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We investigate the impact of nuclear pasta on crustal structure and torsional oscillations using a
Bayesian ensemble of unified neutron-star equations of state based on relativistic mean-field models
constrained by nuclear experiments, empirical saturation properties, chiral effective field theory, and
multimessenger observations. For each posterior sample, we compute the pasta sequence within a
compressible liquid-drop model and quantify the onset density, thickness, and mass fraction of the pasta
layers. We show that the appearance and extent of nuclear pasta are primarily controlled by the
symmetry-energy slope parameter L, consistent with earlier studies and indicative of a universal trend.
While spherical and rodlike pasta configurations are present for all equations of state, only a small
fraction of the posterior supports slab, tube, or bubble geometries. The transition from spherical nuclei to
rods is tightly constrained to occur at a density of ρsr ¼ 0.0588þ0.0045

−0.0065 fm−3. We further predict that the

nuclear pasta layer occupies a relative radial thickness of ΔRpasta=ΔRc ¼ 0.140þ0.025
−0.036 and contributes a

relative mass fraction of ΔMpasta=ΔMc ¼ 0.475þ0.071
−0.113 . Using the resulting crust models, we present the

quasiperiodic oscillations (QPOs) analysis based on a Bayesian posterior ensemble of neutron-star
equations of state and systematically assess their compatibility with observed low-frequency quasiperi-
odic oscillations. We find that the predicted QPO frequencies are strongly correlated with the curvature of
the symmetry energy evaluated at subsaturation density, Ksymðρ0=2Þ, and that uncertainties in the
equation of state translate into a range of angular indices l consistent with the observed frequencies.

DOI: 10.1103/qyqv-ldbd

I. INTRODUCTION

Although the neutron-star crust comprises only ∼10% of
the stellar radius, it plays a central role in several key
observables, including neutron-star mergers, magnetar
quasiperiodic oscillations, thermal relaxation, and pulsar
glitches [1]. The outer crust consists of an elastic solid,
body-centred cubic Coulomb lattice of neutron-rich nuclei
embedded in a degenerate electron gas, while neutron drip
marks the transition to the inner crust, where nuclei coexist
with a neutron superfluid [2]. Near the crust-core boundary,
the competition between nuclear and Coulomb repulsion
leads to geometrical frustration, giving rise to nonspherical
nuclear configurations collectively known as nuclear
“pasta” [3]. While the pasta layer itself occupies only
∼10% of the total crust thickness, it can significantly alter
the elastic and transport properties of the crust [4] and play

a crucial role in influencing various mechanisms such as
crust cooling [5,6], spin period [7], quasiperiodic oscillation
in giant flares [8], and shattering of the crust [9]. While no
direct and robust observational evidence for nuclear pasta
currently exists, several indirect and suggestive observatio-
nal signatures have been proposed [7,10]. Consequently,
its existence and properties are primarily supported by
theoretical studies, including molecular dynamics simula-
tions [11–13], compressible liquid-drop models [14–17],
Thomas-Fermi approaches [18,19], and nuclear density
functional theory [20], all of which consistently predict
pasta phases near the crust-core transition density. There
have also been investigations indicating that nuclear pasta
phases are significantly less abundant once shell and pairing
effects are properly taken into account [21].
One of themost promising observational probes of crustal

microphysics, and in particular of nuclear pasta, is provided
by the quasiperiodic oscillations (QPOs) detected in the
x-ray tails of giant flares from soft gamma repeaters (SGRs).
These QPOs, observed over a broad frequency range from
tens of hertz up to kilohertz, are widely interpreted as
manifestations of global oscillation modes of strongly
magnetised neutron stars, with the low-frequency compo-
nents commonly associated with torsional shear oscillations
of the crust [8,22–24]. The frequency of fundamental

*Contact author: vishal.parmar@pi.infn.it

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW D 114, 023009 (2026)

2470-0010=2026=114(2)=023009(15) 023009-1 Published by the American Physical Society

https://orcid.org/0000-0001-6334-4589
https://orcid.org/0000-0002-0497-7375
https://ror.org/05symbg58
https://ror.org/03ad39j10
https://ror.org/03ad39j10
https://crossmark.crossref.org/dialog/?doi=10.1103/qyqv-ldbd&domain=pdf&date_stamp=2026-07-06
https://doi.org/10.1103/qyqv-ldbd
https://doi.org/10.1103/qyqv-ldbd
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


torsional oscillations of neutron star crusts has also been
used to probe the equation of state [25]. The frequencies and
spectral structure of these modes depend sensitively on the
crustal shear modulus, effective mass density, entrainment,
and crust thickness, all of which can be significantly
modified near the crust–core boundary by the emergence
of nuclear pasta. In particular, the expected reduction and
possible anisotropy of the elastic response in the pasta layer
can shift mode frequencies, modify mode spacing, and
enhance the coupling between crustal and core magnetoe-
lastic oscillations, thereby affecting both the persistence and
observability of QPOs during magnetar flares [2,26,27].
While such effects make QPOs a potentially powerful
indirect probe of nuclear pasta, their interpretation is
complicated by uncertainties in the equation of state,
magnetic-field configuration, superfluid properties, and
the extent and mechanical response of the pasta phase itself.
This complexity makes it essential to investigate the role of
nuclear pasta by explicitly incorporating uncertainties in the
equation of state when comparing theoretical predictions
with QPO observations.
Only a limited number of studies have investigated the

nuclear pasta phase within a statistical framework that
explicitly accounts for uncertainties in the underlying nuclear
equation of state. Recent Bayesian and statistical attempts to
characterize pasta properties were carried out by [15] and
[16], which employed Skyrme-based energy density func-
tionals and metamodel descriptions of dense matter within
the compressible liquid-drop model (CLDM) to explore the
onset and extent of pasta phases. In this work, we build upon
our recent Bayesian analysis of unified neutron-star equa-
tions of state, in which the core and crust were consistently
described within a relativistic mean-field (RMF) framework
and constrained by a ≈20 combination of nuclear exper-
imental data, empirical saturation properties, chiral effective
field theory at low densities, andmultimessenger astrophysi-
cal observations [28]. We extend the resulting posterior
ensemble to investigate the emergence of nuclear pasta
phases near the crust–core interface and to quantify the
associated theoretical uncertainties. Using these posteriors,
we systematically study the properties of the pasta layer,
including its onset density, thickness, and mass fraction,
and explore their correlations with underlying nuclear-
matter parameters such as the symmetry energy and its
density dependence. Attempts have also been made to
constrain nuclear pasta usingQPOobservations ofmagnetars
[23,25]. However, such studies typically rely on a small
number of representative equations of state or simplified
crust models, although these equations of state span a range
of nuclear-matter properties.Here, instead,we exploit the full
posterior distribution of unified RMF equations of state to
systematically propagate current uncertainties in the neutron-
star equation of state into predictions for crustal shear
properties and torsional oscillation spectra. Following [8],
we computeQPO frequencies and assess the impact of pasta-
induced modifications of the crust on these modes while

