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We investigate the quantization of a single unstable mode in a real scalar field subject to a Robin
boundary condition in (1þ 1)-dimensional half-Minkowski spacetime. The instability arises from an
imaginary frequency mode—analogous to that of the inverted harmonic oscillator—requiring the rigged
Hilbert space formalism for consistent quantization. Within this framework, the unstable mode is naturally
described as a well-defined decaying (or growing) quantum state with a characteristic mean lifetime. We
investigate its physical consequences via the response of an Unruh-DeWitt detector along static, inertial,
and uniformly accelerated trajectories. For static and inertial observers, the detector response exhibits a
Breit-Wigner resonance profile, with a decay width determined by the unstable frequency and a Doppler
factor. In the Neumann limit, infrared divergences emerge from arbitrarily low-frequency modes.
Interestingly, for accelerated detectors, the response acquires a nontrivial dependence on acceleration,
and the Neumann limit yields a finite, oscillatory signal rather than a divergence, suggesting that
acceleration can act as an effective infrared regulator.
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I. INTRODUCTION

The theory of quantum fields in curved spacetime offers
a rigorous framework for studying field quantization in
backgrounds governed by general relativity. In this
approach, spacetime ðM ; gÞ is treated as a classical entity,
while the fields, namely ϕ, are quantized ignoring potential
backreaction effects [1–3]. In particular, in stationary
spacetimes, the presence of a smooth timelike Killing
vector field allows the decomposition of field solutions
into positive- and negative-frequency modes fui; u�i g,
enabling quantization through standard commutation rela-
tions between the field and its canonical conjugate.
However, certain scenarios challenge this conventional

framework. In cases where the field is nonminimally
coupled to the spacetime curvature or under specific mass
coupling conditions, an effective potential can induce
instability in the classical field solution [4–9]. These
instabilities manifest as modes characterized by an imagi-
nary frequency, Imfωg ¼ γ ≠ 0, leading to time evolution

dominated by a real exponential that grows unboundedly at
large times. As a result, the presence of such modes renders
the splitting into positive and negative frequencies mean-
ingless, preventing the established quantization procedure
from defining a natural Fock space for particle-content
interpretation [10].
A related issue arises in the context of static, but non-

globally hyperbolic, spacetimes where the absence of a
Cauchy surface requires an appropriate boundary condition
(BC) at the edge of the spacetime [11–13] (for spacetimes
with a naked singularity or even a conformal infinity). In
such cases, the choice of boundary condition plays a crucial
role in defining sensible dynamics for classical fields, as
well as the vacuum state that becomes dependent on both
the timelike Killing field and the BC. Depending on the
imposed boundary condition, the spectrum of the theory
may lack a lower bound, giving rise to unstable modes,
often referred to as bound states (for examples in AdS, see
Refs. [14,15]), and preventing the definition of a ground
state with well-defined positive energy at a quantum level.
In a previous work [16], we explored the non-globally

hyperbolic half-Minkowski spacetime and showed that a
scalar field subject to a Robin boundary condition (RBC) is
governed by an effective parabolic potential, leading to the
emergence of bound states whose dynamics resemble those
of an inverted harmonic oscillator (IHO). This boundary
condition was derived by introducing a surface action at the
naked singularity, ensuring a well-defined variational
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principle. Notably, this approach accounts for the energy
flow at the singularity and yields a theory with a conserved
energy, effectively describing a closed system. These results
provide a framework for addressing and quantizing unstable
modes, offering insights into their physical interpretation.
Inspired by the behavior of the IHO, in Ref. [16] we

quantize the unstable mode in an analogous manner.
However, unlike the standard harmonic oscillator—
commonly used as a basis for canonical quantization—
the conventional Hilbert space formulation of quantum
mechanics is inadequate to fully capture the mathematical
subtleties of the IHO. This system features an eigenvalue
problem with either a continuous or purely imaginary
spectrum (depending on the chosen basis), whose eigen-
states are represented by distributions rather than square-
integrable functions. Consequently, a proper quantization
of the system and the identification of a suitable Fock
representation for the unstable particles require extending
the standard framework to the so-called rigged Hilbert
space (RHS) formulation of quantum mechanics.
Building on this foundation, in the present work, we

constrain our analysis to a real scalar field defined on the
1þ 1-dimensional half-Minkowski spacetime. In this set-
ting, we construct a toy model in which a timelike
singularity emerges at a certain stage, allowing for energy
flux through the singularity. This is effectively equivalent to
considering a field initially respecting the Dirichlet boun-
dary condition at x ¼ 0 and subtly changing to a boundary
condition of Robin type after an instant t ¼ 0 (see the
discussion in [17]). As we will show, this setup gives rise to
a single unstable mode, which we quantize within the RHS
framework to ensure a mathematically consistent quantum
description. To further explore the physical properties of
this mode, we employ an Unruh-DeWitt detector to analyze
how an observer perceives its effects, thereby gaining
insights into the physical implications of the instability
and assessing the validity and applicability of the proposed
quantization procedure.
The paper is structured as follows. In Sec. II we explore

the classical field in (1þ 1)-half-Minkowski spacetime,
and examine how the Robin boundary condition gives rise
to a single unstable mode. In Sec. III, we revisit the
procedure outlined in Ref. [16], emphasizing the key
aspects of the RHS framework, the inverted harmonic
oscillator, and their role in the quantization of the bound
state. In Sec. IV, we apply the Unruh-DeWitt detector
model to incorporate the unstable mode and analyze the
detector’s response for two distinct trajectories. Finally, our
conclusions and final observations are presented in Sec. V.
Through this work, we consider natural units ℏ ¼ c ¼ 1.

