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In this paper, we discuss the concept of bulk reconstruction, which involves mapping bulk operators into
CFT operators to understand the emergence of spacetime and gravity. We argue that the N ¼ ∞
approximation fails to capture crucial aspects of gravity, as it does not respect gauge invariance and lacks
direct connections between energy and boundary metrics. Key concepts such as entanglement wedge
reconstruction and holographic error correction codes, which are based on the N ¼ ∞ theory, may be
incorrect or require significant revision when finite N effects are considered. We present explicit examples
demonstrating discrepancies in bulk reconstructions and suggest that a gauge-invariant approach is
necessary for an accurate understanding.
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I. INTRODUCTION AND SUMMARY

The AdS/CFT correspondence [1] can be regarded as a
definition of quantum gravity. To achieve this, we need to
consider a finite N (holographic) CFT because the N ¼ ∞
limit of CFT is not a well-defined conformal theory. Then
we will study a large N (asymptotic) expansion of physical
quantities to interpret the CFT as a bulk gravitational
theory. For such an interpretation, it is important to
understand how to represent bulk operators as CFT
operators [2–10]. This procedure is called the bulk
reconstruction. In other words, it provides an answer to
the question of how spacetime and gravity emerge.
The holographic CFTd for N ¼ ∞ is expected to be the

d-dimensional generalized free field (GFF) [11], which is
just the (dþ 1)-dimensional dimensional free theory where
the radial direction is regarded as an internal space of the
Kaluza-Klein theory. This (dþ 1)-dimensional free theory
corresponds to the free bulk theory. Here, we emphasize that
this free gravity theory does not impose the “Gauss law”
constraints of the gauge invariance (diffeomorphism invari-
ance) of the gravity theory and the energy is not related
to the metric of the asymptotic boundary [12,13]. Thus, the
N ¼ ∞ approximation misses the most important aspect of
gravity and is crucially different from the finite N theory.

On the other hand, some important notions in the bulk
reconstruction are based on N ¼ ∞ theory, such as the
entanglement wedge reconstruction, subregion duality, and
the holographic error correction code. Furthermore, these
concepts are expected to be valid even when we include
1=N corrections. At least, it is generally expected that there
are no significant differences between the N ¼ ∞ theory
and the finite N theory. These notions are based on the
importance of considering subregions of spacetime; for
example, the horizon and black hole are related to the
concept of subregions. However, given the crucial
differences between the N ¼ ∞ theory and the finite N
theory discussed above, a serious reconsideration of these
expectations is required. Furthermore, it has been claimed
that these notions in bulk reconstruction are shown to be
invalid or significantly modified, based on explicit com-
putations in the AdS/CFT correspondence, as demonstrated
in [10,14–17]. The differences between the N ¼ ∞ theory
and the finite N theory are crucial for these results.1
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1Our basic standpoint is that we want to understand finite N
CFTs. (WhenN ¼ ∞, CFTs are notwell defined.)WhenN is large,
physical quantities can sometimes be approximated well by 1=N
expansion. Even in cases where this approximation is valid, it may
hold only perturbatively, or itmay extend to capture nonperturbative
effects as well. Although sometimes nonperturbative effects are
called finite N effects, in this paper, by finite N we mean working
with finite-N CFTs rather than the N ¼ ∞ limit. The reason we
emphasize finite N is that there is a significant difference in
subregion bulk reconstruction between finite-N CFTs and free
bulk theories at N ¼ ∞ (generalized free theories). In this paper,
what we are actually discussing is that problems already arise at the
perturbative level in the 1=N expansion.
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In this paper, we argue that the reason why such widely
accepted properties of bulk reconstruction should be either
incorrect or significantly modified is, indeed, that they do
not respect the gauge invariance in the interacting gravita-
tional theory corresponding to the finite N theory. We will
consider the simplest case: the (global) vacuum state, which
corresponds to the pure global AdS space, and take a ball-
shaped subregion whose entanglement wedge corresponds
to the AdS-Rindler wedge. Even for this simplest case, the
discussion is nontrivial, andwehave the differences between
the N ¼ ∞ theory and the finite N theory. Indeed, we will
provide explicit examples demonstrating that global and
AdS-Rindler bulk reconstructions yield different operators,
and that the original entanglement wedge reconstruction is
not valid. These also demonstrate that the subregion com-
plementarity [17], rather than the holographic error correc-
tion code, is realized to solve the radial locality “paradox”
in [18]. It should be emphasized here that all such dis-
cussions, especially the argument that the properties of the
holographic error correction code do not exist in the holo-
graphic CFT, are presented entirely in the language of CFT.
Then, we will explain that this property is naturally under-

stood within a gauge-invariant bulk description. It is impor-
tant to note that there are no gauge-invariant local operators
in the gravitational theory, and the gravitational dressing is
needed tomake naive local operators gauge invariant [12,13].
There are discussions on the ambiguities associated with
gravitational dressing, for example, in [19–22].

A. Summary of our claims

Below, we summarize our claims on the several “estab-
lished” properties of AdS/CFT. The explanation of the
details of our claims will be described in later sections.

1. Quantum error correction codes in AdS/CFT

The bulk reconstruction claims that bulk operators
(which are low-energy operators) can be reconstructed
by CFT operators in multiple ways. These CFT operators
are distinct in the entire CFT Hilbert space, including high-
energy states. However, the holographic quantum error
correction (QEC) proposal claims that these different
operators are the same in the low-energy subspace (code
subspace) as stated in [23]. If we take N ¼ ∞ where the
CFT is the generalized free field theory, which is equivalent
to the free bulk theory, it can be regarded as QEC as
proposed in [18]. However, the code subspace is equivalent
to the entire Hilbert space of GFF because the GFF only
contains the low-energy modes, i.e., it is trivial as a
quantum error correction code.2 Thus, for the holographic

QEC proposal, it is crucial to see whether this structure still
holds including 1=N corrections. Indeed, if we include the
leading order correction in the 1=N expansion to the GFF,
which is the nonvanishing leading order of the three-point
functions in CFT, bulk fields constructed from CFT
operators on different subregions becomes different in
code subspace in general. Therefore, the quantum error
correction code proposal works only for N ¼ ∞ rather
trivially. For finite N, the relevant question for the holo-
graphic QEC proposal is whether the two bulk operators,
which are equivalent for N ¼ ∞, with 1=N corrections can
be equivalent in the code (low-energy) subspace with the
interactions in the bulk theory. The answer is no. (If some
properties of the free bulk theory are completely different
from those of the interacting bulk theory, the free theory is
not useful for them.)

2. Entanglement wedge reconstruction

Let us consider a bulk local operator supported on the
intersection of the entanglement wedges of two different
CFT subregions A and B for N ¼ ∞. We can reconstruct the
bulk operator as the CFT operators OA and OB (which
are supported on A and B respectively) for N ¼ ∞.
We now consider 1=N corrections to them. Then we can
show that these two CFToperatorsOA andOB cannot be the
same at the leading order correction in 1=N expansion in
general, even around the vacuum which corresponds to
the pure AdS spacetime. Thus, the entanglement wedge
reconstruction [24] which claims OA ¼ OB does not work
including 1=N corrections. On the other hand, a weaker
version of the entanglement wedge reconstruction, stated in
[14,15,17], may be valid. This claims that parts of (smeared)
bulk local operators with 1=N corrections in the entangle-
ment wedge of a CFT subregion can be reconstructed from
the CFT operators supported on the subregion, while the
ones outside the entanglement wedge cannot be recon-
structed. The set of reconstructable bulk operators is smaller
than that of naive local operators in the usual entanglement
wedge reconstruction.

