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We present a systematic method to derive the chiral kinetic theory from the Wigner equations based on
quantum field theory order by order. We take special effort to derive the chiral kinetic theory in seven-
dimensional phase space from the eight-dimensional chiral kinetic theory. We give the seven-dimensional
chiral kinetic theory up to second order of semiclassical expansion. We find some new second-order

contributions compared with other approaches.
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I. INTRODUCTION

In relativistic heavy-ion collisions, it is possible to gen-
erate strong magnetic field [ 1-3] and orbital angular momen-
tum or vorticity [4—11], which can lead to novel chiral effects
such as the chiral magnetic effects (CME) [12—14], chiral
vorticity effects (CVE) [15-18], and chiral separate effects
(CSE) [19,20] and so on. The research on these various chiral
effects in relativistic heavy-ion collisions has greatly stimu-
lated the rapid progress on the chiral kinetic theory
(CKT) [21-34]. The recent reviews on the chiral transport
can be found in Refs. [35-38]. The CKT provides a
consistent theoretical framework to merge the chiral
anomaly into the kinetic theory by the Berry monopole in
momentum space and can be applicable not only in relativ-
istic heavy-ion collisions in high energy nuclear physics but
also in condensed matter physics [39—41], astrophysics, and
cosmology [42,43].
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The CME, CVE, and CSE are all first-order chiral effects
in terms of the expansion of spacetime gradient and
electromagnetic field, which is equivalent to semiclassical
7 expansion for Abelian gauge field. The well-established
chiral kinetic equation (CKE) is also valid up to first order.
There have been already some effort to go beyond first
order, studying the second-order chiral effects [44-51] and
deriving the second-order chiral kinetic theory [52-54]. In
Ref. [52], second-order chiral kinetic equation in seven-
dimensional phase space was derived from quantum
mechanics by the Hamiltonian for a single chiral fermion,
including only second order in electromagnetic field. In
Refs. [53,54], second-order chiral kinetic equation in eight-
dimensional phase space was derived from quantum field
theory by the Wigner function for chiral fermions, includ-
ing second order in both electromagnetic field and space-
time gradient. In this paper, we will take special effort to
derive second-order chiral kinetic equation in seven-dimen-
sional phase space from quantum field theory within
Wigner function framework [55-58]. Actually, it is not a
trivial task at all to integrate the eight-dimensional CKE to
seven-dimensional CKE in Wigner function approach. For
brevity, we will restrict ourselves to uniform electromag-
netic field.

In Sec. II, we will give a brief review of the Wigner
function formalism for chiral system to keep our present
work self-contained. In Sec. III, we derive the eight-
dimensional chiral kinetic equation up to second order
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of semiclassical 7 expansion and integrate out timelike
component of momentum and obtain the seven-dimen-
sional CKE. Finally, we summarize our results in Sec. IV.
We use the metric convention ¢ = diag(1, -1, -1, —1)
and Levi-Civita tensor convention €°'?* = 1. We use the
natural unit with 7 = ¢ = 1 unless otherwise specified.

II. WIGNER FUNCTION FORMALISM

The Wigner function W(x, p) for Dirac field is 4 x 4
matrix in spinor space and the matrix element is
defined as the ensemble expectation value of the Wigner
operator [55-57],

dty . /. y y oy
Waﬁ(X,p)—/(2”)4e p)<l//ﬁ<x+§>U<x+§,x—§

<va(x-3)):

where U denotes the gauge link along the straight line
between x — y/2 and x + y/2,

x+y/2
ofx+3e-3) =mw(-i [Mara). @2
2 2 x-y/2 g

We will restrict ourselves to the chiral and collisionless
fermionic system under a constant external electromagnetic
field F,, in space and time, i.e. d:F* = 0, hence we have
removed the path ordering of the gauge link. It should be
noted that the charge carried by fermion has been absorbed
into the electromagnetic vector potential A,.

The Wigner equation for chiral particle under constant
electromagnetic field tensor is given by [57],

(2.1)

7 (p" + %w) W(x.p) =0, (2.3)

where y*’s are Dirac matrices and V¥ = g} — F*,0,. The
subscript or superscript x and p of the derivative denote the
gradient for the coordinate and momentum, respectively.
We can decompose the Wigner function in terms of 16
independent generators of the Clifford algebra,

1 . !
W= |F+irP+rV+ A +50"S, | (24)

where we have suppressed all the arguments of the Wigner
function for brevity. In the subsequent sections, we will
suppress or keep the arguments of the function alternately
for convenience. At chiral limit, it iS more convenient to
define the chiral basis

(2.5)

with s = 41 or —1 corresponding to right-handed or left-
handed component, respectively. Substituting Eq. (2.4)
together with Eq. (2.5) into Eq. (2.3), we find that the
right-handed or left-handed component will totally decou-
ple from all the other components,

V,J" =0, (2.6)
puJs =0, (2.7)
PIL = pTE = =S he Y, T, (28)

where we have recovered the dependence on Planck
constant A#. To simplify the Wigner equations, we can
resort to semiclassical expansion in A
T=T" a4 g 4 (2.9)
In the following, we will suppress the subscript “s” in the
expressions for brevity. Substituting these expansions into

the Wigner equations and requiring the equations hold
order by order gives rise to zeroth-order equation

pﬂj(o)ﬂ =0, (2.10)
vV, JOr =0, (2.11)
prTOY — pr 7O = 0, (2.12)
and the kth order equations with n > 1
pﬂjw =0, (2.13)
VAR (2.14)
prTWY _ prgon — _%eﬂupav/)jgk—l)' (2.15)

