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We study a large class of domain wall solutions with Mkw3 × Σ2 and Mkw2 × Σ3 slices from maximal
gauged supergravity in six dimensions. Σ2 and Σ3 are given by a Riemann surface and a three-manifold
with constant curvature while Mkw3;2 denotes three-/two-dimensional Minkowski space. We consider the
maximal gauged supergravity with CSOðp; q; 5 − p − qÞ and CSOðp; q; 4 − p − qÞ ⋉ R4 gauge groups
arising from an S1 reduction of seven-dimensional maximal gauged supergravity with CSOðp;q;5−p−qÞ
and CSOðp; q; 4 − p − qÞ gauge groups. The two types of gauge group can be embedded in type IIA
theory via consistent truncations on Hp;q × R5−p−q and Hp;q ×R4−p−q × S1, respectively. By performing
topological twists on Σ2 and Σ3, we find a number of solutions interpolating between locally flat domain
walls in the UVand curved domain walls withMkw3 × Σ2 andMkw2 × Σ3 slices in the IR. Many solutions
admit physical IR singularities and can be interpreted as holographic renormalization group (RG) flows
across dimensions from five-dimensional field theories to three- and two-dimensional nonconformal field
theories in the IR. Upon being uplifted to type IIA theory, we expect the solutions to describe brane
configurations involving D4-branes wrapped on Σ2 and Σ3.

DOI: 10.1103/r34r-cwmx

I. INTRODUCTION

For almost three decades, the AdS/CFT correspondence
[1–3] has led to new insight into various aspects of
strongly-coupled superconformal field theories. In particu-
lar, the structure and dynamics of higher-dimensional
superconformal field theories can be explored by considering
twisted compactifications to the well-understood supercon-
formal field theories in lower dimensions. The holographic
study along this line involves constructing solutions to
certain gauged supergravity of interest with a compact
internal manifold M and performing a topological twist
along M to preserve some amount of the original super-
symmetry. Solutions of this type have been studied in a
number of previous works, see [4–31] for an incomplete list.
On the other hand, a similar study in the case of non-

conformal field theories has been less explored although

the generalization to nonconformal field theories known as
the domain wall/quantum field theory (DW/QFT) corre-
spondence [32–34] has been proposed shortly after of the
AdS/CFT correspondence. The holographic solutions in
this case would correspond to nonconformal branes
wrapped on a compact manifold M as given in [35–37]
in which the construction of gravity duals of N ¼ 1 and
N ¼ 2 super Yang-Mills (SYM) theories in four dimen-
sions has been performed by wrapping NS5/D5-branes
on a two-sphere S2. Other solutions describing D-branes
wrapped on S2 can be found in [38–40], see also [41–43]
for more recent results including a generalization to the
case of M being two-dimensional orbifolds.
In this paper, we will study supersymmetric solutions

interpolating between locally flat domain walls and
Mkw3 × Σ2- and Mkw2 × Σ3-sliced domain walls from
the maximal gauged supergravity in six dimensions [44].
In these solutions,Σ2 and Σ3 denote a Riemann surface and a
three-manifold with constant curvature while Mkw3 and
Mkw2 are Minkowski spaces in three and two dimensions.
These solutions should holographically describe renormal-
ization group (RG) flows across dimensions from non-
conformal field theories in five dimensions to three- and
two-dimensional field theories in the IR. The locally flat
domain wall solutions dual to the maximal super Yang-Mills
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theories in five dimensions have been studied recently in
[45–47] with various types of gauge groups. In this work, we
will consider two classes of gauge groups given by
CSOðp; q; 5 − p − qÞ and CSOðp; q; 4 − p − qÞ ⋉ R4.
Both of these gauge groups can be obtained from
an S1 reduction of the maximal gauged supergravity in
seven dimensions [48] with CSOðp; q; 5 − p − qÞ and
CSOðp; q; 4 − p − qÞ gauge groups, respectively.
It has been shown in [49] that the CSOðp; q; 5 − p − qÞ

gauged supergravity in seven dimensions can be embedded
in 11 dimensions via a consistent truncation on
Hp;q ×R5−p−q, which can be regarded as a product of a
ðpþ q − 1Þ-dimensional hyperboloid and a ð5 − p − qÞ
torus after some identification. Therefore, in this case, the
six-dimensional CSOðp; q; 5 − p − qÞ gauged supergrav-
ity can arise from a truncation of 11-dimensional super-
gravity on Hp;q × R5−p−q × S1. Alternatively, since an S1

reduction of 11-dimensional supergravity gives rise to type
IIA theory, we can consider this six-dimensional gauged
supergravity as type IIA theory on Hp;q × R5−p−q. A
particular case of SOð5Þ gauge group corresponding to a
truncation on S4 with p ¼ 5 and q ¼ 0 has been explicitly
constructed in [50]. For other gauge groups, the complete
truncations have not been worked out to date.
On the other hand, as shown in [51], the maximal seven-

dimensional gauged supergravity with CSOðp;q;4−p−qÞ
gauge group can be obtained from a truncation of type IIA
and type IIB theories onHp;q ×R4−p−q. A further reduction
on S1 gives the maximal CSOðp; q; 4 − p − qÞ ⋉ R4

gauged supergravity in six dimensions [44]. Accordingly,
the two classes of gauge groups under consideration here
could be embedded in type IIA theory. Therefore, the
resulting solutions, upon uplifted to type IIA theory, would
describe D4-branes wrapped on Σ2 and Σ3 leading to super
Yang-Mills theories in three and two dimensions, respec-
tively. For SOð5Þ gauge group, the solution describing a near
horizon geometry of D4-branes wrapped on a Riemann
surface hasbeen studied recently in [42]. In thiswork,wewill
consider more general gauge groups and study the full
holographic RG flows interpolating between nonconformal
field theories in five and three/two dimensions.
Holographic solutions involving dual nonconformal field

theories, obtained from gauged supergravity, are usually
singular. Some singularities are simply an indication that
the description in terms of gauged supergravity theories is
invalid. However, there are also singularities that lead to
some pathological geometries or unacceptable aspects of
the dual field theories. The former could lead to physically
acceptable holographic descriptions of the dual field
theories under consideration while the latter must be
discarded. In this paper, we will use two criteria proposed
in [4,52] to determine whether IR singularities appearing in
the solutions are physically acceptable or not. Unphysical
singularities could lead to nonsensible results in the dual

field theories such as a negative vacuum expectation value
for a positive definite operator or a description of the
nonexistence Higgs branch.
The paper is organized as follows. In Sec. II, wegive a very

brief review of the maximalN ¼ ð2; 2Þ gauged supergravity
in six dimensions. The embedding of CSOðp; q; 5 − p − qÞ
and CSOðp; q; 4 − p − qÞ ⋉ R4 gauge groups in GLð5Þ ⊂
SOð5; 5Þ is also given. Supersymmetric solutions describing
D4-branes wrapped on Σ2 and Σ3 from these two classes of
gauge groups are respectively given in Secs. III and IV.
Conclusions and discussions are given in Sec. V. For
convenience, we also collect some useful formulae and
relations used throughout the paper in Appendix A. The
effective potentials arising from twisted compactifications of
six-dimensional gauged supergravity on Σ2 and Σ3 are given
in Appendix B.

II. SIX-DIMENSIONAL N = ð2;2Þ GAUGED
SUPERGRAVITY WITH CSOðp;q;5− p− qÞ AND

CSOðp;q;4− p − qÞ ⋉ R4 GAUGE GROUPS

We first give a brief review of six-dimensionalN ¼ ð2; 2Þ
gauged supergravity constructed in [44] by using the
embedding tensor formalism. We mainly consider CSOðp;
q; 5 − p − qÞ and CSOðp;q;4−p−qÞ⋉R4 gauge groups
and relevant formulas for finding supersymmetric solutions.
The bosonic field content of the theory consists of the

vielbein eμ̂μ, two-form potentials Bμν;M ¼ ðBμν;m; Bμν
mÞ,

three-forms Cμνρ;A, vector fields Aμ
A, and scalars VA

αα̇

that parametrize the coset space SOð5; 5Þ=ðSOð5Þ×
SOð5ÞÞ. We will use the convention that curved and
flat space-time indices are denoted by μ, ν and μ̂, ν̂,
respectively. Lower and upper m; n;… ¼ 1;…; 5 indices,
respectively, label fundamental and antifundamental rep-
resentations of GLð5Þ ⊂ SOð5; 5Þ. The index A ¼
1; 2;…; 16 describes Majorana-Weyl spinors of the
SOð5; 5Þ duality symmetry, and the indices α¼1, 2, 3, 4
and α̇ ¼ 1̇; 2̇; 3̇; 4̇ are, respectively, two sets of SOð5Þ
spinor indices in the SOð5Þ × SOð5Þ local symmetry.
For spinor fields, there are gravitini ψþμα and ψ−μα̇, and
the spin-1

2
fields χþaα̇ and χ−ȧα where a;¼ 1;…; 5 and ȧ ¼

1̇;…; 5̇ are, respectively, two sets of SOð5Þ vector indices
in SOð5Þ × SOð5Þ. Indices M;N;… ¼ 1; 2;…; 10 denote
SOð5; 5Þ vector representation. We use� to indicate space-
time chiralities of the spinors.
We also note that in ungauged supergravity, only the

electric two-forms Bμν;m appear in the Lagrangian while the
magnetic duals Bμν

m are introduced on-shell. Therefore,
only the GLð5Þ subgroup of the full global SOð5; 5Þ
symmetry is a manifest off-shell symmetry. When the
gaugings involve a symmetry that is not a subgroup of
the off-shell GLð5Þ symmetry, the magnetic two-forms are
introduced in the gauged Lagrangian via the topological
term. The electric and magnetic two-forms are combined
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into a vector representation of the global symmetry group
SOð5; 5Þ denoted by Bμν;M ¼ ðBμν;m; Bμν

mÞ.

A. The maximal gauged supergravity in six dimensions

The most general gaugings can be described by the
embedding tensor ΘA

MN which implements the minimal
coupling of various fields via the covariant derivative

Dμ ¼ ∂μ − gAμ
AΘA

MN tMN: ð1Þ

It should also be pointed out that the gauge coupling
constant g can also be absorbed in the definition of the
embedding tensor. The gauge generators XA ¼ ΘA

MN tMN
of a gauge group G0 ⊂ SOð5; 5Þ are given by particular
linear combinations of the SOð5; 5Þ generators tMN .
Supersymmetry requires the embedding tensor to trans-

form as 144c representation of SOð5; 5Þ. Accordingly,
ΘA

MN can be written in terms of a vector-spinor repre-
sentation θAM of SOð5; 5Þ as

ΘA
MN ¼ −θB½MðΓN�ÞBA ≡ ðΓ½MθN�ÞA: ð2Þ

θAM is subject to the constraint

ðΓMÞABθBM ¼ 0 ð3Þ

where ðΓMÞAB are symmetric SOð5; 5Þ gamma matrices.
With the SOð5; 5Þ generators in vector and spinor

representations given by

ðtMNÞPQ ¼ 4ηP½Mδ
Q
N� and ðtMNÞAB ¼ ðΓMNÞAB; ð4Þ

the corresponding gauge generators take the forms

ðXAÞMN ¼ 2ðΓMθ
NÞA þ 2ðΓNθMÞA;

and ðXAÞBC ¼ ðΓMθNÞAðΓMNÞBC: ð5Þ

The SOð5; 5Þ invariant tensor is given by

ηMN ¼ ηMN ¼
�

0 15
15 0

�
: ð6Þ

Consistency requires the generators XA to form a closed
subalgebra of SOð5; 5Þ

½XA; XB� ¼ −ðXAÞBCXC: ð7Þ

Therefore, the embedding tensor needs to satisfy the
quadratic constraints of the form

θAMθBNηMN ¼ 0 and θAMθB½NðΓP�ÞAB ¼ 0: ð8Þ

By decomposing θAM ¼ ðθAm; θAmÞ under GLð5Þ ⊂
SOð5; 5Þ, gaugings triggered by θAm are electric in the

sense that only electric two-forms participate in the gauged
theory. On the other hand, in magnetic gaugings triggered
by θAm, it is necessary to introduce magnetic two-forms
together with additional three-form tensor fields. This leads
to a hierarchy of non-Abelian vectors and tensor fields of
various ranks.
For all solutions considered in this paper, all of the two-

form and three-form fields can be consistently truncated
out. Accordingly, we will set all these fields to zero from
now on for brevity. In addition, the Ansätze for the gauge
fields relevant for performing topological twists lead to
identically vanishing topological terms. With all these, the
bosonic Lagrangian of the six-dimensional N ¼ ð2; 2Þ
gauged supergravity can be written as

e−1L ¼ 1

4
R −

1

16
Pμ

aȧPμ
aȧ − V −

1

4
MABHμν

AHμν;B: ð9Þ

With vanishing two-form fields, the covariant gauge field
strength tensors are simply given by the usual non-Abelian
gauge field strengths

Hμν
A ¼ 2∂½μAν�A þ gX½BC�AAμ

BAν
C: ð10Þ

The scalar matrix MAB is defined by

MAB ¼ ΩαβΩα̇ β̇VA
αα̇VB

ββ̇ ð11Þ

with Ωαβ and Ωα̇ β̇ being the USpð4Þ ∼ SOð5Þ symplectic
forms. Together with the complex counjugate Ωαβ ¼
ðΩαβÞ� and Ωα̇ β̇ ¼ ðΩα̇ β̇Þ�, these symplectic forms can
be used to raise and lower α and α̇ indices.
The scalar fields are described by the 16 × 16 coset

representative VA
αα̇ in chiral spinor representation of

SOð5; 5Þ. The inverse of the coset representative will be
denoted by VA

αα̇. The kinetic term for scalar fields is given
in terms of the scalar vielbein

Pμ
aȧ ¼ 1

4
ðγaÞαβðγȧÞα̇ β̇VAαα̇DμVA

ββ̇ ð12Þ

with ðγaÞαβ ¼ 1
4
ΩβγðγaÞαα̇γα̇, ðγȧÞα̇ β̇ ¼ 1

4
Ωβ̇ γ̇ðγȧÞαα̇αγ̇, and

VAαα̇ ¼ ΩαβΩα̇ β̇VA
ββ̇.

The scalar potential can be written in terms of the
embedding tensor and the coset representative as

V ¼ g2

2
θAMθBNVM

aVN
b½VA

αα̇ðγaÞαβðγbÞβγVBγα̇�: ð13Þ

The coset representative in vector representation VM
A ¼

ðVM
a;VM

ȧÞ is related to VA
αα̇ by the following relations

VM
a ¼ 1

16
VAαα̇ðΓMÞABðγaÞαα̇ββ̇VB

ββ̇; ð14Þ
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and VM
ȧ ¼ −

1

16
VAαα̇ðΓMÞABðγȧÞαα̇ββ̇VB

ββ̇: ð15Þ

In these relations, ðΓAÞαα̇ββ̇ ¼ ððγaÞαα̇ββ̇; ðγȧÞαα̇ββ̇Þ are SOð5; 5Þ gamma matrices in a basis with diagonal ηAB.
We finally note the fermionic supersymmetry transformations of fermionic fields

δψþμα ¼ Dμϵþα þ
g
4
γ̂μTα

β̇ϵ−β̇ þ
1

8
ðγ̂μνρ − 6δνμγ̂

ρÞHνρ
AΩαβVA

ββ̇ϵ−β̇; ð16Þ

δψ−μα̇ ¼ Dμϵ−α̇ −
g
4
γ̂μTβ

α̇ϵþβ þ
1

8
ðγ̂μνρ − 6δνμγ̂

ρÞHνρ
AΩα̇ β̇VA

ββ̇ϵþβ; ð17Þ

δχþaα̇ ¼
1

4
Pμ

aȧγ̂μðγȧÞα̇β̇ϵ−β̇ þ 2gðTaÞβα̇ϵþβ −
g
2
Tα

α̇ðγaÞαβϵþβ þ
1

4
Hμν

Aγ̂μνΩα̇ β̇VA
αβ̇ðγaÞαβϵþβ; ð18Þ

δχ−ȧα ¼
1

4
Pμ

aȧγ̂μðγaÞαβϵþβ þ 2gðTȧÞαβ̇ϵ−β̇ þ
g
2
Tα

α̇ðγȧÞα̇β̇ϵ−β̇ þ
1

4
Hμν

Aγ̂μνΩαβVA
βα̇ðγȧÞα̇β̇ϵ−β̇: ð19Þ

The covariant derivatives of supersymmetry parameters, ϵþα and ϵ−α̇, are defined by

Dμϵþα ¼ ∂μϵþα þ
1

4
ωμ

νργ̂νρϵþα þ
1

4
Qμ

abðγabÞαβϵþβ; ð20Þ

Dμϵ−α̇ ¼ ∂μϵ−α̇ þ
1

4
ωμ

νργ̂νρϵ−α̇ þ
1

4
Qμ

ȧ ḃðγȧ ḃÞα̇β̇ϵ−β̇ ð21Þ

with space-time gamma matrices denoted by γ̂μ ¼ eμ̂μγ̂μ̂.

