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We perform a comprehensive analysis of medium modifications on ungroomed jet angularities, τa,
within the framework of soft-collinear effective theory with Glauber gluons (SCETG). Angularities are a
one-parameter family of jet substructure observables with angularity exponent a < 2 for infrared safety.
Variation of the angularity exponent allows one to modify the relative weighting of the collinear-to-soft
radiations in the jet, thereby giving access to different moments of the jet transverse momentum
spectrum. In this article, we focus on a < 1 and provide detailed results for a ¼ −1, 0, and 0.5. Within
SCETG, the interactions between jet and medium constituents are mediated by off-shell Glauber gluons
generated from the color sources in the medium. While medium modifications are incorporated into the
jet function via the use of medium-induced splitting functions, the soft function remains unmodified for
a < 1. For all values of a, we find that compared to jets in vacuum, the medium-modified distributions
are shifted towards smaller values of jet angularity and have a steeper fall. This redistribution of the
ungroomed angularity spectrum is more apparent for a jet with a larger cone size and for higher values
of a. We also present results for the medium sensitivity towards pT of the jet and for a jet initiated in a
less central event (10%–30% centrality). Finally, we provide the ratios of nucleus-nucleus and proton-
proton differential angularity distributions for different angularity exponents and for two values of the
jet radius parameter.
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I. INTRODUCTION

Jets are complex objects that exhibit dynamics across
multiple length and energy scales. Due to their sensitivity
to various scales, they are useful in probing the properties
of the quark-gluon plasma (QGP) created in high-energy
nuclear collision experiments. Over the past decade, experi-
ments at the Large Hadron Collider (LHC) have provided
measurements of a diverse set of observables characterizing
jets in heavy-ion (AA, particularly PbPb) collisions [1]. By
comparing the production cross section in PbPb collisions,
scaled by the inverse number of binary collisions, to that in
proton-proton (pp) collisions, it is possible to quantify the
energy loss experienced by the energetic partons as they
traverse the QGP medium [2–7]. The interactions between
an energetic parton and the medium depend on the medium
scales, such as its temperature and size, as well as other

scales that appear through their interactions, such as the jet
quenching parameter (q̂) or a critical angle characterizing
color coherence dynamics [8–12]. Therefore, the quench-
ing of jets in heavy-ion collisions (HICs) is a potential
probe of the emergent phenomena in many-body quantum
chromodynamics (QCD) interactions in the medium.
To fully exploit the power of jet measurements to

evaluate medium properties, differential jet substructure
measurements are considered useful. These measurements
provide information about the distribution of particles
within the jet. In recent years, there has been a growing
interest in studying such observables in AA due to their
potential to reveal crucial information about the micro-
scopic properties of the QGP. For example, some of the
substructure observables that have been measured so far
include jet mass [13], jet fragmentation functions [14,15],
momentum splitting fractions [16], jet shapes [17,18], and
others [19,20].1 These substructure measurements provide
an additional advantage in disentangling various effects—
including the initial state and cold nuclear matter (CNM)
effects—from jet-medium interactions [23].
One family of jet substructure observables of parti-

cular interest are angularities [24,25]. The angularity
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1There have been some recent studies of angularities in the
medium; see Refs. [21,22].
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of a reconstructed jet in a pp (or AA) collision is defined
as [26–28]

τa ¼
1

pT

X
i∈ J

jp⃗i
T jðΔRiJÞ2−a; ð1Þ

where ΔRiJ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔηiJÞ2 þ ðΔϕiJÞ2

p
and p⃗i

T denotes the
transverse momentum of the particle i in the jet relative to
the beam axis. Here ΔηiJ and ΔϕiJ are the rapidity and
azimuthal angle separation between the particle i and the
jet J. The sum (i∈ J) is over all particles in the recon-
structed jet, and pT ≡ jp⃗T j is the transverse momentum of
the jet. Variation of the exponent “a” provides sensitivity to
different sectors of the jet. For instance, when a < 0 it
probes the collinear radiation in the jet while for a > 0 the
observable also gets a significant contribution from the
soft radiation. The ability to tune the angularity exponent,
therefore, provides access to various moments of the jet
transverse momentum (pT) spectrum, which is essential for
understanding the energy loss and color coherence dynam-
ics in the medium.
The definition of angularity in pp collisions [26–28] can

be related to that in eþe− collisions as

τppa ¼
�
2EJ

pT

�
2−a

τe
þe−
a ; ð2Þ

where [24,25]

τe
þe−
a ¼ 1

2EJ

X
i∈ J

jp⃗iJ
T je−jηiJ jð1−aÞ; ð3Þ

where p⃗iJ
T denotes the transverse momentum of the par-

ticles with respect to the jet axis and EJ is the total energy
of the jet. For leading-order splitting, i.e., l → q0k, where
l; q0; k are momenta of corresponding particles, the expres-
sion in Eq. (2) can be simplified as

τppa ¼ p2−a
T fxa−1k2−a⊥ þ ð1 − xÞa−1q02−a⊥ g; ð4Þ

where we have used lþ ¼ 2EJ, with lþ denoting the large
light-cone momentum component of the jet parton.
The phenomenology of angularity distributions in pp

collisions has been extensively studied using both
Monte Carlo simulations [29,30] and effective field theo-
ries (EFTs) such as soft-collinear effective theories (SCET)
[28,31], and results have been compared with the measured
distributions [28,30,32].
The main goal of this paper is to qualitatively understand

medium modifications of the jet angularity distributions for
a range of angularity exponents, and to quantify the effect
of medium-induced energy loss within the leading opacity
expansion of the SCET-based approach, by considering
single and multigluon emissions. We also incorporate

initial state CNM effects. There could be other competing
effects affecting the distribution of angularities in the
medium, such as color (de)coherence. These effects cannot
be captured at the leading medium-induced emissions, and
their systematic inclusion requires higher-order loop cal-
culations (next-to-next-leading order) as pointed out in
Ref. [33], which so far have not been computed. While we
consider a simple Bjorken expansion of the medium, a
more realistic hydrodynamic evolution of the medium may
also play a role. Despite these simplifications, our calcu-
lation includes the key dynamics of medium-induced
bremsstrahlung of energetic partons.
In the literature, numerous approaches [34–39] have

been developed to model the propagation of energetic
partons within the QGP in a qualitative manner. In this
article, we will follow the method developed in
Refs. [40,41] to achieve a systematic resummation of the
relevant logarithms that arise in the fixed-order perturbative
distributions. This approach builds upon SCET and
expands it to incorporate interactions between collinear
partons in a jet and the thermal constituents of the medium,
mediated by Glauber gluons induced by background color
sources in the medium. In the absence of the medium,
SCET can be used to write down the differential cross
section for angularities in a factorized form as a convolu-
tion of the parton distribution functions, with the hard
function describing initial state production via hard scatter-
ings, a jet function describing the evolution of the collinear
modes of the jet, and a soft function that incorporates
dynamics of soft emissions. With this factorization, one can
arrive at an operator definition of the EFT modes, which
can be used to systematically compute fixed-order jet and
soft functions at any perturbative order. Additionally, it was
shown in Ref. [42] that the same fixed-order jet function
can be obtained using the QCD splitting functions by
integrating them over appropriate collinear phase-space
factors. For the case of generalized angularities, we show
this explicitly in Appendix B 1.
Assuming a similar factorization holds in the presence

of the medium as well, the identification of the jet function
with the splitting functions becomes important, as a possible
medium effect can be incorporated through medium-induced
splittings. A similar approach for other observables has been
used in Refs. [23,43,44]. Additionally, due to the interactions
between jet partons and medium constituents, an amount of
energy is lost by the jet to the medium. For reconstructed jets
with radius R, this energy loss can be related to the out-of-
cone jet radiation. We model this effect by a fractional shift
in pT of the jet-producing parton, by an amount ε, computed
for a single gluon emitted out of the jet cone. We also
consider the effect of fluctuations in the emitted number of
gluons [45]. This energy loss, in addition to the medium-
induced splittings, leads to a shift of the distribution to
smaller angularity values. We find that the shift is more
apparent for small pT jet distributions.
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In this paper, we present new analytic results on
angularity distributions for fully reconstructed jets in pp
and PbPb collisions at

ffiffiffi
s

p ¼ 5.02 TeV. Our results are
presented at next-to-leading-logarithmic (NLL0) accuracy,
where the primed counting implies that the fixed-order
coefficients at OðαsÞ are also included. Specifically,
we present results for jets reconstructed with R ¼ 0.2
and R ¼ 0.4 in two ranges of jet transverse momenta,
40 < pT < 60 GeV and 80 < pT < 100 GeV. PbPb
results are presented for two different centrality bins,
i.e., 0%–10% and 10%–30%. The ratios of angularity
distributions between PbPb and pp are presented for three
values of the exponent a ¼ −1, 0, 0.5.
The rest of the paper is organized as follows. In Sec. II,

we briefly review the SCETG formalism. In Sec. III, we
discuss the factorization theorem and introduce the relevant
definitions. In Sec. IV, we present a brief summary of the
resummed pp angularity results. In Sec. V, we compute the
medium-modified jet function and provide the relevant
medium parameters. Further, we provide the results for
angularity distributions for pp and AA collisions in
Sec. V D. Readers interested in the final results can go
directly to this section and examine Figs. 4–6. In Sec. VI,
we summarize the results. More details are given in the
Appendixes. In Appendix A, we provide some details about
the plus distributions. In Appendix B, we provide explicit
details of the perturbative calculations.