We note that all the components of chiral Wigner function
J# are coupled with each other. In order to disentangle the
Wigner equations and find the independent components or
equations, we will apply the method proposed in [32] by
introducing a timelike constant 4-vector n* with normali-
zation n> = 1. Then we can decompose any 4-vector X* as

Xt = X,n* + X+, (2.16)
where X, = X - nand X* = A X, with A¥ = ¢ — n¥n”.
We can also decompose the antisymmetric tensors F** as

F = EFn® — E¥nt + €7%n,B,,. (2.17)

It is easy to verify the following relations
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EY = F'n,, Bt = e""n,F,. /2. (2.18)
With such decomposition, the derivative operator V,, can be

expressed as

V# =V, + V¥, (2.19)
V, =ntV, = a5 + E*d, (2.20)
V¥ =0} — EFo)) — & B,d}, (2.21)

where we have defined the spacelike antisymmetric Levi-
Civita tensor by

MY = etoPp,.

(2.22)

III. THE CKT DERIVED FROM
WIGNER FUNCTION

In this section, we display a systematic method to
formalize the CKT by disentangling the Wigner equations
order by order. In particular, we show how to organize the
chiral Wigner function and CKT in seven-dimensional
phase space into a unified form. We will present the
CKT in seven-dimensional phase space up to second order.

A. Zeroth-order CKT

We start from the zeroth-order Wigner equations. With
the timelike vector n#, we can decompose zeroth order
equation (2.12) as

I = pa T O =0, (3.1)
prT O — 17O =0, (3:2)

Then the first equation (3.1) gives the relation
Fgou = L 570, (3.3)

n

which implies that only the timelike component 7 ,(10)
independent. The Wigner equation automatically expresses

other components in terms of J 20)_ With this relation
above, the second equation (3.2) holds automatically.
Substituting Eq. (3.3) into Eq. (2.10) gives rise to

e TV
Pn

=0, (3.4)

which implies the on-shell condition with the general
solution given by

TV = paVs(p?), (3.5)

where the distribution function J,(lo) is regular at p?> = 0. It

follows that the spacelike component of the chiral Wigner
function is given by
TOr = prg Y s(p?). (3.6)
During deriving the chiral kinetic equations in seven-
dimensional phase space or calculating some physical
quantities such as charge currents and energy-momentum
tensor, we always encounter some integrations over the
Wigner function with a specific integral weight which is a
function of p,. Therefore, we will integrate the Wigner
function over p, with a general weight function g(p,)

/ dp,g(pn)J 22 (AP (),

/ dpag(pn)T 229

where the index A denotes positive (4 = +1) or negative

(A= —1) energy contribution and 7 (A) and p* are

defined as

(3.7)

p"],, A), (3.8)

IWay=ay

n |p”=ﬁ‘[_7|’ (3'9)

With the general expression, we can have specific results

/dpn ZZ\f 7,

o _ 1 0)..(0) 7(0)
/dpnpnjn _52;\/5 ey IV

In the expressions above, we have defined some useful
variables or functions

(3.10)

(3.11)

KO =g pr Y = [pl, (3.12)

where /w®) represents the factor associated with the
invariant phase space [23] which is unity at zeroth order,
%O the four-velocity for particles at zeroth order which is

just four-velocity for free chiral fermions, and 8510) the
energy for particles at zeroth order which is just onshell
energy for free chiral fermions. For brevity, we have
suppressed above and will suppress below all the argu-

ments associated with A in J 510) or Ok,

The chiral kinetic equation at zeroth order could be
obtained directly by integrating the zeroth-order Wigner
equations (2.11) over the momentum p,. The integral
interval from O to +o0 gives the positive-energy contribu-
tion which is associated with the particle’s distribution
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while the integral interval from —oo to O gives the negative-
energy contribution which is associated with the antipar-
ticle’s distribution. However, it is valuable to integrate
Eq. (2.11) together with the arbitrary weight function

g(pn), ie

/ﬁmmmwﬂwz (3.13)

The terms including the derivative with respect to p,, in the
operator (2.21) can be integrated with the integral by parts
while the derivatives with respect to p, can be directly
pulled out of the integral

E, / dp,d (p,) T +V, / dp,g(p,) T =0. (3.14)

It should be pointed out that we have used the same symbol
V, to represent the corresponding operator where the
derivative with respect to p, has been removed after we
integrate over p,, i.e., in the expression above

V¥ =0, + E*dl) —eB,0}. (3.15)
We expect the readers could easily distinguish them from
the context. It is remarkable that the final result after
integration is given by

Zg ANV, [V OiOrs ) =0, (3.16)

where the terms including the derivative of g(4|p|) have
been canceled. Since this equation holds for the arbitrary
function g(A|p|), it is only possible that the equation

Oy, g% = (3.17)
must be satisfied for positive and negative energy contri-
butions separately. According to the correspondence
between the positive/negative energy solution and par-
ticle/antiparticle or direct calculation from the Wigner
function definition (2.1) specific to a free particle, the
CKE of the particles with momentum p# and helicity s can
be obtained by setting A = +1, while the CKE of the
antiparticles with momentum p# and helicity s can be
obtained by setting 4 = —1 along with the replacement
p* — —pt and s — —s. Such replacement can be made for
the Egs. (3.7), (3.8), (3.10), and (3.11).

