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In this work, we perform a lattice QCD calculation of the branching ratios and the form factors of
radiative leptonic decays P — v,y (P =, K) using Ny =2+ 1 domain wall fermion ensembles
generated by the RBC and UKQCD Collaborations at the physical pion mass. We adopt the infinite-volume
reconstruction (IVR) method, which extends lattice data to infinite volume and effectively controls the
finite-volume effects. This study represents a first step toward a complete calculation of radiative
corrections to leptonic decays using the IVR method, including both real photon emissions and virtual
photon loops. For decays involving a final-state electron, collinear radiative corrections, enhanced by the
large logarithmic factors such as In(m2/m?2) and In(m%/m?2), can reach the level of O(10%) and are
essential at the current level of theoretical and experimental precision. After including these corrections, our
result for 7 — ev,y agrees with the PIBETA measurement; for K — ev,y, our results are consistent with the
KLOE data and exhibit a 1.7¢ tension with E36; and for K — uv,y, where radiative corrections are
negligible, our results confirm the previously observed discrepancies between lattice results and the
ISTRA/OKA measurements at large photon energies, and with the E787 results at large muon-photon

angles.

DOI: 10.1103/qvwy-zmtp

I. INTRODUCTION

Radiative leptonic decays of light pseudoscalar mesons
P — v,y (P = &, K) involve all three interactions of the
Standard Model, strong, weak, and electromagnetic, mak-
ing them ideal low-energy processes to probe hadronic
structure and test Standard Model predictions. Compared to
the leptonic decays P — £v,, the emission of an additional
real photon reveals additional information about the inter-
nal structure of the meson. The decay amplitude receives
contributions from the inner-bremsstrahlung (IB) term,
proportional to the meson decay constant, and the struc-
ture-dependent (SD) term, characterized by the vector and
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axial-vector form factors Fy and F, [1]. By measuring
partial branching ratios from different regions of phase-
space and comparing them with Standard Model predic-
tions, one can search for signs of new physics. In this way,
for example, possible tensor interactions [2] can be con-
strained by experimental data [3].

In addition, this process provides important input for the
determination of the Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements V,,; and V , and thereby for testing the
unitarity of the matrix’s first row. The most precise
deteminations, V,,; from superallowed nuclear f decays
[4] and V,; from leptonic and semileptonic decays, yield a
firstrow sum |V, 4> + |Vil® + [V > = 0.9983(6)(4),
where the two uncertainties arise from |V,,|> and |V |,
respectively [5]. This result deviates from unitarity by 2.40,
highlighting the need to better understand the origin of this
tension. In order to use light meson leptonic decays to
improve the determination of V,, and complement the
extraction of V,,; from superallowed nuclear f decays, it is
necessary to reduce the theoretical uncertainties associated

Published by the American Physical Society
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with their radiative corrections. According to the Bloch-
Nordsieck theorem [6], an infrared-safe prediction of
radiative corrections includes both virtual-photon loop
corrections and real-photon emissions. The real-photon
process P — £y, studied in this work, is therefore an
important component of the complete radiative corrections.
A full calculation of the radiative corrections at O(a) to
leptonic decays P — £uv,(y) using the infinite-volume
reconstruction (IVR) method is currently underway and
the results will be presented in future publications.1

In theoretical studies, the hadronic structure of the meson
is reflected in the momentum dependence of the form
factors Fy and F, defined in Eq. (6) below. In the vector
meson dominance (VMD) approach, this dependence is
modeled by a polelike form arising from low-lying reso-
nances [7]. In chiral perturbation theory (ChPT), both form
factors are constants at O(p*) [1], with nontrivial momen-
tum dependence entering only at O(p®) [8,9]. Although
ChPT does not incorporate the polelike structure of VMD,
it provides predictions at small momentum transfers typical
of light meson radiative decays, where the form factors are
often approximated as linear functions of the squared
momentum transfer. To test the validity of this approxi-
mation and further reduce hadronic uncertainties, first-
principles lattice QCD calculations are essential.

A major challenge in lattice studies of radiative decays is
the limited number of discrete momenta available in finite-
volume simulations, which makes it difficult to cover the
full kinematic region. One strategy to overcome this
limitation is to use twisted boundary conditions [10], a
method adopted by the Rome-Southampton Collaboration
to compute the radiative decays of both light mesons (z, K)
and charmed mesons (D, D) [11-15]. In these works, the
momentum dependence of the form factors was para-
metrized using linear or polelike Ansdtze, fitted to results
from multiple twisted momenta. These fits were then used
to compute branching ratios in different regions of phase
space for direct comparison with experimental data. For
w — ev,y decays, the lattice predictions yield branching
ratios that are larger than the PIBETA experimental
measurements in certain regions of phase space, including
the region O with the photon energy cut E, > 10 MeV
[3.12]. For K — ev,y decays, there is a discrepancy of up to
40 between the measurements of the branching ratios
obtained by the KLOE and E36 experiments with cuts
on the electron momentum and photon energy of p, >
200 MeV and E, > 10 MeV, respectively [16,17]. The
lattice results show better agreement with the E36 data [14].
For K — uv,y, the lattice predictions deviate from the
ISTRA and OKA results at large photon energies, and from
the E787 results at large muon-photon angles [14,18-20].

"The parentheses in P — #D,(y) signify that the rates with and
without a real photon in the final state are summed.

Given these tensions, additional independent lattice QCD
calculations are needed to cross-check these findings.

An alternative strategy is to work directly in the infinite
volume, and then correct for the exponentially suppressed
finite-volume effects introduced by the lattice calculation.
For instance, in lattice calculations of D, — #vy™), the
authors of Refs. [21,22] propose the “3d method” to
extrapolate time integrals to infinity using an exponential
Ansatz, and adopt the infinite-volume limit to access a
wider range of photon momenta. The IVR method [23] was
applied to the study of K — Zv¢’¢’ decays in Ref. [24].
This method reconstructs infinite-volume hadronic matrix
elements from lattice data using ground-state dominance,
thereby correcting for both temporal truncation and finite-
volume effects. In Ref. [25] the IVR framework was further
developed for the complete computation of the radiative
corrections to leptonic decays at O(«), incorporating both
virtual-photon loops and real-photon emission within a
unified formalism. Using this method, infrared divergences
are subtracted directly in the weight functions, and the
power-law finite-volume effects from the photon propaga-
tor are reduced to exponentially suppressed ones.

In this work, we initiate the application of the [IVR method
to the radiative decay P — v,y (P =z, K) which, in
addition to the phenomenological significance of the results
themselves, also provides a first step towards a complete
computation of radiative corrections to leptonic decays at
O(a) using the IVR method. Using two domain-wall fermion
ensembles generated by the RBC and UKQCD Collabo-
rations at the physical pion mass, we determine the momen-
tum dependence of the form factors and compute branching
ratios with precision comparable to the Rome-Southampton
results [11,12,14]. Despite differences in lattice actions and
computational methods, our results for the form factors are
statistically consistent with those obtained by the Rome-
Southampton Collaboration (see Figs. 12 and 13 in Sec. V).

For decays involving a final-state electron, P — ev,y, we
found that the O(a?) collinear radiative corrections [26] are
significantly enhanced by two large logarithmic factors;
(i) the collinear logarithm In(m%/m?), and (ii) the loga-
rithm In(2E;, 1, /mp) associated with the maximum
energy (defined in the rest frame of P) of additional
inner-bremsstrahlung photons emitted from the final-state
electron, EJ .- The first term yields an enhancement of
O(10) for both P = 7 and P = K. The second logarithm
becomes large in certain phase-space regions, or when a
small experimental cut is imposed on the energy of the
bremsstrahlung photons. Due to these two enhancements,
the O(a?) collinear radiative corrections can reach O(10%)
in the phase-space regions used by experiments, and are
therefore non-negligible at the current level of experimental
precision.

Our lattice results before applying such radiative cor-
rections are consistent with those of the Rome-
Southampton Collaboration in Refs. [12,14]. Including
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these effects resolves the discrepancy between the lattice
results and the PIBETA measurements for 7 — ev,y (see
Fig. 7 in Sec. V). In the K — ev,y channel, the KLOE
and E36 experiments differ in their treatment of addi-
tional inner-bremsstrahlung photons, leading to distinct
radiative corrections that may, at least partially, explain
the observed 4¢ discrepancy between their results.
Radiative corrections of order O(10%) are therefore
essential for a meaningful comparison. Our lattice pre-
dictions, including collinear radiative corrections, agree
well with the KLOE results (assuming that the energy cut
on the second photon is independent of the angle of
emission) and show a 1.7¢ tension with E36 results (see
Fig. 9 in Sec. V). For K — uy,y, where collinear
radiation from the final-state muon is negligible, our

|

1
B(K = up,(y

lattice results in the phase-space regions of E787, ISTRA,
and OKA experiments are consistent with lattice calcu-
lation of the Rome-Southampton Collaboration in
Ref. [14] (see Figs. 10 and 11 in Sec. V). We confirm
the previously observed tension between lattice predic-
tions and the ISTRA and OKA measurements in the
region of large photon energies, as well as the deviation
from the E787 results at large angles between the muon
and the photon.

Our numerical results are presented in detail in Sec. V.
Here, we highlight results for the branching ratio of
the decay K — ev,y, evaluated with the kinematic cuts
E, > 10 MeV and p, > 200 MeV. Our lattice prediction,
inclusive with respect to additional inner-bremsstrahlung
photons, is

))B(K = €07 (1))|E,>10 Mev.p, >200 Mev = 16.9(1.3) x 107°, (1)

which shows a 1.7¢ tension with the E36 measurement of 19.8(1.1) x 107 [17]. The KLOE experiment, by contrast,
selects events with exactly one detected photon, imposing a laboratory-frame energy threshold El;;b < 20 MeV [16] on the
second photon. Under the simplified assumption of an angle-independent energy cut in the laboratory frame (the

1
B(K — ub,(y

which is consistent with the KLOE measurement
14.83(67) x 10~ within 1o [16]. We also note that at
the 2025 International Conference on Kaon Physics the
NAG62 experiment presented the preliminary result of
(15.9 £0.2) x 107° for this quantity. However, the radia-
tive corrections, including their effect on the selection
efficiency, are still to be fully evaluated [27]. We stress
again the importance of the O(a?) collinear radiative
corrections. Neglecting these corrections would shift the
results in Egs. (1) and (2) to 18.6(1.4) x 1079, in agreement
with the lattice prediction of Ref. [14] which did not
include these corrections.

This paper is organized as follows. In Sec. II we start by
reviewing the calculation of branching ratios of meson
radiative leptonic decays in Minkowski space. In Sec. III,
we emphasize the necessity of including O(a?) radiative
corrections in electron channels. The application of the [VR
method to computations of decay rates and form factors is
explained in detail in Sec. IV. In Sec. V, we present our
numerical results and compare them with lattice calcula-
tions of the Rome-Southampton Collaboration and with the
relevant experimental measurements. We present our con-
clusions and prospects for future work in Sec. VI. There are
four appendixes. In Appendix A we explain the cuts on the
lepton and photon energies and momenta introduced in the

momentum of the kaon in the lab frame is chosen to be p'*® =

= 100 MeV), our corresponding lattice result is

) B(K — €Dy (7))|E,>10 Mev.p,>200 Mev. 20 <20 Mev = 16.1(1.3) X 107°, (2)

|

experimental measurements. The formulae relevant for
including collinear radiative corrections are summarized
in Appendix B. Appendix C contains the derivation of the
hadronic functions using the scalar-function method which
is an important element of our procedure (see Sec. IV).
Details of the finite-volume corrections used in our
calculation are given in Appendix D.

II. THE DECAY AMPLITUDES AND
DIFFERENTIAL BRANCHING RATIOS

In this section, we present the decay amplitudes and
differential branching ratios for the radiative process,

PH(p) = 4 (pe)ve(pu,)r(k),

where P denotes a pion or a kaon, and # an electron or a
muon. The discussion in this section is formulated in
Minkowski space. The extraction of the same physical
quantities from Euclidean correlators, as carried out in
the lattice calculations, will be discussed in Sec. I'V. Since
the following discussion applies to both pion and kaon
decays, P =z and P = K, respectively, for notational
simplicity we omit the explicit label P on the physical
quantities.
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For the radiative decay Pt — #"uv,y, the photon is emitted either from the initial-state meson (Diagram A) or from the final-

state lepton (Diagram B). The diagrams correspond to the two terms in M* in Eq. (3).

A. The decay amplitude

As shown in Fig. I, the decay amplitude consists of
contributions from both initial-state meson radiation
(Diagram A) and final-state lepton radiation (Diagram B).
The total decay amplitude is

GreVekm
_Teﬂ(k, DMk, peipy,)s

Mﬂ<k’ Pes pl/,g) :fPLH(k7 Pes pb/) _Hllt/ll/(k’ p>ll/(pfv pt//)'
(3)

iMIP— £u,7] =

Here, eﬂ(k, A) denotes the photon’s polarization vector,
where A specifies its polarization state. The constant G
represents the Fermi coupling constant of the weak inter-
action, and e is the electric charge. Vi refers to the
corresponding  Cabibbo-Kobayashi-Maskawa  (CKM)
matrix element, which is V?, for the pion and Vj; for
the kaon. The two terms in M*(k, p,, p,,) represent the
contributions from Diagram B and Diagram A in Fig. 1,
respectively.