3. Subregion duality from relative entropy

The relative entropies in the bulk and the CFT for the
subregion may be the same up to Oð1=NÞ [25] and this
seems to lead to the subregion duality and the entanglement
wedge reconstruction as in [24]. However, this should not be
valid at Oð1=NÞ3 as shown in [15]. This may be because in
[24] it was assumed that the Hilbert space for the bulk
gravitational theory is factorized for the subregions. The
assumption of the factorization is (approximately) valid only
if we fix the gauge. The correct understanding of the bulk
relative entropy in [25] will be one using the algebraic

2One might think that forN ¼ ∞ the CFT Hilbert space will be
decomposed into GFFs around the semiclassical backgrounds,
like the vacuum or black holes, and the GFF for the vacuum is the
code subspace. However, for N ¼ ∞ the GFF is completely
decoupled from other sectors.

3This is the first nontrivial leading order of the three-point
function which is needed for the results of [25].
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entanglement entropy where the bulk subalgebra is gen-
erated by the gauge-invariant operators supported on the
entanglement wedge, and it leads to a subregion duality and
an entanglement wedge reconstruction in the sense dis-
cussed in [26,27]. We claim that subregion duality and the
entanglement wedge reconstruction based on the algebraic
entanglement entropy are completely different from the
usual ones although it appears to be assumed that there is not
much significant difference between them in [26,27]. In
particular, the weaker version of the entanglement wedge
reconstruction [14,15,17] is related to the gauge-invariant
operators on the bulk region as we argue.4

The main points that have been stated above are as
follows: There are gaps between the GFF and finite N case
or 1=N corrected one concerning the consideration of
subregions. Note that the GFF and the free bulk theory
are equivalent, and thus this may be regarded as the
discrepancy between the bulk effective theory and quantum
gravity (¼ CFT).

II. BULK RECONSTRUCTION
WITH GAUGE FIXING

In this section, we review the global and
AdS-Rindler [Hamilton-Kabat-Lifschytz-Lowe (HKLL)]
bulk reconstruction [5] by taking care of N ¼ ∞ or
finite N. The distinction between N ¼ ∞ and finite N is
essential to see the difference between the global and
AdS-Rindler reconstruction. The discussion will be done in
a gauge-fixed way as in the standard argument of the bulk
reconstruction [5]. The difference between the two recon-
structions will be obvious in a gauge-invariant argument as
we will see in Sec. IV.

A. Global AdS

We consider the d-dimensional holographic CFT on the
cylinder with coordinates ðτ;ΩÞ. The corresponding bulk is
the (dþ 1)-dimensional global AdS and we take the bulk
metric as

ds2 ¼ 1

cos2 ρ
ð−dτ2 þ dρ2 þ sin2 ρdΩ2Þ: ð2:1Þ

First, we consider the N ¼ ∞ case, i.e., bulk free theory in
global AdS or the GFF theory on the boundary. We can
solve the equations of motion (EOM) of the bulk free
theory by the mode expansion for the global AdS coor-
dinates and obtain the creation operators a†nlm. Then, the
bulk local field ϕ can be expanded by these modes, in
particular, the boundary value of ϕ, which is given by

Oðτ;ΩÞ ¼ lim
z→0

z−Δϕðτ; z;ΩÞ; ð2:2Þ

where z ¼ cosðρÞ and Δ is the conformal dimension of the
CFT operator corresponding to ϕ. Here, ϕ is expressed
as a linear combination of anlm and a†nlm as in the usual field
theory on Minkowski spacetime. Conversely, we can
express a†nlm by the boundary values Oðτ;ΩÞ. Then,
inserting this into the mode expansion of ϕ, we have the
bulk reconstruction formula from the boundary values:

ϕðτ; ρ;ΩÞ ¼
Z

dτ0dΩ0Kðτ; ρ;Ω; τ0;Ω0ÞOðτ0;Ω0Þ; ð2:3Þ

where Kðτ; ρ;Ω; τ0;Ω0Þ is a specific function called the
smearing function whose explicit form was given in [5]
and called the HKLL bulk reconstruction formula.
It is important to note that the two-point function
h0jOðτ;ΩÞOðτ0;Ω0Þj0i computed in the free bulk theory
coincides with the two-point function of the primary
operator with the conformal dimension Δ of CFT, which
is universal, up to a numerical normalization factor. If we
regard this Oðτ;ΩÞ as a d-dimensional “CFT” operator, the
“CFT” is a generalized free field theory [11].
If we define

ϕGðτ; ρ;ΩÞ≡
Z

dτ0dΩ0Kðτ; ρ;Ω; τ0;Ω0ÞOCFTðτ0;Ω0Þ;

ð2:4Þ

for a primary operator OCFTðτ;ΩÞ of any finite N CFT,
the bulk two-point function is reproduced by the CFT
operator ϕG:

h0jϕGðτ;ρ;ΩÞϕGðτ0;ρ0;Ω0Þj0i¼h0jϕðτ;ρ;ΩÞϕðτ0;ρ0;Ω0Þj0i;
ð2:5Þ

becauseO andOCFT have the same two-point functions.5 In
particular, an N ¼ ∞ limit of the holographic CFT around
the vacuum is expected to be this GFF because of the large
N factorization. Then, (2.4) in this limit reproduces the bulk
n-point function and gives the HKLL bulk reconstruction
formula.
Note that the smearing function Kðτ; ρ;Ω; τ0;Ω0Þ has

ambiguities although there is no ambiguity for express-
ing O by the creation operators. Indeed, for N ¼ ∞, if
we replace it as Kðτ; ρ;Ω; τ0;Ω0Þ → Kðτ; ρ;Ω; τ0;Ω0Þ þ
δKðτ; ρ;Ω; τ0;Ω0Þ, the reconstructed bulk operator
ϕGðτ; ρ;ΩÞ is invariant if

Z
dΩ0

Z
∞

−∞
dτ0 eiωτYlmðΩÞδKðτ; ρ;Ω; τ0;Ω0Þ ¼ 0

4Including the 1=N corrections, the bulk local operators need
to attach the gravitational dressing [12,13], which is the critical
reason for the nonfactorization of the Hilbert space. This
gravitational dressing is related to the weaker version of the
entanglement wedge reconstruction. 5There were some discussions on the AdS2 case; see [28].
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is satisfied for ω ¼ 2nþ lþ Δ where n is a non-negative integer although ω can take any real number as a Fourier
transformation of τ.

1. 1=N corrections

The HKLL bulk reconstruction can be extended to include 1=N corrections, which correspond to the interaction in the
bulk by requiring nonlinear EOM or a kind of micro causality [6–8],6 which is given as

ϕGð1Þðτ; ρ;ΩÞ≡
Z

dτ0dΩ0Kðτ; ρ;Ω; τ0;Ω0ÞOCFTðτ0;Ω0Þ

þ 1

N

Z
dτ0dΩ0dτ00dΩ00Kð1Þabðτ; ρ;Ω; τ0;Ω0; τ00;Ω00ÞOCFT

a ðτ0;Ω0ÞOCFT
b ðτ00;Ω00Þ; ð2:6Þ

where OCFT
a is a low-energy primary operator and Kð1Þab is

N independent. It is noted that if we take ϕ a spherical
symmetric operator, i.e., it is Ω independent, each term of
1=N expansion is a spherical symmetric operator.