B. First-order CKT

The Wigner tensor equations (2.15) with k£ > 1 can be
decomposed into two groups of equations according to
timelike or spacelike components

P = p, T = eV, 7N, (318)

= V_ 5l 7] S 7 (k= v k—
I = pr g0 =Zen (v, 747 =V, ). (3.19)

Setting k = 1, the Eq. (3.18) relates 7(* to g

- 1

TWr = _pﬂjl(f) + Léﬂﬂﬂvpjg())’ (3.20)
n p}’l

which implies that only the timelike component J E,U

independent just similar to the case at zeroth order. It is

straightforward to verify that the equation (3.19) is fulfilled

automatically once the Egs. (3.20), (2.10), and (2.11)

hold [32]. Substituting the expression (3.20) into
Eq. (2.13) with k = 1 gives rise to
(1)
TIn s (0)
2 =- #ep N, T 3.21
p e puVydo .
Pn 2p, " (3:21)

The nonvanishing contribution on the right-handed side
implies the modification to the on-shell conditions for
free chiral particles and the general solution must take the
form

s
T = i 8(p) = 5 5,0,

_ 5 0)8(p*)
= pudn 8(p*) +5(B - p)Jn o

(3.22)

where we have used the symbol j,(,l)

reserve the symbol J ,(11)

into Eq. (3.20) leads to

because we will

for further redefinition. Plugging it

sB-p o 5(p?)
n 9]

Pn )4
&7V, [pod V) 5(p?).

TOr = pr jfll>5(p2) +

N
3.23
T (323)

Following the similar approach used in zeroth order, we
integrate 7 U over p,, with arbitrary weight function g(p,,)

/ dp,g(pn) T
1 <1y, S(B-p), oy _s(B-P) 0
= — glAy + — My’ — - Jn
2; { 2Ipl2 2|p?
2Zg/ 2‘ |2 /Un . (3.24)

We emphasize again that we have suppressed all the

arguments associated with A4 in the functions g, .7,5”,
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1510), and ng()) as well as J;O)’

functions J ,(,O)

and ¢ The prime on the
and ¢ denotes derivative as usual

(0)
aJ,
JSZO)/

_ _dg(py,)
=5 J=

s
pn:ilpl dpn

(3.25)

pn:i‘ﬁl

From Egs. (3.24) and (3.23), we obtain

/dpng(pn)j(””

1 s[5 s(B-D) oy s(B-D), 0
== gp” |:Jn + = Iy = /IJH
22{ 2|pf? 2|pf?

A

+ ( /_ﬂ>ﬁﬂs(3'ﬁ)fio)

Ad g )_ _ 0
+ s “— ———= |e""°E, p,Jn
<2lpl2 !

iy, (2| ) )

Additional benefit by introducing an arbitrary weight
function g(p,) is that we can easily recognize that some
functions always appear as a whole. As we all know, after

(3.26)

integration over p,, there is no relation between J £,0>/ and
JE,O) any more. However, from the expression (3.24), we

note that J 5,())/ and J 5,1) always appear together as a whole,
we can redefine a new distribution function by

s(B-p)

(1) _ (1) 0y
Jn :Jn + —_ JVl )
2|pf?

(3.27)

This redefinition has a very clear physical meaning: the

second term is the first-order correction for J 510) due to the
energy shift s(B - p)/2|p|* generated from the interaction
between magnetic field and spin. With this new distribution
function and specific cases of g(p,) = 1 and g(p,) = p,»
we can have

/dpnﬂl

m _1 0) (0

A

D(W o+ VeaY),  (3.28)

110 4 oMY

+ VoDe® ) (3.29)
where
A(B - A(B -
Vo) = _S ( i 317)’ CO ( i 2P) (3.30)
2|p| 2|p|

denotes the first-order modification to the invariant
phase space and the particle’s energy [23], respectively.

The chiral Wigner function after integration over p,, can be
written as

/ dp,J

OngM 1 /o 5O g0

QZ

+ VO kDO (3.31)

where first-order modification to the four-velocity x(O¥ is
given by

MB-P) oy S o

cp — S Ho_ Hpo 7

X - — P 3¢ Pos
2|pP? 2/p? .

sA = D
+ @V, 5.
2 ”1pI?

