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We establish an off-shell commutativity theorem in 4D parity-even quadratic gravity that the Hubbard–
Stratonovich/Legendre lifts, algebraic elimination of auxiliaries, including the torsionless Palatini con-
nection, and Jordan-EinsteinWeyl rescalings commute at the action level up to boundary terms. This yields a
frame-independent characterization of the propagating degrees of freedom and isolates a universal scalaron
EFT in the metric branch, while clarifying the algebraic nature of the Palatini fðRÞ scalar. We obtain, as a
result, a frame-universal matching from the generic nonminimal couplings to a positive R2 sector and a
quantitative single-field attractor bound, enhanced by a 1=ΔN selection term, providing sharp and falsifiable
CMB targets.

DOI: 10.1103/qzdk-rtk6

I. INTRODUCTION AND MOTIVATION

Higher-derivative extensions of general relativity (GR)
provide an effective field theory (EFT) for gravity at energies
below the Planck scale. The most prominent example is the
Starobinsky model [1] in which an Rþ αR2 is classically
equivalent to GR plus a canonical scalar (the scalaron),
as clarified by early fðRÞ analyses based on conformal/
Legendre maps [2–5]. More generally, scalar-tensor theories
with algebraic fðϕÞR couplings arise via Hubbard-
Stratonovich (HS) lifts (auxiliary-field linearization) [6,7].
Beyond fðRÞ, Horndeski’s ghost-free interactions [8]

and Lovelock terms [9,10] provide a broader arena to test
frame changes and off-shell manipulations while avoiding
Ostrogradsky instabilities [11] and respecting massive spin-
2 consistency [12,13]. A complementary axis distinguishes
the metric (Levi-Civita) and Palatini/metric–affine varia-
tional principles. For example, in the metric formulation,
R2 adds a scalar degree of freedom and R2

μν=C2
μνρσ add a

massive spin-2 mode [14,15], but in Palatini fðRÞ with
minimally coupled matter, the extra scalar is algebraic
corresponding to a Brans-Dicke parameter ω ¼ −3=2
[5,16–18]. On the other hand, the observational CMB data
strongly favor single-field Starobinsky-like inflationary

dynamics with stringent limits on isocurvature perturba-
tions and non-Gaussianity [19,20]. The volume-selection
arguments further point strikingly toward single-field
behavior [21]. This observational universality leads to
the following question: Why do such diverse ultraviolet
completions flow to the same infrared behavior?
To answer such a deep question, we prove an off-shell

commuting diagram linking HS/Legendre lifts, algebraic
elimination of auxiliaries (including Palatini Γ), and Weyl
rescalings. Any ordering produces the same reduced action
modulo the boundary terms since every step is local and
algebraic [22–24]. This guarantees that physical conclu-
sions about the degrees of freedom and the effective
dynamics are frame independent. With this result, we
demonstrate that the generic nonminimal couplings uni-
versally generate a positive R2 sector once the heavy fields
are integrated out, fixing the scalaron mass in terms of a
heavy-sector projection independently of the order of the
frame transformations.
Applying the result to the early Universe, we also

show the combination of geometric effects associated with
the Weyl scaling and a requirement that inflation persists
for an observationally relevant number of e-folds. This
mechanism dynamically suppresses the isocurvature
perturbations, enforced by a statistical “Doob selection”
mechanism, which explains the observed single-field
nature of inflation [21] and leads to falsifiable predictions
characteristic of Starobinsky-like models.

II. OFF-SHELL COMMUTATIVITY
AND UNIVERSALITY

We consider the most general D ¼ 4 parity-even, local
action quadratic in curvature invariants [25,26],
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S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
Rþ αR2 þ βR2

μν þ δC2
μνρσ þ γG

�
;

ð1Þ

where Cμνρσ is the Weyl tensor and G is the topological
Gauss-Bonnet density. Using the D ¼ 4 identities C2 ¼
R2
μνρσ − 2R2

μν þ 1
3
R2 and G ¼ R2

μνρσ − 4R2
μν þ R2, the

propagating sector on smooth backgrounds is controlled
entirely by two linear combinations [14,15],

α0 ¼ αþ β

3
; δeff ¼ δþ β

2
: ð2Þ

Physical stability requires α0 > 0 (no scalar tachyon) and
dictates the structure of the massive spin-2 sector governed
by δeff. Notably, a pure fðRÞ limit corresponds to β ¼
δ ¼ 0 (hence α0 ¼ α), while a pure Ricci-squared term
(βR2

μν) induces a scalar mass via the trace projection
R2
μν ⊃ 1

4
R2, consistent with α0 ¼ β=3.

(i) Commutativity theorem: We establish an off-shell
commuting square linking HS auxiliary lifts, alge-
braic elimination of auxiliaries (including the Pala-
tini connection Γ), and the Jordan-Einstein Weyl
map. Assuming auxiliary fields enter algebraically
and f00ðRÞ > 0, these operations commute at the
action level; any ordering yields the same reduced
bulk action up to total-derivative boundary terms
(Fig. 1) [17,18,27–29].

