=2
dνð2ν − 1Þ Īνðmρ0Þ

K̄νðmρ0Þ
:

ð3:20Þ

The asymptotic of the boundary-free part in the limit
mρ ≫ 1 reads

hψ̄ψiren0 ≈ −
NmDe−2mρ

2Dþ1π
Dþ5
2 ðmρÞDþ3

2

: ð3:21Þ

For the ratio of the boundary-induced and boundary-free
contributions we get

hψ̄ψib
hψ̄ψiren0

≈ −π3
Z

∞

1=2
dνð2ν − 1Þ Īνðmρ0Þ

K̄νðmρ0Þ
: ð3:22Þ

This ratio does not depend on the number of spatial
dimensions. The numerical evaluation shows that the
right-hand side in (3.22) is smaller than 1 for mρ0<0.04
and larger than 1 for mρ0 > 0.04. For mρ0 ¼ 1 the ratio
(3.22) is near 40 and it increases with increasing mρ0.
Hence, in the range mρ0 > 0.04, the total VEV at large
distances is dominated by the boundary-induced part. For a
massless field the fermion condensate vanishes in spatial
dimensions D ≥ 2 and the large-distance asymptotic for
D ¼ 1 is given by (3.14).

B. Condensate in the RL region

With the mode functions (2.31), the fermion condensate
in the RL-region is expressed by the formula

hψ̄ψi¼ 2imN
ð2πÞDþ1

Z
∞

0

dω

×
Z

dk
coshðωπÞ
jCσj2

½Z2
iωþ1

2

ðλρÞ−Z2
iω−1

2

ðλρÞ�; ð3:23Þ

where Cσ is defined in (2.33) and

Ziω�1
2
ðλρÞ ¼ CσKiω�1

2
ðλρÞ ∓ eπωiIiω�1

2
ðλρÞ: ð3:24Þ

It is easy to see that

Ziω�1
2
ðλρÞ ¼ ½Ziω∓1

2
ðλρÞ��; ð3:25Þ
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and the expression on the right-hand side of (3.23) is explicitly real. In order to separate the boundary-free contribution we
use the identity

X
κ¼�1

κ
Z2
iωþκ

2
ðλρÞ

jCσj2
¼

X
κ¼�1

κ

"
K2

iωþκ
2
ðλρÞ þ

πK̄iωþ1
2
ðλρ0Þ

2 cosh ðωπÞ
X
j¼�1

jI2jiωþκ
2
ðλρÞ

Ījiωþ1
2
ðλρ0Þ

#
: ð3:26Þ

The proof of this relation is presented in Appendix C. The identity (3.26) allows one to write the fermion condensate (3.23)
in the form

hψ̄ψi ¼ hψ̄ψi0 þ
imN

2ð2πÞD
Z

dk
X

κ;j¼�1

κj
Z

∞

0

dω
K̄jiωþ1

2
ðλρ0Þ

Ījiωþ1
2
ðλρ0Þ

I2jiωþκ
2
ðλρÞ; ð3:27Þ

with the boundary-free condensate hψ̄ψi0 given by (3.5).
For the further transformation of the boundary-induced part in (3.27), we rotate the integration contour over ω by the

angle π=2 for the term j ¼ −1 and by the angle −π=2 for the term j ¼ 1. For the integrals we get

Z
∞

0

dω
K̄jiωþ1

2
ðλρ0Þ

Ījiωþ1
2
ðλρ0Þ

I2jiωþκ
2
ðλρÞ ¼ −ji

Z
∞

0

dx
K̄xþ1

2
ðλρ0Þ

Īxþ1
2
ðλρ0Þ

I2xþκ
2
ðλρÞ; ð3:28Þ

and the fermion condensate is presented as

hψ̄ψi ¼ hψ̄ψi0 þ
mN
ð2πÞD

Z
dk

Z
∞

0

dx
K̄xþ1=2ðλρ0Þ
Īxþ1=2ðλρ0Þ

h
I2
xþ1

2

ðλρÞ − I2
x−1

2

ðλρÞ
i
: ð3:29Þ

For D ≥ 2, integrating over the angular part of the
momentum, the condensate is decomposed as (3.10),
where the boundary-induced contribution is given by the
expression

hψ̄ψib ¼
21−DmN

π
Dþ1
2 ΓðD−1

2
Þ

Z
∞

m
dλλðλ2 −m2ÞD−3

2

×
Z

∞

1=2
dν

K̄νðλρ0Þ
Īνðλρ0Þ

½I2νðλρÞ − I2ν−1ðλρÞ�: ð3:30Þ

The renormalized boundary-free condensate is expressed
by the formula (3.6). In the case D ¼ 1 we get

hψ̄ψib¼
m
π

Z
∞

1=2
dν

K̄νðmρ0Þ
Īνðmρ0Þ

½I2νðmρÞ−I2ν−1ðmρÞ�: ð3:31Þ

By taking into account the relations (3.13) and
IνðzÞ < Iν−1ðzÞ, it is seen that the boundary-induced
contribution in the fermion condensate is positive in the
RL region. For a massless field the fermion condensate
vanishes in spatial dimensions D ≥ 2 and is given by

hψ̄ψib ¼
1

2πρ lnðρ0=ρÞ
; ð3:32Þ

for D ¼ 1. Comparing with (3.14), we see that in this
special case the expressions for the condensates in the RL
and RR regions differ by the sign.
The asymptotic near the boundary is found in a

way similar to that which we have used for the RR region,
by using the uniform asymptotic expansions of the
modified Bessel functions. By taking into account (3.15)
and

I2νðνuÞ − I2ν−1ðνuÞ ≈ −
e2νηðuÞ

πνu2

�
1þ 1

tu

�
; ð3:33Þ

we can show that in the leading order

hψ̄ψib ≈
ð4πÞ−Dþ1

2 mN
ðρ0 − ρÞD−1

"
Γ
�
D − 1

2

�
þ ΓðD

2
− 1Þ

ΓðD−1
2
Þ Γ

�
D
2

�#
;

ð3:34Þ

for D ≥ 3. In the case D ¼ 2 one has

hψ̄ψib ≈
ffiffiffiffi
m

p
4πðρ0 − ρÞ3=2

"
Γð5

4
Þ

Γð3
4
Þ þ

Γð3
4
Þ

Γð1
4
Þ

#
; ð3:35Þ
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and for D ¼ 1 we get

hψ̄ψib ≈
1

2πðρ0 − ρÞ : ð3:36Þ

In Fig. 2, we present the total fermion condensate (3.10),
in units of 1=ρD0 , as a function of the ratio ρ=ρ0 (left panel)
and of the mass (right panel) for spatial dimension D ¼ 3.
On the left panel, the graphs for the RR and RL regions are
plotted for mρ0 ¼ 0.5 and the dashed curve corresponds to
the fermion condensate in the boundary-free problem
[given by (3.8)]. The numbers near the curves on the right
panel correspond to the values of the ratio ρ=ρ0. As already
concluded based on asymptotic analysis, the fermion
condensate is dominated by the boundary-induced part
near the mirror and by the boundary-free contribution near
the Rindler horizon.
From the asymptotic analysis presented above, it follows

that for the taken value of the combination mρ0, the
contribution imposed by the boundary dominates over
the entire range ρ0 < ρ < ∞. The boundary-free contribu-
tion dominates only in the region close to the horizon. An
important feature of the fermion condensate in the RL
region is that it changes sign at a certain value of
acceleration. In models with interacting fields, changing
the sign of the fermion condensate can have important
consequences. They include tachyonic instabilities
and spontaneous symmetry breaking in models with
interacting scalar and fermionic fields and phase transition
in Nambu-Jona-Lasinio-type models with quartic fermionic
interactions.