The SOð5Þ × SOð5Þ composite connections, Qab
μ and Qȧ ḃ

μ ,
are given by

Qμ
ab ¼ 1

8
ðγabÞαβΩα̇ β̇V

Aαα̇DμVA
ββ̇; ð22Þ

Qμ
ȧ ḃ ¼ 1

8
Ωαβðγȧ ḃÞα̇ β̇VAαα̇DμVA

ββ̇: ð23Þ

The T tensors appearing in the fermionic supersymmetry
transformations are defined as

ðTaÞαα̇ ¼ VM
aθAMVA

αα̇ and ðTȧÞαα̇ ¼ −VM
ȧθAMVA

αα̇

ð24Þ

with

Tαα̇ ≡ ðTaÞβα̇ðγaÞβα ¼ −ðTȧÞαβ̇ðγȧÞβ̇ α̇: ð25Þ

In terms of these T tensors, the scalar potential can
alternatively be written as

V ¼ g2
�
ðTaÞαα̇ðTaÞαα̇ −

1

2
Tαα̇Tαα̇

�
: ð26Þ

B. Gaugings of CSOðp;q;5− p− qÞ and
CSOðp;q;4− p − qÞ ⋉ R4 groups

We now consider the embedding of CSOðp;q;5−p−qÞ
and CSOðp; q; 4 − p − qÞ ⋉ R4 gauge groups in
GLð5Þ ⊂ SOð5; 5Þ. Under GLð5Þ, the embedding tensor
θAM in 144c representation of SOð5; 5Þ decomposes as

144c → 5̄þ3 ⊕ 5þ7⊕ 10−1 ⊕ 15−1⊕ 24−5 ⊕ 40−1⊕ 45þ3:

ð27Þ

Since the SOð5; 5Þ spinor representation decomposes as
16s → 5̄þ3 ⊕ 10−1 ⊕ 1−5, the gauge generators can be
written as

XA ¼ TAmXm þ Tmn
A Xmn þ TA�X�: ð28Þ

In this equation, Xm, Xmn, and X� denote, respectively, 5̄þ3,
10−1, and 1−5 representations of GLð5Þ. The explicit form
of matrices TAm, Tmn

A , and TA� can be found in Appendix A.
The gauge covariant derivative can now be rewritten as

Dμ ¼ ∇μ − gAμ;mXm − gAμ
mnXmn − gA�

μX� ð29Þ

in which the vector fields in 16c decompose as

Aμ
A ¼ TAmAμ;m þ TA

mnAμ
mn þ TA�A�

μ: ð30Þ
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Matrices TAm, TA
mn, and TA� are, respectively, inverse

matrices of TAm, Tmn
A , and TA� and are given by complex

conjugations.
By the decomposition of SOð5; 5Þ vector representation

under GLð5Þ, 10 → 5þ2 ⊕ 5̄−2, we can write the two
components θAm and θAm of the embedding tensor as

θAm∶ 5̄þ3 ⊕ 10−1 ⊕ 24−5 ⊕ 40−1; ð31Þ

θAm∶ 5̄þ3 ⊕ 5þ7 ⊕ 10−1 ⊕ 15−1 ⊕ 45þ3: ð32Þ

The gaugings obtained by these components have been
extensively studied in [45,46]. In this paper, we will
only consider gaugings arising from 15−1 and 40−1

representations.
The gaugings from the component 15−1 are described by

a symmetric tensor Ymn ¼ YðmnÞ and lead to CSOðp; q; 5 −
p − qÞ gauge groups. Gaugings in 40−1 representation are
characterized by a tensor Unp;m ¼ U½np�;m satisfying
U½np;m� ¼ 0 with the corresponding gauge groups given
by CSOðp; q; 4 − p − qÞ ⋉ R4. The factorR4 is associated
with the shift symmetries on the scalar fields. Both of these
gauge groups can be obtained from a dimensional reduction
on a circle of the maximal gauged supergravity in seven
dimensions with CSOðp; q; 5 − p − qÞ and CSOðp; q; 4 −
p − qÞ gauge groups, respectively.
We end this section by giving a decomposition of scalar

fields under GLð5Þ. The 25 noncompact generators of
SOð5; 5Þ are decomposed under GLð5Þ as

1þ 14|fflfflffl{zfflfflffl}
t̂þ
aḃ

þ 10|{z}
smn

: ð33Þ

The generators t̂þ
aḃ

correspond to noncompact generators of
GLð5Þ given by

t̂þ
aḃ

¼ 1

2
ðMa

MMḃ
N þMḃ

MMa
NÞtMN ð34Þ

where MA
M ¼ ðMa

M;Mȧ
MÞ is a transformation matrix

between diagonal and off-diagonal bases ηMN and ηAB.
The explicit form of this matrix can also be found in
Appendix A.
In accordance with (33), we will denote the 25 scalar

fields as

ΦI ¼ fφ;ϕ1;…;ϕ14; ς1;…; ς10g ð35Þ

with I ¼ 1;…; 25. The scalar φ is the dilaton correspond-
ing to the SOð1; 1Þ generator

d ¼ t̂þ
11̇
þ t̂þ

22̇
þ t̂þ

33̇
þ t̂þ

44̇
þ t̂þ

55̇
: ð36Þ

This SOð1; 1Þ ∼ Rþ is identified with the SOð1; 1Þ factor of
GLð5Þ ∼ SLð5Þ × SOð1; 1Þ. The remaining 14 linear com-
binations of t̂þ

aḃ
generators correspond to the 14 scalar fields

fϕ1;…;ϕ14g in the SLð5Þ=SOð5Þ coset. The latter is the
scalar manifold of the maximal gauged supergravity in
seven dimensions. Finally, the ten scalars fς1;…; ς10g
correspond to the shift generators smn and will be called
shift scalars. These scalars arise from the S1 reduction of
seven-dimensional vector fields.

C. Physically acceptable singularities

As mentioned in the Introduction, hologrpahic solutions
involving nonconformal field theories are always singular.
However, some singularities can lead to physically accept-
able solutions. In particular, the presence of these singu-
larities indicates that the computation within the framework
of gauged supergravity theories has limited viability.
Before giving explicit solutions describing wrapped D4-
branes, we will give a brief review of some criteria to
separate physically acceptable singularities from a large
number of all possible singular solutions. In this work, we
use two criteria given in [52,4] to which we will refer as
Gubser and Maldacena-Nunez criteria, respectively.

1. Gubser criterion

A supergravity solution in dþ 1 dimensions that holo-
graphically describes d-dimensional Poincare invariant
field theory takes the form of

ds2 ¼ eAðrÞdx21;d−1 þ dr2: ð37Þ

dx21;d−1 is the metric on d-dimensional Minkowski space.
This type of solutions can be obtained from a supergravity
coupled to scalar fields. If AðrÞ ∼ r as r → ∞, the geometry
is asymptotically AdSdþ1, and the dual field theory admits a
UV conformal fixed point. In a particular case in which
AðrÞ ∼ r as r → �∞, the solution describes an RG flow
from the UV fixed point to another conformal fixed point in
the IR. If there do not exist any IR fixed points, the solution
generically flows to a singularity for a finite value of r with
AðrÞ → −∞. If this singularity is physically acceptable, the
solution describes a holographic RG flow to a nonconfor-
mal phase of the dual field theory. Gubser criterion can be
used to determine whether the singularity is physical or not.
According to [52], a physical singularity should be

obtained from a limit of a family of black hole solutions
with the singularity behind the horizons. Since the black
holes with nonzero temperature are dual to field theories
with finite temperature, this implies that the solution (37)
admits a finite temperature generalization of the form

ds2 ¼ e2AðrÞð−hðrÞdt2 þ dx2d−1Þ þ
dr2

hðrÞ : ð38Þ
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The horizon is located at r0 with hðr0Þ ¼ 0, and the limit
hðrÞ → 1 recovers the Poincare invariant solution (37).
With the assumption that A0ðrÞ is positive at some point
outside the horizon, it can be shown that the finite
temperature is possible only for solutions with the scalar
potential V < 0 near the horizon. For asymptotically
AdSdþ1 spacetimes, if the null energy condition is imposed
on the Lagrangian of matter fields, the bound on the scalar
potential is given by V ≤ VUV with VUV being the value of
the potential at the UV fixed point. Therefore, physically
acceptable IR singularities should lead to the scalar
potential that is bounded above near the singularity.
In the present case, the singularities appear in the IR with

lower dimensionality. In particular, the singular solutions
(if physical) describe conformal phases of the dual field
theories in d − 2 or d − 3 dimensions. To apply Gubser
criterion in the solutions considered in this paper, we need
to integrate out all the fields on Σ2 or Σ3 and obtain
effective (d − 1)- or (d − 2)-dimensional Lagrangian of the
form

Ld−δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
−gd−δ

p ðRþ K − Vðd−δÞ
eff Þ ð39Þ

with δ ¼ 1, 2. K is the kinetic term for scalar fields, and

Vðd−δÞ
eff denotes the effective scalar potential in d − δ

dimensions. The Gubser criterion then implies that for a

physically acceptable singularity, Vðd−δÞ
eff must be bounded

above. The explicit form of Vðd−δÞ
eff relevant for the analysis

of this paper is given in Appendix B.

2. Maldacena-Nunez criterion

Unlike the Gubser criterion, the Maldacena-Nunez
criterion is used to determine whether a given singularity
is physical or not within the framework of ten- or 11-
dimensional supergravities. This is only possible for holo-
graphic solutions of gauged supergravity theories with
known higher-dimensional origins. In this case, the
lower-dimensional solutions can be uplifted to ten or 11
dimensions.
The Maldacena-Nunez criterion requires that in order to

interpret a singular supergravity solution as a holographic
description of an IR region of the dual field theory, the
component ĝ00 of the ten- or 11-dimensional metric should
be bounded above as the singularity is approached. This
implies that fixed proper energy excitations in supergravity
correspond to lower and lower energy excitations in the
dual field theory from the point of view of the coordinate
time identified as the field theory time. In this criterion, we
should emphasize that ĝ00 is the component of the metric in
Einstein frame. In addition, the behavior of ĝ00 is related to
the norm of the time-like Killing vector ∂

∂t, so this criterion is
applicable to dual field theories with a time translational
symmetry. In summary, the Maldacena-Nunez criterion

requires that the component ĝ00 of the ten- or 11-dimensional
metric should not diverge as the singularity is approached.

III. WRAPPED D4-BRANES FROM
CSOðp;q;5− p − qÞ GAUGED SUPERGRAVITY

For gaugings in 15−1 representation, the embedding
tensor is given by

θAm ¼ 0 and θAm ¼ TAnYnm ð40Þ

where

Ymn ¼ diagð1;…; 1|fflfflffl{zfflfflffl}
p

;−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
q

; 0;…; 0|fflfflffl{zfflfflffl}
r

Þ ð41Þ

for pþ qþ r ¼ 5. The only nonvanishing gauge gener-
ators are given by

Xmn ¼ TA
mnXA ¼ 2Yp½mtpn� ð42Þ

with tmn being GLð5Þ generators. Therefore, the whole
gauge group is entirely embedded in GLð5Þ. Accordingly,
only ten gauge fields Aμ

mn ¼ Aμ
½mn� participate in the

gauging via the covariant derivatives

Dμ ¼ ∇μ − gAμ
mnXmn: ð43Þ

The gauge generators satisfy the commutation relations

½Xmn; Xpq� ¼ ðXmnÞpqrsXrs ð44Þ

with ðXmnÞpqrs ¼ 2ðXmnÞ½p½rδs�q�. The corresponding gauge

group is given by

G0 ¼ CSOðp; q; rÞ ¼ SOðp; qÞ ⋉ RðpþqÞr: ð45Þ

For vanishing two-form and three-form fields, the gauge
covariant field strengths reduce to the usual non-Abelian
gauge field strengths

Hμν
mn ¼ Tmn

A Hμν
A ¼ Fμν

mn ð46Þ

with

Fμν
mn ¼ Tmn

A Fμν
A ¼ 2∂½μAν�mn þ gðXpqÞrsmnAμ

pqAν
rs:

ð47Þ

A. D4-branes wrapped on a Riemann surface

We first look for solutions describing D4-branes
wrapped on a two-dimensional Riemann surface Σ2

k. The
constant k describes the curvature of Σ2

k with values
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k ¼ 1; 0;−1 corresponding to a two-dimensional sphere
S2, a flat space R2, or a hyperbolic space H2, respectively.
The metric Ansatz for the six-dimensional spacetime is

given by

ds26 ¼ e2UðrÞημ̄ ν̄dxμ̄dxν̄ þ dr2 þ e2VðrÞds2Σ2
k

ð48Þ

in which μ̄; ν̄ ¼ 0;…; 2 are indices of a three-dimensional
Minkowski spacetime Mkw3. The two functions UðrÞ and
VðrÞ depend only on the radial coordinate r. The explicit
form of the metric on Σ2

k can be written as

ds2Σ2
k
¼ dθ2 þ fkðθÞ2dζ2 ð49Þ

with the function fkðθÞ defined by

fkðθÞ ¼
8<
:

sin θ; k ¼ þ1

θ; k ¼ 0

sinh θ; k ¼ −1
: ð50Þ

With the following choice of vielbein

e ˆ̄μ ¼ eUdxμ̄; er̂¼ dr; eθ̂ ¼ eVdθ; eζ̂ ¼ eVfkðθÞdζ;
ð51Þ

we find the following nonvanishing components of the spin
connection

ω ˆ̄μ
ˆ̄ν r̂ ¼ U0δ ˆ̄νˆ̄μ; ωî

ĵ r̂ ¼ V 0δĵ
î
; ωζ̂

ζ̂ θ̂ ¼ e−V
f0kðθÞ
fkðθÞ

:

ð52Þ

The index î ¼ θ̂; ζ̂ is a flat index on Σ2
k, and f0kðθÞ ¼ dfkðθÞ

dθ .
The r derivatives will be denoted by 0 while a 0 on any
function with an explicit argument refers to the derivative
of the function with respect to that argument.
To preserve some amount of supersymmetry, we perform

a topological twist by turning on some gauge fields to
cancel the spin connection ωζ̂

ζ̂ θ̂ on Σ2
k. In the present case,

we achieve this by turning on SOð2Þ × SOð2Þ gauge fields
associated with X12 and X34 generators of the form

Aζ̂
12 ¼ e−V

p1

4k
f0kðθÞ
fkðθÞ

and Aζ̂
34 ¼ e−V

p2

4k
f0kðθÞ
fkðθÞ

ð53Þ

where p1 and p2 are constant magnetic charges. The
procedure of performing this topological twist requires
the gauge group to contain SOð2Þ × SOð2Þ subgroup. All
of these gauge groups are characterized by the embedding
tensor of the form

Ymn ¼ diagð1; 1; κ; κ; λÞ ð54Þ

for λ ¼ 0;�1 and κ ¼ �1. These gauge groups are
explicitly given by SOð5Þ (κ ¼ λ ¼ 1), SOð4; 1Þ
(κ ¼ −λ ¼ 1), SOð3; 2Þ (κ ¼ −λ ¼ −1), CSOð4; 0; 1Þ
(κ ¼ 1, λ ¼ 0), and CSOð2; 2; 1Þ (κ ¼ −1; λ ¼ 0).
There are five scalar fields that are invariant under

SOð2Þ × SOð2Þ generated by X12 and X34, see more detail
in [45]. These consist of the dilaton φðrÞ and other four
scalars corresponding to the noncompact generators

Y1 ¼ t̂þ
11̇
þ t̂þ

22̇
− 2t̂þ

55̇
; Y2 ¼ t̂þ

33̇
þ t̂þ

44̇
− 2t̂þ

55̇
;

Y3 ¼ s12; Y4 ¼ s34: ð55Þ

With the coset representative

V ¼ eφdþϕ1Y1þϕ2Y2þς1Y3þς2Y4 ; ð56Þ

the scalar potential is given by

V ¼ −
g2

4
e2ðφ−2ðϕ1þϕ2ÞÞ½4κð2þ λe12ϕ1þ8ϕ2Þ

þ λe8ϕ1þ12ϕ2ð4 − λe12ϕ1þ8ϕ2Þ�: ð57Þ

The vielbein on the scalar manifold and the SOð5Þ × SOð5Þ
composite connections are given, respectively, by

Pr
aȧ ¼ 1

4
ðγaÞαβðγȧÞα̇ β̇VAαα̇

∂rVA
ββ̇; ð58Þ

and

Qr
12 ¼ −Qr

1̇ 2̇ ¼ ς01 − 4ς1ðφþ ϕ1Þ; ð59Þ

Qr
34 ¼ −Qr

3̇ 4̇ ¼ ς02 − 4ς2ðφþ ϕ2Þ; ð60Þ

Qζ̂
12 ¼ Qζ̂

1̇ 2̇ ¼ −e−V
gp1

k
f0kðθÞ
fkðθÞ

; ð61Þ

Qζ̂
34 ¼ Qζ̂

3̇ 4̇ ¼ −κe−V
gp2

k
f0kðθÞ
fkðθÞ

: ð62Þ

The topological twist can be achieved after imposing the
twist condition

gðp1 þ κp2Þ ¼ k ð63Þ

together with the following projection conditions

γ̂ζ̂ θ̂ϵþα ¼ ðγ12Þαβϵþβ ¼ ðγ34Þαβϵþβ ð64Þ

and

γ̂ζ̂ θ̂ϵ−α̇ ¼ ðγ1̇ 2̇Þα̇β̇ϵ−β̇ ¼ ðγ3̇ 4̇Þα̇β̇ϵ−β̇: ð65Þ
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To obtain the corresponding Bogomol’nyi-Prasad-
Sommerfield (BPS) equations for scalars that depend on
the radial coordinate r, we need to impose an additional
projector of the form

γ̂rϵ� ¼ ϵ∓: ð66Þ
We will also take the supersymmetry parameters to depend
only on r. With all these projectors, the unbroken super-
symmetry has four supercharges. Each chirality of ϵ�
consists of four unbroken supercharges under the projectors
(64) and (65), and the two chiralities are related by the γ̂r
projector (66).
The nonvanishing components of the two-form field

strengths are given by

Hθ̂ ζ̂
12 ¼ −

1

4
p1e−2V and Hθ̂ ζ̂

34 ¼ −
1

4
p2e−2V: ð67Þ

These identically satisfy the corresponding Bianchi iden-
tities. However, in order to consistently truncate out the
two-form and three-form fields, we require the following
term to vanish

gθAmMABTB
npHθ̂ ζ̂

np

¼ −
gλffiffiffi
2

p e−2ðV−φ−2ϕ1−2ϕ2Þðp2e4ϕ2ς1 þ p1e4ϕ1ς2Þδ5m: ð68Þ

For λ ≠ 0, this leads to the following constraint

p2e4ϕ2ς1 þ p1e4ϕ1ς2 ¼ 0: ð69Þ

It should be pointed out that this condition does not appear
in CSOð4; 0; 1Þ and CSOð2; 2; 1Þ gauge groups with λ ¼ 0.
This is due to the fact that the term given in (68) vanishes
identically for λ ¼ 0.
Substituting the above Ansatz into the conditions

δψþμ̄α ¼ 0 and δψ−μ̄ α̇ ¼ 0 and imposing the projectors
(64), (65), and (66), we find the following BPS equations
for UðrÞ and an algebraic constraint of the form

U0 ¼ geφ

4
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ

−
e−2V−φ

8
ffiffiffi
2

p ðp1e4ϕ1 þ p2e4ϕ2Þ ð70Þ

and

0 ¼ ð4ge2φ−4ϕ1 − p2e4ϕ2−2VÞς1
þ ð4gκe2φ−4ϕ2 − p1e4ϕ1−2VÞς2: ð71Þ

These equations come from real and imaginary parts of
δψþμ̄α ¼ 0 and δψ−μ̄ α̇ ¼ 0 conditions, respectively.
Similarly, the conditions δψþiα ¼ 0 and δψ−iα̇ ¼ 0 result

in the BPS equation for the warp factor VðrÞ

V 0 ¼ geφ

4
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ

þ 3e−2V−φ

8
ffiffiffi
2

p ðp1e4ϕ1 þ p2e4ϕ2Þ ð72Þ

and another algebraic condition between the two shift
scalars

0 ¼ ð4ge2φ−4ϕ1 þ 3p2e4ϕ2−2VÞς1
þ ð4gκe2φ−4ϕ2 þ 3p1e4ϕ1−2VÞς2: ð73Þ

It can be verified that the difference between (71) and (73)
precisely gives the constraint (69). In particular, using (69)
in (71) and (73) leads to the following two simple
conditions