II. SOFT-COLLINEAR EFFECTIVE THEORY
WITH GLAUBER GLUONS

SCET [46–51] is an effective field theory of QCD
designed to separate scales in high-energy scattering
processes to describe the dynamics of energetic quarks
and gluons. It has been successfully applied to study jet
production and its subsequent evolution, and to compute a
large class of jet substructure observables up to the state-of-
the-art next-to-next-to-leading-logarithmic (NNLL) accu-
racy (see [27,52] and references therein). Before we discuss
the EFT describing jet-medium interactions, we outline the
necessary ingredients of SCET.
In general, the relevant degrees of freedom described by

SCET are the collinear and soft modes. Partons that are
highly boosted along a specific direction constitute the
collinear modes. On the other hand, the momentum
components of soft modes have a homogeneous scaling.
The large momentum component along the collinear
direction makes the use of light-cone coordinates more
convenient to describe the EFT modes. In these coordi-
nates, any four-momentum can be expressed as pμ ≡
ðpþ; p−; p⊥Þ, with pþ ¼ n · p and p− ¼ n̄ · p, where
nμ; n̄μ are lightlike vectors such that n2 ¼ n̄2 ¼ 0 and
n · n̄ ¼ 2. For a collinear parton along the n̄ direction,
we have pþ ≫ p⊥ ≫ p− hierarchy while, for a soft parton,
there is no hierarchy in momentum components. More

explicitly, for angularities, in terms of the power counting

parameter λ ≪ 1 (corresponding to λ ∼ τ
1

2−a
a ), the momen-

tum scaling of the SCET modes is as follows [53]:

pn ∼Qðλ2; 1; λÞ; ps ∼Qðλ2−a; λ2−a; λ2−aÞ; ð5Þ
where Q is the scale of the hard interaction, typically of the
order of pT for pp (and AA) collisions. The n̄ collinear
mode has a scaling analogous to the n collinear mode, with
the pþ and p− components interchanged.
For the case of a < 1 angularities, the soft mode always

scales smaller than OðλÞ, and hence p2
s ≪ p2

n. In the
literature, such soft modes are usually known as ultrasoft
modes and the corresponding EFT with these degrees of
freedom as SCETI. However, for convenience, we will refer
to them as soft modes. The gauge-invariant collinear quark
and gluon fields are built out of the SCET collinear fields
(ξn, An) and the collinear Wilson line (Un). At leading order
in λ, the interaction term between soft gluons and the
collinear fields in the SCET Lagrangian is decoupled
through a Bauer-Pirjol-Stewart (BPS) field redefini-
tion [50].
To describe jet dynamics in a nuclear medium, additional

degrees of freedom are required that account for inter-
actions between the jet and the medium constituents. In the
literature, these interactions have been modeled by incor-
porating additional modes that can be thought to originate
from the static background color gluon fields of the
medium and are known as the “Glauber modes.” The
corresponding EFT with such extra degrees of freedom is
known as SCETG [40,54,55]. Glaubers are nonpropagating
off-shell degrees of freedom, with transverse momentum
much larger than their other light-cone momentum com-
ponents, k2⊥ ≫ kþk−. The relevant characteristic scale for
the Glauber modes can be of the order of the medium
temperature T or the Debye screening mass mD. Assuming
that both the jet and the medium have the same virtuality,
we then require

λ̃ ∼
T
Q
≲ λ ∼ τ

1
2−a
a ≪ 1 ð6Þ

to allow for the interactions between jet partons and the
medium constituents. From here onward, we will not
distinguish between the scales λ and λ̃ and refer to both
simply as λ. In an alternative SCET-based approach [56],
factorization has been derived for the case where the
virtuality of the collinear mode is higher than the medium
modes (λ̃ ≪ λ) for jet observables such as the energy-energy
correlator and inclusive jet production in Refs. [33,57]. In
this approach, the production of high virtuality modes is
described by a matching function. However, in this frame-
work, the factorization has not yet been derived for observ-
ables such as jet angularities that necessarily require soft
dynamics. Moreover, the computation is so far only limited
to quark jets.
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In the present study, we follow Ref. [40], which has been
used to obtain the relevant medium quantities such as the
medium-induced splitting functions which we use in our
computation.

III. FACTORIZATION THEOREM FOR
ANGULARITIES

The factorization theorem for angularities with a < 1
was first proved for eþe− collisions in Ref. [58] and
subsequently studied in pp collisions in Ref. [28].2

For AA collisions, the typical scale of the jet-producing
parton is usually much larger than the medium scales;
therefore, it is natural to assume that the jet first undergoes a
vacuumlike emission, and as the virtuality goes down,
interactions with the medium become relevant. Therefore,
at leading power, we write the following form of the
factorization theorem for medium-modified angularity
distributions:

dσAA→ðjetτaÞX

dτadpTdη

¼ 2pT

s

X
abci

Z
dεPcðεÞ

Z
1

xmin
a

dxa
xa

f̃aðxa; μÞ

×
Z

1

xmin
b

dxb
xb

f̃bðxb; μÞ
Z

1

zmin

dz
z2

Hc
abðxa; xb; ŝ; η̂; p̃T=z; μÞ

×Hc→iðz; p̃TR; μÞJ ðτna; p̃T; μÞ ⊗ Sðτsa; p̃T; R; μÞ;
ð7Þ

which is valid up to OðR2; τ
1

2−a
a =RÞ. Here, f̃ denotes the

nuclear parton distribution functions (nPDFs) [59–62], andffiffiffi
s

p
is the hadronic center-of-mass energy. Note that PcðεÞ

is the distribution of the fractional energy loss experienced
by a jet initiated by the parton c due to medium-induced
out-of-cone radiation, and p̃T ¼ pTð1þ εÞ. Details of Pc

and f̃ are given in Sec. V C. Moreover, Hc
ab denotes the

hard scattering of partons a and b to produce the final state
parton c, which is observable independent and is the same
as in vacuum. To next-to-leading order (NLO), this has
been worked out explicitly in Refs. [63,64]. Note that the
hard function is expressed in terms of the partonic variables,
i.e., the partonic center-of-mass energy ŝ ¼ xaxbs, transverse
momentum p̂T ¼ p̃T=z, and rapidity η̂ ¼ η − 1

2
logðxa=xbÞ.

We further define new variables V and W in terms of the
hadronic variables [63,65]

V ¼ 1 −
p̃Tffiffiffi
s

p e−η; W ¼ p̃2
T

sVð1 − VÞ : ð8Þ

In terms of these variables, the lower limits of the integrals in
xa;b and z can be expressed as

xmin
a ¼W; xmin

b ¼ 1−V
1−VW=xa

; zmin¼1−V
xb

þVW
xa

: ð9Þ

The other ingredients appearing in the factorization theorem
of Eq. (7) are the hard matching function Hc→i and the
observable-dependent jet and the soft functions, J and S.
The hard matching function Hc→i gives the matching
coefficient for the transition from the parton generated at
hard scattering, c, to the jet initiating parton i. This includes
the effect of parton c radiating any number of partons that are
not contained inside the jet of radius R and resumming the
logarithms of jet radius R through a DGLAP evolution
equation, as discussed in Appendix B 4, while the logarithms
of the measurement functions are resummed through the
anomalous dimensions corresponding to the jet and the soft
function. The matching function has been computed to the
desired NLO accuracy in Ref. [66].
The jet function J appearing in Eq. (7) is modified

by the jet-medium interactions and can be written as
J ¼ J vac þ J med, where J med describes medium-induced
collinear emissions. We compute this medium-modified
contribution through the use of medium-induced splittings
computed in Ref. [40] and show that at the order we are
working at, the medium modifications enter through the
modified initial conditions for the renormalization group
(RG) equations.
It is well known that the interaction between the

energetic parton and the medium is dominated by forward
scatterings that scale as 1=θ4, where θ is the angular
deflection of the energetic parton from its original direction
after interacting with the medium [40,56]. In full theory, the
dominant contributions are calculated in Refs. [34,67]. In
the EFT picture, these dominant interactions are precisely
described by the jet function [40]. Further, for a < 1, the
soft mode of the jet scales as Qðλ2−a; λ2−a; λ2−aÞ and has a
virtuality ∼Q2λ4−2a, which is smaller than the virtuality of
the Glaubers, which is ∼Q2λ2. Coupling of the soft mode
with the Glauber gluons will increase its virtuality, driving
it off-shell. Although these interactions can, in principle,
be factored out in terms of the Wilson line, further
investigation is required, and a systematic incorporation
of soft-Glauber interactions in the SCETG framework is an
open problem. For our case, we do not consider such
couplings and keep only vacuum contributions in the soft
function as explained above.
Finally, τn;sa is the angularity in the collinear and soft

sectors, and the total jet angularity τa is given by the sum
of the two, τa ¼ τna þ τsa. The symbol ⊗ in the final line of
Eq. (7) represents convolutions over the measurement
observable τa. Note that, in principle, the jet function will
also be a function of the jet radius R. However, it was
shown in Ref. [68] that the leading power divergent

2When a is close to 1, the soft and collinear modes have similar
off-shellness, i.e., p2

s ∼ p2
n. Such modes are described by the

SCETII framework and are beyond the scope of this work.
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contribution to the jet function does not depend on the jet
boundary R to NLO accuracy. Therefore, we suppress this
dependence in the jet function.