II. FIELD SOLUTION AND UNSTABLE MODE

The two-dimensional half-Minkowski spacetime is char-
acterized by the line element

ds2 ¼ −dt2 þ dx2; ð1Þ

with t∈R and x∈ ½0;∞Þ. Notably, restricting the spatial
coordinate to the half line renders the spacetime non-
globally hyperbolic, thus requiring an appropriate boun-
dary condition at x ¼ 0. As illustrated in the Penrose
diagram shown in Fig. 1, a constant-time surface t0 is
no longer a Cauchy surface, since a light signal emitted
from (or received at) x ¼ x0 can reach the naked singularity
within a finite time interval Δt ¼ �x0.
For a real massless scalar field ϕ, an appropriate action

coupling the field to a mass parameter γ ≥ 0 at the
boundary x ¼ 0 is given by

S½ϕ� ¼ −
1

2

Z
t2

t1

dt
Z

∞

0

dxð−ϕ̇2 þ ϕ02Þ þ γ

2

Z
t2

t1

dtϕ2; ð2Þ

where ϕ̇≡ ∂tϕ and ϕ0 ≡ ∂xϕ. As demonstrated in
Ref. [16], the action (2) governs the energy flux at
x ¼ 0, ensuring conserved energy for the entire system.
Furthermore, by extremizing the action with respect to the
field, we find δS ¼ 0 if and only if

−ϕ̈þ ϕ00 ¼ 0 and

�
ϕþ 1

γ
ϕ0
�����

x¼0

¼ 0: ð3Þ

Thus, the equation of motion and the Robin boundary
condition naturally emerge from the variational principle
applied to the action (2). Dirichlet and Neumann boundary
conditions are recovered in the limits γ → ∞ and γ ¼ 0,
respectively.
Equation (3) applied to the ansatz ϕðt; xÞ ¼ e−iωtψðxÞ

yields

FIG. 1. Penrose diagram of the two-dimensional half-Minkow-
ski spacetime. The vertical line in the region t < 0 denotes the
boundary at x ¼ 0, where the Dirichlet boundary condition is
imposed. After t ¼ 0, the vertical wavy line in the region t > 0
represents the emergence of a naked singularity, where the Robin
boundary condition is imposed.
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ψ 00ðxÞ ¼ −ω2ψðxÞ; ð4Þ

which defines a Sturm-Liouville problem in L 2ðRþ; dxÞ
with the RBC. In this context, the Hermiticity of ∂2x only
requires λ≡ ω2 ∈R. For positive eigenvalues, λ > 0, the
basis solutions fψ1;ψ2g are given by

ψ1ðxÞ ¼
sinðωxÞ

ω
and ψ2ðxÞ ¼ cosðωxÞ: ð5Þ

Hence, the general solution in x can be written as a linear
combination ψ ¼ Aψ1 þ Bψ2, where the coefficients A and
B are related via the boundary condition: B ¼ −Aω=γ.
Before t ¼ 0, we restrict the field to satisfy the Dirichlet

boundary condition, implying B → 0 as γ → ∞. Thus, for
t < 0, the normalized mode solutions are given by

uðinÞω ðt; xÞ ¼ e−iωt sinðωxÞffiffiffiffiffiffi
πω

p : ð6Þ

After t ¼ 0, however, the subtle change to the Robin
boundary condition yields the normalized modes

uðoutÞω ðt; xÞ ¼
γe−iωtðsinðωxÞ − ω

γ cosðωxÞÞffiffiffiffiffiffi
πω

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ ω2

p : ð7Þ

For negative eigenvalues λ < 0, the Dirichlet boundary
condition admits no solution, while the Robin boundary
condition is satisfied only if ω ¼ �iγ, resulting in a
pointlike energy with the x component adopting a real
exponential form. The corresponding mode solution, nor-
malized in L 2ðRþ; dxÞ, is given by

uγðt; xÞ ¼
ffiffiffiffiffi
2γ

p
expð−γx� γtÞ: ð8Þ

At this point, there is no mathematical reason to select time
evolution with only eþγt or e−γt, and so this state exhibits
exponential growth for large t, indicating an unstable mode
—or equivalently, a bound state—that introduces instability
to ϕ. Furthermore, observe that apart of the normalization,
as the boundary parameter approaches the Dirichlet limit
(γ → ∞), the unstable state vanishes; in the Neumann limit
(γ → 0), it reduces to a single nonoscillatory zero mode
with arbitrarily low energy (see [17]).
The total field can then be written as

ϕðt; xÞ ¼
Z

∞

0

dωðaðinÞω uðinÞω ðt; xÞ þ aðinÞ†ω uðinÞ�ω ðt; xÞÞ ð9Þ

for t < 0 and

ϕðt; xÞ ¼
Z

∞

0

dωðaðoutÞω uðoutÞω ðt; xÞ þ aðoutÞ†ω uðoutÞ�ω ðt; xÞÞ

þ uγðt; xÞ ð10Þ

for t > 0.
The contribution associated to the positive and negative

mode frequencies uðin=outÞω can be quantized by directly
following the standard canonical quantization, where the

operators aðin=outÞω and aðin=outÞ†ω act as annihilation and
creation operators, respectively. The vacua states j0ini
and j0outi are defined as the state with no particles,
satisfying

aðin=outÞω j0in=outi ¼ 0; ∀ ω: ð11Þ

The corresponding excited states (free particles) are then
constructed by successive applications of the creation
operator on the vacuum, leading to the n-particle state

jnin=outω i ¼ a†ω…a†ωffiffiffiffiffi
n!

