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Chiral first order phase transition at finite baryon density and
zero temperature from self-consistent pole masses in the linear
sigma model with quarks
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We use the two-flavor linear sigma model with quarks as an effective description of QCD to investigate
the nature of the chiral phase transition at finite baryon chemical potential and zero temperature. We work at
one-loop order to set up and solve the system of self-consistent coupled equations for the particle pole
masses. The chemical potential-dependent value of the chiral order parameter is obtained by minimizing
the one-loop effective potential. This treatment goes beyond the conventional ring-diagram approxi-
mation and provides a description valid for arbitrary values of the chemical potential. We find that the
phase transition is of first order and occurs when the quark chemical potential reaches the value of the
vacuum quark mass for the chosen set of parameters. The first order nature of the transition is signaled by
the discontinuous behavior of the chiral condensate, the masses, and the couplings. The thermodynamics
of the system is readily implemented and in particular, we find that the square of the speed of sound
exhibits a discontinuity at the phase transition and then smoothly approaches the conformal limit

from below.
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I. INTRODUCTION

The phase structure of quantum chromodynamics (QCD)
at finite temperature (7)) and baryon density (up) reflects
the interplay between deconfinement and chiral symmetry
restoration. At low baryon densities, this transition pro-
ceeds as a smooth crossover, as established by both
experimental and theoretical studies. At higher densities,
however, the crossover is expected to terminate at a critical
end point (CEP) or be replaced by more complex phases,
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such as those with spatial modulations, potentially
originating the onset of qualitatively new regimes in the
QCD phase diagram [1-9]. In this context, the properties
of strongly interacting matter under extreme conditions
of temperature, density, and also in the presence of
strong electromagnetic fields are currently under intense
scrutiny [10-32].

A driving force in this field is the experimental search for
the CEP, for which the STAR BES-I and BES-II programs
have provided a wealth of information on net baryon
number fluctuations [33-38]. In the near future, the
multipurpose detector (MPD) [39,40], at the Nuclotron-
based Ion Collider Facility (NICA), will provide additional
data, precisely in the region of the phase diagram where the
CEP is thought to be located, which corresponds to the
NICA energy range.
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If a CEP exists, the transition line between broken and
restored chiral symmetry for large baryon densities turns
out to be first order. Therefore, exploring the region of large
up and low T becomes important in the search for
signatures of this kind of transition. Unfortunately, lattice
QCD cannot perform this search deep into the phase
diagram due to the severe sign problem [41-43]. To
circumvent this situation, several theoretical tools have
been explored, such as the analysis of the Lee-Yang zeroes
in the complex chemical potential plane [44,45],
Schwinger-Dyson equations [46,47], the functional
renormalization group [48,49], Ising mapping to the
QCD CEP [50,51], holographic methods [52,53], and
effective models [54-61]. In particular, the two-flavor
linear sigma model with quarks (LSMq) has proven to
be an excellent analytical tool due to its trackable particle
content (pions, sigma, and quarks) and its renormalization
properties [62—66].

However, pions, being pseudo-Goldstone bosons, are
light, and since in the LSMq particle masses are driven by
the chiral condensate, when chiral symmetry is being
restored, the square of the pion mass can become negative,
signaling the need to include the plasma screening effects in
the model description. This approach has been followed,
including the finite yp and T static contributions to the
meson masses by accounting for the meson self-energies at
ring diagram order [67—69]. In addition to the static nature
of the self-energy calculations, analytic results can only be
obtained in the limit of large 7', which, for the description of
the chiral transition line, is at best a marginally good
approximation. Attempts to extend the range of validity of
the analytical approximation for smaller values of T are
also limited [70].

It is therefore clear that if these limitations are to be
overcome, the up and T modifications to the two-flavor
LSMq particle masses need to be computed beyond the
static, high temperature ring diagram approximation. In this
work we start the road for the computation of these particle-
mass modifications, concentrating first on the case of
arbitrary finite pp while keeping 77 =0. We work in
perturbation theory at one-loop order. Since the
Feynman diagrams contributing to each particle self-energy
depend on the masses of the other degrees of freedom, the
calculation is intrinsically self-consistent and requires the
simultaneous solution of a set of three coupled integral
equations for the up-dependent pion, sigma, and quark
masses. These masses, in turn, depend on the vacuum
expectation value » of the sigma field, which is the order
parameter of the theory, and is obtained by minimizing the
one-loop effective potential. The work is organized as
follows: In Sec. II we write the LSMq Lagrangian and
describe its properties. Working up to one-loop order, we
separate the vacuum from the matter contribution to the
effective potential and find the expression for the matter
piece in the T = O limit. In Sec. III we explicitly compute

the self-energies at finite up that modify the particle masses.
In Sec. IV we numerically solve the equations and discuss
the properties of the solutions. Finally, in Sec. V, we
summarize our findings and provide an outlook on the
results. In what follows, we work with the quark chemical
potential ¢ and recall that its relation with the baryon
chemical potential is given by up = 3.

