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We set the scale of SU(N) Yang-Mills theories for N = 3, 5, 8 and in the large-N limit via gradient flow,
as a first step towards the computation of the large-N A-parameter using step scaling. We adopt twisted
boundary conditions to achieve large-N volume reduction and the Parallel Tempering on Boundary
Conditions algorithm to tame topological freezing. This setup allows accurate determinations of the
gradient-flow scales down to lattice spacings as fine as ~0.025 fm for all the explored values of N, a regime
that has never been reached with ergodic algorithms. Moreover, we are able to precisely estimate the finite-
size systematics related to topological freezing, and to show the suppression of finite-volume effects

expected by virtue of large-N twisted volume reduction.
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I. INTRODUCTION

In the last decade, it has become increasingly common
for lattice studies of QCD and QCD-like systems to reach
percent or even subpercent levels of accuracy. Recent
paramount examples are the lattice computation of the
hadronic contribution to the muon anomaly (see review [1]
and references therein) or the lattice computation of the
strong coupling constant (see Ref. [2] and references
therein). As a higher precision is achieved, new possible
sources of systematic effects must be investigated and
controlled. In this regard, scale setting plays a crucial role,
as its uncertainties and systematics propagate to any
observable which needs to be converted from lattice to
physical units.

Gradient flow [3-6] scales have become a standard
choice for scale setting, requiring only the numerical
integration of the gradient flow equation and computation
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of the energy density on the lattice. These are considered to
be reliable reference scales, as numerical integration can be
performed with arbitrarily small systematic error, and the
energy density can be determined with high statistical
precision. However, it is widely acknowledged that the
scale-setting procedure via gradient flow may be subject to
a bias due to finite-volume effects and topological
freezing [7,8]. Topological freezing [9—11] constitutes a
computational challenge that pervades Monte Carlo sim-
ulations of all lattice field theories possessing nontrivial
topological properties when employing conventional local
algorithms in the vicinity of the continuum limit. As the
lattice spacing a decreases, the Markov chain tends to
remain trapped in a fixed topological sector, thereby losing
ergodicity. It is well-known that expectation values taken at
fixed topology suffer from powerlike finite-volume
effects [12,13], thus a fixed topology enhances finite-size
corrections with respect to the usual exponentially sup-
pressed ones. Moreover, after the gradient flow, the energy
density used to extract gradient-flow scales becomes
highly-correlated with the topological charge of the under-
lying gauge fields. Thus, the ergodicity problem due to the
incorrect topological sampling could also introduce
unwanted biases in the scales themselves [7].

The goal of this paper is to perform the scale setting of
large-N Yang-Mills theories via the gradient flow on
lattices with lattice spacings as fine as ~0.025 fm. Our
main motivation is related to the fact that this is a necessary
first step towards the determination of the large-N

Published by the American Physical Society
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A-parameter via step-scaling [14] from a finite-volume
renormalization scheme based on the use of twisted
boundary conditions [15]. This is an ongoing project we
are carrying on [16—19]. In the regime we are interested in,
systematic effects related to topological freezing are par-
ticularly relevant (see below), and require to be addressed
with particular care. Pursuing our principal goal thus
requires to quantitatively characterize the behavior of
systematic effects on gradient-flow scales in the presence
of a frozen topology. Such topic is of much broader interest,
and goes beyond the study of scale setting in large-N gauge
theories. Hence, our investigation may also be a useful
reference on the subject even for communities working on
other lattice field theories.

To better contextualize our study, it is useful to briefly
review the existing determinations of gradient-flow scales
in SU(N) Yang-Mills theories. The case N = 3 has been
studied in most detail [5,20-23]. However, only one
paper [21] determined gradient-flow scales below a lattice
spacing a ~ 0.067 fm with a definitive strategy to deal with
topological freezing (namely, Master Field simulations).
Concerning the case N > 3, gradient-flow scale setting has
been addressed in only one paper [24] for N = 4, 5, 6 and
adopting open boundary conditions (OBCs) [25,26] to
alleviate topological freezing. There, only results down
to a ~ 0.064 fm have been reported. We have collected all
pure-gauge determinations of the lattice spacing in units of
to discussed so far in Fig. 1, where ?, is displayed as a
function of the inverse bare 't Hooft coupling b =
(Ng*)~! = B/(2N?), with f the standard inverse gauge
coupling. For illustrative purposes, the conversion of a to
physical units was performed assuming /8%, = 0.475 fm
[21] for every N. The present status is clearly insufficient
for our goals—requiring lattice spacings as fine as
0.025 fm—and reflects the inherent difficulties in
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FIG. 1. Status of determinations of the popular gradient-flow
scale #; in lattice units [see Sec. II for its definition] in large-N
Yang-Mills theories. Data for N = 3 come from Ref. [20] (PBCs)
and Ref. [21] (Master Field), while those for N = 4, 5, 6 come
from Ref. [24] (OBCs). The right y-axis uses /87, = 0.475 fm
for every N to convert the lattice spacing in physical units. The
x-axis reports the inverse "t Hooft coupling b = 1/1 = /(2N?),
with f the standard inverse gauge coupling.

performing reliable simulations for N > 3 even at coarse
lattice spacings, due to the well-known worsening of
topological freezing occurring when N is increased.
Such difficulties can be quantified by the scaling of the
integrated autocorrelation time z(Q), the number of lattice
sweeps necessary to generate two decorrelated samples of
the topological charge Q. In Fig. 2, we show 7(Q) as a
function of b using the data of [27], obtained adopting
periodic boundary conditions (PBCs). Just as an example,
consider the case b ~0.355, corresponding to a ~0.052,
0.074, 0.087 fm for N = 3, 5, 8, respectively. One finds
7(Q) =3 x 10%,6 x 10, 10° in units of number of lattice
sweeps. Despite the fact that OBCs alleviate topological
freezing, the regime N > 3 and a < 0.065 fm still remains
challenging and unexplored. For example, using the data of
Ref. [24] for the number of updating steps separating
two subsequent decorrelated measures of the topologi-
cal susceptibility, and expressing them in the same units
used in [27] as done in Ref. [28], one can estimate 7(Q) ~
1.5 x 10* lattice sweeps for N = 6 and a ~ 0.064 fm (the
finest lattice spacing explored in that study). On top of this,
the larger temporal extent required to eliminate boundary
effects adds an extra computational cost that should also be
considered.

