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in the Fulling-Rindler vacuum

A. A. Saharian®,"” L. Sh. Grigoryan 2 and V. Kh. Kotanjyanl’2

nstitute of Physics, Yerevan State University, 1 Alex Manoogian Street, 0025 Yerevan, Armenia
*Institute of Applied Problems of Physics, NAS RA, 25 Hrachya Nersissyan Street, 0014 Yerevan, Armenia

® (Received 10 November 2025; accepted 2 April 2026; published 21 April 2026)

We investigate the local characteristics of the Fulling-Rindler vacuum for a massive Dirac field induced
by a planar boundary moving with constant proper acceleration in (D + 1)-dimensional flat spacetime. On
the boundary, the field operator obeys the bag boundary condition. The boundary divides the right Rindler
wedge into two separate regions, called right-left (RL) and right-right (RR) regions. In both these regions,
the fermion condensate and the vacuum expectation value (VEV) of the energy-momentum tensor are
decomposed into two contributions. The first one presents the VEVs in the Fulling-Rindler vacuum when
the boundary is absent and the second one is the boundary-induced contribution. For points away from the
boundary, the renormalization is reduced to the one for the boundary-free geometry. The total VEVs are
dominated by the boundary-free parts near the Rindler horizon and by the boundary-induced parts in the
region near the boundary. For a massive field the boundary-free contributions in the fermion condensate and
the vacuum energy density and effective pressures are negative everywhere. The boundary-induced
contributions in the fermion condensate and the energy density are positive in the RL region and negative
in the RR region. For a massless field the fermion condensate vanishes in spatial dimensions D > 2, while the
VEV of the energy-momentum tensor is different from zero. This behavior contrasts with that of the VEVs in
the Minkowski vacuum for the geometry of a boundary at rest relative to an inertial observer. In the latter case,
the fermion condensate for a massless field is nonzero, while the VEV of the energy-momentum tensor
becomes zero. The obtained results are used to investigate the VEV of the fermionic energy-momentum tensor
in weak gravitational fields and background geometries that are conformally related to Rindler spacetime.
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I. INTRODUCTION

The Rindler coordinates x* = (z,p,x,...,x”) in (D + 1)-
dimensional flat spacetime, with the variation range
7€(—00,+0), p€[0,00), x' €(—c0,+0), i =2,...,D,
realize the reference frame of uniformly accelerated observ-
ers. They are related to the Minkowskian coordinates
W= (¥ =, 2", x?,...,x’P) of inertial observers by
the coordinate transformation
L

i=2.....D. (1.1

With this transformation, the line element in the Rindler
coordinates reads

t=psinhz, x'=pcoshr, x

ds} = g, dv'dxt = pdz® —dp? —dx?,  (1.2)
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where x = (x?,x3, ...,xP). The worldlines p = const and

x = const describe a uniformly accelerating observer
following the trajectory parallel to the x! axis and having
a proper acceleration 1/p. The proper time 7, of the
observer is expressed in terms of the dimensionless time
coordinate 7 as 7, = pr. The hyperplanes x! =4+t are
horizons for Rindler observers. They divide the Minkowski
spacetime into four wedges. For the coordinates defined
in (1.1) one has x! > |¢| and they correspond to the so
called right (R) region. The coordinate transformation in
the wedge x! < —|7| [left (L) region] is given by (1.1) with
x! = —pcoshz. The remaining wedges t> |x'| and
t < —|x!| present the future (F) and past (P) regions of
the Minkowski spacetime. The corresponding transforma-
tions read t = £pcoshz, x! = psinhz.

The interest to the Rindler spacetime, as a background
geometry in quantum field theory, is motivated by a number
of reasons. First of all, the Rindler geometry is a classic
example for discussing fundamental issues such as the
observer dependence of the concepts of vacuum and
particles. The Rinlder metric tensor is static and the
canonical quantization of a given field can be realized
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by using the modes of a given energy in both Rindler and
Minkowskian coordinates. Expanding the field operator
over those modes, the vacuum and particle states are
constructed following the standard procedure. It turns
out that the vacuum states constructed on the basis of
Rindlerian and Minkowskian modes (Fulling-Rinlder and
Minkowski vacua, respectively) are different (see, for
example, Refs. [1-3]). An observer moving with constant
acceleration registers Rindler quanta in the Minkowski
vacuum (the Unruh effect [4—6]), and an inertial observer
registers particles in the Fulling-Rindler vacuum. The
simplest example of the system registering particles is
the Unruh—de Witt pointlike detector [1]. An important
difference between Rindler observers and inertial observers
is the presence of an event horizon related to the accelerated
motion. The presence of the horizon introduces new
qualitative features in quantum field-theoretical effects.
The relative simplicity of the Rindler geometry allows
one to obtain closed analytical results for physical char-
acteristics describing the state of a quantum field. This
helps to understand the consequences of the existence of a
horizon in more complex situations in curved space time,
including those for de Sitter and black hole geometries.
An interesting quantum phenomena is the entanglement
between the states in the regions separated by horizons. In
the Rindler geometry the worldlines of uniformly accel-
erating observers are located in the right and left wedges.
For those observers, the Minkowski vacuum is an entangled
state that connects the states in separate wedges (see, for
example, Refs. [7-10] and references therein).

An intriguing macroscopic manifestation of the non-
trivial physical properties of the quantum vacuum is the
Casimir effect (for reviews see Refs. [11-14]). It is a
boundary-induced phenomenon caused by the influence
of boundaries on quantum fluctuations of fields. The effect
has been thoroughly investigated for both bosonic and
fermionic fields and for various geometries of boundaries
and background spacetime. A series of high-precision
experiments confirm the Casimir effect for electromagnetic
field in problems involving conducting and dielectric
boundaries. An interesting topic in the investigations on
the Casimir effect is the dependence of the expectation
values of physical quantities on the chosen vacuum state.
In the present paper we study the Casimir contributions in
the fermion condensate and the mean energy-momentum
tensor for a Dirac field, induced by a planar boundary
moving with constant proper acceleration through the
Fulling-Rindler vacuum state (quantum fermionic fields
in Rindler spacetime have been considered in various
aspects in the literature, see, e.g., Refs. [15-32]). Similar
studies have been conducted previously in Refs. [33-38]
for scalar and electromagnetic fields in the geometry of a
single and two parallel planar boundaries. Note that the
problems of the Fulling-Rindler vacuum polarization by
moving boundaries are closely related to the investigation

of the Casimir effect in weak gravitational fields (see, for
example, Refs. [39-50]).

The organization of the paper is as follows. The problem
setup and the Dirac modes in the RR and RL regions,
separated by a mirror, are presented in the next section. In
Sec. III we investigate the fermion condensate in those
regions. The boundary-induced contributions are explicitly
separated and their behavior in asymptotic regions of the
parameters is studied. The corresponding investigation for
the expectation value of the energy-momentum tensor is
given in Sec. IV. The main results are summarized in
Sec. VI. In Appendix A we present the details of the
evaluation of the normalization integrals in the RR and RL
regions. In Appendix B, by using the generalized Abel-
Plana formula, a summation formula is derived for the
series appearing in the expressions of the expectation
values in the RR region. The proof of the identities, used
for the separation of the boundary-induced contributions in
the expectation values for the RL region, is presented in
Appendix C.

I1I. PROBLEM SETUP AND FERMIONIC MODES
A. Problem setup

Consider a fermionic field w(x*) in background of
spacetime described by the line element (1.2). The
(D + 1)-bein fields will be taken in the form
e’(‘o) = &/p, e’(‘b) =46, b=1,2,..., and for the covariant

components of the metric tensor, g,, = 74, ef,@eﬁb), one has

g = diag(p?, -1, ..., —1). Here, 1, is the Minkowskian
metric  tensor in  Cartesian  coordinates  with
a,b=0,1,...,D. The field operator obeys the Dirac
equation

(iy"V, —m)y =0,

V,=09,+T, (2.1

with the spin connection I',. For the N x N Dirac matrices
in the coordinates x* we have the relation y* = e’('b)y(w,

where 7 are the flat spacetime gamma matrices in
Cartesian coordinates (for the construction of the matrices
y<b) in general number of the spacetime dimension see, e.g.,
Refs. [51,52]). They obey the anticommutation relation
{7*,7"} = 2¢"™ and we will assume that the field w(x*)
realizes the irreducible representation of this Clifford
algebra. For odd values of spatial dimension D, the
irreducible representation is unique (up to a similarity
transformation). For even D one has two inequivalent
irreducible representations. The dimension of the Dirac
matrices in the irreducible representation is given by
N = 2lP+D/2] " where [---] stands for the integer part of
the enclosed expression. Denoting the covariant derivative
for vector fields by ;, the spin connection is expressed

as I, = y(”)y<”)e’(“a)e<b),,w/4.
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Our main interest is the shift in the vacuum expectation
values (VEVs) of the physical characteristics of the Fulling-
Rindler vacuum induced by a uniformly accelerated mirror
moving along the axis x' with a proper acceleration 1/p.
On the boundary p = p, with the normal n, the Dirac field
obeys the bag boundary condition

(1 +in,y" )y = 0. (2.2)
In the MIT bag model of hadrons, this boundary condition
is used to confine quarks within a finite volume. It ensures
that there is no flux of fermions at the boundary on which
the boundary condition is imposed. From this condition, it
follows that n, j* = 0 for p = p,, where j* = yy*y being
the current density. Here and below, i = y(?) is the Dirac
conjugate for the field y. Due to the condition (2.2), the
boundary p = p, reflects all the fermion modes. In this
sense, the boundary can be called a mirror for the Dirac
field. In the following, the terms boundary and mirror will
be used interchangeably. We assume that the mirror is
located in the R wedge of the Rindler geometry. It divides
the R region into two subregions: region 0 < p < p, (RL
region) and region py < p < oo (RR region). For the
components of the normal in those regions we have
n, =695} with 89 = -1 in the RR region and V) = 1
in the RL region. In Fig. 1 we plotted the coordinate lines in
the R wedge of the Rindler spacetime. The worldline of the
mirror, separating the RL and RR regions, is plotted by a
thick curve.