(ii) Spectrum and 4D spectators: The metric branch
propagates a massless graviton, a scalar (scalaron)
with mass m2

0 ¼ M2
Pl=ð12α0Þ, and a massive spin-2

ghost at m2
2 ¼ M2

Pl=ð2δeffÞ. Crucially, in D ¼ 4,ffiffiffiffiffiffi−gp
C2 is exactly Weyl invariant, while G shifts

by a total derivative. Consequently, the spin-2 sector
spectates under the Jordan-Einstein map. This allows
us to treat the ghost as a heavy regulator (m2 ≳ ΛEFT)
that decouples from the low-energy scalaron dynam-
ics, consistent with Lee-Wick completions or causal
EFT and positivity constraints [30–34].

In the light-field limit (E ≪ m2), the system reduces to
the canonical scalaron χ,

SE½χ� ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
M2

Pl

2
R̃ −

1

2
ðe∇χÞ2 − VEðχÞ

�
; ð3Þ

where the Starobinsky potential is fixed by α0 alone,

VEðχÞ ¼
M4

Pl

16α0
�
1 − e−

ffiffi
2
3

p
χ

MPl

�2
: ð4Þ

Conversely, in the Palatini branch (with minimally coupled
matter), the elimination of the connection Γ yields an
algebraic relation for the scalar (Brans-Dicke ω ¼ −3=2),
confirming that no new propagating degrees of freedom
arise [5,16–18].

III. PALATINI BRANCH: ALGEBRAIC
UNIVERSALITY

To highlight the uniqueness of the metric scalaron, we
contrast it with the Palatini (metric-affine) formulation. Here,
the connection Γλ

μν is treated as an independent variable, and
we assume the action S ¼ R ffiffiffiffiffiffi−gp

fðRÞwithR≡ gμνRμνðΓÞ
and minimally coupled matter.
Introducing the auxiliary Φ≡ f0ðRÞ, the equations of

motion for Γ impose the algebraic compatibility condition
∇Γ

λ ð
ffiffiffiffiffiffi−gp ΦgμνÞ ¼ 0. This identifies Γ explicitly as the Levi-

Civita connection of the conformal metric ĝμν ≡Φgμν.
Consequently, the connection can be eliminated off-shell,
reducing the system to a specific Brans-Dicke theory,

SPal ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
ΦRðgÞ − ωPal

Φ
ð∇ΦÞ2 −UðΦÞ

�
; ð5Þ

where UðΦÞ ¼ ΦRðΦÞ − fðRÞ. The critical distinction is
the coupling parameter,

ωPal ¼ −
3

2
: ð6Þ

This specific value is structurally fatal to the scalar’s
dynamics. Under the Weyl map to the Einstein frame,
g̃μν ¼ ð2Φ=M2

PlÞgμν, the scalar kinetic term transforms as
KE ∝ ð2ωþ 3Þð∂ lnΦÞ2. For ωPal ¼ −3=2, this vanishes
identically. The Einstein-frame action becomes purely
algebraic in the scalar sector,

SE ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
M2

Pl

2
R̃ − VEðΦÞ

�
;

VE ¼ M4
PlUðΦÞ
4Φ2

: ð7Þ

Thus, Palatini fðRÞ propagates only the graviton [16,18].
Even with matter sources (trace T), the equation of motion for
Φ remains a nondynamical constraint, 2fðRÞ −ΦR ¼ T,
which algebraically ties Φ to the local matter density.
However, this algebraicity is fragile. Relaxing the

FIG. 1. Commuting diagram of off-shell, local maps.

ARAPOĞLU, ÇAĞAN, GULERYUZ, and SENISIK PHYS. REV. D 113, 123547 (2026)

123547-2



torsionless condition (allowing hypermomentum) or add-
ing explicit RμνðΓÞ2 terms generally revives the scalar or
introduces ghosts by breaking the special ω ¼ −3=2
cancellation [17,35]. In this work, we focus on the metric
branch where a robust, propagating scalaron naturally
drives inflation.

IV. UNIVERSAL R2 FROM HEAVY NONMINIMAL
COUPLINGS

Motivated by recent cosmological hints for nonminimal
couplings [36] and their ubiquity in UV completions, we
consider a generic Jordan-frame sector with N scalars ϕI .
Decomposing the field space into a light adiabatic sector
and N − 1 heavy entropic directions χa (with mass gap
M2

heavy ≫ H2), the Lagrangian is,

LJffiffiffiffiffiffi−gp ¼ M2
Pl

2
Rþ FðϕIÞR − VðϕIÞ − 1

2
GIJ∇ϕI∇ϕJ: ð8Þ

We assume the heavy fields rest at a minimum χ̄a with a
large Hessian mass matrix ðM2Þab ≡∇a∇bV.

(i) Frame-universal matching: Fluctuations in the
heavy sector δχa are sourced by the curvature via
the nonminimal coupling gradient Fa ≡∇aF. At
energies E2 ≪ M2

heavy, the kinetic terms are sub-
leading, and the equation of motion is algebraic:
ðM2Þabδχb ≃ FaR. Integrating out these modes by
substituting the solution back into the action gen-
erates a specific R2 effective operator,

ΔLeff ⊃
ffiffiffiffiffiffi
−g

p
α0NMC R

2;

α0NMC ¼ 1

2
FaðM−2ÞabFb: ð9Þ

Crucially, this matching is frame-universal. Since
both the heavy-field elimination (at this order) and
the Weyl map are local operations, they commute.
One obtains the same physical Einstein-frame sca-
laron mass whether one integrates out χa in the
Jordan frame first, or Weyl transforms first and
integrates them out in the Einstein frame.