II. LINEAR SIGMA MODEL WITH QUARKS

We consider the linear sigma model with N = 2 quark
flavors and N. = 3 colors. The Lagrangian density in the
chiral limit can be written as

1 , a’ A .
£ = 3 Tt{0, @7 0"0) + - Trfe! o] - - Tr{e" o]
+ oy — gL Py + Py, ), (1)

where the squared mass parameter a”> > 0 allows for a
spontaneous chiral symmetry breaking, and y; p = [(1 F
v°)/2)y are the chiral projections of the quark field. The
boson self-coupling and the boson-fermion coupling, 4 and
g, respectively, are taken to be positive. The meson field is
given explicitly by ® = ¢ + i7 - 7, where ¢ is the scalar
sigma field and 7 = (7,75, 73)7 is the triplet of pion
pseudoscalars. This field transforms in flavor space
under chiral transformations as ® — U L(DUIQ, with
U r€SU(2); x SU(2)g. These transformations are para-
metrized by two sets of angles @, and ag, with the
corresponding unitary operators

U, = ei(?L?/Z’ Up = eiﬁR»?/2, (2)

where 7 = (7, 7,,73)7 are the Pauli matrices. The fermion
fields transform as
wr = Uryr, wr = Uryp. (3)

In terms of the Dirac field w = y; + wp, this can be written
as

- 5=
W — exp (iw-‘r)y/, (4)

where ay = (a; + ag)/2 (vector transformation) and a, =
(ap —ag)/2 (axial-vector transformation). Expanding in
components, we obtain the transformations for ¢ and 7.
Vector transformation (ay):
c— o, T —T+ay X7 (5)
This is an isospin rotation, leaving ¢ invariant.
Axial-vector transformation (a4 ):

6> 0+0dy- T, T — 7T+ dyo. (6)
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This transformation mixes ¢ and 7 and is responsible for
the Goldstone boson character of the pions after the
spontaneous  breaking of chiral symmetry. The
Lagrangian density of Eq. (1) is symmetric under the
transformations of the chiral group, and from it, one can
identify the potential as

a? A
V(D) = -5 (o> + %) + 1 (6? + 7%)?, (7)

which depends only on the SU(2), x SU(2), invariant
ITr[@'®] = 6> + 7%, and is therefore fully symmetric.
Nevertheless, the state (¢) = (7) = 0 is unstable, and the
spontaneous symmetry breaking occurs when the vacuum
acquires a nonzero expectation value for one of the compo-
nents (®) = v, and one customarily sets this direction as
(6) = v, (7) =0, which preserves a SU(2), symmetry
subgroup corresponding to isospin rotations of the pions.
Shifting the sigma field, 6 — ¢ 4+ v, we obtain the
Lagrangian density in the broken phase. From
Goldstone’s theorem, the three pions emerge as the
Goldstone bosons of the spontaneously broken symmetry.
To give mass to the pions, we add an explicit symmetry-
breaking term —h(c + v), with h = m3f, and mq the
physical pion mass in vacuum, accounting for the partial
conservation of axial current (PCAC) relation. A quark
chemical potential p is introduced via the covariant
derivative d,y — d,y — iﬂégy/. After these modifications,
the Lagrangian density becomes
2, m

L= [(aﬂa)z—l-(@”ﬁ)z]—%a -

1
2
+ 1/7(16 — n’lf)l// + ,ml_/}’ol/’ + Ling = Vigees (8)

where

mg =31?% - a2,

m,z, = W? — a?,

msy = gu 9)
are the tree-level masses, and the tree-level potential is
given by

a? A
Viee = —?vz—l—zv‘*—hv, (10)

which is independent of y; the dependence on the quark
chemical potential enters through loop corrections. The
interaction Lagrangian is

A N -
Lin = =7 (6% +7)? = dv(o” + 07)

— igpy’% - By — giyo. (11)

A. Dispersion relations in the presence of u

Since the meson sector is not affected by the finite
chemical potential, the dispersion relation takes on the
usual form for a relativistic excitation, namely

E, = \/K>+ m2, E,=\/K>+m?, (12
D;l(k) = k> + m3. (13)

For the fermions, the quadratic part of the Lagrangian
implies that the inverse fermion propagator in momentum
space is given by

S7H (k) = (ko +u)y° =k -y —my. (14)
Taking the determinant in the Dirac basis yields
det[S;' (k)] = [m} + K> = (ko + w1, (15)

and setting the determinant to zero determines the fermion
dispersion relation to be