The contribution from Diagram B is proportional
to the meson decay constant fp. Its leptonic factor is
defined by

R

Hy (k. p) =
M mp mP

F F
—i—L ek, py + —mA [(p-k=K)g™ — (p—k)'k] + fp| g™ +
P

mp

where the convention of the Levi-Civita symbol in
Minkowski space is chosen to be £°'2 =1 and
€123 = —1; note that different conventions of the Levi-
Civita symbol can lead to the opposite sign in front of Fy,
in the literature. R, R,, Fy, F, denote four dimension-
less form factors that depends on k> and p - k. For the
decay P — fv,y, the contributions from R; and R,
vanish because the final-state photon is on shell and
only the form factors Fy and F,, together with the decay
constant fp, appear in the P — Zv,y decay amplitude.

L”<k’pf9pbf) = lﬂ(pf’pvf) +Llﬂ(k7pf’ pl/f)’
F(pe.py,) = a(py,)r*(1=7rs)v(ps).
2ph + ky*
——Lt———v(py).
o= (et pep o)
(4)

To describe the contribution from Diagram A, we define
the hadronic matrix element in Minkowski space and in the
rest frame of P by

L'"(k,ps.py,) = mea(p,,)(1+7s)

HY (k. p) = / O[Ty (1) 7% 11 (O)HP(p))-

(5)

where k = (E, I;) and p = (mp, 6) denote the four-momenta
of the photon and the initial-state meson respectively and m p
is the mass of P. The electromagnetic current in Minkowski
space is given by J4 = 2iy#u — Ldy*d — 1 5ys. For the
pion, the weak current in Minkowski space is Jy, , =
dy*(1 — ys)u, while for kaon it is J%, ,, = 57*(1 — rs)u.

The Ward identity k,H;(k, p) = fpp* implies that the
hadronic matrix element H';(k, p) can be expressed in
terms of four structure-dependent form factors and the
decay constant as follows [1]:

R
Ry — k] + 2 (ke p =R = K (p = K] (p — )

(2p — k)" (p — k)*
2p -k —k? ’

(6)

|
The amplitude M*(k, p,, p,,) satisfies the Ward identity
kﬂMﬂ(kv Pes pv/) =0.

B. Differential branching ratios
The three-body phase space can be written as [1]
mp
1287°

with the kinematic variables (x,,y,) defined as

dd; = dx,dy,, (7)

014504-4



LATTICE CALCULATION OF LIGHT MESON RADIATIVE ... PHYS. REV. D 114, 014504 (2026)

v = 2p-k _ 2p-pe 8) where r, = m% /m3. In the lattice calculation we evaluate
Toomy e m3 the amplitude in the same regions of phase space as those
used in the experiments [3,16—20]; the details are provided
They satisfy in Appendix A.
. The differential branching ratio for the decay P — v,y
0<x, <1-rp, 1—xy+1_fx <y,<l+r, (9) atO(a)is given by
v
|
d*B[P — tv.y] a
- BOP = Cu)A(x,,y,),
dx,dy, (=Rl [P = fuelAlxy.ye)
1
ALy ye) =4 o > (e k. )M (e, (k. H)MP)". (10)
A,spin

Here, BO[P = ¢v,] = G2|Vexm|* fambrs(1 — r.)?/(82T'p) denotes the branching ratio of the leptonic decay P — £,
in the absence of electromagnetic corrections. I'p is the total decay width of the meson P. The reduced squared amplitude
A(x,,y,) is a dimensionless quantity that can be expressed in terms of the form factors (Fy, F4) in the commonly used

form [1,5],

’"KE

1 2
A(x,,ye) = fis(xy, y7) +— <mp> [(Fy + Fa)*fsp+ (x,.y2) + (Fy = F4)*fsp-(x,.v,)]

_ (?) [(Fy + FA)fINT+<xy’yf) + (Fy - FA)fINTf(x},,ybp)]_ (11)

P

The functions appearing in the above expression are

L=y, +r,
X, +ye—1=r,)

fB(x,.y0) = LC%(

} {x? +2(1-x,)(1=ry) —

2x,r¢(1 = rg)
x;, +yf -1- 1 ’

fsp(x,.y7) =[x, + v, =1 =1/[(x, +y, = 1)(1 = x,) = 1],
fso- (%, 57) = [1=yp + re][(1 = x,) (1 = yz) + 1/],

L=y, +r,
(v =1=r1,)

SN+ ('x}”yl/ﬂ) = [x

Jinr- (%, y7) = [xy(x,, Ty, —1—r,

In experimental measurements, the decay rates are
usually normalized using the leptonic decay branching
ratio B[P — uv,(y)]. For ease of comparison, following
Refs. [12,14], we define the normalized differential branch-
ing ratio at O(a) (denoted as “wo. RC” to distinguish it
from the result including radiative corrections in the next
section) as

d®R,(x,,ys) _ 1 d*B[P — fv,y]
dx,dy, BOP - ) dx,dy,
(¢4 0
= RY) A(x,.y0), (13)

2m(L—rp)?

-y, +r
)

][(1 Sk )= x, = yo) £ 1ol

(1=x,)(1 =x, =yz) = rel. (12)

(0)

where for £ = p, Rf/ﬂ =1; for £ =e, R(O) — F(O)[p N

e/u
ev,]/TO[P - pv,] is the ratio of the P, and P, decay

widths in the absence of electromagnetic corrections.

III. THE IMPORTANCE OF RADIATIVE
CORRECTIONS

According to the Bloch-Nordsieck theorem [6], the
infrared-safe inclusive rate for P — £v,y(y) receives radi-
ative corrections at O(a?) from two sources; (i) diagrams
involving both a virtual-photon loop and the emission of a
real photon and (ii) the emission of two real photons,
P — ¢v,yy. The infrared divergences in these two con-
tributions cancel in the sum. When the second photon,
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either the photon in the virtual-photon loop or the second
real photon, is emitted collinearly from the charged lepton,
both (i) and (ii) contributions develop collinear divergences
in the m, — 0 limit. These singularities are regulated by the
finite lepton mass, resulting in radiative corrections propor-
tional to In(m%/m2) [26]. For electron final states, the
logarithmic factors In(m2/m2) ~ 11 and In(m%/m?2) ~ 14
lead to a significant enhancement of the collinear radiative
corrections. In contrast, for muon final states, such collinear
radiative corrections can safely be neglected.

Another source of enhancement arises from the large
logarithm In(2E;, ,.x/mp), where E; ... denotes the
maximum energy of inner-bremsstrahlung photons emitted
from the final-state electron, defined in the rest frame of the
meson P. Such logarithmic terms are typical in radiative
corrections. This logarithm becomes large when the elec-
tron energy approaches its kinematic endpoint, reducing the
available phase space for bremsstrahlung emission
(E}, max — 0), or when a tight experimental cut is imposed
on the bremsstrahlung photon energy.

Following Ref. [26], we provide quantitative estimates of
the radiative corrections in 7 — ev,y and K — ev,y,
showing that these effects are as large as O(10%) and
are therefore non-negligible at the current level of exper-
imental precision. In particular, for K — ev,y, the treatment
of the additional inner-bremsstrahlung photons differs
between the KLOE [16] and E36 [17] analyses; conse-
quently, the associated radiative corrections also differ,
which may partially account for the discrepancies between
their measurements.

A. Collinear radiative corrections

The O(a?) radiative corrections to the decay P —
ev,y(y) which is inclusive with respect to the second
photon, have been studied in detail in Ref. [26], and we
review them in Appendix B. For this inclusive decay, the
normalized differential branching ratio that includes the
O(a?) collinear radiative corrections is

dzRJI}C(xyvye) _ a R
dx,dy, 2m(1—r,)2

(A3 + 52 (L= DA, )

+ 0(a*LY). (14)

Here, R, ), =T'[P — ev,(y)]/T[P = uv,(y)] is defined as
the ratio of the leptonic decay widths P — ev,(y) and
P — uv,(y). The denominator I'[P — uv,(y)] arises from
the normalization used in R,. The quantity L, =

In(y2m3/m?2) is the large logarithm related to collinear
radiative corrections. The term O(a?LY) denotes sublead-
ing O(a?) contributions that are not enhanced by L,; these
effects are at the subpercent level and are not the focus here.

The function AR®(x,,y,) was derived in Ref. [26] by
integrating over the allowed kinematics of the second
photon. Its explicit form is reviewed in Appendix B. As
is typical for radiative corrections, ARC(x,,y,) contains
terms proportional to In(2E;, ,,.x/mp), where E;, .., is the
maximal energy of the second emitted photon in the rest
frame of the meson P. We explain the origin of this
logarithm in Appendix B. In the function ARC(x,,y,),
we focus explicitly on the collinear radiative correction,
where the photon is emitted from the final-state electron in
a direction nearly parallel to its momentum, leading to
the kinematic constraint Ej, ..« = mp(l —y,)/2 in the
m, — 0 limit.> Therefore, compared to the O(a) decay
rate proportional to A(x,,y,), if y, is close to I, the
collinear radiative correction is strongly enhanced by

a
(52) e = DAR G2/ A5
2 *
~ <£)Lel ¥, ,max
2 mp
( )1 yern Pln(l —y,). (15)
2r m?

Although the collinear radiative corrections are suppressed
by a small prefactor of a/(27) ~ 0.12% relative to the O(a)
result, they are significantly enhanced for several different
reasons:

(i) The difference between Rio) used in the formula

without radiative corrections [Eq. (13)] and R
used in the formula with O(a?
tions [Eq. (14)];
(ii) The collinear logarithm L, =In(y2m3%/m2) ~O(10);
(iii) The logarithm In(1 —y,), which becomes large
as y, — 1. Physically, this enhancement arises
because when the electron energy approaches its
kinematic endpoint (y, — 1), the available phase
space for the second emitted photon shrinks
(E}, max — 0), leading to an enhancement due to
the logarithm In(2E;, ;.x/mp).
As shown numerically in Sec. Il B and Sec. III C, such
collinear radiative corrections can reach the level of O(10%)
in the phase-space regions relevant to experiments.

In experimental measurements, aside from the fully
inclusive radiative process P — ev,y(y), it is also common
to impose an energy cut on the second emitted photon,
thereby vetoing events in which this photon is sufficiently
energetic. For example, in the KLOE measurement of

e/
) radiative correc-

“Considering the two-step process P — e(t)vy(x,) followed
by the emission of a collinear photon e(?) — e(y,)y(x,,) with
x,, = 2E; /mp, the intermediate electron energy fraction sat-
isfies y, +x, <t<1 in the m, —» 0 limit, which gives
X =1-y,.

7, max
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K — evy, events are selected by requiring that exactly one
photon is detected, with a detection condition of EM* >
20 MeV in the laboratory frame [16]. In other words,
events containing a second photon with laboratory-frame
energy above 20 MeV are excluded. Consequently, KLOE
effectively removes part of the collinear radiative correc-
tions arising from hard bremsstrahlung photon emission.
In realistic measurements, the laboratory-frame energy
cut for the second photon can have nontrivial angular
dependence due to detector geometry and response. For
|

2 pRC,cut . plab rlab
d°Ry (xy»yevp 9E}/2,Cut) a

dx,dy, 27(1 —r,)?

Here, ARG (x,.y.; P, Ef*.) denotes the collinear radia-
tive correction with the imposed energy cutoff on the
second photon; it depends on the meson momentum p'%
and the laboratory-frame cutoff E},‘ffcm. The expression for
AR (x,, ye: P E¥%,) is derived in Appendix B. As
before, the O(a’L?) term denotes subleading radiative
corrections that are not enhanced by the large logarithm
L, and is neglected here.

Similar to the case without an energy cut, the collinear

radiative corrections are strongly enhanced by

a -
() (e = DAES i 7, B A3

~ ( a ) In y%m% In —2E;2’max . (17)

. 2
2n m; mp

where Ej, 1. = min{mp(1 —y,)/2, E;, o} is determined
by both the kinematic constraint mp(1 —y,)/2, and the
energy cutoff Ej . for the second photon, defined by

5, cut
Lorentz-boosting the laboratory-frame cutoff E},‘ffcut to the
rest frame of the meson. The explicit form of Ej . is
provided in Appendix B. This expression implies that
imposing a more stringent energy cut (i.e., a smaller
E} o OF El;i’cm) leads to enhanced collinear radiative
corrections, as numerically confirmed in Sec. IIIC.

By comparing Eqs. (13), Eq. (14), and (16), we can
obtain the O(a?L,) radiative correction to the normalized
differential branching ratio of P — ev,y(y). For example,
when the energy restriction is imposed on the second

photon, the resulting radiative correction is

PREC (x5, ye; P, Efe) AR, (x,,e)
dx,dy, dx,dy,

(18)

dzRy (xy ~ya)
dx,dy,

branching ratio in the absence of radiative corrections, as

Here, denotes the O(«) normalized differential

= Re/y <A(xy’ ye) +

theoretical estimates of the cut’s impact, we neglect these
detector-specific complexities. As a simplifying approxi-
mation, we impose a angle-independent, laboratory-frame
energy cutoff on the second emitted photon and use it to
estimate the collinear radiative corrections.

We define p'® as the momentum of the meson P in the
laboratory frame, and impose the laboratory-frame energy

- lab lab
restriction on the second photon EYY < E;’. Then the

normalized differential branching ratio including the O(a?)
collinear radiative corrections with this cut, is

a

(L= DA (3 P B )+ 0@LY). (16)

|

defined in Eq. (13). In the following subsections, we
provide explicit numerical estimates of the collinear cor-
rections for both 7 — ev,y and K — ev,y decays.