(3.32)
It needs to be emphasized that we should regard x("* as a
operator instead of a ordinary function. The operator Vp in
the last term of the Eq. (3.32) acts on not only p,/|p|* but
also the distribution function Jﬁ,o). The first-order CKE in
seven-dimensional phase space can be derived from
Eq. (2.14) with k = 1 by following the similar procedure
in zeroth order from Eq. (3.13) to Eq. (3.16). It turns out
that all the terms including the derivative of g have been still
canceled at first order just like the case at zeroth-order and
only an overall factor g remains. It follows that the
following equation must hold for both positive and negative
energy parts separately

0=V, [Vo@xOmgP) + /o) 50m 0

+ Vo xOug ). (3.33)

We can move the operator V,, adjacent to the distribution
function

0= ﬂVJ +\f ”VJ
+ VOOV, I 4 [V, /oD O]

+ [V, V@O0 7O (3.34)

By utilizing the zeroth-order CKE (3.17) for the second
term on the right-handed side of the equation above, we
have

Y, Vohs
(3.35)

— (O 0, .
0= x(O)MVMJ” 4 x(l)ﬂvﬂjn + 5O
+ [V, k00,
Substituting the specific results for \/w!") in Eq. (3.30) and

¥ in Eq. (3.32) into the equation above and dealing with
some vector analysis, we obtain
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B- _
0= £y, g - 2L 5ug g0
2[p|
A pop 5 T O
Ik e E,psV ,Jn (3.36)

Remember that the operator V, includes only derivatives
on p* after integration over p, and the CKE for the
particles with momentum p* and helicity s is obtained by
setting 4 = +1, while the CKE for the antiparticles with
momentum p* and helicity s by setting A = —1 along with
the replacement p* — —p* and s — —s.

C. Second-order CKT

Now we come to our major task of deriving second-order
CKT in seven-dimensional phase space. From the second-
order Wigner equation (3.18) by setting k =2, we can
via

express J2# in terms of J )

Tom = 1 TP

n

+ ; ey, 7. (3.37)

Similar to the case at zeroth and first order, we can verify
that the Eq. (3.19) holds automatically given the Eqs. (3.37)
and (3.20) together with the specific case k = 1 for (2.13)
and (2.14). Actually such remarkable procedure can be
generalized to any higher order and has been verified
systematically in Ref. [32]. Substituting the expression
(3.20) into Eq. (2.13) with k = 2 gives rise to

which implies the correction to on-shell condition of the

second-order Wigner function 7, ﬁ,z). Inserting the expres-
sions (3.22) and (3.23) into the right-hand side of the

equation above, the general expression for jg,) must take
the form
2 ~(2 S e
jg’ = pn‘lﬁl )5(p2) _2—}72€W pﬂvpjg'l>
s SB-p |5 sB-p () 8(p
0+ 2
P Pn V4
_ s _
- —zeﬂlmpyvp gewﬂva [pﬂjﬁzo)5(p2)}}
sB - ~ sB - S 2
s

where we have used the identity

ZULA T,
et €a/)r7

— —AF AV, 4+ AV, AR, (3.40)

It is much more complicated and difficult to carry out the

integral over p, for J 5,2) together with a weight function

(2)
»? T’ _ &pV, T (3.38) g(p,). The more details can be found in the Appendix.
Pn 2p, Here we only present the final result
|
1 1 p
/dpng(pn)3< : zzz{lg( + Vol + Vo) + 3 ag > 5 7
7
1 (g/// 3)«9" 39/) _ ~ (0) glll 3/19/1 Sgl _ ~ (0)
toi\or—a s ) (B P =B + 5 —5 | [(E-p)* = p*E*|Jn
24 \Ipl* 1pI* IBP PP 1Bl 1B
1 (Ag" 34’ 6/1g>_ _ (g’ 2ﬂg) o - R
+5 = + BB, b,y + o (2 —7 |[(E- p)p* — p*E¥ + 48" B, py|V ,Jn
12 (Ipl2 > 1ol Koop g \lpl* Ipl* e
L v U
= — DA, )P T S, 341
+8 |]_7‘3 (p/lpl/ /41/) ( )

where \/w®) can be regarded as the second-order correc-
tion to the invariant phase space

Ja® = -

2fpp " P
_ %vﬂvy l_jupu - pzAﬂv

TR (3.42)

[
Just like x(D#,

because the operators V in the second term on the right-
hand side of the equal sign above actually act on all

the terms following it including the distribution function
(0)
n

I

Vo® is also identified as an operator

. Besides, we have defined a new distribution function

via
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@  ~e)  SB-p~ay 1 /(sB-p\? om
-]n :Jn Jn = J 343
T +2(2p|2 (3.43)
1 - A (0)m 94 1 A (0)m 3 (0)/ 31 (0)r
—|——(B-p2<_—Jn Sy +—32 — Iy = —==Jy = —=Jn
2B PP\GE " T B TR TR
! Aoy _ 3 o, 34 oy
+—[<Ep) E2 2]( Jn _—J J
24 PP p[* MDI5
U om 34 om 3 <0)/)
+—&"p,E,B < Jn" == In g I
TR P \p? \p|? pl*
1 2 _
—yuiﬁﬁW—ﬁ%W+im@“BmﬂQ 5Vl _EFV”9>
)
+——(puP,— P )V”V”J (3.44)
8p) "

where the second term on the right-handed side of the first
line above can be identified as the first-order correction for

J S,U while the third term as the second-order correction for

7'V due to the energy shift s(B - p)/2|p|>. We can identify

the terms associated with JS,O)' as the second-order correc-

tion for the energy shift. However, all other terms asso-

ciated with JS,O)"', 5,0)", or operator V* have no explicit
intuitive physical meaning except that the term of last line
originate from the uncertainty principle. These terms have
not been obtained in previous work.