systematically propagating current uncertainties in the neu-
tron-star equation of state.
The manuscript is organized as follows. We first briefly

outline the formalism adopted in this work, including the
description of nuclear pasta within the CLDM and the
determination of crustal torsional oscillation modes used to
compute QPO frequencies following [8], in Sec. II. Detailed
discussions of the CLDM framework, the treatment of pasta
phases, can be found in Refs. [15–17]. The RMF models
employed, as well as the Bayesian methodology and the
constraints adopted in this study motivated by [29], can be
found in Ref. [28].We then present our results in Sec. III and
summarize our main findings and conclusions in Sec. IV.

II. FORMALISM

A. CLDM for nuclear pasta

In CLDM formalism, the energy of the system in the
inner crust using Wigner-Seitz (WS) approximation can be
written as [16],

Eðrc; yp; ni; ngÞ ¼ fðuÞ½Ebulkðni; ypÞ�
þ Ebulkðng; 0Þ½1 − fðuÞ�
þ Esurf þ Ecurv þ Ecoul þ Ee: ð1Þ

Here rc is the radius (half-width in the case of planar
geometry) of the WS cell, yp the proton fraction and ni and
ng are the baryon density of the charged nuclear component
and the density of neutron gas, respectively. The function
fðuÞ defines the volume fraction occupied by the cluster or
hole [16,17]. Ebulk represents the bulk energy, which in the
present work is calculated within the RMF framework.
Pasta structure only affects the finite size effects that can

be expressed analytically as a function of the dimension of
the pasta structure. We consider the three canonical
geometries namely spherical, cylindrical, and planar,
defined by a dimensionality parameter d ¼ 3, 2, 1, respec-
tively. We then define the finite size corrections along the
same lines as in [16,30]. The surface and curvature energies
are written as [16,30],

Esurf þ Ecurv ¼
ud
rN

�
σs þ

ðd − 1Þσc
rN

�
; ð2Þ

where rN is the radius/half-width of the cluster/hole and σs
and σc are the dimension independent surface and curvature
tension based on the Thomas-Fermi calculations [31] and
rewritten as

σs ¼ σ0
2pþ1 þ bs

y−pp þ bs þ ð1 − ypÞ−p
; ð3Þ

σc ¼ γσs
σ0;c
σ0

ðβ − ypÞ: ð4Þ
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Here the parameters (σ0, σc, bs, γ, β, p) are optimized for a
given equation of state on the atomic mass evaluation 2020
data [32]. The Coulomb energy reads as [16]

Ecoul ¼ 2πðeypnirNÞ2uηdðuÞ; ð5Þ

where e is the elementary charge and ηdðuÞ is associated
with the pasta structure as [16,30]

ηdðuÞ ¼
1

dþ 2

�
2

d − 2

�
1 −

du1−
2
d

2

�
þ u

�
ð6Þ

for d ¼ 1 and 3 whereas for d ¼ 2 it reads as,

ηdðuÞ ¼
1

4

�
log

�
1

u

�
þ u − 1

�
: ð7Þ

For a given baryon density, the equilibrium composition of
a WS cell is obtained by minimizing the energy per unit
volume using the variational method where the auxiliary
function to be minimized reads as [14,33]

F ¼ EWS

VWS
− μbρ: ð8Þ

Here, μb is the baryonic chemical potential and ρ is the
baryon density.. This results in a set of four differential
equations corresponding to mechanical, dynamical, β
equilibrium and the nuclear virial theorem [14,34]. The
viral relation is used to numerically solve the value of rN .
To obtain the most stable pasta structure at a given baryon
density, we first calculate the composition of a spherical
nucleus. Then keeping this composition fixed, we calculate
the radius or half-width of five different pasta structure
namely, sphere, rod, plate, tube, and bubble. The equilib-
rium phase is then the one that minimizes the total energy
of the system.

B. Crustal torsional shear-mode frequencies

Neutron stars support a rich spectrum of oscillations
governed by different restoring forces, including elastic
stresses in the crust, magnetic tension, and fluid pressure
gradients. Among these, torsional shear oscillations of
the crust have long been recognized as particularly relevant
for interpreting the QPOs observed during magnetar flares
[35,36]. These modes are incompressible, require compa-
ratively low excitation energy, and can persist over time-
scales compatible with the observed QPO durations [37,38].
Moreover, crustal motion is naturally expected in flare
scenarios in which magnetic stresses progressively load
the solid crust until yielding occurs, thereby exciting global
oscillations that can couple to the external magnetosphere
and modulate the observed x-ray emission [39,40]. While
strongmagnetic fields inevitably couple crustal shearmodes
to Alfvén-like oscillations in the core, detailed

magnetoelastic studies have shown that the characteristic
frequencies associated with crustal shear motion can still
emerge in the coupled system, particularly at low frequen-
cies [41–43]. This behavior, however, depends on the
strength of the magnetic field. In particular, for fields of
the order of a few × 1014 G, themagneto-elastic oscillations
retain a structure similar to that of pure crustal shear modes,
whereas for stronger fields the frequencies deviate signifi-
cantly and the dynamics becomes increasingly dominated
by the magnetic field. In the magnetar regime, shear-like
modes are therefore expected to be strongly modified and
may become difficult to identify [43]. Since fields of this
order are typical of the majority of pulsars, the present
approximation is expected to be robust in such systems,
while caution is required when extending these results to
strongly magnetized neutron stars.
Following [8,26], we compute the frequencies of