B. One-loop potential

The one-loop effective potential is expressed in terms of
the inverse propagators as

V}U = iN/N.Q ' In det(S7"),
i

Vél) — _29“ [31n det(D;') +In det(D;")], (17)

where Q = f d*x is the space-time volume. The factors
account for fermion degrees of freedom (N, =2, N, = 3),
the three pions and the sigma. Writing each determinant as
an integral containing the corresponding dispersion rela-
tion, we obtain

4
1) A d’k

Vf —2leNC/W1n [(ko—ﬂ)2—E12ci|,
m_ i d*k 2 )

v =2 / Gy [31n(k0 E2) + In(k2 Eg)]. (18)

The integrals are evaluated using the Matsubara formalism,
further detailed in Sec. III C. After summing over the
fermion Matsubara frequencies @, = (2n + 1)zT, we get

M _ &’k In 1 + eE)
vV — o, W{Ef—Tn[ + ¢PEw)

— Tin[1 + ], (19)
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where f = 1/T. The first term in Eq. (19) is the vacuum
(zero-point) energy, whereas the remaining two terms
correspond to the matter contributions. The vacuum term
is ultraviolet divergent and must be regularized. Using
dimensional regularization in the MS scheme, one finds

3
n  _ d’k /12 2
Vvac.f_ZNfNC/W k —l-mf

mt (1 3 A2
f

— NN, —L |-+ +m(= ). (20

frle e 2 n(m?) ( )

1672

where A is the dimensional regularization ultraviolet scale.
Proceeding in a similar fashion for the bosons, for which
the Matsubara frequencies are w,, = 2nzT, we obtain

V=33 [ GaplE -2 - @

Here, the first term corresponds to the vacuum contribution,
whereas the second term represents the matter contribution.
As for the fermion case, we can compute the ultraviolet
divergent vacuum piece of the boson contribution which,
in dimensional regularization and in the MS scheme, is
given by

4 2
n mb 1 3 A
Vvac,b = Z 6471’2 |:E+§+h'l <m_i . (22)

b=0.%

Notice that after renormalization, the overall vacuum
contribution, Egs. (20) and (22), should not affect either
the position or the curvature of the effective potential at the
minimum. Their dependence on the condensate v merely
renormalizes the tree-level parameters a®> and A.
Consequently, the vacuum part does not influence the
determination of the equilibrium value of » at finite pu
and 7. The result of the renormalization procedure is
scheme independent. The relevant physics for chiral resto-
ration in a medium is encoded entirely in the matter term,
which is finite and depends explicitly on u. This term drives
the shift of the minimum as the chemical potential
increases, eventually leading to the restoration of chiral
symmetry.

C. Resummation

In the medium, the vacuum propagators, Eqgs. (13)-(14),
are modified. The modifications are due to interactions
which are encoded in self-energies. Let G and G be the
dressed and free propagators, respectively for a given
particle. Generically, the Dyson series relates these propa-
gators by

FIG. 1. Pion (dashed line), sigma (solid line), and quark (solid
line with an arrow) one-loop Feynman diagrams contributing to
these particles mass modifications. Only 1PI diagrams with quark
propagators are nonvanishing at 7 = 0 and finite p.

i

G(k) = G —TI(k) (23)

where I1 is the corresponding self-energy. Changes in one
of the particle’s dispersion relation affect the rest of them,
since their self-energies depend on each other. The self-
consistent solution of the system of coupled equations is
tantamount to the resummation procedure. However, in
this case, such resummation goes beyond the static ring
diagram corrections, since diagrams with an external
momentum dependence (see Fig. 1) contribute to the
particle’s mass modifications. We now proceed to show
how this approach is implemented for the 7 =0,
u # 0 case.

D. Zero-temperature limit

In the limit 7 — 0 (f — o) the thermal logarithms
simplify such that

lim 7T In(1 + e PEH) > —(E; — u)O(u — E;),

p—o0

/}imTln(l + e PEHI)) - 0,

lim T In(1 — ePEr) - 0. (24)

p—oo

Thus, only the fermion part of the matter contribution
survives when p > E, and it is the condition that restricts
the momentum integration to the Fermi momentum

kp = \/u* — m}. The zero-temperature effective potential
becomes

v =y 4y

O —My)
”2

XA\/de(ﬂ— ,/k2+M;). (25)

Notice that in the above integral, for the fermion mass we
have written M > to emphasize that as p changes, the
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fermion mass becomes dynamical, that is, 4 dependent. The
full effective potential up to one-loop level is given by

a? A O(u—My)
Veff:—702+zﬂ4_hU—NchT

xA\/ﬂz_—M?dkkz(,u—,/kZ+Mj%). (26)