B. Radiative corrections in 7 — ev,y

We examine the collinear radiative corrections relevant
to the PIBETA experiment’s determination of the branching
ratio for 7 — ev,y. In this experiment, candidate events
require simultaneous detection of a neutral shower (photon
cluster) and a positron (e") track. Events with multiple
neutral showers are retained; the (e,y) pair with the
smallest time difference is recorded [3]. Consequently,
the measurement is inclusive of events with a second real
photon. Accordingly, the PIBETA Collaboration adopted
the inclusive correction formula for 7 — ev,y(y) from
Ref. [26] [identical to Eq. (14) here] to compute theoretical
predictions (see Ref. [3], Table III, By, ), which agree well
with the experimental measurements. To obtain these
theoretical predictions, the authors of Ref. [3] first per-
formed a fit of the F', value to the experimental data, using
the fixed value and slope of Fy taken from Refs. [28,29],
and then used these inputs to compute the theoretical
results.

In Table I, we reproduce the calculation of radiative
corrections and report numerical values for the phase space

TABLE I. O(a?L,) radiative corrections in the 7 — ev,y
process for phase-space regions (A, B, C, O) as defined in
Table VIII. The column “O(a?L,) RC” shows the collinear
radiative corrections. We also list the PIBETA measurements
and the ratio RC/PIBETA (in percent), showing corrections at the
6-10% level across the regions.

Regions PIBETA O(a’L,) RC RC/PIBETA
A 2.614(21) -0.17 —6.5%
B 14.46(22) —0.83 =5.7%
C 37.69(46) -39 —10.3%
o 73.86(54) —6.4 —8.7%

014504-7



PETER BOYLE et al.

PHYS. REV. D 114, 014504 (2026)

-

-

RC vs. B, El2b_ , =20 MeV L, Revs. El% ., F% =100 MeV
-2.454] [T — B <Ea [72%
' S 15— foreae inclusive w.r.t. v,
— 2.456 \\ = | sssssssssssssssssennssanunnsnnnnnnnns r-10.0%
T g _
o o —2.01 H-12.5% o
— 24581 — ™
@ @) | 1c 0o, ©
o —2.460 @ —2.5- 15.0%Q
—~ —~ <
(\T'm —2.462 - (\T(‘D H-17.5% O
S S —3.01 x
O _2.464- SRS L -20.0%
\ ~3.51
2466 7 101501 MeV L1 L-22.5%
—— [70,130] MeV (KLOE) %\
T T T T —4.0 T T T T
0 50 100 150 0 20 40 60 80
p'@® [MeV] ER°. . [MeV]

FIG. 2. Radiative corrections evaluated for (i) an inclusive treatment of the second photon (denoted as “inclusive w.r.t y,”’) and (ii) an

angle-independent, laboratory-frame photon-energy cutoff Ei,azb

momentum p*° at fixed EF°,,
lab

correction for case (ii) as a function of £

lab
< E,2 eut

. = 20 MeV; the KLOE momentum range is indicated in orange. Right: The blue solid line shows the
at fixed plab = 100 MeV, while the red dotted line shows the correction for case (i). The

Left: Dependence of the correction for case (ii) on the kaon

left and right vertical axes display, respectively, the value of the correction and its percentage relative to the PDG branching ratio

RPPS = 1.62(22) x 1076 [5].

regions used by the PIBETA experiment. Definitions of
these regions are given in Table VIII of Appendix A. In the
computation, we use the form factors (Fy, F,) determined
from our lattice QCD calculation, with the method and
results discussed in Secs. IV and V. Table I also lists
the PIBETA measurements and the radiative corrections
expressed as percentages of those measurements. The
corrections shift the branching ratios by approximately
6% to 10%, which are non-negligible at the current level of
experimental precision. In Sec. V, we further point out that
including these corrections explains the discrepancy
between lattice QCD predictions without radiative correc-
tions and the PIBETA measurements.

C. Radiative corrections in K — ev,y

We note that the KLOE [16] and E36 [17] experiments
use different treatments of a second emitted photon in their
event selection. As noted above, KLOE requires one and
only one detected photon, with the energy cut in laboratory
frame E!** > 20 MeV as the detection condition [16]. In
contrast, E36 reports a measurement that is inclusive of
inner-bremsstrahlung photons [17]. Consequently, the two
experiments inevitably incorporate different radiative cor-
rections. Because these corrections can be as large as
O(10%), accounting for the differing treatments of the
second photon is essential for a meaningful comparison
between the two experiments.

We provide theoretical estimates of the radiative correc-
tions in two settings; (i) an inclusive treatment of the

second photon and (ii) a selection with a laboratory-frame
energy cut on the second photon. As noted above, we
assume an angle-independent, laboratory-frame energy
cutoff for the second photon, namely E@ < ER° . In
Fig. 2, we present the radiative corrections and illustrate
their dependence on the kaon momentum p'® and the
energy cutoff El;;'?cut in the laboratory frame. The phase
space used here is the region 1-5 in Table IX, which is
defined by 20 MeV <E, <250 MeV and |p,|>
200 MeV in the rest frame of the kaon.

In the left panel of Fig. 2, we fix the cutoff to
ER .« =20 MeV (as in the KLOE experiment [16]) and
plot the radiative correction given by Eq. (16) as a func-
tion of the laboratory-frame kaon momentum p'%. The
orange solid line marks the KLOE momentum interval
p® e [70,130] MeV [16]. The point at p'®® =0 MeV
corresponds to applying the energy cutoff in the kaon rest
frame. For fixed Ef",, the collinear radiative correction
depends only weakly on p'*. Hence, it suffices to evaluate
the correction at a representative momentum, e.g., Pl ~
100 MeV as in the KLOE experiment.

In the right panel of Fig. 2, the blue solid line shows the
radiative correction from Eq. (16) as a function of the

photon-energy cutoff EM. . evaluated at fixed kaon

momentum p'® = 100 MeV. The red dotted line shows
the radiative correction inclusive of the second photon
(denoted “inclusive with respect to y,”), as given by
Eq. (14). The left and right vertical axes display, respec-
tively, the magnitude of the radiative correction and its
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value as a percentage of the PDG result RPPY = 1.62(22) x
1076 [5]. As E2> — 0 MeV, the correction develops an

¥2,cu
infrared divergence, as predicted by Eq. (17) by setting
E} max = E}, e = 0, with E7 . the corresponding energy
cut in the rest frame (defined in Appendix B). From the
figure, the O(a’L,) radiative corrections exceed the 10%
level irrespective of whether a photon-energy cutoff is
applied. Imposing a photon-energy cutoff increases the
magnitude of the correction. This behavior is expected. The
radiative correction from the sum of virtual-photon loop
diagrams and the emission of a second real photon is
negative; the latter contributes positively, so removing part
of its contribution via an energy cutoff increases the
magnitude of the net negative correction.

Comparing the inclusive correction (red dotted line in the
right panel of Fig. 2) with the correction with a photon-
energy cut (blue solid line in the same panel) at
El mcut = 20 MeV, the difference can be as large as 4.6%
of the PDG value RFPS = 1.62(22) x 107°. Our simplified
estimate, assuming an angle-independent laboratory-frame
cutoff, indicates that the different treatments of the second
photon lead to different radiative corrections. This may
play a non-negligible role in the observed discrepancy
between KLOE and E36 measurements.

In this section we have emphasized the fact that the
radiative corrections for decays with an electron in the final
state are significant, typically of O(10%). In order to
compare the theoretical predictions for the decay rates with
the corresponding experimental results, a precise under-
standing of the experimental treatment of addition final-
state photons is necessary. For the PIBETA and E36
experiments, in which no cuts are imposed on the addi-
tional photons, we were able to apply the leading radiative
corrections to our lattice QCD results to derive the
corresponding theoretical prediction. For experiments, such
as NA62, in which vetoes of events with a second photon
depend on selection efficiencies, it will be necessary for the
experiments themselves to apply Monte Carlo simulations
to derive physical observables that can be reliably calcu-
lated theoretically (e.g., to determine the form factors Fy
and F4, which can then be compared directly with our
results in Sec. V).3

IV. COMPUTING RADIATIVE DECAY RATES
USING INFINITE-VOLUME RECONSTRUCTION

Our goal in this this paper is to determine the form
factors (Fy,F,) and the reduced squared amplitude
A(x,,y,) from lattice QCD computations and subsequently
to integrate Eqgs. (13), (14), or (16) over the phase space to
obtain the branching ratio for the decay P — £v,y. Our
method is based on the IVR technique [23] and is described

3We thank E.Goudzovski, T.Husak, and A.Romano from the
NAG62 Collaboration for discussions on this point.

in detail in Ref. [24] where it is also applied to the emission
of a virtual photon, i.e., to the processes K — £0,(£'7¢'7),
where # and #'* are charged leptons. We now briefly
summarize the method, focusing on the case of real photon
emission.

A. The hadronic matrix element

We present our lattice method for calculating the
hadronic matrix element H’; (k, p). We begin by formulat-
ing the method in the infinite-volume and continuum limit,
where the Euclidean momentum-space hadronic function is

defined as
kE pE / dl‘/ S*ekot—iz-leéV(x)’
Hy (x) = 0T {J g (X, )3 £ (0)}P(pE)).  (19)

Here k; = (ik°, I;) and pp = (imp, 6) denote the Euclidean
momenta of the photon and the initial-state meson, respec-
tively, with kK = |k| = mpx,/2. The coordinate x = (X, 1)
is defined in Euclidean space. The Euclidean electromag-
netic and weak currents, J%  , and JY, ,, are defined by
replacing the Minkowski gamma matrices with their
Euclidean counterparts, ypo = 7y 0 and yg; = —iyy; for
i=1,2 3.

The above definition is valid only if there are no
intermediate hadronic states lighter than the initial-state
meson. This condition is satisfied for P — Zu,y.
Otherwise, the temporal integral contains exponentially
growing contributions, which must be subtracted [30].
Under this condition, the Minkowski hadronic function
is related to its Euclidean counterpart through

Hﬂ("v p) = CII?;MHII?(kEa PE) (20)

where ¢, accounts for the difference between the
Euclidean and Minkowski gamma matrix conventions,
with ¢, =1, c¥_,, =—1,and ¢ ,, = cE0_>M —i.
In practical lattice calculations, Eq. (19) is evaluated
using the finite-volume, finite-lattice-spacing hadronic

function H"* (x),

/2 -
Hfél’(kE,pE) = —7 lim lim Z ZekOt_ik‘XHl(EL).uy(x)’

T.L 0
—00 a— i/ S

(1)

where the sums run over the discretized lattice points in the
finite volume. The finite-volume effects associated with
finite (7,L) are corrected using the infinite-volume
reconstruction described in Sec. IV B, while lattice artifacts

are accounted for through the continuum extrapolation

discussed in Sec. V. The hadronic function H,(EL)’” “(x) is

extracted from lattice three-point correlation functions as
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L),uv
HE™(x) =

Here the initial-state _meson with Euclidean four-
momentum py = (imp,0) is created by the wall-source
interpolating operator ¢5(1) = iitysd(t) for P =z and
¢k (1) = ifyss(r) for P = K. The source-sink separation
AT is chosen sufficiently large to ensure ground-state
dominance, as discussed in Appendix E. The meson mass
mp and the overlap factor Np = |(0|¢pp|P)|/(2mp) are
determined from the two-point function (¢p(r)¢p5(0)). The
superscript (L) on {---)) indicates that the matrix
elements are evaluated in a finite volume V = L3. The
factor Zy is the renormalization coefficient of the local
vector current and is taken from Ref. [31]. We denote the
renormalization coefficient of the weak current by Zy,
which is Zy, = Zy, for its vector component and Zy, = Z,
for its axial-vector component. In the present work, we set
Z, = Zy, following Appendix B of Ref. [32], where it is
shown that this choice avoids the O(am,) effects. The
uncertainty in Zy is about 0.03%, which is negligible
compared with the statistical uncertainty in this work.

In the numerical calculation, the three-point function is
constructed using Coulomb-gauge-fixed wall-source
propagators and point-source propagators. Wall-source
|

1, (X[, 1) = 8" Hf (x),
H v
- PEP
L3, 1) = ==E5EHY (x) = HY (%),
P
X PE

- X pY
(1) =5 EHE () ==

. X' ple X pE
1 Jt —_TEHW -
(il 0) =5 L () ==
I5(1F], 1) = xx HI (x) = =LE (15
lmP
= xix/HJ(x),
a P
Ig(|F], 1) = el ZPE v () —
lmp

Here, the indices i, j take values in {1,2,3}. In these
equations, I;(|X|, ) fori = 1, ..., 6 are first defined as scalar
functions, invariant under 4D Euclidean transformations
in the infinite-volume limit, and then simplified in the
rest frame of the meson. They depend only on the scalar

= (V= (x-pp)/(imp), (x- pg)/ (imp)).

variables (|x|, 1)

(OIT{Jop £ (%, )% £(0) }P(p)) ™
Np'ZyZyem AT (T8 o (X, I)JL‘;VE( L0)pp(—AT)) ),
N3'ZyZyem AT (%, 1 (0,0)J"

t>0,
(22)
emE(z’ t)d);(t_AT»(L)’ 1<0.
[
propagators are computed on all time slices, and for

each gauge configuration we also compute about 2000
point-source propagators with randomly chosen source
locations. For each point source, we use translational
invariance to define it as the origin, where the weak
current is inserted. We then loop over all lattice sites
x = (X, ) relative to that point and choose the wall-
source time slice as

tge = min(z,0) — AT. (23)

The corresponding contraction is then performed to
obtain the three-point function.