FIG. 1. Coordinate lines 7 = const and p = const in the R
region of the Rindler spacetime on the plane (x!, f). The world-
line of a uniformly accelerating mirror is depicted by a thick line.
It separates the RL and RR regions.

As physical characteristics of the fermionic Fulling-
Rindler vacuum, the fermion condensate and the expect-
ation value of the energy-momentum tensor will be
considered. The evaluation procedure we will employ is
based on the summation of the corresponding mode sums
over the complete set of fermionic modes. In what follows
we specify the mode functions and the eigenvalues of
quantum numbers for the RL and RR regions.

B. Mode functions: General structure

We want to find a complete set of solutions to Eq. (2.1)
for the geometry (1.2) obeying the boundary condition
(2.2). The expression for the spin connection is simplified
to T, = 80y©y(1) /2. Following the procedure described in

[32], the positive and negative energy modes, wfj) and

y/f,_>, respectively, are presented in the form

po () = Npe o3z, o (o) (k). (23)

where k = (k?,...,kP) and the function Z,(x) is the
linear combination of the modified Bessel functions
I,(x) and K, (x),

Zv('x) = Clalv(x) =+ CZGKI/(X)‘ (24)

In (2.3), 0 = (w, k, 1) presents the set of quantum numbers
specifying the modes, and

A= VK +m?,

The quantum number 5 specifies the spinorial degrees
of freedom. For the energy of the mode (2.3), measured
by an observer with fixed spatial coordinates (p,x), one
has e, = w/p.

k= K. (2.5)

(+)

The spinors y, (k) obey the relation

(2.6)

P) = (10 M) ED:WW (2.7)

2 A ' = ’ '
For the operator (2.7), the properties P?(k) = P(k) and
P'(k) = P(K) are easily checked. The orthonormality and
completeness relations

+)f +
2T (k) = 6,y

S e (K)x (k) = Pug(k). (2.8)
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take place for )(f?i) (k), with @ and f being spinor indices. In

addition, by using (2.6), the property

k
(1 i B m)z}(f)(k) =0, (29

A

is easily proven.

for a given function f(x), the condition is rewritten as

> [1 + oy Oy 4 50 () 4 %r(‘)))]xfyﬂ (K)Zio1(4p) = 0.

x==1

Multiplying by x\'"(k) and summing over 7 we get

S ST 1+ 89 6er @+ y D) () Zis (2p0) =,

x=*1 7

where the relation
257 ) Oy (k) =0, (2.14)

has been used. This relation follows from (2.9). The further
simplification of (2.13) is done by using the relations

i . N
> o e ) = 3

; imN
> o )6+l (k) === (2.15)
n
with the result
Ziw-1(4p0) + Zig 11 (Ap0) = 0, (2.16)

for both positive and negative energy modes.
The mode functions (2.3) are normalized by the
condition

/ d°x/1gli ) o = 6,0, (2.17)

where g is the determinant of the metric tensor. Here, d,, is
understood as Dirac delta function for continuous quantum
numbers and as Kronecker symbol for discrete ones.

We have described the features of the modes which are
the same for the RR and RL regions. In further consid-
eration one needs to specify the region.

The boundary condition for the modes (2.3) is written as

(1+ i5<J)y<1))Zm¢%},<0>y(1)(ﬂp)}(,gi)(k) =0. (2.10)
By using the relation (see also Ref. [15])
1
0),, (1)) = — 1 (0),,(1) 2.11
&) 2}{;1( +xy Oy ) f (), (2.11)
(2.12)
(2.13)

|
C. Mode functions in the RR region
In the RR region, the function / iw_%y(mym(/lp) exponen-

tially increases for large p and for normalizable modes we
should take C;, = 0. The mode functions are expressed as

l//,(yj) _ NgRe—jimT+ik~xK.w_j%y(o)y(l) (ip))(;(/) (k),

1

(2.18)

with j =+, —. For the p-dependent part we have the
relations

[Kiwryy0,0 (40)]" = K0, (4p),
YOK ity 0,0 (A9) = K yig0,0 (Gp)r 0. (2.19)

The eigenvalues of the quantum number @ are determined
by the equation [see Eq. (2.16)]

Kiy-1(4p0) + Kiy41(2p0) = 0. (2.20)

Note that this equation can also be written in the form
Re[K;,1(4pp)] = 0. We will denote the roots of the
equation (2.20) for a given 1 by w=w, = w,(1),
n=1,2,.... By taking into account that K;,, 1,2(4pg) =
K0, 11/2(4p0), We get

K 2170,0 (4po) = 21Oy VK, 1(Apg).  (2.21)

The normalization condition (2.17) for the modes (2.18)
is written in the form
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5 10y
(R ) nn!
where
J’(71;R’1)nl _Z(' >T(k> / dem) 1440 1)(/1p)
Po
X Ky, 10 o) (k). (2.23)

The coefficient of |NXR|? is expressed in terms of J,,,,
defined by (A1), with w = @, @ = @1, p; = P, P2 = ©

and Z,(x) = K,(x). This gives
(RR) O’ li }{Kiw—}(/Z (Ap)Kiw’+;(/2 (/1/)) 224
‘]1771’ nn' 2i /)LI}}O Z @ —w : ( . )

For n' # n, we directly put p = p, in the arguments of the
Macdonald function and from the boundary condition it
follows that, as expected, >, _. %K, _,/»(4p) X
Kiw,, +x/2(4p) = 0. In the limit @' — , we evaluate the
right-hand side of (2.24) by using 1’Hopital’s rule. By
taking into account that xK;,, _, />(4pg) = =K, 11/2(4p0),
we get

RR i -
J;('m’,n)n = 617;7’ EpOKiwnJr1/2(APO)a(uKiaH»l/Z(ipO)|w:w,,’

(2.25)
with the notation

Kini12(2) = Kigi1/2(2) + Kigo12(2).  (2.26)

From the Wronskian for the modified Bessel functions,
by taking into account that K, _j»(dpy) =
—Ky, +1/2(4pp), one finds

1

Ky 1(Ap) = =—7=——7—,  (227)
a 2P0l i, +1/2(4p0)
where
7ierl/Z(Z) = Iierl/Z(Z) - Iim—l/Z(Z)' (228)
The final expression for J,(W7 n)n, reads
9K 1/2(Ap0)
(RR) o™ io+1/2\/P0
Jog ot = OOt 55— — (2.29)

2iAl 41 12(200) | o=, '

With this result, the normalization coefficient is obtained
from (2.22),

2iﬂlw+1/2 (4po)

|NRR|2 )
(ZE)D la K1w+1/2(/1p0) 0w=w,

(2.30)

Note that K_j,,1/2(z) = Kj411/2(2) and, hence, the func-
tion I_(iw+1/z(1) is real for real values of w and z. In
addition, we have K /5, (4p9) = =K 214, (4po) and the
function K /5., (4pg) is purely imaginary. From (2.27)
it follows that the same is the case for the function
Iy +1/2(App) and the function il;, 1/2(App) in (2.30)
is real.