(ii) EFT expansion and stability: The locality of the R2

approximation is formally defined by the expan-
sion of the nonlocal propagator ðM2 −□Þ−1≃
M−2 þM−2

□M−2. This generates a tower of
higher-derivative operators,

ΔLeffffiffiffiffiffiffi−gp ⊃ α0NMCR
2 −

1

2
FaðM−2

□M−2ÞabFb|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
β0NMC

R□Rþ� � �

ð10Þ

Three physical consequences follow: (i) Unitarity: If
the heavy sector is stable [ðM2Þab positive definite],
then α0NMC ≥ 0. This guarantees that the emergent
scalaron has the correct sign kinetic term (no ghost).
(ii) Covariance: The matching result (9) is built from
field-space covariant tensors, ensuring invariance
under redefinitions of the scalar manifold. (iii) Ob-
servational link: The physical observable is the total
scalaron mass, determined by α0tot ¼ α0bare þ α0NMC.
Thus, a measurement of the tensor-to-scalar ratio r
(which fixes α0tot) directly constrains the heavy-
sector projection FaðM−2ÞabFb.

V. SINGLE-FIELD ATTRACTOR: GEOMETRY
AND SELECTION

We analyze stability in the Einstein frame (EF). The Weyl
map g̃μν ¼ ð2Φ=M2

PlÞgμν induces a curved field-space metric

GðEÞ
IJ and modifies the potential to VE ¼ M4

PlV=ð4Φ2Þ.
Decomposing the dynamics into the adiabatic tangent TI

and entropic normal NI , the effective entropic mass squared
m2

s governing isocurvature perturbations is

m2
s

H2
¼ VE;ss

H2
þ 3Ω2 þ ϵHRfs; ð11Þ

where VE;ss ≡ NINJ∇ðEÞ
I ∇ðEÞ

J VE, Ω is the turn rate andRfs

is the field-space curvature. Crucially, the EF Hessian VE;ss

receives a positive-definite contribution from the transfor-
mation itself. We identify this as the “Weyl uplift” K2:

VE;ss

H2
¼ 3

V ;ss

V
þ K2; K2 ≡ ΔWeyl ≥ 0: ð12Þ

Here V ;ss is the intrinsic Jordan-frame curvature and
K2 encodes the stabilizing effect of the nonminimal coupling
gradients.

(i) Selection (Doob) uplift: Beyond geometry, obser-
vational conditioning imposes a statistical stability
bound: only trajectories that remain inside the slow-
roll valley until NF ≃ 55 e-folds contribute to the
observable volume. We model the entropic displace-
ment sðNÞ as a 1D diffusion with linear drift −μs
(with μ≡m2

s=3H2) and diffusion coefficient D,
with absorbing “instability edges” at s ¼ �Λ (where
Λ is the valley half-width). Let hðs; NÞ denote the
survival probability from ðs; NÞ to NF, i.e., the
probability that the trajectory does not hit jsj ¼ Λ
before NF. Conditioning is implemented by the
Doob h transform [37–39], which adds an entropic
drift 2D∂s ln h. For large remaining duration ΔN ≡
NF − N ≫ 1 and in the bulk jsj ≪ Λ, the universal
long-time bulk dependence is Gaussian (up to an
overall factor), h ∝ exp½−s2=ð4DΔNÞ� [40–42],
so ∂s ln h ≃ −s=ð2DΔNÞ and hence 2D∂s ln h ≃
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2Dð− s
2DΔNÞ ¼ − s

ΔN (independent of D). This yields
a universal additive mass shift,

m2
s;sel

H2
≃

3

ΔN
: ð13Þ

This term is not a Lagrangian parameter but a universal
consequence of conditioning on sufficient inflation.

(ii) Total attractor bound: Combining the geometric Weyl
uplift with the selection pressure yields the total
effective mass controlling the perturbations,

m2
s;eff

H2
≡m2

s þm2
s;sel

H2
≥ 3

V ;ss

V
þK2þ 3

ΔN
: ð14Þ

If this total mass exceeds the Hubble scale (ms;eff ≳H),
entropic modes decouple, suppressing the power spectrum
ratio PS=Pζ exponentially,

log10
PS

Pζ
≃ −

2

3 ln 10

��
ms;eff

H

	
2

ΔN þ 3 ln

�
ΔN

ΔNmin

	�
:

ð15Þ

For ΔN ≈ 55, the single-field attractor (m2
s;eff=H

2 ≥ 1)
requires only 3V ;ss=V þ K2 ≳ 0.945. This creates a broad
“stability window” (Fig. 2) where the Weyl uplift and
selection effects conspire to enforce single-field dynamics,
even if the Jordan-frame potential is marginally unstable.