p j0in=outi: ð12Þ

These states (including all n-particle excitations) span the
Fock spaces F in=out, which are the spaces of all possible
free particles.
However, for the unstable contribution, the decomposi-

tion into positive and negative frequency components
becomes ill defined, and the standard quantization pro-
cedure is no longer applicable. In other words, there are no
natural states in Hilbert space that can span a Fock space,
F γ, for the unstable particles. To address this issue, we first
avoid explicitly solving the time component of the unstable
mode by expressing uγðt; xÞ ¼

ffiffiffiffiffi
2γ

p
e−γxχðtÞ, and sub-

sequently substituting this expression back into the action
(2). This yields

S½uγ� ¼
Z

t2

t1

dt

�
χ̇2

2
þ γ2χ2

2

�
; ð13Þ

which shows that the time evolution of the unstable mode is
governed by the equation of an IHO—a system where the
harmonic oscillator’s frequency is replaced by ω → �iγ. In
this analogy, χ ∈R represents the displacement variable of
the oscillator (analogous to the usual x coordinate), and χ̇
corresponds to its conjugate momentum.
Based on this observation, the framework introduced in

Ref. [16] provides a method for quantizing the unstable
mode by establishing an analogy with the IHO. In the
following section, we demonstrate how this approach can
be applied to the present case of a single unstable mode.
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III. UNSTABLE MODE QUANTIZATION

In quantum mechanics, systems with continuous spectra
and non-normalizable eigenstates, such as the inverted
harmonic oscillator, present challenges that necessitate an
extension of the standard Hilbert space formalism. The IHO
is characterized by a parabolic potential, VðχÞ ¼ −γ2χ2=2,
which gives rise to scattering dynamics rather than trapped
states. To rigorously describe such states, the rigged Hilbert
space formalism of quantum mechanics is employed,
providing a mathematical framework that incorporates
generalized eigenvectors to represent resonances and scat-
tering phenomena. In the following, we review the essential
features of this formalism in the quantization of IHO and the
unstable mode.

A. Rigged hilbert space

The rigged Hilbert space [18–21] is defined by a triplet
of spaces (also known as Gelfand triplet),

Φ ⊂ H ⊂ Φ×; ð14Þ

where H is the standard infinite dimensional Hilbert
space, Φ is a dense subspace of H equipped with a
nuclear topology, and Φ× is the dual space of Φ, consisting
of continuous linear functionals. Precisely, a state ψ is a
functional belonging to Φ× acting as a map from Φ into the
set of complex numbers C, i.e., ψ∶Φ → C. The triplet (14)
arises from equipping a Hilbert space H with a topology
τH , then identifying a subspaceΦwith a stronger topology
τΦ than τH , and defining the dual spaceΦ× with a topology
τΦ× weaker than τH .
In this framework, one can extend the action of any

operator A initially defined onH to the dual space through
the duality formula,

hAφjψi¼ hφjA×ψi; ∀ φ∈Φ; ∀ ψ∈Φ×; ð15Þ

where A× denotes the extension of A to the larger spaceΦ×.
The RHS accommodates the Dirac bracket formalism (see
Refs. [20,22]) by interpreting the kets as elements of the
largest space and the bras as elements of the smallest space,
ensuring that the bracket operation converges.1 We will
adopt these definitions for bras and kets in the rest of
this work.
A complex number λ is a generalized eigenvalue of A if

there exists a nonzero ψ ∈Φ× such that for all φ∈Φ,

hAφjψi ¼ hφjA×ψi ¼ λhφjψi: ð16Þ

If we omit the arbitrary φ, we have the generalized
eigenvalue equation

A×jψi ¼ λjψi; ð17Þ

with λ being a generalized eigenvalue of A, which can be
either continuous or complex, as the generalized eigen-
vector ψ belongs to the larger spaceΦ×. In other words, the
RHS provides a natural extension of quantum theory to
handle continuous spectra, with its mathematical founda-
tion established by the nuclear spectral theorem [24].
Now we are ready to quantize the unstable mode as an

inverted harmonic oscillator within the RHS formalism. To
this end, we must analyze two distinct bases of the IHO: the
energy eigenstates and the decay/growth states.

B. Energy eigenstate

The unstable mode is governed by the Hamiltonian

H ¼ χ̇2

2
−
γ2χ2

2
; ð18Þ

with the quantization condition ½χ; χ̇� ¼ iðℏ ¼ 1Þ. This
Hamiltonian exhibits a twofold degeneracy in its general-
ized eigenvalues E∈R, given by

H×jψE
�i ¼ EjψE

�i: ð19Þ

In the “position” χ representation, ψE
�ðχÞ ¼ hχjψE

�i, the
general solution is expressed as a linear combination of
parabolic cylinder functions that satisfy some appropriate
boundary condition. For our purpose, we choose the
solution (see Ref. [25] for details)

ψE
�ðχÞ ¼

C0ffiffiffiffiffiffiffiffi
2πγ

p i
νþ1
2 Γðνþ 1ÞD−ν−1ð∓

ffiffiffiffiffiffiffiffiffiffi
−2iγ

p
χÞ; ð20Þ

where

ν ¼ −
�
i
E
γ
þ 1

2

�
and C0 ¼

�
γ

2π2

�
1=4

:

These eigenfunctions are incomplete without the conjugate

solutions ψE
�, which satisfy the eigenvalue equation

H×ψE
� ¼ −EψE

�. Explicitly, we have

ψE
�ðχÞ ¼

C0ffiffiffiffiffiffiffiffi
2πγ

p i
νþ1
2 Γð−νÞDνð∓

ffiffiffiffiffiffiffi
2iγ

p
χÞ: ð21Þ

The parabolic cylinder function,Dν, exhibits exponential
divergence as jχj → ∞, and therefore, (20) and (21) are not
square-integrable, meaning they do not belong to the
Hilbert space H ¼ L 2ðRχÞ. However, they satisfy ortho-
gonality relations in the sense of distributions,

1In the standard Hilbert space formulation of quantum me-
chanics, due to the Riesz-Fischer theorem [23], one has the
isometry H ≃H ×, and therefore it is not necessary to distin-
guish between the spaces of bras and kets.
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Z
R
ψE
�ðχÞψE0

� ðχÞdχ ¼ δðE − E0Þ;
Z
R
ψE
�ðχÞψE

�ðχ0ÞdE ¼ δðχ − χ0Þ: ð22Þ

In this way, the appropriate choice for defining the RHS of
the inverted harmonic oscillator is to set Φ as the Schwartz
space S ðRχÞ—the space of rapidly decreasing functions
that vanish faster than any inverse polynomial as jχj → ∞.
Consequently, its dual, S ðRχÞ×, is the space of distribu-
tions, in which the eigenvectors of the IHO are well
defined. Thus, the RHS of the IHO is characterized by
the triplet

S ðRχÞ ⊂ L 2ðRχÞ ⊂ S ×ðRχÞ: ð23Þ

C. Decay and growth states

Similar to the standard harmonic oscillator, ladder
operators can be introduced as

b� ≔
ffiffiffi
γ

2

r �
χ ∓ χ̇

γ

�
: ð24Þ

In this basis, the commutation relations write

½bþ; b−� ¼ i; ½b�; b�� ¼ 0: ð25Þ

The (unstable mode) Hamiltonian can be expressed as

H ¼ −
γ

2
ðbþb− þ b−bþÞ ð26Þ

and the operators b� are extended to a larger space by the
duality formula (16), satisfying the condition ðb�Þ×f ¼
b�f for any f∈Φ×, where Φ ¼ S ðRχÞ. The ground states
jf�0 i are then defined by

b�jf∓0 i ¼ 0; ð27Þ

indicating that bþ annihilates f−0 , while b
− annihilates fþ0 .

The excited states are constructed as

jf�n i ¼ ðb�Þnjf�0 i; n∈Zþ
0 ; ð28Þ

and correspond to eigenvectors of the Hamiltonian with
purely imaginary eigenvalues,

H×jf�n i ¼ �Enjf�n i; En ¼ iγ

�
nþ 1

2

�
: ð29Þ

In the χ representation, the solution to Eq. (29) is
analogous to the solution of the standard harmonic oscil-
lator setting ω → �iγ,

f�n ðχÞ ¼ N�
n e∓

iγχ2

2 Hnð
ffiffiffiffiffiffiffiffi
�iγ

p
χÞ; ð30Þ

where Hn are Hermite polynomials and N�
n are normali-

zation constants. The states described by (30) are gener-
alized states that characterize the system, with the
following properties:
(1) Conjugacy—These states are conjugate to each

other:

fþn ðχÞ ¼ f−n ðχÞ: ð31Þ

(2) Orthonormality—They are orthonormal:

hf�n jf∓n i ¼ δnm: ð32Þ

(3) Completeness—They form a complete basis:

X∞
n¼0

f�n ðχÞ f∓n ðχ0Þ ¼ δðχ − χ0Þ: ð33Þ

Notably, property 2 implies the bra element correspond-
ing to the ket jf�n i is hf∓n j, i.e., the sign in the notation
switches from þ to − (and vice versa). Moreover, property
3 highlights that these states do not belong to the Hilbert
spaceH ¼ L 2ðRχÞ. To distinguish between the spaces of
fþn and f−n , we introduce two triplets of spaces,

Φ� ⊂ H ⊂ Φ×
�; ð34Þ

where jfþn i∈Φ×þ and jf−n i∈Φ×
−, with Φþ ∩ Φ− ¼ f0g.

The spaces Φ� were rigorously defined by Chruściński
[25,26]. By analyzing the analytic properties of ψE

� and ψE
�,

it is evident that these functions have simple poles at E ¼
−En and E ¼ En. When analytically continued to the
complex plane, these poles correspond to complex energies
located on the imaginary axis, with the residues defining
the states f�n (see also Ref. [27]). This provides a systematic
definition for the spaces of decay and growth states as

Φ− ¼fφ∈S ðRχÞjhφjψE
�i∈S ðREÞ∩H 2

−ðREÞg and

Φþ ¼fφ∈S ðRχÞjhφjψE
�i∈S ðREÞ∩H 2þðREÞg; ð35Þ

where H 2þðH 2
−Þ denotes the Hardy class space [28] for

the upper (lower) half-plane. Specifically, Φþ consists of
functions that are boundary values of analytic functions in
the upper half-plane of the complex E-plane and vanish
faster than any power of E along the upper semicircle.
Similarly, Φ− corresponds to the analogous space for
functions analytic in the lower half-plane.
Having established these functional spaces and their

analytic character, we can now examine how they influence
the dynamical description of the unstable sector.
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D. Time evolution