D. Mode functions in the RL region

In the RL region, corresponding to 0 < p < p,, both the
functions 7, (x) and K, (x) are allowed in (2.4). The relative
coefficient in the linear combination of those functions is
determined by the boundary condition (2.16). The mode
functions are presented in the form

W( i _ NRL —jiwt+ik- X7,

o (), (231)

la)—j }’

where

2,0p) = 1, (3p) + C,K,(Ip).  (2.32)
Note that the function Z,(1p) obeys the same recurrence
relations as the function K, (4p) [the factor e™**" in front of
I,(4p) is added for this purpose]. The coefficient C, is
found from the boundary condition (2.16) and is given by
the expression

. iiw+l/2(ﬂp0)
Kiw+1/2(’1p0)

with the notations (2.26) and (2.28). Note that unlike the
RR region, the spectrum of ® in the RL region is
continuous. It can be shown that

C, =ie , (2.33)

Ci=C,+ (¥ 4 1), (2.34)
T

where the star stands for the complex conjugate.
By using the relation (2.34) we can see that [compare
with (2.19)]

[Zm Lo, (40)]"

= Zi(uj:%y(o)y(” (4p).

w (Ap)r . (2.35)

zwj:%}/(o)y
and the normalization condition for the positive energy
modes (2.31) is written in the form

J( |NRL|2

7]7] ww'

(2.36)

085014-5



SAHARIAN, GRIGORYAN, and KOTANJYAN

PHYS. REV. D 113, 085014 (2026)

where

RL T Po
meg,f,(,,/ :)(,(f) (k) A dPZiwur%y(my(n(ﬂP)

X Zi sy (202" (K). (2.37)
By using the result (A9) with p, — py, p; — 0, and the
boundary condition (2.16), we can see that the contribution
from the upper limit p = p, becomes zero. The expression
(2.37) is transformed to

P AT

}(Ziw—u/Z(x)Ziw'-H{/Z('x)
et = 55 lim > . (2398)

J /
o —w

x==+1

where we have introduced x = Ap. By making use of the
asymptotics for the modified Bessel functions for small
values of the argument and the relation (2.34), we can see
that for 0 < x <« 1, to the leading order,

,sin (0w — ') In(x/2)]
x cosh (wr) ’

Z }{Zia)—g(x)zimur)—z‘(x) ~ l”|C(F|
x==*1

(2.39)

Plugging this in (2.38) and by taking into account that

i 1 2
Hmw — —n6(u), (2.40)
x=0 u
we get
8, % C,|?
(RL) iy ° /
= 0(0 — ). 2.41

' ,ww 24 cosh (6077.') (CO C()) ( )

With this result, the normalization constant in the RL
region is found to be

84 cosh (wr)

2

NRL 2 —
INe 1 =GP,

(2.42)

with C, given by (2.33).

III. FERMION CONDENSATE

After specifying the normalized mode functions in the
RR and RL regions, we investigate the VEVs of physical
observables. In this section, we consider the fermion
condensate. The formation of a nonzero fermion conden-
sate is critically important in quantum field theory and in
many condensed matter systems exhibiting superconduc-
tivity and superfluidity. The condensate provides a mecha-
nism that gives fermions mass and acts as an order
parameter for dynamical symmetry breaking, such as chiral
symmetry breaking in quantum chromodynamics through
the formation of a quark condensate. In the context of the

Nambu-Jona-Lasinio model with quartic interaction, the
effective dynamical mass of fermions is proportional to the
fermion condensate, and the coefficient is determined by
the four-fermion coupling constant.

The fermion condensate is defined as the VEV
(Olpw|0) = (pw), where |0) stands for the Fulling-
Rindler vacuum state. Expanding the field operator in

terms of complete set of modes {1//,(;”),1//((,_)}, the con-
densate is presented in the form of the mode-sum

o1 () () () (+)
<W>—§Z’:(wa ws =yl ) (3.1)

where > includes a summation over discrete quantum
numbers and an integration over the continuous ones. The
fermion condensate in the RR and RL regions will be
studied separately.

A. Condensate in the RR region

Plugging the mode functions (2.18) in (3.1) and using
the second relation in (2.15), the fermion condensate in the
RR-region is presented in the form

_ mN = 7iw+1/2 (4po)
(y) = -5 5= [ dk =
2P 7P o awKiw+1/2(/1P0)

x |K2,.\00) = K2, (3p)] (3.2)

w=w,
This expression is divergent and some regularization
scheme is implicitly assumed (e.g., point-splitting or a
cutoff function). For points p # p,, the divergences are the
same as those in a problem without boundaries and the
renormalization of the condensate reduces to the corre-
sponding procedure in the problem without boundaries.
This can also be understood based on general consider-
ations. In quantum field theories in curved spaces, the
divergences of vacuum averages at a given spacetime point
are uniquely determined by the local geometric character-
istics of the background spacetime at that point, such as the
Riemann tensor and combinations constructed from it.
Introducing boundaries does not change the local geometry
of spacetime at points outside the boundary; therefore,
it does not lead to new divergences in the local physical
characteristics of vacuum averages. Thus, renormalizing
these averages is equivalent to renormalizing them in a
problem without boundaries. In the problem under con-
sideration, the background spacetime is flat, and sub-
tracting the Minkowski spacetime parts from the vacuum
expectation values of local observables yields finite physi-
cal values at points outside the boundary.

The above arguments do not apply to points on the
boundary. Typically, local vacuum expectation values
diverge as they approach the boundary. In the literature
on the Casimir effect, these divergences are studied for
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various boundary and background geometries (see, for
example, Refs. [11-14]). The presence of surface diver-
gences indicates that physical quantities containing con-
tributions from local averages at boundary points
necessitate additional renormalization. An important exam-
ple of such a quantity is the total vacuum energy. In the
following discussion we will explicitly separate the boun-
dary-free contributions in local observables such as the
fermion condensate and the mean energy-momentum
tensor. The corresponding renormalization procedure has
already been discussed in [32]. Thus, the choice of a
specific regularization scheme is not important for the
subsequent analysis.

From the point of view of further calculations, the
representation (3.2) has two disadvantages: (i) the eigen-
values w,, of the energy are given implicitly, as roots of the
Eq. (2.20), and (ii) the series terms for large n are highly
oscillatory. Both of these difficulties can be overcome by
applying to the series over n in (3.2) the summation
formula (B5) with the function

F(z) = K7 ,(4p) = K7_,(2p).

123

(3.3)

This allows one to present the fermion condensate in the

form
o o [
[ x+ﬁ<zp> K2,0p)]. (3.4
where
(pw)y = ;rllj\il/dk/ dw cosh 7w Im [K2 (/lp)]
(3.5)

The part (yw), comes from the integral in the square
brackets of (B5) and coincides with the fermion condensate
in the boundary-free geometry. The representation (3.4) is
well adapted for investigating the properties of the con-
densate. First, explicit knowledge of the eigenmodes w,
is not required. Second, the integrand monotonically
decreases within the range of the integration variables near
the upper limits of integration. Third, the boundary-induced
contribution is explicitly separated.

The renormalization of (3.5) is done by subtracting
the condensate in Minkowski spacetime: (py)f" =
(ww)o — (wy)y and the renormalized fermion condensate
for the Fulling-Rindler vacuum in the absence of bounda-
ries is expressed as [32]

" =

2"PmN - [ 0 -
Mim / dwe™ / A2 = m2)=
F( ) 0 m

x Im [Kl/Z—i(u(/lp)]’ (36)
for D > 2. For D = 1 we have
- ren __ m © —nw 2
=" [ doe i & ). (37

Another representation for the boundary-free part in the
fermion condensate is provided in [32],

() = (221:1—')72;/00 u%ﬁ;&mp cosh u),
(3.8)
with the function
f(z) =27K, (). (3.9)

The expression (3.8) shows that for a massive field the
boundary-free part in the fermion condensate is negative.

Integrating the boundary-induced contribution in (3.4)
over the angular coordinates of the momentum Kk, the
renormalized fermion condensate in the RR region is
decomposed as

VW) ren = (3.10)

Wy)e" + W)y,

where the boundary-induced contribution is given by
the formula

21Dy N

(y)y, = F(D—“) " A3 = m?)T
x/ ay 120) [K2(/1 ) - K>, (A )} (3.11)
2 R (pg) L) T R

for D > 2. In the case D = 1, the boundary-induced part is
expressed as

. m [=  1,(mpy)
(), = ;[/2 dUTmpOO) [Kf(mﬂ) - Kf_l(mﬂ)]

(3.12)
In the integration range of (3.11) we have the relations

K,(z)>K,o1(z).  (3.13)
We conclude from this that, in the RR region, both the
boundary-free and boundary-induced contributions to
the fermion condensate are negative for a massive field.
In the zero-mass limit, the condensate tends to zero like
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(W), « m for D > 2 and like (yw), « mInm for D = 2.
In the case D = 1, the condensate tends to nonzero limiting
value. Taking the limit m — 0 in (3.12), we obtain

1

- D=1,
2zpIn (p/po)

W) plmeo = (3.14)

Let us consider the asymptotics of the fermion con-
densate near the plate and at large distances from it. Near
the boundary, assuming that p/py, — 1 < 1, the dominant
contribution to (3.11) comes from large values of 1 and v.
Introducing a new integration variable z = 1/v, we use the
uniform asymptotic expansions of the modified Bessel
functions for large values of the order (see, for example,
Ref. [53]). It can be seen that for v > 1, to the leading
order,

I,(vu) e
R =) 1),
—2un(u) 1
K%(vu)—](f_](yu)zﬂe—z <1 ——> (3.15)
vu t,
where
u
n(u) =t,+1n , t, =V 1+u’ (3.16)

1+1,

Substituting these asymptotics in (3.11) and by taking into
account that for p/py — 1 < 1 one has n(up/py) —n(u) ~
t.(p/po — 1), for the leading term in the expansion of the
fermion condensate over the distance from the boundary
we get

() ~ ((‘;”_)p_)mN [F (D; 1) - Fr(?é;) F@)]

for D > 3. For D = 2 the asymptotic is given by

r@ _re
7 lr(%—ré)]. (3.18)

Y
Py )y ~ 47(p — po)

In the case D = 1 one obtains

1

<l/7ll/>bz—m- (3.19)

This leading term does not depend on the mass and could
also been obtained directly from (3.14).