To reduce data storage requirements and accelerate
numerical calculations, the authors of Ref. [24] proposed
the “scalar function method” for evaluating Eq. (21). Here
we present the formulae for decays with a real-photon in the
final state. The detailed derivation is provided in Ref. [24]
and reviewed in Appendix C. We again first consider the
infinite-volume and continuum limit, where the hadronic
function H% (x) can be decomposed into six coordinate-
space scalar functions,

Iy(|%]. 1) = x'HE (x),
Iy (%], 1) = x'HY (x).

3. 1)+ L(3]. 1) - (xi"quh(

7, 1)

e Ox HY (x). (24)

|
The Levi-Civita symbol in Euclidean space follows
the convention &30 = In practical lattice

calculations, we use the scalar functions I (|x| 1)
obtained from Eq. (24), with H% (x) replaced by

the lattice hadronic function HEZL)” “(x) defined in
Eq. (21).

= é€g1230 = 1.
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The convention for the Levi-Civita symbol in Minkowski
space is chosen to be €°123 = 1 and g4;,3 = —1. In general,
i.e., allowing for the final-state photon to be virtual which is
- - b - - " the case for P — ¢u,(¢'T¢'~) decays, these scalar func-
{1 () = g p"Hiy (k. p), NIZ(xy) = PuPHy (k. p). tions depend on the variables p; = k?/m3% and p, = (p —
I3(x,) = k,p Hy (k. p), 14(x,) = p,k,Hy (k. p), k)?/m3 [24]. For the decays with a real photon in the final
i — ko H™ (k. p). I _ K pPHM™ (k. p). state which are considered in this work, p; =0 and
s(57) = huk iy (k. p). Le(x,) i€yuapk” P Hiy (k. p) p2 = 1—x,, so both these variables depend solely on x,.
(25)  The T i(x,) can be obtained from the 7;(|x

Next, we also express H), (k, p) in terms of momentum-
space scalar functions:

2 t) by using

|
~ 6 © 0
i(x,) = —in (Z / dt / Pt p(x,, |)?|)I,~(|)?I,t)),
=1 /e

6 T2
o UNET . *0 - (L) /1=
— < i tim(3° D 57 eF e, Y (70 ) (26)

j=11=-T/2 ¥

which in turn allows for the reconstruction of the Minkowski-space matrix element:

6
Hiy (k. p) =Y o (k. p)Ii(x,). (27)
i=1

Here, o/ (k, p) denote kinematic factors. The derivation of ¢;;(x,, |X|) and @/ (k, p) are discussed in detail in Ref. [24],
and we review them in Appendix C. The weight functions ¢;;(x,.|X|) are given by

Jo(®) 0 0 0 0 0

0 Jo(®) 0 0 0 0

0 Lilp)  —msEhel g 0 0
¢ij(x,, [X]) = 0 % jole) 0 _m%xf% 0 0 , (28)

_ Zijlgﬂ) ? Golg) + %) _ mPSX: % _ ’"gﬁ j]{(pf/}) ml?vg? Jz(/Egﬂ) 0

0 0 0 0 0 sz%
where the functions j;(¢), with ¢ = |k||X| = mpx,|X|/2, are spherical Bessel functions:

o) =L ) <TG ) Gy ZSecony, 29)

B. Infinite-volume reconstruction

In practical lattice calculations, where the lattice data is generated in a finite volume (7', L), we use the IVR method to
compute Eq. (26). As shown in Fig. 3, this method reconstructs the hadronic function in long-distance regions along both
temporal and spatial directions (denoted as IVR and §'"R, respectively), thereby extending the finite-volume lattice data to
obtain the infinite-volume hadronic function. Equation (26) is evaluated using the IVR method as follows [24]:

Ii(x,) = IR (x,: L) + 87R (L),

=19 (x,; L) + 1" (x,; L) + 8VR(L),
6 T/2

ST K, ZNI (3] 1),

J=1 =—(1,—-1) X

I (x,;L) = —im}

6

Iy

—k0
O N ¢
it~ Y

=1 X

=iy (L) /1=
()

¢ij(xy’ s _ts>' (30)
mp
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t
IVR
ts ﬁ
H(L)(J_C), f) :> 5IVR

L/2 X

FIG. 3. Idea of the IVR method: Reconstruct the infinite-
volume hadronic function from finite-volume lattice data via
(i) a temporal reconstruction (IVR) and (ii) a spatial recon-
struction (5'VR).

Here, k” = mpx,/2 is the photon’s energy and EP(%) =

-

A/ K+ m? is the energy of the meson with momentum —k.
The time cutoff —¢, separates the short-range contribution

with t > -1, T (s) (x,;L), from the long-range contribution

with r < —1,, T 5” (x,;L). In the long-range region, ground-

state dominance allows us to reconstruct [ E[) (x,; L) using
data obtained at t = —t,.

The term 8!VR (L) accounts for the residual exponentially
suppressed finite-volume effects in the IVR method. We
calculate 6'VR(L) arising from the contributions shown in
Fig. 4. As shown in Appendix D, when the electromagnetic
form factor in these diagrams is set to F(*)(g?) = 1, these
two diagrams correspond to the point-particle approxima-
tion, and the resulting finite-volume correction is denoted
by &y, Alternatively, structure-dependent information,
such as the charge radius, can be included in the estimation
of the finite-volume effect, yielding a correction denoted by
8165 Numerically we found that §;Y® (L) is dominated by
the point-particle approximation and the difference
between &}, ¥ and &%}, is much smaller than the statistical
error. More details of finite-volume corrections can be
found in Ref. [24] and Appendix D.

C. The decay amplitude and branching ratio

Having obtained the hadronic matrix element as
described above, we next construct the squared amplitude
and branching ratio. In the decay amplitude M* in Eq. (3),
the contribution from the term fpg*“l,(ps, p,,) in the
contribution from the hadronic matrix element of Fig. 1A
cancels the contribution from fp/*(p,. p,,) in Fig. 1B.
However, due to differences between the decay constant
extracted from two and three-point correlation functions,
szt and f?;pt respectively, this cancellation is not exact in
lattice computations [11]. To preserve this cancellation, we
adopt a modified expression for the amplitude:

M”(k’ Pes PW) = fPL/”(k, PﬂPW) - Hﬁ(k,P)lD(Pf,PW),
Hyi (k. p) = Hyg (k. p) = 179", (31)
where L (k, ps, p,,) is defined in Eq. (4). Following the

method of Ref. [11], f» 3Pt can be extracted from the hadronic
function in the x, = 0 limit. In our method, this limit is

equivalent to the determination of f;pt using

.3 T/2
3RIZ§:ZH”. (32)

i=1 r=—(1,—1) X

As discussed in Ref. [11], subtracting f;pt cancels both
statistical errors and lattice artifacts. In the numerical
calculation, we therefore adopt the same temporal cutoff
t > —t, as in the x, # 0 case to preserve this cancellation.

Using the amplitude, we compute the reduced squared
amplitude as

A(xy’yf 2 Z [l(k A ( p(k”l)Mp)*
Pﬂspm
H AP
4mff2 Ze (k. A)e z);(/\/t MP¥),

(33)

where, for real-photon radiation, we sum over the
two physical transverse polarizations ;- (k,4). In the

v(P)

JEM

FIG. 4. To estimate finite-volume effects, we consider two intermediate states in the decay P — ev,y. In the first case (Diagram A), the
process P — Py — ev,y occurs with time ordering ¢ < 0. In the second case (Diagram B), the process P — 2Pev, — ev,y occurs with

time ordering ¢ > 0.
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infinite-volume and continuum limit, restricting to trans-
verse polarizations removes the ground-state contribution
from the intermediate P state in the combination
e (k. A)HY (k. p), because this contribution is proportional
to (2p — k)*(p — k)* and €5 (k, 1) is orthogonal to p and k.
In the numerical calculation, we found that this contribu-
tion does not vanish exactly due to both finite-volume
effects and lattice artifacts. Consequently, although the

temporal reconstruction [i.e., T 51)] vanishes for the combi-
nation ¢; (k, A)Hy; (k, p), the finite-volume correction from
the ground-state contribution remains non-negligible and is
addressed through the spatial reconstruction (i.e., 5iVR).
Residual lattice artifacts are controlled by comparing
ensembles with different lattice spacings but similar physi-
cal volumes, as detailed in Sec. V.

It should be noted that, in calculations of the complete
radiative corrections to leptonic decays including virtual-
photon loops, the inclusion of all photon polarization states
in real-photon emissions is required to ensure infrared
cancellation with the virtual-photon loop contributions in
the Feynman gauge [25]. Temporal reconstruction [i.e., T l(-l)]
is therefore necessary in that case.

We numerically implement the polarization vectors and
spinor matrices, then evaluate the squared amplitude
A(x,,y,) through matrix products. Substituting A(x,,y,)
into Eq. (13) and Eq. (14) [or Eq. (16)] yields the
normalized differential branching ratio % for the cases
without and with radiative corrections, respectively. By
integrating over the phase space in the same experimental

regions listed in Appendix A, we obtain the final results
for R,.

D. Form factors Fy and F,

To provide more information of the meson structure
using lattice QCD, we present the expressions for deter-
mining the form factors F'y and F,. Specifically, the vector
form factor Fy(x,) is directly related to I4(x,) by

F = — . 34
V(xy) m%x% ( )

To extract the axial form factor F,(x,), we contract the
axial-vector part of the hadronic matrix element A; , (k. p)
defined in Eq. (31) with the physical transverse polarization
vector e; (k. 2),

_ , X
€j(k, ANHY (k. p) = et (k, 1) E},FA(X},)mP. (35)

Alternatively, by substituting the scalar function decom-
position of HY%;(k, p) in Eq. (27), we obtain

. a7 a7 4T4(x,))
X<x711(xy) 214(x,) —2I5(x,) + o ;pt>_(36)

2
2mpx,

Comparing these two expressions yields the formula for
F4(x,) in terms of the scalar functions:

FA (xy)

- > ~ 4l
2 (% di(x) = 2Lalx) =203 (x) + 255 g

3
2mpx, mp

(37)

f?,pt is extracted using Eq. (32). Using the scalar functions
defined in Sec. IVA, we can compute Fy(x,) and F,(x,)
for any value of x,.

Another approach to accessing a wide range of photon
momenta is though twisted boundary condition [11-15]. In
cases where more form factors contribute to the amplitude
—for instance, the decay K™ — £v,¢'¢" involves four form
factors (R, R,, Fy, F ,)—fitting the discrete momentum
data over the entire phase space might become more
challenging [13]. Our method, which permits the compu-
tation of form factors at arbitrary momenta, offers an
alternative approach to determine these form factors.

V. NUMERICAL RESULTS
A. The lattice setup

We use two Ny = 2 + 1 domain wall fermion ensembles
(481 and 641), both with physical pion masses generated by
the RBC/UKQCD Collaboration [31]. Table II summarizes
their parameters. These two ensembles have similar vol-
umes but different lattice spacings. The kaon masses on the
481 and 641 ensembles differ, which may affect the
continuum extrapolation based on these two ensembles,
as the observed differences in the form factors could also
stem from the mismatch in the kaon mass. To address this
issue, we also analyze a partially quenched version of the
641 ensemble (“64Ipq”), in which the valence quark masses

TABLE II. Parameters of the lattice ensembles used in this
study. For each ensemble, we provide the inverse lattice spacing
a~' (in GeV), the lattice volume L3 x T, the pion mass m,, the
kaon mass mpg, and the number of configurations N, used in
this work.

Ensembles a~'[GeV] L3>xT m,[MeV] mg[MeV] N
481 1.730(4) 483 x96 139.55(19) 499.21(24) 112
641 2.359(7) 643 x 128 139.18(14) 507.98(35) 119
641-pq 2.359(7) 643 x 128 135.14(19) 496.50(81) 31
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TABLE III.  Coefficients c% , and c/ff,, determined at x, = 0.5, and the corresponding kaon form factors F, ; on
the 481 and 641 ensembles before and after extrapolation to the meson masses and decay constants given in

Refs. [5,33].

Fyvle—os on 481 Fyvle—os5 on 641
Form factor hyls,-0s vl —os Raw Extrapolated Raw Extrapolated
F, for K 0.012(7) —-0.1(9) 0.0385(20) 0.0382(20) 0.0393(23) 0.0385(23)
Fy for K 0.030(2) 1.0(3) 0.1168(8) 0.1159(8) 0.1190(10) 0.1165(10)

are chosen to be different from the sea quark masses. For
both the 641 and 64Ipq ensembles, we compute the kaon
form factors Fy(x,) and F,(x,) using the same 31 gauge
configurations. The extracted kaon form factors from the

641 and 64Ipq ensembles at each x, are used to determine
the coefficients cg_)",K(x},,az) at a = agy with the chiral

extrapolation form [11],

mg

(4rfa)?)
(38)

m
Fay(x, a®) =—5|cK,(x,.a*) + K, (x,.a?)

Tk

Higher-order terms proportional to O(m2m%) or O(m})
with logarithmic corrections are neglected, as the pion and

kaon masses in these ensembles lie close to the physi-
cal point.