To pursue our goals, it is therefore clear that a novel
numerical strategy must be devised. In this work, we adopt
the Parallel Tempering on Boundary Conditions (PTBC)
algorithm to effectively mitigate topology freezing, in
combination with Twisted Boundary Conditions (TBCs)
to efficiently implement finite-size scaling. The PTBC
algorithm is a well-established method of mitigating
topological freezing in a variety of physical regimes (fine
lattice spacings, large N, zero and finite temperature), both
in 2d models [29-31], and in 4d non-Abelian gauge
theories with [32] and without [19,28,33-36] fermion
content. Recently, the PTBC algorithm has been shown
to outperform both PBCs and OBCs simulations for what
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FIG. 2. Behavior of the integrated autocorrelation time of the
lattice topological charge 7(Q) as a function of the inverse
't Hooft coupling b = 1/1 = /(2N?), with B the standard
inverse gauge coupling. These data, obtained from standard
PBC simulations, come from Ref. [27], and refer to the lattice
clover topological charge computed after cooling.
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concerns the autocorrelation time of Q at fixed numerical
effort, and has been employed to compute the topological
susceptibility for lattice spacings much finer than those
reached with these strategies [28]. The choice of TBCs over
standard PBCs is instead driven by the concept of twisted
volume reduction [37-39] (Refs. [40,41] provide compre-
hensive reviews on this subject). It has been demonstrated
that, under certain conditions that are satisfied thanks to
TBCs, Yang-Mills theories enjoy a dynamical equivalence
between color and space-time degrees of freedom in the
large-N limit [42]. In the context of a finite N, and when
considering specific choices of the twist, the finite-volume
effects associated with an L x L lattice plane with TBCs
should be equivalent to those with PBCs and L — NL, up
to 1/N? corrections. This enables a reduction in the volume
of the simulated lattices as N increases, whilst maintaining
control over finite-volume effects.

In the following, we present scale setting results for
N =3, 5 8 down to lattice spacings as fine as
a ~0.025 fm, focusing on the values of b that are
necessary for our forthcoming calculation of the large-N
A-parameter via step-scaling. More precisely, we determine
1o avoiding topological freezing thanks to PTBC for several
lattice volumes and bare couplings in order to perform a
detailed finite-size scaling study and quantitatively char-
acterize finite-size corrections, both for ergodic and for
fixed-topology simulations. This is a crucial point to attain
our goals, as it allows the explicit subtraction of finite-size
effects even in extreme cases where it is not feasible to
simulate lattices large enough to avoid finite-volume
effects. Our investigation allows also to check the con-
vergence of ergodic and fixed-topology simulation data to
the same value in the infinite-volume limit.

It should also be stressed that, while there are practically
no previous results to compare with for N = 5, 8, our scale-
setting results for N = 3 have instead been computed with
the goal of comparing with the Master Field simulations
of [21]. Since the Master Field approach has its own set of
assumptions (e.g., possible difficulties in defining thermal-
ization, possible issues with the diffusion of local topo-
logical fluctuations), checking the agreement with results
obtained with an ergodic algorithm that explores different
topological sectors is a significant accomplishment, that is
first achieved in this study.

This paper is organized as follows. In Sec. II we define
the several gradient-flow scales we will compute. In Sec. I1I
we describe our lattice discretization, Monte Carlo algo-
rithm and numerical strategies. In Sec. IV we present our
numerical results for N = 3, 5, 8 and in the large-N limit.
Finally, in Sec. V we draw our conclusions and discuss
future outlooks of this investigation.

II. SCALE SETTING WITH GRADIENT FLOW

The scale of SU(N) Yang-Mills theories can be con-
veniently set using the gradient flow [3-6], a smoothing

procedure that evolves the gauge fields A,(x) in a time ¢
according to the flow equation,

0,B,(x,t) = D,F,,(x,1), B,(x,t=0)=A4,(x), (1)
where D, and F,, are the covariant derivative and the field

strength tensor of the flowed fields B, (x, ). The gradient-
flow scale ¢, is defined for SU(3) as [5]

3

<t2E(t)> |t:to - 10

- =03, 2)

where E(t) is the energy density of the flowed gauge fields,
1
E(1) :ETr[Fﬂu(x’ t)F/w(x’ 1)]. 3)

In physical units, this corresponds to /81y~ 0.475 fm
[21]. To generalize this definition to SU(N), consider that,
in the small-¢ perturbative limit, the scaling with N of
E(t) gives [5]

N> -1
2 ~
(PE®) ~ =

(4)

Thus, a definition of 7, that remains finite in the large-N
limit and coincides with Eq. (2) for N = 3 is given by [24]

olto) = 830 01125, (s)
where
#l1) = 15— (PE(D). (©

Analogously, one defines w% [43] in the large-N limit
through the logarithmic derivative of ¢(z),

do(1) 9
~57| L =gg=0-1125. (7)

[:\VO

t

In addition to these two, we will also consider the scale 7,
defined as cutting ¢(7) at half the threshold of #, [44]:

9

The preference for one or other of these scales is dictated by
the need to minimize finite-volume effects and/or lattice
artifacts on the flow. Given that the gradient flow smears
the gauge fields on a ball of radius \/§ a condition to
minimize both effects at a given flow time ¢ would be

a < /8t < [, with a the lattice spacing and [ = La the
physical size of the lattice.
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The normalization of ¢(#) chosen in Eq. (6) cancels the
leading and subleading scaling with N predicted by
perturbation theory. Alternative definitions, canceling only
the leading N-dependence of the flow, can also be found in
the literature [45,46]:

1
'(ty) =—==0.1
W1 =15 = 0.1 ©)
¢'(t) = i = 0.05, (10)
77720
and
dg'(1) 1
t =—=0.1, 11
dt t:Wrz 10 ( )
0
where

o(1) =~ (PE(1).

N (12)

These definitions, adopted in twisted-reduced models
where N ~ O(10?-10%) is so large that N> — 1 ~ N?, define
scales with a finite large-N limit too, but only coincide with
the previous ones for N = 3.

Finally, to study the effect of topology on the scale
setting, we will also compute all the scales obtained when
the flow is projected into the sector with topological charge
Q = 0. This is achieved replacing ¢(r) with

N (PE(t)800)
N> =1 (5090)

with 6y, = 1 when Q = n and 0 otherwise, and the same
for ¢'(r). As explained in the Introduction, a fixed topo-
logical sector should not affect the gradient-flow scales
defined in the thermodynamic limit. However, taking into
account both the projected and nonprojected definitions
enables us to identify the finite-volume effects introduced
by a frozen or poorly sampled topology.

@o(1) (13)

III. NUMERICAL SETUP

In this section, we describe our lattice setup and the
algorithm used for the simulations. We also present a
general discussion on the expected lattice artifacts and
finite volume effects on the flow.