�
1 −

κp2

p1

�
ς1 ¼ 0 and

�
κ −

p1

p2

�
ς2 ¼ 0: ð74Þ

We immediately see that there are two possibilities namely
vanishing shift scalars ς1 ¼ ς2 ¼ 0 or p2 ¼ p1=κ with
nonvanishing shift scalars.
Repeating the above analysis to the conditions δψþrα¼ 0

and δψ−rα̇ ¼ 0 as well as using the previously obtained
results from δψ�μ̄α ¼ 0 conditions, we find

0 ¼ ∂rϵþα þ
1

2
½Qr

12ðγ12Þαβ þQr
34ðγ34Þαβ�ϵþβ þ

1

2
U0ϵþα;

ð75Þ

0 ¼ ∂rϵ−α̇ þ
1

2
½Qr

1̇ 2̇ðγ1̇ 2̇Þα̇β̇ þQr
3̇ 4̇ðγ3̇ 4̇Þα̇β̇�ϵ−β̇ −

1

2
U0ϵ−α̇:

ð76Þ

These equations can be solved by the Killing spinors of the
form

ϵþðrÞ ¼ e
1
2
½UðrÞþWðrÞγ12�ϵ0þ and ϵ−ðrÞ ¼ e

1
2
½UðrÞ−WðrÞγ1̇ 2̇�ϵ0−

ð77Þ

where WðrÞ is an r-dependent function satisfying

W0 ¼Qr
12þQr

34¼ ς01þς02−4φðς1þς2Þ−4ς1ϕ1−4ς2ϕ2:

ð78Þ

ϵ0� are constant symplectic-Majorana-Weyl spinors satisfy-
ing projectors (64), (65), and (66). Finally, using the
projector (66) in the δχþaα̇ ¼ 0 and δχ−ȧα ¼ 0 conditions
will lead to the BPS equations for scalar fields.
We end the analysis of the BPS equations by giving some

comments on the unbroken supersymmetry preserved by
the solutions to these BPS equations. The solutions with
Mkw3 ×R2 slices, or k ¼ 0, preserve eight supercharges
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while solutions with Mkw3 × S2 and Mkw3 ×H2 slices
preserve only four supercharges. This is due to the fact that
no spin connection on R2 needs to be canceled by
performing the SOð2Þ × SOð2Þ twist. In particular, for
the case of k ¼ 0, the projectors involving γ̂ζ̂ θ̂ are not
needed. This case is then equivalent to untwisted solutions
of flat domain walls when p1 ¼ p2 ¼ 0. For k ≠ 0, the
projectors (64) and (65) reduce the number of supercharges
in both ϵþ and ϵ− to four. These two sets of four super-
charges with opposite chiralities are then related to each
other by the γ̂r projector (66) resulting in four unbroken

supercharges. This corresponds to N ¼ 2 supersymmetry
in three dimensions.

1. Solutions with ς1 = ς2 = 0

We begin with solutions with all shift scalars vanishing.
For ς1 ¼ ς2 ¼ 0, the functionWðrÞ is a constant that can be
chosen to be zero. TheKilling spinors then take a simple form

ϵ� ¼ e
UðrÞ
2 ϵ0�: ð79Þ

The resulting BPS equations take the form

φ0 ¼ −
geφ

20
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ þ e−2V−φ

40
ffiffiffi
2

p ðp1e4ϕ1 þ p2e4ϕ2Þ; ð80Þ

ϕ0
1 ¼

geφ

5
ffiffiffi
2

p ð3e−4ϕ1 − 2κe−4ϕ2 − λe8ðϕ1þϕ2ÞÞ − e−2V−φ

20
ffiffiffi
2

p ð3p1e4ϕ1 − 2p2e4ϕ2Þ; ð81Þ

ϕ0
2 ¼

geφ

5
ffiffiffi
2

p ð3κe−4ϕ2 − 2e−4ϕ1 − λe8ðϕ1þϕ2ÞÞ þ e−2V−φ

20
ffiffiffi
2

p ð2p1e4ϕ1 − 3p2e4ϕ2Þ; ð82Þ

U0 ¼ geφ

4
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ − e−2V−φ

8
ffiffiffi
2

p ðp1e4ϕ1 þ p2e4ϕ2Þ; ð83Þ

V 0 ¼ geφ

4
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ þ 3e−2V−φ

8
ffiffiffi
2

p ðp1e4ϕ1 þ p2e4ϕ2Þ: ð84Þ

It can also be verified that these equations satisfy all bosonic
field equations derived from the Lagrangian (9).We note that
these equations do not admit a fixed point solution of the
form AdS4 × Σ2

k. This solution requires φ0 ¼ ϕ0
1 ¼ ϕ0

2 ¼
V 0 ¼ 0 and U0 ¼ 1

LAdS4
which are not satisfied by the BPS

equations given above. Therefore, this implies that there do
not exist any conformal fixed points in three-dimensional
field theory arising from D4-branes wrapped on a Riemann
surface with SOð2Þ × SOð2Þ twist.
We are not able to analytically solve the above BPS

equations, so we will look for possible numerical solutions.
We are interested in solutions that are asymptotic to locally
flat domain walls considered in [45]. These solutions are
holographically dual to maximal SYM theory in five
dimensions. The full solutions interpolating between these
flat domain walls and other singular geometries in the IR
would describe three-dimensional SYM theory in three
dimensions arising from twisted compactifications of the
maximal five-dimensional SYM on a Riemann surface.
In the limit with the contribution of the gauge fields

being small compared to the scalar potential, we expect the

asymptotic behaviors of the solutions to be given by flat
domain walls. Since the explicit form of these behaviors
depends on the gauge groups under consideration, we will
discuss each gauge group separately.
Solutions from SOð5Þ, SOð4; 1Þ, and SOð3; 2Þ gauge

groups. We begin with solutions in the case of semisimple
gauge groups SOð5Þ, SOð4; 1Þ, and SOð3; 2Þ with λ ≠ 0.
We first consider the simplest case of ϕ1 ¼ ϕ2 ¼ 0. By
changing to a new coordinate ρ defined by dρ

dr ¼ eφþ8ðϕ1þϕ2Þ,
we require the solutions to be asymptotically of the form

U ∼ V ∼
5gλρ

4
ffiffiffi
2

p ; φ ∼ −
gλρ

4
ffiffiffi
2

p ; ϕ1 ∼ ϕ2 ∼ 0 ð85Þ

for ρ → þ∞. It can also be checked that with κ ¼ λ ¼ 1
this solves the BPS equations in which the terms involving
e−2V−φþ4ϕ1 and e−2V−φþ4ϕ2 become small compared to the
remaining terms. This asymptotic behavior is the SOð5Þ
symmetric domain wall given in [45]. Therefore, only
solutions in the case of SOð5Þ gauge group can have this
asymptotic behavior.
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We now look for numerical solutions of the full BPS
equations starting from the asymptotic behavior (85).
Examples of these solutions are given in Figs. 1–3 for
k ¼ þ1, k ¼ −1, and k ¼ 0, respectively. In the case of

k ¼ 0, for the sake of comparison, we have also included
the flat domain wall solution with p1 ¼ p2 ¼ k ¼ 0
represented by the dashed curve in Fig. 3. This corresponds
to the untwisted solution. In all of these solutions, we have

FIG. 1. Interpolating solutions between the locally SOð5Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved domain walls
for SOð2Þ × SOð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −2, 0, 0.1, 0.5, 1.3,
respectively.

FIG. 2. Interpolating solutions between the locally SOð5Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved domain walls
for SOð2Þ × SOð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −8;−2.4;−0.5, 0, 2.6,
respectively.
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set g ¼ 1 with different values of the independent param-
eter p1. The values of p2 are fixed by the twist condition
(63). We see that all of these solutions are singular at a
particular value of the coordinate ρ.
Following [4], we can compute the effective scalar

potential in four dimensions arising from a compactifica-
tion of the maximal six-dimensional gauged supergravity
on Σ2. The result is given by

Veff;Σ2 ¼ e−2V
�
V−

k
2
e−2V þ1

2
MABHθζ

AHθζ;B

�
ð86Þ

see Appendix B for more details. We can check whether the
singularities appearing in the solutions are physically
acceptable or not by using the criterion given in [52].
According to this criterion, the effective potential must be
bounded from above near the singularities. The effective
potential is bounded from above near the IR singularities
for Mkw3 ×H2-sliced curved domain walls with −0.5 ≤
p1 ≤ 0 (the green and red curves in Fig. 2). On the other
hand, the effective potential for Mkw3 × S2- and
Mkw3 ×R2-sliced domain walls is not bounded from
above near the IR singularities for any values of p1.
In addition, we can also check the singularities by

considering the ĝ00 component of the uplifted metric to
ten or 11 dimensions. As in [16], the 11-dimensional metric

component ĝð11Þ00 is given via a consistent truncation on
Hp;q ×R5−p−q by

ĝð11Þ00 ¼ Δ1
3gð7Þ00 ð87Þ

with gð7Þ00 being the (00) component of the seven-dimen-
sional metric. The warp factor is defined by

Δ ¼ Mabηacηbdμ
cμd ð88Þ

with ηab, a; b ¼ 1; 2;…; 5 being the CSOðp; q; 5 − p − qÞ
invariant tensor. Mab is the inverse of the SLð5Þ scalar
matrix defined in terms of the SLð5Þ=SOð5Þ coset repre-
sentative as

Mab ¼ Va
AVb

A: ð89Þ

The coordinates μa satisfy μaμbηab ¼ 1. We can then
embed the six-dimensional metric component g00 in seven
dimensions via a reduction on S1 by the relation

gð7Þ00 ¼ e2φg00 ð90Þ

with φ being the aforementioned GLð5Þ dilaton.
Following [50], we can perform a dimensional reduction

of the resulting 11-dimensional metric on S1 and find the
(00) component of the ten-dimensional metric of the form

ĝ00 ¼ Ω1
8Δ1

3e2φg00 ð91Þ

with

FIG. 3. Interpolating solutions between the locally SOð5Þ flat domain wall as ρ → þ∞ and Mkw3 × R2-sliced curved domain
walls for SOð2Þ × SOð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −2;−2 × 10−5;−2 × 10−9; 10−7; 0.1, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from
setting p1 ¼ 0 which also implies p2 ¼ k ¼ 0.
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Ω ¼ Δ1
3e−8φ þ Δ−2

3Mabχ
acχbdηceηdfμ

eμf: ð92Þ

We also note that the factor Ω is related to the type IIA
dilaton via

eϕ ¼ Ω3
4: ð93Þ

The axionic scalars χab ¼ −χba arise from the dimensional
reduction of the CSOðp; q; 5 − p − qÞ gauge fields Aab

μ in
seven dimensions, see [50]. These scalars transform in the
SLð5Þ representation 10 and can be identified with the shift
scalars ς1;…; ς10 appearing in (35).
For the present case of SOð5Þ gauge group, we have

ηab ¼ δab and vanishing shift scalars. Therefore, in this
case, Ω ¼ Δ1

3e−8φ, and the (00) component of the type IIA
metric is then given by

ĝ00 ¼ Δ3
8eφþ2U: ð94Þ

According to the criterion of [4], jĝ00j should not diverge in
order for the IR singularity to be physically acceptable. The
behavior of ĝ00 for the solutions shown in Figs. 1, 2, and 3
are given in Fig. 4. From this figure, we readily see that,
upon being uplifted to type IIA theory, all the IR singu-
larities of the solutions with Mkw3 ×H2 and Mkw3 ×R2

slices are physically acceptable with ĝ00 → 0 near the
singularities. On the other hand, only theMkw3 × S2-sliced
solutions represented by the blue and purple curves contain
physically acceptable singularities.
According to the DW/QFT correspondence, these physi-

cal singularities can be interpreted as holographic duals of
N ¼ 2 three-dimensional SYM theories with SOð2Þ ×
SOð2Þ symmetry. The entire numerical solutions then
describe holographic RG flows across dimensions between
the five- and three-dimensional nonconformal field theories.
We now move to the solutions with nonvanishing ϕ1 and

ϕ2 in the asymptotic behavior. In this case, we require the
asymptotic behavior of the solutions as ρ → þ∞ to be

U ∼ V ∼
gλρ

4
ffiffiffi
2

p ; φ ∼ −
gλρ

20
ffiffiffi
2

p ; ϕ1 ∼ ϕ2 ∼ −
gλρ

5
ffiffiffi
2

p :

ð95Þ

We have chosen gλ < 0 in order to identify the UV limit
with ρ → þ∞. As in the previous case, this asymptotic
behavior solves the BPS equations in the limit ρ → þ∞
with the contribution from the gauge fields being small. In
addition, this asymptotic solution takes the form of the
SOð2Þ × SOð2Þ symmetric flat domain wall studied in [45].
Examples of numerical solutions starting from this locally

flat domain wall in the case of SOð5Þ, SOð4; 1Þ, and
SOð3; 2Þ gauge groups are given in Figs. 5–13. In these
solutions, we have set g ¼ −λ ¼ �1with different values of
p1. As seen from the figures, the effective potential is
bounded from above near the IR singularities in the case
of SOð5Þ gauge group for specific values of p1,
−2.93 ≤ p1 ≤ 1.90,−0.42 ≤ p1 ≤ 1.42, and−1.73 ≤ p1 ≤
1.73, for k ¼ þ1;−1, 0, respectively. However, upon being
uplifted to type IIA theory, these singularities are unphysical
since the ten-dimensional metric ĝ00 diverges near the
singularities. For SOð4; 1Þ gauge group, only the
Mkw3 ×H2-sliced solution represented by the orange line
in Fig. 9 leads to physical singularity in both six and ten
dimensions. On the other hand, although the effective
potentials are not bounded from above for the curved domain
walls withp1 < 0 in SOð3; 2Þ gauge group (blue and orange
curves in Figs. 11–13), we find that ĝ00 → 0 near the IR
singularities. Therefore, these could lead to physically
acceptable solutions in type IIA theory.
For convenience, we summarize physical acceptabilities

of the IR singularities according to the criteria of [52,4] in
Table I. In this table (and subsequent ones), we use the ✗
symbol to indicate a violation of each criterion. For the cases
satisfying each criterion, the conditions for the independent
parameter p1 are given. It should be noted that all p1

conditions listed in Table I are applicable for g ¼ 1.
Solutions from CSOð4; 0; 1Þ and CSOð2; 2; 1Þ gauge

groups.We now consider the case of nonsemisimple gauge
groups with λ ¼ 0. These gauge groups are given by
CSOð4; 0; 1Þ and CSOð2; 2; 1Þ. As in the previous case,
we defined a new radial coordinate ρ via dρ

dr ¼ e−
5
2
ϕ1−15

2
ϕ2 . By

FIG. 4. Behavior of ĝ00 along the RG flows given in Figs. 1, 2, and 3, respectively, for Σ2 ¼ S2; H2;R2 in SOð5Þ gauge group.
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choosing gκ < 0 and considering the limit in which the
contributions from the gauge fields are small compared to
other terms in the BPS equations, we require that as
ρ → þ∞, the solutions should have an asymptotic behavior
of the form

U ∼V ∼
3

4
lnρ−

5

4
lnð−gκρÞ; φ∼

1

4
lnð−gκρÞ− 3

20
lnρ;

ϕ1 ∼
9

10
lnρ−

1

2
lnð−gκρÞ; ϕ2 ∼−

3

5
lnρ; ð96Þ

which is an SOð2Þ × SOð2Þ symmetric flat domain wall. We
find numerical solutions starting from this SOð2Þ × SOð2Þ

flat domain wall to other singular geometries in the IR as
shown in Figs. 14–19. In these solutions, we have set g ¼
−λ ¼ �1with different values of p1. From these figures, we
find that only Mkw3 × S2- and Mkw3 ×R2-sliced curved
domainwallswithp1 ≤ 0 inCSOð4; 0; 1Þ gaugegroup (blue
and orange curves in Figs. 14 and 16) admit physical IR
singularities with the effective potential bounded from above
near the singularities. However, these lead to uplifted
solutions with unphysical singularities as indicated by the
behaviors of ĝ00 in the IR limit.
For CSOð2; 2; 1Þ gauge group, we find that the

Mkw3 × S2-sliced solutions represented by blue and orange
curves in Fig. 17 lead to uplifted type IIA solutions with

FIG. 5. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −5;−2.94;−0.90, 1.90, 1.91, respectively.

FIG. 6. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −5.40;−0.43, 0, 1.42, 1.43, respectively.
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physical IR singularities with ĝ00 → 0 although the effec-
tive potential is not bounded from above. For Mkw3 ×H2-
and Mkw3 ×R2-sliced solutions, only the solutions repre-
sented by the blue curve in Figs. 18 and 19 admit physical
IR singularities upon uplifted to type IIA theory. These
solutions can be interpreted as N ¼ 2 three-dimensional
nonconformal field theories obtained from twisted com-
pactifications of five-dimensional nonconformal field
theory. We summarize all solutions from these two non-
semisimple gauge groups in Table II.

2. Solutions with nonvanishing ς1 and ς2
As previously shown, in order to keep the shift scalars ς1

and ς2 nonvanishing, we need to impose the condition p2 ¼
p1=κ together with an algebraic condition

e4ϕ2ς1 þ κe4ϕ1ς2 ¼ 0: ð97Þ

However, in this case, the SOð5Þ × SOð5Þ composite
connections along the radial direction are nonvanishing.

FIG. 7. Interpolating solutions interpolating between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ andMkw3 ×R2-sliced
curved domain walls for SOð2Þ × SOð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −6;−1.74;−1.70, 1.73, 1.74, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from p1 ¼ 0, which
implies p2 ¼ k ¼ 0.

FIG. 8. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð4; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −8.21;−2.80, 0.50, 2.50, 7, respectively.
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Therefore, the Killing spinors are given by (77) subject to the projectors (64), (65), and (66). For convenience, we also
collect all the BPS equations here

U0 ¼ geφ

4
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ − p

8
ffiffiffi
2

p e−2V−φðe4ϕ1 þ κe4ϕ2Þ; ð98Þ

V 0 ¼ geφ

4
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ þ 3p

8
ffiffiffi
2

p e−2V−φðe4ϕ1 þ κe4ϕ2Þ; ð99Þ

φ0 ¼ −
geφ

20
ffiffiffi
2

p ð2e−4ϕ1 þ 2κe−4ϕ2 þ λe8ðϕ1þϕ2ÞÞ þ p

40
ffiffiffi
2

p e−2V−φðe4ϕ1 þ κe4ϕ2Þ; ð100Þ

FIG. 9. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð4; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −4;−1,
0.1, 1.7, 4, respectively.

