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We investigate the singly virtual transition form factor (TFF) for the π0 → γ�γ process in the spacelike
region using the hard-scattering formalism within the basis light-front quantization (BLFQ) framework.
This form factor is expressed in terms of the perturbatively calculable hard-scattering amplitudes (HSAs)
and the light-front wave functions (LFWFs) of the pion. We obtain the pion LFWFs by diagonalizing the
light-front QCD Hamiltonian, which is determined for its constituent quark-antiquark and quark-antiquark-
gluon Fock sectors with a three-dimensional confinement. We employ the HSAs up to next-to-leading
order (NLO) in the quark-antiquark Fock sector and leading order (LO) in the quark-antiquark-gluon Fock
sector. The NLO correction to the TFF in the quark-antiquark Fock sector is of the same order as the LO
contribution to the TFF in the quark-antiquark-gluon Fock sector. We find that while the quark-antiquark-
gluon Fock sector has minimal effect in the large momentum transfer (Q2) region, it has a noteworthy
impact in the low-Q2 region. Our results show that, after accounting for both Fock sectors, the TFF within
the BLFQ framework aligns well with existing experimental data, particularly in the low Q2 region.

DOI: 10.1103/qxbp-63qm

I. INTRODUCTION

The structure of mesons remains a substantial puzzle in
the current field of particle and nuclear physics [1–5].
Because of the difficulty in solving for their nonperturba-
tive structure directly from QCD, it is challenging to gain
theoretical insights into the internal structure of mesons.
However, the development of the factorization theorem
provides a pathway for studying this subject [6–9]. One
of the simplest and most significant examples for factori-
zation application in exclusive processes is the pion-
photon transition form factor (TFF) with one real and
one virtual photon, FπγðQ2Þ. The TFF plays a crucial role in

determining several important observables, for instance, the
hadronic light-by-light contribution to the muon anomalous
magnetic moment [10–12] and the rates of rare pseudo-
scalar decays [13,14].
Based on the factorization theorem, the TFF can be

decomposed into the perturbatively calculable hard-
scattering amplitudes (HSAs) and the light-front wave func-
tions (LFWFs) which encode the nonperturbative dynamical
information of the QCD bound states [15]. In 1980, Lepage
and Brodsky first reported the leading-order (LO) HSAs for
the TFF [15]. Subsequently, the next-to-leading-order (NLO)
correction has been examined in several studies [16–21].
Meanwhile, the next-to-next-to-leading-order (NNLO)
HSAs have been evaluated within the conformal scheme
[20,22], hard-collinear factorization theorem [23], and prin-
ciple of maximum commonality [24]. On the other hand,
despite the challenges posed by nonperturbative QCD
dynamics, various phenomenological models and theoretical
frameworks have been devised to compute the distribution
amplitudes and pion-photon TFF. These include method-
ologies like the chiral perturbation theory [25], QCD sum
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rules [26–28], Dyson-Schwinger and Bethe-Salpeter frame-
work [29–34], constituent quark model [35–38], AdS/QCD
[39], and lattice QCD [40,41].
Experimentally, the TFF has been extensively measured

in spacelike regions up to large transfer momentum, with
several collaborations contributing measurements [42–45].
In 2009, the BABAR Collaboration issued their data [44]
covering the kinematic rangeQ2 ∈ ½4; 40� GeV2, sparking a
heated discussion due to its observation of nonconforming
behavior at large Q2, which contradicted the well-known
asymptotic prediction [15]. However, in 2012, the data
from Belle Collaboration [45] showed that Q2FπγðQ2Þ →
const for Q2 > 15 GeV2, which is consistent with the
prediction of perturbative QCD [15]. The discrepancy
between these two measurements in the large Q2 region
has consistently drawn the attention of both theoretical and
experimental communities.
Our investigation of the TFF relies on the basis light-

front quantization (BLFQ) framework, offering a non-
perturbative method for solving the relativistic many-body
bound states problem within light-front quantum field
theory [46]. Recent advancements in the BLFQ framework
have led to successful applications in exploring various
observables within QCD systems, e.g., the electromagnetic
form factors and associated charge radii [47,48], parton
distribution functions [47–54], transverse-momentum-
dependent parton distributions [52,55–58], and generalized
parton distributions [53,59–62]. In an earlier exploration
within the BLFQ framework, we reported the TFF only con-
cerning the meson’s valence quarks, where the Hamiltonian
includes a three-dimensional confinement potential and the
color-singlet Nambu-Jona-Lasinio interaction [63,64]. Our
previous results show that valence Fock state alone is
insufficient to describe TFF in a finite Q2 region, suggesting
that higher Fock states may have a significant impact.
In this work, we investigate the pion-photon TFF with

one real and one virtual photon considering the valence
Fock sector with constituent quark-antiquark and an addi-
tional Fock sector, encompassing a quark-antiquark pair
and a dynamical gluon of the pion. Based on the BLFQ
framework [46], we adopt the light-front QCD Hamiltonian
that includes a model confining potential and solve it in the
first two Fock sectors, jqq̄i and jqq̄gi [47]. We evaluate the
TFF through the overlap form of the HSAs and the LFWFs
of the pion. The HSAs involving valence and valence-gluon
Fock sectors are derived by the light-cone perturbation
theory [15,65]. The LFWFs are obtained by diagonalizing
the light-front Hamiltonian.