These coefficients are then applied to the 641 ensemble to
obtain form factors extrapolated to the physical point,
specified by the physical meson masses [5] and the Ny =
2 4+ 1 FLAG averages of the decay constants [33]. We note
that the kaon mass on the 481 ensemble also deviates
slightly from its physical value. For the 481 ensemble, the
corresponding extrapolation is performed by neglecting the
lattice-spacing dependence of the coefficients. Taking

x, = 0.5 as an example, Table III lists the coefficients

cx)’K(xy, aZ,;) and illustrates the impact of the extrapola-

tion. The shift in F'y, on the 641 ensemble is larger than its
statistical uncertainty, while the shifts in the other cases

8.4
siod = W. 5?5{', fit
T wo. 6VR
o VR
s 8.0 = $ ow.ooh
S 78 S w oot
= g
= 3
s
R 767 o =
7.4 mmznﬁnnn TTT 3
Immmmmﬁﬁﬁﬁgmmm§§§§§§m
IT IT 1T IO
7.2
1.0 15 2.0 25 3.0 35
2.1
20] &
L 197 ¢
5 $
g\ 1.8 3 E E
1.5
10 15 20 25 3.0 35
ts [fm]

FIG.5. Results for Rﬁ”) and R§K) on the 481 ensemble. The time integral is calculated in the range ¢ > —¢,. The green points correspond

to the results without finite-volume correction, whereas the red and blue points represent results with correction

VR [VR
510t and 6gpy°,

respectively. The blue bands indicate the fits to the plateau region 7, € [2.2 fm, 2.8 fm] of the results with SY% correction.
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TABLE IV. Results with or without finite-volume correction on
the 481 ensemble. We show the results without finite-volume
correction, with point-particle correction 5y ® and with structure-
dependent correction 515\11)12. The results include only the statistical
errors.

Region  wo. §"VR w. SR w. SR
R /107 O 728317 737526) 7.380(26)
R}(,K)/IO_S 1-5 1.628(50) 1.639(51) 1.640(51)

remain consistent within errors. Since the induced shift in
the 481 results is comparable to the statistical uncertainty,
the approximation of neglecting the lattice-spacing depend-
ence in the coefficients CX){,K (x,,a%) is adequate at the
present level of precision. The table also indicates that part
of the difference between the kaon F'y, values obtained on
the 481 and 641 ensembles can be attributed to the kaon-
mass mismatch.

B. Infinite-volume reconstruction

We present results for 7 — ev,y in region O and
K — ev,y in region 1-5 on the 481 ensemble as examples
to illustrate the impact of infinite-volume reconstruction.
The definitions of these phase-space regions are given
in Appendix A. As discussed in Sec. IV C, when restric-
ting to transverse photon polarizations, the temporal

reconstruction (i.e., INI(»Z) ) vanishes and only the spatial

Region: O
74251
o 74.00
|
o N -
T 7305 4 T
T, .
~
R 7350 1 M PIBETA
73954 1° D 48l 64l
A cont. lim.
73.00 L~ ; ; :
0.0 0.1 0.2 0.3
a? [GeV 2
Region: B
146 4 M PIBETA
D 48l 64l
o A cont. lim.
& 144 4
i
~
O N (S
M2 pmmmmmmmTTTT {_ %
14.0 1
T T T T
0.0 0.1 0.2 0.3
a® [GeV~2]

FIG. 6. Continuum extrapolation of Rﬁ”)

reconstruction (i.e., 5/'R) is needed. Figure 5 shows the

results before and after this correction for R}(,”) and R;K) on
the 481 ensemble. We only present the results after applying
the O(a?L,) collinear radiative correction in Eq. (14); the
effect of this correction will be discussed in the following
subsections. In these figures, the green points show results
obtained with the integration range ¢ > —t,, without apply-
ing finite-volume corrections. The red and blue points

include the point-particle correction 5iy ® and the structure-

dependent correction 54X, respectively. The blue bands

indicate the fits to the plateau region of the results with 5L~
correction. For both 7z and K decays, a plateau exists for

t, €[2.2 fm, 2.8 fm], and we therefore adopt this interval to

extract the results. For R,(,K), the statistical error increases

substantially for #, > 3 fm, because the statistical error of
determining fi(pt grows rapidly at larger 7, in Eq. (32).
Table IV summarizes the fitting results of the plateau
region for the different finite-volume corrections on the 481
ensemble. For our current lattice volume L ~ 5.4 fm, the

finite-volume correction of RJ(,”) is approximately 1%, but it

is still sizable compared to the current statistical precision.

The discrepancy between the point-particle correction Sy

and the structure-dependent correction Sg! is negligible

relative to the statistical errors. In the case of R£K>, this
finite-volume correction is negligible compared to the
statistical uncertainty. Thus, the finite-volume effects from

the ground-state z or K contribution are well controlled.

Region: A

264 I M PIBETA

D 48l 64l
A cont. lim.

R /10-
.
r
——

2.2
0.0 0.1 0.2 0.3
a® [GeV~2]
Region: C
38.0 - M PIBETA
D 48l 64l
® 375 A cont. lim.
Loar
i
~
e.8704 | L
S [ SRR
36.5
T T T T
0.0 0.1 0.2 0.3
a’® [GeV~2]

in four phase space regions by a linear fit in a>. The lattice results are calculated by including

the O(a?L,) radiative correction, as defined in Eq. (14). For comparison, the results from PIBETA experiment are also shown [3].
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This work
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FIG. 7. Comparison of the branching ratios R;(,”) for region O
from lattice calculations and the PIBETA experiment [3]. Lattice
results are presented both without radiative corrections [“wo.
RC” as defined in Eq. (13)], using data from this work and
Ref. [12], and with leading-order collinear radiative corrections

[“w. O(a*L,) RC” as defined in Eq. (14)] from this work.

Finite-volume effects from higher excited states, such as p
or K* intermediate states, may still be present, but are
exponentially suppressed by their larger masses and are
thus neglected in this work.

C. Results for = — ev,y

Figure 6 shows the continuum extrapolation for Ri”) in

the 7 — ev,y decay channel, obtained using a linear fit in
a®. The O(a*L,) collinear corrections are included, and the
second photon is treated inclusively, as defined in Eq. (14).
For comparison, the corresponding results from PIBETA
experiment are also shown [3]. Our lattice results in all four
phase-space regions agree with experiment within statis-
tical errors.

Our analysis demonstrates that including collinear
radiation corrections is essential to achieve agreement
with the experimental branching ratios. Table V pre-
sents a comparison of results obtained without radia-
tive corrections [Eq. (13), labeled “wo. RC”] and with

leading-order collinear radiative corrections [Eq. (14),
labeled “O(a’L,) RC”]. The corresponding results for
region O are also displayed in Fig. 7. As shown in Table V
and Fig. 7, our result without radiative corrections is
consistent with the previous lattice result from Ref. [12]
but deviates from the experimental result. After including
the radiative corrections, the lattice result agrees well with
the experimental result for all phase-space regions within
statistical errors, indicating that the discrepancy between
lattice calculations of Ref. [12] and PIBETA experimental
measurements [3] was primarily due to the absence of
O(a*L,) radiative corrections.

D. Results for K — ev,y

Figure 8 shows the continuum extrapolation of RﬁK) in
the K — ev,y channel, obtained from a linear fit in a>. The
O(a’L,) radiative corrections are included. The phase-
space region is chosen to be region 1-5 defined in Table [X.
Results are shown for both (i) inclusive with respect to the
second photon (denoted as “inclusive RC”), as defined in
Eq. (14), and (ii) with a laboratory-frame energy cut on the
second photon (denoted as “RC w. E},‘;ﬁcut”), as given in
Eq. (16) with p" = 100 MeV and ER* , = 20 MeV. The
measurements from the KLOE and E36 experiments are
also shown [16,17].

Table VI summarizes the continuum-extrapolated results
with and without radiative corrections in all six phase-space
regions. The results for region 1-5 are also shown in Fig. 9.
For comparison, we also present the lattice results without
radiative corrections from Refs. [12,14], as well as the
KLOE and E36 experimental measurements [16,17]. As
shown in Table VI and Fig. 9, although different lattice
actions and computational methods are adopted, our results
without radiative corrections are in good agreement with
those reported in Refs. [12,14]. Whether or not an energy
cut is imposed, the O(a?L,) radiative corrections are non-
negligible compared to the statistical uncertainties.
Although we adopt a simplified assumption of an angle-
independent laboratory-frame energy cut, our lattice results
with E&b =20 MeV are consistent with the KLOE

72,cu
measurements within 1o across all phase-space regions.

TABLE V. Comparison of the branching ratios Rﬁ”) from this work and from the lattice calculation of Ref. [12], as
well as the PIBETA measurement [3]. Lattice results are shown for two cases; without radiative corrections [“wo.
RC” as defined in Eq. (13)], and with radiative corrections [“w. O(azLe) RC” as defined in Eq. (14)]. All values are
in units of 1078, The results include only statistical uncertainties.

This work Rome-Southampton 21 [12] PIBETA [3]
Region wo. RC 0(a’L,) RC wo. RC
A 2.48(27) 2.31(26) 2.32(40) 2.614(21)
B 15.02(26) 14.19(25) 14.59(54) 14.46(22)
C 40.70(70) 36.83(65) 40.15(1.04) 37.69(46)
(@) 80.04(62) 73.64(59) 78.96(1.26) 73.86(54)
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FIG. 8. Continuum extrapolation of R,”’ in phase-space region

1-5 by a linear fit in a®. Results are shown for (i) inclusive with
respect to the second photon [Eq. (14), denoted as “inclusive
RC”] and (ii) with a laboratory-frame energy cut on the second
photon [Eq. (16) with p'*® = 100 MeV and Eif;'?cut =20 MeV,
denoted as “RC w. E'Yi‘?cm”]. For comparison, measurements from
the KLOE [16] and E36 [17] experiments are also shown.

Our lattice result inclusive with respect to the second
photon in region 1-5 shows a 1.7¢ tension with the E36
measurement.

E. Results for K — pv,y

For the K — puv,y decay channel, radiative corrections
are free of large logarithmic enhancements and can be
neglected. Therefore, we only show the results without
radiative corrections, as defined in Eq. (13).

For the phase-space region of the E787 experiment,
specified in Appendix A, we calculate the differential
branching ratio with the inner-bremsstrahlung contribution
subtracted, following Refs. [12,14]:

FIG. 9. Comparison of the branching ratios R,(,K) for region 1-5

from this work and from the lattice calculations of Refs. [12,14],
as well as the KLOE and E36 experimental measurements
[16,17]. Lattice results are presented both without radiative
corrections [“wo. RC”, defined in Eq. (13)] and with radiative
corrections inclusive with respect to the second photon [“in-
clusive RC”, defined in Eq. (14)] or with a laboratory-frame
energy cut on the second photon [“RC w. Elyab ”, defined in

>,cut

Eq. (16) with p'® = 100 MeV and E'®,, = 20 MeV].

7>.cu
dk, 1
dcosb,, TOK - uy,]

dl'(K dT"B(K
dcos 6’W dcos 6’W

This quantity is evaluated at the fixed photon-muon angles
6,, given in Table XI. The continuum-extrapolated results
are shown in Fig. 10. In the left panel of Fig. 10, we
compare our results with those from the lattice calculation
in Ref. [14]. Despite using different lattice actions and

TABLE VI. Comparison of the branching ratios RﬁK) from this work and from the lattice calculation of Ref. [14], as well as the KLOE
and E36 experimental measurement [16,17]. Lattice results are shown for three cases: without radiative corrections [“wo. RC” in
Eq. (13)], with radiative corrections inclusive with respect to the second photon [“inclusive RC”, defined in Eq. (14)], and with radiative
corrections with a laboratory-frame energy cut on the second photon [“RC w. Ei,”, defined in Eq. (16) with p'®> = 100 MeV and
E.« =20 MeV]. All values are given in units of 107, The results include only statistical uncertainties.

This work Rome-Southampton 25 [14]
Region wo. RC inclusive RC RC w. EFP ., wo. RC KLOE [16] E36 [17]
1 1.309(18) 1.057(17) 1.043(17) 1.31(2) 0.94(30) -
2 2.68(20) 2.46(19) 2.34(19) 2.69(16) 2.03(22) -
3 5.59(45) 5.12(41) 4.88(41) 5.60(36) 4.47(30) -
4 6.23(50) 5.69(46) 5.43(46) 6.13(46) 4.81(37) -
5 2.84(22) 2.59(20) 2.45(20) 2.69(24) 2.58(26) -
1-5 18.6(1.4) 16.9(1.3) 16.1(1.3) 18.4(1.2) 14.83(67) 19.8(1.1)
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FIG. 10. Continuum-extrapolated values of the differential branching ratio dcdof”e in the E787 phase-space regions. The left panel
compares our results with the lattice calculation of Ref. [14], while the right panel compares them with the E787 experimental

measurements [20], whose values are given in Ref. [12].
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FIG. 11. Continuum extrapolated values of the ratio B(K — uv,y)/Big(K — pv,y) in the ISTRA and OKA phase-space regions. For
comparison, the results from lattice calculation of Ref. [14] and the ISTRA and OKA experimental measurements [18,19] are

also shown.
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computational methods, the two lattice results are consis-
tent with each other. In the right panel, we compare with the
E787 experimental measurements [20], whose numerical
values have been tabulated in Table V of Ref. [12]. Our
results confirm the previously observed tension between
lattice predictions and the E787 data in regions with large
muon-photon angles.

For the ISTRA and OKA phase-space regions listed in
Table X, the continuum-extrapolated results of the ratio
B(K — uv,y)/Big(K — pv,y) are presented in Fig. 11.
Figure 11 compares our results with the lattice calculation
of Ref. [14] and with the ISTRA and OKA experimental
measurements [18,19], shown in the left and right panels,
respectively. The numerical values of the experimental data
are given in Table VIII of Ref. [12]. The two lattice results are
consistent with each other across all phase-space regions, but
both deviate from the ISTRA and OKA measurements at
large x, = 2E,/mg.