IV. JET ANGULARITY DISTRIBUTIONS
IN VACUUM

In this section, we briefly summarize the resummed
angularity distributions for the vacuum, incorporate the
leading nonperturbative effects, and compare to experi-
mental data [32].

A. Jet function

It has been shown in Ref. [42] that the jet functions in
SCET can be directly computed from the spin-averaged
QCD splitting functions with appropriate phase-space
factors. This averts the use of the more complicated
collinear Feynman rules of SCET. At the lowest order
(i.e., l → kq0), the jet function for generalized angularities
can be expressed as

J vac
i ≡ J iðτa; pT; R; μÞ ¼

αsðμÞ
π

eϵγEμ2ϵ

Γð1 − ϵÞ
X
j;k

Z
dx

dk⊥
k2ϵ−1⊥

× Pi→jkðx; k⊥Þδðτa − τ̂aÞ; ð10Þ

where x is the momentum fraction carried by the final state
parton and k⊥ is its transverse momentum. Here, i, j, k are
the indices for the initial and final state partons, and l; k; q0
are their respective momenta. In the above equation, ϵ is the
usual dimensional regulator and μ is the associated scale for
factorizing hard, collinear, and soft modes of the theory.
Note that for the vacuum jet function, p̃T ¼ pT ; hence, we
use this notation for this part of the discussion.
For the vacuum case, the transverse momentum depend-

ence trivially factors out from the splitting functions
as Pi→jkðx; k⊥Þ ¼ Pi→jkðxÞ=k2⊥, with Pi→jkðxÞ being the
usual Altarelli-Parisi QCD splitting functions. The fixed
order jet functions can then be obtained from the knowl-
edge of the splitting functions, and we have verified that
they agree exactly with the ones computed from the
standard operator definition; see Appendix B 1 [28]. At
NLO, the jet anomalous dimension is given as

γJ i
ðτa; pT; R; μÞ ¼ ᾱs

�
δðτaÞ

�
2bi þ

ð2 − aÞ
ð1 − aÞLnCi

�

−
2

1 − a
Ci

�
1

τa

�
þ

�
; ð11Þ

where

Ci; bi ¼
(
CF; 34CF∶ for quark jet;

CA;
1
4
β0∶ for gluon jet:

Here, ᾱs ≡ αsðμÞ=π, Ln ≡ lnðμ2=p2
TÞ and β0 ¼ ð11

3
CA −

4
3
TRNfÞ. Note that the jet anomalous dimension contains

a-dependent pieces which appear to diverge as a
approaches 1 since the recoil of the collinear parton
becomes an Oð1Þ effect.

B. Soft function

Unlike the jet function, the soft function gets a signifi-
cant leading contribution from the jet radius parameter R.
For the kt-type jet algorithms [69–71], this amounts to
the restriction that the relative angle between any two
pairs of partons should be less than R [68], i.e., Θalg≡
Θðωxð1 − xÞ tan R

2
− k⊥Þ. For the case of a central emission

(η ¼ 0), ω ¼ 2pT . The soft function has been computed
previously in Ref. [68], and its anomalous dimensions are
given as

γSi
ðτa; pT; R; μÞ ¼

2ᾱsCi

ð1 − aÞ
��

1

τa

�
þ
− LsδðτaÞ

�
; ð12Þ

where Ls ≡ lnðμR1−a=pTÞ is the large logarithm associated
with the soft scale. The final ingredient of our factorization
theorem is the hard matching function Hc→i, which is
observable independent and has been computed in Ref. [66].

C. Differential angularity spectrum

In the physical space of the observable, the RGEs are
written as convoluted integro-differential equations. In
order to solve these integro-differential evolution equa-
tions, we transform to the Fourier space so that the
convolutions are turned into multiplicative RGEs (see
Appendix B 2 for details). Transforming back to the
physical space, the resummed angularity jet and soft
functions read as

J NLL0
i ðτa; μÞ ¼

eK
i
γJ
þ2Ki

ΓJ
þ2ηi

J
jJ

Γ
	
−2ηiJ
jJ



τ
1þ2ηi

J
jJ

a

μ
2ηiJ
J

p
2ηiJ
T

�
1þ ᾱsfJi ðaÞ

2 − a

�
; ð13Þ

SNLL0
i ðτa; μÞ ¼

e−2K
i
ΓS
−
2ηi
S

jS

Γ
	
2ηiS
jS



τ
1−

2ηi
S

jS
a

μ̃
−2ηiS
S

p
−2ηiS
T

�
1þ ᾱsfSi ðaÞ

2 − a

�
; ð14Þ

where μ̃S ≡ μSR1−a. Here, KΓ, Kγ , and ηΓ are the evolution
kernels that encode the running of the anomalous dimen-
sions between various scales, and for brevity, we have
suppressed their scale dependence. Their explicit expres-
sions and expansion up to NLL order can be found in
Appendix B. Finally, the constants fJ;Si are the fixed-order
one-loop contributions of the jet and soft functions,
respectively. Their explicit form can be obtained from
the one-loop results by setting all logarithms to their natural
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scale. The resummed jet and soft functions are evolved

from their natural scales μJ ∼ pTτ
1=ð2−aÞ
a , μS ∼ pTτaRa−1 to

the scale of the hard matching function μH ∼ pTR, which is
then ultimately run up to the hard scale μH ∼ pT .
With all the necessary pieces from Eqs. (13), (14),

and (B22), we obtain the perturbative cross section for
angularities in the vacuum. The perturbative angularity
spectrum in the small τa is also sensitive to hadronization
effects. We incorporate this by implementing a shape
function.

D. Nonperturbative effects in soft function

The relevant region of the observable where nonpertur-
bative effects become important can be identified by
demanding μS≃ΛQCD, i.e., τa ≈ ΛQCD=ðpTRa−1Þ. For con-
sistency with the recently published ALICE analysis [32],
we define the region of nonperturbative dynamics for
ungroomed angularities to be τa ≈ ΛQCD=ðpTRÞ, indepen-
dent of the exponent a. It has been shown for SCETI-type
observables that the total cross section corrected for non-
perturbative effects can be obtained by convolving the
resummed perturbative distribution with an appropriately
chosen shape function Snp as [72]

dσ
dηdpTdτa

¼
Z

dk
dσpert

dηdpTdτa

�
τa −

k
pTR

�
SnpðkÞ: ð15Þ

From here, we can obtain dσ=dτa by integrating over the
specified pT range and considering central events with
rapidity η ¼ 0. The corresponding integrated cross section

is then given by σ ¼ R dτa dσ
dτa
. For the nonperturbative

shape function, we use the following form [73]:

SnpðkÞ ¼
4k
Ω2

a
exp

�
−
2k
Ωa

�
; ð16Þ

which is normalized to unity and has the first moment as
Ωa. Note that the shape function only relies on a single
parameter, Ωa. Furthermore, for angularities, it was argued
that the a dependence factors out as Ωa ¼ Ωa¼0=ð1 − aÞ
[74]. The factor Ω0 ≡Ωa¼0 can be universally estimated
from a global fit to the jet angularity data for different
choices of a with the demand to provide an appropriate
description in the perturbative region of the distribution.
In Fig. 1, we qualitatively compare our theoretical results

with ALICE results [32] for a jet of radius R ¼ 0.4 and
80 < pT < 100 GeV in pp collisions. The distributions are
normalized to unity. The theoretical error band is obtained
by varying the scale μ from pT=2 to 2pT , and for clarity, we
have shown only the lower error band in this figure. We
note that we capture the trend seen in the experimental data,
and we have checked the same for other jet parameters
as well, i.e., R ¼ 0.2 and 40 < pT < 60 GeV. However,
we emphasize the fact that a quantitative comparison will
require a careful analysis and inclusion of other factors such
as the profile scales and nonglobal logarithms (NGLs), as
well the effect of charged particle reconstruction. In this
study, we do not consider these effects as our goal is
to consistently (within the EFT) understand medium
modifications on jet angularity, which are presented
in Sec. VA.