For the specific cases g(p,)=1and g(p,) = p,, we have
/ dpnJ
:%Mv’ D+ VoIV + o® ), (3.45)
and
/ dp,p, T
= ; Vo©eOFP + /oWe®F P 4 /o0
VoMW /o0 1 Joe n° ], (3.46)
where £ can be interpreted as second-order correction to

the energy for free chiral fermions

1
2 = e (B- p)*+ B*p*+ (E- p)* — p*E?]
A emEB D
4|pl* e
1

_gvﬂ

(E-p)p* = p*E* = A|p|e*”’B, P,
|pI*
_’_lvﬂvyl—)ﬂpy_ﬁzA/w
8 P’

(3.47)

Just like /@ and &("¥, the terms with V denote operators
which act on all the terms following it. It should be noted
that the operator term in Eq. (3.42), which also appears in
Eq. (3.47), contributes when the system is inhomogeneous
in phase space. Such inhomogeneity can arise from many-
body effects, but it can also originate from a single particle
in the form of a wave packet. Such term is associated with
the uncertainty principle and can modify the on-shell
condition, as discussed in Ref. [57].

Now let us calculate the integral of the chiral Wigner
function J@#

1
/dp,lj@)” — /dpn {_puj,(f) + 5
Pn 2p,

|
—n”/dp,,j£12> +pﬂ/dpnp—J£2)

S _upo 1 =)
_Eeﬂ/ E”/dp”pf,jﬁ

S upo L -
_|_§€/4P Vp/dpnﬁjg .

éﬂpovpjg'l ):|

(3.48)

The first term after the last equal sign can be obtained by
Eq. (3.45), the second term by setting g(p,) =1/p, in
Eq. (3.41), and the third and fourth terms by setting

9(pn) =1/p; and g(p,) =1/p, in Eq. (3.26), respec-
tively. The final result can be organized into

1
/dpnj(z)”zz[\/_( #]n +\/_ "Jn
+ V@O D) /D5
+ V@O0 1 /@ 0r g0 (3.49)

where ¥ denotes second-order correction to the four-
velocity (¥ and actually represents an operator
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3|p|(E- p)E* =5|p|(B- p)B* + A(B- p)e"PE,ps 11(B-p)*+B*p*+5(E- p)* — 11p?E* + 44| p|e*VE, Bap/w

(2 =
;P = -
8p° 16|pl®
< < P*P’p*—p*pHAY +2p? pHAY —2i721'9“A”” 2p°pP p + p*pH A% — pPp AP —2p* P Ar®
~V.V, pRe +AEV, .
|p| 8pl
_ vy s gy pa
+ B,V p””g'ms PP (3.50)

Following the similar procedure at zeroth or first order, second-order CKE is given by

0=V,[Vox Oy 4 oWxOmgM 4 /@i Wr gV L oMz 4 /50 @eg0 4 /e@50n 0] (3.51)
Moving the operator V, all through Vo and # to J, gives rise to
0= ”VJ )+ Vax /‘VJ )+ Va0 ”VJ 4 VWi ”Vln + Vo V% ”VJ )+ V@i ”VJ

+ [V Vo V50 v + [V, VoV il 0 71 + [V, Vo )5 (u] M + [V, VoD i e + [V, Vo2 s
+ [V, VPO D (3.52)

Using the zeroth-order and first-order CKE (3.17) and (3.35), we can simplify the second-order CKE to

(0>uvﬂj,(f>+ £Ory, J(‘> £@ny, J< +[V,, 10 ] [v Vo xOu]y ;‘>+[vﬂ,x(1)um‘)
+ [V Vo LY 4 [V, 52 4 (9, /O —mmx(mﬂ[vﬂvawm‘))
~ Vo[V, 50 ﬂ]JSPX (3.53)

Substituting the specific expressions for x(V#, ¥ /o)) and \/@® into the formal result above, we obtain the final
second-order CKE

3(B-p)’—p*B>—5(E-p)* — p*E* —44|p|e”’p,E,

. B-prw 1) AS _ s 40 B, .= .0
0=iOny g 22 P 5 s _ woE 5.V, J APV I
B T e T ek T o
B p 3 E D _0 p lo} _ypg_ BO' My wi
D) ep 5 5,00 3ED) g 40 ”ﬂ”74ﬂ1 e &Ll 56G 9,00
4|pl° 4p| 8| 4/p|
2UE- D) (D2 AMY — pH HEY — (E-5)AM] —
LUE-P)(P P'p )_+6p [P (E-p) ]V”VDJSP)- (3.54)
4|p|
|
D. The summed CKT Then in the light of the expressions (3.10), (3.31), and

In previous three subsections, we provide a systematic ~ (3-48), We can write the integration of the full 7* as
method to derive the CKT in seven-dimensional phase
space from the original Wigner equations in eight-dimen- 1 .
sional phase space from zeroth to second order. This / dp,J" = 2 Vo, (3.56)
procedure is very consistent and can be generalized to
any higher order systematically. At the end of this section,
we will recombine these perturbative result into a unified
form. To do that, we can define full distribution function in
seven-dimensional phase space

The full CKE in seven-dimensional phase space will be
given by

0=V, (Vaitl,), (3.57)

0 1 2
Jo=d0 400 2P (355)  or in another form
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0=V, J, + Vo'V, Voi']J,

When we expand this equations order by order, we will
reproduce the results given in Eqs. (3.17), (3.35), and
|