At large distances from the boundary and for a
massive field, mp > 1, the argument Ap of the

Macdonald functions in (3.12) is large and we use the
corresponding asymptotic [53]. The dominant contribution
to the integral over A comes from the region near the lower
limit of the integral. In the leading order for D > 1 one
obtains

NmP e=2mp /00 1,(mpy)
)y m— € [ oy — 1) 2AP0)
Wy 20T 2" (mp)*= i ( )Ku(mﬂo)

(3.20)

The asymptotic of the boundary-free part in the limit
mp > 1 reads

N D ,—2mp
%- (3.21)
2041 255 (mp) 7
For the ratio of the boundary-induced and boundary-free
contributions we get

3.22
KI./ mpq ( )

Mz—nﬁ /oodv(Zz/— I)M.

1/2 (mpo)
This ratio does not depend on the number of spatial
dimensions. The numerical evaluation shows that the
right-hand side in (3.22) is smaller than 1 for mp, < 0.04
and larger than 1 for mpy > 0.04. For mp, = 1 the ratio
(3.22) is near 40 and it increases with increasing mp.
Hence, in the range mp, > 0.04, the total VEV at large
distances is dominated by the boundary-induced part. For a
massless field the fermion condensate vanishes in spatial
dimensions D > 2 and the large-distance asymptotic for
D =1 is given by (3.14).

B. Condensate in the RL region

With the mode functions (2.31), the fermion condensate
in the RL-region is expressed by the formula

2imN [

<ll_”//>:(2ﬂ_)p+1 ) dw

x/dk%ﬁi%(ﬂp)—Zl.zw_é(/lp)], (3.23)
where C, is defined in (2.33) and
Ziw:t%</1/)) = CaKiwi%(ﬂﬂ) + eﬂwiliwi%(/lp)’ (3.24)
It is easy to see that
Ziwi%(ﬁﬂ) = [Ziwx%(lﬂ)]*v (3-25)
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and the expression on the right-hand side of (3.23) is explicitly real. In order to separate the boundary-free contribution we

use the identity

za)+" )“p
Z |C |2

k==+1

= «|K

k==%1

la)+”

ﬂkiw+%(/1p )
Zcosh (wr) F

J /zw+" (lp)
—+1 Ijia)Jri(ApO) .

(3.26)

The proof of this relation is presented in Appendix C. The identity (3.26) allows one to write the fermion condensate (3.23)

in the form

(wy) = (pw)o

with the boundary-free condensate (), given by (3.5).

imN _]la)+ pO)
o EP T e i e}

K, j=%x1

(3.27)
jzm+2 ’Ip )

For the further transformation of the boundary-induced part in (3.27), we rotate the integration contour over @ by the
angle z/2 for the term j = —1 and by the angle —z/2 for the term j = 1. For the integrals we get

5] k'im 1 /1p 00
A de(O) jlw+K(/1p) ——ji[) dx

1 jiw+%(’1p0)

and the fermion condensate is presented as
N
IR

For D >?2, integrating over the angular part of the
momentum, the condensate is decomposed as (3.10),
where the boundary-induced contribution is given by the
expression

(y) = (py

_ 21_DmN o D=3
W) = o= by / A = m?)=
T —) m

2 F( >
x o0 VKU(APO) _
ﬁ/zd 1,(2po) 15Gp)

The renormalized boundary-free condensate is expressed
by the formula (3.6). In the case D = 1 we get

1(4p)]. - (3.30)

_ m [ I_(y mp,

=2 [T )12 ). (331)
w )i 1,(mpo)

By taking into account the relations (3.13) and

1,(z) <1,1(z), it is seen that the boundary-induced
contribution in the fermion condensate is positive in the
RL region. For a massless field the fermion condensate
vanishes in spatial dimensions D > 2 and is given by

1

v, = 2apIn(po)p)” (3.32)

=i

x+1 (/IPO)

Toaliro) ..(p), (3.28)

T (1 )~ 12 )]

Lei1/2(Apo) (3-29)

for D = 1. Comparing with (3.14), we see that in this
special case the expressions for the condensates in the RL
and RR regions differ by the sign.

The asymptotic near the boundary is found in a
way similar to that which we have used for the RR region,
by using the uniform asymptotic expansions of the
modified Bessel functions. By taking into account (3.15)
and

(u) — I2 W SO 333
u(yu) v—l(yu) ~ 2 +t ’ ( . )

U u

we can show that in the leading order

o @m'mN|[ D1\ T(E-1) (D
=g P57 + oy (3|
(3.34)
for D > 3. In the case D = 2 one has
o ym [ T
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— 1
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FIG. 2. Fermion condensate for spatial dimension D = 3 in the RR and RL regions versus p/p, (left panel) and mp, (right panel). The
graphs on the left panel are plotted for mp, = 0.5 and the dashed curve presents the condensate in the boundary-free geometry. The
numbers near the curves on the right panel present the values of p/p.

and for D =1 we get

(pw)y, » m. (3.36)

In Fig. 2, we present the total fermion condensate (3.10),
in units of 1/pf, as a function of the ratio p/p, (left panel)
and of the mass (right panel) for spatial dimension D = 3.
On the left panel, the graphs for the RR and RL regions are
plotted for mpy = 0.5 and the dashed curve corresponds to
the fermion condensate in the boundary-free problem
[given by (3.8)]. The numbers near the curves on the right
panel correspond to the values of the ratio p/p,. As already
concluded based on asymptotic analysis, the fermion
condensate is dominated by the boundary-induced part
near the mirror and by the boundary-free contribution near
the Rindler horizon.

From the asymptotic analysis presented above, it follows
that for the taken value of the combination mp,, the
contribution imposed by the boundary dominates over
the entire range p, < p < co. The boundary-free contribu-
tion dominates only in the region close to the horizon. An
important feature of the fermion condensate in the RL
region is that it changes sign at a certain value of
acceleration. In models with interacting fields, changing
the sign of the fermion condensate can have important
consequences. They include tachyonic instabilities
and spontaneous symmetry breaking in models with
interacting scalar and fermionic fields and phase transition
in Nambu-Jona-Lasinio-type models with quartic fermionic
interactions.

IV. VEV OF THE ENERGY-MOMENTUM TENSOR

In this section, we will consider another important local
characteristic of the vacuum state: the VEV of the energy-

momentum tensor, (0|7,,|0) =(T,,). In addition to
describing the distribution of the vacuum energy density
and stresses, it acts as a source of the gravitational field in
the semiclassical Einstein equations. The corresponding
mode-sum formula reads

<T/m> = _iz Z J[l/_/gj)(x)ﬂpva)ll/gj)(x)

o j=+—

~ (Vi (Drayd (). (4.1)
where the brackets denote symmetrization over the
enclosed indices and

()

— ) =)
Vs J T

=0Ws —Ws 'L (4.2)
In both RR and RL regions the vacuum energy-momentum
tensor is diagonal. From the problem symmetry we also
expect that

(13) = (13) = - = (T}). (43)

Of course, these relations are checked by direct evaluation.

A. RR region

By using the mode functions (2.18) and the relations for
the spinors ;(,(/ ) (k) given above, the diagonal components
of the vacuum energy-momentum tensor in the RR region

are presented in the form (no summation over y)
N < Tip1(Ap
(Th) = ——5—>— | dk M
2%r n=1 awKiwnL%(ipO)

X FulKio s (20—, - (4.4)

085014-10



FERMIONIC CASIMIR DENSITIES FOR A UNIFORMLY ...

PHYS. REV. D 113, 085014 (2026)

Here, for a given function G,(z), the notations
A
FolG,(4p)] = 5G; (2v = 1)G,(2p)G,-1 (4p),

F\[G,(4p)] = 862%[G,(4p)G -1 (Ap) — G, (4p)G, _, (4p)].

PG, G0 = 2162 (4p) - G2 g,

(4.5)

with [ = 2,3, ..., D, are introduced and the prime stands for
the derivative with respect to the argument of the function.
In the discussion below, as a function G,(z) we will take
the functions K,(z), Z,(z), and 1,(z). For those functions

we define
1 ’
5G - _1’

The function F,;,[G,1/2(4p)] for the components (T7),
with [ =2,3,...,D, obtained by the direct evaluation
from (4.1) has the form (k')*[G;_, ,(4p) — G3,, 1(4p)]-
We have replaced (k')? by (1> —m?)/(D — 1) by taking
into account the relations (4.3). In deriving the expression
for those components, we have employed the relation

o : iN
SO £ Oy P ) = 22K

n

G=K,Z

G (4.6)

(4.7)

By using the recurrence formulas for the modified Bessel
functions, it can be seen that the relation

1-—

PG = T PG ) = FolGulGp)] (49

holds between the functions (4.5).