IV. VEV OF THE ENERGY-MOMENTUM TENSOR

In this section, we will consider another important local
characteristic of the vacuum state: the VEV of the energy-

momentum tensor, h0jTμαj0i≡ hTμαi. In addition to
describing the distribution of the vacuum energy density
and stresses, it acts as a source of the gravitational field in
the semiclassical Einstein equations. The corresponding
mode-sum formula reads

hTμαi ¼ −
i
4

X
σ

X
j¼þ;−

j
h
ψ̄ ðjÞ
σ ðxÞγðμ∇αÞψ

ðjÞ
σ ðxÞ

− ð∇ðμψ̄
ðjÞ
σ ðxÞÞγαÞψ ðjÞ

σ ðxÞ
i
; ð4:1Þ

where the brackets denote symmetrization over the
enclosed indices and

∇μψ̄
ðjÞ
σ ¼ ∂μψ̄

ðjÞ
σ − ψ̄ ðjÞ

σ Γμ: ð4:2Þ

In both RR and RL regions the vacuum energy-momentum
tensor is diagonal. From the problem symmetry we also
expect that

hT2
2i ¼ hT3

3i ¼ � � � ¼ hTD
Di: ð4:3Þ

Of course, these relations are checked by direct evaluation.

A. RR region

By using the mode functions (2.18) and the relations for

the spinors χðjÞη ðkÞ given above, the diagonal components
of the vacuum energy-momentum tensor in the RR region
are presented in the form (no summation over μ)

hTμ
μi ¼ −

N
2DπD−1

Z
dk

X∞
n¼1

Īiωþ1
2
ðλρ0Þ

∂ωK̄iωþ1
2
ðλρ0Þ

× Fμ½Kiωþ1
2
ðλρÞ�jω¼ωn

: ð4:4Þ
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–

FIG. 2. Fermion condensate for spatial dimensionD ¼ 3 in the RR and RL regions versus ρ=ρ0 (left panel) andmρ0 (right panel). The
graphs on the left panel are plotted for mρ0 ¼ 0.5 and the dashed curve presents the condensate in the boundary-free geometry. The
numbers near the curves on the right panel present the values of ρ=ρ0.
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Here, for a given function GνðzÞ, the notations

F0½GνðλρÞ� ¼ δG
λ

ρ
ð2ν − 1ÞGνðλρÞGν−1ðλρÞ;

F1½GνðλρÞ� ¼ δGλ
2½G0

νðλρÞGν−1ðλρÞ −GνðλρÞG0
ν−1ðλρÞ�;

Fl½GνðλρÞ� ¼
λ2 −m2

D − 1
½G2

ν−1ðλρÞ − G2
νðλρÞ�; ð4:5Þ

with l ¼ 2; 3;…; D, are introduced and the prime stands for
the derivative with respect to the argument of the function.
In the discussion below, as a function GνðzÞ we will take
the functions KνðzÞ, ZνðzÞ, and IνðzÞ. For those functions
we define

δG ¼


1; G ¼ K; Z

−1; G ¼ I
: ð4:6Þ

The function Fl;iω½Gxþ1=2ðλρÞ� for the components hTl
li,

with l ¼ 2; 3;…; D, obtained by the direct evaluation
from (4.1) has the form ðklÞ2½G2

x−1=2ðλρÞ −G2
xþ1=2ðλρÞ�.

We have replaced ðklÞ2 by ðλ2 −m2Þ=ðD − 1Þ by taking
into account the relations (4.3). In deriving the expression
for those components, we have employed the relation

X
η

χðjÞ†η ðγð0Þ � γð1ÞÞγðlÞχðjÞη ðkÞ ¼ � iN
2λ

kl: ð4:7Þ

By using the recurrence formulas for the modified Bessel
functions, it can be seen that the relation

F1½GνðλρÞ� ¼
1 −D

1 −m2=λ2
F2½GνðλρÞ� − F0½GνðλρÞ� ð4:8Þ

holds between the functions (4.5).
For the series over n in (4.4) we use the summation

formula (B5). The part in the VEV coming from the
integral in the square brackets of (B5) corresponds to
the VEVof the energy-momentum tensor in the boundary-
free problem. Denoting it by hTμ

μi0, the VEV is decomposed
as (no summation over μ)

hTμ
μi¼hTμ

μi0þN
Z

dk
ð2πÞD

Z
∞

0

dx
Īxþ1

2
ðλρ0Þ

K̄xþ1
2
ðλρ0Þ

Fμ

h
Kxþ1

2
ðλρÞ

i
;

ð4:9Þ

with

hTμ
μi0 ¼

2iN
ð2πÞDþ1

Z
dk

Z
∞

0

dω cosh ðπωÞFμ

h
Kiωþ1

2
ðλρÞ

i
:

ð4:10Þ

For points away from the boundary, the renormalization is
reduced to the renormalization of (4.10). Similar to the
fermion condensate, that is done by subtracting the VEVof
the energy-momentum tensor for the Minkowski vacuum:
hTα

μiren0 ¼ hTα
μi0 − hTα

μiM. The renormalized VEV takes the
form (no summation over μ) [32]

hTμ
μiren0 ¼ 2−DiN

π
Dþ3
2 ΓðD−1

2
Þ

Z
∞

0

dωe−πω

×
Z

∞

m
dλλðλ2 −m2ÞD−3

2 Fμ

h
Kiωþ1

2
ðλρÞ

i
; ð4:11Þ

for D ≥ 2. After integration over the angular coordinates of
k in (4.9), the renormalized VEV in the RR region is
presented in the decomposed form (no summation over μ)

hTμ
μiren ¼ hTμ

μiren0 þ hTμ
μib; ð4:12Þ

with the boundary-induced part

hTμ
μib ¼

21−DN

π
Dþ1
2 ΓðD−1

2
Þ

Z
∞

m
dλλðλ2 −m2ÞD−3

2

×
Z

∞

1=2
dν

Īνðλρ0Þ
K̄νðλρ0Þ

Fμ½KνðλρÞ�: ð4:13Þ

In the special case D ¼ 1 one has (no summation over μ)

hTμ
μib ¼

1

π

Z
∞

1=2
dν

Īνðmρ0Þ
K̄νðmρ0Þ

Fμ½KνðmρÞ�; ð4:14Þ

and

hTμ
μiren0 ¼ i

2π2

Z
∞

0

dωe−πωFμ½Kiωþ1
2
ðmρÞ�; ð4:15Þ

with μ ¼ 0, 1, and in the expressions (4.5) λ is replaced by
m. Simpler representation for the boundary-free VEV is
given in [32] (no summation over l),