(3.58)

(3.53). Hence the Eq. (3.62) can be identified as the full
equation of CKE in seven-dimensional phase space. Up to
second order, we have

sl(B-p) 1 A= — DPuDy— D*AL
Vo=1-"22 & p,E,B, - VIV (3.59)
2pF 20 MM 4 |p|*
_ SAB-p) 1 B B B B Y B
e=|pl+— —[(B-p)* + B*p* + (E- p)* — p*E*| + —; & E,B,p
2|pl*  8|pP 4|p|* e
A— (E-p)p*— p*E* — A|p|e*°B,p PEA
A ﬂ( p)p* —p i PIE"Bypa LGy Puly = P (3.60)
8 |p| T3 B
: s, SMB-P)s, s _. . sk P,  3|PI(E-p)E*=5|p|(B-p)B*+A(B-p)e"PE,py
xﬂ :An/"_f_p”_ — M — eﬂpa p0+ e.upo-v —
2|pf? 2|pP g 2 ’1pP 8| p[®
_11(B-p)* +B*p* +5(E-p)* — 11p°E> + 42| p|e“VE, Bap/;A A peplpt — prpr AP +2p pr AP —2p2 pr AP
16[p0 / 16/pf°
29%D p = H D yAa/}_ (IA,u/} 25 /}A/m o é/}au— —M+Zéﬂﬁb— —a
1 AEY, p*p’p* + p*p 8|p1|06 p D +B,Y, ppp8|p|5 4 (3.61)

As we mentioned in previous sections, these quantities should be regarded as an operator instead of usual functions because
the operator V also acts on the distribution function. The specific expression for the CKE up to the second order is given by

B-ps, As o < .  3(B-p)*=p*B>=5(E-p)’ = p’E’ = 4A|p|e” p,E,B, , » o
— oy g 3 VJ WoE 5 N J 4 il VAV
X n € p(T n - p n
ST TR 2pf 8|p|° g
B-p v 3 E- o Je €’ p 0
+( T ?)e"paE A Ell |5)/1E/‘V J —pfp8| |4 Bor 309, 90971, +74|p/|“ N,
2E - 2AHY 77 HEV — (E-p)AM] —
L2AE- PP P'p )+6p [p"E* - (E-P) ]V,,VUJ,I (3.62)
4/p|
We have organized the CKT in a different form from the sA(B - p) 1
conventional one given in [21-25]. This form is more &= |p|+ L + 16151 [—(B - p)* +2Bp?]
p p

convenient to be derived from the Wigner function for-
malism and can be generalized to any higher order. If we
drop all the second-order terms in the CKE above (3.62),
only the first three terms on the right-hand side of the first
equation are retained. The remained first-order CKE can be
verified to be equivalent to the usual form [21-25] up to
first-order approximation, but in a more simple and elegant
way. All the terms associated with V in Egs. (3.59), (3.60),
and (3.61) and the terms including two or three operators V
in (3.62) are new and have not been obtained in Ref. [52]. It
should be useful to display the results for y/w and ¢ given in
Ref. [52] with our symbol conventions

sA(B - P)
2|pf?

Vo =1- +—5 2(B - p)* — p*B?)

4|pl°

& p,E,B,, (3.63)

2|p°

+ ﬁaﬂw PoE,B,. (3.64
We note that the zeroth- and first-order expressions are the
same as our results, corresponding to the first and second
terms on the right-handed sides of both equations, respec-
tively. The terms associated with & p,E, B, are also the
same. For /w, the third term on the right-handed side of the
Eq. (3.63) is absent in our result (3.59). Such difference can
be eliminated by redefining second-order distribution via
the replacement in (3.59)

72 =gl -

2(B-p)? - p?BYJS).  (3.65)

4|pl®

Such replacement does not change the result (3.60). We
note that the term associated with B? is the same between
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(3.60) and (3.64) while the term associated with (B - p)? is
different. Another difference is that our result (3.60)
includes the terms E? and (E - p)? but they are absent in
(3.64). How these terms associated with E? and (E - p)?
arise can be seen more clearly when we rewrite Eq. (3.47)
as the following form

1 l— &°B,p
© = _[(B-pP+ B+ .V, ——tle
8/p)° 8 " IpP
| oyo0 Puly — P*A
Wl v/} v R R e’ 3.66
8 EE (3.66)

where we have introduced the effective magnetic field B

- A
Br=pr 4+

P

This expression shows that both the forms of & p,E,B,,

eE,pg (3.67)

E? and (E - p)? come from the effective magnetic field B*.
We interpret all these differences as well as the addition
terms with V in our result as the quantum effects from
quantum field theory, which might not be able to be
captured from semiclassical approach in quantum mechan-
ics. The difference between our result and the one
in [53,54] is obvious. Our result here has already been
written in seven-dimensional phase space and the Dirac
delta functions or their derivatives have been integrated out.
The results (3.59), (3.60), (3.61), and (3.62) can be used for
numerical calculation directly and constitutes the main
result of this paper.