For the series over n in (4.4) we use the summation
formula (B5). The part in the VEV coming from the
integral in the square brackets of (B5) corresponds to
the VEV of the energy-momentum tensor in the boundary-
free problem. Denoting it by (%), the VEV is decomposed
as (no summation over y)

°° I, (/1,00)
T4 = (T!)y + N s Al o [K (A ]
< N [ |4 iGipg) LKt #)
(4.9)
with
|
<T8>Ben:—2NmIZ:1 /°° y ;tsinhzu
(27[) 2 u -+ /4
Ty 2NmP+H! /00 u sinh u
= —— Uu—————
170 (27)"% u? + 1% /4

fra(2mp coshu),

(T, = 2111\)f+1/dk/ dw cosh (zw)F [ iw%(lp)]
(4.10)

For points away from the boundary, the renormalization is
reduced to the renormalization of (4.10). Similar to the
fermion condensate, that is done by subtracting the VEV of
the energy-momentum tensor for the Minkowski vacuum:
(T3)™ = (T5)o — (T%)\- The renormalized VEV takes the
form (no summation over ) [32]

2DiN [
Tﬂ ren __ — / dawe ™"
(T)o . 23F(D2") )
X / diA(2% —m*)TF, [Kiw+%(1p)}, (4.11)

for D > 2. After integration over the angular coordinates of
k in (4.9), the renormalized VEV in the RR region is
presented in the decomposed form (no summation over )

<Tllj>ren - <TZ>{)CH + <TII:>b7 (412)
with the boundary-induced part

21—DN 0 bs

Ty = 57— A2 —m?) T

(T =y ], 40 =)'

o0 TD(APO)

X dv—= F, K, (4p)]. 4.13
%/2 K, (4po) K ) (#.13)

In the special case D = 1 one has (no summation over yu)

1 [ 1,(mpy)
T :—/ dv =~ F,[K,(mp)]. 4.14
(o= |~ v S FlKu o)), (414
and
<Tﬁ>f)cn = 222 ), da)e_’"”Fﬂ [K,-w_%(mp)}, (4-15)

with 4 = 0, 1, and in the expressions (4.5) 4 is replaced by
m. Simpler representation for the boundary-free VEV is
given in [32] (no summation over [),

[ %(2mp coshu) + Df%(Zmp cosh u)} ,

(4.16)
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with [ =1,2,...,D, and the function f,(x) is defined
by (3.9). This shows that the vacuum stresses are isotropic
in the boundary-free problem. The vacuum effective
pressure along the [th direction is given by pgo) =
—(ThH%". As seen from (4.16), in the boundary-free
problem both the energy density and the pressure in the
Fulling-Rindler vacuum are negative.

We can check that the VEV of the energy-momentum
tensor obeys the continuity equation V,(T%) ., = 0. For the
problem under consideration it is reduced to the relation
(T)ren = 0,(p(T})ren)- By using the differential equation
for the function K,(z) it is easily seen that
d,(pF,[K,(4p)]) = Fo[K,(Ap)] and, hence, the continuity
equation indeed takes place. In addition, for the functions
F;t[Kx-ﬁ—l/Z(ﬂp)} we have

Kz_%(/lp)]. (4.17)

From here it follows that the VEV of the energy-momentum
tensor obeys the trace relation

MY e (4.18)

<Tﬁ>ren =
Comparing the expressions for the fermion condensate and
the parallel stresses, we can check that the following
relation takes place (no summation over [ = 2,3, ..., D)

o ren T
(THE" = <WW>(D+3),0’ (T, = T W) (D13) b

(4.19)

where <l/_ll//>E%1 130 and (Wy)(p+3)p are the fermion con-
densates in (D + 3)-dimensional Rindler spacetime, given
by (3.8) and (4.16) with the replacements D — D + 2 (note
that ND+3 = 2ND+])'

For a massless fermionic field the vacuum energy-
momentum tensor is traceless. In this special case the
boundary-induced energy-momentum tensor is simplified
to (no summation over )

N 2p)l—D /oo
T}j = Dﬂi dMMD_2

<
where the functions F,[K,(u)] are given by (4.5) with
G =K,m=0,and A = u/p. In (4.20), an additional factor
1/p* comes from the functions F,[K,(u)] and the combi-
nation pP*+1(T%), is a function of only the ratio py/p. The

boundary-free contribution is expressed as [32] (no sum-
mation over /)

(”/)0//’)

R, (upo/p) (4.20)

F,[K,(u)],

2NT'(2H /oo usinh u
=75 p u
(47)"2pP+1 Jo (4 +=)coshP+u

(4.21)

with [ =1,2,...,D

From the relations (3.13) it follows that the boundary-
induced contribution in the vacuum energy density is
negative and the corresponding stresses (Tf}b, [=2,3,....D
are positive in the RR region,

P > po- (4.22)

(T <0, (T3), > 0,
Note that the same inequalities take place for the boundary-
free parts (4.16).

Now, let us consider the asymptotic behavior of the
components of the energy-momentum tensor in the RR
region. In a way similar to that which we have used for the
fermion condensate, it can be shown that for points near the
boundary, p/py — 1 < 1, the leading term of the boundary-

induced mean energy density is expressed as
(D-1)N

2(47)%F (p — o) P! F(D;rl)
F(Q)r<2+1) |

For the normal and parallel stresses one gets (no summation
over [ =2,3,...,D)

<T8>b ~

(4.23)

(T

plpo—1
()~ -t (T3)b: (T ~ “D-1

D

(4.24)

As seen, near the boundary we have |[(T}),| < [(T9),|- In
the region under consideration the total VEV is dominated
by the boundary-induced part.

The large-distance asymptotic of the boundary-induced
energy-momentum tensor for a massive field, assuming
mp > 1, is given by (no summation over [ = 1,2, ..., D)

<T8>bz_2mp<T5>b

N D+1 —2mp 0
AL / dv(2v—1)

P
N e L1men) (4 55)
2P T (mp) = 12

u(mPO)

>Q| ~I

with an exponential decay. Note that one has (TQ),~
m{yy)y,. The behavior of the boundary-free contribution
in the same limit is described by

<T8>Ben NmD+l e—2m/)
- ~ 2042

(Thyen (4.26)

2mp

—
wmp)
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Both the contributions to the energy density are suppressed

by the same factor (mp)~" e=>". In the leading order, the
vacuum stresses are isotropic and, compared to the energy
density, they contain an additional suppression factor
1/(mp). The relative contributions of the boundary-
induced and boundary-free parts in the energy density
for the region mp > 1 are given by the right-hand side
of (3.22). In the region mp, > 0.04 and for mp > 1, the
boundary-induced part dominates in the total VEV of the
energy-momentum tensor. For a massless field and p > p,,
the leading terms of the asymptotic expansion are
expressed as (no summation over [ = 1,2,..., D)
1 _N[(B)In

—2(2p/po)
NN 270 0
(T))y = D<To>b~ 2D+1ﬂ.§+1D’DD+1 :

(4.27)

The boundary-free part for a massless field is given
by (4.21) and it decays like 1/p”*!. This shows that for
a massless field the boundary-free part dominates at large
distances.

B. RL region

By the evaluation similar to that for the RR region, the
VEV of the energy-momentum tensor in the RL region is
presented in the form (no summation over )

20 oo
<Tﬁ>:(2ﬂ)7ﬁ'+l dk A dm,ci)Fﬂ[Ziw%(ﬁp)]’

(4.28)

where the functions F,[Z,(4p)] are defined by (4.5) with
the replacement G — Z. The boundary-induced contribu-
tion in the VEV (4.28) is obtained by subtracting the
boundary free part (7%),, given by (4.10). The VEV is
expressed as (no summation over y)

(T8 = (7%, +<2,2,i)4]§+1 dk /0 * do cosh (wr)
FlZi (A
x {% -RlKeGol}. @29)

By using the identities given in Appendix C, for the
difference in the integrand we have

F,lZ,Gp)]

Jﬂl_{u(/IPO)F,u [I]lw+%(/1p)]
G 2

=2 cosh (@)1 jip11/2(2p0)
(4.30)

F/l [Ku(ﬂp)] =

where v = iw + 1/2. Substituting this in (4.29), we rotate
the integration contour over @ in the complex w-plane by
the angle —z/2 for the term with j = +1 and by the angle
7/2 for the part with j = —1. This leads to the following
representation (no summation over u):

(1) = {710 + g | dk

(27)
I_{x+1/2</1,00)

x/oodx_
0 1

w+1/2(4p0) (4.31)

Fyll,y(p).