VI. PHENOMENOLOGY: THE STAROBINSKY
TARGET

We focus on the metric branch predictions. Unlike the
Palatini scenario (where r ≪ 10−3), the metric formulation
yields a sharp target for next-generation CMB experiments,
determined by the Starobinsky plateau and protected by the
single-field attractor [Eq. (14)].
(1) CMB observables: Assuming the attractor ensures

single-clock dynamics (cs ¼ 1) and Bunch-Davies
initial conditions, the observables at N� e-folds
before the end of inflation depend solely on the
plateau shape,

ns ≃ 1 −
2

N�
; r ≃

12

N2�
; αs ≃ −

2

N2�
: ð16Þ

For the fiducial window N� ∈ ½50; 60�, this predicts a
specific tensor-to-scalar ratio r ≃ ð3.3–4.8Þ × 10−3,
which is squarely within the sensitivity reach of
LiteBIRD [43] and CMB-S4 [44].

(2) Probing the heavy sector: The amplitude of scalar
perturbations, Δ2

ζ ≃ 2.1 × 10−9, fixes the plateau
mass scale m0 ≃ 1013 GeV. Since m0 is determined
by the total coefficient of the R2 term, a measurement
of r solves the “inverse problem” for the underlying
theory. Using m2

0 ¼ M2
Pl=ð12α0totÞ, we find,

α0bare þ
1

2
FaðM−2ÞabFb|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
Heavy Sector NMC

≃
1

24π2Δ2
ζr

∼ 109: ð17Þ

This is a powerful result: a detection of primordial
gravitational waves (r) places a precise integral bound
on the heavy sector’s nonminimal couplings and mass
spectrum, regardless of the microscopic details.

(3) Falsifiability: The model makes specific predictions
that allow it to be ruled out. The “attractor regime”
(ms;eff > H) is mandatory for the validity of the
Starobinsky target. Violations of this regime would
manifest as:

FIG. 2. Single-field stability map. The solid blue curve marks the
attractor threshold m2

s;eff=H
2 ¼ 1. Regions above this curve are

safe from isocurvature due to the combined effect of theWeyl uplift
(Kmin) and Doob selection (3=ΔN). Dashed lines show isocurvature
suppression levels (PS=Pζ). Panels correspond to different baseline
stabilities (c� ≡ 3V ;ss=V) of the Jordan-frame potential.
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(a) Persistent isocurvature. If the attractor condi-
tion (14) fails, entropic modes survive, creating
Oð1Þ isocurvature fractions or large non-Gaus-
sianity (flocalNL ≫ 1).

(b) Tensor consistency violation. The clean predic-
tion relies on the vacuum consistency rela-
tion nT ¼ −r=8.

(c) Ghost modes. Observation of a spin-2 resonance
below the EFT cutoff would invalidate the heavy-
ghost assumption (m2 ≫ H).

Any of these signatures would falsify the universal R2

attractor described here.

VII. DISCUSSION AND OUTLOOK

Our results find natural footing in UV completions. In
string theory, curvature-squared terms descend generically
from α0 corrections, populating the 4D basis fR2; R2

μν; C2g
[45–50]. Similarly, in N ¼ 1 supergravity, the Rþ R2 sector
is off-shell equivalent to standard SUGRA coupled to chiral
matter [51,52]. Crucially, the unitarity of these completions
implies that the massive spin-2 ghost associated with R2

μν

acts as a heavy regulator. By keeping m2 ≳ ΛEFT ≫ H, we
ensure it decouples during inflation (satisfying Higuchi
bounds [53,54]), leaving behind the local operators of our
effective action. The positivity of the scalaron kinetic term
(α0 > 0), favored by eikonal causality [32,33], is guaranteed
in our framework whenever the heavy-sector Hessian is
positive definite.
Our analysis leads to three main insights. First, in the

metric branch, the dynamics simplify to a compact scalaron
effective field theory, whose physical mass spectrum is
controlled by the shifted combinations α0 ¼ αþ β=3 and
δeff ¼ δþ β=2. More broadly, we find that generic non-
minimal couplings can always be matched, in a frame-
independent way, onto an emergent scalaron described
by α0NMC ¼ 1

2
FaðM−2ÞabFb. This observation has a direct

observational payoff in which precision CMBmeasurements
effectively solve an inverse problem that from the measured
pair ðns; rÞ, α0tot can be determined, which in turn constrains
the projected nonminimal coupling FaðM−2ÞabFb of the
heavy sector. When these constraints are combined with
isocurvature bounds (limiting the Weyl uplift parameter K2),
cosmological data begin to probe the geometry of the
underlying compactified manifold itself. Finally, we identify
a quantitative, selection-enhanced single-field attractor
bound, providing a natural explanation for the absence of
observable isocurvature perturbations on CMB scales.
Thus, we proved that the reduction to the Starobinsky

attractor is robust against frame changes, auxiliary elimi-
nation order, and heavy-field integration. The metric branch
uniquely predicts r ∼ 10−3 and exponentially suppressed
isocurvature, enforced by a statistical “Doob selection”
mechanism. A joint future confirmation [43,44] of
r ≈ 4 × 10−3 and the consistency relation nT ¼ −r=8

would strongly evidence this universality class. Conversely,
the detection of large non-Gaussianity or persistent iso-
curvature would indicate a breakdown of the EFT separa-
tion or the presence of light, nondecoupled spin-2 modes.
Future work will explore the loop-induced running of ðα; βÞ
to CMB scales and the impact of hypermomentum in the
Palatini branch [17,35].