As the unstable mode is characterized by an imaginary
energy, the decaying and growing states define the natural
ket states to describe the corresponding unstable particle.
Due to the newly defined basis, the two spaces introduced
in (35) impose constraints on operators previously defined
in the Hilbert space H . One prominent example is the
unitary time evolution operatorUðtÞ ¼ e−iHt. For φþ ∈Φþ,
the action of UðtÞ on Φþ is given by

hUðtÞφþjψE
�i ¼ hφþjU×ðtÞψE

�i
¼ eiEthφþjψE

�i∈H 2þ ⇔ t ≥ 0: ð36Þ

That is, the state φþ evolves in time only for t > 0 when
constrained into the dense subspace Φþ. Similarly, for
φ− ∈Φ− we find

hUðtÞφ−jψE
�i ¼ hφ−jU×ðtÞψE

�i
¼ e−iEthφ−jψE

�i∈H 2
− ⇔ t ≤ 0: ð37Þ

Thus, the operator UðtÞ naturally splits into two semi-
groups,

UþðtÞ ¼ UðtÞjΦþ∶ Φþ → Φþ for t ≥ 0;

U−ðtÞ ¼ UðtÞjΦ−
∶Φ− → Φ− for t ≤ 0: ð38Þ

This splitting reflects the intrinsic time asymmetry of the
system—namely, the unstable mode is not invariant under
time reversal (t → −t). In particular, the vectors fþn ∈Φ×þ
are restricted to exist for t ≥ 0, while f−n ∈Φ×

− exist only for
t ≤ 0. This temporal distinction naturally assigns the labels
“decay states” to fþn ðtÞ ¼ U×þðtÞfþn and “growth states” to
f−n ðtÞ ¼ U×

−ðtÞf−n , reflecting their dynamical behavior
over time.
In field theory, we typically work in the Heisenberg

picture, where field operators evolve in timewhile the states
remain fixed. For the operators b�, their time evolutions are
given by

b�ðtÞ ¼ U×
�ðtÞb�U�ðtÞ

⇒ b�ðtÞ ¼ b�e∓γt; �t ≥ 0; ð39Þ

with initial condition b�ð0Þ ¼ b�. Substituting this result
into Eq. (24), we can express the unstable mode as

uγ ¼ bþuðþÞ þ b−uð−Þ; ð40Þ

where

uð�Þðt; xÞ ¼ expð−γx ∓ γtÞ; �t ≥ 0 ð41Þ

are the natural “modes” describing the decaying and
growing components of the unstable particle.

At this point, we have both a physical and a mathemati-
cal justification for selecting either the exponentially
decaying or growing solution. In our case, where the
Robin boundary condition is imposed only for t > 0, the
appropriate choice is uγ ¼ bþuðþÞ, which corresponds to
the surviving contribution of the unstable mode in the
domain t ≥ 0. Notably, this solution no longer diverges for
large values of t; that is, at the quantum level, the RHS
formalism absorbs the classical divergence into a consistent
decaying quantum state. Furthermore, under time reversal
t → −t, the mode transforms as uðþÞ → uð−Þ, further
illustrating the time asymmetry of the unstable mode—
an effect naturally captured within the rigged Hilbert space
framework for time-asymmetric systems [29].

IV. UNRUH—DEWITT DETECTOR COUPLED
TO AN UNSTABLE MODE

To describe the interaction between an observer and the
unstable mode, we consider the interaction Hamiltonian of
an Unruh–DeWitt detector coupled to the total field. This
Hamiltonian splits into two contributions: one from the free
field, Hϕf

, and another from the unstable mode, Huγ , as
follows:

Hint ¼ Hϕf
þHuγ ; ð42Þ

where

Hϕf
¼ ληðτÞμðτÞϕf½xðτÞ�; ð43Þ

and

Huγ ¼ ληðτÞμðτÞuγ½xðτÞ�: ð44Þ

Here, ϕf denotes the free-field component, defined by
Eq. (9) for t < 0 and by the integral contribution in Eq. (10)
for t > 0. For instance, in order to develop a general
framework, let us consider uγ as given by Eq. (40).
In the equations above, λ is a small coupling constant,

ηðτÞ is the switching function that controls the interaction
time duration T, xðτÞ ¼ ðtðτÞ; xðτÞÞ is the detector trajec-
tory, τ is the detector’s proper time, and μðτÞ is the
monopole momentum operator, which mediates transitions
between the detector’s two-level states as

μðτÞ ¼ jeihgjeiΩτ þ jgiheje−iΩτ; ð45Þ

with jgi and jei denoting the detector’s ground and excited
states, respectively. Ω is the energy gap between these
states.
The detector’s Hilbert space is H D ≅ C2, spanned by

the states fjgi; jeig. The Hilbert space of the stable sector is
the Fock spaceF in=out, generated by the vacua j0in=outi. The
unstable sector is characterized by the RHS (34), so that the
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states fjf�n ig span Φ×
�. Accordingly, the total Hilbert space

of the system is given by H D ⊗ F in for t < 0, and by
H D ⊗ Fout ⊗ Φ×þ for t ≥ 0.
For simplicity, we assume that the system is initially in

its respective ground states: the detector begins in jgi, while
the free field and the unstable mode start in their respective
vacuum states, j0in=outi and jfþ0 i. The unstable mode
depends on the proper time τ, which may select a positive
or negative time coordinate. Specifically, for tðτÞ < 0, there
is no unstable mode, whereas for tðτÞ > 0 it is jfþ0 i. After
the interaction, the detector exchanges energy Ω with
the field, resulting in a transition of the detector to jei.
For the free field, this corresponds to the state j1in=outω i, and
for the unstable mode, to jfþn i.
By applying perturbation theory, the transition amplitude

for jgi ⊗ j0in=outi ⊗ jfþ0 i → jei ⊗ j1in=outω i ⊗ jfþn i is
given by (at first order in λ)