II. MESON LFWFS IN THE BLFQ FRAMEWORK

Following the Lepage-Brodsky convention [15], the
light-front variables are defined as V� ≡ V0 � V3 and
V⃗⊥ ≡ ðV1; V2Þ. The wave functions of bound states are
the eigenvectors of the light-front Hamiltonian equation:

PþP−jΨi ¼ M2jΨi, where Pþ and P− represent the
longitudinal momentum and the light-front Hamiltonian
of the system, respectively. At the fixed light-front time,
xþ ≡ x0 þ x3, the meson state with mass squared eigenvalue
M2 can be schematically expanded in terms of Fock sectors:

jΨi ¼ ψqq̄jqq̄i þ ψqq̄gjqq̄gi þ ψqq̄qq̄jqq̄qq̄i þ � � � ; ð1Þ

where ψ… are the LFWFs corresponding to the Fock sectors
j � � �i. In this work, we truncate the infinite Fock expansion
and retain the first two Fock sectors, which indicates that the
meson is described by the quark-antiquark ψqq̄ and quark-
antiquark-gluon ψqq̄g LFWFs at the model scale.
We adopt an effective light-front Hamiltonian, P− ¼

P−
QCD þ P−

C [47], where P−
QCD is the light-front QCD

Hamiltonian, and P−
C represents a model confining poten-

tial. In the light-front gauge Aþ ¼ 0, the QCD Hamiltonian
with one dynamical gluon is given by [47,65]

P−
QCD ¼

Z
dx−d2x⊥

�
1

2
ψ̄γþ

m2
0 þ ði∂⊥Þ2

i∂þ
ψ

þ 1

2
Ai
a

�
m2

g þ ði∂⊥Þ2�Ai
a þ gsψ̄γμTaAμ

aψ

þ 1

2
g2s ψ̄γþTaψ

1

ði∂þÞ2 ψ̄γ
þTaψ

�
; ð2Þ

where Aμ
a and ψ represent the gluon and the quark fields,

respectively. Ta ¼ λa=2 is half of the Gell-Mann matrix. gs
is the coupling constant. mg and m0 stand for the model
gluon mass and the bare quark mass, respectively. Though
the gluon mass is zero in QCD, we artificially assign it as a
phenomenologically motivated mass to fit the mass spectra
in the low-energy scale [47]. We introduce a mass counter-
term, δmq ¼ m0 −mq, for the quark in the leading Fock
sector to treat quark mass corrections from the higher
Fock sectors, where mq is the renormalized quark mass.
Following Refs. [66,67], we allow an independent quark
mass mf in the vertex interaction. Specifically, the vertex
mass is determined as part of the model’s parametrization to
reproduce the mass splitting between the ground states of
the π and ρ mesons. Additionally, it ensures consistency
with the observed properties of the pion, including its decay
constant and electromagnetic form factor, and aligns with
experimental data for related processes [47].
The confining potential consists of the transverse

and longitudinal terms. In the valence Fock sector, it is
written as [47,68]

P−
CP

þ ¼ κ4
�
xð1 − xÞr⃗2⊥ −

∂x½xð1 − xÞ∂x�
ðmq þmq̄Þ2

�
; ð3Þ

where κ is the strength coefficient of confinement and
r⃗⊥ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp ðr⃗q⊥ − r⃗q̄⊥Þ represents the holographic
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variable [69]. We employ a two-dimensional (2D) har-
monic oscillator potential in the transverse direction,
inspired by light-front holography, along with a comple-
mentary longitudinal confining potential that reproduces a
one-dimensional harmonic oscillator potential in the non-
relativistic limit. Together, these form an effective 3D
harmonic oscillator potential. While alternative choices
of confining potentials are possible, such as linear or
Cornell-like potentials, these often introduce additional
complexity in the BLFQ framework due to the nonortho-
gonality with the harmonic oscillator basis. In contrast, the
harmonic oscillator potential ensures compatibility with
the BLFQ framework, where we expand the hadronic state
using harmonic oscillator basis functions. This choice
maintains consistency between the confining potential
and the basis functions employed in our calculations.
Moreover, the harmonic oscillator potential has been
widely validated in prior studies, demonstrating its effec-
tiveness in capturing key hadronic properties. In the
valence-gluon Fock sector, the confinement relies solely
on the truncation of the BLFQ basis functions (see below).
Using the BLFQ framework [46], we solve the