(a) (b) (c)

FIG. 1. Comparison of ungroomed jet angularity distributions τa in pp collisions, as reported by ALICE [32] for R ¼ 0.4 in the range
80 < pT < 100 GeV against our analytical NLL0 results convoluted with shape function, for various a values. The solid black points
represent the ALICE data, and error bars on these include the statistical and systematic uncertainties, which we have added in
quadrature. The solid blue curve corresponds to our theoretical calculation obtained by taking μ to be the canonical value, pT . The
shaded cyan region shows the theory error band whose lower boundary is obtained by setting μ ¼ 2pT . The theoretical band
corresponding to using μ ¼ pT=2 is roughly symmetric about the blue line and is not shown here for clarity. The exponent α used in the
ALICE study is related to the standard angularity exponent that we have used by α ¼ 2 − a. Here, σ is the integrated cross section, which
can be obtained from Eq. (15) as discussed above. The theoretical distributions are normalized so that the area under the central value of
the μ distribution is unity. This is consistent with the normalization used in the ALICE data [32].
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The vertical solid line in Fig. 1 represents the boundary
below which the shape and magnitude of the distribution is
completely determined by the nonperturbative effects.
Fixing Ω0 such that we obtain a qualitative description
of the experimental data for all the a values in the
perturbative regime, we obtain the value Ω0 ¼ 0.35 GeV
for a jet with 80 < pT < 100 GeV and R ¼ 0.4.
Having established the consistency of our theoretical

calculations, we now discuss the jet-medium interactions
within the SCETG framework that forms the main objective
of our study in the next section.

V. JET ANGULARITY DISTRIBUTIONS
IN THE MEDIUM

In this section, we first discuss the medium-modified
angularity jet function obtained from the medium-induced
splitting functions. Next, we discuss the assumptions about
the QGP medium that we use for the evaluation of medium
parameters, such as temperature (T), system size (L),
and mean-free path (λg). These quantities are relevant for
medium-induced splittings. We show these parameters for
two centrality bins, i.e., 0%–10% and 10%–30%, obtained
using the Glauber model [75]. Finally, we present our
results for the medium-modified angularity distributions
and their ratios with the pp baseline (PbPb/pp) for various
jet parameters.

A. Medium-modified jet function

For a given initial energetic parton (q or g) that initiates
the jet, we evaluate the medium-modified jet function
which can be obtained by formally replacing the vacuum
splitting function Pðx; k⊥Þ in Eq. (10) by the appropriate
splitting functions in the medium [see details below
Eq. (19)]. The medium-induced splitting functions have
been calculated in various frameworks [39–41,76–78]. We
will follow the basic picture of the Gyulassy, Levai, and
Vitev (GLV) [36,67,79] approach in which the medium is
modeled by a collection of static scattering centers. As the
parton traverses the medium, it exchanges momentum with
these centers, which triggers medium-induced radiations.
The splitting probability can be written as a series in
the number of medium scatterings—the opacity expansion
[36,79]. The mean number of scatterings in a uniform
medium is n ¼ L=λg=q, where L is the length of the
medium traversed by the jet, and λg=q is its mean-free
path. If n ∼ 1, i.e., the medium is dilute, it is sufficient to
keep the first few terms in the opacity expansion.
In particular, the medium-induced splitting functions

were calculated at leading order in the opacity expansion
(i.e., single scattering with medium) in Refs. [40,41], in the
SCETG framework. We will use these to calculate the
medium-modified angularity jet function. For recent work
on higher-order opacity contributions, see Ref. [80]. At
NLO, the medium-modified jet function is given by

J med
i ðτa;εÞ

¼
Z

dΦc
2σ

c
2Θalgδðτa− p̃2−a

T ½xa−1k2−a⊥ þð1−xÞa−1q02−a⊥ �Þ;

ð17Þ

where Θalg sets the jet algorithm constraint. Here, the δ
function imposes the final-state value of the measured τa,
and p̃T ¼ pTð1þ εÞ [see Eq. (7)] accounts for the
energy loss. For compactness, we have suppressed the
dependence of the jet function on the scales pT and μ. In
Eq. (17), the two-particle phase-space in d dimensions dΦc

2

are given by

dΦc
2 ¼ 2ð2πÞ3−2ϵð2EJÞ

Z
ddk

ð2πÞd−1 δðk
2Þ
Z

ddq0

ð2πÞd−1
× δðq02Þδð2EJ − kþ − q0þÞδd−2ðk⊥ þ q0⊥Þ: ð18Þ

The last two δ functions in Eq. (18) represent energy and
transverse momentum conservation, and the other two δ
functions represent the on-shell conditions for the two final
state partons.
Finally, the two-particle cross section σc2 is given in terms

of the splitting function in the medium by the relation

σc2 ¼
X
j;k

�
μ2eγE

4π

�
ϵ

2g2sPmed
i→jkðx; k⊥Þ; ð19Þ

where gs is the coupling between the Glauber gluon and jet
parton and Pmed

i→jkðx; k⊥Þ are the medium-induced splittings,
with x being the energy fraction carried by the radiated
gluon. The summation over the indices j, k indicates that
one needs to sum over all possible splittings for a given jet-
initiating parton i.
Note that in Eq. (17), both the splitting functions in σc2

and the transverse momentum of the partons k⊥; q0⊥ are
modified due to Glauber insertions from the medium.
At leading power, the jet radius contribution is power

suppressed in the relevant kinematical regime of interest,
i.e., τ1=2−a ≪ R. Therefore, we set Θalg → 1. Simplifying
the phase-space integrals by using the δ functions, we
obtain a simpler form for the angularity jet function,

J med
i ðτa; εÞ ¼

αsμ
2ϵeϵγE

Γð1 − ϵÞ
X
j;k

Z
dx

dk⊥
k2ϵ−1⊥

Pmed
i→jkðx; k⊥Þ

× δðτa − p̃a−2
T k2−a⊥ ðxa−1 þ ð1 − xÞa−1ÞÞ:

ð20Þ

Here, αs ¼ g2s=4π is the coupling strength with the
medium, which we take as constant over the temperature
range of the evolving medium. Finally, carrying out
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the remaining k⊥ integration using the measurement δ function, the medium-modified angularity jet function acquires
the form

J med
i ðτa; εÞ ¼

αs
j2 − aj

μ2ϵeϵγE

Γð1 − ϵÞ
1

τ
2ϵ−a
2−a
a

X
j;k

Z
dxðxa−1 þ ð1 − xÞa−1Þ2ϵ−22−aPmed

i→jk

 
x;

p̃Tτ
1

2−a
a

ðxa−1 þ ð1 − xÞa−1Þ 1
2−a

!
: ð21Þ

From Eq. (21), we note that there are no new extra divergences introduced by the medium. Therefore, one can take the limit
ϵ → 0. As a result, at the leading order, the anomalous dimension for the angularity jet function remains the same as that of
the vacuum jet function. However, due to the finite contribution from the medium-induced jet function, the boundary
conditions for solving the RGEs are now modified.
In the leading order of opacity expansion, the splitting function in a medium for q and g is given in Ref. [41]. For

illustrative purposes, we give the splitting function for a light quark to a light quark and a gluon as follows,

Pmed
q→qgðx; k⊥Þ ¼ CF

1þ ð1 − xÞ2
x

Z
dz
λg

Z
d2q⃗⊥

1

σ

dσ
d2q⃗⊥

"
B⃗⊥
B⃗2⊥

·

 
B⃗⊥
B⃗2⊥

−
C⃗⊥
C⃗2⊥

!
ð1 − cos½ðΩ1 −Ω2Þz�Þ

þ C⃗⊥
C⃗2⊥

·

 
2
C⃗⊥
C⃗2⊥

−
A⃗⊥
A⃗2⊥

−
B⃗⊥
B⃗2⊥

!
ð1 − cos½ðΩ1 −Ω3Þz�Þ þ

B⃗⊥
B⃗2⊥

·
C⃗⊥
C⃗2⊥

ð1 − cos½ðΩ2 −Ω3Þz�Þ þ
A⃗⊥
A⃗2⊥

·

 
D⃗⊥
D⃗2⊥

−
A⃗⊥
A⃗2⊥

!