FIG. 10. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×R2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð4; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −8.2;−3.6;−0.5, 1.5, 5.6, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from p1 ¼ 0, which
implies p2 ¼ k ¼ 0.
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ϕ0
1 ¼

geφ

5
ffiffiffi
2

p ð3e−4ϕ1 − 2κe−4ϕ2 − λe8ðϕ1þϕ2ÞÞ − p

20
ffiffiffi
2

p e−2V−φð3e4ϕ1 − 2κe4ϕ2Þ; ð101Þ

ϕ0
2 ¼

geφ

5
ffiffiffi
2

p ð3κe−4ϕ2 − 2e−4ϕ1 − λe8ðϕ1þϕ2ÞÞ þ p

20
ffiffiffi
2

p e−2V−φð2e4ϕ1 − 3κe4ϕ2Þ; ð102Þ

ς01 ¼
geφffiffiffi
2

p ð2e−4ϕ1 − 2κe−4ϕ2 − λe8ðϕ1þϕ2ÞÞς1 −
p

2
ffiffiffi
2

p e−2V−φðe4ϕ1 − κe4ϕ2Þς1: ð103Þ

These equations are compatible with all the bosonic field equations. In addition, these equations also imply thatW0 ¼ 0, so
we can choose W ¼ 0 making the Killing spinors reduce to (79). As in the previous case, there are no AdS4 fixed points
from these equations.

FIG. 11. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −12.30;−0.93, 0.66, 1.86, 6, respectively.

FIG. 12. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −12;−2,
0.80, 2.81, 4.10, respectively.
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a. Solutions from SOð5Þ, SOð4; 1Þ, and SOð3; 2Þ gauge
groups. Simililar to the previous analysis, we will look for
solutions that have asymptotic behaviors of flat domain
walls. With the asymptotic behavior given by SOð5Þ flat
domain wall in (85), we find ς1 ¼ 0 and ς2 ¼ 0 along the
entire flow solutions. Therefore, the solutions are similar to
those found in the previous case, and we will not give the
corresponding numerical solutions here to avoid repetition.
We now consider the asymptotic behavior of the form

U∼V∼
gλρ

4
ffiffiffi
2

p ; φ∼−
gλρ

20
ffiffiffi
2

p ; ϕ1∼ϕ2∼−
gλρ

5
ffiffiffi
2

p ; ς1∼e−
gλρffiffi
2

p

ð104Þ

which is a locally flat domain wall with SOð2Þ × SOð2Þ
symmetry. We will choose gλ < 0 in order to identify the
UV five-dimensional field theory with ρ → þ∞. Examples
of numerical solutions interpolating between the flat
domain wall (104) and singular geometries in the IR are
shown in Figs. 20–25 for different values of g. We also
recall that the magnetic charge p2 is related to p1 via
p2 ¼ κp1. The magnetic charge p1 is in turn fixed in terms
of g by the twist condition 2gp1 ¼ k. We have found the
solutions by choosing g to be the independent parameter. In
addition, in the case of Mkw3 × R2-sliced solutions with
k ¼ 0, we have p2 ¼ p1 ¼ 0. Therefore, in this case, the
solutions are essentially flat domain walls. Accordingly, we
will not further consider these solutions.

FIG. 13. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×R2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −12.30;−4, 0.78, 2, 4, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from p1 ¼ 0 which
implies p2 ¼ k ¼ 0.

TABLE I. Summary of satisfaction of criteria [52,4] for the IR singularities of the solutions withMkw3 × Σ2 slices
obtained from SOð2Þ × SOð2Þ twist in SOð5Þ, SOð4; 1Þ, and SOð3; 2Þ gauge groups.

UV flat domain wall Gauge group Riemann surface Criterion [52] (Veff;Σ2↛þ∞) Criterion [4] (ĝ00 → 0)

SOð5Þ symmetric SOð5Þ S2 ✗ p1 ≤ −2
or p1 ≥ 1.3

H2 −0.5 ≤ p1 ≤ 0 any p1

R2 ✗ any p1

SOð2Þ × SOð2Þ
symmetric

SOð5Þ S2 −2.93 ≤ p1 ≤ 1.90 ✗

H2 −0.42 ≤ p1 ≤ 1.42 ✗

R2 −1.73 ≤ p1 ≤ 1.73 ✗

SOð4; 1Þ S2 ✗ ✗

H2 −1 ≤ p1 ≤ 0 −1 ≤ p1 ≤ 0

R2 p1 ¼ 0 p1 ¼ 0

SOð3; 2Þ S2 ✗ p1 ≤ −0.93
H2 ✗ p1 ≤ −2
R2 ✗ p1 ≤ −4
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We can see from the figures that in the case of SOð5Þ
gauge group, allMkw3 × S2-sliced solutions in Fig. 20 and
the Mkw3 ×H2-sliced solutions represented by red and
purple curves in Fig. 21 admit physical IR singularities by
the criterion of [52]. However, all of these solutions lead to
ten-dimensional solutions with unphysical singularities
when uplifted to type IIA theory. On the other hand, all
Mkw3 ×H2-sliced solutions in SOð4; 1Þ gauge group
(Fig. 23) contain physically acceptable IR singularities
in both six and ten dimensions while for Mkw3 × S2-sliced
solutions (Fig. 22), only the solution represented by the

purple curve leads to a physical IR singularity. For SOð3; 2Þ
gauge group, all of the solutions have unphysical singu-
larities according to the criterion of [52], but the solutions
represented by the red and purple curves in Fig. 24 and the
purple curve in Fig. 25 lead to ten-dimensional solutions
with physical IR singularities. The nature of all the
singularities appearing in the numerical solutions is sum-
marized in Table III.
b. Solutions from CSOð4; 0; 1Þ and CSOð2; 2; 1Þ gauge

groups.Weend this sectionwith solutions fromCSOð4; 0; 1Þ
and CSOð2; 2; 1Þ gauge groups with nonvanishing shift

FIG. 14. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in CSOð4; 0; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −2.50, 0, 0.30, 0.63, 0.95, respectively.

FIG. 15. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in CSOð4; 0; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −1.50, 0, 0.50, 0.74, 1.26, respectively.
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scalars. In this case, we change the radial coordinate to ρ

defined by dρ
dr ¼ e−

5
2
ϕ1−15

2
ϕ2 and require the asymptotic behav-

ior of the solutions to take the form of a flat domain wall
given by

U∼V∼
3

4
lnρ−

5

4
lnð−gκρÞ; φ∼

1

4
lnð−gκρÞ− 3

20
lnρ;

ϕ1∼
9

10
lnρ−

1

2
lnð−gκρÞ; ϕ2∼−

3

5
lnρ; ς1∼ρ

k
g2

þ8

4
ffiffi
2

p
:

ð105Þ

We again choose gκ < 0 to identify the UV theory with
ρ → þ∞.
As in the previous case, the Mkw3 ×R2-sliced solutions

lead to the standard flat domain walls, so we will not
consider these solutions any further. Examples of numerical
solutions interpolating between the locally flat domain wall
(105) and singular geometries in the IR are given in
Figs. 26–29 for different values of g. It turns out that all
of these solutions are uplifted to type IIA solutions with
unphysical IR singularities although all Mkw3 × S2-sliced
solutions in CSOð4; 0; 1Þ gauge group (Fig. 26) lead to

FIG. 16. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×R2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in CSOð4; 0; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −2.53;−0.62, 0.20, 0.63, 1.41, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from p1 ¼ 0,
which implies p2 ¼ k ¼ 0.

FIG. 17. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in CSOð2; 2; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −2,
0.20, 0.30, 0.74, 1.6, respectively.
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effective potentials that are bounded from above, see a
summary in Table IV.

B. D4-branes wrapped on a Riemannian three-manifold

We now carry out a similar analysis for supersymmetric
solutions describing D4-branes wrapped on a Riemannian
three-manifold Σ3

k. These solutions would lead to two-
dimensional field theories arising from twisted compacti-
fications of the maximal SYM theory in five dimensions.
As in the previous case, we will consider the case in which

Σ3
k has constant curvature characterized by a parameter k ¼

1; 0;−1 corresponding to a three-dimensional sphere S3, a
flat space R3, or a hyperbolic space H3, respectively.
The Ansatz for the metric takes the form of

ds26 ¼ e2UðrÞημ̄ ν̄dxμ̄dxν̄ þ dr2 þ e2VðrÞds2Σ3
k

ð106Þ

where μ̄; ν̄ ¼ 0, 1 are spacetime indices of a two-dimensional
Minkowski space Mkw2. The metric on Σ3

k is given by

FIG. 18. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in CSOð2; 2; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −2,
0.28, 0.51, 0.95, 1.60, respectively.

FIG. 19. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×R2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in CSOð2; 2; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −1,
0.40, 0.67, 0.95, 1.21, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from p1 ¼ 0, which
implies p2 ¼ k ¼ 0.
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ds2Σ3
k
¼ dψ2 þ fkðψÞ2ðdθ2 þ sin2 θdζ2Þ ð107Þ

with the function fkðψÞ defined as in (50). Using the vielbein

e ˆ̄μ ¼ eUdxμ̄; er̂ ¼ dr; eψ̂ ¼ eVdψ ;

eθ̂ ¼ eVfkðψÞdθ; eζ̂ ¼ eVfkðψÞ sin θdζ; ð108Þ

we find nonvanishing components of the spin connection as
follows

ω ˆ̄μ
ˆ̄ν r̂ ¼ U0δ ˆ̄νˆ̄μ; ωî

ĵ r̂ ¼ V 0δĵ
î
; ωθ̂

θ̂ ψ̂ ¼ e−V
f0kðψÞ
fkðψÞ

;

ωζ̂
ζ̂ ψ̂ ¼ e−V

f0kðψÞ
fkðψÞ

; ωζ̂
ζ̂ θ̂ ¼ e−V

cot θ
fkðψÞ

ð109Þ

TABLE II. Summary of satisfaction of criteria [52,4] for the IR
singularities of the interpolating solutions between the locally
SOð2Þ × SOð2Þ symmetric flat domain wall and Mkw3 × Σ2-
sliced curved domain walls for SOð2Þ × SOð2Þ twist in
CSOð4; 0; 1Þ and CSOð2; 2; 1Þ gauge groups.

Gauge group
Riemann
surface

Criterion [52]
(Veff;Σ2↛þ∞)

Criterion [4]
(ĝ00 → 0)

CSOð4; 0; 1Þ S2, R2 p1 ≤ 0 ✗

H2 ✗ ✗

CSOð2; 2; 1Þ S2 ✗ p1 ≤ 0.24
H2 ✗ p1 ≤ −1
R2 ✗ p1 ≤ 0

FIG. 20. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls with shift scalars in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.10;−0.25;−0.50;−1;−2.80, respectively.
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where î ¼ ψ̂ ; θ̂; ζ̂ is a flat index on Σ3
k. We will perform two

types of topological twists by turning on SOð3Þ and SUð2Þ
gauge fields in order to eliminate the following components
of the spin connection ωθ̂

θ̂ ψ̂ , ωζ̂
ζ̂ ψ̂ , and ωζ̂

ζ̂ θ̂.

1. Solutions with SOð3Þ twist
We first consider the case of SOð3Þ twist with SOð3Þ

embedded in SOð5Þ ⊂ GLð5Þ as 5 → 3þ 1þ 1. In this
case, the gauge groups under consideration must contain
this SOð3Þ subgroup. All of these gauge groups are
characterized by the embedding tensor of the form

Ymn ¼ diagð1; 1; 1; κ; λÞ: ð110Þ

These gauge groups are given by SOð5Þ (κ ¼ λ ¼ 1),
SOð4; 1Þ (κ ¼ −λ ¼ 1), SOð3; 2Þ (κ ¼ λ ¼ −1),
CSOð4; 0; 1Þ (κ ¼ 1, λ ¼ 0), CSOð3; 1; 1Þ (κ ¼ −1,
λ ¼ 0), and CSOð3; 0; 2Þ (κ ¼ λ ¼ 0).

We then turn on the SOð3Þ gauge fields corresponding to
X12, X13, and X23 generators by the following Ansatz

Aθ̂
12 ¼ e−V

p
4k

f0kðψÞ
fkðψÞ

; Aζ̂
13 ¼ e−V

p
4k

f0kðψÞ
fkðψÞ

;

Aζ̂
23 ¼ e−V

p
4k

cot θ
fkðψÞ

: ð111Þ

In addition to the dilaton, there are four SOð3Þ singlet
scalars corresponding to the following noncompact gen-
erators

Ȳ1 ¼ 2t̂þ
11̇
þ 2t̂þ

22̇
þ 2t̂þ

33̇
− 3t̂þ

44̇
− 3t̂þ

55̇
; Ȳ2 ¼ t̂þ

45̇
;

Ȳ3 ¼ t̂þ
44̇
− t̂þ

55̇
; Ȳ4 ¼ s45: ð112Þ

With the coset representative

FIG. 21. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls with shift scalars in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.10;−0.15;−0.31;−1;−2.80, respectively.
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V ¼ eφdþϕ1Ȳ1þϕ2Ȳ2þϕ3Ȳ3þςȲ4 ; ð113Þ

the scalar potential takes the form

V ¼ −
g2e2ðφ−8ϕ1Þ

4

�
3þ 6e20ϕ1ððκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 − ðκ − λÞ sinh 4ϕ3Þ

þ e40ϕ1

4
ðκ2 þ 10κλþ λ2 − ð3κ2 − 2κλþ 3λ2Þ cosh 8ϕ3

−2ðκ þ λÞ2 cosh 4ϕ2cosh24ϕ3 þ 4ðκ2 − λ2Þ cosh 2ϕ2 sinh 8ϕ3Þ
�
: ð114Þ

We also note that the shift scalar ς does not appear in the scalar potential. The SOð5Þ × SOð5Þ composite connections are
given as follows

Qr
45 ¼ ς0 − 4ςðφ0 − 3ϕ0

1Þ − ϕ0
2 sinh 4ϕ3; ð115Þ

Qr
4̇ 5̇ ¼ −ς0 þ 4ςðφ0 − 3ϕ0

1Þ − ϕ0
2 sinh 4ϕ3; ð116Þ

FIG. 22. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls with shift scalars in SOð4; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.08, 0.10, 0.20,
0.63, 2.19, respectively.
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Qθ̂
12 ¼ Qθ̂

1̇ 2̇ ¼ −e−V
gp
k
f0kðψÞ
fkðψÞ

; ð117Þ

Qζ̂
13 ¼ Qζ̂

1̇ 3̇ ¼ −e−V
gp
k
f0kðψÞ
fkðψÞ

; ð118Þ

Qζ̂
23 ¼ Qζ̂

2̇ 3̇ ¼ −e−V
gp
k

cot θ
fkðψÞ

: ð119Þ

The relevant topological twist can be achieved by imposing
the projectors

γ̂θ̂ ψ̂ ϵþα ¼ ðγ12Þαβϵþβ and γ̂ζ̂ θ̂ϵþα ¼ ðγ23Þαβϵþβ ð120Þ

as well as

γ̂θ̂ ψ̂ ϵ−α̇ ¼ ðγ1̇ 2̇Þα̇β̇ϵ−β̇ and γ̂ζ̂ θ̂ϵ−α̇ ¼ ðγ2̇ 3̇Þα̇β̇ϵ−β̇ ð121Þ

together with a twist condition

gp ¼ k: ð122Þ

In order to consistently truncate out all the two- and three-
form fields, we need to set ς ¼ 0 for p ≠ 0. This condition
leads to a consistent set of BPS equations that are
compatible with all the second-ordered field equations.
With ς ¼ 0 and the projector γ̂rϵ� ¼ ϵ∓, we find the

following set of BPS equations

U0 ¼ geφ−8ϕ1

4
ffiffiffi
2

p ½3þ e20ϕ1ððκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 − ðκ − λÞ sinh 4ϕ3Þ� −
3p

8
ffiffiffi
2

p e−2V−φþ8ϕ1 ; ð123Þ

FIG. 23. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls with shift scalars in SOð4; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.05, 0.10, 0.20,
0.61, 2.19, respectively.
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V 0 ¼ geφ−8ϕ1

4
ffiffiffi
2

p ½3þ e20ϕ1ððκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 − ðκ − λÞ sinh 4ϕ3Þ� þ
5p

8
ffiffiffi
2

p e−2V−φþ8ϕ1 ; ð124Þ

φ0 ¼ −
geφ−8ϕ1

20
ffiffiffi
2

p ½3þ e20ϕ1ððκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 − ðκ − λÞ sinh 4ϕ3Þ� þ
3p

40
ffiffiffi
2

p e−2V−φþ8ϕ1 ; ð125Þ

ϕ0
1 ¼

geφ−8ϕ1

10
ffiffiffi
2

p ½2 − e20ϕ1ððκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 − ðκ − λÞ sinh 4ϕ3Þ� −
p

10
ffiffiffi
2

p e−2V−φþ8ϕ1 ; ð126Þ

ϕ0
2 ¼ −

geφþ12ϕ1ffiffiffi
2

p ðκ þ λÞ sinh 2ϕ2sech4ϕ3; ð127Þ

ϕ0
3 ¼

geφþ12ϕ1

2
ffiffiffi
2

p ððκ − λÞ cosh 4ϕ3 − ðκ þ λÞ cosh 2ϕ2 sinh 4ϕ3Þ ð128Þ

with the Killing spinors given by

ϵþðrÞ ¼ e
1
2
½UðrÞþWðrÞγ45�ϵ0þ and ϵ−ðrÞ ¼ e

1
2
½UðrÞ−WðrÞγ4̇ 5̇�ϵ0−: ð129Þ

FIG. 24. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls with shift scalars in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.10;−0.16;−0.36;−0.56;−2.40, respectively.
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The function WðrÞ is determined by the condition

W0 ¼ −
geφþ12ϕ1

2
ffiffiffi
2

p ðκ þ λÞ sinh 2ϕ2 tanh 4ϕ3: ð130Þ

There do not exist any AdS3 × Σ3 fixed points in these
equations. Before giving the solutions, we note that for the
k ¼ 0 case, the twist condition implies p ¼ 0. This leads to
standard flat domain walls preserving 16 supercharges. As in
the previous case, we will not further consider this type of
solution. For k ¼ �1, the solutions preserve only four super-
charges. Therefore, the dual field theories in the IR are
expected tohaveN¼ð2;2Þ supersymmetry in twodimensions.
We begin with the simplest case of CSOð3; 0; 2Þ gauge

group with κ ¼ λ ¼ 0. In this case, the BPS equations give
ϕ0
2 ¼ ϕ0

3 ¼ W0 ¼ 0, so that we can choose ϕ2 ¼ ϕ3 ¼
W ¼ 0 without loss of generality. The other BPS equations
giveU0 ¼ −5φ0 and ϕ0

1 ¼ − 4
3
φ0 giving rise to the solutions

U ¼ −5φ and ϕ1 ¼ C1 −
4

3
φ ð131Þ

with C1 being an integration constant. We have neglected
an additive integration constant for U that can be absorbed
by rescaling the coordinates on Mkw2.