Hamiltonian equation in a chosen basis space. The Fock
sectors in Eq. (1) are taken to be direct products of single-
particle states jαi ¼ ⊗i jαii. We employ the discretized
light-cone quantization basis [65] and a two-dimensional
harmonic oscillator (2D HO) basis functions to describe the
longitudinal and transverse dynamics of single-particle
states, respectively. More specifically, in the longitudinal
direction, the single particle is confined in a one-
dimensional box of length 2L with periodic (antiperiodic)
boundary conditions for the boson (fermion). For the ith
single-particle state, the longitudinal momentum is dis-
cretized as pþ

i ¼ 2π
L ki, where the longitudinal quantum

number ki is a half-integer (integer) for fermions (bosons).
Here, we neglect the zero mode ki ¼ 0 for the boson. In the
transverse plane, the 2D HO wave function Φnimi

ðp⃗i⊥; bÞ
carries the radial and the angular quantum numbers denoted
by ni and mi, respectively. p⃗i⊥ is the transverse momentum
of the ith particle. b is the HO basis scale parameter, which
defines the HO energy Eni;mi

¼ ð2ni þ jmij þ 1Þb2. Each
single-particle state jαii is characterized by four quantum
numbers, jαii ¼ jki; ni; mi; λii, where λi is the light-front
helicity. In this work, the first two Fock sectors of the
meson both allow for the unique color-singlet state.
Therefore, there is no requirement for the color label to
identify the color property of the LFWFs.
The projection of total angular momentumMJ consisting

of orbital angular momentum projection plus spin angular
momentum projection is conserved in light-front field
theory. Meanwhile, we respectively introduce truncations
Nmax and K in transverse and longitudinal directions to
perform the numerical calculation. These quantities satisfy
the following conditions:

8>>>>><
>>>>>:

MJ ¼
P
i
ðmi þ λiÞ;

Nmax ≥
P
i
ð2ni þ jmij þ 1Þ;

K ¼P
i
ki;

ð4Þ

where the dimensionless variable K is used to parametrize
the total longitudinal momentum Pþ. For the ith particle,
the longitudinal momentum fraction is defined as xi ¼
pþ
i =P

þ ¼ ki=K. The Nmax truncation serves as the ultra-
violet (UV) and infrared (IR) cutoffs. In momentum space,
the UV cutoff ΛUV ≃ b

ffiffiffiffiffiffiffiffiffiffi
Nmax

p
and the IR cutoff ΛIR ≃

b=
ffiffiffiffiffiffiffiffiffiffi
Nmax

p
[70].

Through diagonalizing the Hamiltonian, we directly
obtain the mass spectra M2 and the corresponding eigen-
vectors ψN

MJ
ðfαigÞ, which can be converted to the LFWFs

in momentum representation:

ψN
MJ;fλigðfxi; p⃗i⊥gÞ ¼

X
fnimig

ψN
MJ
ðfαigÞ

YN
i¼1

Φnimi
ðp⃗i⊥; bÞ;

ð5Þ

whereN is the total number of particles in the Fock sector.
αi represents the four quantum numbers ki, ni, mi, and λi,
characterizing the ith particle as mentioned above. Note
that the meson LFWFs are derived from the light-front
effective Hamiltonian at a fixed scale. The model scale of
pion, μ20 ¼ 0.34� 0.03 GeV2, is determined by matching
evolved results to the total first moments of valence quark
and antiquark distributions from global QCD analysis [47].
With the truncation fNmax; Kg ¼ f14; 15g, we deter-

mine the parameters summarized in Table I by fitting the
masses of six representative meson states: the ground and
first excited pseudoscalars [π, πð1300Þ], a vector [ρ], a
scalar [a0ð980Þ], an axial vector [a1ð1260Þ], and a hybrid
state [π1ð1400Þ] [47]. These states are chosen to represent
key features across various quantum number sectors and to
effectively constrain the model parameters. In principle,
increasing Nmax and K could improve the utility of our
model but requires substantially more computational
resources. Empirically, we set K ¼ Nmax þ 1. We present
the mass spectra of light mesons for three different basis
truncations, Nmax ¼ f6; 10; 14g, in Fig. 1. We notice that
the mass eigenvalues exhibit reasonable convergence as the

TABLE I. The model parameters obtained by fitting the mass
eigenvalues of unflavored light mesons with the truncation
fNmax; Kg ¼ f14; 15g [47].

mq [GeV] mg [GeV] b [GeV] κ [GeV] mf [GeV] gs

0.39 0.60 0.29 0.65 5.69 1.92
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basis truncation increases. The leading component of the
pion LFWFs in the jqq̄i state in momentum space is shown
in Fig. 2. We observe oscillations at small transverse
momentum, which arise from the harmonic oscillator basis
used in our BLFQ approach. Despite these oscillations,
the wave functions exhibit general features consistent
with various quark models, such as the constituent quark
model [71] and holographic light-front QCD [72,73]. Addi-
tionally, unlike most phenomenological models that exclude
gluonic degrees of freedom and focus solely on valence
quarks, our BLFQ approach includes a dynamical gluon
through the jqq̄gi Fock state. The LFWFs obtained by our
method have simultaneously described the parton distribu-
tion functions, decay constant, charge radii, and electro-
magnetic form factors for the light mesons, as well as the
pion-nucleus-induced J=ψ production cross sections [47].