A ¼ A ϕf
þA þ; ð46Þ

where

A ϕf
¼ −iλ

Z
dτeiΩτηðτÞh1in=outω jϕf½xðτÞ�j0in=outihf−n jfþ0 i;

ð47Þ

and

Aþ ¼ −iλ
Z

dτeiΩτηðτÞh1in=outω j0in=outihf−n juγ½xðτÞ�jfþ0 i:

ð48Þ

Note that the bra element is written with the sign exchange
þ → −, as required by property 2. Analyzing these
expressions, we observe that the matrix element
hf−n juγjfþ0 i imposes a constraint on the time domain of
uγ , i.e., even if we consider uγ as given by Eq. (40), the
bracket operation constrains the time domain. Explicitly,
this term gives us

hf−n juγðxÞjfþ0 i ¼ uðþÞðxÞδn1; tðτÞ ≥ 0; ð49Þ

which is identically zero for tðτÞ < 0.
Interestingly, the results (46)–(48) show that, at first

order in λ, if we consider transitions only for t ≥ 0, there is
no backreaction between the contributions of the free field
and the unstable mode, i.e., the free field depositing energy
in the detector and the detector transferring that energy into
the unstable field and vice versa. In other words, if the
detector is initialized in a pure state, it will exchange a real
energyΩwith either the free field or the unstable mode, but
not both “simultaneously,” as the amplitude elements are
off diagonal.

Finally, taking the modulus square of Eq. (46) and
summing over all possible final states j1in=outω i, we obtain
the transition probability,

PþðΩÞ ¼ λ2
Z
Iþ
dτ

Z
Iþ
dτ0ηðτÞηðτ0Þe−iΩðτ−τ0Þ

× e−γ½xðτÞþxðτ0Þ�e−γ½tðτÞþtðτ0Þ�; ð50Þ

where Iþ ≔ fτ∈RjtðτÞ ≥ 0g.
This expression encapsulates the interaction between the

detector and the unstable mode. Since our primary objec-
tive is to isolate and examine the effects associated with the
unstable dynamics, we shall henceforth focus exclusively
on the probability given in Eq. (50), disregarding any
contributions from the free field—for a detailed discussion
of the free-field contribution in a conformally related
setting, see Ref. [30]. We now proceed to evaluate the
response of the detector by specifying its worldline and
analyzing how the interaction with the unstable mode
unfolds along different types of trajectories.
In Fig. 2, black curves depict static observers at fixed

spatial positions x0. Blue curves represent inertial observers
with constant velocity v, starting from position x0. Red
curves, confined to the diamond-shaped Rindler wedge,
correspond to the path of uniformly accelerated observers
parametrized by a proper acceleration a. After t ¼ 0, all
trajectories are shown as solid lines, indicating the region of
the trajectory where the detector interacts with an unsta-
ble mode.

A. Static trajectory

The simplest detector trajectory to consider is one in
which it remains at rest at a fixed position x0, evolving

FIG. 2. Conformal diagram illustrating static (black), inertial
(blue), and uniformly accelerated (red) detector trajectories in
(1þ 1)-dimensional half-Minkowski spacetime. Solid lines indi-
cate regions where the detector interacts with the unstable mode
(t > 0).
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solely in time (see Fig. 2). This case is particularly relevant
because the trajectory is parametrized by the coordinate
time t, following the integral curves of the timelike Killing
vector field ∂t. As such, it represents the “natural” path for
laboratory observers.
In terms of the detector’s proper time, this trajectory is

given by

tðτÞ ¼ τ; xðτÞ ¼ x0: ð51Þ

Assuming a sharp switching function of the form
ηðτÞ ¼ ΘðT − τÞ, and taking the limit of an eternally
switched-on detector T → ∞, the transition probability
(50) for a static observer becomes

Pþ ¼ λ2e−2γx0
Z

∞

0

dτ
Z

∞

0

dτ0e−iΩðτ−τ0Þe−γðτþτ0Þ; ð52Þ

which can be directly evaluated to yield

PþðΩÞ ¼ λ2e−2γx0
1

Ω2 þ γ2
: ð53Þ

At x0 ¼ 0, the result in Eq. (53) takes the form of an
unnormalized Breit-Wifner distribution [31]

fðEÞ ∼ 1

ðE − E0Þ2 þ Γ2
0=4

; ð54Þ

which characterizes the energy spectrum E of an unstable
state. This profile encapsulates the main features of a
resonance: the peak at E0 corresponds to the most probable
energy, while the width Γ0 determines the finite mean
lifetime τ ∼ 1=Γ0. The Breit–Wigner distribution thus
establishes the natural connection between exponential
decay in time and the spectral representation of unstable
states. In the present case, comparing Eqs. (53) and (54)
identifies Ω ≔ E − E0 and Γ0 ≔ 2γ. Consequently, a
detector at rest registers a resonant transition probability
peaked at Ω ¼ 0, with a decay width proportional to the
boundary parameter γ. As the detector is placed farther
from the singularity, the amplitude of this resonance is
exponentially suppressed by the prefactor e−2γx0, reflecting
the localized nature of the unstable mode near the
boundary.
The combined system of the detector and the unstable