FIG. 25. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls with shift scalars in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.10;−0.16;−0.43;−0.61;−2.42, respectively.

TABLE III. Summary of satisfaction of criteria [52,4] for the IR
singularities of the interpolating solutions between the locally
SOð2Þ × SOð2Þ symmetric flat domain wall and Mkw3 × Σ2-
sliced curved domain walls with shift scalars in SOð5Þ, SOð4; 1Þ,
and SOð3; 2Þ gauge groups.

Gauge
group

Riemann
surface

Criterion [52]
(Veff;Σ2↛þ∞)

Criterion [4]
(ĝ00 → 0)

SOð5Þ S2 any g ✗

H2 g ≤ −1 ✗

SOð4; 1Þ S2 g ≥ 2.19 g ≥ 2.19
H2 any g any g

SOð3; 2Þ S2 ✗ g ≤ −0.56
H2 ✗ g ≤ −2.42

PATHARADANAI NUCHINO and PARINYA KARNDUMRI PHYS. REV. D 112, 126026 (2025)

126026-26



Taking a linear combination V 0 þ 5φ0 and changing to a
new radial coordinate ρ given by dρ

dr ¼ e4φþ8ϕ1−V, we find

V ¼ ln

�
kρffiffiffi
2

p
g
þ C

�
− 5φ: ð132Þ

The integration constant C can also be set to zero by
shifting the coordinate ρ. With all these results and C ¼ 0,
the equation for φ0 gives

φ ¼ 6

5
C1 −

3

40
ln

�
ρ3 þ C0

3ρ

�
ð133Þ

in which C0 is another integration constant.
For ρ → þ∞, the contribution of the gauge fields to the

BPS equations becomes small, and we find

U ∼ V; φ ∼ −
3

20
ln ρ; ϕ1 ∼

1

5
ln ρ; ð134Þ

which takes the form of a flat domain wall.
There is another singularity as ρ → 0. For C0 ≠ 0, we

find

U ∼ −
3

8
ln ρ; V ∼

5

8
ln ρ;

φ ∼
3

40
ln ρ; ϕ1 ∼ −

1

10
ln ρ: ð135Þ

This leads toVeff;Σ3 → þ∞, so the singularity is unphysical
by the criterion of [52].

FIG. 26. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls with shift scalars in CSOð4; 0; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.51;−1;−1.72;−2.80;−6, respectively.
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For C0 ¼ 0, we have the following asymptotic behavior

U ∼
3

4
ln ρ; V ∼

7

4
ln ρ;

φ ∼ −
3

20
ln ρ; ϕ1 ∼

1

5
ln ρ: ð136Þ

In this case, we find Veff;Σ3 → 0, which is physically
acceptable.
By uplifting the solution to type IIA theory, we can find

the behavior of the ten-dimensional metric component ĝ00
near the singularity. For C0 ≠ 0 and ρ → 0, we have

ĝ00 ∼ e−3ϕ1þφþ2U ∼ ρ−
3
8 → þ∞; ð137Þ

which implies that the singularity is unphysical. On the
other hand with C0 ¼ 0, we find

ĝ00 ∼ e−3ϕ1þφþ2U ∼ ρ
3
5 → 0 ð138Þ

indicating that the singularity is physical. In this case, the
solution should describe N ¼ ð2; 2Þ two-dimensional field
theory arising from D4-branes wrapped on Σ3.
In other gauge groups, we can solve the BPS equations

numerically. We will consider two types of solutions
interpolating between asymptotically flat domain walls
with SOð5Þ and SOð3Þ symmetries. Examples of numeri-
cal solutions with the SOð5Þ asymptotic behavior given by
(85) are shown in Figs. 30 and 31. We also note that all of
these solutions are obtained in the case of SOð5Þ gauge
group, which admits the SOð5Þ symmetric flat domain
wall solution. From these figures, we see that all
Mkw2 ×H3-sliced solutions are uplifted to type IIA
solutions with physically acceptable IR singularities. In
Fig. 30, although all Mkw2 × S3-sliced solutions lead to
IR singularities with the effective potential unbounded
above, these solutions, except for the one represented by
the blue curve in Fig. 30, can be uplifted to physical type
IIA solutions.

FIG. 27. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls with shift scalars in CSOð4; 0; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.50;−0.75;−0.90;−1.20;−4.50, respectively.
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Another class of solutions interpolates between a locally
SOð3Þ symmetric flat domain wall with the asymptotic
behavior given by

U∼V∼
3gρ

4
ffiffiffi
2

p ; φ∼−
3gρ

20
ffiffiffi
2

p ; ϕ1∼
gρ

5
ffiffiffi
2

p ; ϕ2∼ϕ3∼0

ð139Þ

and another singular geometry in the IR. The new radial
coordinate ρ is defined by dρ

dr ¼ eφ−8ϕ1. By choosing g < 0

in order to identify the UV field theory in five dimensions
with ρ → þ∞, we find a number of numerical solutions
starting from this locally SOð3Þ symmetric flat domain
wall. It turns out that all solutions in SOð5Þ, SOð4; 1Þ,
CSOð4; 0; 1Þ, and CSOð3; 1; 1Þ gauge groups are uplifted
to type IIA solutions with unphysical IR singularities. In
the case of SOð3; 2Þ gauge group examples of numerical
solutions are shown in Figs. 32 and 33. In these figures, all

Mkw2 × S3-sliced solutions lead to ten-dimensional solu-
tions with physical singularities for any values of g. On the
other hand, theMkw2 ×H3-sliced solutions admit physical
IR singularities only for large values of g, see Table V.

2. Solutions with SUð2Þ twist
We end this section by considering a topological twist

given by turning on SUð2Þ gauge fields. We identify this
SUð2Þ with the self-dual SUð2Þþ subgroup of SUð2Þþ ×
SUð2Þ− ∼ SOð4Þ ⊂ SOð5Þ generated by X12 þ X34, X13þ
X24, and X23 þ X14. We will accordingly turn on the
following gauge fields

Aθ̂
12 ¼ Aθ̂

34 ¼ Aζ̂
13 ¼ Aζ̂

24 ¼ e−V
p
8k

f0kðψÞ
fkðψÞ

;

Aζ̂
23 ¼ Aζ̂

14 ¼ e−V
p
8k

cot θ
fkðψÞ

: ð140Þ

FIG. 28. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls with shift scalars in CSOð2; 2; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.38, 0.55,
0.75, 1, 2, respectively.
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There are three relevant gauge groups to consider; SOð5Þ,
SOð4; 1Þ, and CSOð4; 0; 1Þ. These groups can be charac-
terized by the embedding tensor of the form

Ymn ¼ diagð1; 1; 1; 1; λÞ ð141Þ

with λ ¼ 1;−1, 0, respectively.

There are two singlet scalars parametrized by the coset
representative

V ¼ eφdþϕY ð142Þ

with

Y ¼ t̂þ
11̇
þ t̂þ

22̇
þ t̂þ

33̇
þ t̂þ

44̇
− 4t̂þ

55̇
: ð143Þ

The scalar potential reads

V ¼ −
g2

4
e2φ−8ϕð8þ 8λe20ϕ − λ2e40ϕÞ: ð144Þ

To implement the twist, we impose the projection con-
ditions given in (120) and (121) together with

FIG. 29. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls with shift scalars in CSOð2; 2; 1Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.38, 0.80,
1.40, 2.50, 4.10, respectively.

TABLE IV. Summary of satisfaction of criteria [52,4] for the IR
singularities of the interpolating solutions between the locally
SOð2Þ × SOð2Þ symmetric flat domain wall and Mkw3 × Σ2-
sliced curved domain walls with shift scalars in CSOð4; 0; 1Þ and
CSOð2; 2; 1Þ gauge groups.

Gauge group
Riemann
surface

Criterion [52]
(Veff;Σ2↛þ∞)

Criterion [4]
(ĝ00 → 0)

CSOð4; 0; 1Þ S2 any g ✗

H2 g ≤ −4.50 ✗

CSOð2; 2; 1Þ S2, H2 ✗ ✗
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ðγ12Þαβϵþβ ¼ ðγ34Þαβϵþβ and ðγ1̇ 2̇Þα̇β̇ϵ−β̇ ¼ ðγ3̇ 4̇Þα̇β̇ϵ−β̇
ð145Þ

on the Killing spinor (79) together with the twist condition
(122). With the γ̂r projection given in (66), we find the
following BPS equations

U0 ¼ g

4
ffiffiffi
2

p eφ−4ϕð4þ λe20ϕÞ − 3p

8
ffiffiffi
2

p e−2V−φþ4ϕ; ð146Þ

V 0 ¼ g

4
ffiffiffi
2

p eφ−4ϕð4þ λe20ϕÞ þ 5p

8
ffiffiffi
2

p e−2V−φþ4ϕ; ð147Þ

FIG. 30. Interpolating solutions between the locally SOð5Þ flat domain wall as ρ → þ∞ and Mkw2 × S3-sliced curved domain walls
for SOð3Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.10, 0.30, 0.63, 1, 2, respectively.

FIG. 31. Interpolating solutions between the locally SOð5Þ flat domain wall as ρ → þ∞ andMkw2 ×H3-sliced curved domain walls
for SOð3Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.1, 0.3, 0.7, 1.2, 2.4, respectively.
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φ0 ¼−
g

20
ffiffiffi
2

p eφ−4ϕð4þλe20ϕÞþ 3p

40
ffiffiffi
2

p e−2V−φþ4ϕ; ð148Þ

ϕ0 ¼ g

5
ffiffiffi
2

p eφ−4ϕð1 − λe20ϕÞ − 3p

40
ffiffiffi
2

p e−2V−φþ4ϕ: ð149Þ

With the additional projectors (145) imposed on both ϵþα

and ϵ−α̇, in this case, the solutions preserve only two
supercharges corresponding to N ¼ ð1; 1Þ supersymmetry
in two dimensions.
For CSOð4; 0; 1Þ gauge group with λ ¼ 0, we can

analytically solve these equations. The resulting solution
is given by

U ¼ −5φ; V ¼ ln

�
kρffiffiffi
2

p
g

�
− 5φ;

ϕ ¼ −φ; φ ¼ C −
kρ2

20
þ 3

40
ln ρ ð150Þ

with C being an integration constant. The new radial
coordinate ρ is defined by dρ

dr ¼ e−V. At large ρ, we find
that the solution becomes a locally flat domain wall with
the following asymptotic behavior

U ∼ V ∼
kρ2

4
; φ ∼ −

kρ2

20
; ϕ ∼

kρ2

20
: ð151Þ

FIG. 32. Interpolating solutions between the locally SOð3Þ flat domain wall as ρ → þ∞ and Mkw2 × S3-sliced curved domain walls
for SOð3Þ twist in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ −0.10;−0.16;−0.38;−1;−3,
respectively.

FIG. 33. Interpolating solutions between the locally SOð3Þ flat domain wall as ρ → þ∞ andMkw2 ×H3-sliced curved domain walls
for SOð3Þ twist in SOð3; 2Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ −0.10;−0.17;−0.28;−0.82;−3,
respectively.
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On the other hand, as ρ → 0, the above solution reduces to

U∼−
3

8
lnρ; V∼ ln

�
kρffiffiffi
2

p
g

�
−
3

8
lnρ; φ∼−ϕ∼

3

40
lnρ:

ð152Þ

However, near this singularity, both the effective potential
and the type IIA metric component ĝ00 diverge to þ∞
leading to solutions with unphysical IR singularities.

In SOð5Þ and SOð4; 1Þ gauge groups with λ ≠ 0, the
BPS equations can only be solved numerically. We begin
with solutions that, as r → þ∞, are asymptotic to the
locally flat domain wall with SOð5Þ symmetry of the form

U ∼ V ∼ 5 ln gr; φ ∼ − ln gr; ϕ ∼
1

g16r16
: ð153Þ

Examples of these solutions are given in Figs. 34 and 35 for
different values of g. From these solutions, we find that all

TABLE V. Summary of satisfaction of criteria [52,4] for the IR singularities of the Mkw2 × Σ3-sliced curved
domain walls obtained from SOð3Þ twist in SOð5Þ, SOð4; 1Þ, SOð3; 2Þ, CSOð4; 0; 1Þ, CSOð3; 1; 1Þ, and
CSOð3; 0; 2Þ gauge groups.

UV flat domain
wall Gauge group

Riemannian three-
manifold

Criterion [52]
(Veff;Σ3↛þ∞)

Criterion [4]
(ĝ00 → 0)

SOð5Þ symmetric SOð5Þ S3 ✗ g ≥ 0.2
H3 any g any g

SOð3Þ symmetric SOð5Þ S3 any g ✗

H3 g ≤ −1.8 ✗

SOð4; 1Þ S3, H3 ✗ ✗

SOð3; 2Þ S3 ✗ any g
H3 ✗ g ≤ −3

CSOð4; 0; 1Þ S3 any g ✗

H3 ✗ ✗

CSOð3; 1; 1Þ S3, H3 ✗ ✗

CSOð3; 0; 2Þ
(analytic)

S3, H3 C0 ¼ 0 C0 ¼ 0

FIG. 34. Interpolating solutions between the locally SOð5Þ flat domain wall as r → þ∞ and Mkw2 × S3-sliced curved domain walls
for SUð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 4, 2, 1, 0.50, 0.16, respectively.
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solutions can be uplifted to solutions of type IIA theory
with physical IR singularities for any values of g.
Another class of solutions has an asymptotic geometry in

the form of a locally flat domain wall with SOð4Þ symmetry.
The corresponding asymptotic behavior is given by

U ∼ V ∼ −
5

4
ln

�
−
2

ffiffiffi
2

p
gρ

5

�
; φ∼−ϕ∼

1

4
ln

�
−
2

ffiffiffi
2

p
gρ

5

�
:

ð154Þ

We have found a number of numerical solutions in both
SOð5Þ and SOð4; 1Þ gauge groups. However, from the
behaviors of ĝ00, it turns out that all solutions lead to
unphysical ten-dimensional solutions although all of the
Mkw2 × S3-sliced solutions in SOð5Þ gauge group admit the
IR singularities with the effective potential bounded from

above. We will not present these solutions here but simply
include them in Table VI.

IV. WRAPPED D4-BRANES FROM
CSOðp;q;4− p− qÞ ⋉ R4 GAUGED SUPERGRAVITY

We repeat the same analysis for gaugings from 40−1

representation associated with the embedding tensor

θAm ¼ TA
npUnp;m and θAm ¼ 0: ð155Þ

The tensor Umn;p satisfies the conditions Umn;p ¼ U½mn�;p

with U½mn;p� ¼ 0, and the quadratic constraint determines
Umn;p to take the form

Umn;p ¼ v½mwn�p ð156Þ

FIG. 35. Interpolating solutions between the locally SOð5Þ flat domain wall as r → þ∞ andMkw2 ×H3-sliced curved domain walls
for SUð2Þ twist in SOð5Þ gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 4, 2, 1, 0.45, 0.21, respectively.

TABLE VI. Summary of satisfaction of criteria [52,4] for the IR singularities of the Mkw2 × Σ3-sliced curved
domain walls obtained from SUð2Þ twist in SOð5Þ, SOð4; 1Þ, and CSOð4; 0; 1Þ gauge groups.

UV flat domain wall Gauge group
Riemannian

three-manifold
Criterion [52]
(Veff;Σ3↛þ∞)

Criterion [4]
(ĝ00 → 0)

SOð5Þ symmetric SOð5Þ S3 ✗ any g
H3 any g any g

SOð4Þ symmetric SOð5Þ S3 any g ✗

H3 ✗ ✗

SOð4; 1Þ S3, H3 ✗ ✗

CSOð4; 0; 1Þ (analytic) S3, H3 ✗ ✗
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in which vm is a GLð5Þ vector, and wmn is a symmetric
tensor, wmn ¼ wðmnÞ.
Following [48], we can use the SLð5Þ symmetry to fix

the vector vm ¼ δm5 and split the SLð5Þ index m ¼ ði; 5Þ,
i ¼ 1;…; 4. For simplicity, we will also set wi5 ¼ w55 ¼ 0.
The remaining SLð4Þ ⊂ SLð5Þ residual symmetry can be
used to diagonalize the 4 × 4 block corresponding to wij as

wij ¼ diagð1;…; 1|fflfflffl{zfflfflffl}
p

;−1;…;−1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
q

; 0;…; 0|fflfflffl{zfflfflffl}
r

Þ ð157Þ

with pþ qþ r ¼ 4. From the decomposition in (28), the
only nonvanishing gauge generators are given by

Xij ¼
1ffiffiffi
2

p εijkk0wkltk
0
l and Xi ¼ wijs5j: ð158Þ

These gauge generators satisfy the following commutation
relations

½Xi; Xj� ¼ 0; ½Xij; Xk� ¼ ðXijÞlkXl;

½Xij; Xkl� ¼ ðXijÞklk0l0Xk0l0 ð159Þ

where ðXijÞklk0l0 ¼ 2ðXijÞ½k½k0δl
0�
l� . The corresponding gauge

group takes the form

G0 ¼ CSOðp; q; 4 − p − qÞ ⋉ R4

¼ SOðp; qÞ ⋉ ðRðpþqÞð4−p−qÞ ×R4Þ: ð160Þ

The CSOðp; q; 4 − p − qÞ ⊂ SLð4Þ factor and the four-
dimensional translation group from the shift symmetriesR4

are, respectively, generated by Xij and Xi. We recall that
gaugings in 40−1 representation are purely electric, so the
three-form Cμνρ;A and magnetic two-form Bμν

m fields do
not appear. Furthermore, we will set the four gauge fields
Aμ;i corresponding to the shift symmetry generators Xi to
zero. It should also be pointed out that this six-dimensional
gauged supergravity can be obtained from a dimensional
reduction of the maximal gauged supergravity in seven
dimensions with CSOðp; q; 4 − p − qÞ gauge group on a
circle S1.
For scalar fields, we split the SOð5Þ × SOð5Þ vector

indices as a ¼ ði; 5Þ and ȧ ¼ ði̇; 5̇Þ resulting in the decom-
position of SLð5Þ noncompact generators as

t̃aḃ → ðt̃ij̇; t̃i5̇; t̃55̇Þ: ð161Þ

Since the SLð5Þ generators t̃aḃ are traceless, the generator
t̃55̇ is related to the trace part of t̃ij̇ according to the relation
t̃11̇ þ t̃22̇ þ t̃33̇ þ t̃44̇ ¼ −t̃55̇. It is then convenient to define
new noncompact generators t̄ij̇ as

t̄ij̇ ¼ t̃ij̇ þ
1

4
t̃55̇δij̇; ð162Þ

which are symmetric and traceless. The nine scalar fields
corresponding to these generators then parametrize an
SLð4Þ=SOð4Þ coset. The other four scalars associated with
t̃i5̇ ¼ t̂þ

i5̇
are nilpotent scalars and will be denoted by bi. The

remaining scalar in SLð5Þ=SOð5Þ coset is another dilatonic
scalar corresponding to the SOð1; 1Þ factor in SLð4Þ×
SOð1; 1Þ ⊂ SLð5Þ. In addition, there are additional ten
axionic scalars corresponding to the antisymmetric shift
generators as in the previous section.
As previously mentioned, the six-dimensional gauged

supergravity with CSOðp; q; 4 − p − qÞ ⋉ R4 gauge group
can be embedded in type IIA theory via a consistent
truncation on Hp;q ×R4−p−q × S1. The truncation of type
IIA theory onHp;q × R4−p−q leading to themaximal gauged
supergravity in seven dimensions with CSOðp;q;4−p−qÞ
gauge group has been studied in [51]. In particular, the (00)-
component of the ten-dimensional metric is given, in the
present notation, by

ĝ00 ¼ e−3ϕ0Δ1
4gð7Þ00 : ð163Þ

ϕ0 is the dilatonic scalar corresponding to SOð1; 1Þ factor in
the decomposition SLð5Þ → SLð4Þ × SOð1; 1Þ as men-
tioned above. The warp factor Δ is defined by

Δ ¼ mijηikηjlμ
kμl; i; j;… ¼ 1; 2; 3; 4; ð164Þ

in which mij is the inverse of the SLð4Þ matrix mij ¼
ðṼṼTÞij with Ṽ being SLð4Þ=SOð4Þ coset representative.
The coordinates μi satisfy μiμjηij ¼ 1 with ηij being the
CSOðp; q; 4 − p − qÞ invariant tensor.
By another dimensional reduction on S1, we can uplift

the six-dimensional metric of the domain wall solutions to
type IIA theory. This results in

ĝ00 ¼ e−3ϕ0Δ1
4e2Uþ2φ ð165Þ

with φ being the dilaton corresponding to the SOð1; 1Þ
factor in GLð5Þ ∼ SLð5Þ × SOð1; 1Þ as in the previous
section.