B. AdS-Rindler bulk reconstruction

Next, we review the AdS-Rindler bulk reconstruction
[5]. Let us consider the AdS-Rindler patch of AdSdþ1 with
the metric

ds2 ¼ −ξ2dt2R þ dξ2

1þ ξ2
þ ð1þ ξ2Þdχ2; ð2:7Þ

where χ stands for the coordinates of the (d − 1)-dimensional
hyperbolic space. Its asymptotic boundary on the tR ¼ 0
slice, which will be denoted by A, is a ball-shaped subregion
in the sphere, whose entanglement wedge MA is the
AdS-Rindler patch itself. For this, we can repeat the bulk
reconstruction for the global AdS: we solve the EOM to
obtain themode expansion and rewrite the bulk local operator
ϕ by the modes. Then, the bulk local operator can be
expressed by the boundary values of the bulk local operator
using a smearing function KR7 Using the smearing function,
we define

ϕRðtR; ξ; χÞ≡
Z

dt0Rdχ
0KRðtR; ξ; χ; χ0; t0RÞOCFTðχ0; t0RÞ:

ð2:8Þ

This CFToperatorϕR reproduces the bulk two-point function
correctly even for finite N as

h0jϕðXÞϕðX0Þj0i ¼ h0jϕRðXÞϕRðX0Þj0i; ð2:9Þ

for arbitrary two points inMA, where j0i is the global vacuum
(not the Rindler vacuum). Furthermore, they satisfy

h0jϕðX0ÞϕðXÞj0i ¼ h0jϕGðX0ÞϕGðXÞj0i
¼ h0jϕRðX0ÞϕGðXÞj0i; ð2:10Þ

for arbitrary X in the entire bulk and X0 in the entanglement
wedge MA. For N ¼ ∞, we can also reproduce any higher-
point bulk correlation function in the entanglementwedgeMA
as the global reconstruction does. Thus, the bulk local
operators in the entanglement wedge MA are reconstructed
from the CFT operators supported on the subregion A
for N ¼ ∞.
Note that for N ¼ ∞, the CFT is regarded as the GFF,

which is just the free bulk theory on AdS. Thus, ϕG and ϕR

are the same operators.8 In particular, the creation and
annihilation operators are related by a unitary transforma-
tion (i.e., the Bogoliubov transformation with operators on
MĀ). This means that the holographic error correction code
in the N ¼ ∞ theory, the map (for example, the Petz map)
is trivial. This is because the code subspace (low-energy
subspace) and the physical space are the same for N ¼ ∞.
Furthermore, if we include even the first nontrivial

corrections in the 1=N expansion, the structure of the
holographic error correction code is lost [17] as we will see
later. Here, we will give some remarks on it. Let us consider
the difference between the two operators ϕG in (2.4) and ϕR

in (2.8):

ϕδ ≡ ϕR − ϕG; ð2:11Þ

in the finite N CFT, i.e., we use the HKLL formulas for ϕG

in (2.4) and ϕR in (2.8) withOCFT for finiteN CFTalthough
the smearing functions K and KR are those for N ¼ ∞
theories without 1=N corrections. This ϕδ satisfies, for
arbitrary point X in the entire bulk,

6The requirements were described in the holographic gauge.
However, the HKLL bulk reconstruction may not give a local
operator in the holographic gauge as discussed in [12].

7Precisely speaking, the smearing function KR does not exist
for the bulk local operator. We always need to consider the
smeared bulk operator (distribution) [29]. It is also noted that KR

is unique.

8This is possible by the ambiguities of K, i.e., we may have
KR ¼ K þ δK.
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h0jϕδOaðXÞj0i ¼ 0; ð2:12Þ

where OaðXÞ is any primary operator of the CFT, because
this is a two-point function between the primary operators
corresponding to ϕ and OaðXÞ which vanishes by (2.10).
This exactly implies

ϕδj0i ¼ 0: ð2:13Þ

However, it does not imply ϕδ ¼ 0 and we may have
ϕδjψi ≠ 0 for some jψi. In particular, some three-point
functions can be nonzero:

h0jOaðXÞϕδObðXÞj0i ≠ 0: ð2:14Þ

We indeed have such an example for CFT on d ¼ 2
Minkowski spacetime ðt; xÞ. Using the light cone coordi-
nates u ¼ t − x, v ¼ tþ x, let us consider

ϕ̃δ ≔
Z

dudv eiupuþivpvOΔðu; vÞ; ð2:15Þ

for a nonchiral scalar primary operator OΔ with pupv < 0
which implies the energy pt is lower than the absolute value
of the momentum px. Then, we find

h0jϕ̃δOΔðu0; v0Þj0i

¼
Z

dudv eiupuþivpvðu − u0 þ iϵÞ−Δðv − v0 þ iϵÞ−Δ ¼ 0;

ð2:16Þ

where ϵ > 0 is due to the ordering of the operators [16]
because if pu < 0 the integration path u∈R will be
deformed to u∈R − i∞ without crossing a singular point.
On the other hand, for the three-point function with the
energy-momentum tensor, we have

h0jTðu00Þϕ̃δOΔðu0; v0Þj0i ¼
Z

dudveiupuþivpv
Δ
2

ðu− u0 þ iϵÞ2
ðu00 − uþ iϵÞ2ðu00 − u0 þ 2iϵÞ2

1

ðu− u0 þ iϵÞΔðv− v0 þ iϵÞΔ ≠ 0; ð2:17Þ

because there are singular points for u in the integrand both
in the upper and lower half-plane. Thus, we have ϕ̃δj0i ¼ 0

and ϕ̃δ ≠ 0.
Like this example, ϕG and ϕR ¼ ϕG þ ϕδ can be

distinguished for finite N CFT by looking at three-
point functions. The difference ϕδ comes from the 1=N
correction, and then we can ask whether we can take
ϕGð1Þ ¼ ϕRð1Þ including the 1=N correction, like (2.6), at
this order. In other words, the question that we should ask is
whether ϕδ can be canceled by the CFT operator supported
only on A order by order in 1=N expansions, and the answer
is no as shown in [15] by giving an explicit example.Wewill
show it again in the next section with a refined example.

III. SUBREGION COMPLEMENTARITY AND
BULK RECONSTRUCTION

In this section, we will show first that the global and
AdS-Rindler bulk reconstructions should give different
operators if we include 1=N corrections. On the other
hand, both of the bulk theories on the global and the
AdS-Rindler patches may be consistent. Indeed, these two
theories have the same operators on an overlapped region
(which is the AdS-Rindler patch) of these two patches for
the free bulk limit (i.e., N ¼ ∞), while the operators will
be different for finite N. Here, it should be emphasized
that all results in this section are shown entirely in the
language of CFT. We called the existence of the two
different descriptions depending on the observers, the
subregion complementarity [17]. We will give an example
that illustrates what the subregion complementarity is.

In the next section, we will explain that the subregion
complementarity results from the intrinsic nonlocality of
the operators in the gravitational theory due to the gauge
invariance.

A. Global and AdS-Rindler bulk reconstructions
give different operators

Let us consider the CFT on Sd−1 and take a ball-shaped
subregion A which is slightly larger than half of the
Sd−1. We then consider a spherically symmetric smeared
bulk local operator ϕ̃ in the global AdS such that ϕ̃ is
supported only on the entanglement wedge MA associated
with the CFT subregion A. We also require ϕ̃† ¼ ϕ̃. By the
global HKLL bulk reconstruction (or another bulk
reconstruction that maintains the symmetry), we have
ϕ̃G ≡ R

Sd−1 KðXÞOCFTðXÞ with ϕ̃†
G ¼ ϕ̃G where KðXÞ is a

real and spherically symmetric function. Below, we will use
theCFTenergy-momentum tensorT00ðΩÞ on the τ ¼ 0 slice
and the Hamiltonian H ¼ R

Sd−1 dΩT00ðΩÞ. Here, T00ðΩÞ is
shifted by a constant from the usual definition in CFT so that
we have h0jHj0i ¼ h0jT00ðΩÞj0i ¼ 0, which implies
Hj0i ¼ 0. Then, by the rotational symmetry, we have

h0j½ϕ̃G; ½T00ðΩÞ; ϕ̃G��j0i ¼
1

VðSd−1Þ h0j½ϕ̃G; ½H; ϕ̃G��j0i

¼ 2

VðSd−1Þ h0jϕ̃GHϕ̃Gj0i > 0;