III. PION-PHOTON TRANSITION FORM
FACTORS

In general, there are two types of pion-photon transition
form factors, specifically, the single and double virtual

transition form factors extracted from the π0 → γγ� and
π0 → γ�γ� processes, respectively [64]. In this work, we
limit our research to the single virtual pion-photon tran-
sition form factor FπγðQ2Þ. The TFF is defined by the πγγ�

vertex [15]:

Γμ ¼ −ie2FπγðQ2Þϵμνρσpν
πε

�ρqσ; ð6Þ

where q and pπ are the momenta of the virtual photon and
the pion, respectively. ε is the polarization vector of the
real photon. Following the prescription by Lepage and
Brodsky [15], we consider

8>>><
>>>:

ε� ¼ �0; 0; ε⃗�⊥�; ε⃗�⊥ · q⃗⊥ ¼ 0;

pπ ≡ ðpþ; p−; p⃗⊥Þ ¼
	
pþ; m

2
π

pþ ; 0⃗


;

q ¼
	
0; q⃗

2⊥−m2
π

pþ ; q⃗⊥


⇒ q2 ¼ −q⃗2⊥ ≡ −Q2:

ð7Þ

In principle, the TFF includes the contribution from all
Fock sectors. However, the contributions from higher Fock
sectors are suppressed by powers of 1=Q compared to the
valence Fock sector jqq̄i [15], implying that higher Fock
sectors may have a noticeable impact in regions where Q
is small.
Based on the factorization theorem, the TFF can be

factorized into the HSAs and the LFWFs [15,75]. Here, we
evaluate the TFF from the convolution of the HSAs with
the LFWFs considering our two chosen Fock sectors of the
pion. The HSAs are derived by light-cone perturbation
theory [15,65], and the LFWFs are obtained by diagonal-
izing the light-front Hamiltonian [47].

A. TFF in the valence Fock sector

The TFF in the valence Fock sector is expressed as [75]

Q2Fqq̄
πγ ðQ2Þ¼ 4ffiffiffi

3
p
Z

1

0

dx
Z

x̄Q

0

d2p⃗⊥
16π3

Tqq̄ðx;Q2Þψ2
λ1λ2

ðx;p⃗⊥Þ;

ð8Þ

where ψ2
λ1λ2

is the LFWF of the valence Fock sector with λ1
and λ2 being the light-front helicities of the quark and
antiquark, respectively. Since the pion is spinless, we omit
the subscriptMJ. The HSA up to NLO in the valence Fock
sector, Tqq̄ðx;Q2Þ, is given by [16–20]

Tqq̄ðx;Q2Þ ¼ 1

1 − x
þ αsðμRÞ

4π
CF

1

1 − x

×

�
−9 −

1 − x
x

lnð1 − xÞ þ ln2ð1 − xÞ

þ f3þ 2 lnð1 − xÞg ln
�
Q2

μ2R


�
; ð9Þ

PDG 18'
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1450
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b1 1235

a1 1260
a2 13201300 1 1400
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1500
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FIG. 1. The mass spectra of unflavored light mesons. Our
results are compared with the experimental data taken from PDG
(red solid bars) [74].

FIG. 2. Leading component of the pion LFWFs in the
jqq̄i state.
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where αsðμRÞ ¼ 4π
β0 lnðμ2R=Λ2

QCDÞ
is the strong running coupling

constant with β0 ¼ 11
3
CA − 2

3
nf and ΛQCD ¼ 225 MeV.

Here, the color factors are given by CF ¼ 4
3
and CA ¼ 3.

The number of active flavors is nf ¼ 3. Although allowing
nf to vary with the scale Q could influence the results, the
primary focus of our study is on the dynamics within the
light flavor sector. For simplicity, we adopt the regulari-
zation scale as μ2R ¼ Q2 to eliminate the large logarithm
term. The HSA follows the naive dimensional regulariza-
tion scheme. The first term in Eq. (9) is the LO HSA. The
term related to αs is the NLO correction of the HSA in the
valence Fock sector. In our calculation, we use the leading-
twist hard function in the MS scheme to predict the
contribution of the leading Fock state jqq̄i to the TFF,
with helicity conservation imposing λ1 ¼ −λ2. This ensures
that only the twist-2 component contributes, consistent
with the leading-twist factorization framework. In our
BLFQ framework for the π0, the twist-2 component
dominates the jqq̄i Fock sector, accounting for 98.7% of
the probability. Therefore, we omit the higher-twist con-
tributions from this Fock sector and consider only the case
where λ1 ¼ −λ2.