crustal torsional (shear) oscillations using a plane-parallel
approximation, which provides an accurate description of
axial shear modes while substantially simplifying the
eigenvalue problem. In this approach, the crust is treated
as a vertically stratified slab with coordinate z, and we
consider purely toroidal, incompressible displacements
with no vertical component. Assuming a harmonic time
dependence, ξðz; tÞ ¼ ξðzÞeiωt, the perturbation equation
for the azimuthal displacement ξðzÞ reduces to the one-
dimensional eigenvalue equation [8]

d
dz

�
μ
dξ
dz

�
þ ρdv2A

d2ξ
dz2

þ ρdω
2

�
1þ v2A

c2

�
ξ − μk2⊥ξ ¼ 0

ð9Þ
where μ is the shear modulus, ρd is the dynamical mass
density, vA ¼ Bz=

ffiffiffiffiffiffiffiffiffiffi
4πρd

p
is the Alfvén speed associated

with a uniform vertical magnetic field Bz, and k⊥ denotes
the transverse wave number associated with the angular
structure of the mode. The plane-parallel geometry
neglects curvature effects inherent to spherical stars. To
recover the correct torsional-mode spectrum in the zero-
field limit, we follow [8,22] and mimic spherical geom-
etry by identifying the transverse wave number as

k2⊥ ¼ ðlþ 2Þðl − 1Þ
r2

; ð10Þ

where l is the angular quantum number of the torsional
mode and r is the local radial coordinate within the crust.
In contrast to the formulation of Refs. [8,26], where the
stellar radius R is adopted in the denominator, we here
use the local radius r to better account for the underlying
spherical geometry. Since the crust thickness is small
compared to the stellar radius, i.e., ΔR ≪ R, this modi-
fication leads to only minor quantitative differences and
does not significantly affect the overall results. The
boundary conditions correspond to vanishing traction at
the stellar surface and the disappearance of shear stresses
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at the crust-core interface, namely

dξ
dz

����
surf

¼ 0; μ
dξ
dz

����
c
¼ 0: ð11Þ

In the present work, we restrict our analysis to the non-
magnetic case (Bz ¼ 0), for which Eq. (9) reduces to a
purely elastic eigenvalue problem that determines the
crustal torsional shear-mode frequencies. Although neu-
tron stars are relativistic objects, the torsional shear
oscillations considered here are confined to the solid
crust, where relativistic corrections to the mode frequen-
cies are expected to be subdominant. The stellar back-
ground is obtained from the relativistic TOV equations,
while the oscillations are computed by solving the shear
perturbation equations within the crust, neglecting metric
perturbations [25].
The shear modulus of a body-centered cubic Coulomb

lattice embedded in a uniform electron background, in the
low-temperature limit and including electron-screening
corrections inferred from Monte Carlo simulations [44],
is given by [45,46]

μ ¼ 0.1194ð1 − 0.010Z2=3Þ niðZeÞ
2

a
; ð12Þ

where ni is the ion mass density, Ze is the nuclear charge,
and a ¼ RWS is the Wigner-Seitz radius. Equation (12) is
valid for spherical nuclei. However, near the crust-core
boundary, nonspherical nuclear configurations (nuclear
pasta) may appear, for which the elastic properties remain
uncertain. It is generally expected that the rigidity of matter
decreases in this region [47].
To model the softening of the crust in the pasta layer,

extending over the density range ρph ≤ ρ ≤ ρt, where ρph
denotes the onset density of nonspherical shapes and ρt the
crust-core transition density, we adopt a phenomenological
prescription in which the effective shear modulus is
smoothly suppressed according to [2,48,49]

μ̄ ¼ c1ðρ − ρtÞ2ðρ − c2Þ; ð13Þ

where the constants c1 and c2 are fixed by requiring μ̄ to
match Eq. (12) continuously at ρ ¼ ρph and to vanish
smoothly at ρ ¼ ρt. The latter condition ensures that the
shear speed approaches zero at the crust-core interface.
As a consequence, because the shear modulus vanishes at
the crust-core interface, the traction condition μ dξ

dz jc ¼ 0

becomes formally degenerate. However, since the shear
modulus can not be absolute zero, we therefore regularize
this behavior by imposing a vanishing radial gradient of the
displacement at the interface, which ensures a well-posed
eigenvalue problem [48]. It should be noted that the elastic
properties of nuclear pasta remain highly uncertain.
Different studies suggest that the various pasta phases

may exhibit markedly distinct mechanical behavior, rang-
ing from a reduced shear response in rod- and slablike
structures to comparatively stiffer behavior in bubble
phases [50] while more recent investigations indicate that
nuclear pasta may behave as a glassy and heterogeneous
system with complex, possibly anisotropic elastic proper-
ties [47]. Molecular dynamics simulations further indicate
that the complex morphology and heterogeneous nature
of nuclear pasta makes it difficult to establish a unified
microscopic description of its elasticity [51]. In view of
these uncertainties, we employ the above ad hoc prescrip-
tion as an effective description suitable for a large-scale
Bayesian analysis, while acknowledging that a more
realistic treatment of pasta elasticity may modify the
behavior of the shear modulus in this region, as is shown
in [52].
The local shear speed is then defined as [45]

vs ¼
ffiffiffiffiffi
μ

ρd

r
; ð14Þ

where the shear modulus is taken from Eq. (12) for the
spherical clusters and from Eq. (13) for the pasta phases.
Neglecting the effects of neutron superfluidity and entrain-
ment, we set ρd equal to the total mass density, ρd ¼ ρm [8].
This prescription allows us to consistently compute tor-
sional mode frequencies while isolating the impact of
pasta-induced softening of the crust.