A. Lattice action and observables

We discretize the pure-gauge SU(N) theories for N = 3,
5, 8 using the Wilson plaquette action on lattices with a
long size [ = La along the two directions y =0, 3 and a
short size [ = Lya < [ along u = 1, 2. We impose standard
PBCs along the long directions and TBCs
[15,37] in the plane with two short directions. The lattice

action is given by

SW[U] = —NbZZ;U(x)Tr[PW(x)],
X UFEV

(14)

where b =1/ is the inverse 't Hooft bare coupling
(A= Ng> =2N?/p, with B the usual lattice coupling)
and P, (x) is the plaquette,

Pu(®) = U,(0)U, (x + a@) Up(x + ad)UL(x).  (15)
The factor Z,,(x) implements TBCs. For u < v,
ei% (/l,l/>:<1,2)

Z,(x)=2Z;,(x) = ox,=x,=0" (16)

1, otherwise,

where k is an integer coprime with N. We take k =1, 2, 3
for N =3, 5 and 8, respectively, for reasons that will
become clear below.

This setup is analogous to the one of Refs. [16,19],
which was used to determine the renormalized strong
coupling in the twisted gradient flow scheme. In that
instance, the aspect-ratio [/l = N and k were predeter-
mined as part of the scheme definition. However, the
gradient-flow scales that are of interest in this study are
defined in the thermodynamic limit. Consequently, they
should not be dependent on the lattice geometry or the
boundary conditions. Nevertheless, their choice can be
optimized to reduce finite-volume effects. In this work, the
same choice of twist as in [16,19] is maintained, selecting k
and N such that they are separated by two steps in the
Fibonacci sequence. In the twisted gradient flow scheme,
this choice allows to circumvent the emergence of
tachyonic instabilities in the large-N limit that invalidates
the property of reduction [47].

Furthermore, in contrast to Refs. [16,19], the aspect ratio
1/1, is not fixed to the number of colors. Instead, a series of
simulations are conducted, encompassing various combi-
nations of / and /,. The objective is to quantify and control
finite-volume effects, but also to analyze the reduction of
finite-size effects in the short and twisted directions,
expected from TBCs over PBCs. It is anticipated that finite
size effects in /; will fully disappear in the limit of large N.

As dimensionless energy density on the lattice, we use
the clover definition,

1
a*E(1) = Eqo(1) = =5 Tr[Cu(x. )Cu(x. 1)), (17)
where C,, (x, 1) is the clover operator on the (x, v) plane in
the site x evaluated after the gauge links have been evolved
for a flow time ¢. It is defined as the anti-Hermitian and
traceless part of
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1 N
Z[ ;u(x)P/w(x’ t) + Z;u(x - al/)P—uy(xv t)

+ Z;u(x - aﬁ>Pv—u(x’ t)
+ Z;u(x - Clﬂ - ai>>P—;t—I/(x’ t)}’ (18)

where U_,(x,1) = Uj(x — aji. 1).

The flow equation in Eq. (1) is discretized and integrated
with the adaptive third-order Runge-Kutta method
described in Ref. [48]. This procedure allows the determi-
nation of both ¢(t) and ¢’ (¢) for discrete times T = t/a>. In
order to ascertain a scale, a spline interpolation of ¢(7) and
@' (1) (or its derivatives for w} and w) and of its statistical
uncertainty is performed, after which the time at which it
intersects the threshold defining the scale is extracted.

In order to study the effect of topology on the scale
setting, one further ingredient is required; namely, a
definition of the topological charge on the lattice. Given
the clover discretization

Quos(1) = D HETHC (5. 0Cpo(x. )], (19)

X UUpoe

we assign to each configuration an integer topological
charge,

0= round[chov(tO)}' (20)

We verified that Q. () reaches a plateau in ¢ before 7, and
is close to an integer number, thus it can be safely rounded
to the closest integer. This allows to define the projection
into the Q =0 topological sector in Eq. (13). As an
example, in Fig. 3 we show a lattice determination of ¢,
with and without topological projection.

to/a® (An
0.150 1 o/ , (Any @)
to/a? (Q =0)
0.125
0.100 1
50,0751
0.0501
0.1125 + == €~ - --
0.025 1
0.000 1
0 10 20 30 40
t/a?
FIG. 3. Example of the determination of 7, on an SU(3) lattice

with L = 38, L, = 24, b = 0.37583 and TBCs, with and without
projection to Q = 0.

B. Monte Carlo algorithm

The determination of the gradient-flow scales without
resorting to the Q = 0 projection requires a correct sam-
pling of the topological charge. As outlined in the intro-
duction, this is a complex task due to the occurrence of
topological freezing at the fine lattice spacings that will be
simulated. Topological freezing, moreover, further worsens
when increasing N at fixed lattice spacing. Open boundary
conditions [25] or master field simulations [49] have been
employed to circumvent this issue in the case of SU(N)
pure gauge theories [21,24]. In this paper, the PTBC
algorithm is adopted, following the implementation of
Ref. [19] with TBCs in the short directions. Originally
proposed for two-dimensional CPY~! models [29], the
PTBC algorithm has been widely employed in the last
few years to improve the state of the art of the lattice
determination of several quantities. Various numerical
studies have demonstrated that this approach leads to a
substantial reduction in the autocorrelation time of the
topological charge when compared with standard
algorithms [19,28,30-36].

The main idea of the PTBC algorithm is to consider N,
replicas r =0, 1, ..., N, — 1 of the lattice, each one differ-
ing for the boundary conditions imposed on a small
subregion called the defect D. We choose D to be an L}
spatial cube, placed on the time boundary x, =L — 1.
Links that cross D orthogonally (i.e., temporal links) are
multiplied by a real factor ¢(r). For the physical replica
(i.e., the one on which observables are computed)
¢(0) =1, so the defect has no effect and links enjoy
PBCs. The other replicas interpolate between periodic and
open boundary conditions on the defect: ¢(N, — 1) = 0 for
the last replica and 0 < ¢(r) < 1 for those in-between.
With TBCs, the defect is implemented by taking as the
action of the replica r,

S, = =bN S K (0 Zs, (TP (0], (21)
X pFV

where U, denotes the gauge links of the replica r. The

factor K's"(x) changes the boundary conditions on the
defect, similarly to how the twist factor Z,, (x) in Eq. (16)
implements TBCs:

K" (x) = K" (x) - K (x + at)
KD (x4 ap) - K (x), (22)

e(r c(r), m=0,xeD,
ki = . 23)
1, otherwise.