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

APPENDIX A: OFF-SHELL COMMUTATIVITY
THEOREM

In this appendix, we provide the detailed derivations
supporting the main text (Secs. II and III). We assume
D ¼ 4 with ð−þþþÞ signature andΦ > 0 to ensure well-
defined Weyl maps. We denote total-derivative boundary
contributions by ∂ð� � �Þ. Our central claim is that the
linearization of higher-derivative terms (via Hubbard–
Stratonovich/Legendre lifts) and Weyl rescalings commute
at the action level. Table I summarizes the behavior of each
sector under the Weyl transformation. We prove this sector
by sector.

1. General linearization setup

We begin with the most general parity-even action
quadratic in curvature and auxiliary fields. The “parent”
action containing auxiliaries χ (scalar), ψμν (symmetric
tensor), and Bμνρσ (tensor) is,

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
Rþ γG

þ ᾱð2χR − χ2Þ
þ β̄ð2ψμνR̂

μν − ψμνψ
μνÞ

þ δ̄ð2BμνρσCμνρσ − BμνρσBμνρσÞ
�
; ðA1Þ

where R̂μν ¼ Rμν − 1
4
Rgμν is the traceless Ricci tensor.

Varying with respect to the auxiliaries yields the algebraic
equations of motion,

χ ¼ R; ψμν ¼ R̂μν; Bμνρσ ¼ Cμνρσ: ðA2Þ

Substituting these back into (A1) recovers the standard
quadratic action,

Squad ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

Pl

2
Rþ αR2 þ βR2

μν þ δC2 þ γG
�
;

ðA3Þ
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with the identifications α ¼ ᾱ, β ¼ β̄, and δ ¼ δ̄. Using the
4D Gauss-Bonnet and Weyl identities, the physical spec-
trum is determined by,

α0 ¼ αþ β

3
; δeff ¼ δþ β

2
: ðA4Þ

2. The scalar channel: Proof of commutativity

We focus on the fðRÞ sector (setting β ¼ δ ¼ 0 for
clarity, implying α0 ¼ α). The action is

Sf ¼
Z ffiffiffiffiffiffi

−g
p

fðRÞ: ðA5Þ

a. Route A (HS then Weyl)

Introduce the auxiliary χ [identifyingΦ≡ f0ðχÞ] to write
the Jordan-frame HS action,

SHS ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½ΦR −UðΦÞ�; ðA6Þ

UðΦÞ≡ χðΦÞΦ − fðχðΦÞÞ: ðA7Þ

We now perform the Weyl rescaling gμν ¼ e−2ωg̃μν with
e2ω ¼ 2Φ=M2

Pl. Using the transformation

ffiffiffiffiffiffi
−g

p
ΦR ¼

ffiffiffiffiffiffi
−g̃

p �
M2

Pl

2
R̃ −

3M2
Pl

4Φ2
ðe∇ΦÞ2

�
þ ∂ð� � �Þ; ðA8Þ

we obtain the Einstein-frame action,

SE ¼
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
M2

Pl

2
R̃ −

3M2
Pl

4Φ2
ðe∇ΦÞ2 − M4

Pl

4Φ2
UðΦÞ

�
:

ðA9Þ

b. Route B (Weyl then HS)

Start with Sf ¼ R ffiffiffiffiffiffi−gp
fðRÞ and perform the field-

dependent Weyl rescaling g̃μν ¼ Ω2gμν with Ω2 ¼ 2f0ðRÞ
M2

Pl
.

The action transforms to,

Sf →
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
M2

Pl

2
R̃ −

3M2
Pl

2
ðe∇ ln f0ðRÞÞ2

−
M4

Pl

4f0ðRÞ2 ðRf
0ðRÞ − fðRÞÞ

�
: ðA10Þ

To make this local, we treat the scalar argument R as
an auxiliary field χ. Defining Φ≡ f0ðχÞ and UðΦÞ≡
χΦ − fðχÞ, this becomes exactly Eq. (A9). In conclusion,
the operations commute off-shell.
Starobinsky potential. For quadratic gravity, UðΦÞ ¼

ðΦ −M2
Pl=2Þ2=ð4α0Þ. Substituting this into VE¼ M4

Pl
4Φ2UðΦÞ

and canonically normalizing (Φ ¼ M2
Pl
2
e

ffiffiffiffiffiffi
2=3

p
χ=MPl ) yields the

potential in Eq. (4) of the main text.

3. The spin-2 channel and spectator status

The spin-2 sector is governed by the traceless Ricci term.
The auxiliary action is,

Sψ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
2βψμν

�
Rμν −

1

4
Rgμν

	
− βψμνψ

μν

�
:

ðA11Þ

The kinetic term for ψμν has the wrong sign relative
to the Einstein-Hilbert term, indicating a ghost
(mass m2

2 ¼ M2
Pl=2δeff ).

Weyl spectator: In D ¼ 4, the combination
ffiffiffiffiffiffi−gp

C2
μνρσ is

exactly Weyl invariant. Since the massive spin-2 sector can
be rewritten using theWeyl tensor (up to R2 and topological
terms), it spectates under the Jordan-Einstein map. The
“ghost” does not mix with the scalaron dynamics during the
frame change, preserving the commutative diagram.
Note on field redefinitions. One can equivalently derive

the spin-2 propagator by expanding the metric gμν ¼ gð0Þμν þ
hμν and using a field redefinition hμν → hμν þ 4β

M2
Pl
ψμν to

diagonalize the quadratic action. This yields S ∼ hEh−
ψðE þm2

2Þψ , confirming the ghost nature.