III. RESULTS

Using the posterior distribution of RMF parameter sets
constrained by nuclear experimental data, chiral effective
field theory at subsaturation densities, and multimessenger
neutron-star observations [28], we compute the nuclear
pasta structure within the CLDM. In this approach, we
assume a fixed set of five geometries, spherical nuclei,
cylindrical rods, planar slabs, cylindrical tubes, and spheri-
cal bubbles, which are commonly adopted in the literature
and are motivated by molecular-dynamics simulations of
dense nuclear matter [53,54]. For each RMF parameter set
in the posterior (≈40000), the bulk nuclear and neutron-
matter properties entering the CLDM are provided by the
RMF equation of state. At each baryon density, the total
energy density is evaluated for all five geometries, includ-
ing bulk, surface, curvature, and Coulomb contributions,
and the energetically favored configuration is selected by
minimizing the total energy. This procedure is repeated
over the full density range of the inner crust, yielding a
consistent determination of the pasta sequence and tran-
sition densities for each RMF parameter set. We fit the
surface and curvature terms for each RMF equation of state,
on AME2020 mass table [32]. The details regarding this
fitting are given in [28].
Figure 1 summarizes the posterior distributions of the

transition densities associated with the formation and
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evolution of nuclear pasta structures in the inner crust. We
show the distributions of the densities at which the system
undergoes transitions between the assumed CLDM geom-
etries, with the energetically favored configuration at each
density.We also present the number of equations of state that
support a given pasta geometry, together with the corre-
sponding 95% credible range for the density at which each
pasta configuration first appears. The first transition, from
spherical nuclei to cylindrical rods, is tightly constrained
with ρsr ≃ 0.0588þ0.0045

−0.0065 fm−3. This transition is of particu-
lar importance, as it marks the onset of the pasta layer, which
is expected to exhibit a disordered or glassy character and a
significantly reduced effective rigidity compared to the
crystalline lattice of spherical nuclei [47]. As a result, the
density and pressure at this transition play a key role in
determining the global properties of the pasta region. The
subsequent evolution of the pasta structure depends sensi-
tively on the density dependence of the symmetry energy,
JðρÞ as is shown in [17,53]. It was shown in [16] that surface
and curvature terms play a significant role in determining
nuclear pasta properties, and that using a surface tension
inconsistent with the bulk energy leads to an underestima-
tion of the pasta phase.
In the present work, we address this issue by consistently

fitting the bulk energy together with the surface and
curvature terms to atomic mass table data, as described
earlier. We therefore expect the resulting description to
provide a self-consistent and reliable estimate of pasta
properties. After the rod phase, the majority of the posterior
samples (∼70%) undergo a direct transition from rods to
uniform core matter, with no intermediate geometries being
energetically favored. Nevertheless, all parameter sets

predict at least one nonspherical phase beyond spherical
nuclei, i.e., rods. For approximately 30% of the equations
of state, the system proceeds to the slab geometry following
the rod phase. Direct transitions beyond the slab phase are
rare: only about 0.4% of the posterior samples favor a
further transition to cylindrical tubes, while the probability
of reaching the bubble phase before the crust-core tran-
sition is found to be negligible.
The appearance and extent of pasta layers have a direct

impact on the density at which the crust-core transition
occurs. In Ref. [28], we found the crust-core transition
density to be ρt ¼ 0.0788þ0.0066

−0.0086 fm−3, considering spheri-
cal geometry. When the transition from rods directly to
the core is considered, this value remains largely unchanged.
In contrast, for equations of state that predict additional pasta
geometries, the crust-core transition density shifts to slightly
higher values, reflecting the lower energy of nonspherical
configurations that delay the onset of uniform matter. Even
in these cases, however, the transition density never exceeds
ρt ≃ 0.1 fm−3. Overall, the transition densities from spheri-
cal nuclei to rods and from rods to slabs are particularly well
constrained, with posterior peaks at ρ ≃ 0.0588 fm−3 and
ρ ≃ 0.0703 fm−3, respectively.
It has been widely argued in the literature that the

properties of the neutron-star crust are predominantly
controlled by the isovector sector of the nuclear equation
of state, in particular by the slope and curvature of the
symmetry energy, commonly quantified by the parametersL
and Ksym [16,55–58]. In this context, the appearance and
evolution of nuclear pasta geometries are also expected
to be regulated primarily by these quantities. Furthermore,
it has been suggested that nuclear-matter properties at

FIG. 1. Posterior distributions of the transition densities between different nuclear pasta geometries obtained within the CLDM
framework using RMF parameter sets drawn from the Bayesian posterior. The violin plots summarize the probability distributions of the
transition densities between successive geometries, with the width indicating the relative posterior weight.
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subsaturation densities play a particularly important role in
determining crustal structure [28,59,60].Motivated by these
considerations, we investigate the connection between
nuclear-matter parameters and the emergence of pasta
phases, with the aim of identifying which properties most
strongly influence the pasta structure.
Figure 2 illustrates the correlation between the appear-

ance of pasta geometries and the symmetry-energy param-
eters evaluated at half the saturation density, namely
the symmetry energy JðρÞ, its slope LðρÞ ¼ 3ρ∂JðρÞ=∂ρ,
and curvature KsymðρÞ ¼ 9ρ2∂2JðρÞ=∂ρ2, all evaluated at
ρ ¼ ρ0=2. We use ðρ0=2Þ to calculate the nuclear matter
properties, as it shows the highest correlation with the crust
properties [28], and also the applicable density range is in
the subsaturation region. Guided by the results presented in
Fig. 1, we classify the equations of state into three distinct
categories. The first category consists of equations of state
that exhibit only spherical nuclei and cylindrical rods, a
feature shared by all models considered. The second
category includes those equations of state that, in addition
to spheres and rods, also favor the slab geometry, which
occurs for approximately 30% of the posterior samples.
The third category comprises equations of state that predict
the appearance of additional pasta geometries beyond slabs,
including tubes and bubbles.
It is evident from Fig. 2 that while the first category,

containing only spherical nuclei and rods, spans a broad
range of values in the L–Ksym plane, the appearance of the
slab phase is strongly associated with relatively low values
of Lðρ0=2Þ and large negative values of Ksymðρ0=2Þ. The
same region of parameter space also hosts the small subset
of equations of state that predict the full sequence of pasta
geometries. For the sphere-rod category, we further observe
that lower values of the symmetry energy Jðρ0=2Þ tend to

correlate with less negative values of Ksymðρ0=2Þ at a given
Lðρ0=2Þ. To further quantify the relative influence of
nuclear-matter parameters on the appearance of pasta
structures, we employ a supervised machine-learning
approach based on a decision tree classifier, implemented
using sklearn.tree.DecisionTreeClassifier.
The classifier identifies the nuclear-matter parameters that
most effectively discriminate between different pasta
geometries by recursively partitioning the parameter space
[61]. Using Lðρ0=2Þ, Ksymðρ0=2Þ, and Jðρ0=2Þ as input
features, we obtain the following feature importances:

½Lðρ0=2Þ; Ksymðρ0=2Þ; Jðρ0=2Þ� ¼ ½0.77; 0.22; 0.01�:

Here, the feature importance quantifies how strongly each
nuclear-matter parameter contributes to distinguishing
between the different pasta categories within the deci-
sion-tree classification. Larger values indicate that a given
parameter plays a more important role in separating the
equations of state according to their predicted pasta
structure. This result indicates that the slope of the
symmetry energy at subsaturation densities is the dominant
factor controlling the emergence of pasta phases, with the
curvature playing a secondary but non-negligible role,
while the absolute magnitude of the symmetry energy
has only a marginal impact.
Having identified the presence and sequence of pasta

layers, it is essential to assess their relative contribution to
the global crustal properties. In particular, the thickness and
mass fraction of the pasta region directly affect crustal
rigidity, transport properties, and the effective moment of
inertia. Previous studies have shown that the relative
thickness and mass of the neutron-star crust are correlated
with the stellar mass, radius, and a single parameter

FIG. 2. Correlation between the appearance of nuclear pasta geometries and the symmetry-energy parameters evaluated at half the
saturation density, namely the symmetry energy Jðρ0=2Þ, its slope Lðρ0=2Þ, and curvature Ksymðρ0=2Þ. The equations of state are
classified into three categories, guided by Fig. 1: models exhibiting only spherical nuclei and cylindrical rods; models that additionally
favor the slab geometry; and models that predict further pasta geometries beyond slabs, including tubes and bubbles.
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associated with the crust-core interface [62,63]. Along
similar lines, Newton et al. [15] used simple expressions
for the relative thickness and mass of a pasta layer, given by

ΔRp

ΔRc
≈
μcchem − μpchem
μcchem − μ0chem

; ð15Þ

ΔMp

ΔMc
≈ 1 −

Pp

Pc
; ð16Þ

where μcchem, μ
p
chem, and μ0chem denote the baryon chemical

potential at the crust-core transition, at the onset of the pasta
layer, and at the stellar surface, respectively. The quantities
Pp and Pc correspond to the pressure at the bottom of the
pasta layer and at the crust-core transition. Furthermore,
since the crustal moment of inertia is proportional to the
crustal mass to first order [64], the relative pasta contri-
bution to the moment of inertia can be approximated as

ΔIp
ΔIc

≈
ΔMp

ΔMc
: ð17Þ

In Table I, we report the posterior credible intervals of all
relevant quantities, including the densities, pressures, and
chemical potentials at the onset of the pasta phase and at the
crust-core transition, as well as the isospin asymmetry of the
clusters. Using these inputs, we compute the relative pasta
thickness ΔRpasta=ΔRc and mass fraction ΔMpasta=ΔMc.
Our results are compared with those obtained in Ref. [15],
where these quantities were evaluatedwithin a compressible
liquid-drop model based on an extended Skyrme energy-
density functional, constrained by pure neutron matter
calculations, neutron-skin data of 208Pb, and chiral effective
field theory predictions at subsaturation densities.
It should be noted that in Ref. [15] the surface and

curvature parameters entering the compressible liquid-drop
model were sampled using uniform priors. In contrast, in
the present study these parameters are constrained by fitting
to the AME2020 atomic mass evaluation, with the surface
parameter fixed to p ¼ 3 [15,16,28]. This choice has been
shown to yield CLDM results that are effectively equivalent
to those obtained within Thomas-Fermi approaches.
Furthermore, the present analysis is based on the posterior
distribution of RMF parameters obtained by fitting to a
broad and up-to-date set of constraints, including nuclear
experimental data, empirical saturation properties, chiral
effective field theory predictions at subsaturation densities,
and multimessenger neutron-star observations.
From Table I, one can see that the isospin asymmetry at

the onset of the pasta phase as well as at the crust-core
transition, is consistent with the results of Ref. [15] within
uncertainties. The crust-core transition pressure Pt obtained
in the present work is slightly higher at the level of the
posterior median than that reported by Ref. [15]. This
difference can be attributed to the requirement of a slightly

stiffer equation of state in order to accommodate the
NICER mass–radius measurements, as incorporated in
the Bayesian estimation of the posterior distributions
employed in the present work. While our median estimate
predicts marginally thicker pasta layers and a slightly
smaller pasta mass fraction within the crust compared to
Ref. [15], the two studies remain consistent once the
associated credible intervals are taken into account. In a
related Bayesian study of uncertainties in nuclear pasta
properties, Dinh Thi et al. [16] employed a metamodeling
approach to describe the nuclear equation of state. While
the median value of the pasta mass fraction obtained in the
present work is consistent with their results within uncer-
tainties, we find systematically thicker pasta layers at the
level of the posterior median. In Table I, we also report the
relative thickness and mass of the rod phase of nuclear
pasta. This phase is common to all equations of state
considered in this study and is seen to constitute the
dominant contribution to the overall pasta layer.
To assess the dependence of nuclear pasta properties on

the underlying nuclear-matter parameters, we examine their
correlations with the symmetry-energy slope and curvature.
Since it is well established that the symmetry energy at
saturation density plays only a limited role in determining

TABLE I. Median values and 95% confidence levels for pasta-
related quantities obtained in the present Bayesian analysis. The
second and third columns list, where available, corresponding
results from the PNMþ Skins analysis of Newton et al. [15] and
from Dinh Thi et al. [16], respectively. Here, ρsr, Psr, and μsr
denote the baryon density, pressure, and chemical potential at the
spherical-to-rod transition, while αsr and αcore represent the
isospin asymmetry (α ¼ ρn−ρp

ρnþρp
) at the spherical-to-rod transition

and at the crust-core boundary. The quantities ρt, Pt, and μt
correspond to the density, pressure, and chemical potential at the
crust-core transition. The ratios ΔRpasta=ΔRc and ΔMpasta=ΔMc

give the fractional thickness and mass of the entire pasta layer
relative to the crust, whereas ΔRrod=ΔRc and ΔMrod=ΔMc refer
specifically to the rod phase.