B. TFF in the jqq̄gi Fock sector

The NLO correction to the TFF from the valence Fock
sector is of the same order as the LO contribution from
the valence-gluon Fock sector. The LO contribution
from the valence-gluon Fock sector to the TFF can be
expressed as

Q2Fqq̄g
πγ ðQ2Þ ¼ 8mq

ffiffiffiffiffiffiffiffiffiffi
2παs

p

3Q2

X3
i¼1

Z
1

0

dx1

Z
1−x1

0

dx2

×
Z

fiðx1;x2;QÞ

0

d2p⃗1⊥
16π3

Z
giðx1;x2;QÞ

0

d2p⃗2⊥
16π3

× Tqq̄g
i ðx1; x2Þψ3

λ1λ2λ3

�
x1; p⃗1⊥; x2; p⃗2⊥

�
þ ðx1 ↔ x2Þ; ð10Þ

where ψ3
λ1λ2λ3

is the LFWF of the valence-gluon Fock sector
with λ1, λ2, and λ3 being the light-front helicities of the
quark, antiquark, and gluon, respectively. Tqq̄g

i denotes the
HSA corresponding to the ith diagram among the first three
diagrams in Fig. 3. Because of the charge conjugation
invariance, the LFWFs of the pion and the HSAs exhibit
symmetry under the exchange of the quark and antiquark.
Consequently, evaluating the first term in Eq. (10) suffices,
implying that the total TFF in the valence-gluon Fock
sector is twice the magnitude of the first term. The explicit
expressions of LO HSAs in the valence-gluon Fock sector
read as

Tqq̄g
1 ðx1; x2Þ ¼

x1
ð1 − x1Þð1 − x2Þx22

þ 1 − x1 − x2
ð1 − x1Þð1 − x2Þx2

;

ð11Þ

Tqq̄g
2 ðx1; x2Þ ¼

x1 þ x2 − 1

x1x2ð1 − x2Þ
; ð12Þ

Tqq̄g
3 ðx1; x2Þ ¼

2ðx1 þ x2 − 1Þ
x1ð1 − x2Þ2

: ð13Þ

The upper limits of the integral over transverse momenta in
Eq. (10) are given by

f1 ¼ min

�
1 − x1

2
;
1 − x1 − x2

1 − x2



Q; ð14Þ

g1 ¼ min

 
x2;

1 − x1 − x2
x1

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x1 − x2Þ

x1

s !
Q; ð15Þ

f2 ¼ Q; g2 ¼ min
	
x2;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1 − x2Þ

p 

Q; ð16Þ

f3 ¼ min
	
1 − x1;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1ð1 − x1Þ

p 

Q; g3 ¼ Q: ð17Þ

The detailed derivation for the TFF with LO HSAs in jqq̄gi
Fock sector is provided in the Appendix.

IV. NUMERICAL RESULTS

For our numerical calculations, we set the truncation
limits toNmax ¼ 14 for the transverse direction andK ¼ 15
for the longitudinal direction. With the model parameters
summarized in Table I, we obtain the LFWFs of the pion in
the first two Fock sectors with its massM ¼ 0.139 GeV by
solving the light-front Hamiltonian equation. At the model
scale, the probabilities of the pion being in the Fock states
jqq̄i and jqq̄gi are 49.2% and 50.8%, respectively.
Subsequently, we compute the pion to photon TFF by

FIG. 3. The leading-order Feynman diagrams in the valence-
gluon Fock sector related to FπγðQ2Þ. ðx1 ↔ x2Þ represents the
Feynman diagrams after exchanging the quark and antiquark.
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convoluting the HSAs with the pion LFWFs, as described
in Eqs. (8) and (10).
Figure 4 shows our results for the pion to photon TFF,

Q2FπγðQ2Þ, within the BLFQ framework and compares
with the available experimental data from the CELLO [42],
CLEO [43], Belle [45], and BABAR Collaborations [44].
The red and blue curves represent the contributions from
the jqq̄i and jqq̄gi Fock sectors, respectively, with the
black curve corresponding to the total TFF. We use χ2 per
degree of freedom to compare our results with the exper-
imental data:

χ2=d:o:f: ¼ 1

N − f

XN
i¼1

�
Fdata
i − FBLFQ

i

Ferr
i



2

; ð18Þ

where N is the number of experimental data points, f is the
number of free parameters in our model, i denotes the index
of the experimental data point, Fdata

i is the observed value
of the experimental data point, Ferr

i is the error of the
experimental result, and FBLFQ

i is the calculated value
corresponding to the experimental data point in our model.
The χ2 per degree of freedom is 4.1 over all data included in
Fig. 4(a). Excluding the BABAR data lowers this to 2.4,
while additionally excluding the Belle data, leaving only
the CLEO and CELLO data in Fig. 4(b), lowers it to 1.1.
We acknowledge that the reduced χ2 value of 2.4, even
after removing the BABAR data, remains relatively large.
This discrepancy, particularly at low Q2, suggests the need
for further refinement in the treatment of higher-twist
contributions and subleading Fock states. We also note
the tension between the Belle and BABAR data, particularly
in the low-Q2 region, highlighting the necessity of addi-
tional experimental measurements to resolve these differ-
ences. In future work, we plan to investigate these effects
more carefully by including additional higher Fock states
and refining our approach to better describe the low-Q2

regime. Overall, we find a good consistency between our
results and the data reported by CELLO [42], CLEO [43],
and Belle Collaborations [45]. However, our result deviates
from the rapid growth in the largeQ2 region reported by the
BABAR Collaboration [44]. Some theoretical studies sug-
gest that the BABAR data are incompatible with QCD
calculations [23,24,28,33,64,73,76–79]. Conversely, there
are phenomenological studies that reproduce the BABAR
data for the pion to photon TFF [80–89]. It has also been
demonstrated in Ref. [81] that BABAR’s high-Q2 data
cannot be explained using standard QCD frameworks like
asymptotic QCD, AdS/QCD, or Chernyak-Zhitnitsky mod-
els for the pion DA but can be accommodated by assuming
a flat pion DA [80,81]. However, such a flat DA under-
estimates the TFF at low Q2 and trends toward violating
the Brodsky-Lepage limit Q2FπγðQ2 → ∞Þ ¼ 2fπ [81]. In
contrast, Belle’s newer data show lower values at high Q2,
consistent with QCD expectations. Our results agree with
Belle, CLEO, and CELLO but not with BABAR, supporting
the view that a reevaluation of conclusions drawn from
BABAR data alone is warranted.
While our BLFQ-based calculation of the pion TFF

relies on factorization and is not valid in the soft limit
(Q2 → 0), we can still connect to this regime through the
axial anomaly relation. Specifically, we compute the pion
decay constant within the BLFQ framework and apply
the well-known Schwinger Adler-Bell-Jackiw (SABJ)
relation [38,64,72,90,91]

FSABJ
πγ ð0Þ ¼ 1

2
ffiffiffi
2

p
π2fπ0

ð19Þ

to obtain the transition form factor at zero momentum
transfer. Using our result for the decay constant, fπ0 ¼
0.138 GeV, we find FSABJ

πγ ð0Þ ¼ 0.260 GeV−1, which is
consistent with expectations from the anomaly relation.
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FIG. 4. The BLFQ results for the π0 → γ�γ transition form factor with truncation parameters Nmax ¼ 14 and K ¼ 15: (a) the TFF in
fullQ2 region; (b) the TFF in low-Q2 region. The blue and red curves correspond to the results with the LOHSA in the jqq̄gi Fock sector
and the NLO HSA in the jqq̄i Fock sector, respectively. The black curve represents the sum of them. Data are taken from CELLO [42],
CLEO [43], Belle [45], and BABAR [44] Collaborations.
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As Q2 increases, the magnitude of Q2Fqq̄
πγ gradually

increases and eventually saturates, while that of Q2Fqq̄g
πγ

gradually decreases and eventually vanishes.
Although the jqq̄gi Fock sector carries nearly half of the

pion’s probability in our BLFQ calculation, its contribution
to the TFF is dynamically suppressed at high momentum
transfer due to the structure of the perturbative expression,
which includes an additional 1=Q2 factor compared to the
leading jqq̄i term. As a result, the gluon-containing Fock
sector has a minimal impact on the TFF at largeQ2, despite
its sizable probability. Nevertheless, around Q2 ∼ 1 GeV2,
the two sectors contribute comparably. With these obser-
vations, one sees an example of how Fock sector proba-
bilities do not directly translate to observable dominance in
all kinematic regimes.
The behavior of our TFF is consistent with the scaling

predicted by pQCD [15,16]. Specifically, the TFF follows
that Q2FπγðQ2 → ∞Þ ¼ 2fπ, where fπ is the decay con-
stant [75]. Additionally, contributions to the TFF from
higher Fock sectors are suppressed by powers of 1=Q. Note
that the second Fock sector includes a dynamical gluon,
introducing an additional propagator at the corresponding
HSA. This additional propagator generates a factor of Q2

in the denominator. Consequently, Fqq̄g
πγ exhibits a lower

power of Q2 compared to Fqq̄
πγ , as indicated by the

comparison between Eqs. (8) and (10). The contribution
from the jqq̄gi Fock sector decreases more rapidly and has
negligible influence in the large-Q2 region. However, the
contribution from the jqq̄gi Fock component has a visible
impact in the small-Q2 region, which improves the theo-
retical description of experimental data for Q2 < 5 GeV2

as seen in Fig. 4(b). In our current framework, the TFF at
low Q2 is described using the first two Fock states of the
pion, as determined from the BLFQ approach. While these
states provide a good description of the CELLO data, we
acknowledge that higher-twist contributions, significant at
small Q2, are not fully captured in the present truncation.
These effects are incorporated nonperturbatively through
the numerical solutions of the light-front Hamiltonian but
require the inclusion of additional higher Fock states for a
more complete representation. Future work will focus on
extending the Fock space and refining the treatment of low-
Q2 dynamics to improve the model’s predictive power in
this regime.
We estimate the uncertainties in Q2Fqq̄