× ð1 − cos½Ω4z�Þ −
A⃗⊥
A⃗2⊥

·
D⃗⊥
D⃗2⊥

ð1 − cos½Ω5z�Þ þ
1

N2
c

B⃗⊥
B⃗2⊥

·

 
A⃗⊥
A⃗2⊥

−
B⃗⊥
B⃗2⊥

!
ð1 − cos½ðΩ1 − Ω2Þz�Þ

#
; ð22Þ

where we have utilized the same notations as in Ref. [41].
The quantities Ωi, A⃗⊥; B⃗⊥; C⃗⊥, and D⃗⊥ are the same as
in Ref. [41]. In Eq. (22), the cosine terms represent the
Landau-Pomeranchuk-Migdal (LPM) effect, and λg is the
gluon mean-free path in a system of size L. Moreover,
the normalized collision kernel [ð1=σÞdσ=d2q⃗⊥] describes
the elastic scattering between the jet and thermal constitu-
ents and reads as

1

σ

dσ
d2q⃗⊥

¼ m2
D

πðq2⊥ þm2
DÞ2

; ð23Þ

where mD is the medium Debye screening mass.
In order to obtain the final angularity distributions with

the medium modifications from Eq. (21), we further require
phase-space cuts on the x integration. This is mainly
because of an enhancement in the x → 0 limit that requires
opacity resummation. Progress has been made in this
direction [39,81]. Nevertheless, in this study, we employ
splitting functions acquired through the first-order opacity
expansion. For our calculation, we follow the prescription
discussed in Ref. [80]. However, we would like to point out
that the ratios of the differential distributions, defined in
Eq. (33), are not sensitive to such cuts. To obtain the
resummed result for medium-modified angularity distribu-
tion, we solve Eq. (26) with the total jet function containing
medium-modified contributions. Moreover, as there are no
large logarithms introduced in the medium-modified angu-
larity jet function, to this order, the jet scale for RG
evolution remains the same as that in the vacuum. The

RG evolution equation for the total jet function J in the
presence of the medium explicitly reads as

μ
d
dμ

J iðy; p̃T; μÞ ¼ γJ iðy; p̃T; μÞJ iðy; p̃T; μÞ; ð24Þ

where γJ i
is the anomalous dimension

γJ iðy; p̃T; μÞ ¼ Γi
J ½αs�

�
2

jJ
lnðiyeγEÞ þ lnLn

�
þ γiJ ½αs�:

ð25Þ

The boundary condition to solve Eq. (24) is given by the
total fixed-order jet function that includes both vacuum and
medium-induced contributions, i.e., J vac

i þ J med
i . With

some simplifications, the final form of the renormalized
jet function acquires the form

J iðy; p̃T; μÞ ¼ eK
i
γJ
þ2Ki

ΓJ

�
ðiyeγEÞ

2ηiΓJ
jJ

�
μJ
p̃T

�
2ηiΓJ
�

× J iðy; p̃T; μJÞ: ð26Þ

Further details about the notation and the solution of RG
equations and evolution are discussed in Appendix B 2.
As mentioned earlier, we work with NLL0 accuracy that
requires finite terms in the fixed-order distribution, while
the resummed ingredients involve two-loop cusp and
one-loop noncusp anomalous dimensions, discussed in
Appendix B 2. For the final resummed angularity
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distribution, we again use the factorization formula dis-
cussed in Eq. (7) with fixed-order functions replaced by
resummed jet and soft functions.

B. Medium model

In this section, we discuss the assumptions about the
QGP medium under which we compute the relevant
medium parameters such as the medium temperature,
Debye mass, mean-free path, and system length. We
consider a simple Bjorken model for the medium and
neglect the effects of radial and transverse flow. For a fixed
impact parameter b, medium parameters along the jet path
are functions of the point of the initial hard scattering r0 and
the emission angle ϕ. (There is no η dependence as we will
focus on η ¼ 0.) To simplify our calculation, we take the
average over ϕ and r0. With these assumptions, for a given
b, the average length of the encountered medium is
obtained from

LðbÞ ¼
R
d2r0dϕLðb; r0;ϕÞPðb; r0ÞR

d2r0dϕPðb; r0Þ
; ð27Þ

where Lðb; r0;ϕ0Þ denotes the total path length traversed
by the jet through the medium, starting from the initial hard
scattering point r0 until it exits. The overlap region
dominates the r0 integration, and Pðb; r0Þ is the probability
density of the binary interaction between two nuclei, which
we obtain from the Glauber model. (See Ref. [75] for more
details.)
Since the jet travels with the speed of light, one can

replace the time with the distance traversed by the jet;
hence, when the jet has covered a distance L in the medium,
the temperature is defined as

Tðb; r0;ϕÞ ¼ T0ðbÞ
�
Lðb; r0;ϕÞ

τ0

�1
3

; ð28Þ

where τ0 is same as the thermalization time, which we take
as 0.6 fm [82]. We ignore the short distance traveled in the
first 0.6 fm. It is to be noted that in the above equation,
we have kept the angular dependence of T0 and the initial
position. For our purpose, we assume that the initial
temperature is independent of ϕ. For initial temperature
(T0), we follow the prescription provided in Ref. [83].
Thus, with all these ingredients, the average temperature is
given by

TðbÞ ¼
R
d2r0dϕTðb; r0;ϕÞPðb; r0ÞR

d2r0dϕPðb; r0Þ
: ð29Þ

From the average temperature, we estimate the average
Debye mass (mD ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ Nf=6
p

gsT, where Nf is the
number of flavors) for each impact parameter b. The
mean-free path of a gluon is evaluated as [84]

λ−1g ¼ 9ζð3Þ
32π3

g4sT3

m2
D

ð16þ 4NfÞ: ð30Þ

For quarks, λ−1q ¼ ðCF=CAÞλ−1g . Finally, we integrate b
over the ranges that correspond to the relevant central-
ity bins.
In Table I, we tabulate medium parameters obtained

using Eqs. (27), (29), and (30). To obtain the Debye mass,
we take gs ¼ 2. We note from Table I that the central value
for the average temperature for the 10%–30% centrality bin
is slightly larger than the 0%–10% centrality bin, even
though the initial temperature is larger for the more central
bin. This is because the reduced initial temperature for the
more peripheral bin happens to be compensated by the fact
that jets spend a smaller time in the cooling medium. This
feature is model dependent, and a Bjorken-like expansion
model is a bit simplistic to correctly capture these dynamics
as would be the case typically in a more sophisticated
hydrodynamical model. However, we would like to point
out that the temperatures between the two bins are still
compatible within the given error bands. For the plots
presented in this paper, we will only use the central values
of the medium parameters and show the uncertainties due
to variation of the renormalization scale μ only.
With medium parameters in hand, we can use Eqs. (21)

and (22) to calculate the jet function for a given pT .
However, to evaluate the final angularity distribution
[Eq. (7)], we need to account for two additional effects.
First, the jet pT is modified by interactions with the
medium partons (energy loss), causing a migration effect
in the observed pT of the jet. Second, the parton distribu-
tion functions in AA collisions are different from the
distribution functions in pp collisions due to initial state
effects. These processes affect the overall jet pT distribu-
tion and therefore its moments. We describe these effects in
the next section.

C. Jet pT spectrum

Jet energy loss in the medium is larger than in vacuum
due to the interactions that jet partons undergo with the
thermal constituents, leading to additional out-of-cone

TABLE I. Medium parameters for PbPb collisions obtained
from the Glauber model for 0%–10% and 10%–30% centrality
bins. The initial temperature (T0) is obtained following the
method discussed in Ref. [83].