III. ONE-LOOP SELF-ENERGIES

As the chiral condensate v decreases with increasing
quark chemical potential y, the tree-level masses obtained
from Eq. (9) may become imaginary, signaling the break-
down of the classical description. To cure this issue and
obtain physically meaningful masses in the vicinity of the
chiral transition, we must include the one-loop corrections
to the propagators. These corrections, obtained from the
corresponding particle self-energies, incorporate the effects
of quantum fluctuations and the surrounding medium into
the effective masses. In this section we compute the one-
loop self-energies for the sigma, the pion, and the quark
using the Matsubara formalism at finite temperature 7" and
quark chemical potential x. The zero-temperature limit is
taken at the end.

A. Interaction vertices and Feynman rules

From the Lagrangian in the broken phase, the interaction
terms that contribute to the self-energies at one loop,
Eq. (11), can be identified. These interactions can be
classified into three categories:

(i) Four-meson interactions: ¢*, 6>z%, n* (quartic cou-

plings).

(i) Three-meson interactions: ¢°, 6> (cubic couplings

arising from spontaneous symmetry breaking).

(iii) Fermion-meson interactions: yoy, wr;y (Yukawa

couplings).

The quadratic part of the Lagrangian, Eq. (8), originates
the propagators. In Minkowski space these are

3

i

A P)=— 75", 27a
zr(pO p) pz_m72[+i€ ( )

i
A PpP)=— . 27b
a(pO p) p2—m§+i€ ( )

~ i
A ) = . 27c
ApoB) = (27¢)

where p* = (pg + u, p)- The vertex factors for each of the
particle interactions are summarized in Table 1. The self-
energy for a given particle corresponds to the amputated
one-particle irreducible (1PI) two-point function.

TABLE 1. Vertex factors for the particle interactions in the
LSMg.
Vertices of the LSMq

o* —iA/4
) —iA)2
P —iA/4
o —ilv
7’6 —ilv
7gA1V8 9’7
woy —ig

B. Self-energies in Minkowski space

For each particle, the only nonvanishing one-loop self-
energies at 7 =0 and finite x4 are represented by the
Feynman diagrams in Fig. 1, and their explicit expressions
are given by

dtqg 1
1-2_ 2
Crf 7 =

—ill, = 4NN ;¢ /

gk —k? ]
) |14 % | 28a
[ (k=q)* = mj} (25
d*q 1
—ill, = 4N_.N ;¢* / -
f (2r)* g% - mzf
g, k" — k2 ]
X |1+ ——5—], 28b
[ (k-3 = (280)
d*q 40
—illy = —-3¢> /
YT ) @) k= a7 - mll(q? - m2)
d‘q qo — 2my
2 f
_ , 28¢
gL/QMHw—qV—mﬂmZ—m@ (28c)

with §* = (qo + p,q) and where k = (kg, k) is the four-
momentum feeding into the loop. We now proceed to the
explicit computation of the above expressions at finite
temperature and baryon density. Since we are looking for
the particle pole masses, we need to setk = 0 and kg = M,
where i stands for o, 7 or the quark.

C. Matsubara formalism

In the imaginary-time formalism of finite temperature
field theory, the time 7 is compactified to the interval [0, /3],
with T = 1/p. Fields satisfy periodic (bosons) or antiperi-
odic (fermions) boundary conditions

p(z) =gt +p).  wr)=-w(r+p). (29
Consequently, the zeroth component of the momentum
becomes discrete,
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(bosons), (30)

. 2nxT
- iw,, w, = .
Po " ' (2n+ 1)zT  (fermions).

The loop integrals are then replaced by Matsubara sums:

d'p . &p
Y bl Gy

with n spanning all integers. Applying this prescription to
Eq. (28), we obtain the self-energies in terms of Matsubara
|

I, = 4N Nfg2TZ/
—m TZ/ d3

— 4NN (2

I, = 4N NfngZ /
—4NCNfgszTZ/W(
dp -

+ANN g m2T> / s

5 &Ep .
My =g TZ 2n) iw,A(i(@,,

—2myg

3p 5
A(iw,, E;)A(i(@,

sums. It is convenient to introduce the following notation
for the propagators,

1
A JE)) = ———=, 32
b(a)n h) CO% + E% ( a)
1
Ai@, +p. Ef) = G B (32b)

Using these expressions, the self-energies become

lwn +ﬂ’Ef>
i@, + p)A(id, + p. Ef)A(i(0,, — @,) — . Ef)
A(id, + u, Ef)ﬁ(i(a)m - @,) = Ey), (33a)
(i, +u. Ey)
i(bn +/4)A(ld)n +/’£’Ef)5(l(wm - Cbn) —H Ef)
. Ep)A(i(0, —@,) — n.Ey), (33b)
—w,) + 1, Ef){3A(ia)n, E,) + Aliw,, E,)}
~,) + . Ey). (33¢)