πγ by varying the

factorization scale μ within the range Q2

2
< μ2 < 2Q2. The

results, shown in Fig. 5, indicate that the TFF uncertainty
from pQCD is minimal.
In this work, we quantify the uncertainties by comparing

the results at different quark masses without changing the
other parameters. More specifically, we shift the model
quark mass from 0.39 to 0.37 GeV and to 0.41 GeV and
then solve the light-front stationary Schrödinger equation to
obtain the two Fock-sector LFWFs of the pion. Finally, we

evaluate the TFF at different quark masses to quantify the
uncertainties. We present the result, including the uncer-
tainties, for Q2ðFqq̄

πγ þ Fqq̄g
πγ Þ in Fig. 6(a). The largest

relative uncertainty is 4% at Q2 ¼ 0.5 GeV2, which dem-
onstrates the stability of the model results with respect to
slight changes in the input parameters. We also quantify the
uncertainties by comparing the results obtained with differ-
ent truncations,Nmax ¼ f12; 14; 16g, as shown in Fig. 6(b).
We find that the maximum relative uncertainty is approx-
imately 9% at Q2 ¼ 15 GeV2.
Note that the axial-vector current and partially conserved

axial-vector current (PCAC) [92] do not explicitly enter our
formalism. However, our approach reproduces the correct
low-Q2 behavior of the TFF, consistent with the axial
anomaly prediction. While we do not evaluate the triangle
anomaly diagram directly, the underlying physics of the
anomaly is effectively captured in our model. A more
explicit treatment of PCAC within the BLFQ framework is
an interesting direction for future study.

V. SUMMARY

We evaluated the pion to photon TFF with one on-shell
and one off-shell photon using the hard-scattering formal-
ism within the BLFQ framework. The TFF was obtained by
convoluting the light-front wave functions of the pion in its
first two Fock sectors, jqq̄i and jqq̄gi, with the HSAs
derived using light-cone perturbation theory. The pion’s
wave functions were determined from the eigenvectors of
the light-front QCD Hamiltonian relevant to constituent
quark-antiquark and quark-antiquark-gluon Fock compo-
nents of the mesons in the light-cone gauge along with
a three-dimensional confinement in the leading Fock
sector. Notably, our results are purely predictive, with no
parameter adjustments made when calculating the TFF. We
found that the contribution from the valence Fock sector
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FIG. 5. Uncertainty estimation for the TFF, Q2Fqq̄
πγ . The

uncertainties are quantified by varying the factorization scale μ

within Q2

2
< μ2 < 2Q2.
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dominates in the large-Q2 region, consistent with the
scaling behavior predicted by perturbative QCD. The
contribution from the jqq̄gi Fock sector has a modest
impact in the low-Q2 region, enhancing the description of
the experimental data compared to considering only the
leading Fock sector. Overall, our results are in good
agreement with the experimental data, particularly from
the Belle, CLEO, and CELLO Collaborations. Combining
this success in the TFF with achievements in light meson
spectroscopy, decay constants, electromagnetic form fac-
tors, and parton distribution functions, the BLFQ frame-
work provides a natural approach to describe the relativistic
structure of the pion.
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APPENDIX: TFF WITH LO HSAS IN jqq̄gi
FOCK SECTOR

Here, we provide a detailed derivation of the HSAs
in the quark-antiquark-gluon Fock sector, as given in
Eqs. (11)–(13), and explain the reasons for the upper limit
of the integral specified in Eqs. (14)–(17). In our BLFQ
framework for the pion, the S wave dominates the LFWFs
of the jqq̄gi Fock sector, accounting for 98.4% of the
probability in this sector. Consequently, we disregard the
contributions of the P and D waves from this Fock sector.
For the S wave in this Fock sector, the convolution of the
LFWFs with the HSAs is invariant under helicity flip.
Considering this symmetry, we need to derive the con-
tribution from only one type of S-wave helicity state.
Taking the first diagram in Fig. 3 as an example, we set

the helicity of the quark, antiquark, and gluon as λ1, λ2,
and λ3, respectively. Based on the light-cone perturbation
theory, the corresponding convolution form of the TFF in
the jqq̄gi Fock sector with fλ1; λ2; λ3g ¼ f↑;↑;↓g can be
expressed as