4. Palatini branch: The ω= − 3=2 proof

In the Palatini formulation with torsionless Γ, the action
is S ¼ R ffiffiffiffiffiffi−gp

fðRÞ where R ¼ gμνRμνðΓÞ.
(i) Legendre lift: S ¼ R ffiffiffiffiffiffi−gp ½ΦRðΓÞ −UðΦÞ�.
(ii) Variation with respect to Γ: ∇Γ

λ ð
ffiffiffiffiffiffi−gp ΦgμνÞ ¼ 0.

This implies Γ is the Levi-Civita connection
of ĝμν ¼ Φgμν.

(iii) Elimination: Using
ffiffiffiffiffiffi−gp ΦRðΓÞ ¼ ffiffiffiffiffiffi

−ĝ
p

RðĝÞ þ
∂ð� � �Þ, we rewrite the action in terms of gμν:

TABLE I. Transformation properties of quadratic gravity sectors.

Sector Transformation Nontrivial term Outcome

Scalar (R2) HS ↔ Weyl −6
ffiffiffiffiffiffi
−g̃

p
□̃ω Commutes (up to boundary)

Spin-2 (C2) HS ↔ Weyl None Exact spectator (D ¼ 4)
Palatini (Γ) Elim. Γ ↔ Weyl Rescaling ĝ ∝ g̃ Algebraic scalar (ω ¼ −3=2)
NMC Elim. Heavy ↔ Weyl Pointwise extremization Frame-universal matching
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S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
ΦRðgÞ − ωPal

Φ
ð∂ΦÞ2 − UðΦÞ

�
;

ðA12Þ
where ωPal ¼ − 3

2
.

(iv) Einstein frame: Under g̃μν ¼ 2Φ
M2

Pl
gμν, the kinetic term

coefficient becomes 3þ 2ωPal ¼ 0. The scalar dis-
appears, leaving only the potential.

5. Nonminimal couplings (NMC)

For the NMC sector S¼R ffiffiffiffiffiffi−gp ½M2
Pl
2
RþFðϕÞR−VðϕÞ�,

we eliminate the fields ϕ algebraically. This is a Legendre-
Fenchel transform,

S ¼
Z ffiffiffiffiffiffi

−g
p

feffðRÞ;

feffðRÞ ¼
M2

Pl

2
Rþ sup

ϕ
½FðϕÞR − VðϕÞ�: ðA13Þ

Since this operation is local, it commutes with the Weyl
map. The derivative corrections (the tower of R□R terms)
arise when the heavy fields have dynamics, but the leading
R2 matching is frame universal.

APPENDIX B: UNIVERSAL R2 FROM HEAVY
FIELDS: MATCHING AND CORRECTIONS

Here we derive the EFT generated by integrating out
heavy scalar fields nonminimally coupled to gravity. This
supports the claim in Sec. IV that generic UV sectors flow
to the R2 attractor.

1. Setup and linearization

Consider the generic Jordan-frame Lagrangian with N
scalars ϕI ,

LJffiffiffiffiffiffi−gp ¼ M2
Pl

2
Rþ FðϕÞR −

1

2
GIJðϕÞ∇μϕ

I∇μϕJ − VðϕÞ:

ðB1Þ

We decompose the fields into light (adiabatic) and heavy
(entropic) directions. Let δϕa (a ¼ 1;…; N − 1) denote the
heavy fluctuations around a background ϕ̄ where the poten-
tial is minimized. We assume a mass gap M2

heavy ≫ H2 and

slow evolution ( ˙̄ϕ ≪ Mheavy).
Linearizing the functions F and V to quadratic order

in δϕa,

FðϕÞ ≃ F̄ þ Faδϕ
a; ðB2Þ

VðϕÞ ≃ V̄ þ 1

2
ðM2Þabδϕaδϕb; ðB3Þ

where Fa ≡∇aF and ðM2Þab ≡∇a∇bV are covariant
tensors on the field space. The Lagrangian for the fluctua-
tions is,

Lheavyffiffiffiffiffiffi−gp ⊃−
1

2
Gab∇δϕa∇δϕb−

1

2
ðM2ÞabδϕaδϕbþFaδϕ

aR:

ðB4Þ

The curvature R acts as a linear source Ja ≡ FaR for the
heavy fields.

2. Frame-universal matching (leading order)

At energies well below the heavy mass (E2 ≪ M2),
we can neglect the kinetic term ∇δϕ∇δϕ. The equation of
motion becomes algebraic,

ðM2Þabδϕb ≃ FaR ⇒ δϕa ≃ ðM−2ÞabFbR: ðB5Þ

Substituting this solution back into the action (integrating
out δϕa at tree level) generates the effective operator,

ΔLeff ¼
ffiffiffiffiffiffi
−g

p �
1

2
Faδϕ

aR −
1

2
δϕaðM2Þabδϕb

�

¼ ffiffiffiffiffiffi
−g

p 1

2
FaðM−2ÞabFbR2: ðB6Þ

Thus, we identify the generated R2 coefficient,

α0NMC ¼ 1

2
FaðM−2ÞabFb: ðB7Þ

Properties:
(i) Positivity: If the heavy sector is stable [ðM2Þab

positive definite], then α0NMC ≥ 0. This ensures the
emergent scalaron has a healthy kinetic term.