Quantity This work [15] [16]

ρsr ½fm−3� 0.0588þ0.0045
−0.0065

Psr ½MeV fm−3� 0.252þ0.055
−0.055

μsr [MeV] 11.04þ1.54
−1.89

αsr 0.795þ0.034
−0.037 0.770þ0.034

−0.032
αcore 0.923þ0.014

−0.014 0.918þ0.012
−0.014

ρt ½fm−3� 0.0808þ0.0115
−0.0175

Pt½MeV fm−3� 0.481þ0.118
−0.143 0.33þ0.07

−0.07
μt [MeV] 14.28þ2.31

−2.78 12.6þ1.8
−1.9

ΔRpasta=ΔRc 0.140þ0.025
−0.036 0.129þ0.019

−0.030 0.128þ0.047
−0.047

ΔMpasta=ΔMc 0.475þ0.071
−0.113 0.54þ0.05

−0.09 0.485þ0.138
−0.138

ΔRrod=ΔRc 0.085þ0.023
−0.031

ΔMrod=ΔMc 0.307þ0.073
−0.109
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the appearance of different pasta geometries as well as the
crust-core transition density, we focus instead on the
symmetry-energy slope and curvature evaluated at subsat-
uration density, Lðρ0=2Þ and Ksymðρ0=2Þ. These quantities
more directly control the behavior of matter in the density
regime relevant for the formation of nuclear pasta and the
crust-core transition. Accordingly, Fig. 3 presents the joint
posterior distributions of the crust-core transition pressure
and chemical potential, the relative pasta thickness and
mass fractions, and their correlations with Lðρ0=2Þ and
Ksymðρ0=2Þ. It can be seen that the crust-core transition
density is strongly correlated with both the relative pasta
mass and thickness, despite the fact that these quantities are
not imposed explicitly in the calculation but are derived
from the transition pressure and chemical potential. This
behavior is expected, as the relative pasta mass and

thickness are directly controlled by Pt and μt, which
determine the depth and extent of the pasta layer within
the crust. Furthermore, the pasta mass and thickness exhibit
a noticeably stronger dependence on the curvature of the
symmetry energy, Ksym, than on the slope parameter L,
particularly when evaluated at subsaturation densities. This
is consistent with previous Bayesian studies, which have
shown that Ksym plays a dominant role in shaping the
density dependence of the equation of state in the inner
crust, while L primarily influences global crustal proper-
ties. The strong correlations with Pt and μt arise naturally
from the thermodynamic relations used to compute the
pasta observables, mirroring trends reported in earlier
CLDM-based analyses.
We now turn to the observational implications of nuclear

pasta in the inner crust of neutron stars. In particular, crustal

FIG. 3. Corner plot showing the joint posterior distributions of the crust–core transition pressure and chemical potential, Pt and μt, the
relative pasta thickness and mass fractions, ΔRpasta=ΔRc and ΔMpasta=ΔMc, and the symmetry-energy slope and curvature evaluated at
subsaturation density, Lðρ0=2Þ and Ksymðρ0=2Þ.
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QPOs are sensitive to the elastic properties of the crust,
most notably to the shear modulus and the corresponding
shear-wave speed. Figure 4 shows the posterior distribu-
tions of the shear modulus and shear speed for all equations
of state considered in this study. Up to the regime of
spherical nuclear clusters, the shear modulus can be reliably
approximated using the Monte Carlo–based expression for
a body-centered cubic Coulomb lattice. In the pasta region,
where the crystalline order is progressively disrupted, we
model the reduction of rigidity by adopting the effective
shear prescription described in Eq. (13), which smoothly
suppresses the shear modulus as the system approaches the
crust-core transition. We see that the uncertainties in the
equation of state translate into variations of up to a factor of
10 in the shear modulus throughout the inner crust and into
differences of up to a factor of ∼2 in the maximum shear-
wave speed, which is attained near the onset of the rodlike
pasta phase. Furthermore, both the shear modulus and the
shear-wave speed exhibit a strong dependence on the
symmetry-energy slope parameter evaluated at subsatura-
tion density, Lðρ0=2Þ. Equations of state characterized by
smaller values of Lðρ0=2Þ generally predict larger shear
moduli and higher shear-wave speeds, whereas larger
values of Lðρ0=2Þ lead to a softer crust with reduced
rigidity and lower shear speeds. This was also discussed
in [8], and our large posterior has the same behavior.
In Fig. 5 we illustrate the impact of nuclear pasta on the

fundamental crustal torsional oscillation frequencies. We
show the results for two cases: no pasta and with pasta. In
the case without nuclear pasta, the crust is constructed by
assuming spherical nuclear clusters at all densities. For
each density, the total energy density of the Wigner-Seitz
cell is evaluated, including contributions from nuclei,
electrons, and neutron gas. The crust-core transition is

then determined from the crust side as the density at which
the energy density of the inner-crust Wigner-Seitz cell
becomes equal to that of uniform npeμ matter [28]. It is
evident that including pasta structures in the inner crust
systematically reduces the oscillation frequencies, in agree-
ment with earlier findings [65]. In the literature, several
attempts have been made to identify the observed crustal
oscillation frequencies in magnetars. The most prominent
QPOs detected in SGR 1806 − 20 occur at 18, 26, 30, and
92.5 Hz, while those observed in SGR 1900þ 14 appear at
28, 54, and 84 Hz [66]. Frequencies above ∼100 Hz have
been interpreted not only in terms of higher-multipole
fundamental and overtone shear modes of the crust, but also
as polar-type oscillations. It has also been suggested that,
using a limited set of equations of state, the lowest
frequency observed in SGR 1806–20 (18 Hz) could be
identified with the l ¼ 3 fundamental torsional mode [48]
rather than with l ¼ 2.
In the present work, based on a large ensemble of

approximately 4 × 104 equations of state constrained by
nuclear, theoretical, and astrophysical data [28], we find
that the l ¼ 2 fundamental crustal mode cannot account
for the observed 18 Hz QPO, in agreement with the analysis
of [48] which used arbitrary pasta onset densities. This
conclusion is robust across the posterior and implies that,
within a purely crustal framework without crust-core
coupling, the 18 Hz oscillation must be associated with
higher-l modes if it is to be explained by shear oscillations
alone. The right panel of Fig. 5 shows the posterior
distributions of the fundamental crustal frequency for
several neutron-star masses. When nuclear pasta is
neglected, and a fully spherical-nuclei crust is assumed,
only relatively low-mass neutron stars (M ≃ 1.2–1.4M⊙)
marginally allow the 18 Hz frequency to be reproduced.