ð3:1Þ
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for any Ω. This implies that h0j½ϕ̃; ½T00ðΩÞ; ϕ̃��j0i ¼
OðN0Þ.9
On the other hand, since ϕ̃ is localized on MA, we can

reconstruct it by the AdS-Rindler HKLL reconstruction as
ϕ̃R. Then, for Ω∈ Ā, we will have

h0j½ϕ̃R; ½T00ðΩÞ; ϕ̃R��j0i ¼ 0; ð3:2Þ

by the micro causality [i.e., any operators on A commutes
with T00ðΩÞ for Ω∈ Ā]. Note that this discussion uses the
low-energy states only.10 Any 1=N corrections to ϕ̃ cannot
contribute to OðN0Þ terms in h0j½ϕ̃; ½T00ðΩÞ; ϕ̃��j0i.
Therefore, the AdS-Rindler bulk reconstruction of a bulk
operator in the entanglement wedge and the global bulk
reconstruction of the same bulk operator cannot be the
same CFT operators, even if we include 1=N corrections
appropriately.11

We can also see the difference by considering the energy
density of the following state:

jψi ¼
�
1þ iϵϕ̃G þ 1

2
ðiϵϕ̃GÞ2

�
j0i; ð3:3Þ

where ϵ is a small real parameter. By the rotational
symmetry, we have

hψ jT00ðΩÞjψi ¼
1

VðSd−1Þ hψ jHjψi

¼ ϵ2
1

VðSd−1Þ h0jϕ̃GHϕ̃Gj0i þOðϵ3Þ; ð3:4Þ

where VðSd−1Þ is the volume of the time slice Sd−1. Thus,
hψ jT00ðΩÞjψi is Oðϵ2Þ for any point Ω. On the other hand,
using ϕ̃R instead of ϕ̃G, we consider

jψRi ¼
�
1þ iϵϕ̃R þ 1

2
ðiϵϕ̃RÞ2

�
j0i: ð3:5Þ

If we take Ω∈ Ā, we have

hψRjT00ðΩÞjψRi ¼ 1

2
ϵ2h0j½ψ̃ ; ½T00ðΩÞ; ϕ̃R��j0i

−
1

2
iϵ3h0jððϕ̃RÞ2T00ðΩÞϕ̃R − ϕ̃RT00ðΩÞðϕ̃RÞ2Þj0i þOðϵ4Þ

¼ −
1

2
iϵ3h0jððϕ̃RÞ2T00ðΩÞϕ̃R − ϕ̃RT00ðΩÞðϕ̃RÞ2Þj0i þOðϵ4Þ; ð3:6Þ

where we have used the micro causality ½T00ðΩÞ; ϕ̃R� ¼ 0

for Ω∈ Ā. Thus, hψRjT00ðΩÞjψRi is Oðϵ3Þ. Therefore, we
have hψ jT00ðΩÞjψi ≠ hψRjT00ðΩÞjψRi, and jψRi are dif-
ferent from jψi.

B. Some illustrative examples

Let us consider an example that exhibits the
relation between the subregion complementarity and

gauge-invariant operators. The setup is similar to the
discussion of the bulk locality in [18], although the
conclusions are completely different. We consider a time
slice of global AdS3 spacetime. The corresponding CFT is
on S1 parametrized by 0 ≤ θ < 2π. We take a subregion A1

of the CFT by 0 ≤ θ < θ1 where θ1 satisfies π < θ1 <
4π
3
.

We also take the subregions A2 and A3 by the 2π
3
and 4π

3

rotations of A1, respectively (see Fig. 1). Note that
A1 ∩ A2 ∩ A3 ¼ ∅. Then, the intersection of the entangle-
ment wedges of the three subregions is an island-like region
MA1

∩ MA2
∩ MA3

, which does not reach the boundary,
around the center of the disk as Fig. 1. Now, let us consider
a Hermitian bulk operator ϕ supported only on this island-
like region. The bulk operator ϕ can be reconstructed from
the CFT operator supported on any one of the subregions
Ai, i.e., ϕ ¼ ϕi for ϕi ∈AðAiÞ for i ¼ 1, 2, 3, where AðAiÞ
is the algebra generated by the CFT operator supported on
DðAiÞ. If the (strong) entanglement wedge reconstruction
holds, these operators are the same (ϕ1 ¼ ϕ2 ¼ ϕ3) on the
code (low-energy) subspace [18]. However, we will see that
they are different even in the low-energy subspace. We

11Here, we define ϕ̃R as an operator on the entire Sd−1, since
this is the form adopted in the discussions of [18,23,24].
Furthermore, we demonstrate in Appendix B that even when
restricted to a subregion A, the two operators do not agree.

10This implies that ðϕ̃RÞ2j0i ≠ ðϕ̃Þ2j0i although ϕ̃Rj0i ¼ ϕ̃j0i
as discussed in the previous subsection. On the other hand, using
the Reeh-Schlieder theorem, we have an operator φR supported
on A such that φRj0i ¼ ðϕ̃Þ2j0i, but it is impossible that
φR ¼ ðϕ̃RÞ2 even for the low-energy states.

9Note that Tμν ∼ Nhμν where the “graviton” operator hμν is
normalized such that it has the conventional normalization of the
CFT two-point function, which is independent of N. In the large
N expansion, we use hμν, then the three-point function isOð1=NÞ.
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define12 the states jψ ii ¼ eiϕi jψ0i for i ¼ 1, 2, 3 where jψ0i
is an arbitrary state. They exactly satisfy

hψ ijOījψ ii ¼ hψ0jOījψ0i; ð3:7Þ

for arbitrary Oī ∈DðĀiÞ by the causality in the CFT. If we
suppose ϕ1 ¼ ϕ2 ¼ ϕ3, these states are the same
(jψ1i ¼ jψ2i ¼ jψ3i≡ jψi). This implies

hψ jOjψi ¼ hψ0jOjψ0i ð3:8Þ

for any CFT operator O because Ā1 ∪ Ā2 ∪ Ā3 is the entire
space,13 and then we conclude jψi ∼ jψ0iwhich means that
ϕ is proportional to an identity operator. Thus, there is no
such nontrivial operator ϕ satisfying ϕ ¼ ϕ1 ¼ ϕ2 ¼ ϕ3.
Instead, these operators ϕ1;ϕ2;ϕ3 are different; that is the
subregion complementarity. It is natural that there are no
nontrivial operators satisfying (3.8) because there is no
overlap of the CFT subregions Ai, i.e., A1 ∩ A2 ∩ A3 ¼ ∅.
This is a typical example of the subregion complementarity.
The statement that ϕ1;ϕ2;ϕ3 are different operators

sounds trivial from the CFT perspective because they have
different supports. However, this is not trivial for low-energy
subspace because we need clarification for the concept of the
local operators in low-energy effective theories, as we will

discuss in Sec. IV C 1. It will be clear that they are different
from the bulk side when we take into account the gravita-
tional dressing (see Sec. IV).
One might think that there exists some nontrivial bulk

operator ϕ which satisfies ϕ ≃ ϕi where ϕi ∈DðAiÞ for
i ¼ 1, 2, 3 only in the low-energy subspace (which is the
code subspace) as the holographic quantum error correction
proposal [18]. However, one can repeat the above discussion
by restricting jψ0i and Oī to a state and an operator in the
low-energy subspace. It is important to note that ϕi which is
reconstructed by the CFToperators should be only supported
on Ai strictly and Oī should be only supported on Āi. This
enables us to use the micro causality. Then, we find that
hψ jOjψi ¼ hψ0jOjψ0i for any low-energy CFT operator O
and such ϕ should be proportional to the identity operator in
the low-energy subspace.14 Thus, such an operator should be
trivial in the low-energy subspace and it is contrary to the
holographic quantum correction code proposal.