The renormalized VEV is obtained by subtracting the
VEV for the Minkowski vacuum. The subtraction is
reduced to the renormalization of the boundary-free part
and for D > 2 we get the decomposition (4.12) with the
boundary-induced contribution (no summation over )

21—DN 00 boa
Tﬂ :Dli dlj. lz —mz 2
o K
« / a0 o G,
12 1(4po)

where the functions F,[I,(p)] are defined in (4.5) with
G = I and with 6; = —1. In the special case D = 1 we get

(4.32)

T = [ i a2 (1 mp). (433)

Ky(mp())

From the relations (3.13) we see that the boundary-induced
energy density is positive and the stresses (Tf)b,
[ =2,3,...,D, are negative in the RL region,

(T9), > 0. (T3), <0, P <Po- (4.34)
These signs are opposite to those for the boundary-free
contributions. Similar to the RR region, we have the
relations (4.19) between the normal stress in (D + 1)-
dimensional spacetime and the fermion condensate in
(D + 3)-dimensional spacetime. The expression (4.32)
is further simplified for a massless field (no summation
over i),

Zp)l -D
#ITE5Y) o
y /°° a Kulupo/p)
1

2 1(upo/p) M[Iv(”)],

<TZ>b =
(4.35)

with the function F,[I,(u)] from (3.13), where G = I and
A=u/p.

Near the boundary we use the uniform asymptotic
expansions for the modified Bessel functions. The calcu-
lations similar to those for the RR region lead to the result

e~ e 1 (%3)
N
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FIG. 3.

77— 77T
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Py THTY)

mpo

Energy density in the Fulling-Rindler vacuum for the D = 3 Dirac field as a function of p/p, (left panel) and mp,, (right panel).

For the graphs on the left panel we have taken mp, = 0.5 and the numbers near the curves on the right panel correspond to the values of
p/po- The dashed curve on the left panel presents the energy density in the boundary-free problem.

for the boundary-induced energy density. The asymptotics
for other components are related to the energy density by
the formula (4.24). Figure 3 displays the dependence of the
vacuum energy density (in units of 1 /pé)“) on the ratio
p/po (eft panel) and on mp, (right panel). The graphs are
plotted for the spatial dimension D = 3 and for mpy = 0.5
on the left panel. The dashed curve on the left panel
corresponds to the vacuum energy density in the geometry
without boundaries. The numbers near the curves on the
right panel correspond to the values of the ratio p/py. In
accordance with the asymptotic analysis given above, near
the horizon the vacuum energy density is dominated by the
boundary-free contribution and is negative. In the region
near the boundary, the energy density is dominated by the
boundary-induced contribution and it is positive in the RL
region and negative in the RR region.

In Fig. 4 we have plotted the vacuum stresses along the
directions perpendicular and parallel to the boundary as

pg T

1.5

p/po

functions of p/p, (left panel) and mp, (right panel). The
full and dashed curves correspond to the stresses (7'}) and
(T3) in the model with D = 3. For the graphs on the left
panel mpy = 0.5 and the numbers near the curves on the
right panel present the values of the ratio p/p,. The vacuum
stresses in the boundary-free problem are presented by the
dot-dashed curve (recall that in the boundary-free geom-
etry (T}) = (T3)).

It is of interest to compare the results for the Fulling-
Rindler vacuum with the vacuum expectation values for a
planar mirror, with bag boundary condition, at rest relative
to an inertial observer in the Minkowski vacuum. The
corresponding VEVs were investigated in Ref. [54] for a
more general geometry involving two parallel plates and
with toroidal compactification of a part of spatial dimen-
sions (see also Refs. [55,56] for the Casimir energy and the
vacuum current density). The results for a single boundary
in Minkowski spacetime are obtained as a special case.

pe T

4

10

mpo

FIG. 4. Same as in Fig. 3 for the stresses parallel and perpendicular to the boundary (full and dashed curves, respectively). The dot-
dashed curve on the left panel corresponds to the stress in the boundary-free problem.
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In this case, of course, the VEVs are symmetric with
respect to the plate. The background line element reads
dslz\,[ =1, dx"dx", with —co < x* < +oc0, and assuming
that the boundary is located at x’' = 0, for the fermion
condensate from [54] we obtain

_ Nm
) = [ Fons 2t 2 s (2.
)™ :

(4.37)

where f,(x) is defined by (3.9). The condensate given
by (4.37) is negative. For the VEV of the energy-
momentum tensor, after integration of the corresponding
expressions in [54], one gets (no summation over u)

(T,’ﬁ)geMn) = m(y?w)EeMn)/D, for u=0,2,....D, and
<T})ECMH) = 0. These results could be obtained from general
arguments: from the covariant conservation equation
o(T%)™ /ox'* = 0 and from the trace relation <T,’f)£g{) =

m<y7w>feMn). The effects of a brane with bag boundary

condition and cosmic string on the Dirac vacuum in
background of (4 4 1)-dimensional anti—de Sitter space-
time were studied in [57]. It can be checked that the
result (4.37) for D = 4 is obtained from the corresponding
formula in Ref. [57] in the flat spacetime limit and in the
absence of a cosmic string. For a massless field, from (4.37)
we get

G = - MO o )

A ’ ‘
and the VEV of the energy-momentum tensor vanishes
<T’“>§en) = 0. Comparing with the results obtained above
for the Fulling-Rindler vacuum, we see that the situation
here is significantly different from the case of a boundary
uniformly accelerating through the Fulling-Rindler vac-
uum. In the latter case, the fermion condensate vanishes for
a massless field in spatial dimensions D > 2, while the
VEV of the energy-momentum tensor is nonzero.

The above calculation of the VEVs does not use a
specific representation of the Dirac matrices y). In
particular, this means that the results obtained for the
fermion condensate and the vacuum energy-momentum
tensor apply to both types of Dirac fields that realize two
inequivalent irreducible representations of the Clifford
algebra in an odd number of spacetime dimensions (D
being an even number). 2D Dirac materials are among the
interesting condensed matter realizations of the Dirac
model in spatial dimension D = 2. The long-wavelength
dynamics of the electronic subsystem in such materials (the
most famous example of which is graphene) is described
by the Dirac equation, in which the Fermi velocity of
the electrons is used instead of the speed of light (see,
e.g., Refs. [58-60]). An effective Rindler metric for the
corresponding quasiparticles can be generated by

engineering the strain profile in graphene (see, for example,
Refs. [61-63] and references therein). The setup we
discussed can be used to model and investigate edge-
induced effects in these 2D structures within the framework
of effective Dirac theory.

V. FERMIONIC CASIMIR DENSITIES
IN GRAVITATIONAL FIELDS

In this section, we will apply the above results to the
study of boundary-imposed contributions to the local
characteristics of the fermionic vacuum in gravitational
fields. The cases of weak gravitational fields and back-
ground geometries that are conformally related to Rindler
spacetime will be discussed.

A. Weak gravitational fields

For a weakly gravitating system of a mass M, the line
element in a (D + 1)-dimensional spacetime is approxi-
mated by (see, for example, Ref. [64])

(2)2} Z(a’x”) (5.1)

(r/ 7P <1,

dsi ~[1 —w(r)|di* - {1 +

in the coordinates x*. Here, w(r') =

P2 =3P (¥")?, and
162GM
D=2 —____— — | 5.2
T D=9y, 5-2)

with Qp_, = 27”/2/T(D/2) being the area of a unit
(D — 1)-sphere. The acceleration at a given point is
expressed as

D/2-1

g(r') = ———wl(r).

r

(5.3)

Directing the local axis x’' along the radial direction and
expanding the metric around ' = r;, one gets

dsi ~ (1 —wq + 2gox")dr’”?

2 D
- (1 + gox ) 3 (dxiy?

i=1

(5.4)

where wy = w(r() and gy = g(r(). In the next step, we
make a transition to a new coordinate system (7, z, X), with
x = (x2,...,xP), defined by the relations (for the trans-

formation in the special case D = 3 see also Ref. [49])

90(12—"2)
gt i _ 2Ty
VI=—wy’ VIt

1_’_!]01

v/ — i

_w/1+%

i>2.
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This brings the line element to the form

dsz ~ (1 4 goz)?di* — dz* — dx*. (5.6)
Introducing the coordinates (z, p) according to 7 = gyt and
p =2+ 1/g,, the line element is written in the Rindler
form (1.2).

Having the VEVs in the Rindler spacetime, the corre-
sponding VEVs for a boundary in the geometry (5.1)
are found by a coordinate transformation (z,p,Xx) —
(¢, x'",x"). We denote these VEVs by (py)’ and (T%)
for the fermion condensate and vacuum energy-momentum
tensor. The fermion condensate is a scalar and one gets
(ww) = (pw). The VEV of the energy-momentum tensor
is obtained by using the standard law for the transformation
of second rank tensors (no summation over pu),

Tty =971y~ (13)).

(Thy = (T}, o

1=2.....D.
(5.7)

In the absence of boundaries, the vacuum stresses are
isotropic, (T}1)x™ = (T2)%¥", and the corresponding off-
diagonal contribution in (5.7) vanishes. The appearance
of the off-diagonal component is a purely boundary-
induced effect.