FIG. 4. Posterior distributions of the shear modulus μ and the corresponding shear-wave speed vs throughout the neutron-star crust.
For each equation of state drawn from the Bayesian posterior, the shear modulus is computed using Eq. (12) for the spherical nuclear
lattice and is subsequently modified according to Eq. (13) to account for the progressive reduction of rigidity in the pasta phases. The
color coding indicates the value of the symmetry-energy slope parameter L evaluated at half the saturation density, Lðρ0=2Þ.
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However, once nuclear pasta is consistently included, the
fundamental crustal mode frequency is shifted to lower
values, rendering a purely crustal explanation of the 18 Hz
QPO untenable for all masses considered. In Table II, we
report the posterior median values and 95% credible
intervals of the fundamental crustal torsional mode fre-
quency f0 for different neutron-star masses, obtained from
our Bayesian ensemble of equations of state with nuclear
pasta included.
In Fig. 6, we show the posterior distributions of the

fundamental torsionalmode frequencies forl¼ 3 andl ¼ 5
as a function of neutron-star mass. It is apparent that
the observed 18 Hz QPO is compatible with the l ¼ 3
fundamental mode across the full mass range considered,
M ≃ 1–2M⊙. In addition, the 30 Hz QPO can also be
consistently interpreted as an l ¼ 5 fundamental mode,
in agreement with the identification proposed in Ref. [46].
For the 26 Hz and 28 Hz QPOs, Ref. [46] suggested an
interpretation in terms of the l ¼ 4 fundamental mode.
However, the origin of the 26 Hz feature in SGR 1806–20

remains somewhat uncertain due to its close proximity to the
30 Hz signal. Overall, these results indicate that, given the
prevailing uncertainties in the dense-matter equation of state
and crustal elastic properties, the observed low-frequency
QPOs are compatible with a range of angular indices l. At
the same time, they highlight the potential of QPO obser-
vations to provide insight into the structure of the nuclear
pasta layer and the neutron-star crust as more precise and
abundant frequency measurements become available.
Figure 7 shows the posterior distribution of the first

overtone frequencies of crustal torsional oscillations

FIG. 5. Left panel: Fundamental crustal torsional oscillation frequencies (n ¼ 0, l ¼ 2) as a function of neutron-star mass, shown for
models with and without nuclear pasta. Right panel: Posterior probability distributions of the fundamental crustal frequency for different
neutron-star masses, comparing cases with nuclear pasta included and neglected. The black dotted line indicates the lowest-frequency
QPO observed in SGR 1806 − 20. The blue and red lines represent the average QPO frequencies for the cases without pasta and with
pasta, respectively.

TABLE II. Posterior median values and 95% credible intervals
of the fundamental crustal torsional mode frequency f0 including
nuclear pasta, for different neutron-star masses.

MðM⊙Þ f0 (Hz)

1.2 15.28þ2.77
−3.78

1.4 14.77þ2.66
−3.61

1.6 14.29þ2.55
−3.46

1.8 13.85þ2.46
−3.33

2.0 13.51þ2.44
−3.23

FIG. 6. Posterior distributions of the fundamental crustal tor-
sional mode frequencies for l ¼ 3 and l ¼ 5 as a function of
neutron-star mass considering nuclear pasta in the crust. The
black dotted horizontal lines indicate the observed low-frequency
QPOs at 18.0, 26.0, 28.0, and 30.0 Hz, highlighting the mass
ranges for which these frequencies can be accommodated within
a purely crustal interpretation.
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obtained from the ensemble of equations of state, evaluated
at fixed stellar mass. The results are compared with the
observed high-frequency QPO at 626.5 Hz in SGR
1806 − 20, which is commonly interpreted as the first
overtone of the crustal shear mode. We find that

compatibility with this frequency is achieved only for
relatively massive neutron stars. Therefore, the posterior
distributions indicate that the 626.5 Hz QPO cannot be
explained by the l ¼ 2 first overtone and instead requires
higher overtones, since overtone frequencies depend only
weakly on the angular index l. A similar conclusion
regarding the necessity of higher-l modes for this high-
frequency QPO was previously reported in Ref. [48]. We
support this claim based on the wide posterior distributions
obtained in our analysis.
To identify the most plausible angular indices associated

with the observed quasiperiodic oscillations, we examine
the joint variation of the angular index l and the funda-
mental crustal shear-mode frequency using the posterior
distributions obtained from our crust model, as shown in
Fig. 8. For a given observed QPO, we associate it with a
particular l if the frequency lies within the 95% credible
interval, indicated by the black horizontal bars, such that
the majority of the equation-of-state realizations are com-
patible with that frequency. For the lowest-frequency QPO
at 18 Hz, the posterior clearly favors l ¼ 3. The frequen-
cies at 26 and 28 Hz are best explained by l ¼ 4. However,
once the expected scaling of the shear-mode frequency with
l is taken into account [8,46,48,67], explaining the 26 Hz
QPO becomes challenging within the currently allowed
uncertainties of the neutron-star equation of state. The
30 Hz QPO is most consistent with l ¼ 5. For the 54 Hz

FIG. 7. Posterior distributions of the first overtone crustal
torsional mode frequency as a function of neutron-star mass
considering nuclear pasta in the crust. The black dotted horizontal
line marks the observed 626.5 Hz QPO in SGR 1806 − 20,
commonly identified as the first overtone of the crustal shear
oscillation.