D. Summation over Matsubara frequencies

The sums over Matsubara frequencies can be performed analytically using standard techniques. The key identities are

TZ A(id, +p) =
T " A(id, + p. Ep)A(i(w, — @,)

TZ(i&)n +/4)A(id)i1 +H’Ef)5(i(wm )

n

.“’Ef

TZA(iwm Eb)A(l(d)m - wn) + i, Ef)

Sl - FE )

~ W Ep) = —

$1,82=

— F(E—p). (34a)

Z ﬂl—ﬂﬁEf—ﬂ)_f(SzEf‘i‘#) (34b)
PRttt 4E%‘ i([)m - lef — SZEf ’

Z 82 1—f(S1Ef ) — f(szEf+ﬂ)] (34¢)
et 4Ef la) —S]Ef—52Ef ’

Z 5182 +f(leb)_J~C(52Ef_/")] (34d)
4EbEf l(bm — SlEb — SzEf +/l ’
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- 1+ E,)— E,—
TS (iw,) Alio,. Ey)A(i(@, — w,) + . E) == Y 4%[ iwf(ilsl”;b _fs(jzf";: A, (34e)
n + m

S1,52=

where f(E) = 1/(e’F —1) is the Bose-Einstein distribution and f(E) = 1/(e’f + 1) is the Fermi-Dirac distribution.
Applying these identities to Eq. (33) we obtain the self-energies in their final form before renormalization

qu 1 - ~
H,,—4NCNf92/(2ﬂ)32—Ef[1—f(Ef+ﬂ)—f(Ef—ﬂ)]
#q 1= f(E; — ) — F(E; + ) 1 !
4NN ;¢* ‘ '
30 1= F(E,—u) — f(E 1 1
_4NCNf92(m,2r—2m%>/ : q3 I ﬂ)z AL ' i ’ (332)
7] @ i i, =26 i, + 2
M, —an,g [ -4 L FE ) - FE )]
o =N Nygg (27)3 2E, JEp+ )= J(Ep =
#q 1= f(E; — ) — F(E; + ) 1 !
4 2 ' '
» 5, [ &p 1_}<Ef_”)_}(Ef+”) ! !
— 4N Ng*m - (35b)
I | 2y 4E2 i, =2E; o, +2E;)
1 :—3g2/ P 1 [1+fE) = J(E =p) 1+ S(E) = [(Er + 4)
N (2ﬂ')34Ef iw, —E; - Ef +u i, + Ex + Ef tH

dq 1 (f(Es)+[(Ef+n)  f(Es)+F(Ef—p)
+3gz/(27[)3E{ia)m_Eﬂ+Ef+M+iwm+En_Ef+M}
B 2/ d’q L{1+f(Ea)_J?(Ef_ﬂ)+1+f(E6)_J~[(Ef+/‘)}
T ] (Y4, iwy—E,—E; +p iy + E,+ Ep 1
N 2/ d’q L{f(Ea)‘f']?(Ef"‘ﬂ)_’_f(Eo)‘f'f(E,f_ﬂ)}
T | )y 4E; iy — E, + E; +p  iwy+ E, —E; + 1t
2/ dq 1 {1+f<Eg>—f<Ef—u>_1+f<Eg)—f<Ef+u)}
(

2n)}4E,E; | i@, —E,—E;+p i@, +E, —E;+p
3 7 7 _
B 2mfgz/ d’q 1 f(Ea) +S(Er+p) f(Eﬂ) HIE -1 (350)
(2n)34E,E; i@, — E, +Ef+pu i@, +E,—Ef+p

E. Zero-temperature limit

In the 7 — O limit, the distribution functions simplify as in Eq. (24). The Bose-Einstein distribution functions vanish,
while the Fermi-Dirac distribution functions become step functions:

lim F(E; = p) = O(u — Ey).
;li%f(Ef +u) =0,

limf(E,) = 0. (36)

Substituting these limits into Eq. (35¢), we notice that the first terms in each of these equations become proportional to the
vacuum integrals and thus can be absorbed into the renormalization of the masses. The remaining terms are finite and
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represent the medium corrections. To compute the pole masses, we take the real part of the above self-energies and set the
zeroth component of the external momentum equal to the corresponding pole mass. After a straightforward computation,

one gets the final form for the dynamical masses:

= (? —a?)