B. Gravitational fields conformally related
to the Rindler spacetime

With the results presented above, we can find the
boundary induced VEVs for a massless Dirac field in
the problems where the background geometry is confor-
mally related to the Rindler spacetime. Under the con-
formal transformation g,, = Q*(x)g, of the metric tensor
the Dirac matrices and the field transform as 7## = Q~ly#
and 7 = Q~P/?y and the Dirac equation for massless fields
is conformally invariant. In the presence of boundaries,
by taking into account that the normal to the boundary
transforms as 71, = Qn,, we conclude that the bag boun-
dary condition is also invariant under conformal trans-
formations. Consequently, by conformal transformation
one can relate the boundary-induced VEVs in conformally
connected problems. For a massless field, the fermion
condensate becomes zero in spatial dimensions D > 2 and
we will focus on the VEV of the energy-momentum tensor.

Let us denote by (7%) the VEV of the energy-momentum
tensor for a fermionic field in a spacetime with the metric
tensor g, conformally related to the metric tensor defined
by (1.2). We assume the presence of a boundary which is a
conformal image of the boundary p = p,, in the problem on
the Rindler bulk. The expectation value (7%) is decom-
posed into two contributions. The first one, denoted here as
<TZ>G, is the geometrical part and is uniquely determined
by the geometrical characteristics of the curved metric gy, .

The second contribution is conformally related to the VEV
(T},) for the Fulling-Rindler vacuum and the total VEV is
expressed as (see, for example, Ref. [1])

T = (T + okl 58)
u ulG QD“(x)

In this relation, it is assumed that the vacuum state in the
problem with the metric tensor g, is the conformal
counterpart of the Fulling-Rindler vacuum. A similar
relation holds for the boundary-free parts, (7%), =
(T%) + QP~1(T%),. Combining this with (5.8), we get
the relation

(T3 = i

(5.9)
for the boundary-induced VEVs.

As an example we consider a cosmological model with
negative curvature spatial foliation (open universe).
In conformal time 7 and spherical spatial coordinates
()(,91,92, ...,GD_l), with 0O < 91 < T, | = 1, ,D —2,
0 < 0p_; <2, the line element is given by

d3* = a*(r)(d7* — dy* — sinh® xdQ3,_)), (5.10)
where a(r) is the scale factor. The synchronous time
coordinate 7 is defined by ¢ = [ dra(z). In order to bring
the Rindler line element (1.2) into the form conformal to

(5.10), we make a spatial coordinate transformation (see
also Ref. [1] for the case D = 3)

p = ap(coshy — sinhy cos 0;)7!,
i-1
x' = psinhy cos 0; Hsin@n,
n=1
D-1
xP = psinhy H sin,,

n=1

(5.11)

with i =2,...,D — 1 and a, being a constant. With this
transformation, the line element becomes

dsk = p*(de® — dy* — sinh? ydQ3, ).  (5.12)
From here, the conformal relation d5* = [a(t)/p]*ds? is
seen with the cosmological metric defined by (5.10). The
conformal factor in (5.9) is given by Q(x) = a(z)/p.

In the relation (5.8) the left- and right-hand sides are
written in the same coordinate system. Considering the
coordinates (z,y,0,,0,, ...,0p_;), one needs to transform
the energy-momentum tensor (T%) from Sec. IV to this
coordinate system. We will denote the transformed VEV by
(T)g. By using the standard transformation law for the
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second rank tensors, the following expressions are obtained
for the diagonal components (no summation over /):

(Thg = (T}, [=0,3,....D,
(g = <Tz>+(—1)l(<T%>—<T§>)Sin291 11
R """ (coshy —sinh y cos 0,)? ’ o
(5.13)

In addition to the diagonal components, the vacuum
energy-momentum tensor in the new coordinate system
also has a nonzero off-diagonal component

1 —cothycos@

(cothy — cosgy “mOUTY) = (T3)).

(T3)r = (5.14)

As expected, the trace of the energy-momentum tensor is
not changed under the coordinate transformation.

In the problem without boundaries the vacuum stresses
are isotropic, (T'})o = (T3), and we obtain (T%)og = (T%)o.
By using the result for (77), from [32] and the conformal
relation (5.8), for the boundary-free part one gets

Nla(7)] P! [ oPBp(w
i z[D,(r%)i@) f o _[2(_1))0

2

<TZ>0 = <TZ>G

1 1
jag( —1,—,...,— A
xd1ag< D ’D>’ (5.15)
where B; = B, = 1 and
(2] [ - {2}\2
Bp(w) = [1+ <72> } (5.16)
P 11:[1 -

for D > 3.In (5.16), [25}] and {3} correspond to the integer
and fractional parts of the enclosed numbers, respectively.
The spatial geometry under consideration is maximally
symmetric and as expected the VEV (5.15) is homo-
geneous. For the boundary-induced part, from (5.9) we
have (T4), = [p/a(7)]P*(T%),r. where the boundary-
induced contribution (7%). is given by the right-hand
sides of (5.13) and (5.14) with replacement (T7,) — (T})y,.
The boundary-induced vacuum stresses are anisotropic,
(T1), # (T3)y, and the off-diagonal component is not zero.
By taking into account that for a massless field the
combination pP*!(T%), depends on p and p, through the
ratio p/py [see Egs. (4.20) and (4.35)], we see that the same
holds for the VEV (T%),. Again, this is a consequence of
the homogeneity of the background space. The location of
the boundary in the new coordinates is given by

coshy —sinh y cos 0, = @.

(5.17)
Qo

In the theory of the Casimir effect, closed analytical
results for vacuum characteristics are usually obtained
for boundaries that are coordinate surfaces (e.g., flat,
spherical, cylindrical boundaries). As seen from Eq. (5.17),
the geometry of the boundary in the example under
consideration is quite complicated in terms of the initial
coordinates.

Let us consider some special cases of the scale factor
in (5.10). For the Milne universe, the scale factor in
synchronous time is given by a =1t In terms of the
conformal time 7, it is expressed as a(z) = ae’ with a
constant a. The Milne universe is flat and (7%) = 0.
Another example corresponds to the de Sitter spacetime
foliated by hyperbolic coordinates. The corresponding
line element is given by (5.10) with a*(z) = a?/sinh? 7.
In terms of the time ¢, the scale factor becomes
a* = o’ sinh?(t/a).

VI. CONCLUSION

We have studied the fermionic Casimir densities induced
by a planar boundary uniformly accelerated through the
Fulling-Rindler vacuum state. The boundary separates the
right Rindler wedge into two regions: the region between
the Rindler horizon and boundary with 0 < p < p, (RL
region) and the region p, < p < oo (RR region). On the
boundary the field is constrained by the bag boundary
condition and we have found the complete set of corre-
sponding fermionic modes in both regions. The modes are
specified by the set of quantum numbers (w, k, 77) where k
is the momentum along the directions perpendicular to the
direction of acceleration and # enumerates the spinorial
degrees of freedom. The eigenvalues of the energy w are
continuous in the RL region. In the RR region, the energy
spectrum is discrete and the corresponding eigenvalues
are roots of the Eq. (2.20). For the evaluation of the VEVs
of physical observables, bilinear in the field operator, the
summation technique over the complete set of modes is
employed. The mode sums in the RR region contain a
summation over the eigenvalues w,, = w,(4) given implic-
itly. For the summation of the corresponding series we use
a variant of the generalized Abel-Plana formula. This
allows to separate the boundary-induced contributions in
the VEVs. They are presented in the form of integrals
exponentially convergent for points away from the boun-
dary. Similar representations are obtained for the VEVs in
the RL region.

As important local characteristics of the fermionic
vacuum, we have considered the fermion condensate and
the expectation value of the energy-momentum tensor.
They are split into boundary-free and boundary-induced
contributions. For points outside the boundary the renorm-
alization is required for the first parts only. The corre-
sponding renormalized VEVs for a massive field in general
number of spatial dimensions were investigated in [32].

085014-17



SAHARIAN, GRIGORYAN, and KOTANJYAN

PHYS. REV. D 113, 085014 (2026)

The fermion condensate and the vacuum energy-
momentum tensor are expressed as (3.8) and (4.16). The
vacuum stresses for the Fulling-Rindler vacuum in the
boundary-free problem are isotropic. That is not the case
for the boundary-induced contributions. For the fermion
condensate, those contributions are given by the expres-
sions (3.11) and (3.30) in the RR and RL regions,
respectively. The corresponding formulas for the VEV of
the energy-momentum tensor are given by (4.13) and (4.32)
with the functions F,[G,(x)] defined in (4.5). We have
explicitly checked that the boundary-induced parts in the
VEVs obey the covariant conservation equation and the
trace relation (4.18). The parallel stresses in the problem on
background of (D + 1)-dimensional spacetime are con-
nected with the fermion condensate in (D + 3) dimensional
spacetime by simple relations (4.19).