F. Results for form factors

In this subsection, we present our lattice results for the
form factors Fy 4 (x,). For real photon emissions, these

0.000 T T T T T

0.032

48l

0.030 641
—— ChPT O(p")

0.028 1

Ion

0.026 1

for p

= 0.024

F

0.022 1

0.020 T T T . .

0.2 0.4 0.6 0.8
Ly

form factors are commonly parametrized by a linear
expansion,

Fyja(x,) = Fya(D)[1 4+ Ayja(1 = x,)],  (40)
where the 1y, are the slopes of form factors. In our work,
Eq. (34) and Eq. (37) enable us to determine the form
factors over the phase space for arbitrary values of x,, thus
we can directly check the linear behavior of form factors.

Figures 12 and 13 show our lattice results for the form
factors for the pion and kaon, respectively. In the left
panels, we show the lattice results obtained in the 481 (blue
band) and 64I (red band) ensembles, with 128 uniformly
spaced values of x, selected within the phase space region
O for z decay and region 1-5 for K decay. The dashed lines
representing the O(p*) yPT predictions. The right panels
show the continuum-extrapolated results (green band). For
comparison, we also show the results of previous lattice
calculations in Ref. [11,12] (denoted as “Rome-
Southampton 21”) and Ref. [14] (denoted as ‘“Rome-
Southampton 257). In their papers, the form factors were

expanded around x,=0 as a linear function
cont. lim.
0.020 4 Rome-Southampton 21
— = ChPT O(p")

0.015 1

0010 =m====—=e= === = == —— ="
0.005 A

0.000 T T T . .
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0.030 4 Rome-Southampton 21
— = ChPT O(p")
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0.024 1
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0.2 0.4 0.6 0.8 1.0
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FIG. 12. Form factors F4 and Fy, for the pion. The left panels show the results in the 481 and 641 ensembles. The right panels show the
continuum-extrapolated results. The dashed lines representing the O(p*) yPT predictions [34]. For comparison, we also show the results
of previous lattice calculations in Ref. [11] (denoted as “Rome-Southampton 21”). We choose 128 uniformly spaced values of x,

selected within the phase space region O to calculate form factors.
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Form factors F, and Fy, for the kaon. The left panels show the results in the 481 and 641 ensembles. The right panels show the

continuum-extrapolated results. The dashed lines representing the O(p*) ¥PT predictions [1]. For comparison, we also show the results
of previous lattice calculations in Ref. [11] (denoted as “Rome-Southampton 21”) and Ref. [14] (denoted as “Rome-Southampton 257).
We choose 128 uniformly spaced values of x, selected within the phase space region 1-5 to calculate form factors.

Fy/a = Cyja + Dyjax,. Using the fitted results of Cy s
and Dy, along with their correlation matrices as given in
Refs. [12,14], we generate the statistical samples with the
same distributions and then reconstruct their results
of Fya(x,).

From these figures, we observe that the form factors F,
and Fy for the pion and F, for the kaon have an

approximately linear dependence on x,. The corresponding
lattice results are also in agreement with the O(p*)yPT
predictions. On the other hand, Fy, for the kaon shows a mild
deviation from linearity, suggesting the emergence of a
polelike behavior due to low-lying resonances. The lattice
results for kaon F, are larger than the O(p*) yPT result for
small x,.

TABLE VII.  Results from linear fits of the form factors Fy,(x,) and the combinations F, (x,) = Fy(x,) £ F4(x,), obtained using
the form FI*(1)(1 + (1 — x,)), together with the values calculated directly at x, = 1, Fy4(1) and F(1) = Fy(1) £ F4(1).

Direct calculation at x, =1

meson Fy(1) Fu(1) F. (1) F_(1)
/4 0.02598(55) 0.0092(23) 0.0352(23) 0.0167(25)
K 0.0997(26) 0.0338(50) 0.1335(55) 0.0659(57)
Linear-fit results

meson Fit(1) Fi(1) FI(1) Fi(1) Vi ! Vi a

T 0.02598(55) 0.0092(23) 0.0352(23) 0.0168(25) 0.0295(32) 0.080(95) 0.043(20) 0.002(44)
K 0.0975(25) 0.0338(48) 0.1314(52) 0.0640(55) 0.430(49) 0.33(20) 0.402(59) 0.48(12)
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Our lattice results are consistent with those reported by the
Rome-Southampton Collaboration within statistical uncer-
tainties. Compared with the recent lattice calculation of the
kaon form factors F'y, and F 4 in Ref. [14] (denoted as “Rome-
Southampton 257), our statistical uncertainty is larger for F 4,
while that for Fy is comparable. This difference may arise
from a combination of factors, including the number of
configurations, the ensembles used, the lattice actions, and
the analysis strategies. Nevertheless, the agreement between
the two calculations is highly nontrivial and provides an
important cross-check of the lattice results.

To provide more lattice QCD inputs for phenomenology,
we perform a linear fit of the form factors, as summarized in
Table VII:

Fi(x,) = FI(1)(1+ 47 (1 = x,)), (41)

where i€{V,A,+,—}, and F,(x,) are defined as
Fy(x,) £ Fa(x,). The fit parameters are Fi'(1) and A".
We also list the results obtained directly from the lattice
calculations at x, = 1. Since the linear behavior holds well

for the form factors, F;(1) and the fitted (1) are consistent
within the statistical errors. For the kaon Fy (1) [and thus
kaon F.(1)], the central values obtained from the direct
calculation and from the linear fit show a slight difference,
reflecting a mild deviation from linearity as seen in Fig. 13.

VI. CONCLUSIONS

In this work, we perform a lattice QCD calculation of the
radiative leptonic decays P — v,y (P =n, K) using
domain-wall fermion ensembles generated by the RBC and
UKQCD Collaborations at the physical pion mass. We employ
the IVR method, which extends finite-volume lattice data to
infinite volume and effectively controls the finite-volume
effects. We compute the branching ratios for the decays
n — ev,y, K — ev,y, and K — pv,y with or without radi-
ative corrections, and compare them with the previous lattice
calculations [11,12,14] and experimental measurements
[3,16-20]. We also determine the momentum dependence
of the vector and axial-vector form factors, Fy(x,) and
F4(x,), across the full phase space, providing insight into
the hadronic structure of light mesons. The IVR method allows
us to evaluate the form factors at all chosen values of x, .

Despite adopting a different lattice action and computa-
tional strategy, our results for the form factors and branching
ratios without radiative corrections are in good agreement
with those reported in Refs. [11,12,14] within statistical
uncertainties, demonstrating the consistency of lattice QCD
calculations. For K — puv,y decays, for which collinear
effects are negligible, our lattice results in the regions of
phase space in which the E787, ISTRA and OKA experi-
ments reported measurements are consistent with those of the
Rome-Southampton Collaboration and confirm the previ-
ously observed tension between lattice calculations and the

ISTRA and OKA experimental measurements at large photon
energies, as well as the deviation from the E787 results at large
angles between the muon and the photon [12,14].

For decays involving a final-state electron, we emphasize
the importance of collinear radiative corrections, which are
significantly enhanced by the large logarithmic factors and
therefore cannot be neglected at the current level of exper-
imental precision [26]. In the case of 7 — ev,y decays, the
inclusion of radiative corrections resolves the previously
observed discrepancy between lattice predictions without
such corrections [12] and the PIBETA measurement [3]. For
K — ev,y decays, we note that the different treatments of
additional inner-bremsstrahlung photons in the event selec-
tion procedures of the KLOE and E36 experiments lead to
different radiative corrections, which may account for part of
the observed 4¢ discrepancy between their measurements.
Regardless of whether an energy cut is imposed on the
second photon, the radiative correction remains larger than
0(10%). Although we adopt a simplified assumption of an
angle-independent laboratory-frame energy cutoff, E};;lfcu[ =
20 MeV, with p' = 100 MeV, our lattice predictions
including O(a*L,) radiative corrections are consistent with
the KLOE measurements. The lattice prediction with the
fully inclusive radiative correction with respect to the second
photon has 1.7¢ tension from the E36 result.

Further improvements of the present calculation will
require additional ensembles at different volumes and lattice
spacings. For finite-volume effects, the difference between
the results obtained with 5,/ and &g}, which probes the
structure-dependent part of the correction, is much smaller
than the current statistical uncertainty. However, finite-
volume effects from heavier excited states have not been
estimated and will require future calculations on additional
ensembles at multiple volumes. In this work we use two
lattice spacings for the continuum extrapolation; a reliable
assessment of the residual discretization errors will require
calculations at a third lattice spacing. In addition, discon-
nected-diagram contributions, which were included in the
calculation of Ref. [14], are not included here and are left for
future work.

The application of the IVR method to the full radiative
corrections in leptonic decays, including contributions from
virtual-photon loop diagrams, is currently in progress.
Although restricting to transverse photon polarizations
significantly suppresses ground-state finite-volume effects,
leading to small IVR corrections for the real-photon emis-
sions studied in this work, the IVR method becomes essential
when computing the complete radiative corrections to
leptonic decays. In such cases, inclusion of all photon
polarization states in real-photon emissions is required to
achieve infrared cancellation with virtual-photon loop con-
tributions in the Feynman gauge. The IVR method reduces
the power-law suppressed finite-volume effects associated
with the photon propagator to exponentially suppressed ones
[25], thereby improving very significantly the precision of
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existing lattice QCD calculations of radiative corrections
[35-37]. Such improvements are crucial for more precise
determinations of the CKM matrix elements V,, and V,,,
and for tests of the first-row unitarity of the CKM matrix.

Furthermore, the methods developed in this work can
also be applied to processes involving virtual photon
emission, such as P — Zu,y* — Cv,0'¢", offering addi-
tional insights into the hadronic structure of mesons and
enabling precision tests of the Standard Model through
comparisons with experimental measurements. In these
decays, the additional challenge is to properly account for
the power-law suppressed finite-volume effects arising
from the intermediate states P — fv am — Cvey*. To
address this issue, the power-law finite-volume corrections
and exponentially growing terms associated with low-lying
zz states has been investigated in Ref. [30].
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APPENDIX A: DEFINITION OF THE REGIONS
OF PHASE SPACE CONSIDERED
IN THE EXPERIMENTS

For the 7 — ev,y decay channel, the regions of phase
space for which the results are presented by the PIBETA
experiment [3] are defined by cuts on the electron and
photon energies, E, = m,y/2 and E, = m,x/2, respec-
tively, as shown in Table VIII. Here the energies are defined
in the rest frame of the pion. This experiment also requires
that the angle between the final-state electron and photon
satisfies 6,, > 40°.

For the K — ev,y decay channel, we adopt the phase
space definitions in the KLOE and E36 experiments
[16,17]. As summarized in Table IX, the experiments
require the electron momentum to satisfy p, > 200 MeV
and the photon energy to be greater than 10 MeV,
E, > 10 MeV. Here the photon energy is defined in the
rest frame of the kaon. The phase space is divided into five
regions corresponding to different ranges of E,. The KLOE
experiment reports branching ratios in all five phase space
regions, while the E36 experiment provides the total
branching ratio in the “1-5” region.

Forthe K — uv,y decay channel, we focus on the ISTRA,
OKA, and E787 experiments [18-20]. These experiments
present measurements in multiple phase-space regions,
whose definitions are provided in Refs. [12,14]. In this
work, we adopt the same phase-space regions defined in
Tables V, VI, and VII of Ref. [12]. For the ISTRA and OKA
experiments, the phase-space regions are defined by the
constraints x;“i“ <x, <xy™, y,’}““ <y, <y,;™, and on the
photon-muon angle, cos8,, > cos 85", as summarized in
Table X. For the E787 experiment, the differential decay rate,

TABLE VIII. Phase space regions for the 7z — ev,y pro-
cess from the PIBETA experiment [3]. The angle between
the final-state electron and photon satisfies 6,, > 40°. Four
phase-space regions are defined by E, = m,y,/2 > E, ., and

E, = m,x,/2 > E, .. Here the energies are defined in the rest
frame of the pion.

Regions A B C O
E, . [MeV] 50 10 50 m,
E, . [MeV] 50 50 10 10

TABLE IX. Phase space regions for the K — ev,y decay from KLOE and E36 experiments [16,17], with the electron momentum
Pp. > 200 MeV. The phase space is divided into five regions corresponding to different photon energy ranges of E,I)“i“ <E, < EJ*.
Here the photon energy is defined in the rest frame of the kaon. The KLOE experiment reports branching ratios in all five phase space
regions, while the E36 experiment provides the total branching ratio in the “1-5” region.

Regions 1 2 3 4 5 1-5
[Emin, EMaX] [MeV] [10, 50] [50, 100] [100, 150] [150, 200] [200, 250] [10, 250]
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TABLE X. Phase space regions for the K — uv,y decay
channel from ISTRA experiment (left table) and OKA experi-
ment (right table) [18,19]. The definition of these regions are
given in Tables VI and VII in Ref. [12]. Each phase-space
region is defined by xf,“i“ <x, <x, y;{‘i“ <y, <y, and
cos(6,,) > cos(65)").