M2 = (3a0? -

q* 1

4NCNf92 \/Hz_sz
B S

32 [/#-M; p*
Mf = gv + 4—77:2/ d
0

/M‘ Mz pz

; (37a)
q2+sztM,2,—4(q2+M]%)
5 2
AN Nfgz/\/ﬂ M \/CI + M 370)
g’ +M3)’
=P M tu
p
1/p"‘+M2( —/P? +M2+u) (p* + M2)
F=\/P* M4 p
(37¢)

+

Once again, notice that in the above equations, we have
replaced the vacuum masses (m,, m,, my) by medium-
modified masses (M., M,, My) to emphasize that as u
changes, masses become dynamical, that is, 4 dependent.
The set of equations (37) must be solved simultaneously,
along with the minimization condition

dV g

=0, (38)

where V; is given by Eq. (26). The system of equa-
tions (37) and (38) constitutes the full one-loop self-
consistent calculation of the particle masses in the
two-flavor version of the LSMq at finite baryon density
and zero temperature. The integrals are finite and have

support only on the Fermi surface k < | /u* — M7, which

naturally vanishes when y < M. Solving these equations
numerically yields the density-dependent masses and chiral
condensate, providing a framework to study chiral sym-
metry restoration while eliminating the issue of negative
squared meson masses when these are treated at tree level.
We now proceed to implement the numerical solution to
find the p dependence of these masses.

IV. u-DEPENDENT PARTICLE MASSES

To find the solution of the system described by
Egs. (37)—(38) it is necessary to implement a self-consistent
numerical approach. The problem can be decomposed into
two interconnected parts: (i) for a fixed value of the chiral
condensate v and quark chemical potential y, the dynamical
masses M s, M, and M, are obtained by solving the system
of coupled gap equations; (ii) the effective potential Vs (v)

2
4 \/p + M (Mf—,/p +M2+,u) (P2 +M2)

|

is then evaluated, and the global minimum with respect to »
is found. This procedure is repeated for each value of y in
the considered range.

A. Self-consistent mass determination

Given that the solutions are more stable for large values
of u, the procedure consists of looking for solutions starting
in that regime. Since the search is highly dependent on the
initial seed, we use a random generation of guess masses
and try to solve the system for a small enough value of
v = 0.2f,. This choice is motivated by the expectation that
for large values of p, chiral symmetry is expected to be
restored. The solutions are then filtered to find a more
accurate set of solutions. Once this set is found, it is used to
solve the system again to find the next best set. This means
that we need to use the random seeds generator only once at
the beginning of the procedure, and the subsequent
solutions can be found by implementing small variations
of the masses and v.

The integrals involved are one dimensional. Since we are
pursuing the real part of the self-energies, the principal
value of the integrals is implemented using a small
neighborhood of size epy = 1 x 107 around the pole.
The iteration continues until the relative change between
successive iterations falls below a tolerance of 10~ using
the “QUAD” routine from “SCIPY.INTEGRATE” for numerical
integrations and “sCIPY.OPTIMIZE” for the nonlinear equa-
tion solutions in Python.

B. Minimization of the effective potential

The minimization of Vg (v) for a fixed u is performed
using an adaptive step-size algorithm. The procedure is as
follows:

036018-8



CHIRAL FIRST ORDER PHASE TRANSITION AT FINITE ...

PHYS. REV. D 114, 036018 (2026)

(1) An initial guess for v is provided for y = .. For
subsequent y; values, the previous solution serves as
the initial guess.

(2) The self-consistent masses are computed for the
current v, and Vg(v) is evaluated.

(3) A step €,=0.5MeV is taken to the left
(v - v—e¢,), and the masses and potential are
recomputed.

(4) If the new potential is lower than the previous one,

the step is repeated in the same direction.

(5) If the new potential is larger, the step size is halved

(e, — €,/2), and a step to the right is attempted.

(6) This process of alternating directions and reducing

step size is repeated N ousive = 20 times, yielding a
final precision in v of e, /2Nwersive,

This algorithm efficiently locates the global minimum of
Ver(v) without requiring explicit computation of the
derivative, which is advantageous given the implicit
dependence of the masses on v.

C. Parameters and numerical implementation

The model parameters are fixed by the physical con-
ditions in vacuum. The pion decay constant is taken as
[z =292 MeV. The constituent quark mass is taken as
m; = 310 MeV, and the pion mass as m, = 140 MeV.
The sigma mass is not independent but satisfies the
Ward identity for the partially conserved axial current
(PCAC) [26]

m, = \/m2 + 4m§» ~ 635.61 MeV. (39)

These values correspond to a Yukawa coupling g, =

my/fr~3.37 and a quartic coupling 1y = (mf, — mg,)/

(2f%) ~22.7. The chemical potential range explored is
u € [0.8mgs, 2myy], discretized into 601 equally spaced
points. This range covers the transition region and extends
into the restored phase.