For what concerns the Monte Carlo sampling, each
replica is updated simultaneously and independently per-
forming 1 lattice sweep of the standard local heat-bath
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algorithm [50,51], followed by n,, = 12 lattice sweeps
of the standard local over-relaxation algorithm [52].
Then, swaps among two adjacent replicas (r,s =r+ 1)
are proposed and accepted via a Metropolis step with
probability

P(”’S) :min{l,e Asﬁwp} (24)
ASﬁ;}fl%) = Si;(r))[us] + Si,f,(s))[Ur]
S&/(r))[Ur} S&/(S)){UJ (25)

The values c(r) of intermediate replicas are tuned with short
test simulations in order to achieve a mean acceptance p of
swaps around 20% for each pair of replicas. Thus, a given
field configuration performs a sort of random walk among
different replicas. Moreover, to improve the performance of
the algorithm, the defect is translated randomly around the
lattice and local updates are more frequent around it.
Finally, concerning the defect size, we chose it to be
approximately constant in physical units, [; =al,;~
0.18-0.20 fm, which was proven to be the optimal choice
in previous PTBC studies [19,28,33]. Once [, is fixed, the
number of replicas is scaled with b and N as N, ~ N L3/ 2
keep p ~20% constant, see [19,28,33] for more detalls

C. Improvement of lattice artifacts

In order to obtain a tree-level improvement of the lattice
observables used to compute ¢(¢) and ¢'(¢), one can resort
to perturbation theory. In the continuum and at leading
order in the ’t Hooft coupling constant [45,53,54]:

(p/(l‘) :Ncont<Nv l’ lsvt)(/l—i_)’ (26)
where
(N, 11, 1) = 3 A( N) (27)
cont s 128 2 X, xsv )
with
Al N) = 00 |5 = PPy 28
and
8t 8t ~ i
= l_2 s Xy = (Nl)2 s 9()6) = 93 <0, ;) s (29)

with 05 the Jacobi theta function.

On the lattice, with the clover definition of the energy den-
sity given in Eq. (17), one should replace the normalization
N ot by the expression obtained when expanding the
clover energy density in lattice perturbation theory [45,53]:

72 - ¥7sin? (g, )cos(q,/2)

NN, L,L,,T) = ,
latt( K ) 2Veff . QZ

(30)

where t =Ta?, | = La, I, = Lia, Ve = (NL,L)?, and
g, = 2sin(q,/2) is the lattice momentum, with ¢, =
271'n” [Lege for n, =0, ..., L — 1. The effective size L
is L along the dlrectlons 1 = 0,3 with PBCs and NL; along
u =1, 2 with TBCs. The prime in the sum denotes the
exclusion of momenta with both components on the twisted
plane multiple of 2z/L,, that is n;, mod N =0 and
n, mod N = 0. Thus, a tree-level improvement of lattice
artifacts in the flow can be attained by multiplying ¢(7) and

@' (1) by

Ncont(N L, ls’t)
Niaw(N.L.L;. T)

N(N,L.L,,T) = (31)

It should be noted that this choice only removes classical
lattice artifacts in the observable used to define the flow,
while those associated to the discretization of the lattice
action and of the flow equation are left untouched [55].

D. Twisted volume reduction in the large-N limit

One of the objectives of the present paper is to examine
how the effects of finite volume are mitigated when using
twisted boundary conditions at finite N. One of the
consequences of reduction is an enlargement of the
effective size in the directions subject to TBCs. For our
particular choice of twist, this amounts to replacing

[, — l(eﬁ) NI,. While this holds exactly in the large-N
limit, there is an expllclt dependence on the actual torus size
at finite N, which becomes suppressed in inverse powers of
N. In order to illustrate this point, consider the leading
order in perturbation theory, where the leading volume- and
N-dependence of the flow can be straightforwardly derived
from Eq. (26). Taking into account that

(32)

one gets, at leading order in the coupling:

4

3(N2—1){ S

/
1) =
?'(1) = g ane

e—l?/<8f>} A (33)

up to exponential corrections in /2/(8¢) and [l (eff) ] /(81).
This expression reflects the underlying principle of reduc-
tion; in the large-N limit, irrespective of the size of the torus
in the twisted directions, the thermodynamic limit is
recovered with corrections that depend only on the effective
volume. The perturbative expansion of Wilson loops has
been shown to exhibit a similar behavior, with the
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dependence on the small size being suppressed as 1/N? in
the large-N limit [56,57]. In accordance with these obser-
vations, we conjecture that, by virtue of large-N twisted
volume reduction, the finite-size effects on the gradient-
flow scales can be adequately characterized as follows:

(N1 ey AW (5
7—1 G(I™ 1 F A, 34
PR GRURS vl (34)

with A(N) ~ O(N°), and 1,(N) = t,(N, 00, 00) the thermo-
dynamic limit of #, for a given N. Analogous expressions
hold for all the other scales. It is important to emphasize
that this expression reflects the power of the large-N
volume reduction; the term proportional to F tends to zero
as N increases and the large-N result coincides with the one

for l§eff) = o0, irrespective of the value of /.

From the field-theoretical point of view, the actual
functional form of the functions F and G depends on
whether expectation values are taken in a fixed topological
sector, or averaging over all topological sectors. This is
crucial to determine the expected finite-size effects in
the presence/absence of topological freezing. If topology
is correctly sampled and expectation values are taken
averaging over all relevant values of Q, finite-size effects

on the energy density are expected to be exponentially

suppressed in [, /; and lFfff), at least if these sizes are large

enough in units of /8¢, to be sufficiently deep in the

nonperturbative domain in which 7, is defined. Given that

l (eff) .1 > [, finite-size corrections at finite N will be

domlnantly due to the F-term and to its dependence on
the short size:
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with m some physical mass scale of the theory. Instead, if

the gradient-flow scales are computed in a fixed topological

sector, finite-size effects in /, /; and lgeff) are expected to be

powerlike, and O(1/V) (for F) and O(1/V.) (for G) at
leading order [12,13], with V.;=N?V=N?[?I2. However,
due to the 1/N? suppression of the F-term with respect to
G, eventually also that term becomes O(1/Ves). Thus, in a
fixed topological sector Q = n, the dominant finite-size
correction will be

N
Iy (N) O=n B

with C(N) ~ O(NO).

IV. RESULTS

In this section, we present our main results for the
gradient-flow scales. After a brief explanation of our choice
of the simulation parameters, we present the determination
of the scales on an N-by-N basis and analyze the systematic
effects associated to finite volume and topological freezing.
Next, we study the dependence on the number of colors and
perform a global analysis of finite-volume and finite-NV
effects to illustrate the effect of reduction. We finally
present results on the continuum extrapolation of various
ratios of scales to analyze the effect of the improvement of
lattice artifacts.