For D > 2 the fermion condensate vanishes for a mass-
less field. In the case D = 1, the condensate for a massless
field in the RR region is given by (3.14) and the corre-
sponding expression for the RL region differs by the sign.
For a massive field, the boundary-free contribution to the
fermion condensate is negative. The boundary-induced part
in the fermion condensate is negative in the RR region and
positive in the RL region. In the RR region both the
boundary-free and boundary-induced parts in the energy
density and in the effective pressures along the directions
parallel to the mirror, —<T§>, [ =2,3,...,D, are negative.
In the RL region these VEVs have opposite signs
compared to the RR region. Near the mirror, the total
VEVs are dominated by the boundary-induced contribu-
tions, whereas the boundary-free contributions are dom-
inant near the Rindler horizon. For a massive field, in the
RR region and at large distances from the mirror, mp > 1,
the boundary-induced contribution dominates in the
range mpy > 0.04.

For a mirror at rest relative to an inertial observer in the
Minkowski vacuum the fermion condensate is given
by (4.37) and it is negative. The normal stress vanishes
and the parallel stresses are equal to the energy density,
determined from <T8>ECMH> = m<l[_/l//>£eMn) /D. For a massless
field the VEV of the energy-momentum tensor vanishes and
for the fermion condensate one has the expression (4.38). It
would also be interesting to compare the above results with
the expectation values induced by a mirror moving with
constant proper acceleration in the Minkowski vacuum.
However, no such investigation has been conducted in the
literature. When a mirror moves nonuniformly through the
Minkowski vacuum, real particles may be created. This
phenomenon is known as the dynamical Casimir effect
(see, e.g., Refs. [13,14,65]). The problem with general law
of motion is exactly solvable for conformally invariant
fields in spatial dimension D = 1. In higher dimensions,
different approximate methods have been used. In particu-
lar, most investigations consider the nonrelativistic motion
of mirrors, including oscillatory motion.

In Sec. V, we use the results obtained for the Rindler
background spacetime to investigate the fermionic Casimir
densities in gravitational fields. Cases involving weak
gravitational fields and background geometries that are
conformally related to Rindler spacetime are discussed.
One such application involves the consideration of the
VEV of the energy-momentum tensor in an open cosmo-
logical model described by the Friedmann-Robertson-
Walker metric. The corresponding conformal image of a
planar boundary in Rindler spacetime is rather complicated
and the boundary-induced energy-momentum tensor has
also a nonzero off-diagonal component.

ACKNOWLEDGMENTS

A. A.S. was supported by the Grant No. 21AG-1C047
of the Higher Education and Science Committee of the
Ministry of Education, Science, Culture and Sport RA.
L.S.G. and V.K.K. were supported by the Grant
No. 21AG-1C069 of the Higher Education and Science
Committee of the Ministry of Education, Science, Culture
and Sport RA.

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

APPENDIX A: NORMALIZATION INTEGRAL

In this section we evaluate the integrals appearing in the
normalization conditions of the fermionic mode functions
for the RR and RL regions. The integrals have the form

iV P2
J o' 2)(,(7{) (k)/ de,-w,+%},<0)y<1)(/1/))
p

1

X Zi0y 1y, 0y (K), (A1)

where the function Z,(x) is given by (2.4). By using the
relation (2.11), we obtain the representation

1 .
Jo =5 A R+ k)
x==1

P2
S / dpzzw’-k—%(/lp)th—%(lp)
P

1

(A2)

The expression in the right-hand side is further simplified
on the base of (2.8) and (2.14),

O, [
___m
Jwa)’ - 22 Ap] dx |:Ziw’+%(x>ziw—%<x) +Ziw’—%(x)ziw+%(x)} .

(A3)

For the evaluation of the integral in (A3) we note that the
function Z,(x) obeys the equation for the modified Bessel
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functions. From that equation it follows that [see also
Ref. [66] for the special case Z,(x) = K, (x) and x, = 0]

1 P (0Z,(x) = x

2
X U —v

Z,(0)Z,(x) = Z,(x)Z} (x) [~
2 .

X=X

(A4)

We will assume that the coefficients in (2.4) are taken in the
way to have the relation

Z, 1 (x) + Z,(x) ==Z,(x). (AS)

In particular, this relation is obeyed for the functions K, (x)
and e #"] ,.(x). By using (A5) in (A4) we obtain

Z,(0)Z,(x) = Z,(x)Z,(x) [*=

[ 2,002,010 =
X1

W= =,
- / " dxzZ,(x)Z,(x). (A6)
x|
From here it follows that
/ (2, (07,01 (5) + 20 Zy1 ()
— xzﬂ (X)Zwl(x/z : fﬂ+1(x)zb(x) T (A7)
—

Now, in the general formula (A7) we take u = iw — 1/2
and v = iw' —1/2,

X2
/ dx Z Ziw—x/Q(x)Ziw’+;{/2(x)

1 x==l1
Zi _ xX)Z;, X)|¥=*
:{ Z}( [0} ;{/2( ) zw/+x/2( ) (A8)
g w—w x=x,

With this result, for the integral appearing in the normali-
zation conditions one obtains
P Z Kziw—x/Z(/Ip)ziu)q»}{/Z(ip) =

Ja)w’ = 577;1' Z ©—a

(A9)

x=%1 P=P1

This result is used in the main text for the evaluation of the
normalization coefficients in the RR and RL regions.

APPENDIX B: SUMMATION FORMULA OVER
THE EIGENMODES IN THE RR REGION

In this section we derive a summation formula over
the eigenmodes z = w,, being the roots of the function
K. 1/2(u). For that the generalized Abel-Plana formula
from [67] will be used. In the generalized Abel-Plana
formula we take

flz) = %Cosh 7zF(2),

i) = izp(n)
9(e) = I_(iz+1/2 (n) F@.

(B1)

where F(z) is a function analytic in the right-half plane
Rez > 0 and the functions with bar are defined in (2.26)
and (2.28). For the sum and difference of these functions
one has

Lgizi12(n)

9(z) £ f(z) =F2% F(2). (B2)
Kiv12(n)
By taking into account that
i—i(un+1/2(u) = _Iiwn+l/2(”)a (B3)

for the residues of the function g(z) at the points z = w,
we obtain

Res, . g(z) = 2lp1p2(u)
o azl_(iz-&-l/Z(”)

Plugging (B2) and (B4) in the generalized Abel-Plana
formula [67], the formula

F(2)liy.  (B4)

h—co

lim nh iiiz+l/2(u)F(Z)
P azKiz+l/2(u)
i e

1 [h
. = A dx cosh(zx)F(x)

e 12 1oy (e,

(B5)
Ko1/2(u)
is obtained. Here, for a given A, the upper limit of the
summation is defined in accordance with w,, < h <, ;.
From the conditions on the functions f(z) and ¢(z) in the
generalized Abel-Plana formula we get the condition on the
function F(z) in (B5). For z = x + iy, with x > 0, it takes
the form

|F(2)] < e(jz)e™™ (Jzl/u), (B6)
for large values of |z|, where |z]e(|z]) = O in the limit
|z| = 0. From (B3) it follows that the function il;, 1/>(1)
is real. Note that we have the relation

1

_— B7
”Kiwn+l/2<u) ( )

7iw,,+1/2(“) = -

and the function iK;, |i/,(u) is also real. Modes of
quantum fields expressed in terms of the modified
Bessel function of the second kind with an imaginary
order appear also in other background geometries. An
example of a (2 + 1)-dimensional spacetime is the Beltrami
pseudosphere (see Ref. [68] for the corresponding vacuum
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currents). The summation formula (B5) can be used to
investigate edge-induced effects in these geometries.

APPENDIX C: PROOF OF THE IDENTITIES

In this section, the proof of the identity (3.26) is
presented. By taking into account the relation (3.25), we
can write

72 Z Z, (u)]*
w0 Zu ) (2 W) (C1)
[e C L G
with u = Ap and
i 1
vy =iw+ X (C2)

Substituting the expression (3.24) for the functions
Zi+1(u) it can be seen that

z2 _
K0 - K )

1 I_,
:l: |:_ l/i<u) — i(u):|Ky+(u)}, (CS)
1, (uo) 1, (uo)
where u, = Apy. Next, we use the relations
. I, (2)+1,(2)
K - —g——" "+
. (2) 2cosh (o)
I—v (”) _II-/ (”)
K =4tr—"—="" Cc4
v () 2 cosh (wn) (C4)

to show that

Z; (4p)

7K, (z) [IZ.(Ap) I, (p)
C.7 " |

~ 2cosh (wr) | 1,,(z) 1, ()
(Cs5)

- K? ()

The identity (3.26) is a direct consequence of this relation.

In order to evaluate the boundary-induced contribution
in the VEV of the energy density in the RL region, we
need to have the analog of the identity (C5) for the product
Zigi12(W)Zig12(u). In a way similar to that used
for (C5), by using the relations (C4), it can be shown that

Ijiw—%(”)ljiw%(”)

2 cosh (wn) e Ljii12(uo)

(Co)

In order to obtain a similar identity for the function entering
in the expression of the stress (T'}), we use the relation

Z, ()2, (z) -2, (2)Z, (2)

=7; (1) -2 (2) - 2—2, (2)K, (). (C7)

and the identities for the separate parts in the right-hand
side, given above.
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