hT0
0iren0 ¼ −

2NmDþ1

ð2πÞDþ3
2

Z
∞

0

du
u sinh u

u2 þ π2=4

h
fD−1

2
ð2mρ cosh uÞ þDfDþ1

2
ð2mρ cosh uÞ

i
;

hTl
liren0 ¼ 2NmDþ1

ð2πÞDþ3
2

Z
∞

0

du
u sinh u

u2 þ π2=4
fDþ1

2
ð2mρ cosh uÞ; ð4:16Þ
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with l ¼ 1; 2;…; D, and the function fνðxÞ is defined
by (3.9). This shows that the vacuum stresses are isotropic
in the boundary-free problem. The vacuum effective

pressure along the lth direction is given by pð0Þ
l ¼

−hTl
liren0 . As seen from (4.16), in the boundary-free

problem both the energy density and the pressure in the
Fulling-Rindler vacuum are negative.
We can check that the VEV of the energy-momentum

tensor obeys the continuity equation∇αhTα
μiren ¼ 0. For the

problem under consideration it is reduced to the relation
hT0

0iren ¼ ∂ρðρhT1
1irenÞ. By using the differential equation

for the function KνðzÞ it is easily seen that
∂ρðρF1½KνðλρÞ�Þ ¼ F0½KνðλρÞ� and, hence, the continuity
equation indeed takes place. In addition, for the functions
Fμ½Kxþ1=2ðλρÞ� we have

XD
μ¼0

Fμ

h
Kxþ1

2
ðλρÞ

i
¼ m2

h
K2

xþ1
2

ðλρÞ − K2
x−1

2

ðλρÞ
i
: ð4:17Þ

From here it follows that the VEVof the energy-momentum
tensor obeys the trace relation

hTμ
μiren ¼ mhψ̄ψiren: ð4:18Þ

Comparing the expressions for the fermion condensate and
the parallel stresses, we can check that the following
relation takes place (no summation over l ¼ 2; 3;…; D)

hTl
liren0 ¼ −

π

m
hψ̄ψirenðDþ3Þ;0; hTl

lib ¼ −
π

m
hψ̄ψiðDþ3Þ;b;

ð4:19Þ

where hψ̄ψirenðDþ3Þ;0 and hψ̄ψiðDþ3Þ;b are the fermion con-

densates in (Dþ 3)-dimensional Rindler spacetime, given
by (3.8) and (4.16) with the replacementsD → Dþ 2 (note
that NDþ3 ¼ 2NDþ1).
For a massless fermionic field the vacuum energy-

momentum tensor is traceless. In this special case the
boundary-induced energy-momentum tensor is simplified
to (no summation over μ)

hTμ
μib ¼

Nð2ρÞ1−D
π

Dþ1
2 ΓðD−1

2
Þ

Z
∞

0

duuD−2

×
Z

∞

1=2
dν

Īνðuρ0=ρÞ
K̄νðuρ0=ρÞ

Fμ½KνðuÞ�; ð4:20Þ

where the functions Fμ½KνðuÞ� are given by (4.5) with
G ¼ K,m ¼ 0, and λ ¼ u=ρ. In (4.20), an additional factor
1=ρ2 comes from the functions Fμ½KνðuÞ� and the combi-
nation ρDþ1hTμ

μib is a function of only the ratio ρ0=ρ. The
boundary-free contribution is expressed as [32] (no sum-
mation over l)

hTl
liren0 ¼ −

1

D
hT0

0iren0

¼ 2NΓðDþ1
2
Þ

ð4πÞDþ3
2 ρDþ1

Z
∞

0

du
u sinh u

ðu2 þ π2

4
ÞcoshDþ1u

; ð4:21Þ

with l ¼ 1; 2;…; D.
From the relations (3.13) it follows that the boundary-

induced contribution in the vacuum energy density is
negative and the corresponding stresses hTl

lib, l¼2;3;…;D,
are positive in the RR region,

hT0
0ib < 0; hT2

2ib > 0; ρ > ρ0: ð4:22Þ

Note that the same inequalities take place for the boundary-
free parts (4.16).
Now, let us consider the asymptotic behavior of the

components of the energy-momentum tensor in the RR
region. In a way similar to that which we have used for the
fermion condensate, it can be shown that for points near the
boundary, ρ=ρ0 − 1 ≪ 1, the leading term of the boundary-
induced mean energy density is expressed as

hT0
0ib ≈

ðD − 1ÞN
2ð4πÞDþ1

2 ðρ − ρ0ÞDþ1

"
Γ
�
Dþ 1

2

�

−
ΓðD

2
Þ

ΓðDþ1
2
ÞΓ

�
D
2
þ 1

�#
: ð4:23Þ

For the normal and parallel stresses one gets (no summation
over l ¼ 2; 3;…; D)

hT1
1ib ≈ −

ρ=ρ0 − 1

D
hT0

0ib; hTl
lib ≈ −

hT0
0ib

D − 1
: ð4:24Þ

As seen, near the boundary we have jhT1
1ibj ≪ jhT0

0ibj. In
the region under consideration the total VEV is dominated
by the boundary-induced part.
The large-distance asymptotic of the boundary-induced

energy-momentum tensor for a massive field, assuming
mρ ≫ 1, is given by (no summation over l ¼ 1; 2;…; D)

hT0
0ib≈−2mρhTl

lib
≈

NmDþ1e−2mρ

2Dþ1π
D−1
2 ðmρÞDþ3

2

Z
∞

1=2
dνð2ν−1Þ Īνðmρ0Þ

K̄νðmρ0Þ
; ð4:25Þ

with an exponential decay. Note that one has hT0
0ib≈

mhψ̄ψib. The behavior of the boundary-free contribution
in the same limit is described by

hTl
liren0 ≈ −

hT0
0iren0

2mρ
≈

NmDþ1e−2mρ

2Dþ2ðπmρÞDþ5
2

: ð4:26Þ
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Both the contributions to the energy density are suppressed
by the same factor ðmρÞ−Dþ3

2 e−2mρ. In the leading order, the
vacuum stresses are isotropic and, compared to the energy
density, they contain an additional suppression factor
1=ðmρÞ. The relative contributions of the boundary-
induced and boundary-free parts in the energy density
for the region mρ ≫ 1 are given by the right-hand side
of (3.22). In the region mρ0 > 0.04 and for mρ ≫ 1, the
boundary-induced part dominates in the total VEV of the
energy-momentum tensor. For a massless field and ρ ≫ ρ0,
the leading terms of the asymptotic expansion are
expressed as (no summation over l ¼ 1; 2;…; D)

hTl
lib ≈ −

1

D
hT0

0ib ≈
NΓðD

2
Þln−2ð2ρ=ρ0Þ

2Dþ1π
D
2
þ1DρDþ1

: ð4:27Þ

The boundary-free part for a massless field is given
by (4.21) and it decays like 1=ρDþ1. This shows that for
a massless field the boundary-free part dominates at large
distances.