A. D4-branes wrapped on a Riemann surface
with SOð2Þ × SOð2Þ twist

We now look for supersymmetric solutions describing
D4-branes wrapped on a Riemann surface Σ2 with SOð2Þ ×
SOð2Þ twists. The Ansätz for the six-dimensional metric is
still given by (48). The SOð2Þ × SOð2Þ corresponds to X12

and X34 gauge generators under which there are five singlet
scalars described by the coset representative

V ¼ eφdþϕ0Ỹ0þϕŶ1þς1Ŷ2þς2Ŷ3 : ð166Þ
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The first scalar φðrÞ is the dilaton corresponding to the
SOð1; 1Þ generator d while the second one ϕ0 is the dilaton
corresponding to the SOð1; 1Þ factor in SLð4Þ × SOð1; 1Þ.
The explicit form of this noncompact generator is given by

Ỹ0 ¼ t̂þ
11̇
þ t̂þ

22̇
þ t̂þ

33̇
þ t̂þ

44̇
− 4t̂þ

55̇
: ð167Þ

The remaining three scalars ϕðrÞ, ς1ðrÞ, and ς2ðrÞ corre-
spond to the following SOð5; 5Þ noncompact generators

Ŷ1 ¼ t̂þ
11̇
þ t̂þ

22̇
− t̂þ

33̇
− t̂þ

44̇
; Ŷ2 ¼ s12; Ŷ3 ¼ s34:

ð168Þ

There are two gauge groups containing SOð2Þ × SOð2Þ as
a subgroup. These can be characterized by the embedding
tensor of the form

wij ¼ diagð1; 1; κ; κÞ ð169Þ

where κ ¼ 1;−1 respectively correspond to SOð4Þ ⋉ R4

and SOð2; 2Þ ⋉ R4 gauge groups.
With the coset representative (166), the scalar potential is

given by

V ¼ −g2κe2φ−8ϕ0 : ð170Þ

We will perform a topological twist by turning on the
following gauge fields

Aζ̂
12¼−e−V

p1

2
ffiffiffi
2

p
k

f0kðθÞ
fkðθÞ

and Aζ̂
34¼−e−V

p2

2
ffiffiffi
2

p
k

f0kðθÞ
fkðθÞ

:

ð171Þ

The twist can be achieved by imposing the projection
conditions given in (64) and (65) as well as

γ̂rϵ� ¼ γ5ϵ∓ ð172Þ

on the Killing spinors (79) together with the twist con-
dition (63).
As in the case of gaugings in 15−1 representation, the

solutions preserve four supercharges corresponding toN ¼ 2
supersymmetry in three dimensions. In addition, consistency
of theBPS equations requires either all the shift scalars ς1 and
ς2 vanish or the condition p2 ¼ p1=κ must be imposed. We
again consider these two possibilities separately.

1. Solutions with ς1 = ς2 = 0

Setting ς1 ¼ ς2 ¼ 0, we find the following BPS equations

U0 ¼ g
4
eφ−4ðϕ0þϕÞðe8ϕ þ κÞ

−
1

8
e−2V−φþ4ϕ0ðp1e−4ϕ þ p2e4ϕÞ; ð173Þ

V 0 ¼ g
4
eφ−4ðϕ0þϕÞðe8ϕþκÞþ3

8
e−2V−φþ4ϕ0ðp1e−4ϕþp2e4ϕÞ;

ð174Þ

φ0 ¼ −
g
20

eφ−4ðϕ0þϕÞðe8ϕ þ κÞ

þ 1

40
e−2V−φþ4ϕ0ðp1e−4ϕ þ p2e4ϕÞ; ð175Þ

ϕ0
0 ¼

g
20

eφ−4ðϕ0þϕÞðe8ϕ þ κÞ

−
1

40
e−2V−φþ4ϕ0ðp1e−4ϕ þ p2e4ϕÞ; ð176Þ

ϕ0 ¼ −
g
4
eφ−4ðϕ0þϕÞðe8ϕ − κÞ

þ 1

8
e−2V−φþ4ϕ0ðp1e−4ϕ − p2e4ϕÞ: ð177Þ

We will solve these equations numerically with suitable
asymptotic behaviors. We first consider the following
asymptotic behavior as r → þ∞,

U ∼ V ∼
5

4
lnðgrÞ; φ∼−ϕ0 ∼−

1

4
lnðgrÞ; ϕ∼

1

g5r5
:

ð178Þ
This takes the form of a locallySOð4Þ symmetric flat domain
wall. This asymptotic geometry can arise only in the case of
SOð4Þ ⋉ R4 gauge group. Examples of numerical solutions
starting from this SOð4Þ symmetric locally flat domain wall
are given in Figs. 36–38, in which we have set g ¼ 1 for
different values of p1.
From these figures, we find that all Mkw3 × S2-sliced

domain walls contain unphysical IR singularities. For
Mkw3 ×H2-sliced domain walls, the solutions with p1 ¼
−0.52;−0.50;−0.30 (the orange, green, and red curves in
Fig. 37) lead to physical solutions in type IIA theory. For
Mkw3 ×R2-sliced domain walls in Fig. 38, the solutions
represented by the orange and red curves withp1 ¼ −0.040,
0.006 can also be uplifted to solutions of type IIA theorywith
physically acceptable IR singularities. We also note that the
solution shown by the green line in Fig. 38 corresponds to a
flat domain wall since in this case, p1 ¼ p2 ¼ k ¼ 0 due to
the twist condition.
Another class of solutions are described by the following

asymptotic behavior

U ∼ V ∼ −ϕ ∼ − ln

�
−
gρ
4

�
and φ ∼ −ϕ0 ∼

1

5
ln

�
−
gρ
4

�

ð179Þ

with the new radial coordinate ρ defined by dρ
dr ¼ e−Vþ5ϕ.

This asymptotic geometry takes the form of an SOð2Þ ×
SOð2Þ symmetric flat domain wall. We find a number of
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numerical solutions interpolating between this flat domain
wall and singular geometries in the IR for both SOð4Þ ⋉ R4

and SOð2; 2Þ ⋉ R4 gauge groups. For SOð4Þ ⋉ R4 gauge
group, all solutions turn out to be unphysical upon uplifted to
type IIA theory, see Table VII. For SOð2; 2Þ ⋉ R4 gauge
group, examples of numerical solutions are shown in
Figs. 39–41. From these figures, we see that only the
solutions represented by the orange and blue curves can
be uplifted to ten-dimensional solutions with physical IR
singularities, see also Table VIII.

2. Solutions with nonvanishing ς1 and ς2
In this case, we set p2 ¼ p1=κ as well as

ς2 ¼ −κe−8ϕς1: ð180Þ

The resulting BPS equations are given by (173) to (177)
with p2 ¼ p1=κ together with an additional equation

FIG. 36. Interpolating solutions between the locally SOð4Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved domain walls
for SOð2Þ × SOð2Þ twist in SOð4Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −4.25, 0, 0.50,
0.71, and 2.42, respectively.

FIG. 37. Interpolating solutions between the locally SOð4Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved domain
walls for SOð2Þ × SOð2Þ twist in SOð4Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −2.2;−0.52;−0.50;−0.30, and 0.49, respectively.
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ς01 ¼ −
ς

2κ
ðe8ϕ − κÞe−φ−2V−4ϕ−4ϕ0ð2gκe2ðφþVÞ þ p1e8ϕ0Þ:

ð181Þ

For the asymptotic behavior given by SOð4Þ symmetric flat
domain wall (178), we find that all solutions from SOð4Þ ⋉
R4 gauge group have ς1 ¼ ς2 ¼ 0 along the entire sol-
utions. Since these solutions are qualitatively the same as
those considered in the previous case, we will not give the
resulting numerical solutions here to avoid repetition.
Changing to a new radial coordinate ρ via dρ

dr ¼ e−Vþ5ϕ,
we now consider an asymptotic behavior as ρ → þ∞ of the
form

U ∼ V ∼ −ϕ ∼ − ln

�
−
gρ
4

�
; φ ∼ −ϕ0 ∼

1

5
ln

�
−
gρ
4

�
;

ς1 ∼
1

ρ4
ð182Þ

with g < 0. This takes the form of an SOð2Þ × SOð2Þ
symmetric flat domain wall. From a large number of

numerical solutions, we find that all solutions from
SOð4Þ ⋉ R4 gauge group are uplifted to ten-dimensional
solutions with unphysical IR singularities. Therefore, we
will omit these solutions and only include them in Table IX.
Examples of numerical solutions starting from the asymp-
totic geometry (182) from SOð2; 2Þ ⋉ R4 gauge group are
given in Figs. 42 and 43. From these solutions, all
Mkw3 ×H2-sliced domain walls in Fig. 43 can be uplifted
to solutions of type IIA theory with physical IR singular-
ities. The Mkw3 × S2-sliced domain walls represented by
the red and purple curves in Fig. 42 also lead to physical
solutions of type IIA theory.

B. D4-branes wrapped on a Riemann
surface with SOð2Þ twist

We now move to another type of topological twists on Σ2

achieved by turning on an SOð2Þ gauge field. There are
many gauge groups admitting an SOð2Þ subgroup. They are
collectively characterized by the following component of
the embedding tensor

wij ¼ diagð1; 1; κ; λÞ ð183Þ

with κ ¼ 0;�1 and λ ¼ 0;�1.
Apart from the two dilatons, there are additional nine

SOð2Þ singlet scalars. Three of them are in theSLð4Þ=SOð4Þ
coset corresponding to noncompact generators

Ȳ1¼ t̂þ
11̇
þ t̂þ

22̇
− t̂þ

33̇
− t̂þ

44̇
; Ȳ2¼ t̂þ

34̇
; Ȳ3¼ t̂þ

33̇
− t̂þ

44̇
:

ð184Þ
The remaining ones consist of two nilpotent scalars asso-
ciated with

FIG. 38. Interpolating solutions between the locally SOð4Þ flat domain wall as ρ → þ∞ andMkw3 ×R2-sliced curved domain walls
for SOð2Þ × SOð2Þ twist in SOð4Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to p1 ¼ −0.810;−0.040, 0,
0.006, and 0.34, respectively. The solution with p1 ¼ 0 is the SOð2Þ × SOð2Þ flat domain wall since p2 ¼ 0 due to the twist condition.

TABLE VII. Summary of satisfaction of criteria [52,4] for the
IR singularities of the interpolating solutions between the locally
SOð4Þ symmetric flat domain wall andMkw3 × Σ2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð4Þ ⋉ R4 gauge
group.

Riemann
surface

Criterion [52]
(Veff;Σ2↛þ∞)

Criterion [4]
(ĝ00 → 0)

S2 ✗ ✗

H2 −0.52 ≤ p1 ≤ −0.5 −0.52 ≤ p1 ≤ −0.3
R2 −0.04 ≤ p1 ≤ 0 −0.04 ≤ p1 ≤ 0.006
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Ȳ4 ¼ t̂þ
35̇
; Ȳ5 ¼ t̂þ

45̇
ð185Þ

and four shift scalars corresponding to

Ȳ6 ¼ s12; Ȳ7 ¼ s35; Ȳ8 ¼ s45; Ȳ9 ¼ s34:

ð186Þ

The analysis turns out to be highly complicated, so we will
perform a subtruncation by setting the shift scalar corre-
sponding to s12 and the two nilpotent scalars corresponding

to Ȳ4 and Ȳ5 to zero. It is straightforward to verify that this is
a consistent truncation and still gives interesting solutions.
Furthermore, consistency of the resulting BPS equations
requires thevanishing of the shift scalar corresponding to s35.
We then end up with seven singlet scalars with the coset
representative

V ¼ eφdþϕ0Ỹ0þϕ1Ȳ1þϕ2Ȳ2þϕ3Ȳ3þς1Ȳ8þς2Ȳ9 : ð187Þ

This gives rise to the scalar potential of the form

FIG. 39. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −1.60;−0.91;−0.82;−0.45, 1.69, respectively.

FIG. 40. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −1.46, 0.76, 1.50, 1.99, 2.40, respectively.
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V ¼ −
g2

32
e2ðφ−4ðϕ0þϕ1ÞÞ½κ2 þ 10κλþ λ2 − 2ðκ þ λÞ2 cosh 4ϕ2 cosh2 4ϕ3

−ð3κ2 − 2κλþ 3λ2Þ cosh 8ϕ3 þ 16ðκ − λÞe8ϕ1 sinh 4ϕ3

þ4ðκ þ λÞ cosh 2ϕ2ð4e8ϕ1 cosh 4ϕ3 − ðκ − λÞ sinh 8ϕ3Þ�: ð188Þ

The Ansatz for the SOð2Þ gauge field is obtained from (171) in the case of SOð2Þ × SOð2Þ twist by setting p2 ¼ 0 and
p1 ¼ p. Imposing the twist condition gp ¼ k and the projector (172) together with

γ̂ζ̂ θ̂ϵþα ¼ ðγ12Þαβϵþβ and γ̂ζ̂ θ̂ϵ−α̇ ¼ ðγ1̇ 2̇Þα̇β̇ϵ−β̇ ð189Þ

on the Killing spinors of the form

ϵþ ¼ e
UðrÞ
2
þWðrÞγ34ϵ0þ and ϵ− ¼ e

UðrÞ
2
þWðrÞγ3̇ 4̇ϵ0−; ð190Þ

we obtain the BPS equations

U0 ¼ g
8
eφ−4ðϕ0þϕ1Þ½2e8ϕ1 þ ðκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 þ ðκ − λÞ sinh 4ϕ3� −

p
8
e−2V−φþ4ðϕ0−ϕ1Þ; ð191Þ

V 0 ¼ g
8
eφ−4ðϕ0þϕ1Þ½2e8ϕ1 þ ðκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 þ ðκ − λÞ sinh 4ϕ3� þ

3p
8
e−2V−φþ4ðϕ0−ϕ1Þ; ð192Þ

φ0 ¼ −
g
40

eφ−4ðϕ0þϕ1Þ½2e8ϕ1 þ ðκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 þ ðκ − λÞ sinh 4ϕ3� þ
p
40

e−2V−φþ4ðϕ0−ϕ1Þ; ð193Þ

ϕ0
0 ¼

g
40

eφ−4ðϕ0þϕ1Þ½2e8ϕ1 þ ðκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 þ ðκ − λÞ sinh 4ϕ3� −
p
40

e−2V−φþ4ðϕ0−ϕ1Þ; ð194Þ

ϕ0
1 ¼ −

g
8
eφ−4ðϕ0þϕ1Þ½2e8ϕ1 − ðκ þ λÞ cosh 2ϕ2 cosh 4ϕ3 − ðκ − λÞ sinh 4ϕ3� þ

p
8
e−2V−φþ4ðϕ0−ϕ1Þ; ð195Þ

ϕ0
2 ¼ −

g
2
eϕ0−4ðϕ0þϕ1Þðκ þ λÞ sinh 2ϕ2sech4ϕ3; ð196Þ

FIG. 41. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×R2-sliced curved
domain walls for SOð2Þ × SOð2Þ twist in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
p1 ¼ −0.450, 0.071, 0.110, 0.300, 1.400, respectively. The dashed curve is the SOð2Þ × SOð2Þ flat domain wall obtained from p1 ¼ 0,
which implies p2 ¼ k ¼ 0.

PATHARADANAI NUCHINO and PARINYA KARNDUMRI PHYS. REV. D 112, 126026 (2025)

126026-40



FIG. 42. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved
domain walls with shift scalars in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.61;−1.02;−1.81;−2.75;−4.10, respectively.

TABLE VIII. Summary of satisfaction of criteria [52,4] for the
interpolating solutions between the locally SOð2Þ × SOð2Þ sym-
metric flat domain wall and Mkw3 × Σ2-sliced curved domain
walls for SOð2Þ × SOð2Þ twist in SOð4Þ ⋉ R4 and SOð2; 2Þ ⋉
R4 gauge groups.