1. Generalization

We can extend the discussion to general backgrounds
and more general choices of subregions. Let us consider a
time slice of an asymptotic AdS spacetime M and CFT
subregions Ai ⊆ ∂M. We will take bulk regions ai ⊆ M
such that

ai ∩ ∂M ¼ Ai; ð3:9Þ

for any i. Though this condition is satisfied for the time
slice of the entanglement wedge of Ai, we here allow ai to
be more general bulk subregions satisfying this condition.
We also require the following condition,

∪j Āj ¼ ∂M; ð3:10Þ
which is also satisfied with the previous example. (We do
not require ∪j Aj ¼ ∂M here.) The condition (3.10) is
equivalent to

∩j Aj ¼ ∅; ð3:11Þ
which implies that there is no CFT operator ϕ such that
ϕ∈AðAiÞ for all i, whereAðAiÞ is the algebra generated by
the CFT operators supported on Ai. Under the condition
(3.9), (3.11) is equivalent to

∩j aj ∩ ∂M ¼ ∅; ð3:12Þ

FIG. 1. We take three CFT subregions A1, A2, A3 on a time
slice. The bulk subregion (with gray color) around the center is
the intersection of the time slices of the entanglement wedges
associated with Ai. The bulk subregion does not touch the
boundary, and we call it an island-like region.

12Instead of eiϕ, we can consider the Taylor expansion of it for
some order like (3.3), and the conclusion does not change.

13For the GFF theory, we have the additivity anomaly [30,31],
i.e., AðAÞ∨AðA0Þ ≠ AðA ∪ A0Þ. Thus, AðA1Þ∨AðA2Þ∨AðA3Þ ≠
AðS1Þ, and we cannot conclude hψ jOjψi ¼ hψ0jOjψ0i for any
operator O∈AðS1Þ. Our discussion in the main text is for the
finite N CFT without the additivity anomaly. Although the
entanglement wedge reconstruction may hold for the GFF theory,
it does not contradict the radial locality due to the additivity
anomaly, and thus we do not need the QEC structure in this
N ¼ ∞ case.

14Strictly speaking, to show this, we need to assume that there
is no genuine nonlocal low-energy CFToperator which cannot be
supported on Aj for any j. However, such genuine nonlocal
operators may not exist because there may not be such low-
energy excitations in the bulk. Furthermore, even if we assume
the existence of such a nonlocal operator, ϕi should include this
nonlocal operator, which cannot be supported on Aj for any j.
This is impossible because ϕi is supported on Ai.
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which means that the intersection of the bulk wedges ai is
an “island” which does not reach the boundary. Thus, this
can be a generalization of the previous example because all
of the conditions here are satisfied in the previous exam-
ples. We can repeat the previous discussion and obtain the
same conclusion for this generalized case. That is, if the
overlapped region of the bulk wedges of the subregions is
an island region and we reconstruct a bulk operator
supported only on the island region as a CFT operator
supported on a subregion Ai, then the CFT operator cannot
be the same as the reconstruction from another subregion
Aj (i ≠ j) even in the low-energy subspace.

IV. GRAVITATIONAL DRESSING
(GAUGE-INVARIANT OPERATORS IN GRAVITY)

AND SUBREGION COMPLEMENTARITY

We have seen that the CFT operator on a subregion that
reconstructs a bulk “local” operator is different from the
other one for a different subregion even restricted in the
low-energy subspace. This is because of the subregion
complementarity. We will explain that this property is
naturally understood in the bulk gauge-invariant descrip-
tion. It is important that there are no gauge (diffeomor-
phism) invariant local operators in the gravitational theory,
and the gravitational dressing (or the gravitational Wilson
lines) is needed to make a naive local operator gauge
invariant [12,13].15 We will also show that subregion
complementarity, rather than the holographic QEC pro-
posal, is consistent with the algebraic approach to the

entanglement wedge reconstruction based on the gauge-
invariant operators in gravity. Note that this version of the
entanglement wedge reconstruction is the weak version of
the entanglement wedge reconstruction, which we claimed
in [10,15], and is different from the usual entanglement
wedge reconstruction.

A. Gravitational dressing

The examples of the subregion complementarity given in
the previous section can be understood from the fact that
there are no local operators in the gravitational theory
(without a gauge fixing). In gauge theories, charged objects
are always accompanied by electromagnetic fields. In other
words, we have to attach the Wilson lines to the charged
operators in order to make them gauge invariant. In the
gravitational theory, gravitational fields are universally
coupled with all fields, and thus all operators are accom-
panied by gravitational fields. Thus, we have to attach the
gravitational dressing or the “Wilson line”16 to the local
field to make it gauge (diffeomorphism) invariant [12,13].
In the gauge theories, the Wilson lines from a charged
particle do not have to end on the boundary because they
can end on the anticharged particles. The gravitational
dressing has to end on the boundary of the bulk spacetime
because there are no “anticharged” objects for the gravi-
tational force.
In the left figure in Fig. 2, the bulk operator has the

gravitational dressing which extends on the entire boun-
dary. This operator corresponds to the CFT operator for the
global reconstruction. On the other hand, we can consider

FIG. 2. Operators with gravitational dressings. Left: the bulk operator has the gravitational dressing that extends on the entire
boundary. Right: the gravitational dressing extends on the entire boundary. The two bulk operators are different for the finite N theory.

15For gauge theories also, such a dressing is required. However,
there are gauge-invariant local operators in the gauge theories and
the nonlocal operators may not play an important role in some
situations, like the low-energy physics of the largeN gauge theories
because theWilson loopswill be heavy. For the gravitational theory,
there are only nonlocal gauge-invariant operators.

16The gravitational analog of the Wilson line is different from
the Wilson line in the gauge theories because there is no analog of
the Wilson loop. In particular, for gauge theories, the Wilson line
can be deformed arbitrarily by adding the Wilson loop, which is
gauge invariant and localized inside the bulk.
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other choices of gravitational dressing as in the right figure
in Fig. 2. If the gravitational dress extends only on a
subregion A of the boundary, the operator may be con-
structed from the CFT operators supported only on A. The
CFT operator is different from the one for the global
reconstruction. The physical difference is clear because
they have different gravitational fields.
In the example (Fig. 1) in the previous section, the operator

ϕ1 constructed fromA1 corresponds to the bulk operator with
the gravitational dressing extending (only) to A1. Similarly,
ϕ2 and ϕ3 correspond to the bulk operators with gravitational
dressing extending (only) to A2 and A3, respectively.
Therefore, the bulk operators including the gravitational
dressing have different supports, and it is consistent with
our observation that CFT operators ϕ1;ϕ2;ϕ3 are different.
We have seen that the constraint of the gauge invariance

of the bulk theory is related to the causality of the CFT side.
It may be interesting to understand such a relation clearly.

1. No operators supported on island

Gravitational dressing must end on the boundary. Thus,
there are no gauge-invariant operators supported only on an
island region in the bulk. This is consistent with the
examples in the previous section because there are no
CFT operators associated with the island region. This
may imply that an island subregion in an entanglement
wedge is irrelevant for the operators supported on thewedge.
Let us take a certain bulk subregionMA which is connected
to the bulk boundary. If we consider another subregion
M0

A ¼ MA ∪ I where I is an island subregion that is not
connected to the bulk boundary and alsoMA, then the bulk
subalgebra of the operators supported onMA and the one on
M0

A are the same because there are no gauge-invariant
operators localized on I. Note that this conclusion is based
only on the bulk consideration, and the discussion here may
be equivalent to the one in [32] (see also [33,34]) although
the holographic error correction codes [24] and the (original
version of) entanglement wedge reconstruction [18] were
supposed to be correct in [32].