B. RL region

By the evaluation similar to that for the RR region, the
VEV of the energy-momentum tensor in the RL region is
presented in the form (no summation over μ)

hTμ
μi ¼ 2iN

ð2πÞDþ1

Z
dk

Z
∞

0

dω
cosh ðωπÞ
jCσj2

Fμ½Ziωþ1
2
ðλρÞ�;

ð4:28Þ
where the functions Fμ½ZνðλρÞ� are defined by (4.5) with
the replacement G → Z. The boundary-induced contribu-
tion in the VEV (4.28) is obtained by subtracting the
boundary free part hTμ

μi0, given by (4.10). The VEV is
expressed as (no summation over μ)

hTμ
μi ¼ hTμ

μi0 þ
2iN

ð2πÞDþ1

Z
dk

Z
∞

0

dω cosh ðωπÞ

×


Fμ½Ziωþ1
2
ðλρÞ�

jCσj2
− Fμ½Kiωþ1

2
ðλρÞ�

�
: ð4:29Þ

By using the identities given in Appendix C, for the
difference in the integrand we have

Fμ½ZνðλρÞ�
jCσj2

− Fμ½KνðλρÞ� ¼
X
j¼�1

jπK̄νðλρ0ÞFμ½Ijiωþ1
2
ðλρÞ�

2 cosh ðωπÞĪjiωþ1=2ðλρ0Þ
;

ð4:30Þ
where ν ¼ iωþ 1=2. Substituting this in (4.29), we rotate
the integration contour over ω in the complex ω-plane by
the angle −π=2 for the term with j ¼ þ1 and by the angle
π=2 for the part with j ¼ −1. This leads to the following
representation (no summation over μ):

hTμ
μi ¼ hTμ

μi0 þ
N

ð2πÞD
Z

dk

×
Z

∞

0

dx
K̄xþ1=2ðλρ0Þ
Īxþ1=2ðλρ0Þ

Fμ½Ixþ1
2
ðλρÞ�: ð4:31Þ

The renormalized VEV is obtained by subtracting the
VEV for the Minkowski vacuum. The subtraction is
reduced to the renormalization of the boundary-free part
and for D ≥ 2 we get the decomposition (4.12) with the
boundary-induced contribution (no summation over μ)

hTμ
μib ¼

21−DN

π
Dþ1
2 ΓðD−1

2
Þ

Z
∞

m
dλλðλ2 −m2ÞD−3

2

×
Z

∞

1=2
dν

K̄νðλρ0Þ
Īνðλρ0Þ

Fμ½IνðλρÞ�; ð4:32Þ

where the functions Fμ½IνðλρÞ� are defined in (4.5) with
G ¼ I and with δI ¼ −1. In the special case D ¼ 1 we get

hTμ
μib ¼

1

π

Z
∞

1=2
dν

Īνðmρ0Þ
K̄νðmρ0Þ

Fμ½IνðmρÞ�: ð4:33Þ

From the relations (3.13) we see that the boundary-induced
energy density is positive and the stresses hTl

lib,
l ¼ 2; 3;…; D, are negative in the RL region,

hT0
0ib > 0; hT2

2ib < 0; ρ < ρ0: ð4:34Þ

These signs are opposite to those for the boundary-free
contributions. Similar to the RR region, we have the
relations (4.19) between the normal stress in (Dþ 1)-
dimensional spacetime and the fermion condensate in
(Dþ 3)-dimensional spacetime. The expression (4.32)
is further simplified for a massless field (no summation
over μ),

hTμ
μib ¼

Nð2ρÞ1−D
π

Dþ1
2 ΓðD−1

2
Þ

Z
∞

0

duuD−2

×
Z

∞

1=2
dν

K̄νðuρ0=ρÞ
Īνðuρ0=ρÞ

Fμ½IνðuÞ�; ð4:35Þ

with the function Fμ½IνðuÞ� from (3.13), where G ¼ I and
λ ¼ u=ρ.
Near the boundary we use the uniform asymptotic

expansions for the modified Bessel functions. The calcu-
lations similar to those for the RR region lead to the result

hT0
0ib ≈

ð4πÞ−Dþ1
2 ðD − 1ÞN

2ðρ0 − ρÞDþ1

"
Γ
�
Dþ 1

2

�

þ ΓðD
2
Þ

ΓðDþ1
2
ÞΓ

�
D
2
þ 1

�	
; ð4:36Þ
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for the boundary-induced energy density. The asymptotics
for other components are related to the energy density by
the formula (4.24). Figure 3 displays the dependence of the
vacuum energy density (in units of 1=ρDþ1

0 ) on the ratio
ρ=ρ0 (left panel) and on mρ0 (right panel). The graphs are
plotted for the spatial dimension D ¼ 3 and for mρ0 ¼ 0.5
on the left panel. The dashed curve on the left panel
corresponds to the vacuum energy density in the geometry
without boundaries. The numbers near the curves on the
right panel correspond to the values of the ratio ρ=ρ0. In
accordance with the asymptotic analysis given above, near
the horizon the vacuum energy density is dominated by the
boundary-free contribution and is negative. In the region
near the boundary, the energy density is dominated by the
boundary-induced contribution and it is positive in the RL
region and negative in the RR region.
In Fig. 4 we have plotted the vacuum stresses along the

directions perpendicular and parallel to the boundary as

functions of ρ=ρ0 (left panel) and mρ0 (right panel). The
full and dashed curves correspond to the stresses hT1

1i and
hT2

2i in the model with D ¼ 3. For the graphs on the left
panel mρ0 ¼ 0.5 and the numbers near the curves on the
right panel present the values of the ratio ρ=ρ0. The vacuum
stresses in the boundary-free problem are presented by the
dot-dashed curve (recall that in the boundary-free geom-
etry hT1

1i ¼ hT2
2i).

It is of interest to compare the results for the Fulling-
Rindler vacuum with the vacuum expectation values for a
planar mirror, with bag boundary condition, at rest relative
to an inertial observer in the Minkowski vacuum. The
corresponding VEVs were investigated in Ref. [54] for a
more general geometry involving two parallel plates and
with toroidal compactification of a part of spatial dimen-
sions (see also Refs. [55,56] for the Casimir energy and the
vacuum current density). The results for a single boundary
in Minkowski spacetime are obtained as a special case.
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FIG. 3. Energy density in the Fulling-Rindler vacuum for theD ¼ 3Dirac field as a function of ρ=ρ0 (left panel) andmρ0 (right panel).
For the graphs on the left panel we have takenmρ0 ¼ 0.5 and the numbers near the curves on the right panel correspond to the values of
ρ=ρ0. The dashed curve on the left panel presents the energy density in the boundary-free problem.
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FIG. 4. Same as in Fig. 3 for the stresses parallel and perpendicular to the boundary (full and dashed curves, respectively). The dot-
dashed curve on the left panel corresponds to the stress in the boundary-free problem.
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In this case, of course, the VEVs are symmetric with
respect to the plate. The background line element reads
ds2M ¼ ημνdx0μdx0ν, with −∞ < x0μ < þ∞, and assuming
that the boundary is located at x01 ¼ 0, for the fermion
condensate from [54] we obtain

hψ̄ψiðMÞ
ren ¼ NmD

ð2πÞDþ1
2

h
fD−1

2
ð2mjx01jÞ − 2mjx01jfDþ1

2
ð2mjx01jÞ

i
;