A. Simulation parameters

The simulated values of the inverse bare 't Hooft
coupling b selected for each value of N in this study were
determined based on the requirements for computing the
corresponding SU(N) A parameter via step-scaling. To this
end, a finite-volume renormalization scheme is employed,
whereby the running coupling scale is set proportional to
the box size; u o« [~!. In this particular context, the coupling
is evolved from a conventional hadronic reference scale
Unaq Into the perturbative domain. In this domain, pertur-
bation theory is applicable, and a matching to a perturba-
tively defined scheme, such as MS, can be performed. The
reference scale py,,q should then be converted to physical
units using a standard reference scale, such as ¢, by
determining jfi,q X \/fy, in the continuum limit. Scale
setting enters exactly here; to determine p;,q in units of
/1o, one needs to know ,/7;/a in the range of lattice
spacings where apy,q is defined.

In our step-scaling study, the reference scale py,q iS
defined by the condition that the renormalized 't Hooft
coupling in the twisted gradient flow (TGF) scheme, as
defined in Ref. [16], is set to a given value A(py,q), chosen
in such a way that a determination of /7;/a is feasible
while keeping lattice artifacts under control. The TGF
renormalization scheme is defined in a TBCs setup analo-
gous to the one presented in this paper, the only difference
being that the aspect ratio ///; is maintained fixed and equal
to the number of colors N (for further details see Ref. [16]).

The TGF coupling A(TO(%F (u) is defined as

M) = Nab(N LN D@ (0] e (37)

where ¢ is the flow time and the renormalization scale yu is
determined by relating the smoothing radius /87 of the
flow to a fraction (¢ = 0.3) of the box size [. This scheme
has several advantages, such as a reduced memory footprint
with respect to standard lattice simulations on symmetric
(I = 1)) lattices.

When it comes to tuning the lattices that define ay,,q, our
choices for lattice sizes L; are constrained by two require-
ments; L; must be a multiple of N to have an integer L, and
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TABLE L Sim%lation parameters of the lattices tunegi to have a
TGF coupling A (thaq) = 44.81 (N =5, 8) and A\ (tnaa) =
34.43 (N = 3). They correspond respectively to / ~ 1.3 fm and
1.1 fm, where [ = 1/(0.34paq)-

N b L L,
0.35883 24 8
3 0.37583 36 12
0.38844 48 16
0.35971 20 4
5 0.37504 30 6
0.38683 40 8
0.35867 16 2
8 0.38352 32 4
0.40008 48 6

a(b;) £ 0.1 fm to avoid excessively large lattice artifacts.
This has led to select two particular choices of the TGF
coupling, A% (spa) = 34.43 (N = 3) and 44.81 (N =5,
8). These correspond to constant lattice sizes [ = 1.1 and
1.3 fm (up to lattice artifacts) respectively. For each lattice
size L;, the value of the bare coupling b; corresponding to a
given renormalized coupling is determined following the
strategy described in Refs. [16,19]. The process involves
the fitting of the dependence of the renormalized coupling
on b at every given value of L. The results of the tuning
procedure are reported in Table 1. It is important to stress
that this choice implies a rather rapid decrease in the
required lattice spacings. As an example, for N =5, the
choices L; =20, 30, 40 and [/~1.3 fm imply that
a(b;) ~0.065, 0.043, 0.033 fm, respectively.

It is clear that, for scale-setting purposes, all tuned bare
couplings fall within the regime where topological freezing
is very severe. As an example, in the case of N =35
discussed above, we estimate autocorrelation times for
PBCs as 7(Q) ~2.8 x 10*,8.5 x 107,4.0 x 10'!, for each
of the tuned lattice spacings. These values are derived using
the results for 7(Q) obtained in Ref. [27], by noting that the
log[z(Q)]/N data (N > 3) follow a common linear curve
when plotted against the variable v/N/a’/?, see Fig. 4.
Thus, performing the scale setting in this regime using
standard methods would be impossible. On the other
hand, with PTBC the autocorrelation times of Q in the
periodic replica (at fixed acceptance and defect size in
physical units) scale polynomially with both N and 1/a;
79(Q) ~V/N/a?. The required number of replicas also
exhibits a polynomial scaling N, ~ N/a’/?. These behav-
iors were demonstrated in [19,28,33]. As discussed in
Ref. [28], this ultimately leads PTBC to outperform both
PBCs and OBCs simulations at fixed numerical effort. As
an example, using the data reported in Ref. [24] for OBCs
and in Ref. [28] for PTBC, one can estimate 7(Q) =~
5x 10* and 7y(Q) ~5 x 10> (with 20 replicas) lattice
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FIG. 4. Approximate collapse of log[z(Q)]/N (N > 3) as a
function of /N /a3/2 with PBCs. This plot uses data from
Ref. [27]. Lattice spacing determinations of [27] in terms of
the string tension o have been converted to 7, units using the
result 1/8fyc = 1.2068(46) —0.997(69)/N? of [28].

sweeps, respectively, for the coarsest lattice spacing of
N =5 considered here.'

Table II provides a comprehensive overview of all the
simulation parameters used in this study. Even when using
PTBC, one has to face a nontrivial computational challenge
to explore the required regime. Given that we only need
scale setting determinations at the bare couplings in Table I,
the most efficient approach is to perform dedicated sim-
ulations at these values. In addition, we combined PTBC
with finite-size scaling to minimize the memory require-
ments of our computation.

For each combination of N and b, simulations were
performed for several lattice volumes, considering both
projected and nonprojected gradient-flow scales in order to
achieve full control over the shape of finite-size effects,
according to Egs. (35) and (36). This allows to subtract
finite-size effects in both the short and the long size and to
achieve solid determinations in the infinite-volume limit, as
well as to check the agreement of projected and non-
projected quantities when [ — oo. This approach is essen-
tial for controlling finite-volume effects, even in cases
where performing direct simulations on sufficiently large
volumes would require significant time and memory
resources (to store all the replicas for large lattice volumes).
Indeed, our code implementation for PTBC can only run on
a single-node setup. While this problem could in principle
be avoided by parallelizing the code across several nodes,
in practice this would require rewriting our code from
scratch. This limitation affects our simulations on the finest
lattice spacing of N = 5 and 8. In these cases, we opted to
take the infinite-volume limit of scale determinations

"This comparison was performed by normalizing the cost of
one lattice sweep to the same lattice volume in order to take into
account the fact that OBCs simulations need a larger time extent
to avoid boundary effects. See Ref. [28] for a thorough discussion
on this point.
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TABLE II. Summary of simulation parameters using TBCs. We
report both the inverse bare ’t Hooft coupling » = (N?g)~! and the
standard inverse bare gauge coupling # = 2N?b. With the Stan-
dard algorithm, only the physical replica is simulated and there is
no defect. In every case, the number of over-relaxation sweeps per
heat-bath sweeps is n,, = 12. V. is the largest volume simulated
for each (N, b). For the PTBC algorithm, the number A of
Monte Carlo steps between measures was chosen such that the
integrated autocorrelation time of E(f=~1f,) is about one. The
reported statistics N is the number of measures after thermal-
ization, averaged over all the volumes simulated for each (N, b).