B. Subalgebra associated with subregion and the
algebraic entanglement entropy

The subregion duality and the entanglement wedge
reconstruction [24] are based on the equivalence of the bulk
and CFT relative entropies [25]. To define the (conventional)
entanglement entropy or the reduced density matrix for a
space subregion, a tensor-factorized structure is needed for the
Hilbert space. However, without a gauge fixing, there are no
local gauge-invariant operators in the gravitational theory and
there is no such tensor-factorized structure. Instead of a
tensor-factorized structure associated with a space subregion,
we can consider a subalgebra that is generated by operators
supported on the subregion. We have a generalization of the
definition of entanglement entropy based on the tensor-
factorized structure to the one based on the subalgebra

(see, e.g., [26,35,36]), which is also reviewed in
Appendix A. Note that this generalized definition reduces
to the conventional definition when the total Hilbert space is
tensor-factorized asH1 ⊗ H2 by considering the subalgebra
nontrivially acting only on a factor of the tensor product, e.g.,
H1. Thus, the definition of the reduced density matrix based
on a subalgebra may be a natural generalization. Indeed, in
[26,27], the subregion duality and the entanglement wedge
reconstruction based on the algebraic approach were pro-
posed by (implicitly) assuming that the relative entropy
computed in [25] is based on the algebraic approach. It is
not yet known whether this assumption is correct because the
replica trick was used to obtain the density matrix for the
subregion in [25,37] and the replica trick is based on the
tensor-factorized structure of the Hilbert space at least
naively.17

We claim that the subregion duality and the entangle-
ment wedge reconstruction based on the subalgebra are
what we call the weak version of them [10,15]. This implies
that the entanglement wedge reconstruction based on the
tensor product of the Hilbert space is completely different
from those based on the subalgebra although it seems to be
assumed that they are not so different in [26,27]. In
particular, the subregion complementarity is relevant in
our discussion instead of the holographic QEC proposal.

C. What is the CFT counterpart
of the bulk subalgebra?

Let us consider ball-shaped subregions A, B in CFT
and the corresponding AdS-Rindler patches MA, MB in
the bulk. We allow A as the entire space Sd−1, i.e., MA as
the global AdS space. Then, we can reconstruct a bulk
local operator ϕðxÞ where x∈MA ∩ MB by either of the
AdS-Rindler HKLL reconstruction from the subregions A
or B. The reconstructed operators from A and B should be
different as discussed in the previous section. In the
gauge-invariant language, the bulk local operator ϕðxÞ
should be supplemented by the gravitational dressing. The
gravitational dressings also should be supported on MA or
MB for the reconstructed operators from A or B, respec-
tively, if the algebraic version of the subregion duality
holds. Then, the gravitational dressing is expected to give
the nonzero three-point function of the CFT energy-
momentum tensor and two O corresponding to ϕ only
on A or B, respectively. Thus, the two reconstructed
operators are different because they have different
three-point functions.
The above claim can also be further explained with more

physics-related implications by using the simple picture
given in [10,14] which are based on the studies of the AdS/
CFT in the operator formalism [39,40]. The bulk local

17In [38], it was argued that the entanglement entropy
calculated using a definition of the replica trick will be the
algebraic entanglement entropy for gauge theories.
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operator can be represented by the time evolution of the
CFT primary operators on the intersection of the asymp-
totic AdS boundary and the light cone of it. In particular,
the bulk wave packet operator can be represented by the
time evolution of the CFT primary operators at the point
where the trajectory of the wave packet, which is a null
geodesic for the well-localized wave packet, intersects with
the asymptotic AdS boundary [10,16]. Note that the CFT
primary operators are regarded as the bulk operators on the
boundary which are gauge invariant because the gravita-
tional dressings are not needed. Then, the time evolution of
them in the bulk picture produces the operator analogues of
the gravitational waves (and other waves) by the bulk
interactions. They spread within MA because of the bulk
causality. The gravitational dressing of the bulk operator is
localized only on MA. Then, the AdS-Rindler HKLL
reconstruction of the bulk local operator from the subregion
A differs from the bulk local operator from the subregion B.
In particular, if we consider a wave packet operator that is
of the boundary-to-horizon type [15] for the AdS-Rindler
patch MA, but of the horizon-to-horizon type for the patch
MB, then the reconstructed operators from A and B should
be different because the gravitational dressing of the former
should extend beyond MB.

1. The bulk subalgebra in terms of CFT operators

Here, we will express the bulk subalgebra in terms of
CFT operators. As we will see below, we need a nontrivial
clarification.
In the CFT picture, there is the algebra ACFT which is

generated by the CFT operators. Around a semiclassical
bulk background, which corresponds to the vacuum for our
case here, we will define the low-energy Hilbert space,
whose basis is spanned by the states with energy less than
OðN0Þ, and the subspace may be called the code sub-
space.18 The operators of the semiclassical bulk theory will
act on this. We have considered the algebra generatedAbulk
by the bulk operators.19 Note that Abulk can be identified as
a subalgebra of ACFT, by considering the operators acting
on the low-energy states only.20 Here, the low-energy
operators will be defined such that the matrix elements
between low-energy states [whose energy is equal to or less

thanOðN0Þ] and high-energy states (whose energy is equal
to or bigger than the Planck mass) vanish (or are small
compared with 1=Nn where n is an arbitrary positive
integer). More precisely, for the identification of Abulk
with a subalgebra in CFT, we need to extract the matrix
elements between the low-energy states.
Now, we consider a subregion A in CFT, and then we

have the subalgebra AA of ACFT which is generated by the
CFT operators supported on A.21 A central question of the
entanglement wedge reconstruction might be which part of
the bulk algebra Abulk can be generated by AA, in other
words, what is the low-energy subalgebra of AA. However,
this is not a good question because the bulk theory is
meaningful only for the low-energy subspace and operators
involving multiple derivatives cause some problems as
discussed in [14]. We will explain this below.
The bulk theory may have a UV cutoff at the Planck scale.

Let us remember the subtlety of the operators with a large
number of derivatives in the cutoff theory discussed in [14].
For the notational simplicity, wewill consider the CFTon the
Minkowski space. Let us consider the following operator:

Oðx̄; t̄Þ ¼ et̄∂tOðx̄; tÞjt¼0: ð4:1Þ

It is not localized at fx̄; t ¼ 0g, but at fx̄; t̄g.22 It means that
if we act on the infinite number of derivatives on the local
operator at a point, the obtained operator is not local at the
original point. On the other hand, if the number of
derivatives is finite as

O½q�ðx̄; t̄Þ≡ ½et̄∂t �qOðx̄; tÞjt¼0; ð4:2Þ

where

½et̄∂t �q ≡
Xq
n¼0

ðt̄∂tÞn
n!

; ð4:3Þ

it is the local operator at fx̄; t ¼ 0g for a UV complete
quantum field theory.
For a low-energy effective theory with the energy

cutoff Λ, the local operator should be smeared, for
example, as

OΛðx; tÞ≡
Z

dt0e−Λ2
2
ðt−t0Þ2Oðx; t0Þ: ð4:4Þ

Here, the cutoff Λ may be restricted to be much smaller
than the Planck mass Mp ∼ N

2
d−1 for the bulk theory. Then,

the “local” operator OΛðx̄; t̄Þ in the effective theory cannot
be distinguished from

18There are some subtleties to defining the low-energy sub-
space because the OðN0Þ energy is only defined in the large N
limit and we need to introduce an explicit cutoff for the finite N
case. We will ignore this subtlety, assuming that the discussions
below are not sensitive to the explicit cutoff.

19There are also some subtleties to define Abulk because if the
number of the products of low-energy operators or the number of
derivatives is very large, the corresponding operators cannot be
regarded as low-energy ones. We will ignore this, assuming the
approximate notion of the subalgebra is enough.

20If we consider another excited state jψi corresponding to the
nontrivial semiclassical background, the low-energy states mean
the states excited by acting low-energy operators on jψi.

21We will ignore nonlocal CFT operators, which will be high-
energy operators.