ð4:37Þ
where fνðxÞ is defined by (3.9). The condensate given
by (4.37) is negative. For the VEV of the energy-
momentum tensor, after integration of the corresponding
expressions in [54], one gets (no summation over μ)

hTμ
μiðMÞ

ren ¼ mhψ̄ψiðMÞ
ren =D, for μ ¼ 0; 2;…; D, and

hT1
1iðMÞ

ren ¼ 0. These results could be obtained from general
arguments: from the covariant conservation equation

∂hTα
μiðMÞ

ren =∂x
0α ¼ 0 and from the trace relation hTμ

μiðMÞ
ren ¼

mhψ̄ψiðMÞ
ren . The effects of a brane with bag boundary

condition and cosmic string on the Dirac vacuum in
background of (4þ 1)-dimensional anti–de Sitter space-
time were studied in [57]. It can be checked that the
result (4.37) for D ¼ 4 is obtained from the corresponding
formula in Ref. [57] in the flat spacetime limit and in the
absence of a cosmic string. For a massless field, from (4.37)
we get

hψ̄ψiðMÞ
ren ¼ −

NΓðDþ1
2
Þ

ð4πÞDþ1
2 jx01jD ; m ¼ 0; ð4:38Þ

and the VEV of the energy-momentum tensor vanishes
hTν

μiðMÞ
ren ¼ 0. Comparing with the results obtained above

for the Fulling-Rindler vacuum, we see that the situation
here is significantly different from the case of a boundary
uniformly accelerating through the Fulling-Rindler vac-
uum. In the latter case, the fermion condensate vanishes for
a massless field in spatial dimensions D ≥ 2, while the
VEV of the energy-momentum tensor is nonzero.
The above calculation of the VEVs does not use a

specific representation of the Dirac matrices γðbÞ. In
particular, this means that the results obtained for the
fermion condensate and the vacuum energy-momentum
tensor apply to both types of Dirac fields that realize two
inequivalent irreducible representations of the Clifford
algebra in an odd number of spacetime dimensions (D
being an even number). 2D Dirac materials are among the
interesting condensed matter realizations of the Dirac
model in spatial dimension D ¼ 2. The long-wavelength
dynamics of the electronic subsystem in such materials (the
most famous example of which is graphene) is described
by the Dirac equation, in which the Fermi velocity of
the electrons is used instead of the speed of light (see,
e.g., Refs. [58–60]). An effective Rindler metric for the
corresponding quasiparticles can be generated by

engineering the strain profile in graphene (see, for example,
Refs. [61–63] and references therein). The setup we
discussed can be used to model and investigate edge-
induced effects in these 2D structures within the framework
of effective Dirac theory.

V. FERMIONIC CASIMIR DENSITIES
IN GRAVITATIONAL FIELDS

In this section, we will apply the above results to the
study of boundary-imposed contributions to the local
characteristics of the fermionic vacuum in gravitational
fields. The cases of weak gravitational fields and back-
ground geometries that are conformally related to Rindler
spacetime will be discussed.

A. Weak gravitational fields

For a weakly gravitating system of a mass M, the line
element in a (Dþ 1)-dimensional spacetime is approxi-
mated by (see, for example, Ref. [64])

ds2g ≈ ½1 − wðr0Þ�dt02 −
�
1þ wðr0Þ

D − 2

	XD
i¼1

ðdx0iÞ2; ð5:1Þ

in the coordinates x0μ. Here, wðr0Þ ¼ ðrg=r0ÞD−2 ≪ 1,
r02 ¼ P

D
i¼1ðx0iÞ2, and

rD−2
g ¼ 16πGM

ðD − 1ÞΩD−1
; ð5:2Þ

with ΩD−1 ¼ 2πD=2=ΓðD=2Þ being the area of a unit
(D − 1)-sphere. The acceleration at a given point is
expressed as

gðr0Þ ¼ D=2 − 1

r0
wðr0Þ: ð5:3Þ

Directing the local axis x01 along the radial direction and
expanding the metric around r0 ¼ r00 one gets

ds2g ≈ ð1 − w0 þ 2g0x01Þdt02

−
�
1þ w0 − 2g0x01

D − 2

�XD
i¼1

ðdx0iÞ2; ð5:4Þ

where w0 ¼ wðr00Þ and g0 ¼ gðr00Þ. In the next step, we
make a transition to a new coordinate system ðt; z;xÞ, with
x ¼ ðx2;…; xDÞ, defined by the relations (for the trans-
formation in the special case D ¼ 3 see also Ref. [49])

t0 ¼ tffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − w0

p ; x01 ¼
zþ g0ðz2−x2Þ

2ðD−2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ w0

D−2

p ;

x0i ¼ 1þ g0z
D−2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ w0

D−2

p xi; i ≥ 2: ð5:5Þ
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This brings the line element to the form

ds2g ≈ ð1þ g0zÞ2dt2 − dz2 − dx2: ð5:6Þ

Introducing the coordinates ðτ; ρÞ according to τ ¼ g0t and
ρ ¼ zþ 1=g0, the line element is written in the Rindler
form (1.2).
Having the VEVs in the Rindler spacetime, the corre-

sponding VEVs for a boundary in the geometry (5.1)
are found by a coordinate transformation ðτ; ρ;xÞ →
ðt0; x01;x0Þ. We denote these VEVs by hψ̄ψi0 and hTμ

νi0
for the fermion condensate and vacuum energy-momentum
tensor. The fermion condensate is a scalar and one gets
hψ̄ψi0 ¼ hψ̄ψi. The VEV of the energy-momentum tensor
is obtained by using the standard law for the transformation
of second rank tensors (no summation over μ),

hTμ
μi0 ¼ hTμ

μi; hT1
l i0 ¼

g0x0l

D−2
ðhT1

1i−hT2
2iÞ; l¼2;…;D:

ð5:7Þ

In the absence of boundaries, the vacuum stresses are
isotropic, hT1

1iren0 ¼ hT2
2iren0 , and the corresponding off-

diagonal contribution in (5.7) vanishes. The appearance
of the off-diagonal component is a purely boundary-
induced effect.

B. Gravitational fields conformally related
to the Rindler spacetime

With the results presented above, we can find the
boundary induced VEVs for a massless Dirac field in
the problems where the background geometry is confor-
mally related to the Rindler spacetime. Under the con-
formal transformation g̃μν ¼ Ω2ðxÞgμν of the metric tensor
the Dirac matrices and the field transform as γ̃μ ¼ Ω−1γμ

and ψ̃ ¼ Ω−D=2ψ and the Dirac equation for massless fields
is conformally invariant. In the presence of boundaries,
by taking into account that the normal to the boundary
transforms as ñμ ¼ Ωnμ, we conclude that the bag boun-
dary condition is also invariant under conformal trans-
formations. Consequently, by conformal transformation
one can relate the boundary-induced VEVs in conformally
connected problems. For a massless field, the fermion
condensate becomes zero in spatial dimensions D ≥ 2 and
we will focus on the VEVof the energy-momentum tensor.
Let us denote by hT̃ν

μi the VEVof the energy-momentum
tensor for a fermionic field in a spacetime with the metric
tensor g̃μν conformally related to the metric tensor defined
by (1.2). We assume the presence of a boundary which is a
conformal image of the boundary ρ ¼ ρ0 in the problem on
the Rindler bulk. The expectation value hT̃ν

μi is decom-
posed into two contributions. The first one, denoted here as
hT̃ν

μiG, is the geometrical part and is uniquely determined
by the geometrical characteristics of the curved metric g̃μν.