N b p Algorithm N, L; V.. A N,
0.35883 6.459 PTBC 18 4 242362 4 1.4x10*
3 0.37583 6.765 PTBC 34 6 302542 12 1.6x 103
0.38844 6.992 PTBC 54 8 322602 16 5.7 x 102
0.35971 17985 PTBC 21 3 162262 6 1.6x 10*
5 0.37504 18.752 PTBC 32 4 22240> 8 3.9x103
0.38683 19.342 PTBC 44 5 162422 12 2.5x103
Std. 1 -+ 282462 120 3.2 x 103
0.35867 45910 PTBC 18 122182 4 2.5x 10*
8 0.38352 49.091 PTBC 46 4 24%36> 8 1.4x 10
0.40008 51.210  Std. 1 - 36260> 80 6.1 x 102

obtained from standard PBCs simulations (frozen in
0O = 0). We anticipate that, in all other cases where explicit
PTBC simulations were performed, the infinite-volume
limit of projected data will always yield results that agree
perfectly with the infinite-volume limit of unfrozen PTBC
determinations (as expected from general theoretical argu-
ments). As detailed in the Appendix, this approach has
been further crosschecked by performing one explicit
N =5 PTBC simulation on the finest lattice for one
intermediate value of the volume, and then subtracting
the finite-size effects determined from coarser ensembles.
This resulted in perfect agreement with the infinite-volume
limit of frozen data, thus this further point has been
included in the analysis too.

Finally, at the end of our calculation, an important cross-
check will be to explicitly verify that bare couplings tuned
to correspond to the same renormalized A(T%F(,uhad) also
correspond to the same value of the lattice size / in units of
some gradient-flow scale.

B. Scales on an N-by-N basis

We determined the gradient-flow scales with TBCs for
three lattice spacings for each value of N = 3, 5, 8, with
several combinations of lattice sizes. We used both Egs. (6)
and (12) as definitions of the flow, with and without the
improvement in Eq. (31). We report the full raw results in
the Supplemental Material [58].

The following analysis of finite-volume effects was
carried over in the same way for each N separately and
for all the definitions of the scales, only distinguishing

whether using the topological projection to Q = 0 or not.
Thus, we call a generic scale in lattice units S if not
projected and S() if projected. For the sake of maintaining
the discussion compact, we will only show results for ¢,
with the normalization of Eq. (6).

Let us start from the scales obtained considering all
topological sectors. We will assume that finite-volume
corrections are independent of the lattice spacing, once
the lattice sizes are expressed in physical units. This allows
to fit data obtained at different values of b at once. Also,
since at this stage we are analyzing each N separately, we
are not enforcing any particular N-dependence in the fit
parameters. This will allow to check the expected 1/N?
suppression of finite-size corrections in the short size ;.

Concerning possible finite-volume corrections in the
long size [ and the effective size l.(ftf) = NI, we expect
them to be exponentially suppressed as those in [, as

discussed in Sec. [II D. Given that lgeff) > 1> 1, we will
assume them to be subleading and negligible. Thus, for
each combination of N, b and [, we just took the largest
[ = [ ,.x among those simulated and fitted only the follow-
ing dependence on /:

S(N’ b’ LS’ Lde)

=1 —A(N)e MWL WMD) (38
S (M)e (38)
with L, (N,b) =L,/\/8S(N.b). The underlying

assumption, which we will check a posteriori later, is that
the values of [, entering the fitted dataset are large
enough in physical units to neglect their associated volume
corrections at our statistical precision. In particular, we

anticipate that our data will satisfy L (N,b)=

Lyax/\/8S(N,D) Z 3 in every case, a value which has
been shown in previous studies to be sufficient to contain
finite-size effects (see, e.g., Refs. [20,24]).

In Fig. 5 we show the fitted ?S—dependence for the
improved ;. To show all the values of N and b in the same
figure, we plot the ratio To(N,b, L, Ly.)/To(N,D),
where the numerator is our lattice determination, while
the denominator is the infinite-/; limit determined from the
fits. Results for different lattice spacings fall on the same
curve, confirming our hypothesis that IR finite-size effects
are practically insensitive to UV discretization effects.

As it can be seen in Fig. 5, finite-size effects in the short
size are well-described by an exponential suppression, and
become smaller at larger N, signaling a suppression of the
prefactor A(N) in the large-N limit. Such suppression is
expected to be ~1/N?, see Eq. (34). In Fig. 6 we indeed see
that N2A(N) has a finite large-N limit, in agreement with
our expectations. In the same figure we also show the
exponential decay constant M, which turns out to not
depend significantly on N, and to be of the same order of
magnitude of the Yang-Mills mass gap. Indeed, for the
large-N limit of M = /8tym we find
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FIG. 5. Dependence on the short size I, of the nonprojected
scale #, with improvement of lattice artifacts, see Eq. (31). The
scales To(N, b, Ly, L,,,) are determined at the largest long size
| = I available, and satisfy I, = 3+/81,. All finite-volume
scales are normalized with their corresponding infinite-volume
result To(N, b) obtained from the N-by-N fits.

M, = \/8igmy, = 2.31(42). (39)

Using +/81y0|y_o = 1.207(5) [28], we find my/\/oc =
1.91(34), to be compared with the large-N Yang-Mills
mass gap MY /\/o = 3.072(14) [27].

To check whether the exponential corrections in the long
size are negligible as we assumed, we subtracted the fitted
exponential corrections in the short size from the determi-
nation of the nonprojected scales obtained at different
values of / and at one intermediate value of /;. Results for
the improved #,, showed in the left panels of Fig. 7, show

40

= 20

DRSS t

M(N)
w
——
—a—
—a—
——

0 1/82 1/5% 1/32

1/N?

FIG. 6. Dependence on N of the best-fit parameters A(N)
and M(N) in Eq. (38), obtained from the N-by-N fits of the
improved 7, shown in Fig. 5. As expected, A(N) = O(N~2) and
M(N) = O(NY).
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FIG.7. Left panels: dependence of the nonprojected scale 7, on
the long size [ after subtraction of the exponentially-suppressed
corrections in /. Right panels: infinite-volume results for the
projected scale téo). Colored bands represent the infinite-volume
result for the nonprojected scale.

no residual dependence on I for [ > 2.7,/8%,. In this case,
all results are compatible among them and with the infinite-
volume determination, represented by shaded bands in the
figure.