mode can then be regarded as a resonant system, where the
imaginary energy of the unstable mode determines the
mean lifetime τmean ∼ 1=2γ. As γ → ∞ (corresponding to
the Dirichlet boundary condition), the decay width
diverges, leading to PþðΩÞ → 0. This aligns with the fact
that Dirichlet conditions suppress the existence of unstable
modes altogether. Conversely, in the Neumann limit γ → 0,
the decay width vanishes, and the mean lifetime becomes
infinite, i.e., the detector interacts with the nonoscillatory
(zero mode) particle allowed by the Neumann boundary

condition.2 In this case, the transition probability becomes
PþðΩÞ ¼ λ2=Ω2, exhibiting an energy divergence in the
infrared limit.
This result shows that the quantization of the unstable

state within the RHS formalism yields a well-defined
decaying state, characterized by the Breit-Wigner spectral
profile—the standard probability distribution for decay and
resonant systems [33,34]. Having understood this connec-
tion, we now consider inertial motion to examine how
constant velocity influences the decay structure.

B. Inertial trajectory

To investigate how the detector’s kinematics influences
its response to the unstable mode, we now consider inertial
trajectories with constant velocity v < 1. In this case, the
detector moves along the worldline,

tðτÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p τ; xðτÞ ¼ x0 þ
vffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p τ; ð55Þ

where τ is the proper time along the detector’s path and x0
denotes the initial position at τ ¼ 0.
Substituting this trajectory into Eq. (50), and again

assuming a sharp switching function, the transition prob-
ability becomes

PþðΩÞ ¼ λ2e−2γx0
Z

∞

0

dτ
Z

∞

0

dτ0e−iΩðτ−τ0Þe
−γðvþ1Þðτþτ0Þffiffiffiffiffiffi

1−v2
p

;

ð56Þ
yielding after integration,

PþðΩÞ ¼ λ2e−2γx0
1

Ω2 þ �
1þv
1−v

�
γ2

: ð57Þ

In the result above, we observe that the detector’s
velocity v modifies the decay width Γ0, while the asymp-
totic behavior of the boundary parameter γ—as it
approaches the Dirichlet or Neumann boundary condi-
tions—remains qualitatively the same as in the static case.
As a consistent check, note that in the limit v → 0, Eq. (57)
reduces to Eq. (53), thus recovering the static scenario as a
particular case.
By comparing Eq. (57) to the Breit–Wigner forms, we

identify the decay width as

Γv ≔ 2γ

ffiffiffiffiffiffiffiffiffiffiffi
1þ v
1 − v

r
: ð58Þ

This expression shows that Γv increases monotonically
with v and diverges as v → 1 by a relativistic Doppler

2For a complete analysis of the nonoscillatory zero mode
interacting with an Unruh-DeWitt detector, we refer to [32].
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factor, where Γ0 is the “emitted frequency.” Physically, this
implies that the mean lifetime τmean ∼ 1=Γv decreases as the
detector’s velocity increases. In the ultrarelativistic limit
v → 1, the decay becomes instantaneous and the detector
registers no transition—indicating that the interaction with
the unstable mode is suppressed in this regime.
Figure 3 illustrates this behavior by showing the prob-

ability PþðΩÞ as a function of v, for fixed parameters.

C. Accelerated trajectory

We now consider a uniformly accelerated detector, char-
acterized by a constant proper acceleration a. Such an
observer follows a hyperbolic trajectory confined to the
Rindler wedge of Minkowski spacetime, as depicted in
Fig. 2. The worldline is parametrized by the proper time τ as

tðτÞ ¼ 1

a
sinhðaτÞ; xðτÞ ¼ 1

a
coshðaτÞ: ð59Þ

In this scenario, the transition probability changes
substantially. Substituting the trajectory into Eq. (50)
and considering an eternally switched-on detector, we
obtain

PþðΩÞ¼ λ2
Z

∞

0

dτ
Z

∞

0

dτ0e−iΩðτ−τ0Þ exp
�
−
γ

a
ðeaτþeaτ

0 Þ
	
:

ð60Þ

Using formula 3.331–2 from Ref. [35], this integral can be
evaluated exactly, yielding

PþðΩÞ ¼ λ2
Γð− iΩ

a ; γaÞΓðiΩa ; γaÞ
a2

; ð61Þ

where Γðα; yÞ denotes the incomplete gamma function.