The second contribution is conformally related to the VEV
hTν

μi for the Fulling-Rindler vacuum and the total VEV is
expressed as (see, for example, Ref. [1])

hT̃ν
μi ¼ hT̃ν

μiG þ hTν
μi

ΩDþ1ðxÞ : ð5:8Þ

In this relation, it is assumed that the vacuum state in the
problem with the metric tensor g̃μν is the conformal
counterpart of the Fulling-Rindler vacuum. A similar
relation holds for the boundary-free parts, hT̃ν

μi0 ¼
hT̃ν

μiG þΩ−D−1hTν
μi0. Combining this with (5.8), we get

the relation

hT̃ν
μib ¼

hTν
μib

ΩDþ1ðxÞ ð5:9Þ

for the boundary-induced VEVs.
As an example we consider a cosmological model with

negative curvature spatial foliation (open universe).
In conformal time τ and spherical spatial coordinates
ðχ; θ1; θ2;…; θD−1Þ, with 0 ≤ θl ≤ π, l ¼ 1;…; D − 2,
0 ≤ θD−1 ≤ 2π, the line element is given by

ds̃2 ¼ a2ðτÞðdτ2 − dχ2 − sinh2 χdΩ2
D−1Þ; ð5:10Þ

where aðτÞ is the scale factor. The synchronous time
coordinate t is defined by t ¼ R

dτaðτÞ. In order to bring
the Rindler line element (1.2) into the form conformal to
(5.10), we make a spatial coordinate transformation (see
also Ref. [1] for the case D ¼ 3)

ρ ¼ α0ðcosh χ − sinh χ cos θ1Þ−1;

xi ¼ ρ sinh χ cos θi
Yi−1
n¼1

sin θn;

xD ¼ ρ sinh χ
YD−1

n¼1

sin θn; ð5:11Þ

with i ¼ 2;…; D − 1 and α0 being a constant. With this
transformation, the line element becomes

ds2R ¼ ρ2ðdτ2 − dχ2 − sinh2 χdΩ2
D−1Þ: ð5:12Þ

From here, the conformal relation ds̃2 ¼ ½aðτÞ=ρ�2ds2R is
seen with the cosmological metric defined by (5.10). The
conformal factor in (5.9) is given by ΩðxÞ ¼ aðτÞ=ρ.
In the relation (5.8) the left- and right-hand sides are

written in the same coordinate system. Considering the
coordinates ðτ; χ; θ1; θ2;…; θD−1Þ, one needs to transform
the energy-momentum tensor hTν

μi from Sec. IV to this
coordinate system. We will denote the transformed VEV by
hT̃ν

μiR. By using the standard transformation law for the
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second rank tensors, the following expressions are obtained
for the diagonal components (no summation over l):

hT̃l
liR ¼ hTl

li; l ¼ 0; 3;…:D;

hT̃l
liR ¼ hTl

li þ
ð−1ÞlðhT1

1i − hT2
2iÞsin2θ1

ðcosh χ − sinh χ cos θ1Þ2
; l ¼ 1; 2:

ð5:13Þ

In addition to the diagonal components, the vacuum
energy-momentum tensor in the new coordinate system
also has a nonzero off-diagonal component

hT̃1
2iR ¼ 1 − coth χ cos θ

ðcoth χ − cos θÞ2 sin θðhT
1
1i − hT2

2iÞ: ð5:14Þ

As expected, the trace of the energy-momentum tensor is
not changed under the coordinate transformation.
In the problem without boundaries the vacuum stresses

are isotropic, hT1
1i0¼hT2

2i0, and we obtain hT̃ν
μi0R ¼ hTν

μi0.
By using the result for hTν

μi0 from [32] and the conformal
relation (5.8), for the boundary-free part one gets

hT̃ν
μi0 ¼ hT̃ν

μiG þ N½aðτÞ�−D−1

2Dπ
D
2ΓðD

2
Þ

Z
∞

0

dω
ωDBDðωÞ

e2πω − ð−1ÞD

× diag

�
−1;

1

D
;…;

1

D

�
; ð5:15Þ

where B1 ¼ B2 ¼ 1 and

BDðωÞ ¼
Y½D−1

2
�

l¼1

�
1þ

�
l − fD

2
g

ω

�
2
	
; ð5:16Þ

forD ≥ 3. In (5.16), ½D−1
2
� and fD

2
g correspond to the integer

and fractional parts of the enclosed numbers, respectively.
The spatial geometry under consideration is maximally
symmetric and as expected the VEV (5.15) is homo-
geneous. For the boundary-induced part, from (5.9) we
have hT̃ν

μib ¼ ½ρ=aðτÞ�Dþ1hT̃ν
μibR, where the boundary-

induced contribution hT̃ν
μibR is given by the right-hand

sides of (5.13) and (5.14) with replacement hTν
μi → hTν

μib.
The boundary-induced vacuum stresses are anisotropic,
hT1

1ib ≠ hT2
2ib, and the off-diagonal component is not zero.

By taking into account that for a massless field the
combination ρDþ1hTν

μib depends on ρ and ρ0 through the
ratio ρ=ρ0 [see Eqs. (4.20) and (4.35)], we see that the same
holds for the VEV hT̃ν

μib. Again, this is a consequence of
the homogeneity of the background space. The location of
the boundary in the new coordinates is given by

cosh χ − sinh χ cos θ1 ¼
ρ0
α0

: ð5:17Þ

In the theory of the Casimir effect, closed analytical
results for vacuum characteristics are usually obtained
for boundaries that are coordinate surfaces (e.g., flat,
spherical, cylindrical boundaries). As seen from Eq. (5.17),
the geometry of the boundary in the example under
consideration is quite complicated in terms of the initial
coordinates.
Let us consider some special cases of the scale factor

in (5.10). For the Milne universe, the scale factor in
synchronous time is given by a ¼ t. In terms of the
conformal time τ, it is expressed as aðτÞ ¼ αeτ with a
constant α. The Milne universe is flat and hT̃ν

μiG ¼ 0.
Another example corresponds to the de Sitter spacetime
foliated by hyperbolic coordinates. The corresponding
line element is given by (5.10) with a2ðτÞ ¼ α2=sinh2 τ.
In terms of the time t, the scale factor becomes
a2 ¼ α2 sinh2ðt=αÞ.