Let us now discuss the scales obtained after projection to
O = 0. Again, we will neglect exponentially-suppressed

corrections in the long sizes /, lﬁe“), and we will assume
finite-size effects to be the same for all » at fixed N.
Concerning the dependence on /g, the leading term appears
through the topological correction, which scales as

1/(UE™Y2 = 1/(N11,)2, but in our fit we will also consider
the subleading exponentially-suppressed term in /;. It will
turn out to be much smaller compared to the powerlike one,
but nonetheless present. Finally, we again fit each data set
at different values of N independently and without enforc-
ing any N-dependence in the prefactor. In the end, we use
the following fit function:

SO(N,b,L,, L)
SO(N, b)

L)
V

—A(N)eMMLNE) - (40)

with V =L2L2 and L (N.b)=L,/\/88O(N,b). As

for the fit without projection, we are neglecting
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FIG. 8. Dependence on N of the best-fit parameters A(N),
M(N) and C(N) in Eq. (40), obtained from the N-by-N fits of the
improved t(()o). The values resulting from the nonprojected fits
are also shown. Also in this case, A(N)=O(N-2) and
M(N) = O(NY), and values obtained with and without projection
are compatible at each N. Moreover, also C(N) = O(N~2) holds
as expected.

exponentially-suppressed corrections in the long sizes [/ and

zEeff), We only include in the fit those points with L =2,

for which we do not appreciate finite-I. effects in the

nonprojected scales. For thO), we show in Fig. 8 that

the prefactor C(N) is suppressed as 1/N2, and that the
exponential decay constant M(N) and its prefactor A(N)
turn out to be in agreement with the ones found for the
nonprojected data. These results also hold for the other
scale definitions. In Fig. 9, in order to show the finite-size
effects associated with the Q = 0 projection, we plot the
quantity
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FIG. 9. Residual dependence of the projected scale t(()o)
volume V = L?L.? in physical units, after subtraction of the fitted
subleading exponential corrections in the short size. The quantity
R is defined in Eq. (41).

on the

TO(N.b.L,.L)

R(N,b,L,,L) = -1
Ty (N.b)
+ A(N)e MML(N.b), (41)

that is, the residual finite-size corrections after the sub-
traction of the fitted exponential term, which is compatible
with the one of the nonprojected scale ¢,. It can be seen that
finite-size corrections after Q = 0 projection are indeed
dominated by powerlike terms, which are suppressed as N
is increased.

As a further consistency check, we compared projected
scales in the thermodynamic limit, displayed in the right
panels of Fig. 7, with the infinite-volume results obtained
from the nonprojected ones. As it can be seen, we find good
agreement among the two determinations. The largest
difference that we observe is about two standard deviations
for the finest lattice spacing at N = 3, which is likely due
to an under-sampling of topological fluctuations due to
insufficient statistics.

In order to give a final result for the scales, we combined
the projected and nonprojected extrapolated results into one
determination, and assigned to each scale a statistical and a
systematic error based on the differences between the two
determination:

(i) For the central value, we took the average between
the projected and the nonprojected infinite-volume
scales, weighted with their statistical errors;

(i1) For the statistical error, we just took the smallest of
the two;

(iii) For the systematic error, we took the semidifference
between the projected and the nonprojected scales,
weighted with an estimate of the probability that this
difference is not due to a statistical fluctuation:

§—8© §—8©
Asyst = | |CI’f( | | >7 (42)

2 27285
with
b
Aﬁtceﬁm ) = Asz'talS + Agtats(())' (43)

For the finest lattice spacings of SU(8), we only have the
scales projected into Q = 0 at our disposal. In these cases,
we assigned as a systematic error a fraction of the finite-
volume powerlike correction due to the topological pro-
jection evaluated on the largest volume available:
Ay = C(N)/(4V). We checked that this gives a good
upper bound on the systematic error we took for the other
cases via Eq. (42). Final results for the improved scales,
cf. Eq. (6), are reported in Table III.

Let us now compare our determinations with previous
results. In Fig. 10, we show that our results for the SU(3)
scale #, without improvement, reported in Table IV, are
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TABLE III. Infinite-volume scale-setting results of the N-by-N
analysis with TBCs, flow normalized as in Eq. (6) and improvement
of lattice artifacts in Eq. (31). Results with and without projection
onto the Q = 0 topological sector are combined into a single value
with a systematic error (in square brackets), as explained in the text.

TABLE IV. Infinite-volume scale-setting results of the N-by-N
analysis with TBCs, flow normalized as in Eq. (6) and no improve-
ment of lattice artifacts. Results with and without projection onto the
Q = 0 topological sector are combined into a single value with a
systematic error (in square brackets), as explained in the text.

Improved—N-by-N fit strategy

Unimproved—AN-by-N fit strategy

N b to/a* t,/a? wi/a? N b ty/a> t,/a? w3/ a?
0.35883 12.483(36)[22]  5.2414(75)[41] 12.993(75)[44] 0.35883 12.528(35)[23]  5.3052(76)[43] 13.000(75)[44]
3 0.37583 27.96(14)[1] 11.734(34)[1]  29.11(25)[2] 3 0.37583 28.00(14)[1] 11.797(34H[1]  29.12(25)[2]
0.38844 50.47(36)[63]  21.11(10)[10]  52.7(6)[1.1] 0.38844 50.49(36)[63]  21.17(10)[10]  52.7(6)[1.1]
0.35971  6.595(12)[3] 2.6794(22)[19]  7.115(38)[2] 0.35971  6.643(11)[4] 2.7463(23)[21]  7.120(39)[2]
5 037504 14.606(30)[26]  5.939(6)[10]  15.784(87)[22] 5 037504 14.651(29)[27]  6.005(6)[10]  15.790(88)[21]
0.38683 26.067(97)[19] 10.590(22)[5]  28.21(23)[2] 0.38683 26.104(96)[22] 10.655(22)[4]  28.23(23)[2]
0.35867 4.5507(73)[13] 1.8193(10)[4]  4.987(22)[1] 0.35867 4.6020(73)[13] 1.8883(10)[4]  4.986(23)[1]
8 0.38352 17.470(34)[1] 7.0045(62)[4] 19.182(92)[11] 8 0.38352 17.518(33)[1] 7.0691(62)[2] 19.184(95)[13]
0.40008 39.16(16)[1] 15.728(25)[1]  42.86(35)[7] 0.40008 39.21(16)[1] 15.79525)[1]  42.86(35)[7]

indeed compatible within less than one standard deviations
with an interpolation of the results of Ref. [21] in all cases.
For SU(5), we can only compare one lattice spacing with
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FIG. 10. Top panel: detailed comparison of our results for the
SU(3) unimproved scale 7, with a spline interpolation of results of
Ref. [21] (shaded band). Displayed error bars on our points are
the quadrature sum of statistical and systematic uncertainties.
Bottom panel: summary of present and previous large-N scale
setting results for f,/a’, cf. Fig. 1.