Gauge group
Riemann
surface

Criterion [52]
(Veff;Σ2↛þ∞)

Criterion
[4]

SOð4Þ ⋉ R4 S2 p1 ≥ −1 ✗

H2, R2 ✗ ✗

SOð2; 2Þ ⋉ R4 S2 ✗ p1 ≤ −0.91
H2 ✗ p1 ≤ 0.76
R2 ✗ p1 ≤ 0.071

TABLE IX. Summary of satisfaction of criteria [52,4] for the
IR singularities of the interpolating solutions between the locally
SOð2Þ × SOð2Þ symmetric flat domain wall and Mkw3 × Σ2-
sliced curved domain walls with shift scalars in SOð4Þ ⋉ R4 and
SOð2; 2Þ ⋉ R4 gauge groups.

Gauge group
Riemann
surface

Criterion [52]
(Veff;Σ2↛þ∞)

Criterion [4]
(ĝ00 → 0)

SOð4Þ ⋉ R4 S2 any g ✗

H2 g ≤ −5.34 ✗

SOð2; 2Þ ⋉ R4 S2 ✗ g ≤ −2.75
H2 ✗ any g
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ϕ0
3 ¼ −

g
4
eϕ0−4ðϕ0þϕ1Þððκ þ λÞ cosh 2ϕ2 sinh 4ϕ3 þ ðκ − λÞ cosh 4ϕ3Þ ð197Þ

together with

ς01 ¼ −
geφþ4ϕ3

2e4ðϕ0þϕ1Þ ½ς1ðκ − λþ ðκ þ λÞ cosh 2ϕ2Þ þ ς2ðκ þ λÞ sinh 2ϕ2sech4ϕ3�; ð198Þ

ς02 ¼ −
geφ−4ϕ3

2e4ðϕ0þϕ1Þ ½ς1ðκ þ λÞ sinh 2ϕ2sech4ϕ3 − ς2ðκ − λ − ðκ þ λÞ cosh 2ϕ2Þ�; ð199Þ

W0 ¼ −
g
4
eϕ0−4ðϕ0þϕ1Þðκ þ λÞ sinh 2ϕ2 tanh 4ϕ3: ð200Þ

The solutions with k ¼ 0will essentially imply p ¼ 0 leading to flat domain wall solutions. Therefore, we will not consider
these solutions any further. We also note that in this case, the solutions with Killing spinors subject to the projectors (172)
and (189) preserve eight supercharges or N ¼ 4 supersymmetry in three-dimensional field theories.
To solve these equations, we begin with a simple case of CSOð2; 0; 2Þ ⋉ R4 gauge group. In this case, we have

κ ¼ λ ¼ 0, and the BPS equations simplify considerably to

FIG. 43. Interpolating solutions between the locally SOð2Þ × SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved
domain walls with shift scalars in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.50;−0.83;−1.21;−1.90;−5.10, respectively.
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U0 ¼ g
4
eφ−4ðϕ0−ϕ1Þ −

p
8
e−2V−φþ4ðϕ0−ϕ1Þ; ð201Þ

V 0 ¼ g
4
eφ−4ðϕ0−ϕ1Þ þ 3p

8
e−2V−φþ4ðϕ0−ϕ1Þ; ð202Þ

φ0 ¼ −
g
20

eφ−4ðϕ0−ϕ1Þ þ p
40

e−2V−φþ4ðϕ0−ϕ1Þ; ð203Þ

ϕ0
0 ¼

g
20

eφ−4ðϕ0−ϕ1Þ −
p
40

e−2V−φþ4ðϕ0−ϕ1Þ; ð204Þ

ϕ0
1 ¼ −

g
4
eφ−4ðϕ0−ϕ1Þ þ p

8
e−2V−φþ4ðϕ0−ϕ1Þ ð205Þ

together with ϕ0
2 ¼ ϕ0

3 ¼ W0 ¼ ς01 ¼ ς02 ¼ 0. From these
equations, we readily find the solutions for U, φ, and ϕ0 in
terms of ϕ1

U ¼ −ϕ1; φ ¼ Cþ ϕ1

5
; ϕ0 ¼ C0 −

ϕ1

5
: ð206Þ

Since ϕ2, ϕ3, ς1, ς2, and W are constant, we will also
choose ϕ2 ¼ ϕ3 ¼ W ¼ ς1 ¼ ς2 ¼ 0 for simplicity. We
have also neglected an additive integration constant for
the warp factor U.
In order to find the other warp factor V, we consider a

linear combination

V 0 þ ϕ0
1 ¼

p
2
e−φ−2Vþ4ðϕ0−ϕ1Þ: ð207Þ

Substituting (206) into this equation and changing to a new
radial coordinate ρ defined by dρ

dr ¼ e−3ϕ1, we find

V ¼ 1

2
ln ½pρe4C0 � − ϕ1 −

C
2
: ð208Þ

With all these results, we finally find the solution for ϕ1 of
the form

ϕ1 ¼
C0

2
−
1

8
ln

�
eCgρþ C1

ρ

�
ð209Þ

in which C1 is another integration constant.
From the solution, we find that as ρ → þ∞, the con-

tribution of gauge fields in the BPS equations is small with

U ∼ V and φ ∼ −ϕ0 ∼
1

40
ln gρ: ð210Þ

This takes the form of a locally flat domain wall solution in
the UV limit.
As ρ → 0, we find the following asymptotic behavior, for

C1 ≠ 0,

U ∼−ϕ1 ∼−
1

8
lnρ; V ∼

3

8
lnρ; φ∼−ϕ0 ∼

1

40
lnρ:

ð211Þ

The effective potential (B8) is unbounded near the singu-
larity. On the other hand, for C1 ¼ 0, we find

U ∼−ϕ1 ∼
1

8
lnρ; V ∼

3

8
lnρ; φ∼−ϕ0 ∼−

1

40
lnρ:

ð212Þ

Near this singularity, the effective potential (B8) vanishes.
Upon uplifting to type IIA theory, we find the metric

component ĝ00 near the IR singularity for C1 ≠ 0,

ĝ00 ∼ e−3ϕ0þ2φ−ϕ1þ2U → þ∞ ð213Þ

while for C1 ¼ 0, we find

ĝ00 ∼ e−3ϕ0þ2φþϕ1þ2U → 0: ð214Þ

Therefore, this IR singularity is physically acceptable for
C1 ¼ 0, and the solution can be interpreted as holographic
duals of an N ¼ 4 nonconformal field theory in three
dimensions arising from a twisted compactification of five-
dimensional field theory on a Riemann surface.
For other gauge groups, we will look for numerical

solutions to the BPS equations with ρ defined as
dρ=dr ¼ e5ϕ1−10ϕ0 . We first consider solutions with an
asymptotic behavior given by a locally flat domain wall
with SOð4Þ symmetry of the form

U∼V∼− ln

�
−
gρ
2

�
and φ∼−ϕ0∼

1

5
ln

�
−
gρ
2

�
ð215Þ

together with ϕ1 ¼ ϕ2 ¼ ϕ3 ¼ ς1 ¼ ς2 ¼ 0. Solutions
with this asymptotic geometry can only arise from
SOð4Þ ⋉ R4 gauge group. As in the previous case, it turns
out that all solutions in this gauge group lead to the uplifted
ten-dimensional solutions with unphysical IR singularities,
and we will not give numerical solutions for this case.
Another class of solutions are given by those asymptotic

to a locally SOð2Þ symmetric flat domain wall of the form

U ∼ V ∼
1

2
ln ρ − ln

�
−
gρ
2

�
; ϕ1 ∼

1

2
ln ρ;

φ ∼ −ϕ0 ∼
1

5
ln

�
−
gρ
2

�
−

1

10
ln ρ ð216Þ

with ϕ2 ¼ ϕ3 ¼ ς1 ¼ ς2 ¼ 0. We find that all solutions
interpolating between this locally flat domain wall and
singular geometries in the IR have ϕ2 ¼ ς1 ¼ ς2 ¼ 0 along
the entire flow solutions. Furthermore, all solutions in
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SOð4Þ ⋉ R4 and CSOð3; 0; 1Þ ⋉ R4 gauge groups are
uplifted to type IIA solutions with unphysical IR singu-
larities, and we will omit these numerical solutions. For
completeness, we also include these solutions in Table X.
For SOð3;1Þ⋉R4, SOð2;2Þ⋉R4, and CSOð2;1;1Þ⋉R4

gauge groups, there are solutions that lead to ten-dimensional
solutionswith physical singularities as shown inFigs. 44–49.
In particular, all Mkw3 × S2-sliced solutions in these three
gauge groups can be uplifted to solutions of type IIA theory
with physical IR singularities. For Mkw3 ×H2-sliced
solutions, the solutions from SOð3; 1Þ ⋉ R4 and CSOð2;
1; 1Þ ⋉ R4 gauge groups shown by the red and purple curves
in Figs. 45 and 49 together with the solution from
SOð2; 2Þ ⋉ R4 gauge group represented by the purple curve

in Fig. 47 also lead to ten-dimensional solutions with
physical IR singularities.

C. D4-branes wrapped on a Riemannian three-manifold

In this section, we consider solutions describing D4-
branes wrapped on a Riemannian three-manifold Σ3. The
Ansatz for the six-dimensional metric is given in (106). We
will consider two different twists by turning on SOð3Þ and
SUð2Þ gauge fields.

1. D4-branes wrapped on a Riemannian
three-manifold with SOð3Þ twist

In the case of SOð3Þ twist, we turn on the following
gauge fields

FIG. 44. Interpolating solutions between the locally SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved domain
walls for SOð2Þ twist in SOð3; 1Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.01;−0.05;−0.46;−1.23;−4.10, respectively.

TABLE X. Summary of satisfaction of criteria [52,4] for the IR singularities of the Mkw3 × Σ2-sliced curved domain walls obtained
from SOð2Þ twist in SOð4Þ ⋉ R4, SOð3; 1Þ ⋉ R4, SOð2; 2Þ ⋉ R4, CSOð3; 0; 1Þ ⋉ R4, CSOð2; 1; 1Þ ⋉ R4, and CSOð2; 0; 2Þ ⋉ R4

gauge groups.

UV flat domain wall Gauge group Riemann surface Criterion [52] (Veff;Σ3↛þ∞) Criterion [4] (ĝ00 → 0)

SOð4Þ symmetric SOð4Þ ⋉ R4 S2 any g ✗

H2 g ≤ −4.81 ✗

SOð2Þ symmetric SOð4Þ ⋉ R4 S2 any g ✗

H2 ✗ ✗

SOð3; 1Þ ⋉ R4 S2 g ≤ −0.05 any g
H2 ✗ g ≤ −1.23

SOð2; 2Þ ⋉ R4 S2 ✗ any g
H2 ✗ g ≤ −4.22

CSOð3; 0; 1Þ ⋉ R4 S2 any g ✗

H2 ✗ ✗

CSOð2; 1; 1Þ ⋉ R4 S2 g ≥ −0.05 any g
H2 ✗ g ≤ −1.4

CSOð2; 0; 2Þ ⋉ R2 (analytic) S2, H2 C1 ¼ 0 C1 ¼ 0
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Aθ̂
12 ¼ −

e−Vp

2
ffiffiffi
2

p
k

f0kðψÞ
fkðψÞ

; Aζ̂
13 ¼ −

e−Vp

2
ffiffiffi
2

p
k

f0kðψÞ
fkðψÞ

;

Aζ̂
23 ¼ −

e−Vp

2
ffiffiffi
2

p
k

cot θ
fkðψÞ

: ð217Þ

There are three gauge groups with an SOð3Þ subgroup.
These are given by SOð4Þ ⋉ R4, SOð3; 1Þ ⋉ R4, and
CSOð3; 0; 1Þ ⋉ R4 which can be collectively characterized
by the symmetric tensor

wij ¼ diagð1; 1; 1; κÞ ð218Þ

for κ ¼ 1;−1, 0, respectively.

There are five SOð3Þ singlet scalars consisting of the two
dilatons and additional three scalars corresponding to the
following noncompact generators

Ỹ1¼ t̂þ
11̇
þ t̂þ

22̇
þ t̂þ

33̇
−3t̂þ

44̇
; Ỹ2 ¼ t̂þ

45̇
; Ỹ3¼ s45: ð219Þ

The coset representative then takes the form

V ¼ eφdþϕ0Ỹ0þϕỸ1þbỸ2þςỸ3 : ð220Þ

It turns out that consistency of the BPS equations requires
the axionic scalar b to vanish. With b ¼ 0, the scalar
potential takes the form

FIG. 46. Interpolating solutions between the locally SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved domain
walls for SOð2Þ twist in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.30;−0.62;−0.96;−1.70;−4.20, respectively.

FIG. 45. Interpolating solutions between the locally SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved domain
walls for SOð2Þ twist in SOð3; 1Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.01;−0.05;−0.46;−1.23;−4.10, respectively.
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V ¼ −
g2

16
e2ðφ−4ðϕ0þ3ϕÞÞð6κe16ϕ þ ð9e32ϕ þ κ2ÞÞ: ð221Þ

Imposing the projectors (120), (121), and (172) on the
Killing spinors together with the twist condition gp ¼ k,
we find the following BPS equations

U0 ¼ g
8
eφ−4ðϕ0þ3ϕÞð3e16ϕþ κÞ−3p

8
e−2V−φþ4ðϕ0−ϕÞ; ð222Þ

V 0 ¼ g
8
eφ−4ðϕ0þ3ϕÞð3e16ϕþ κÞþ5p

8
e−2V−φþ4ðϕ0−ϕÞ; ð223Þ

φ0 ¼ −
g
40

eφ−4ðϕ0þ3ϕÞð3e16ϕ þ κÞ þ 3p
40

e−2V−φþ4ðϕ0−ϕÞ;

ð224Þ

ϕ0
0 ¼

g
40

eφ−4ðϕ0þ3ϕÞð3e16ϕ þ κÞ − 3p
40

e−2V−φþ4ðϕ0−ϕÞ;

ð225Þ

ϕ0 ¼−
g
8
eφ−4ðϕ0þ3ϕÞðe16ϕ− κÞþp

8
e−2V−φþ4ðϕ0−ϕÞ; ð226Þ

ς0 ¼ −gκeφ−4ðϕ0þ3ϕÞς: ð227Þ

FIG. 48. Interpolating solutions between the locally SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 × S2-sliced curved domain
walls for SOð2Þ twist in CSOð2; 1; 1Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.01;−0.05;−0.45;−1.40;−4, respectively.

FIG. 47. Interpolating solutions between the locally SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved domain
walls for SOð2Þ twist in SOð2; 2Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.30;−0.64;−0.97;−1.80;−4.22, respectively.
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As in the previous section, the solutions preserveN ¼ ð2; 2Þ
supersymmetry in two dimensions. For CSOð3; 0; 1Þ ⋉ R4

gauge group, we can analytically solve the BPS equations by
the same procedure as in the case of CSOð2; 0; 2Þ ⋉ R4

gauge group. The resulting solution is given by

U ¼ −3ϕ; V ¼ 1

2
ln ½pρe4C0 � − 3ϕ −

C
2
;

φ ¼ Cþ 3ϕ

5
; ϕ0 ¼ C0 −

3ϕ

5
;

ϕ ¼ C0

2
−
1

8
ln

�
2ðeCgρ ffiffiffi

ρ
p þ C1Þ
3

ffiffiffi
ρ

p
�
; ς ¼ 0: ð228Þ

Apart from some numerical factors, this solution is very
similar to that of CSOð2; 0; 2Þ ⋉ R4 gauge group. As
ρ → þ∞, we again find a locally flat domain wall geometry
while as ρ → 0, the solution becomes

U ∼ −3ϕ; φ ∼ −ϕ0 ∼
3

5
ϕ;

V ∼ −3ϕþ 1

2
ln ρ; ϕ ∼

1

16
ln ρ ð229Þ

for C1 ≠ 0. The effective potential (B15) is unbounded
above, and the type IIA metric component gives

ĝ00 ∼ e−3ϕ0−ϕþ2φþ2U → þ∞: ð230Þ

Therefore, the solution has an unphysical singularity.
For C1 ¼ 0, we find, as ρ → 0,

U∼−3ϕ; φ∼−ϕ0∼
3

5
ϕ; V∼−3ϕþ1

2
lnρ; ϕ∼−

1

8
lnρ

ð231Þ

In this case, the effective potential (B15) vanishes, and the
type IIA metric component gives

ĝ00 ∼ e−3ϕ0−ϕþ2φþ2U → 0: ð232Þ

Accordingly, the singularity at ρ ¼ 0 is physical for
C1 ¼ 0, and the solution can be interpreted as a twisted
compactification of five-dimensional field theory on Σ3 to
two-dimensional nonconformal field theory in the IR.
For other gauge groups, we will find numerical solutions

to the BPS equations. For SOð4Þ ⋉ R4 gauge group with
κ ¼ 1, there are solutions with an asymptotic geometry as
r → þ∞ given by a locally SOð4Þ flat domain wall

U ∼ V ∼ ln

�
gr
2

�
; φ ∼ −ϕ0 ∼ −

1

5
ln

�
gr
2

�
;

ϕ ∼
16

g4r4
; ς ∼ 0: ð233Þ

Examples for this type of solutions are shown in Figs. 50
and 51 for different values of g. In these figures, we have
omitted the solutions for ς since in all cases ς identically
vanishes along the flows. We find that all Mkw2 ×H3-
sliced solutions admit physical IR singularities in the
frameworks of both six-dimensional gauged supergravity
and type IIA theory. For Mkw2 × S3-sliced domain walls,
the solutions represented by the red, green, and purple
curves in Fig. 50 can be uplifted to physical solutions in
type IIA theory.
Another type of solution is characterized by the follow-

ing asymptotic geometry as ρ → þ∞

FIG. 49. Interpolating solutions between the locally SOð2Þ flat domain wall as ρ → þ∞ and Mkw3 ×H2-sliced curved domain
walls for SOð2Þ twist in CSOð2; 1; 1Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to
g ¼ −0.01;−0.05;−0.44;−1.40;−4, respectively.
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U ∼ V ∼ ϕ ∼ − ln

�
−
gκρ
8

�
; φ ∼ −ϕ0 ∼

1

5
ln

�
−
gκρ
8

�
;

ς ∼ ρ8 ð234Þ

with the new radial coordinate ρ defined by dρ
dr ¼ e−V−5ϕ.

For SOð4Þ ⋉ R4 gauge group, all solutions lead to
unphysical ten-dimensional solutions, so we will not give
numerical solutions in this case. For SOð3; 1Þ ⋉ R4 gauge
group, examples of numerical solutions are shown in
Figs. 52 to 53 for different values of g. In this case, all
Mkw2 ×H3-sliced domain walls can be uplifted to type IIA
solutions with physical IR singularities. For Mkw2 × S3-

sliced domain walls, only the solution represented by the
purple curve in Fig. 52 leads to a physical ten-dimensional
solution, see also Table XI.