22In the discussions here we will consider time derivatives for
simplicity although we can generalize them to any direction.
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O½q�
Λ ðx̄; t̄Þ≡ ½et̄∂t �qOΛðx̄; tÞjt¼0 ð4:5Þ

if q ≫ t̄Λ, because

ðt̄∂tÞq
q!

∼ eqðlnðt̄∂tÞ−ln qÞ; ð4:6Þ

and the Fourier mode of OΛðx̄; tÞ for t is exponentially
suppressed for ω ≫ Λ. Note that if we take q ¼ Mpð≲N2Þ
the condition q ≫ t̄Λ is satisfied for t̄ ¼ OðN0Þ and the

differenceO½q�
Λ ðx̄; t̄Þ −OΛðx̄; t̄Þ is suppressed by a factor e−q

at least. Thus, as the effective theory, such higher derivative
terms cannot be considered to be a local operator at t ¼ 0
although it is a local operator at t ¼ 0 for the UV complete
CFT.23 For the AdS/CFT correspondence, the important
thing is that the large N gauge theory has OðN2Þ degrees of
freedom and ð∂tÞqOðx; tÞ with q ≲ N2 are independent
fields by imposing the equations of motion. Even though

this fact, O½q�
Λ ðx̄; t̄Þ with q ¼ OðN2Þ cannot be regarded as a

local operator at t ¼ 0 for the bulk effective theory.
Thus, when we take a subregion A and consider CFT

operators on A with a large but finite number of derivatives
like O½q�ðx̄; t̄Þ in (4.2), these operators are not local
operators on A in the EFT, and can be local operators
on other subregions. It means that the CFT operators
supported only on a subregion can be operators supported
on any subregion in the EFT (which corresponds to the bulk
description) using a huge number of derivatives, and thus
they can be bulk operators anywhere (because of the UV
cutoff). This means that instead ofAA, we need to consider
AΛ

A which is generated by CFT operators without a huge
number (N

2
d−1) of derivatives supported on A.24 Then, we

find that AΛ
A will be generated by

Z
DðAÞ

KðXÞOaðXÞ; ð4:7Þ

where KðXÞ is a smooth function such that the Fourier
modes of it above the cutoff Λ are suppressed andOa is any
low-energy single trace primary operator. Note that we
need CFT operators supported on DðAÞ instead of A
because some independent CFT operators, which have a
huge number of derivatives, on A are not included in AΛ

A .
25

To compare this to the bulk subalgebra, which acts on the

low-energy subspace only, we defineAlow
A as the restriction

of AΛ
A to the low-energy subspace.26

We can show that Alow
A ¼ AMA

for the ball-shaped
subregion A in CFT whose entanglement wedge MA is
the causal wedge of A covered by the AdS-Rindler patch as
follows. Here, the subalgebra AMA

is generated by bulk
gauge-invariant operators, including the gravitational dress-
ings, supported onMA. First, we can easily see that Alow

A ⊆
AMA

because the CFT operator OaðXÞ in (4.7) is localized
onDðAÞ, which lies on the asymptotic boundary in the bulk
picture. By the bulk equations of motion and causality, it
can only affect the causal wedge MA. Next, let us consider
Obulk ∈AMA

and represent it using low-energy CFT pri-
mary operators. Recall that the gravitational dressing in
Obulk is also localized onMA. To represent it in CFT, we do
not need CFT primary operators outside DðAÞ, because
such operators cannot be supported on DðMAÞ in the bulk
picture. Furthermore, a CFT operator supported on DðAÞ
with a large number of derivatives will be a high-energy
operator unless it is an operator at a different point
approximately. Therefore, we find that Alow

A ¼ AMA
.

Thus, the simple picture presented in [14,10] is consistent
with the algebraic version of the Jafferis-Lewkowycz-
Maldacena-Suh (JLMS) [25] and the entanglement wedge
reconstruction based on it [26,27].

2. Hawking radiation and information paradox

What we have shown implies that for the information-
theoretical aspect of the AdS/CFT or quantum gravity, the
bulk local operator or state cannot be an appropriate
approximation and we need to consider some subregion
including the asymptotic boundary. This is the key point of
the subregion complementarity. Thus, if we want to
consider, for example, the unitarity of the Hawking
radiation process for the information paradox, we need
to specify what the Hawking radiation is in this sense,
because the derivation of the Hawking radiation uses the
semiclassical approximation, which does not specify the
associated gravitational dressings. This is related to the
holography of information, which was recently discussed in
[41,42]. In the holography of information, the important
fact is that there is a difference between a nongravitational
theory and a gravitational theory concerning information.
We can say that what is important in our paper is the
difference between an N ¼ ∞ (or its 1=N perturbation
theory) theory and a finite N theory concerning
information. Here, an N ¼ ∞ theory corresponds to a
noninteracting bulk gravity theory, which is similar to a
nongravitational theory in a sense. Thus, our discussions
may be related to the holography of information.

23This can be explicitly seen in the lattice field theory.
24From the viewpoint of the CFT living on the subregion A,

such a restriction may come from the coordinate choice. In the
Rindler coordinate, the boundary is at the infinite limit of the
coordinates. More precisely, the boundary condition on the
boundary of A is important and we employed it implicitly by
taking the Rindler coordinate.

25CFT primary operators at different times correspond to bulk
operators at t ¼ 0 with different values for the radial coordinate.

26It is important to note that the low-energy part ofAA, instead
of that of AΛ

A , was supposed to be dual to the bulk subalgebra in
the literature. However, it is not correct as we have explained.
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D. Simple derivation of no holographic quantum
correction code structures for the bulk reconstruction

Here, we argue that there are no holographic quantum
correction code structures for the bulk reconstruction. More
precisely, we claim that if we can reconstruct a bulk
operator as an operator OA, which is a low-energy operator
in the CFT, supported on subregion A in CFT, as well as an
operator OB supported on subregion B, then, if they are the
same operator at least in the low-energy subspace, we can
reconstruct it as an operator supported on subregion A ∩ B
in CFT as follows.
First, we assume that such operatorsOA,OB are the same

in the low-energy subspace. The operator OA supported on
subregion A should commute with the low-energy oper-
ators, including the energy-momentum tensors, supported
onDðĀÞ because of the micro causality.27 Then,OB should
also commute with them in the low-energy subspace. The
OB is a sum of products of local operators and we can
decompose it to OB ¼ OB

A∩B þOB
Ā where OB

A∩B contains
only the operators supported on A ∩ B and each term ofOB

Ā
always contains operators supported on Ā ∩ B. Then, OB

Ā
should commute with the energy-momentum tensors
supported on Ā in the low-energy subspace. This implies
OB

Ā ¼ 0 in the low-energy subspace because the energy-
momentum tensors are low-energy operators and also the
commutators of them and a local operator are essentially
proportional to the local operator. Note that such a
commutator with the energy-momentum tensor does not
cancel between each term, because the energy of a CFT
operator is never negative. Thus, we can redefine the
reconstructed operator supported on B by eliminating the
part. In other words, we have OB

A∩B as a reconstructed
operator instead of OB. Thus, the bulk operator can be
reconstructed as an operator supported on the subregion
A ∩ B in CFT.
The holographic quantum correction code proposal [18]

claims the existence of operators OA, OB such that they are
identical in the low-energy subspace (code subspace) but
their supports are not restricted to A ∩ B. Based on the above
argument, we conclude that there is no holographic quantum
correction code structure for the bulk reconstruction.
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APPENDIX A: ALGEBRAIC DEFINITION OF
REDUCED DENSITY MATRIX AND

ENTANGLEMENT ENTROPY

When we define the reduced density matrix, we usually
suppose a tensor factorized structure of the Hilbert space as
H ¼ HA ⊗ HĀ. We then define the reduced density matrix
ρA onHA by taking the partial trace of a given total density
matrix ρ over HĀ as ρA ¼ trĀρ.
However, we encounter some problems when we try

defining a reduced density matrix associated with a sub-
region in QFTs. One issue is the UV problem. In QFTs, the
reduced density matrix of a subregion is inherently ill
defined due to UV problems, necessitating some UV
regularization. This is related to the fact that the subalgebra
associated with a subregion in QFTs is type III. Here, we
assume a UV regulator that circumvents this issue, such as
in lattice field theories.
Even setting aside the UV problem, there is another issue

for gauge theories. The Hilbert space of gauge-invariant
physical states is not a tensor product like H ≠ HA ⊗ HĀ

concerning the subregion A and its complement Ā due to
the Gauss law constraint. It corresponds to the fact that the
subalgebra for the subregion A is not a factor for gauge
theories due to the existence of a nontrivial center.28

However, by adopting an algebraic approach (see, e.g.,
[26,35,36,38,44]), we can define the reduced density
matrix for subregion A even for this case. This approach
is also used to define the target space entanglement entropy
(see, e.g., [45–47]).
Let A be a subalgebra associated with the subregion A.