Figure 2 shows the behavior of the chiral condensate v as
a function of y for T = 0. The first-order phase transition is
signaled by the discontinuous drop of the condensate that
occurs for u = mgy. Figure 3 (top) shows the behavior of
the dynamical masses as functions of y. The first order
phase transition is signaled by the discontinuous change in
the quark and meson masses. The former decreases,
approaching zero for large values of u. The latter increase
and become degenerate for large values of u. This behavior
heralds the restoration of chiral symmetry. The bottom
panel in Fig. 3 quantifies the difference between the pion
and sigma masses as u increases. These masses become
almost equal soon after the phase transition.

Assuming that the functional relation obeyed by the tree-
level masses and the couplings, Eq. (9), is maintained for
the dynamical masses, namely,

100
80 -
S 601
(V]
=
S 40 A
o \
0 - - i '
300 400 500 600
u [MeV]
0.100 -
<5 0.075 -
g
= 0.050 1
3
& 0.025
< 0.000 —
’I:Z -0.025 -
3 —— 1=309.38 MeV
S —0.050 - H °
E’ Ue=310.0 MeV
2 -0.0759 __ ,=310.62 MeV
—-0.100 - - ' ! '
A 20 40 60 80 100
v [MeV]

FIG. 2. Top: chiral condensate » as a function of the quark
chemical potential p at zero temperature. The condensate
remains constant at its vacuum value v =92 MeV for
u < mgr =310 MeV. At this value the condensate presents a
discontinuity after which it decreases monotonically as u in-
creases. The decreasing trend continues smoothly, reaching v ~
11.84 MeV at 4 = 620 MeV, indicating a gradual restoration of
chiral symmetry. Bottom: effective potential as a function of the
order parameter. The minima of the effective potential become
degenerate at the critical value of the quark chemical potential ..
at which point the order parameter experiences a discontinuous
transition. The parameters used in the calculation are
fr=92MeV, my, =140 MeV, mg, =~ 635.61 MeV, and
go ~ 3.37, with the self-consistent masses determined from
Eq. (37).

Mz (p) = 34(u)v* (1) — a*(u),
Mz (u) = Au)v* (1) — a* (),
My (u) = g(u)v(u). (40)

one can turn the results for the x dependence of the masses
into the u dependence of the couplings. Figure 4 shows the
behavior of the couplings 4 and ¢, as well as the mass
parameter a?, as functions of u. These quantities exhibit a
discontinuity at the phase transition. Both 4 and g decrease
from their vacuum values, with A displaying a more
pronounced drop. Most notably, the mass parameter a’
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—_ M,
1200 A

1000 -
800 A

600 A
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400 A

Mg
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200 A
\

100 4
— A=1-My/M,
1071 E

1072 E

1073 E
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FIG. 3. Top: dynamical masses as functions of the quark
chemical potential 4 at zero temperature. The pion, sigma, and
quark masses M, M, and My, respectively, remain constant and
at its vacuum values up to u = my; = 310 MeV at which point
they undergo a discontinuous transition. For larger values of u the
quark mass decreases monotonically. The decrease reflects the
melting of the chiral condensate. M, catches up with M ; and both
increase with u to become degenerate in the high-density limit,
signaling the restoration of chiral symmetry. Bottom: the quantity
A =1-M,/M, measures the rate of approach to chiral sym-
metry restoration.

changes sign across the phase transition, going from
positive to negative values. Recall that chiral symmetry
is realized in the Wigner-Weyl mode when the symmetry of
the Lagrangian is also realized in the vacuum state. In the
present model, this occurs when the curvature of the
effective potential at the origin, controlled by the mass
parameter a® in Eq. (7), becomes positive. Therefore, the
sign change of a” signals the transition from the sponta-
neously broken phase to the chirally restored phase.

D. Derived thermodynamic quantities

From the effective potential, several thermodynamic
quantities of interest are derived:
(i) Pressure: P(u) = —Vo(u) + Ver(u = 0), where
the subtraction removes the vacuum energy contri-
bution.

—_— A
20 A — g
— a?%/a}
15 A

10~

Couplings

—10 A

300 400 500 600
u [MeV]

FIG. 4. Parameters 4, g, and renormalized a*/a} with ay =
415.45 MeV as functions of the quark chemical potential y at
T = 0. The vacuum values are Ay = 22.71, gy = 3.37. These
parameters, as well as m,, are fixed once the values of m, and
myy are fixed. The coupling 4 slightly increases after the phase
transition to then monotonically decrease for larger values of u.
The Yukawa coupling g decreases monotonically, reflecting the
weakening of the interaction as the chiral symmetry is restored.
Most notably, the mass parameter a changes sign from positive
to negative as u increases beyond 310 MeV. This sign change is a
clear signature of chiral symmetry restoration: in the symmetric
phase (4 > u.), the Mexican-hat potential reverts to a simple
parabolic potential centered at v, indicating that the vacuum
expectation value (o) is unique.