IV. SUMMARY

Within the Wigner function formalism, we have derived
the CKE in seven-dimensional phase space up to the second
order in semiclassical expansion /7. We find that second-
|

order CKT includes various quantum effects which cannot
be captured by the conventional semiclassical approach,
such as the higher-derivative terms in coordinate space or
momentum space. While this derived equation can be the
starting point for numerical evaluation on the transport
process of nonlinear chiral effects associated with space-
time derivative and electromagnetic fields, this paper also
provides a systematic and consistent approach to derive the
CKE in seven-dimensional phase space from the original
covariant Wigner equations in eight-dimensional phase
space order by order. In the present work, we restrict
ourselves to the constant electromagnetic field in flat space-
time. The generalization from constant to varying electro-
magnetic field, from massless to massive fermions, from
Abelian to non-Abelian gauge field, or from flat to curved
space-time is straightforward and will be investigated in the
future.
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APPENDIX: SOME CALCULATION DETAILS
AT SECOND ORDER

In this Appendix, we will give some details on calculat-
ing the integral in Eq. (3.41). Let us start from Eq. (3.39) by
moving the factor 1/p? in the last term to be adjacent to
8(p?) and moving p, and p, to the left of the operator V,
and V,, respectively. After such manipulation, we obtain

5 ~(2 sB-p[-n sB-p ()6 ) & p,E,B, ) d(p*
T = padPs(p?) + 5 [J&’é(pz) 1 3Bepyodr)) Sty )
14 P Pn 14
1 2 4 2 _ S(p?
_76 (VII — 2Fﬂ0'p6> |:p ]n 2 :| (v pgp”) |:é/);wBDpll ;0) (pz >:|
27 P Pn Pn p
1 p l 5o [Puby — v 0)8(p?)
T4 < 2 pap > [p: (E¥p” — EPpH)J +4vﬂv |: . o, M Jn 2
1 <FW)V” Py + FreY > |:p,upv p A 0 :|
2 p? Pn p’
1 Vo Yoo PpPes l_) 1_711 - l_)zA v +(0 5(172)
S FF (; —4 ;4 ){ L . w o) el (A1)

where the operator V acts on all the terms following it. Using the relations
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65(p? 26(p? 5(p?
5///(172) — _ (ﬁ ) , 5”<P2) — (f ) , 5/(1)2) — (pz ) , (A2)
p p p
we can decompose j 512) into seven parts
7
JP=>"a (A3)

where

p n p
1
J% = —~emp,E,B,— I8 (p?)
3. _ 1%
s = 3emB V3 () + (@7 Bops + B p )3 (p*)] 1)
J”zl[v 5(07) + @ BD + Eypa)(02) 2 (890 — ) )
na =7 [V,8(p oo B+ B, )" (p7)] 75 (B p
1 ,— P*A,
T35 = =5 (8,9, 9 p,) PP LB 042
1 P AV KO 4 pp"_pzA”
Tt =~ M F7AF [gm(s”(pz)+3Ppp65’”(p2)] . , g
ls,e0 P _v__zAw
T8 = =V PP P 05 2) (Ad)
Then we can finish integrating over p, by using the identities
1 _
8(p?) = 2—_25(1% —Alpl) (A5)
1P| 4
8(p §(p p A6
4pn IZ (A6)
o'(p? [5" L= 2Pl + L8 (p ,,—z|p|>] (A7)
8pnlplZZ [l |
(1) = Gt |67 = 2] 750" (pa = AP+ 2 o = A1) (A8)
16p,|p|° 4 Pl Pl
The results after integration can be decomposed into seven parts
Jﬁfnz/dpng pa) TR ZJ(,,, with J$) E/dpng(pn)Jfff (A9)
where
@) _ 750 2 g2y 4 SB P S0
o=/ dmg(pn){pnjn 5 >+sB-p[—Jn 56+ L0 |
~ sB - sB ~ sB' p 3 81
B R e
7 I P P 16/p| pl™" bl
_ 5sB-p () 1, (B-p)*, 0
+- 2 (sB-p) (AT 4 L0 222 00 - i (A10)
4|p|* 2[p|? 4 1pP 16° |p*
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2 I ZPHV 7 1 0
Jpy = ~3 / dp,g(p,)e" ppEﬂBDEJE, )8 (p?)

9 - ©or 3 0 9 - 0)
- ) eP””pEBU</1]n -2 >+ /e p BB (A1)
;{8|P|4 rr Bl 8p[* r

2 _3 VGRS ( 2\ 4 (SRR 5 4 T V(2] 2 7O
Jg,3 :Z dp g(pn) /);wB [V 5(1’ )+ (6‘ Bo—pﬂ +F pn)5 (p )]p_‘]n

3 39, P’ <<o>r 22 (o>> 39 , ow 5 or, 84 0
= DByv,u n. —i=Jn + - (B p) 32 2 AT == ==
; { 167 2pF | ] PP

3

1p|? 1P| |p|
_ e 034 00 3 ) 3 o g _2_ p2=21,00)
+—= e,/pEB<J,1 ——Jy + ==y ) e,,pBVJ — [3(B- p)* — B*p*|J,
32|p)* ™ 17| P 16[p) 8Ipl5
3 <1 g +ﬂd’> (857 - B+ (ig’—g”>é PPE'BY] ’(’0)} (A12)
320p/* \Ip| 32|pP* \Ip| e

1 = _ , Py
1= [ APas T3 (07) + @i + Eypa)o (9] 24 (B = 7))

2
(E-p)P"—E'P* [, on _ 3 0 g _ ©or_ 5 o, 82
- Py E-p)—E2p?) (0 — 2 g0y 2240
Z{ [T P17 ) T (E PN E P

”c

1B
p o T4 o, 15 0 Ay - g 40)
D up 18 BD( n _Jn +—JVL - — [(E,p)p/)_Eﬂp ]v)‘]”
32| |3 o Pl |p|? 16|p[* !
L (Ly—ag)iE pr-ep®s L (Ly—g)e,pomrpa? (A13)
HSTTA 32157 \|7] o !