FIG. 8. Posterior distributions of the fundamental crustal torsional (shear) mode frequencies for angular indices l ¼ 2–15, evaluated at
a fixed neutron-star mass ofM ¼ 1.4M⊙ considering nuclear pasta in the crust. For each l, the colored ridgeline shows the normalized
frequency distribution obtained from the ensemble of equations of state, with the black marker and horizontal bar indicating the posterior
median and the corresponding 95% credible interval, respectively. Vertical dotted lines denote the observed QPO frequencies at 18, 26,
30, and 92.5 Hz in SGR 1806 − 20, and at 28, 54, and 84 Hz in SGR 1900þ 14 [66].
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QPO, the posterior favors l ¼ 9, in agreement with the
estimate l ¼ 8 reported by Ref. [46]. In this case, both
l ¼ 8 and l ¼ 9 provide viable explanations, with l ¼ 9
being more strongly favored by the posterior. Similarly, the
84 Hz QPO can be explained by both l ¼ 13 and l ¼ 14,
with a preference for l ¼ 14, while the 92.5 Hz QPO is
most naturally associated with l ¼ 15. These identifica-
tions are summarized in Table III, which provides an
updated mapping between the observed QPO frequencies
and the corresponding angular indices l based on current
equation-of-state constraints. We note that Ref. [2] inter-
preted the high-frequency QPOs at 84 and 92.5 Hz as first
overtones for very large values of the symmetry energy
slope parameter L. Such large values of L are now strongly
disfavored by modern nuclear and astrophysical con-
straints, and we therefore do not find support for this
interpretation in the present analysis. Finally, we observe
that the preferred angular index l increases approximately
exponentially with the QPO frequency. In the present work,
we have not included neutron–drip entrainment effects [2].
The inclusion of entrainment is expected to reduce the
crustal shear-mode frequencies [2], while other missing
physical effects, such as magnetic fields [43] and superfluid
dynamics [24], may instead increase them.
To explore how the fundamental crustal torsional (shear)

mode frequency depends on nuclear-matter properties, we
examine its correlation with the symmetry-energy slope L
and curvatureKsym for a neutron star of massM ¼ 1.4;M⊙.
The scatter plots shown in Fig. 9 display the resulting
distributions when these parameters are evaluated at satu-
ration density ρ0 and at subsaturation density ρ0=2. As
expected for crust-dominated observables, Ksym exhibits a
significantly stronger correlation when evaluated at ρ0=2,
whereas the correlationwithL remains comparably strong at
both densities. This reflects the dominant role of the
symmetry energy in the subsaturation density regime
relevant for the neutron-star crust. We find that, similar to
other crustal properties, the QPO frequency exhibits a

significantly stronger correlation with both L and Ksym

when these quantities are evaluated at ρ0=2. In particular,
Ksym shows the strongest correlation with the fundamental
QPO frequency among the considered parameters. We have
verified that this behavior persists for higher angular indices,
with the overall structure and relative strength of the
correlations remaining qualitatively unchanged.When com-
bined with the trend observed in Fig. 8, where the funda-
mental mode frequency scales approximately exponentially
with the angular index l, these results indicate that future,
more precisemeasurements ofQPO frequencies can provide
robust constraints on the density dependence of the sym-
metry energy, especially through Ksym evaluated at subsat-
uration densities.

IV. CONCLUSION

In this work we investigate the impact of nuclear pasta on
neutron-star crust properties and crustal torsional oscilla-
tions within a unified and statistical framework. Starting
from a Bayesian posterior ensemble of relativistic mean-
field equations of state constrained by nuclear experiments,
chiral effective field theory at subsaturation densities, and
multimessenger astrophysical observations, we computed
the inner-crust structure and pasta phases for each posterior
sample using a compressible liquid-drop model. This
approach allowed us to quantify uncertainties in the onset,
extent, and mass fraction of nuclear pasta in a consistent
manner.

TABLE III. Best-matching angular indices l for the observed
QPO frequencies based on the posterior distributions of funda-
mental crustal shear-mode frequencies at fixed mass
M ¼ 1.4M⊙. The quoted l values correspond to those for which
the observed frequency lies within the 95% credible interval and
is supported by the majority of equation-of-state realizations.

Source QPO frequency (Hz) Favored l

SGR 1806 − 20 18 3
26
30 5
92.5 15

SGR 1900þ 14 28 4
54 9
84 14

FIG. 9. Correlations between the fundamental crustal torsional
(shear) mode frequency for l ¼ 2, evaluated at a fixed neutron-
star mass of M ¼ 1.4M⊙, and the nuclear-matter parameters L
and Ksym considering nuclear pasta in the crust. The upper
(lower) row shows results obtained using nuclear-matter proper-
ties evaluated at saturation density ρ0 (ρ0=2). Points are colored
by the symmetry energy J at the corresponding density. The
Pearson correlation coefficient r is indicated in each panel.
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We find that the transition from spherical nuclei to
cylindrical rods is well constrained. Beyond the rod phase,
the pasta sequence is more model dependent. While all
equations of state predict at least one nonspherical phase,
the majority proceed directly from rods to uniform matter,
with only a fraction of models supporting an additional slab
phase and a negligible subset reaching more complex
geometries. When extended pasta structures are present,
the crust-core transition is shifted to slightly higher
densities, reflecting the energetic favorability of nonspheri-
cal configurations close to the transition. We further
showed that the appearance and extent of pasta are strongly
regulated by the isovector sector of the equation of state at
subsaturation density, with lower values of the symmetry-
energy slope and more negative curvature favoring
extended pasta layers.
Using the resulting crust models, we computed crustal

torsional shear-mode frequencies in a plane-parallel
approximation, incorporating a smooth suppression of
the shear modulus in the pasta region and enforcing the
correct spherical-mode scaling in the nonmagnetic limit.
We find that the inclusion of nuclear pasta systematically
reduces the crustal shear modulus near the crust-core
interface and shifts the fundamental torsional frequencies
to lower values. Within our posterior ensemble, the l ¼ 2
fundamental mode cannot account for the observed 18 Hz
QPO in SGR 1806 − 20 once pasta is included, consistent
with earlier studies. Instead, the observed low-frequency
QPOs are compatible with higher-l fundamental modes,
and we find that, given current equation-of-state uncer-
tainties, multiple angular indices can provide viable
interpretations.

We also quantified correlations between crustal oscil-
lation frequencies and nuclear-matter parameters. The
strongest correlations are obtained when the symmetry
energy parameters are evaluated at subsaturation density,
with Ksymðρ0=2Þ showing a particularly strong influence on
the fundamental torsional frequencies. This highlights the
potential of crustal QPOs, when combined with a consistent
treatment of the inner crust, as indirect probes of the density
dependence of the symmetry energy below saturation.
The present analysis isolates the role of nuclear pasta in

a nonmagnetic framework and neglects entrainment and
superfluid effects, which are expected to further reduce
crustal shear-mode frequencies. Including these effects,
together with full magnetoelastic coupling to the core,
will be important for a complete interpretation of mag-
netar QPOs. Nevertheless, our results demonstrate that
nuclear pasta produces softening of the inner crust and
leads to measurable shifts in the torsional mode spectrum
within the currently allowed dense-matter uncertainties.
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