(ii) Universality: This matching relies only on local
algebraic manipulations. It is therefore independent
of whether we perform the Weyl transformation
before or after integrating out the heavy fields.

3. The derivative tower (R□R)

To capture finite-mass effects, we retain the kinetic
operator. The formal solution is δϕ ¼ ðM2 −□Þ−1FR.
Expanding the propagator for large mass,

ðM2 −□Þ−1 ¼ M−2ð1 −□M−2Þ−1
≃ M−2 þM−2

□M−2 þOðM−6Þ: ðB8Þ

Substituting this back yields the derivative expansion of the
effective Lagrangian,
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ΔLeffffiffiffiffiffiffi−gp ¼ 1

2
R½FaðM−2ÞabFb�R

þ 1

2
R½FaðM−2

□M−2ÞabFb�Rþ � � � ðB9Þ

Using integration by parts (R□R → −∇μR∇μR), the second
term represents the leading higher-derivative correction,

ΔLeffffiffiffiffiffiffi−gp ⊃ α0NMCR
2 − β0NMCR□R; β0NMC ∼ −

1

2

F2

M4
:

ðB10Þ

Example: For a single heavy field s with mass ms and
coupling μsR, we have α0 ¼ μ2=ð2m2

sÞ and β0 ¼ μ2=ð2m4
sÞ.

4. Einstein-frame geometry

The single-field attractor analysis (Sec. V) relies on the
Einstein-frame field-space metric. Starting from,

LJ ¼
ffiffiffiffiffiffi
−g

p �
ΦðϕÞR −

1

2
GIJ∇ϕI∇ϕJ − VðϕÞ

�
; ðB11Þ

Φ≡M2
Pl

2
þ FðϕÞ; ðB12Þ

we apply the Weyl rescaling g̃μν ¼ 2Φ
M2

Pl
gμν. The kinetic

terms transform as,

ffiffiffiffiffiffi
−g

p
GIJð∇ϕÞ2 →

ffiffiffiffiffiffi
−g̃

p M2
Pl

2Φ
GIJðe∇ϕÞ2; ðB13Þ

ffiffiffiffiffiffi
−g

p
ΦR →

ffiffiffiffiffiffi
−g̃

p �
M2

Pl

2
R̃ −

3M2
Pl

4Φ2
ðe∇ΦÞ2

�
þ ∂ð� � �Þ:

ðB14Þ

Combining the explicit scalar kinetic term from the Weyl
map (Φ ¼ ΦðϕIÞ ⇒ ∇Φ ¼ ∂IΦ∇ϕI) with the original

kinetic term yields the Einstein-frame metric GðEÞ
IJ ,

GðEÞ
IJ ¼ M2

Pl

2Φ
GIJ þ

3M2
Pl

2

∂IΦ∂JΦ
Φ2

; VE ¼ M4
Pl

4Φ2
V:

ðB15Þ

This metric defines the geometry for the attractor bound
derived in Sec. V.

APPENDIX C: SINGLE-FIELD ATTRACTOR:
GEOMETRY, SELECTION,
AND ISOCURVATURE

We analyze the stability of the inflationary valley in
the EF. The effective mass of entropic fluctuations is

determined by three components: the intrinsic potential
curvature, the kinematic turn rate, and the geometric “Weyl
uplift” induced by the frame transformation.

1. Einstein-frame kinematics

Let TI ≡ ϕ̇I=σ̇ be the adiabatic unit tangent and NI the
entropic unit normal with respect to the Einstein-frame

metric GðEÞ
IJ . The background speed is σ̇ ¼ ffiffiffiffiffiffiffiffi

2ϵH
p

HMPl.
The dimensionless turn rate is Ω≡ kDtTk=H. At leading
order in slow roll, the effective mass squared for the
entropic mode s is,

m2
s

H2
¼ VE;ss

H2
þ 3Ω2 þ ϵHRfs; ðC1Þ

where VE;ss ≡ NINJ∇ðEÞ
I ∇ðEÞ

J VE and Rfs is the field-space
Ricci scalar. Since 3Ω2 ≥ 0 and ϵH ≪ 1, a sufficient
condition for stability is VE;ss=H2 ≳ 1.

2. The Weyl uplift (K2)

The Einstein-frame potential VE ¼ M4
PlV=ð4Φ2Þ mixes

the original curvature with the gradients of the conformal
factor. Calculating the covariant Hessian and projecting
onto the normal direction yields the decomposition,

VE;ss

H2
¼ 3

V ;ss

V
þ K2: ðC2Þ

Here, V ;ss is the purely Jordan-frame curvature term. The
second term, which we call the Weyl uplift, is explicitly
positive definite,

K2 ≡ΔWeyl

¼ 3

�
4ð∂s lnΦÞ2 − 2∇s∇s lnΦ− 4ð∂s lnΦÞV ;s

V

�
: ðC3Þ

This geometric correction K2 ≥ 0 implies that the
Einstein-frame valley is generically steeper than its
Jordan-frame counterpart, enhancing stability for nonmi-
nimally coupled theories.