1 __ . 7 —D _ _2A )
I = —5/dp,,g(pn)(éf“’lBgV”p/1 + B p,) el T P B O g2

5 8 — DPub, — D*A, 31 3
_ { LaB,Y, |pfz (MSP) — )‘iENDM< Y +_J'(’)>
A

n

6 |p| |p|? 16 |pI? 1P| |p|?
5¢ . 21,0 A9 _\2 0
J- w’)eﬂﬂﬂsﬂpw | (8252 =38 p + 2L (B p)
16| E < ’ 16/p° TR
(”9 ) E-p)p, — PE W”JS’)—#( J- ww) (B p)— B0
16[p[° 16[p* \|p*” Pl
< 2g/ g// + 2/1g///> & p,E, ByJS'IO) _ 1_ . < 29, ///) [(E - P) EZI—)Z]J’SO)
16Ipl |p| Pl 16/p* \|p| Ipl
Aéf —\2 7(0) dJ N\ = _ v 4 (0)
& B,p,V,J\ 7 (B-p)*)n" —=—=I(E- p)p, — P*E,|V" ],
8|p| 4| I* 8pf®
1 5Ag 0y | B o 89 oy
- — Bp 2( ”——J O 4297 - _emp E B, (22670 = 2L J O L 429750
i6pF & wepp° . PrEr 7]
1
657 [(E- p)? — E2p?] < ”—ﬁj oy +2g”J,(f’>’>} (A14)
p
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1 4 Puby—P* A
I = - / dp,g(pa) ALY ALF*® {gpﬁ”(pz) +§p,}pg5’”(p2)} p"pp#ﬂf’)
_ 5 oy, 8
= E-p)?—E*p*+ (B-p)*+ B*p 2](/1] ——Jn +—=Jn
Z{ 32|p|4 P p?
g _ 21 ( ;w94 33 oy 481 )
+ = [(Bp) —-Bp }( n __Jn +—Jn Jn
48|pf? 1P| I [pl°
g _ ©om _ 6 oy, 154 o 15 <>>
&"p E,B, </1J,, —— 1" =2 In
24| ? r Dl 27" BP
3 oy
[(E-p)*—E2p 2( ”’——J " T )
48| ? PP
1 5 _51 (0
+ g (e~ )[(E PR -5+ (B9 + )
1 33 ; / "\I(B-5)? — B2p2 J(O) 1 g "\ I(E-5)2 — E252 J(O)
1 /154 ) Ad ) ) ) )
T 2app (Ing/ Ip‘d/Hd”) P BB - 16/p/* B9y =B+ (8- p)*+ B
1 6 1 21
+W[(B.p) _B%5 2} (Sf-]n _Hjjglo)/_’_g//_]g))/) +— 16|]_)|3 [(E p)z 25 2] <g J(O)”_Hg/J(O>/+g//J(O)/>
1 4
+gpE " Pk BD</WJ£,°”’—W¢JSP)’Hg"JS,O)’)} (A15)
@ 1 / Suow | PuPy —
Jo7=—= dpnganV[
9.7 4 ( ) Pn
y Puby — D7 Au 0y 24 0 J l Suew 0
:Z{I6V”V T(] —WJ +—6(pﬂpv p Aﬂl/)Wvﬂv Jn
: — 29" )& B,p,V I\ - E-p)p, — p*E, V"]
[_7| ‘ |g g ppa n 8\p|3 P)Pv p Ly n
g _ 51,0 Ad o 1 (22 _0 paa14(0)
+ 2(B-p)* = B* P}y — (B- p)*J, g —g" (B p)*—B*p*|/x
4|pP 8pl* 16Ipl3 Ipl
1 22 I ///> —\2 =221 7(0) 1 / m\ = (0)
———5 =9 —9"|I(E-P) = P°E*|n" + 55 d d +Ag" |&""°E,B,psJn
16|p|? <|P| 8p|* IPI2 [p] g
A qJ Ad 240 J' _ 5140
+ 8|[_7|2 e’ B, p av Jn 8\p| (Pupu )vﬂ-]n - 8|1_7|4 (B- p)z"; / + 16|[3|3 (B - p)z - szz]ng /
g’ _2 agorgon A = gy
—__[(E-p)*—- p2E2J\ e'*°E B, p,J Al6
+16|p|3 [(E-p) ] +8|p| e’ E,B,p (Al6)

After puttmg all the J, @) ; together, we arrive at Eq. (3.41). We find that the terms associated with the mixed derivative terms
of g and g n 1nclud1ng the last five lines of J ;5) in Eq. (A14), the last four lines of Jé’g in Eq. (A15), and the last three lines of
JS}27> in Eq. (A16) cancel each other. Such cancellation makes the final physical quantities only depend on the distribution

function 72, 7V, and J¥
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