Parameter 0%–10% 10%–30%

bðfmÞ 3.34 7.01
LðfmÞ 4.96� 2.44 3.56� 1.98
T0ðMeVÞ 456 437
TðMeVÞ 248� 128 289� 84
mDðMeVÞ 0.607� 0.314 0.708� 0.206
λ−1g (fm−1) 1.009� 0.52 1.17� 0.34
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radiation. This implies that a jet measured in a given
pT range can have contributions from various higher
pT-initiated jets that have lost a sufficient amount of
energy [85,86]. For instance, a high pT jet can lose a
substantial fraction of its energy and therefore can migrate
to the observed bin. Moreover, a jet initiated by a parton
with slightly larger pT, which lost only a small fraction of
the energy, can end up within the same observed pT bin.
This effect needs to be included while comparing jet
substructure observables in heavy-ion collisions with pp
collisions [87].
The average energy loss fraction via a single out-of-cone

emission, for gluon-initiated (ε̄g) and quark-initiated (ε̄q)
jets in the medium, can be computed [23] from the
medium-induced splitting functions Pmed as follows:

ε̄g ¼ 2π

�Z
1
2

0

dx xþ
Z

1

1
2

dxð1 − xÞ
� Z

2pTxð1−xÞ tanR02
2pTxð1−xÞ tanR2

dk⊥

× k⊥½Pmed
g→ggðx; k⊥Þ þ 2NfPmed

g→qq̄ðx; k⊥Þ�; ð31Þ

ε̄q ¼ 2π

�Z 1
2

0

dx xþ
Z

1

1
2

dxð1 − xÞ
� Z

2pTxð1−xÞ tanR02
2pTxð1−xÞ tanR2

dk⊥

× k⊥½Pmed
q→qgðx; k⊥Þ þ Pmed

q→gqðx; k⊥Þ�: ð32Þ

The upper limit on k⊥ in Eqs. (31) and (32) is determined
by R0 ∼Oð1Þ.
As a first approximation, we include this energy loss by

setting PcðεÞ equal to δðε − ε̄Þ in Eq. (7) (i.e., using the
average value of the energy loss fraction). This provides
an estimate of the energy loss due to the first moment of
the radiative spectrum. From Eq. (32), we obtain around
10%–15% (20%–30%) energy loss for quark-initiated
(gluon-initiated) jets with a pT in the range 40–60 GeV
and R ¼ 0.4 for 0%–10% central collisions. The results for
pT ∈ ½80; 100� GeV (pT ∈ ½40; 60� GeV) by employing the
average energy loss are shown in the left (right) panel of
Fig. 5 in Sec. V D.
This simple picture is complicated by two important

effects. First, even for a fixed trajectory of a jet in the
medium, the energy carried outside the cone by a parton is
not fixed. The splitting functions give the (unnormalized)
probability distribution of the energy loss fraction, and the
variance in the distribution about the mean can be sub-
stantial. Furthermore, the number of partons emitted out-of-
cone is not fixed. A traversing energetic parton can emit
multiple partons as it moves through the medium (multiple
splitting of gluons in qq̄ is small and can be neglected).
These effects can be modeled by assuming that the gluon
emissions are independent and by writing the multigluon
emission distribution as a Poisson distribution [45]. We
show the distribution of fractional energy loss, PcðεÞ, for
two representative pT values in Fig. 2.
In Fig. 3, to consider the effect of accounting for the full

energy loss distribution, we compute the final angularity

distribution by using PcðεÞ in Eq. (7) and compare the
result with what we obtain if we use just the mean energy
loss. From the figure, we see that the central values of the
angularity distribution calculated with the full PcðεÞ (blue)
are close to the result obtained by using the first moment of
ε̄ (magenta) while the uncertainty bands are wider, as
expected. The uncertainty bands in blue are obtained by
varying the scale μ from pT=2 to 2pT and convoluting
the distribution with PcðεÞ. The calculation of the angu-
larities using the full distribution is computationally quite

q [90GeV]

q [50GeV]

g [90GeV]

g [50GeV]

0.0 0.2 0.4 0.6 0.8 1.0
0.1

0.5

1

5

10

FIG. 2. Distributions of fractional energy loss of quark-initiated
(q) and gluon-initiated (g) jets for initial energies 50 GeV and
90 GeV. The distributions are obtained by modeling medium-
induced radiation through medium-induced splitting functions
and accounting for multigluon emissions via a Poisson ansatz.
The mean value of ε gives the average energy loss values as
obtained via Eqs. (31) and (32), and the variance represents
fluctuations in the energy loss. We note that gluon-initiated jets
experience larger fluctuations due to a longer tail in the
distribution, which is especially pronounced at small pT values.

FIG. 3. Normalized differential distributions for a ¼ 0 for
pT ¼ 90 GeV, for jets with R ¼ 0.4 and for the 0%–10%
centrality bin in PbPb collisions. Normalization is the same as
the one used in Fig. 1. The magenta error band corresponds to the
variation in μ from pT=2 to 2pT , with the central line corre-
sponding to μ ¼ pT , taking ε to be ε̄. The blue band incorporates
the full Poisson distribution, accounting for the fluctuations in the
gluon number density.
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time-consuming. Therefore, for the rest of the plots in this
paper (Figs. 4–7), we will use the average energy loss for
the jet in a given pT bin. We expect that this will give a
good estimate of the normalized distribution for the central
value, but we underestimate the error band in the angularity
distributions.
The second source for fluctuations in the energy loss is

that, for a given centrality bin, one needs to average over
the impact parameters, the jet production point, and the
direction relative to the medium, all of which will affect
the temperature and path lengths encountered by the jet;
see Eq. (22). Thus, the energy loss distribution needs
to be computed on a jet-by-jet basis. Additionally, in
fluctuating hydrodynamical backgrounds, averages over
the background must be performed. A detailed inves-
tigation of all these effects is interesting and will be
explored in the future.
Finally, the initial state effects can be accommodated by

modifications of the parton distribution functions f̃ðx; μÞ
from their vacuum values. The key process is the initial
state interaction of the colored initial hard parton as it
traverses through the second nucleus, prior to the hard
interaction with the opposite moving parton [62]. This is
otherwise known as the cold nuclear matter energy loss.
This energy loss is process dependent, and it has been
argued that it is not fully captured in the nuclear PDFs [61].
We use the model for CNM energy loss given in Ref. [62],
which has previously been used for the phenomenology of
jets in heavy-ion collisions.
With all the ingredients in hand, we now calculate the

effect of medium modifications on the differential angu-
larity distributions for various jet cone size, jet pT , and
centrality.

D. Discussion of medium-modified angularity
distributions

There are two effects that control the distribution of
medium-modified angularities. First, the energy loss experi-
encedby a jetwhile traversing themedium,due toout-of-cone
radiation, results in a pT shift of the jet initiating parton. This
leads to an overall shift in the distributions for all exponents.
Second, the medium-induced splittings can generate local
changes in the distribution of the observable, leading to a
further redistribution of the spectrum. The combined effect
of these two factors depends on the jet parameters for a given
set of medium scales as discussed below.
In Fig. 4, we show differential distributions normalized to

unity for angularity exponent a ¼ 0 and two different values
of jet radius i.e., R ¼ 0.2 and R ¼ 0.4, for a jet with
momentum 40 < pT < 60 GeV and centrality of 0%–10%.
As may be seen from Fig. 4(a), a narrower jet (R ¼ 0.2) is
less modified in the whole range of τa in contrast to R ¼ 0.4.
To the leading order, for the medium, the soft function is R
dependent while the jet function is less sensitive to the cone
size. Therefore, smaller R jets are less modified in our
analytic setup. On the other hand, for R ¼ 0.4, there is an
apparent shift of the distribution towards the small τa region
arising from different competing effects. Additionally, in
the larger τa region, the medium-modified distribution is
steeper compared to the vacuum one.
Next, we analyze the effect of medium modification

on jets (i) initiated by a parton with a different pT and
(ii) created in off-central collisions. To this end, in Fig. 5,
we present differential distributions for jets with R ¼ 0.4,
(a) 80 < pT < 100 GeV with centrality of 0%–10%
and (b) 40 < pT < 60 GeV with centrality of 10%–30%,
keeping the differential distribution of Fig. 4(b) as the

(a) (b)

FIG. 4. Differential distributions in PbPb (0%–10% centrality) and pp for a ¼ 0, jet parameters 40 < pT < 60 GeV, and (a) R ¼ 0.2
and (b) R ¼ 0.4. The turquoise region represents the angularity distribution in vacuum, and the magenta region is the medium-modified
distribution. The theoretical error band corresponds to a variation in μ from pT=2 to 2pT , with the central line corresponding to μ ¼ pT .
The nonperturbative parameter Ω0 is 0.85(0.8)GeV for R ¼ 0.2ð0.4Þ. See the text below Eq. (16) for more details. Normalization is the
same as in Fig. 1.
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baseline. For a high pT jet, the medium modifications are
less apparent. However, the distributions in the medium are
still enhanced in the small τa region, and a steeper fall is
seen for larger values of τa.
To see the effect of off-central collisions, from Fig. 5(b),

we find that the differential distribution for the 10%–30%
centrality bin is quite similar to the central case, and we see
only a slight modification of the medium-modified dis-
tribution compared to the central case. To understand it
better, we present the ratios of medium-modified and
vacuum differential angularity distributions as a function
of τa for the exponent a ¼ 0 in Fig. 7. Interestingly, we see
very little difference between 0%–10% and 10%–30% bins,
except for the small τa region which shows less enhance-
ment for the latter case. The fact that the difference in all
other τa bins is not so significant can be traced back to the

parameters found in Table I for the average temperature. It
is important to note that this feature is, however, reliant on
the use of a Bjorken-like model for the hydrodynamic
evolution of the medium. However, the feature that, in the
off-central case, jets would be less modified (as visible in
the small τa region) than the more central case is robust
and does not rely on the specific details of a model. Even
though, at first sight, this does not seem so obvious, a
similar feature is observed when looking at another jet
property, the nuclear modification factor RAA for these
two centrality bins. This is partially seen in the available
experimental data from CMS and ATLAS [3,4,7] for pT not
much greater than 100 GeV, towards the lower end of the
available pT bins explored in these experiments. In this
region, the RAA of the 0%–10% central bin does not seem
to be very different from the next centrality bin. A more

(a) (b)

FIG. 5. Differential distributions for a ¼ 0 with (a) 80 < pT < 100 GeV, 0%–10% centrality and (b) 40 < pT < 60 GeV, 10%–30%
centrality, for a jet with R ¼ 0.4. The nonperturbative parameter is taken as Ω0 ¼ 0.35 GeV for the left plot and Ω0 ¼ 0.8 GeV for the
right one. Normalization is the same as in Fig. 1.