2. D4-branes wrapped on a Riemannian three-manifold
with SUð2Þ twist

As a final example, we consider another twist on Σ3 by
turning on the gauge fields of SUð2Þ identified with the
self-dual SUð2Þþ ⊂ SOð4Þ ∼ SUð2Þþ × SUð2Þ− gauge
symmetry. Only the SOð4Þ ⋉ R4 gauge group with the
embedding tensor given by wij ¼ diagð1; 1; 1; 1Þ contains
this SUð2Þþ subgroup.

FIG. 51. Interpolating solutions between the locally SOð4Þ flat domain wall as ρ → þ∞ andMkw2 ×H3-sliced curved domain walls
for SOð3Þ twist in SOð4Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.41, 0.61, 1.78, 3.60, 8.10,
respectively.

FIG. 50. Interpolating solutions between the locally SOð4Þ flat domain wall as ρ → þ∞ and Mkw2 × S3-sliced curved domain walls
for SOð3Þ twist in SOð4Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.5, 1.1, 1.5, 2, 3.4,
respectively.
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There are only two SUð2Þþ singlet scalars given by the
two dilatons parametrized by the coset representative

V ¼ eφdþϕ0Ỹ0 ; ð235Þ

which leads to the scalar potential

V ¼ −g2e2φ−8ϕ0 : ð236Þ

We perform a topological twist by turning on the following
gauge fields

Aθ̂
12 ¼ Aθ̂

34 ¼ −
e−Vp

4
ffiffiffi
2

p
k

f0kðψÞ
fkðψÞ

;

Aζ̂
13 ¼ Aζ̂

42 ¼ −
e−Vp

4
ffiffiffi
2

p
k

f0kðψÞ
fkðψÞ

;

Aζ̂
23 ¼ Aζ̂

14 ¼ −
e−Vp

4
ffiffiffi
2

p
k

cot θ
fkðψÞ

: ð237Þ

With the projectors (120), (121), (145), and (172) together
with the twist condition gp ¼ k, the resulting BPS equations
read

FIG. 53. Interpolating solutions between the locally SOð3Þ flat domain wall as ρ → þ∞ andMkw2 ×H3-sliced curved domain walls
for SOð3Þ twist in SOð3; 1Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.2, 0.5, 0.8, 1.5, 2.9,
respectively.

FIG. 52. Interpolating solutions between the locally SOð3Þ flat domain wall as ρ → þ∞ and Mkw2 × S3-sliced curved domain walls
for SOð3Þ twist in SOð3; 1Þ ⋉ R4 gauge group. The blue, orange, green, red, and purple curves refer to g ¼ 0.2, 0.5, 0.8, 1.5, 2.9,
respectively.
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U0 ¼ g
2
eφ−4ϕ0 −

3p
8
e−2V−φþ4ϕ0 ; ð238Þ

V 0 ¼ g
2
eφ−4ϕ0 þ 5p

8
e−2V−φþ4ϕ0 ; ð239Þ

φ0 ¼ −
g
10

eφ−4ϕ0 þ 3p
40

e−2V−φþ4ϕ0 ; ð240Þ

ϕ0
0 ¼

g
10

eφ−4ϕ0 −
3p
40

e−2V−φþ4ϕ0 : ð241Þ

From these equations, we again find that

U ¼ 5ϕ0 and φ ¼ C − ϕ0: ð242Þ

By taking a linear combination V 0 − 5ϕ0
0 and defining a new

radial coordinate ρ by dρ
dr ¼ e−V, we obtain

V ¼ 5ϕ0 − Cþ ln

�
pρþ C1

g

�
: ð243Þ

The integration constantC1 can be set to zero by shifting the
coordinate ρ. Substituting all the results into ϕ0

0 equation, we
find, after changing to the coordinate ρ,

ϕ0 ¼
1

20
gpρ2 −

3

40
ln ρþ C2: ð244Þ

This solution has an asymptotic behavior for ρ → þ∞ as a
locally flat domain wall with

U ∼ V ∼ 5ρ2; φ ∼ −ϕ0; ϕ0 ∼ ρ2: ð245Þ

As ρ → 0, we find

ϕ0 ∼ −
3

40
ln ρ; φ ∼ −ϕ0 ∼

3

40
ln ρ;

U ∼ 5ϕ0 ∼ −
3

8
ln ρ; V ∼ ln ρ −

3

8
ln ρ: ð246Þ

This singularity is however unphysical as can be seen by
considering the metric component ĝ00 in type IIA theory

ĝ00 ∼ e−3ϕ0þ2φþ2U ∼ ρ−
3
8 → þ∞: ð247Þ

V. CONCLUSIONS AND DISCUSSIONS

We have found a large number of supersymmetric
solutions interpolating between locally flat domain walls
and Mkw3 × Σ2=Mkw2 × Σ3-sliced domain walls from
maximal gauged supergravity in six dimensions with
CSOðp; q; 5 − p − qÞ and CSOðp; q; 4 − p − qÞ ⋉ R4

gauged groups. Both of these gauge groups can be
embedded in string/M-theory although the complete trun-
cation Ansätze have not been worked out to date. However,
with some partial results from exceptional field theory, it is
possible to study the behavior of the metric components ĝ00
near the IR singularities. We have found that upon being
uplifted to type IIA theory, many solutions found in this
paper admit physically acceptable singularities. Therefore,
these solutions describe holographic RG flows across
dimensions from five-dimensional field theories to non-
conformal field theories in three/two dimensions and are
expected to arise from D4-branes wrapped on Σ2 and Σ3.
It is interesting to construct the complete truncation

Ansätze of type IIA theory on both Hp;q ×R5−p−q and
Hp;q ×R4−p−q × S1. This would allow one to uplift the
solutions found here to explicit solutions of type IIA theory
in which the interpretation in terms of various brane
configurations involving D4-branes wrapped on Σ2 and
Σ3 is possible. Identifying the dual field theories in both
five and three/two dimensions participating in these RG
flows across dimensions could also be of particular interest.
With some of the solutions given analytically, we hope the
present results could provide a very useful tool to further
study along these and related directions. Extending the
present study to the case of D4-branes wrapped on spindles
and topological disks as in the recent results [42,43] is also
worth considering.

TABLE XI. Summary of satisfaction of criteria [52,4] for the Mkw2 × Σ3-sliced curved domain walls obtained
from SOð3Þ twist in SOð4Þ ⋉ R4, SOð3; 1Þ ⋉ R4, and CSOð3; 0; 1Þ ⋉ R4 gauge groups.

UV flat domain wall Gauge group
Riemannian

three-manifold
Criterion [52]
(Veff;Σ3↛þ∞)

Criterion [4]
(ĝ00 → 0)

SOð4Þ symmetric SOð4Þ ⋉ R4 S3 ✗ g ≥ 1.5
H3 any g any g

SOð3Þ symmetric SOð4Þ ⋉ R4 S3 any g ✗

H3 ✗ ✗

SOð3; 1Þ ⋉ R4 S3 g ≥ 2.9 g ≥ 2.9
H3 any g any g

CSOð3; 0; 1Þ ⋉ R4 (analytic) S3, H3 C1 ¼ 0 C1 ¼ 0
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APPENDIX A: USEFUL FORMULAS

For convenience, in this appendix, we collect some
formulas and relations used in the main text; see [45]
for more details. With the SOð5; 5Þ → GLð5Þ branching
rule for an SOð5; 5Þ vector representation

10 → 5þ2 ⊕ 5̄−2; ðA1Þ

we can decompose the SOð5; 5Þ generators as

tMN → ðtmn; tmn; tmnÞ ðA2Þ

with tmn ¼ −tnm.
In vector representation, SOð5; 5Þ generators tMN ¼

t½MN� can be chosen as

ðtMNÞPQ ¼ 4ηP½Mδ
Q
N� ðA3Þ

satisfying the Lie algebra

½tMN; tPQ� ¼ 4ðηM½PtQ�N − ηN½PtQ�MÞ: ðA4Þ

With the generators of the shift and hidden symmetries
respectively denoted by smn ¼ tmn and hmn ¼ tmn, the
SOð5; 5Þ generators can be written as

ðtMNÞPQ ¼
�
tmn hmn

smn −tnm

�
: ðA5Þ

In this form, we can see that the GLð5Þ subgroup generated
by tmn is embedded diagonally.
The branching rules for spinor and conjugate spinor

representations of SOð5; 5Þ

16s → 5̄þ3 ⊕ 10−1 ⊕ 1−5 and 16c → 5−3 ⊕ 10þ1 ⊕ 1þ5

ðA6Þ

are realized, respectively, by the following relations

ΨA ¼ TAmΨm þ Tmn
A Ψmn þ TA�Ψ� ðA7Þ

with Ψmn ¼ Ψ½mn� and

ΨA ¼ TAmΨm þ TA
mnΨmn þ TA�Ψ�: ðA8Þ

The transformation matrices are defined by

TAm ¼ 1

2
ffiffiffi
2

p ðΓmÞABpBαβΩαβ; ðA9Þ

Tmn
A ¼ 1

4
ffiffiffi
2

p ðΓmnÞABpαβB Ωαβ; ðA10Þ

TA� ¼
1

10
ðΓm

mÞABpαβB Ωαβ ðA11Þ

in which the inverse matrices of TA are simply given by
their complex conjugation TA ¼ ðTAÞ−1 ¼ ðTAÞ� satisfying
the relations

TAmTAn ¼ δmn ; TA
mnT

pq
A ¼ δ½pmδ

q�
n ; TA�TA� ¼ 1;

TAmTAnp ¼ 0; TAmTA� ¼ 0; TA
mnTA� ¼ 0 ðA12Þ

together with

TAmTBm þ TA
mnTmn

B þ TA�TB� ¼ δAB: ðA13Þ

The transformation matrices pαβA and inverse matrices pAαβ
are given by

pαβA ¼ δαAδ
β
1 þ δαþ4

A δβ2 þ δαþ8
A δβ3 þ δαþ12

A δβ4;

pAαβ ¼ δAαδ
1
β þ δAαþ4δ

2
β þ δAαþ8δ

3
β þ δAαþ12δ

4
β: ðA14Þ

These matrices satisfy the relations

pαβA pBαβ ¼ δBA and pαδA pAβγ ¼ δαβδ
δ
γ ðA15Þ

and can be used to express a spinor index of SOð5; 5Þ,
A;B;…, in terms of a pair of USpð4Þ fundamental or
SOð5Þ spinor indices αβ.
The matrices ðΓmÞAB appearing in the SOð5; 5Þ gamma

matrices ΓM ¼ ðΓm;ΓmÞ are related to SOð5Þ × SOð5Þ
gamma matrices ΓA ¼ ðΓa;ΓȧÞ as

ðΓMÞAB ¼ MM
AðΓAÞAB ðA16Þ

with

ðΓAÞAB ¼ ðΓAÞACcCB: ðA17Þ

The charge conjugation matrix cAB is given by

cAB ¼ pαα̇A pββ̇B ΩαβΩα̇ β̇ ðA18Þ

in which pαα̇A and pAαα̇ are defined in parallel with (A14). For
convenience, we also note the transformation matrixM here
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M ¼ 1ffiffiffi
2

p
�
15 15
15 −15

�
: ðA19Þ

The SOð5Þ × SOð5Þ gamma matrices can in turn be
written as

ðΓAÞAB ¼ ððγaÞAB; ðγȧÞABÞ ðA20Þ

in which ðγaÞAB and ðγȧÞAB are explicitly given by

ðγaÞAB ¼ pαα̇A ðγaÞαα̇ββ̇pBββ̇ ¼ pαα̇A ðγaÞαβδβ̇α̇pBββ̇; ðA21Þ

ðγȧÞAB ¼ pαα̇A ðγȧÞαα̇ββ̇pBββ̇ ¼ pαα̇A δβαðγȧÞα̇β̇pBββ̇: ðA22Þ

With all these, the matrices ðΓmÞAB can be explicitly
defined in terms of the SOð5Þ gamma matrices as

ðΓmÞAB¼
1ffiffiffi
2

p pαα̇A ½ðγmÞαβδβ̇α̇þδβαðγmÞα̇β̇�ΩβγΩβ̇ γ̇p
γγ̇
B : ðA23Þ

Finally, ðΓmnÞAB and ðΓm
mÞAB matrices are given by

ðΓmnÞAB ¼ 1

2
½ðΓmÞACðΓnÞCB − ðΓnÞACðΓmÞCB� ðA24Þ

and

ðΓm
mÞAB ¼ 1

2
½ðΓmÞACðΓmÞCB − ðΓmÞACðΓmÞCB� ðA25Þ

with

ðΓmÞAB ¼ 1ffiffiffi
2

p pαα̇A ½ðγmÞαβδβ̇α̇ þ δβαðγmÞα̇β̇�pBββ̇; ðA26Þ

ðΓmÞAB ¼ 1ffiffiffi
2

p pαα̇A ½ðγmÞαβδβ̇α̇ − δβαðγmÞα̇β̇�pBββ̇: ðA27Þ

In this work, we use the following representation for SOð5Þ
gamma matrices

γ1 ¼ −σ2 ⊗ σ2; γ2 ¼ 12 ⊗ σ1; γ3 ¼ 12 ⊗ σ3;

γ4 ¼ σ1 ⊗ σ2; γ5 ¼ σ3 ⊗ σ2 ðA28Þ

in which σ1, σ2, and σ3 are the usual Pauli matrices given by

σ1¼
�
0 1

1 0

�
; σ2¼

�
0 −i
i 0

�
; σ3¼

�
1 0

0 −1

�
: ðA29Þ

APPENDIX B: EFFECTIVE POTENTIAL

In this appendix, we derive the explicit form of the four-
and three-dimensional effective scalar potentials arising
from the compactifications of the maximal gauged super-
gravity in six dimensions on Σ2 and Σ3. The analysis
closely follows [4]. For convenience, we repeat the relevant
six-dimensional action here

S¼
Z

d6x
ffiffiffiffiffiffi
−g

p �
1

4
R−

1

16
Pμ

aȧPμ
aȧ−V−

1

4
MABHμν

AHμν;B

�

ðB1Þ

where
ffiffiffiffiffiffi−gp ¼ e ¼ detðeμ̂μÞ.

1. Compactification on Σ2

We first consider a compactification to four-dimensional
gauged supergravity on a Riemann surface with the six-
dimensional metric given by (48). With the choice of
vielbein (51), we find

ffiffiffiffiffiffi
−g

p ¼ e3Uþ2VfkðθÞ; ðB2Þ

R ¼ 2ke−2V − 2ð3U00 þ 2V 00 þ 6U02 þ 6U0V 0 þ 3V 02Þ:
ðB3Þ

With all the bosonic fields’ Ansätze, we can write the above
action in the following form

S ¼
Z

d6xe3Uþ2VfkðθÞ
�
1

4
f2ke−2V − 2ð3U00 þ 2V 00 þ 6U02 þ 6U0V 0 þ 3V 02Þg

−
1

16
Pr

aȧPr
aȧ − V −

1

4
MABHθζ

AHθζ;B

�

∼
Z

d4xe2V
ffiffiffiffiffiffiffiffiffiffi
−geff

p �
1

4
RðgeffÞ þ

k
2
e−2V −

grr

16
Pr

aȧPr
aȧ − V −

1

4
MABHθζ

AHθζ;B

�
: ðB4Þ

In the second line, we have neglected the integration on Σ2 coordinates ðθ; ζÞ leading to the volume of Σ2,R
fkðθÞdθdζ ¼ VolΣ2 . We have also defined the following quantities
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ffiffiffiffiffiffiffiffiffiffi
−geff

p ¼ e3U and RðgeffÞ ¼ −2ð3U00 þ 2V 00 þ 6U02 þ 6U0V 0 þ 3V02Þ: ðB5Þ

Finally, to get rid of the overall factor e2V and recover the Einstein-frame metric in four dimensions, we perform a Weyl
rescaling of the form

gμ̄ ν̄ ¼ e−2Vg̃μ̄ ν̄ and grr ¼ e−2Vg̃rr: ðB6Þ

As a result, we obtain the effective action describing a flat domain wall in four-dimensional spacetime

S ∼
Z

d4x
ffiffiffiffiffiffiffiffiffiffi
−g̃eff

p �
1

4
Rðg̃effÞ −

g̃rr

16
Pr

aȧPr
aȧ − Veff;Σ2

�
ðB7Þ

where the effective potential is given by

Veff;Σ2 ¼ e−2V
�
V −

k
2
e−2V þ 1

2
MABHθζ

AHθζ;B

�
: ðB8Þ

2. Compactification on Σ3

We now move to the case of a compactification to three-dimensional gauged supergravity on a Riemannian three-
manifold. The six-dimensional metric is given by (106) together with the vielbein (108). In this case, we find

ffiffiffiffiffiffi
−g

p ¼ e2Uþ3VfkðψÞ2 sin θ; ðB9Þ

R ¼ 6ke−2V − 2ð2U00 þ 3V 00 þ 3U02 þ 6U0V 0 þ 6V 02Þ: ðB10Þ

By repeating the same analysis as in the previous case, we find the effective action

S¼
Z

d6xe2Uþ3VfkðψÞ2 sinθ
�
1

4
f6ke−2V − 2ð2U00 þ 3V 00 þ 3U02 þ 6U0V 0 þ 6V 02Þg− 1

16
Pr

aȧPr
aȧ −V −

1

4
MABHij

AHij;B

�

∼
Z

d3xe3V
ffiffiffiffiffiffiffiffiffiffi
−geff

p �
1

4
RðgeffÞ þ

3k
2
e−2V −

grr

16
Pr

aȧPr
aȧ −V −

1

4
MABHij

AHij;B

�
ðB11Þ

in which we have neglected the integration on Σ3 of the form
R
fkðψÞ2 sin θdψdθdζ ¼ VolΣ3 and introduced

ffiffiffiffiffiffiffiffiffiffi
−geff

p ¼ e2U and RðgeffÞ ¼ −2ð2U00 þ 3V 00 þ 3U02 þ 6U0V 0 þ 6V02Þ: ðB12Þ

Finally, performing a Weyl rescaling of the form

gμ̄ ν̄ ¼ e−6Vg̃μ̄ ν̄ and grr ¼ e−6Vg̃rr ðB13Þ

leads to four-dimensional action in the Einstein frame

S ∼
Z

d3x
ffiffiffiffiffiffiffiffiffiffi
−g̃eff

p �
1

4
Rðg̃effÞ −

g̃rr

16
Pr

aȧPr
aȧ − Veff;Σ3

�
ðB14Þ

with the effective potential given by

Veff;Σ3 ¼ e−6V
�
V −

3k
2
e−2V þ 1

4
MABHij

AHij;B

�
: ðB15Þ
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