Unlike the previous cases, the dependence of the tran-
sition probability on the energy gap Ω and acceleration a is
no longer of Breit-Wigner form, and its analytical structure
becomes considerably more intricate. To explore its behav-
ior, we examine Eq. (61) numerically. In Fig. 4 we can see
PþðΩÞ as a function of the energy gap for some values of
the acceleration. Despite the complexity of the analytical
form, the probability remains peaked aroundΩ ¼ 0, regard-
less of the specific values of a and γ, preserving the
resonancelike profile observed in inertial cases.
We next examine the detector’s response as a function of

the proper acceleration a. Figure 5 displays the behavior of
PþðΩÞ for various energy gaps. As observed, the tran-
sition probability vanishes at a ¼ 0, increases with accel-
eration, reaches a maximum at a critical value amax, and
then decreases toward zero in the limit a → ∞. This is
consistent with the idea that ultrarelativistic motion sup-
presses the detection of unstable particles, while also
reflecting the suppression in probability due to a large
value of x [note that xðτÞ → ∞ as a → 0 in Eq. (59)]. The
peak positions amax, corresponding to the maximum
detector response, can be numerically extracted from the
condition dPþðΩÞ=da ¼ 0. For the cases shown in Fig. 5,
we find:

amax ¼ 2.42; 2.76; 3.30; 4.00; 4.82; ð62Þ

for Ω ¼ 1, 2, 3, 4, 5, respectively.
To analyze the dependence on the boundary parameter

γ, we consider its asymptotic behavior. Using the
expansion [35]

Γðα;yÞ→ yα−1e−yþOð1=yÞ; jyj→∞; ð63Þ

we find that

lim
γ→∞

PþðΩÞ ¼ 0; ð64Þ

FIG. 3. Transition probability PþðΩÞ over λ2, given by
Eq. (57), as a function of detector velocity v. We consider x0 ¼
0 and γ ¼ 1. As v → 1, the probability sharply decreases,
indicating the suppression of detection in the ultrarelativistic
regime.

FIG. 4. Transition probability PþðΩÞ=λ2 for a uniformly
accelerated detector, as given by Eq. (61). Here we consider
different accelerations for a fixed boundary parameter γ ¼ 1.
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which reflects the expected suppression of unstable modes
under Dirichlet boundary conditions.
To study the opposite regime, we reparametrize the

boundary parameter as γ ≔ e−β, so that β → ∞ corre-
sponds to the Neumann limit. Figure 6 shows the transition
probability as a function of β. Interestingly, as we approach
the Neumann boundary condition, the response becomes
increasingly oscillatory.
The persistence of finite and oscillatory responses under

acceleration suggests that noninertial motion may act as an
energy regulator for the nonoscillatory free particle modes
permitted by the Neumann boundary condition. Since
acceleration effectively injects energy into the system, it
can modify the coupling between the detector and the
arbitrarily low-frequency (nonoscillatory) mode, thereby
avoiding the infrared divergence that arises in the iner-
tial case.

V. CONCLUSIONS

In this work, we have investigated the emergence of a
single unstable mode induced by a Robin boundary
condition at a naked singularity in (1þ 1)-dimensional
half-Minkowski spacetime. The unstable mode is con-
trolled by a boundary parameter γ, which mixes
Dirichlet (γ → ∞) and Neumann (γ → 0) boundary con-
ditions. We quantized this unstable mode within the RHS
formalism, where the corresponding quantum state is
understood as a generalized eigenstate with imaginary
energy. This framework enables the selection of a time
domain in which the unstable mode exists and naturally
describes it as a decaying (or growing) particle, thus curing
the temporal divergence typically associated with its
exponential behavior.
To probe this quantization scheme, we analyzed how an

observer would interact with such states using the Unruh-
DeWitt detector model. By isolating the contribution from
the unstable mode, we computed the detector’s transition
probability for three representative trajectories: static,
inertial, and uniformly accelerated.
For static observers, the detector response exhibits a

resonance profile of the Breit-Wigner form, with the
boundary parameter γ directly controlling the decay width
Γ0 ¼ 2γ, and hence the mean lifetime τmean ∼ 1=Γ0.
Moreover, the probability amplitude is exponentially sup-
pressed with increasing distance from the boundary. In the
Dirichlet limit (γ → ∞), the detector remains unexcited,
indicating the absence of a decaying particle. In contrast,
the Neumann limit (γ → 0) yields a free, nonoscillatory
particle with arbitrarily low frequency, leading to an
infrared-divergent detector response.
For inertial observers moving at constant velocity v,

the qualitative dependence on γ remains unchanged,
but the decay width experiences a Doppler shift
Γv ¼ Γ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ vÞ=ð1 − vÞp
, making the mean lifetime

velocity dependent. In the ultrarelativistic limit v → 1,
the decay becomes instantaneous, and the detector
registers no excitation.
In the accelerated case, the detector’s response takes a

more intricate form governed by incomplete gamma
functions. Although no simple Breit-Wigner structure
emerges, the transition probability remains peaked around
Ω ¼ 0 and exhibits nontrivial dependence on the accel-
eration a. Notably, in the Neumann limit, the infrared
divergence of the inertial motion is replaced by a finite,
highly oscillatory response, suggesting that the energy
injected by the detector’s acceleration acts as a physical
regulator for the infrared pathology.
In summary, our results demonstrate that the combina-

tion of RHS quantization and detector-based probes offers a
consistent and physically meaningful framework for
describing unstable field configurations. This approach
provides a natural interpretation of exponentially growing
solutions as decaying quantum states and opens new

FIG. 5. Transition probabilityPþðΩÞ=λ2 given by Eq. (61) as a
function of the proper acceleration. We are setting γ ¼ 1.

FIG. 6. Transition probabilityPþðΩÞ=λ2 given by Eq. (61) as a
function of β ¼ logð1=γÞ, illustrating the behavior near the
Neumann boundary condition (γ → 0). Here, we are setting
Ω ¼ 1.
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avenues for investigating the interplay between instability
and observers in the semiclassical theory.
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