(i) Quark number density: n,(u) =%, computed via

=2

numerical differentiation. !
(iii) Energy density: e(u) = un,(u) — P(u).
(iv) Speed of sound squared:

op

de
_ g op
€+ Pon,

n2

- (€+P)((19nq/d,u' (41)

The speed of sound is particularly sensitive to the equation
of state and provides a direct probe of the conformal
properties of the system.

Recall that both, perturbative QCD and the Nambu—
Jona-Lasinio (NJL) model, have been employed to com-
pute ¢2 as a function of uz at T = 0. The calculations
consider the cases with and without the effects of pairing
gaps. In the absence of gaps, these calculations find that ¢2
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FIG.5. Speed of sound squared c¢Z = dP/de as a function of the
quark chemical potential y at 7 = 0, compared with the con-
formal limit ¢Z = 1/3 (continuous horizontal line). At low
densities (u <310 MeV), c2 is zero, indicating that the medium
is made up of hadron matter. As u increases beyond my, 2 rises
monotonically and approaches the conformal limit 1/3 from
below at high densities (1 = 500 MeV). This behavior suggests
that the system undergoes a transition from hadron matter to a
regime where the equation of state becomes increasingly con-
formal, consistent with the restoration of chiral symmetry and the
emergence of deconfined quark matter. The approach to ¢2 = 1/3
is a signature of the emergence of a system of noninteracting
relativistic massless quarks.

quickly reaches the conformal limit, 1/3 from below after
the phase transition. Considering superfluid and pion-
condensed matter, the gap corrections increase 2 allowing
it to exceed the conformal limit at intermediate densities. In
contrast, for 2SC quark matter, the effect of the diquark gap
is found to be small and can even reduce ¢2 below 1/3 [71].
When hard dense loop resummed pQCD is employed, c? is
found to slightly exceed 1/3 over a range of baryon
densities relevant for neutron stars [72]. In the context
of color-superconducting quark matter in a renormaliza-
tion-group-consistent NJL model, it is found that ¢2
increases with density at low to moderate densities reaching
values above the conformal limit at neutron star densities.
The enhancement comes from a stronger diquark pairing
and the inclusion of repulsive vector interactions, both of
which stiffen the equation of state. When the vector
interaction is absent, ¢2 approaches the conformal value
at high density, while for nonzero vector coupling it keeps
increasing toward the causal limit, ¢ — 1 [73].

Figure 5 shows the speed of sound squared as a function
of p. For u < myy, c? is zero, becoming finite in a
discontinuous way at the phase transition and eventually
reaching the conformal limit from below for large values
of p.

V. SUMMARY AND CONCLUSIONS

In this work, we have used the LSMq based on a
SU(2); x SU(2), chiral symmetry to study the evolution

of the quark and meson masses at 7 = 0 and finite p, at
one-loop order. To this end, we set up the system of coupled
equations satisfied by the particle pole masses and solved
them numerically. This procedure requires determining the
u-dependent vacuum expectation value of the scalar sigma
field, obtained by minimizing the one-loop effective
potential. This approach goes beyond previous treatments,
where the self-energy contributions are computed using
approximate schemes such as ring-diagram resummation.
We find that the phase transition is first order and occurs at
u = mgys, where my is the vacuum quark mass. The first-
order nature of the phase transition is signaled by the
discontinuous behavior of the chiral condensate, particle
masses, and couplings. The result is independent of the
vacuum constituent quark mass m,,. We have explicitly
checked this feature suing two different values, my, = 300,
350 MeV, which lie within the usually accepted values for
mgs. Notice that when in the two-flavor NJL model, the
nature of the transition at finite 4 depends on the choice of
the parameters that control the strength of the potential
which in turn are dictated by the scalar and vector couplings
[74]. In the LSMq, with only one Yukawa coupling, we do
not observe such dependence on the constituent quark
mass. Thermodynamic quantities are obtained from the
effective potential. In particular, we have shown that the
square of the speed of sound undergoes a discontinuous
transition, becoming finite at the phase transition and
approaching the conformal limit from below for large
values of u. This procedure lends itself to being extended
to explore the effective QCD phase diagram in the u, T
variables, and eventually the effects of other chemical
potentials, such as the one associated with an isospin
imbalance. This is work that we are currently pursuing
and that will soon be reported elsewhere.
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