Fqq̄g
πγ;1st ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4παsðn2c − 1Þ

p
ðe2u − e2dÞ

i
ffiffiffi
2

p ðε⃗�⊥ × q⃗⊥Þ

Z
1

0

½dx�
Z

∞

0

½dp⊥�
1

D1

1

D2

X
λλ0

�
v̄λ2ðx2; p⃗2⊥Þγρε�ρuλðx1 þ x3; p⃗1⊥ þ p⃗3⊥ þ q⃗⊥Þffiffiffiffiffi

x2
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 þ x3
p

×
ūλðx1 þ x3; p⃗1⊥ þ p⃗3⊥ þ q⃗⊥Þγνενðλ3Þuλ0 ðx1; p⃗1⊥ þ q⃗⊥Þffiffiffiffiffi

x1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x1 þ x3
p ūλ0 ðx1; p⃗1⊥ þ q⃗⊥Þγþuλ1ðx1; p⃗1⊥Þffiffiffiffiffi

x1
p ffiffiffiffiffi

x1
p

�
ψ3
λ1λ2λ3

; ðA1Þ

where ½dx�≡ dx1dx2dx3δð1 − x1 − x2 − x3Þ and ½dp⊥�≡
d2p⃗1⊥
16π3

d2p⃗2⊥
16π3

. ε� and ε are the polarization vectors of the final
(on-shell) photon and the gluon, respectively. eu and ed are
the quark charges in units of e, αs is the strong running
coupling constant, and nc ¼ 3 is the number of colors.
ψ3
λ1λ2λ3

represents the LFWF corresponding to the helicity

state we chose above. Here, we omit the arguments
ðx1; p⃗1⊥; x2; p⃗2⊥Þ from the LFWF, where the longitudinal
momentum fraction and the transverse momentum of
the gluon are x3 ¼ 1 − x1 − x2 and p⃗3⊥ ¼ −p⃗1⊥ − p⃗2⊥,
respectively. D1 and D2 are the energy denominators. For
the first diagram, they are written as
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D1 ¼ q⃗2⊥ −
ðp⃗1⊥ þ q⃗⊥Þ2 þm2

q

x1
−
p⃗2
2⊥ þm2

q

x2
−
p⃗2
3⊥
x3

; D2 ¼ q⃗2⊥ −
ðp⃗1⊥ þ p⃗3⊥ þ q⃗⊥Þ2 þm2

q

x1 þ x3
−
p⃗2
2⊥ þm2

q

x2
: ðA2Þ

Substituting in the expression of the spinors and the polarization vector of the gluon and neglecting the quark mass mq

relative to Q2, the TFF corresponding to the first diagram becomes

Fqq̄g
πγ;1st ¼

8mq
ffiffiffiffiffiffiffiffiffiffi
2παs

p
3ε⃗�⊥ × q⃗⊥

Z
1

0

½dx�
Z

∞

0

½dp⊥�
1

q⃗2⊥ − ðp⃗1⊥þq⃗⊥Þ2
x1

− p⃗2
2⊥
x2

− p⃗2
3⊥
x3

1

q⃗2⊥ − ðp⃗1⊥þp⃗3⊥þq⃗⊥Þ2
x1þx3

− p⃗2
2⊥
x2

×

�
ε⃗�⊥ × ðð1 − x1 − x2Þq⃗⊥ þ ð1 − x2Þp⃗1⊥ þ x1p⃗2⊥Þ

x2ð1 − x2Þ2ðx1 þ x2 − 1Þ þ ε⃗�⊥ × ðp⃗2⊥ − x2q⃗⊥Þx3
x1x2ðx1 þ x3Þ2

�
ψ3
λ1¼↑;λ2¼↑;λ3¼↓: ðA3Þ

The S-wave component is concentrated in the low
transverse momentum region, because a bound state has
minimal amplitude when its components move with
large transverse momentum. We follow the technique
prescribed in Ref. [15] to simplify the energy denomi-
nators and the expressions in the square brackets in
Eq. (A3). We take the small transverse momentum
limit, setting jp⃗1⊥j ≤ f1 ¼ minð1−x1

2
; 1−x1−x2

1−x2
ÞQ and

jp⃗2⊥j≤g1¼minðx2;1−x1−x2x1
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2ð1−x1−x2Þ

x1

q
ÞQ. Consequently,

the energy denominators are simplified to D1 ¼ D2 ¼ q⃗2⊥,
and only the terms related to q⃗⊥ in the square brackets survive.
Ultimately, by substituting q⃗2⊥ ¼ Q2, the expression of the
TFF is reduced to Eq. (10) with the HSA Tqq̄g

1 in Eq. (11). The
HSAs corresponding to the other diagrams given in Eqs. (12)
and (13) can similarly be derived using this approach.
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