3. Doob selection and the effective mass

Inflationary trajectories are conditioned on survival: they
must not exit the slow-roll valley before NF ≈ 60 e-folds.
We model the transverse fluctuations sðNÞ as an Ornstein-
Uhlenbeck process (with approximately constant coeffi-
cients during slow roll) with absorbing boundaries at �Λ,

ds
dN

¼ −μsþ
ffiffiffiffiffiffiffi
2D

p
ηðNÞ; μ≡ m2

s

3H2
; ðC4Þ

where hηðNÞηðN0Þi ¼ δðN − N0Þ and D is the diffusion
coefficient. Let hðs; NÞ≡ PðτΛ > NFjsðNÞ ¼ sÞ denote
the survival probability up to NF, with τΛ the first hitting
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time of �Λ. Then h obeys the backward Fokker-Planck
equation [39]

−∂Nh ¼ ðD∂
2
s − μs∂sÞh; hð�Λ; NÞ ¼ 0; ðC5Þ

where hðs; NFÞ ¼ 1ðjsj < ΛÞ. Then, conditioning on sur-
vival is implemented by the Doob h transform [37,38],

which modifies the generator as LðhÞ
b f ¼ h−1LbðhfÞ and,

equivalently, adds an entropic drift. At the level of the
Langevin equation, the conditioned process reads

ds
dN

¼ −μsþ 2D∂s ln hðs; NÞ þ
ffiffiffiffiffiffiffi
2D

p
ηðNÞ: ðC6Þ

This makes explicit that conditioning changes the dynamics
at the level of the stochastic generator, independently of any
Lagrangian parameters.
To extract the universal late-time behavior, define the

remaining duration ΔN ≡ NF − N and work in the bulk
regime jsj ≪ Λ with ΔN ≫ 1. In this regime the universal
selection effect is captured by momentarily dropping the
weak OU drift in the backward equation, i.e., setting μ ≃ 0
in Eq. (C5), which reduces it to the heat equation

∂ΔNh ≃D∂
2
sh: ðC7Þ

Its large-ΔN bulk solution (the universal “meander” pro-
file) is Gaussian [40],

hðs;ΔNÞ ∝ exp

�
−

s2

4DΔN

�
⇒ ∂s ln h ≃ −

s
2DΔN

:

ðC8Þ

Therefore the Doob term becomes

2D∂s ln h ≃ −
s

ΔN
: ðC9Þ

Crucially, the diffusion coefficient cancels: the selection-
induced restoring force is universal. Thus the effective
linear drift is −ðμþ 1=ΔNÞs, which is equivalent to an
additive mass shift. Defining μsel ≡ 1=ΔN, we obtain the
selection mass

m2
s;sel

H2
≡ 3μsel ≃

3

ΔN
: ðC10Þ

Combining the geometric Weyl uplift with the selection
pressure yields the total effective mass bound,

m2
s;eff

H2
≡m2

s þm2
s;sel

H2
≥ 3

V ;ss

V
þ K2 þ 3

ΔN
: ðC11Þ

4. Isocurvature suppression

On superhorizon scales, the isocurvature mode S decays
as dS=dN ¼ −ðm2

s;eff=3H
2ÞS. Integrating this from horizon

crossing to the end of inflation yields the power suppres-
sion,

log10
PS

Pζ
≃−

2

3 ln10

��
ms

H

	
2

ΔNþ3 ln
�

ΔN
ΔNmin

	�
: ðC12Þ

This formula generates the dashed “isocurvature ceiling”
contours in Fig. 2.

5. Example: Linear NMC on a Starobinsky plateau

To illustrate these bounds, consider a specific model with
adiabatic field φ and a heavy field xwith linear nonminimal
coupling,

FIG. 3. Stability map for the Linear-NMC Starobinsky model.
The vertical axis is the NMC strength μ, and the horizontal axis
is remaining e-folds ΔN. Regions above the solid blue line
(m2

s;eff=H
2 ¼ 1) are dynamically stable single-field attractors.

The dotted contours show isocurvature suppression levels.
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Φ ¼ M2
Pl

2
þ FðφÞ þ μx;

VJ ¼
FðφÞ2
4α0

þ
�
2Φ
M2

Pl

	
2 1

2
m2

x;0x
2: ðC13Þ

In the Einstein frame, this factorizes into a Starobinsky
potential for χ and a quadratic valley for x. The intrinsic
Hessian ratio is c≡m2

x;0=H
2. Evaluating the terms at the

valley bottom (x ¼ 0),

3
V ;ss

V
≃
4

3
cΔN; K2 ≃

54μ2

M4
PlΔN

: ðC14Þ

(Using the plateau approximation Φ ∝ ΔN). This leads
to a sufficient condition for stability (m2

s;eff=H
2 ≥ 1) at

ΔN ¼ 55,

c≳ 3

220

�
0.945 −

36μ2

M2
Pl

	
: ðC15Þ

Figure 3 plots this stability map. A nonzero coupling μ
enhances stability via the Weyl uplift K2, allowing for
lighter intrinsic masses c while preserving single-field
dynamics.
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