(a) (b)

FIG. 6. Ratio of differential distributions in PbPb and pp for various angularity exponents a ¼ −1, 0, 0.5; (a) for R ¼ 0.2 and (b) for
R ¼ 0.4. For both the figures, the jet pT is in the range 40 < pT < 60 GeV and centrality is 0%–10%. As can be seen, medium effects
are stronger in jets with a larger radius for all the angularity exponents considered here.
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thorough understanding of RAA for the pT values we
consider in this paper requires extending the experimental
data to small pT jets in the same centrality bins.
Finally, to qualitatively understand the impact of varying

the exponent a, we show the ratio of angularity distributions
in PbPb and pp collisions in Fig. 6 for a jet with 40 < pT <
60 GeV and for two different jet radius parameters, R ¼ 0.2
and R ¼ 0.4. We present these results for three different
angularity exponents, namely, a ¼ −1, 0, and 0.5. The
corresponding quantity shown in the figure is defined as

PbPb
pp

¼
	
1
σ
dσ
dτa



AA	

1
σ
dσ
dτa



pp

; ð33Þ

where each of the distributions is normalized to unity,
respectively.
From Fig. 6, we see that a narrower jet with cone size

R ¼ 0.2 is much less modified in contrast to a jet with
radius R ¼ 0.4. Furthermore, the smaller angularity expo-
nents, which probe the collimated structure of the jet, are
less sensitive to medium dynamics. In particular, the
distribution for a ¼ 0.5 shows the largest modification
due to a higher sensitivity to the spread of a jet, for both jet
radius parameters. In fact, the jet substructure modifications
due to the medium become more pronounced for all the a
values for R ¼ 0.4. A combined scan of different angularity
exponents and different jet radius parameters over various
centrality bins could therefore be a useful probe towards a
better understanding of medium-induced effects.

VI. SUMMARY

In this paper, we performed a first study of medium
modifications on ungroomed jet angularities, restricting
ourselves to the range of a < 1 exponents. Angularities are

interesting observables in the sense that one can vary the
sensitivity of the observable to collinear radiation in the jet
by varying the exponent a. We present results for angularity
exponents a ¼ −1, 0, and 0.5, although the framework
holds for any value of a less than 1. To describe jet-medium
interactions, we utilize the SCETG formalism that incor-
porates these interactions via background Glauber fields
generated from the color charges in the QGP. Utilizing the
collinear matrix elements and the medium-induced splitting
functions, we calculate the medium-modified angularity jet
function to NLL0 accuracy. We use nCTEQ15 nuclear PDFs
for Pb nuclei and incorporate the initial state energy loss
before the hard interaction using the formalism discussed
in Ref. [62]. To capture medium effects, we estimate
medium parameters within the Glauber model and obtain
the differential angularity spectrum.
In order to explore the medium modifications on the jet

substructure, we present results for various jet parameters
and angularity exponents, as well as for an off-central event.
By looking at two different values of jet radius and two
different centrality bins, we find that the effects of the
medium are more pronounced for a ¼ 0.5 and for a wider jet
cone. Although we see little to no differences between the
two centrality bins in our study, this effect is a result of the
simple Bjorken-like expansion of the medium considered
here. We also note in Table I that the fluctuations in the
medium parameters within each centrality bin are quite large.
Therefore, a proper analysis will require taking these into
account. Further, one can use more sophisticated models of
the background hydrodynamic evolution to characterize the
medium. We leave these improvements for future work.
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APPENDIX A: PLUS DISTRIBUTIONS

For a generic function gðxÞ less singular than 1=x2 as
x → 0, the plus distribution with a boundary at x ¼ x0 is
defined as [88]

½θðxÞgðxÞ�x¼x0þ ¼ lim
ϵ→0

�
θðx−ϵÞgðxÞþδðx−ϵÞ

Z
x

x0

dx0gðx0Þ
�
;

ðA1Þ

FIG. 7. Comparison of ratios of differential angularity cross
section for PbPb to pp for two centrality bins, 0%–10% (black) and
10%–30% (red). Jets are clustered with R ¼ 0.4 and transverse
momentum in the range 40 < pT < 60 GeV. The result is shown
for the angularity exponent a ¼ 0, which is also related to jet mass.
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where the boundary condition satisfies

Z
x0

0

dx½θðxÞgðxÞ�x¼x0þ ¼ 0: ðA2Þ

The boundary condition of the plus distribution can be
related to a plus distribution with a different boundary
through the relation

½θðxÞgðxÞ�x¼x0þ ¼ ½θðxÞgðxÞ�x¼1þ þ δðxÞ
Z

1

x0

dx0 gðx0Þ: ðA3Þ

In particular, one can rewrite this relation for the distribu-
tions where one has a boundary at infinity to express in
terms of the one with a boundary at x ¼ þ1.

�
θðxÞ
x1þα

�
∞

þ
¼ −

1

α
δðxÞ þ

�
θðxÞ
x

�
þ
− α

�
θðxÞ ln x

x

�
þ
þOðα2Þ:

ðA4Þ

Another useful identity that we require is the rescaling
identity; i.e., any constant parameter ζ (with ζ > 0) can be
scaled out of the distribution as

1

ζ

�
θðxÞ
x=ζ

�
þ
¼
�
θðxÞ
x

�
þ
− ln ζδðxÞ; ðA5Þ

1

ζ

�
θðxÞ lnðx=ζÞ

x=ζ

�
þ
¼
�
θðxÞ ln x

x

�
þ
− ln ζ

�
θðxÞ
x

�
þ

þ 1

2
ln2ζδðxÞ: ðA6Þ

APPENDIX B: PERTURBATIVE RESULTS

In this appendix, we collect some necessary ingredients
for our perturbative computations that were left out of the
main text.

1. Fixed-order computation of the vacuum jet function

For a quark-initiated jet, the angularity jet function in
vacuum reads as

J vac
q ðτa; pT; μÞ ¼

ᾱs
j2 − aj

eϵγE

Γð1 − ϵÞ
�
μ2

p2
T

�
ϵ 1

τ
1þ 2ϵ

2−a
a

×
Z

dxPq→gqðxÞðxa−1 þ ð1 − xÞa−1Þ 2ϵ
2−a:

ðB1Þ

Simplifying this by factoring out the term ð1 − xÞ−2ϵ1−a2−a to
regulate the divergence at x → 1 in the splitting function,
we obtain the form

J vac
q ðτa; pT; μÞ ¼

ᾱsCF

j2 − aj
eϵγE

Γð1 − ϵÞ
�
μ2

p2
T

�
ϵ 1

τ
1þ 2ϵ

2−a
a

×
Z

dx

�
1þ

�
x

1 − x

�
a−1
� 2ϵ

2−a

×

�
1þ x2

ð1 − xÞ1þ2ϵ1−a
2−a

− ϵð1 − xÞ1−2ϵ1−a2−a

�
:

ðB2Þ

Now, performing the x integral by first expanding in ϵ and
keeping only terms up to OðϵÞ in the above expression, we
obtain the final form of the NLO quark jet function, which
reads as

J vac
q ðτa; pT; μÞ ¼

αsðμÞCF

πj2 − aj
�
δðτaÞ

�
−
2 − a
2ϵ

−
2 − a
2

Ln −
ϵ

4
ð2 − aÞL2

n þ
π2

24
ϵð2 − 1Þ

�
þ
�
1

τa

�
þ
þ ϵLn

�
1

τa

�
þ

−
2ϵ

2 − a

�
ln τa
τa

�
þ

�
×

�
−
2 − a
1 − a

1

ϵ
−
3

2
− ϵ

�
1

2
þ 3

2ð1 − aÞ
2 − a

�
þ 2π2ϵ

3

1 − a
2 − a

þ 2ϵ

2 − a

×
Z

1

0

dx
1þ ð1 − xÞ2

x
ln½x1−a þ ð1 − xÞ1−a�

�
ðB3Þ

and agrees with the one obtained in Ref. [28]. For the
gluon-initiated jet, we follow similar steps by taking the
contributions from Pgg and Pqg.