VI. CONCLUSION

We have studied the fermionic Casimir densities induced
by a planar boundary uniformly accelerated through the
Fulling-Rindler vacuum state. The boundary separates the
right Rindler wedge into two regions: the region between
the Rindler horizon and boundary with 0 < ρ < ρ0 (RL
region) and the region ρ0 < ρ < ∞ (RR region). On the
boundary the field is constrained by the bag boundary
condition and we have found the complete set of corre-
sponding fermionic modes in both regions. The modes are
specified by the set of quantum numbers ðω;k; ηÞwhere k
is the momentum along the directions perpendicular to the
direction of acceleration and η enumerates the spinorial
degrees of freedom. The eigenvalues of the energy ω are
continuous in the RL region. In the RR region, the energy
spectrum is discrete and the corresponding eigenvalues
are roots of the Eq. (2.20). For the evaluation of the VEVs
of physical observables, bilinear in the field operator, the
summation technique over the complete set of modes is
employed. The mode sums in the RR region contain a
summation over the eigenvalues ωn ¼ ωnðλÞ given implic-
itly. For the summation of the corresponding series we use
a variant of the generalized Abel-Plana formula. This
allows to separate the boundary-induced contributions in
the VEVs. They are presented in the form of integrals
exponentially convergent for points away from the boun-
dary. Similar representations are obtained for the VEVs in
the RL region.
As important local characteristics of the fermionic

vacuum, we have considered the fermion condensate and
the expectation value of the energy-momentum tensor.
They are split into boundary-free and boundary-induced
contributions. For points outside the boundary the renorm-
alization is required for the first parts only. The corre-
sponding renormalized VEVs for a massive field in general
number of spatial dimensions were investigated in [32].
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The fermion condensate and the vacuum energy-
momentum tensor are expressed as (3.8) and (4.16). The
vacuum stresses for the Fulling-Rindler vacuum in the
boundary-free problem are isotropic. That is not the case
for the boundary-induced contributions. For the fermion
condensate, those contributions are given by the expres-
sions (3.11) and (3.30) in the RR and RL regions,
respectively. The corresponding formulas for the VEV of
the energy-momentum tensor are given by (4.13) and (4.32)
with the functions Fμ½GνðxÞ� defined in (4.5). We have
explicitly checked that the boundary-induced parts in the
VEVs obey the covariant conservation equation and the
trace relation (4.18). The parallel stresses in the problem on
background of (Dþ 1)-dimensional spacetime are con-
nected with the fermion condensate in (Dþ 3) dimensional
spacetime by simple relations (4.19).
For D ≥ 2 the fermion condensate vanishes for a mass-

less field. In the case D ¼ 1, the condensate for a massless
field in the RR region is given by (3.14) and the corre-
sponding expression for the RL region differs by the sign.
For a massive field, the boundary-free contribution to the
fermion condensate is negative. The boundary-induced part
in the fermion condensate is negative in the RR region and
positive in the RL region. In the RR region both the
boundary-free and boundary-induced parts in the energy
density and in the effective pressures along the directions
parallel to the mirror, −hTl

li, l ¼ 2; 3;…; D, are negative.
In the RL region these VEVs have opposite signs
compared to the RR region. Near the mirror, the total
VEVs are dominated by the boundary-induced contribu-
tions, whereas the boundary-free contributions are dom-
inant near the Rindler horizon. For a massive field, in the
RR region and at large distances from the mirror,mρ ≫ 1,
the boundary-induced contribution dominates in the
range mρ0 > 0.04.
For a mirror at rest relative to an inertial observer in the

Minkowski vacuum the fermion condensate is given
by (4.37) and it is negative. The normal stress vanishes
and the parallel stresses are equal to the energy density,

determined from hT0
0iðMÞ

ren ¼ mhψ̄ψiðMÞ
ren =D. For a massless

field the VEVof the energy-momentum tensor vanishes and
for the fermion condensate one has the expression (4.38). It
would also be interesting to compare the above results with
the expectation values induced by a mirror moving with
constant proper acceleration in the Minkowski vacuum.
However, no such investigation has been conducted in the
literature. When a mirror moves nonuniformly through the
Minkowski vacuum, real particles may be created. This
phenomenon is known as the dynamical Casimir effect
(see, e.g., Refs. [13,14,65]). The problem with general law
of motion is exactly solvable for conformally invariant
fields in spatial dimension D ¼ 1. In higher dimensions,
different approximate methods have been used. In particu-
lar, most investigations consider the nonrelativistic motion
of mirrors, including oscillatory motion.

In Sec. V, we use the results obtained for the Rindler
background spacetime to investigate the fermionic Casimir
densities in gravitational fields. Cases involving weak
gravitational fields and background geometries that are
conformally related to Rindler spacetime are discussed.
One such application involves the consideration of the
VEV of the energy-momentum tensor in an open cosmo-
logical model described by the Friedmann-Robertson-
Walker metric. The corresponding conformal image of a
planar boundary in Rindler spacetime is rather complicated
and the boundary-induced energy-momentum tensor has
also a nonzero off-diagonal component.
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APPENDIX A: NORMALIZATION INTEGRAL

In this section we evaluate the integrals appearing in the
normalization conditions of the fermionic mode functions
for the RR and RL regions. The integrals have the form

Jωω0 ¼ χðjÞ†η0 ðkÞ
Z

ρ2

ρ1

dρZiω0þ1
2
γð0Þγð1Þ ðλρÞ

× Ziω−1
2
γð0Þγð1Þ ðλρÞχðþÞ

η ðkÞ; ðA1Þ

where the function ZνðxÞ is given by (2.4). By using the
relation (2.11), we obtain the representation

Jωω0 ¼ 1

2

X
ϰ¼�1

χðjÞ†η0 ðkÞð1þ ϰγð0Þγð1ÞÞχðþÞ
η ðkÞ

×
Z

ρ2

ρ1

dρZiω0þϰ
2
ðλρÞZiω−ϰ

2
ðλρÞ: ðA2Þ

The expression in the right-hand side is further simplified
on the base of (2.8) and (2.14),

Jωω0 ¼δηη0

2λ

Z
λρ2

λρ1

dx
h
Ziω0þ1

2
ðxÞZiω−1

2
ðxÞþZiω0−1

2
ðxÞZiωþ1

2
ðxÞ

i
:

ðA3Þ

For the evaluation of the integral in (A3) we note that the
function ZνðxÞ obeys the equation for the modified Bessel
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functions. From that equation it follows that [see also
Ref. [66] for the special case ZνðxÞ ¼ KνðxÞ and x2 ¼ ∞]

Z
x2

x1

dx
x
ZμðxÞZνðxÞ ¼ x

Z0
μðxÞZνðxÞ − ZμðxÞZ0

νðxÞ
μ2 − ν2

����x¼x2

x¼x1

:

ðA4Þ

Wewill assume that the coefficients in (2.4) are taken in the
way to have the relation

Zμþ1ðxÞ þ Z0
μðxÞ ¼

μ

x
ZμðxÞ: ðA5Þ

In particular, this relation is obeyed for the functions KμðxÞ
and e−μπiIμðxÞ. By using (A5) in (A4) we obtain