Regions [, ] [ygin, ymax] cos(65)")
01 [0.05, 0.10] [0.90, 1.10] -0.8
02 [0.10, 0.15] [0.90, 1.10] -0.8
03 [0.15, 0.20] [0.85, 1.00] -0.8
04 [0.20, 0.25] [0.80, 0.95] -0.2
05 [0.25, 0.30] [0.75, 0.90] -0.3
06 [0.30, 0.35] [0.72, 0.87] -04
07 [0.35, 0.40] [0.65, 0.85] -0.3
08 [0.40, 0.45] [0.62, 0.85] -0.5
09 [0.45, 0.50] [0.57, 0.80] -0.7
10 [0.50, 0.55] [0.52, 0.75] -1.0
11 [0.55, 0.60] [0.48, 0.70] -1.0
Regions [, X [ymin | ymax] cos(65")
01 [0.10, 0.15] [0.89, 1.01] -0.8
02 [0.15, 0.20] [0.85, 1.01] -0.2
03 [0.20, 0.25] [0.80, 1.00] -0.2
04 [0.25, 0.30] [0.75, 0.97] -0.4
05 [0.30, 0.35] [0.70, 0.93] -04
06 [0.35, 0.40] [0.66, 0.90] -0.5
07 [0.40, 0.45] [0.62, 0.88] -0.5
08 [0.45, 0.50] [0.58, 0.86] -0.6
09 [0.50, 0.55] [0.54, 0.83] -0.6
10 [0.55, 0.60] [0.50, 0.80] -0.6
dI'(K = pv,y) 147, d’r
~ dcosO,, 0,y / [na jmin, " [dx},dyﬂ]
X 5(005 6,, — cos Hﬂy(x},, V) (A1)

is measured at fixed photon-muon angles 6,, listed in

Table XI, together with the constraints E"' > 90 MeV

and ES" > my, + 137 MeV. Here, yi® = 1 — x, +r, /(1 —
x,) is given in Eq. (9) and cos6,,(x,,y,) is defined as

X,y = 2(x, +y,—r,— 1)

x,\/va—4r,

(A2)

cos 6, (x,.y,) =

APPENDIX B: RADIATIVE CORRECTIONS
IN P - ev,y DECAYS

In this section we review the derivation of the expres-
sions for the collinear radiative corrections at O(a?) in P —
fvgy(y) decays which are enhanced by large logarithms.
We start in Sec. B 1 by considering the case in which all
events with a possible second photon are included, corre-
sponding, for example, to the experimental results of the
PIBETA and E36 experiments. In Sec. B 2 we consider an
idealized case in which there is a cutoff on the energy of a
possible second photon in the laboratory frame which is
independent of the direction of its momentum. In more
realistic situations, in which such a cutoff depends on the
angle of emission and on details of detector acceptances,
the experimental Collaborations would have to implement
the corrections themselves. Our results in Sec. B2 are
indicative of the likely magnitudes of such corrections.

1. Case (i): Inclusive with respect to the second photon

We first review the radiative corrections to the decay
P — ev,y(y), which is inclusive with respect to the second
photon [26]:

dBRC[P — ev,y] LdtdB[P — ev,y]
?( s Ve) = / — (X, 1)
x,dy, y, 1 dx,dy,
Ye a
D 1+—K
(B1)

dBRC[P—ev,y]
dx,dy,

ing ratio including radiative corrections at the phase-space
point (x,,y,). The right-hand side is written as a con-

dB[P—ev,y|
dx,dy,

O(a) differential branching ratio in the absence of radiative
corrections at the phase space point (x,, #). The convolution
involves the so-called “electron structure function”,

where (x,.y,) denotes the differential branch-

volution integral in which (x,.t) represents the

(L= DPI(3)

o (%)Z@e ~1)?PA(2) + -

D(z) =6(1-2)+

(B2)

TABLE XI.  The photon-muon angles 8, used in the E787 experiment [20]. These angles are given in Table V of Ref. [12]. The phase

space in the E787 experiment is also constrained by E;* > 90 MeV and Ej"* —m, > 137 MeV.

cosd,, —-0.996 —0.988 —0.980 -0.972 —0.964 —0.956 —0.948 —0.940 -0.932
-0.924 -0.916 —0.908 —0.900 —0.892 —0.884 -0.876 —0.868 —0.860
—0.852 —0.844 —0.836 —0.828 —0.820 —0.812 -0.804
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Physically, D(z) is interpreted as the probability density
for the electron to retain a fraction z of its original momentum
after radiating one or more collinear photons. The leading
term §(1 — z) corresponds to no collinear radiation, whereas

the first-order term P(!)(z), proportional to (L, —1),
describes the leading collinear radiative correction:
1+ 22
W(z) = 1 — e
PU(z) E—%[l— O(1—z—-A)
3
+6(1—-2) 2lnA+§ . (B3)

Here, A = ZAé , introduced in Ref. [26], separates the hard

and soft reglons of the second emitted photon. In the rest
frame of P, a second emitted photon with energy E,, < Ae
(E,, > Ae) is classified as soft (hard). The first term in the
square brackets of Eq. (B3) represents the O(a?L,) con-
tribution from the hard region, whereas the second term
accounts for the O(a?L,) contribution from the soft region
and the virtual diagrams. Because the total correction is
independent of the hard-soft separation, we can take the limit
A — 0 when evaluating P(V)(z).

The function K(x,.y,) in Eq. (B1) arises from O(a?LY)
corrections that are not enhanced by the large logarithm L,
and is therefore neglected in our analysis. Its explicit form
can be found in Ref. [26]. On the other hand, although the
constant term —1 in the combination (L, — 1) is similarly
not logarithmically enhanced, it is conventionally included
in the definition of the electron structure function D(z),

|

mp

1
ARC(x » Ve :fRC Xy Ve) +— (
(o) = Ao + - (2

(’;Z) (Fy + FA) SRS (30 32) + (Fy = Fa) 36 (1,0 7.).

and we retain it to maintain consistency with the standard
formalism in Ref. [26]. The physical origin of the —1 term
is clarified in Ref. [38]: large collinear logarithm arise from
the angular integration over terms like (p,;-p.2)/
[(Pe - k)(pes - k)], where p, | and p, , denote the electron
momenta before and after emitting the bremsstrahlung
photon, and & is the photon momentum. The contributions
of the form m2/[(p., - k)(p.s- k)] always accompany
these terms, effectively shifting the logarithm by unity.

By keeping only the collinear radiative correction at
O(a’L,), the convolution integral can be evaluated ana-
lytically, yielding the simplified expression:

dBRC[P > ev,y] a
dx,dy, - 2z(1-r,)?

x <A(x},,ye)+%(Le— l)ARC(xy,ye))

(B4)

B[P~ ev,(y)]

where B[P — ev,(y)] denotes the branching ratio of
P — ev,(y). Using B[P — ev,(y)] as the prefactor effec-
tively includes the electroweak corrections to the decay
constant f p- This choice of prefactor is equivalent to the
Aexp = \/ﬁVud =Pm, used in Ref. [26] and is adopted in

the theoretical prediction of the PIBETA Collaboration
[3.39]. Appendix B of Ref. [26] provides the expression
for ARC(x,.,y,):

) [(Fy + FARFEC (5. v0) + (Fy = FARSES. (x,.7,)]

(B5)

Note that the form factors (fy, f4) used in Ref. [26] are related to (Fy, F,) defined here by fy,4 = (m3/2m,fp)Fy 4. The
functions fR¢(x,,y,), with i € {IB, SD*, SD~,INT*,INT"}, are defined by

Ldt
R L
ye

(ye/t)fi(xy’t)’ (B6)

where the f;(x,, y.) are defined in Eq. (12). The convolution integral can be evaluated analytically in the m, — 0 limit [26],

yielding

)'cy + X, Ve
)
% Xy

RC(

L+ [35, , %
XprYe) = x2 {2Z+x_

(3, 1=y
1§S+(~x}/’y€) _xy |:§Z2+ 2 £

3, 1-y2
fES—(xy,ye):xy{5y3+ 5 + 5o (ve = 3) +

S s (3
ny, +2¥ln&—T nTy],
<

Ve X,z Z

"‘)_76()76_2553/)"‘)_(;/()_5]/_2}7(3)111)76 yye+2zzlny :|
e

(1-2y,)Iny, +25; ln—}
y

e
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Yy (Ve oY
N (0 ve) :x—: {3 —JeIny, - 23, lnﬂ,
171 3x2y y
fﬁ\ICT‘(xwye) = |:__x_yye += J/_ye +x_},()_7€ lnye + 2)_7e ln&)
.X'y 2 Ye
2 (Fe Tyt xye, ey Y %(H 4y % B
tols T et e ")) (57
14 4 € 4
Here the variables are defined as z=x, +y,—1,%, =1-x,, and y, = 1 - y,.

Finally, we point out that terms proportional to
IRE(x,.v.)/fi(x,.y.), leading to an enhancement of the
term originates from the convolution structure,

PO ()

4

1d
£ 3) /
y. <

=fi(xy’ye)/1dzP(‘)(Z)+/1d

Ve Ve

~ Filya) |21 =0 + 25

Here, in the first line, we make a change of variable from ¢
to z = y,/t. The most singular region of P(!)(z) is located
around z ~ 1, and its dominant behavior is well captured by
the first integral in the second line, which gives rise to the
logarithmic term In(1 — y,) in the third line. In contrast, the
second integral is regular around z~ 1 and does not
produce any logarithmic enhancement as y, — 1.

2. Case (ii): A laboratory-frame energy cutoff
on the second photon

To incorporate experimental conditions more realistically,
such as those in the KLOE experiment [16], we extend the
O(a*L,) radiative correction to the case in which the second
photon is subject to a laboratory-frame energy cutoff. We first
define the kinematics. Let the meson P carry momentum p'®
in the laboratory frame, and impose an angle-independent,
laboratory-frame energy cutoff on the second photon,
ERP < E . We define 0p, (0p,,) as the angle between

y2.cut®
' and the momentum of the electron (momentum of the
second photon) in the rest frame of P.
As discussed in Ref. [26], the O(a?L,) radiative cor-
rections originate solely from the phase-space region where
the second photon is emitted collinearly with the electron.

Ye(2+y,

In(2E; 1ax/mp) =1In(1 —y,) always appear in the ratio
radiative corrections when y, is close to 1. This logarithmic

1422
¢ 1—-z

L1 (52) - )|

)} +/y: e Efi y_> _fi(xy,m}

1-z (xy’z
|

Contributions from other angular regions are absorbed into
the O(a’L?) corrections contained in the function
K(x,.y,). Accordingly, we focus on those contributions
where the second photon satisfies the collinearity condition
0p,, ~ Op,. In the rest frame of the meson, the energy E;, of
such a collinear photon has an angular-dependent cutoff
E;z < E;z,cut(ePe)’ giVCH by

(B8)

El ab

72,cut

E; _
7(1 + fcosOp,)

72,cut

(Ope) = (B9)

where the standard Lorentz factors are defined by y =
VT F mb/mp and p= /1= 2.

In the derivation of Eq. (B1) in the previous section, it
was assumed that the differential decay rate is independent
of the emission angle @p, of the electron in the rest frame of
the meson. Although this assumption holds at the level of
the decay amplitude, the angular dependence introduced by
the cutoff E;, ., (0p,) in the phase-space integration leads
to a nontrivial 6p, dependence in the radiative correction.
Consequently, an average over the electron’s angular
distribution is required. Taking this into account, the
O(a’L,) correction in Eq. (B1) generalizes to

dBR$[P 1 [l v (Ore) dt dB|P
M:_/ dcosg,,e/ ’ _M(XMD<&>_ (B10)
dx,dy, 2 /54 v, t dx,dy, t
Here, we denote the differential branching ratio with the energy cutoff on the second photon as %ﬁxw””. The upper limit
of the convolution is given by the kinematic constraint y;**(6p,) = min{1,y, + 2E;, .(0p.)/mp}.
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As in the previous subsection, Eq. (B10) can be simplified to

dBRS[P — ev,y] a

a
- B[P Ax,y,) + 2
dx,dy, 2z(1=r,)? L eue(y)]( (7. 3e) + 27

(L, = ARS (x, .y, 0 El;;bm)) (B11)

where the cutoff-dependent correction function ARG (x,, y,: p"°, EX* ) is given by

A}:{ut( yv ye’ —’lab E}gbcut) = ( ye’ —’lab El/z;bcul>
r < f ) FV + FA) fcut SD+(XJ/7 Ves p’lab Elabcut) + ( - FA) fcut SD~ ()C],, Ves ﬁlab Elz;bcut)]
P
<_> FV + FA cut INTH (xy’ye’ Ejl/‘;bcut) + (F - FA)fcut INT- (xy’ye’ pe Ely‘;bcut)]
(B12)
with
1 [l ye(Op.) dt
?uct,(xy,ye, pla® E%bcut) = 5/1 dCOS@pe/ (ye/t)fz(xyv ye) (B13)
_ Ve

for i€{IB,SD*,SD~,INT*,INT"}. The integration in fRS,(x,,y,; P, EE ) can also be evaluated analytically.

cut,i
However, due to the complexity of their explicit forms, we do not present them here.

APPENDIX C: SCALAR FUNCTION METHOD

In this section, we briefly review the method of constructing hadronic matrix elements using the “scalar function method”
as proposed in Ref. [24]. This derivation is in the infinite-volume and continuum limit. The finite-volume corrections are
discussed in Sec. IV B and Appendix D.