2. Fourier space solution of jet and soft functions

For the jet and the soft functions, the RG equations
have the form of a convolution in the measurement
variable τa in the physical space. In order to solve these

coupled RG equations, we define a Fourier transform
with respect to the observable such that the RG equations
become multiplicative in the Fourier space. The Fourier
transform of a generic function F depending on a variable
x is defined as

FðyÞ ¼
Z

∞

0

dx e−ixyFðxÞ: ðB4Þ

BUDHRAJA, SHARMA, and SINGH PHYS. REV. D 112, 034017 (2025)

034017-14



The RG equation for the soft function, in the Fourier
space, then reads as

μ
d
dμ

S̃iðy; pT; μÞ ¼ γSiðy; pT; μÞS̃iðy; pT; μÞ; ðB5Þ

where the anomalous dimension is given as

γSiðy; pT; μÞ ¼ −2Γi
S½αs�

�
lnLs þ

1

jS
lnðiyeγEÞ

�
: ðB6Þ

Here, Γ and γ are the cusp and noncusp anomalous
dimensions. These exhibit an order-by-order expansion in
the strong coupling. To the desired NLL0 accuracy, we
require up to a two-loop coefficient of the cusp piece, the
one-loop noncusp anomalous dimension, and two-loop
running of the beta function. The expansions of the
anomalous dimension pieces as well as the beta function
in powers of αs are written as

Γ½αs� ¼
X∞
n¼0

Γn

�
αs
4π

�
nþ1

; γ½αs� ¼
X∞
n¼0

γn
�
αs
4π

�
nþ1

;

β½αs� ¼ −2αs
X∞
n¼0

βn
�
αs
4π

�
nþ1

: ðB7Þ

Up to two loops, the β-function coefficients that we
require are given as (in the MS scheme)

β0 ¼
11

3
CA −

4

3
TRNf; ðB8Þ

β1 ¼
34

3
C2
A −

�
20

3
CA þ 4CF

�
TRNf: ðB9Þ

Having the anomalous dimensions as given in Eq. (B6),
the solution of the RG equation for the soft function, in
the Fourier space, reads as

S̃iðy; pT; R; μÞ ¼ e−2K
i
ΓS

�
ðiyeγEÞ−

2ηiΓS
jS

�
μSR1−a

pT

�
−2ηiΓS

�
× S̃iðy; pT; R; μSÞ: ðB10Þ

Note that both the jet and soft functions are evolved from
their corresponding natural scales μJ;S to an arbitrary
renormalization scale μ, which we choose to be the hard
matching scale μH ∼ pTR. Here, KΓ, kγ , and ηΓ are the
evolution kernels that depend on the characteristic scale of
the relevant dynamics described and the free renormaliza-
tion scale. For brevity, we have suppressed this scale
dependence in Eqs. (26) and (B10). These evolution
kernels to all orders are defined as

Ki
Γðμ0; μÞ ¼

Z
αsðμÞ

αsðμ0Þ

dαs
βðαsÞ

Γi½αs�
Z

αs

αsðμ0Þ

dα0s
βðα0sÞ

;

ηiΓðμ0; μÞ ¼
Z

αsðμÞ

αsðμ0Þ

dαs
βðαsÞ

Γi½αs�;

Kγðμ0; μÞ ¼
Z

αsðμÞ

αsðμ0Þ

dαs
βðαsÞ

γðαsÞ; ðB11Þ

and their explicit expressions up to NLL0 are

KΓðμ0; μÞ ¼ −
Γ0

4β20

�
4π

αsðμ0Þ
�
1 −

1

r
− ln r

�

þ
�
Γ1

Γ0

−
β1
β0

�
ð1 − rþ ln rÞ þ β1

2β0
ln2r

�
;

ηΓðμ0; μÞ ¼ −
Γ0

2β0

�
ln rþ αsðμ0Þ

4π

�
Γ1

Γ0

−
β1
β0

�
ðr − 1Þ

�
;

Kγðμ0; μÞ ¼ −
γ0
2β0

ln r; ðB12Þ

with r ¼ αsðμÞ=αsðμ0Þ.

3. Fixed-order hard matching functions

The hard matching functions Hc→iðz; pTR; μÞ encode
radiation with virtuality of the order of OðpTRÞ, i.e.,
radiation that fails to pass the jet algorithm constraint.
Up to NLO, it has been shown that they can be obtained
by the out-of-jet radiation diagrams for the inclusive jet
substructure observables [66].
From the knowledge of the one-loop structure of the

hard matching functions, we can compute the RG equation
which takes a DGLAP-like form. In order to solve it,
we further decompose the complete one-loop matching
function as

Hc→iðz; pTR; μÞ ¼ EcðpTR; μÞCc→iðz; pTR; μÞ: ðB13Þ

Here, Ec is the non-DGLAP piece, and it satisfies an RG
equation of the form

μ
d
dμ

ln Ecðμ; pTRÞ ¼ γcðμ; pTRÞ; ðB14Þ

with the anomalous dimensions γc given as

γc ¼

8>><
>>:

αsðμÞCF
π

	
−Lh − 3

2



∶ for quark jet;

αsðμÞ
π

	
−CALh −

β0
2



∶ for gluon jet:

ðB15Þ

The logarithm Lh appearing in the anomalous dimen-
sions is defined as

Lh ¼ 2 ln
μ

pTR
: ðB16Þ
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The function Cc→i satisfies a DGLAP evolution equation
which reads as

d
d ln μ2

 
Cq→gðμ; pTR; zÞ
Cg→gðμ; pTR; zÞ

!

¼ αsðμÞ
4π

Z
1

z

dz0

z0

 
Pgqðz=z0Þ 2NfPqq̄ðz=z0Þ
Pqgðz=z0Þ Pggðz=z0Þ

!

⊗

 
Cq→gðμ; pTR; z0Þ
Cg→gðμ; pTR; z0Þ

!
: ðB17Þ

The solution of the hard functions from Eqs. (B14)
and (B17) when combined with the jet and soft functions
allows for the resummation of large logarithms of the
measurement observable, leaving only logarithms of the jet
radius R. These large logarithms can then be resummed by
evolving the result to the hard function scale. We provide
the solution of the RG equations corresponding to the
matching function in the section below.

4. Renormalization group evolution
for matching functions

The function Ec in Eq. (B13) exhibits a simple multi-
plicative RG equation which has the solution

Ecðμ; pTRÞ ¼ e−K
i
ΓH

−Ki
γH EcðμH; pTRÞ; ðB18Þ

where Ki
ΓH
, Ki

γH are evolution kernels defined as in
Eqs. (B11) and (B12) and the index i ¼ fq; gg is not
summed over. For the hard function, the anomalous
dimension coefficients are

ΓH
0 ¼ 4Ci; ΓH

1 ¼ 4Ci

��
67

9
−
π2

3

�
CA −

20

9
TRNf

�
;

ðB19Þ

γH;q
0 ¼ 6CF; γH;g

0 ¼ 2β0: ðB20Þ

The function C exhibits a standard DGLAP structure [see
Eq. (B17)]. In order to solve Eq. (B17), we take the Mellin
transform of which the nth moment is defined as

fðnÞ ¼
Z

1

0

dx xn−1fðxÞ: ðB21Þ

This simplifies the convolution in Eq. (B17) into a simple
product, giving multiplicative coupled RG equations.
Solving these coupled differential equations in Mellin
space using the eigenvalue method, one obtains

 
Cq→gðμ; pTR; zÞ
Cg→gðμ; pTR; zÞ

!
¼
 
eþðnÞ

�
αsðμÞ
αsðμHÞ

�
−r−ðnÞ

þ e−ðnÞ
 

αsðμÞ
αsðμHÞ

�
−rþðnÞ

!

×

 
Cq→gðμH; pTR; z0Þ
Cg→gðμH; pTR; z0Þ

!
; ðB22Þ

where the eigenvalues r� are given as

r�ðnÞ ¼
1

4β0

	
PgqðnÞ þ PggðnÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPgqðnÞ − PggðnÞÞ2 þ 8NfPqgðnÞPqq̄ðnÞ

q 

:

ðB23Þ

The eigenvectors e� in Eq. (B22) read as

e�ðnÞ ¼
1

r�ðnÞ − r∓ðnÞ

×

 
PgqðnÞ=2 − r∓ðnÞ NfPqq̄ðnÞ

PqgðnÞ=2 PggðnÞ=2 − r∓ðnÞ

!
:

ðB24Þ

Finally, the initial conditions for C required to obtain the
complete solution of Eq. (B22) are set by the explicit one-
loop structure of the matching function. This gives the
complete solution of hard matching functions in the Mellin
space. In order to obtain the solution in the physical space,
we take the inverse Mellin transform of the solution
obtained above numerically [89].
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