Z
x2

x1

dxZνðxÞZμþ1ðxÞ ¼ μx
Z0
μðxÞZνðxÞ − ZμðxÞZ0

νðxÞ
μ2 − ν2

����x¼x2

x¼x1

−
Z

x2

x1

dxZνðxÞZ0
μðxÞ: ðA6Þ

From here it follows thatZ
x2

x1

dx½ZμðxÞZνþ1ðxÞ þ ZνðxÞZμþ1ðxÞ�

¼ x
ZμðxÞZνþ1ðxÞ − Zμþ1ðxÞZνðxÞ

μ − ν

����x¼x2

x¼x1

: ðA7Þ

Now, in the general formula (A7) we take μ ¼ iω − 1=2
and ν ¼ iω0 − 1=2,Z

x2

x1

dx
X
ϰ¼�1

Ziω−ϰ=2ðxÞZiω0þϰ=2ðxÞ

¼ x
i

X
ϰ¼�1

ϰ
Ziω−ϰ=2ðxÞZiω0þϰ=2ðxÞ

ω − ω0

����x¼x2

x¼x1

: ðA8Þ

With this result, for the integral appearing in the normali-
zation conditions one obtains

Jωω0 ¼ δηη0
ρ

2i

X
ϰ¼�1

ϰ
Ziω−ϰ=2ðλρÞZiω0þϰ=2ðλρÞ

ω − ω0

����ρ¼ρ2

ρ¼ρ1

: ðA9Þ

This result is used in the main text for the evaluation of the
normalization coefficients in the RR and RL regions.

APPENDIX B: SUMMATION FORMULA OVER
THE EIGENMODES IN THE RR REGION

In this section we derive a summation formula over
the eigenmodes z ¼ ωn being the roots of the function
K̄izþ1=2ðuÞ. For that the generalized Abel-Plana formula
from [67] will be used. In the generalized Abel-Plana
formula we take

fðzÞ ¼ 2

π
cosh πzFðzÞ;

gðzÞ ¼ Īizþ1=2ðηÞ − Ī−izþ1=2ðηÞ
K̄izþ1=2ðηÞ

FðzÞ; ðB1Þ

where FðzÞ is a function analytic in the right-half plane
Rez > 0 and the functions with bar are defined in (2.26)
and (2.28). For the sum and difference of these functions
one has

gðzÞ � fðzÞ ¼∓2
Ī∓izþ1=2ðηÞ
K̄izþ1=2ðηÞ

FðzÞ: ðB2Þ

By taking into account that

Ī−iωnþ1=2ðuÞ ¼ −Īiωnþ1=2ðuÞ; ðB3Þ

for the residues of the function gðzÞ at the points z ¼ ωn
we obtain

Resz¼zngðzÞ ¼
2Īizþ1=2ðuÞ
∂zK̄izþ1=2ðuÞ

FðzÞjz¼ωn
: ðB4Þ

Plugging (B2) and (B4) in the generalized Abel-Plana
formula [67], the formula

lim
h→∞

"Xnh
n¼1

iĪizþ1=2ðuÞFðzÞ
∂zK̄izþ1=2ðuÞ

����
z¼ωn

−
1

π2

Z
h

0

dx coshðπxÞFðxÞ
#

¼ i
2π

Z
∞

0

dx
Īxþ1=2ðuÞ
K̄xþ1=2ðuÞ

½Fðxeπi
2 Þ − Fðxe−πi

2 Þ�; ðB5Þ

is obtained. Here, for a given h, the upper limit of the
summation is defined in accordance with ωnh < h < ωnhþ1.
From the conditions on the functions fðzÞ and gðzÞ in the
generalized Abel-Plana formula we get the condition on the
function FðzÞ in (B5). For z ¼ xþ iy, with x > 0, it takes
the form

jFðzÞj < εðjzjÞe−πxðjzj=uÞ2jyj; ðB6Þ

for large values of jzj, where jzjεðjzjÞ → 0 in the limit
jzj → 0. From (B3) it follows that the function iĪiωnþ1=2ðηÞ
is real. Note that we have the relation

Īiωnþ1=2ðuÞ ¼ −
1

uKiωnþ1=2ðuÞ
; ðB7Þ

and the function iKiωnþ1=2ðuÞ is also real. Modes of
quantum fields expressed in terms of the modified
Bessel function of the second kind with an imaginary
order appear also in other background geometries. An
example of a (2þ 1)-dimensional spacetime is the Beltrami
pseudosphere (see Ref. [68] for the corresponding vacuum
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currents). The summation formula (B5) can be used to
investigate edge-induced effects in these geometries.

APPENDIX C: PROOF OF THE IDENTITIES

In this section, the proof of the identity (3.26) is
presented. By taking into account the relation (3.25), we
can write

Z2
ν�ðuÞ
jCσj2

¼ Zν�ðuÞ
Cσ

�
Zν∓ðuÞ
Cσ

	�
; ðC1Þ

with u ¼ λρ and

ν� ¼ iω� 1

2
: ðC2Þ

Substituting the expression (3.24) for the functions
Ziω�1

2
ðuÞ it can be seen that

Z2
ν�ðuÞ
jCσj2

¼ K2
ν�ðuÞ − K̄νþðu0Þ



Iν�ðuÞ
Īνþðu0Þ

I−ν�ðuÞ
Ī−ν−ðu0Þ

K̄νþðu0Þ

�
�
Iν�ðuÞ
Īνþðu0Þ

−
I−ν�ðuÞ
Ī−ν−ðu0Þ

	
KνþðuÞ

�
; ðC3Þ

where u0 ¼ λρ0. Next, we use the relations

K̄νþðzÞ ¼ −π
Ī−ν−ðzÞ þ ĪνþðzÞ
2 cosh ðωπÞ ;

Kν�ðuÞ ¼ �π
I−ν�ðuÞ − Iν�ðuÞ

2 cosh ðωπÞ ; ðC4Þ

to show that

Z2
ν�ðλρÞ
jCσj2

− K2
ν�ðλρÞ ¼

πK̄νþðzÞ
2 cosh ðωπÞ

�
I2ν�ðλρÞ
ĪνþðzÞ

þ I2−ν�ðλρÞ
Ī−ν−ðzÞ

	
:

ðC5Þ

The identity (3.26) is a direct consequence of this relation.
In order to evaluate the boundary-induced contribution

in the VEV of the energy density in the RL region, we
need to have the analog of the identity (C5) for the product
Ziωþ1=2ðuÞZiω−1=2ðuÞ. In a way similar to that used
for (C5), by using the relations (C4), it can be shown that

ZνþðuÞZν−ðuÞ
jCσj2

¼ KνþðuÞKν−ðuÞ

−
πK̄νþðu0Þ
2 cosh ðωπÞ

X
j¼�1

Ijiω−1
2
ðuÞIjiωþ1

2
ðuÞ

Ījiωþ1=2ðu0Þ
:

ðC6Þ

In order to obtain a similar identity for the function entering
in the expression of the stress hT1

1i, we use the relation

Zν−ðzÞZ0
νþðzÞ − ZνþðzÞZ0

ν−ðzÞ

¼ Z2
νþðzÞ − Z2

ν−ðzÞ − 2
iω
z
ZνþðzÞKν−ðzÞ; ðC7Þ

and the identities for the separate parts in the right-hand
side, given above.
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