We first define the Euclidean-space counterparts of the scalar functions 7, i(x,) defined in Eq. (25):

iE,l(xy) = yym%ng(kE’ PE)» Ez(xy) = —P%P%Hﬂp(km PE)
iE.S(xy) = EP'EH%V(/‘E, PE)’ 1E4 xy) = —PEkD H” (kEva)
iE,5<x7) = _klgk;{H’g(kEva)’ IE6(x ) = ”mﬂkEPEH” (kg, pE)- (C1)

with pp = (imp, 6) and kg = (ik°, /?) the Euclidean momenta of the initial-state meson and the photon. H% (ki, pr) is defined
in Eq. (21). If, as is the case for P — £,y decays, there are no intermediate hadronic states lighter than the initial state, the
relation Hy, (k, p) = ¢y Hy (kE, pe) holds, where ¢}, _ . encodes the difference between Euclidean and Minkowski gamma
matrices. Using the values of ¢/, , given below Eq. (20) and the definitions of momenta and the Levi-Civita symbol in
Euclidean and Minkowski spaces, one can verify that the scalar functions coincide, namely (x,) = I (%))

We multiply both sides of Eq. (21) by the appropriate Lorentz structures in Eq. (C1) to obtain expressions for the scalar
functions. The scalar functions defined in Eq. (C1) are independent of the direction of the momentum k, which allows us to
perform angular averages over k as follows:

gy dg” P . -
[ e [G8 [@xe i~ [ dito).o= R
. o dQ; o
k’/d3xe"k'x - /4—”"/6133‘(1'51')@_”” = /d3x(iai)jo((ﬂ)

07 . X
= =ilEl [ dxi(o) %
i1 3. —ikX inc 3 —ik3 3 :
Kkl | d’xe - | —=[d x(—aid;)e = [ &’x(=0,0;)jo()
. XiX;
- ¥ / i) o~ R [ i) . ()
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Here [dQ; --- denotes integrals over the direction of k.
The definitions of the spherical Bessel functions j;(¢) can
be found in Eq. (29).

To illustrate the application of the angular averaging in
Eq. (C2) we express the first scalar function as

il(x ) :iE1<xy)
—E”VmPH” kE?pE

— —me/ Lit/(f_> ko= ilz'}&‘”H’g(x)

= —me/ dt/ 355@"0 ]0 11(

Similarly, for the other scalar functions, we can use
Eq. (C2) to simplify the expressions and obtain
Egs. (26) and (28) in the main text.

Next, we construct the hadronic matrix element by

Za)””kp x,),

To derive /" (k, p), we first express the hadronic matrix
element as a general Lorentz decomposition:

). (C3)

H™(k, p) (C4)

Hyj (k. p) = a(x,)k* p* + b(x, )k p* + c(x, ) k*k*

+d(x,)p'p* + e(x,)g"mp + f(x,)&"Pkypy.

(C5)

Multiplying both sides of the above equation by the
Lorentz structures in Eq. (25) yields linear equations that
relates the scalar functions [;(x,) (i=1,...,6) to the
coefficients a(x,), ..., f(x,). By solving these equations,
a(x,),.... f(x,) can be expressed in terms of the scalar
functions 7;(x,). Substituting them back into the Lorentz
decomposition and rearranging the terms then gives the
explicit expressions for o/’ (k, p) as

” g KpY+ k' pt 2k kY
oy (k.p) = 2m2 mhx mpx2’
P Py P
. Ak kY
wh' (k. p) =,
b7
} ¢ kY 6kt 12kAKY
“’g(k’l’):_mzx+ ) T A
Py Pty Py

) ¢ GkEpY 4+ 2k 12k
o (k. p) = max mhx? b
Py Py Py
uw 29" 12(k*p¥ —I—k”p”) 24k1 kY 4p*p*
s (k. p) = 22 P e P
Py Pty Py Py
5 2ie" Pk, p
o (k. p) = 5. (Co)
mpx;,

APPENDIX D: FINITE-VOLUME
CORRECTIONS

In this section, we use the pion decay as an example
to illustrate how to correct for finite-volume effects.
The finite-volume effect SIYR(L) in Eq. (30) is
defined by

SVR(L) R(x

Ii(x,) = IR (x,: L)
= lim (I™"R(x,;Ly) — IVR(x,;L)).

Jim (D1)
In our numerical calculations, the finite-volume correc-
tion SIVR(L) is obtained by comparing ground-state
models computed in a finite volume V = L* with those
in a sufficiently large reference volume V = L3,
where finite-volume effects are negligible. We take
L, =22 fm and have verified that the residual finite-
volume effects beyond V, are negligible.

The ground-state models used to estimate finite-
volume effects are motivated by the point-particle
contribution to the infinite-volume Minkowski hadronic
function:

(2p —k)*(p = k)"

uv
HM.pt(k’ P) (p _ k)2 _ m]Z[ ’

:fﬂ' g{ll/_

(D2)

where the second term in the bracket corresponds to the
scalar QED vertex and propagator structure. The first
term, proportional to ¢*, ensures the Ward identity
kyHyy (k. p) = fop* is satisfied.

To implement the point-particle contribution in a
finite volume, we first express it as a sum over time-
ordered contributions. Specifically, the contribu-
tions from the time-ordered diagrams in Fig. 1 can
be written as

014504-27



PETER BOYLE et al. PHYS. REV. D 114, 014504 (2026)

(018 g (=) ((=K) |2, 5|7 (0))
2E, (k) (K0 + E, (k) — m,)

— £ FO((p, — p)? (Px + P)'Px
FFD((py = p) >2En(k)(ko+En(;§) —m,)’
)

<0|JemM|n<k>n<6> (2(k)z(0)| T3y | (0))
E(k

Hiy (k. p) = fa

H;I:/IIJB( ) fl[

E(k)2my (K = E, (k) = m,)
— @) (( ) (pz —p)'px" ;o N7
S F P pF) e s = (5B (03)

where E,r(l_c)) =1/ K+ m2. The subscripts “A” and “B” denote the Diagram A and Diagram B in Fig. 1. In deriving

the contribution from Diagram B, we restrict our consideration to the momentum configuration ﬂ(/?)ﬂ((_)’) and
approximate

(2 (k) (0)|/3(0)[(0)) =~ (z(k)|J3(0)|0) (=(0)|=(0)), (D4)
under the assumption that the intermediate n(l?)ﬂ(ﬁ) states are nearly noninteracting, since these are the only parts
corresponding to the point-particle contribution. Then H’,{,’,’,pt(k, p) in Eq. (D2) can be decomposed into the sum of the

time-ordered Diagrams A and B when the electromagnetic form factor is set to F(7)(g?) = I:

H (ke p) = fo(g# = 905°) + i (kop) + HiY (K. p).

7 (pr+P)pY
2E, (k) (K0 + E, (k) —my)’

(Pz—p)'py”
HY p (k.p) =—f, maLi -z .
., () 2E, (k) (K0 = E (k) = m,)

An additional contact term, f,(g" —8°8"), accounts for the contribution from heavier vectorlike meson states
required to restore the Ward identity and is expected to induce negligible finite-volume effects; in fact, the
determination of f3P' in Eq. (32) relies on this term. In contrast, the dominant finite-volume effects originate from the
contribution of Diagram A in the t < 0 time ordering and from Diagram B in the # > 0 time ordering.

Next, we express the contributions from Diagrams A and B in Euclidean coordinate space within a finite volume. For the
t < 0 time ordering, the contribution from Diagram A is

H%,Apl(k p) =

(D5)

(g y _ L 1 ) > q
H ) <x>—Fgmwvwﬂonn(—km< k)i, (%, 1)|(0))

1 1 ; —m ik-x
= 17 23, o) P (s = ) (P + P el o0 e (D6)
ker =7

where pp = (imﬂ,a) and pp, = (zE,,(E) —%) denote the

In the calculation of H'}* tting F@(g?) = 1
Euclidean momenta of the initial and intermediate pions, n the calculation of Hy ™ (x), setting (¢%)

corresponds to the point-particle contribution. Alter-

respectively. The momentum sum runs over all modes I" =
{k|k = 2253} in the finite-volume, with 7 denoting three-
dimensional integer vectors. It can be shown that inserting
H%ﬁ{” “(x) into Egs. (21) and (20) reproduces the Min-
kowski-space hadronic function Hj; ,(k,p) given in
Eq. (D3) in the infinite-volume limit.

natively, structure-dependent contribution can be incorpo-
rated by expanding F(")(4?) linearly in ¢ using the pion
charge radius, F")(¢?) = 1 + @qz. For illustration, these
two models are compared with lattice data at the time slice
t = —18 in the 481 ensemble in the left panel of Fig. 14.
The dashed and solid lines correspond to F()(¢?) = 1 and
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FIG. 14. Comparison of lattice data with the point-particle approximation (dashed lines) and the structure-dependent model (solid

lines) in the long-distance region.

(7)( ,2) — (r2) 2 : : :
F"(g%) = 1 + ¢ q, respectively. The pion charge radius

V/ (r2) = 0.659(4) fm is taken from the PDG review [5].
The results indicate that both models agree well with the
lattice data in the long-distance region where |X| is large.
Since finite-volume effects arise primarily from the long-

distance region near the lattice boundaries, both models are
|

suitable for predicting finite-volume corrections, with the
dominant contribution described by the point-particle
approximation. Equation (D6) can be straightforwardly
generalized to the kaon channel.

Next, we consider the contribution from Diagram B in
t > 0 time ordering:

(L)-/wx:i 71 t (3 D)) (0)) (k) z(0)| (0
Hig (x) L3ZzEﬂ(/?)2m,r (O[Jem (%, )| (k)=(0)) (z (k)7 (0)| T3, (0)[=(0))

kel

1 1 . - K)+m ik
22 5p g T Phet pe) (e = pe) ) apip)e

kel

Here, p}, p = (1E,,(lz) 12) denotes the Euclidean momentum
of the intermediate pion. In the second line, we also employ

- -

the approximation that the z(k)z(0) states are noninteract-
ing, as given in Eq. (D4). Inserting H%L’I)g’”y (x) into Egs. (21)
and (20) gives the Minkowski-space hadronic function
H'; p(k, p) defined in Eq. (D3) in the infinite-volume limit.

InH (E%’” “(x), the energy-momentum transfer for the pion
form factor is in the timelike region. In the right panel of
Fig. 14, we take t = 18 as an example to compare the lattice
data in the long-range region with various parametrizations
of F(g?), including the point-particle contribution
[F(™)(g%) = 1], the linear expansion using the charge radius
[FP(g%) =1 +@q2], as well as the Gounaris-Sakurai

(D7)

|

(GS) model [40] and the Breit-Wigner (BW) model
[41,42]. The figure shows that the long-distance behavior
with large |X| is dominated by the point-particle contri-
bution F*)(g?) = 1. The other three models yield con-
sistent results in the long-distance region and also agree
well with the lattice data. Although modeling the 7z as
noninteracting particles is just a approximation, it can
still be used to estimate the finite-volume effect from
Fig. 4(B), since the magnitude of this finite-volume effect
is comparable to the statistical errors and the model
accurately describes the lattice data in the long-distance
region. For the kaon channel, because 2m is significantly
larger, the finite-volume effects from Diagram B can be
neglected.
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We estimate the finite-volume corrections &}y and &} g, in
Eq. (D1) using the point-particle approximation (dashed
lines in Fig. 14) and the structure-dependent model (solid
lines in Fig. 14), respectively. As shown in Sec. V, the
difference between the two choices is much smaller than the

statistical errors.

APPENDIX E: DETERMINATION OF AT

In practice, AT is determined from the effective-mass
plateau of the two-point function (¢p(7)¢}5(0)), computed
with a Coulomb-gauge-fixed wall source and a point sink.
As shown in Fig. 15, we plot the effective masses of the z
and K mesons extracted from this two-point function. They
are obtained by solving the following equation for mp using
adjacent data points at ¢ and 7+ 1 as input:

{pp(1+1)pp(0)) _ cosh(mp(t+1-T/2))

(E1)

{ = os100f
5}

n 9/ i
(e 0.5075 '

(#p(1)}(0)) cosh(mp(t —T/2))
481, my
0-142>' T T T T T T T T T T T T T T T T T T]
0.141F ;
% 0.140F 5 E
S | o
= 0.139F .
F 9 ]
0.138F ]
:6 L L 1 L L 1 1 L 1 1 L 1
bl 10 20 30 10
t
481
0.5050 pr———— 'glgzm[‘('l ———
/\05025; ]
7 g
& 0.5000F
T
< 0.4975F ]
L ko3 ]
0.4950 F .
10 20 30 40

Based on the effective-mass plateau, we choose
AT =12 and AT = 18 for the 481 and 641 ensembles,
respectively. These values correspond to a physical sepa-
ration of approximately 1.5 fm, which is sufficient to iso-
late the ground state in the two-point functions. In Fig. 15,
the blue bands indicate the meson masses obtained
from fits to the two-point functions over the time
range t € [AT, T — AT].

In this work, the three-point and two-point functions use
the same Coulomb-gauge-fixed wall-source operator qb;
and therefore couple to states with the same quantum
numbers. Although the overlap coefficients of these states
can differ between them, the excited-state energies and the
associated exponential time dependence are the same. We
therefore use the value of AT determined from the two-
point function as the time separation between g[;; and the
nearest current operators in the three-point function, and
assume that this separation is also sufficient to suppress
excited-state contamination there.

641, m,

T T T T T T T T T T

0.142 17

0.5125F "

0.5050 F

FIG. 15. Effective-mass plots for the 7 and K mesons obtained from the two-point function (¢ ()¢5 (0)) with the wall-source—point-
sink setup. The blue bands indicate the meson masses extracted from fits to the two-point function over the range ¢ € [AT, T — AT].
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