We define the reduced density matrix ρA associated with a
subalgebra A from a given total density matrix ρ as a
positive semidefinite operator in A satisfying

trðρAOÞ ¼ trðρOÞ ðA1Þ

for any O∈A. In this definition, we do not need a tensor
factorized form of operators in A like OA ⊗ 1Ā.
Nevertheless, by taking an appropriate basis, the total
Hilbert space H can be decomposed into a direct sum of

27More precisely, we need to smear the energy-momentum
tensors in order to make them low-energy operators. OA and OB

are not local operators and are smeared appropriately. For
nontrivial CFTs, such smearing should be in DðAÞ, not A as
shown in [43]. Therefore, strictly speaking, the support of the
operator should be written asDðAÞ, but for simplicity of notation,
we denote it as A.

28Von Neumann algebra A is called a factor if the center
Z ¼ A ∩ A0 consists only of multiples of the identity operator,
where A0 is a commutant of A.
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tensor products as29

H ¼ ⨁
k
HðkÞ

A ⊗ HðkÞ
Ā

ðA2Þ

such that subalgebra A takes a tensor-factorized form in
each sector as

A ¼ ⨁
k
LðHðkÞ

A Þ ⊗ 1HðkÞ
Ā

ðA3Þ

where LðHðkÞ
A Þ denotes a set of operators on HðkÞ

A . The
subalgebra A does not mix different sectors labeled by k,30

and thus k is the label of the superselection sectors for
observables in A.
Let ΠðkÞ be the projection from H onto the k-sector

HðkÞ ≔ HðkÞ
A ⊗ HðkÞ

Ā
. Then, from the total density matrix ρ,

we can define the density matrix on the k-sector by using
the projection as

ρðkÞ ≔
1

pðkÞΠ
ðkÞρΠðkÞ; ðA4Þ

where pðkÞ ≔ trðΠðkÞρΠðkÞÞ is a normalization factor so that
ρðkÞ is a normalized density matrix on HðkÞ as trρðkÞ ¼ 1.
We can regard pðkÞ as the probability of finding the given
state ρ in the k-sector. Since HðkÞ takes a tensor factorized
form as HðkÞ ¼ HðkÞ

A ⊗ HðkÞ
Ā
, we can take the partial trace

of ρðkÞ with respect to HðkÞ
Ā

as

ρðkÞA ≔ tr
HðkÞ

Ā

ρðkÞ: ðA5Þ

We then define the reduced density matrix on A as

ρA ≔ ⨁
k
pkρ

ðkÞ
A : ðA6Þ

Note that ρA is a density matrix on the spaceHA ≔ ⨁kH
ðkÞ
A

and normalized as trHA
ρA ¼ P

k pk ¼ 1. Entanglement
entropy for A is given by the von Neumann entropy of
ρA as

SAðρÞ ≔ −trHA
ðρA log ρAÞ

¼ −
X
k

pk logpk þ
X
k

pkS
ðkÞ
A ðρðkÞÞ; ðA7Þ

where SðkÞA ðρðkÞÞ is given by

SðkÞA ðρðkÞÞ ¼ −tr
HðkÞ

A
ðρðkÞA log ρðkÞA Þ; ðA8Þ

that is, it is the entanglement entropy of ρðkÞ for HðkÞ
A

defined in the standard way. If H is tensor factorized as

H ¼ ⨁kH
ðkÞ
A ⊗ HðkÞ

Ā
, the above definition of entangle-

ment entropy reduces to the standard one because in that
case we have only a single sector (say k ¼ 1) and
thus pk¼1 ¼ 1.
We have a diffeomorphism symmetry in the bulk

description. Thus, there are no gauge-invariant (diffeo-
morphism-invariant) local operators, and all operators have
nonlocal gravitational dressing. For bulk subregionMA, we
define the subalgebra AMA

associated withMA as the set of
(low-energy) bulk operators that are supported only on MA
including their gravitational dressing as Fig. 2. Due to this
construction, the bulk subregion MA must have an asymp-
totic boundary where the gravitational dressing ends.
For this subalgebra AMA

, the above procedure defines
the reduced density matrix ρMA

and the entanglement
entropy SMA

.
Let us consider an entanglement wedge MA associated

with a boundary subregion A. At least if A is a connected
region, we expect that the above algebra AMA

should agree
with the CFT (low-energy) subalgebra Alow

A on A. For
instance, when MA is the AdS-Rindler patch, we have
Alow

A ¼ AMA
as was argued in Sec. IV C 1, although the

definition of low-energy subalgebra Alow
A is nontrivial (see

Sec. IV C 1). Then, by construction, the reduced density
matrix ρA defined by the subalgebra Alow

A is the same as
ρMA

. We thus have the JLMS formula of the relative
entropies [25] in the weak sense [15,17].
The entanglement entropy SMA

has the classical Shannon
entropy term as the first term on the right-hand side of (A7).
This term is owing to the center of AMA

and may be
related to the degrees of freedom localized on the RT
surface ΣA as argued in [26,48–52]. It is thus natural to
expect the entropy to be related to local quantities on ΣA
such as the area.

APPENDIX B: UNIQUENESS OF REDUCED
UNITARIES

In this appendix, we consider H ¼ HA ⊗ HĀ with
dĀ ≔ dimHĀ and two unitary operators

U1 ¼ UA ⊗ 1Ā; U2 ∈UðHÞ:

Here, U1 and U2 are associated with ϕ̃R and ϕ̃G in
Sec. III A. In the following, we will show that if their
partial traces over Ā coincide, i.e.,

TrĀðU2Þ ¼ TrĀðU1Þ;

29See, e.g., [26]. Here, as discussed above, we assume that a
UV regulator is introduced and also that the total space is
compact such that the total algebra is type I.

30The label k might be continuous parameters. In this case, the
direct sum is replaced by the direct integral.
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then U2 ¼ U1. This implies that, if ϕ̃R ≠ ϕ̃G in the whole
Hilbert space, they should be different operators even
restricted in HA.
First, define the difference

K ≔ U2 −UA ⊗ 1Ā:

By the assumption,

TrĀK ¼ 0; TrĀK
† ¼ 0: ðB1Þ

Because U2 is unitary,

1 ¼ U†
2U2 ¼ ðU†

A ⊗ 1Ā þ K†ÞðUA ⊗ 1Ā þ KÞ
¼ 1þ U†

A ⊗ 1ĀK þ K†UA ⊗ 1Ā þ K†K:

Hence

U†
A ⊗ 1ĀK þ K†UA ⊗ 1Ā þ K†K ¼ 0: ðB2Þ

Taking TrĀ of (B2) and using (B1) gives

TrĀðK†KÞ ¼ 0:

Because K†K is positive semidefinite, its partial trace is
zero only if K†K ¼ 0, hence K ¼ 0. Therefore U2 ¼ U1,
completing the proof.
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