Ref. [24], as we explore much finer lattice spacings
compared to that study (our coarser lattice spacing is
approximately the same as their finest one). Also in this
case, our result 7o/a® = 6.643(11)[4] is compatible with
the interpolation of Ref. [24]’s data t,/a* = 6.6420(16) at
p =17.985. For SU(8), there is instead no result in
the literature to compare with. Overall, Table IV spells
out clearly how our setup allowed us to explore unprec-
edented regimes, which are out of reach for standard
algorithms.

Finally, we conclude our discussion by showing, in
Fig. 11, the reduction of finite-volume effects achieved
thanks to TBCs over PBCs for the scale 7,. With TBCs and
for a short size I, ~ /81, ~ 0.475 fm, 1, exhibits a ~10%
deviation from the asymptotic value for SU(3), which is
reduced to ~2% for SU(8). In the case of PBCs instead,
deviations by 50-100% are obtained for all N at [, ~ /81,.
Asymptotically, boundary conditions do not matter any-
more, and the two determinations agree.

C. Scales from a global analysis
of the N-dependence

The results presented in the preceding section lend
support to the hypothesis that finite-size effects in the
short twisted directions are suppressed by powers of 1/N?.
This section will undertake a more thorough examination of
finite-N and finite-size effects via a global fit, encompass-
ing all the values of N. We will proceed as before, by
analyzing separately the scales obtained by taking into
consideration all topological sectors and the ones derived
after projection onto the trivial topology sector.

In the case of the nonprojected scales, we consider again
the fit function in Eq. (38), but we now enforce the
following N-dependent form of the prefactor:
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FIG. 11. Comparison of the dependence of the nonprojected

scale t; on the size /; of the short plane with twisted (TBCs) and
periodic (PBCs) boundary conditions. Finite-volume results are
normalized with the thermodynamic-limit extrapolation of
to(N,b) obtained for TBCs. Results for PBCs are reported
without errors because those at small /; are obtained from a
linear extrapolation of ¢(7) beyond the largest time up to which
we integrated the flow equation.

- A A A 1
0=ty o)) e

The quality of the global fits is very good, with reduced
x> between 0.6 and 1 over 12 degrees of freedom for all the
scale definitions. To further check the assumption con-
cerning the N-dependence of the finite-size effects, we also
performed the global fits for #, setting A; = 0, that is,
neglecting subleading corrections to A(N), and found a
negligible effect on the infinite-volume scales and a still
acceptable quality of the fits. To illustrate the goodness of
the 1/N? scaling of finite-size effects even with this further
constraint, in Fig. 12 we show the quantity

5 [To(N,b., Ly, L)

N
To(N.b)

-1

as a function of L, for the improved f,. The points, already
presented in Fig. 5 with N-by-N fits, are now all fitted
together imposing A(N) = Ay/N?. As expected, when
appropriately scaled with N, all the points collapse on
the same curve.

An analogous analysis can be performed for the
scales obtained after topological projection. The global

0.0 F=mmmmmmmmmmmmmmm oo
—— 0.2 ? gl:}
| L.
3| -04
g
i@foﬁ ﬂl‘% ¢ N=3,b=035883
Sl ? - § N =3 b=037583
< |2 -08 $ N=3b=0.38844
50 It § N=5,b=035971
S -10q T/1 B N =5, b=0.37504
= 194 g # N=5,b=0.38683
i L $ N =8,b=0.35867
1.4 A ¢ N =28 b=0.38352
100 125 150 175 200 225
LS
3To(N, b)

FIG. 12. Dependence of the nonprojected scale 7, on the size L
of the short, twisted plane, as in Fig. 5, rescaling the finite-volume
correction with N2. Results are obtained from the global fit
imposing A(N) = Ay/N? in Eq. (38).

fit function is Eq. (40), imposing the form in Eq. (44) for
A(N) and similarly:

C

EN) =17 (45)

without subleading terms. Again, we obtain very good fit

qualities. For the improved tf)o), we show in Fig. 13 the

collapse of all the N-dependent curves presented in Fig. 9
when the residual volume correction Eq. (41) is multiplied
by N2.

These results are a confirmation that the expected
volume reduction tied to the use of TBCs is attained,
and that no residual dependence of finite-size effects in the
short twisted directions remains in the large-N limit. The
infinite-volume extrapolated scales extracted from these
global fits are presented in Tables V and VI, and compared
with the results obtained in the previous section in Fig. 14.
The two determinations agree within errors in every case.

D. Discussion of the obtained results

In this section, we calculate specific ratios of gradient-
flow scales and extrapolate them to the continuum and
large-N limits. Our motivation is twofold. First, these ratios
are of particular utility as conversion factors between
scales. Second, some of these large-N ratios can be
compared with analogous results recently obtained via
twisted volume reduction in Ref. [59]. Given the lack of
previous finite-N results with which to compare, this is a
useful cross-check of our findings.

To demonstrate the effectiveness of the improvement in
Eq. (31) in reducing lattice artifacts, we will employ both
the improved and unimproved scales. It is important to note
that ratios of improved scales are not expected to be free of
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FIG. 13. Leading finite-volume correction R, defined in
(0)

Eq. (41), affecting the projected scale ¢,” after the subtraction
of the subleading exponential term, obtained from the global fit
enforcing Eqgs. (44) and (45). In the top panel, R is rescaled by N2
and showed as a function of the volume in physical units. In the
bottom panel, R is rescaled by the effective volume to better
show the quality of the global fit across all the range of volumes

and values of N, with the horizontal band representing the fitted
value of C in Eq. (45).

O(a?) lattice artifacts. Besides the cut-off effects associated
with the discretization of the energy and canceled at tree-
level with Eq. (31), other corrections arise from the
discretization of the simulated action and of the flow
equation [8,55]. Thus, we will assume leading O(a?)
lattice artifacts for both unimproved and improved ratios.

Ratios of scales are computed with the infinite-volume
results of the N-by-N analysis discussed in Sec. IV B and
presented in Tables III and IV. The statistical error assigned
to each ratio is estimated by adding in quadrature the
statistical errors on the numerator and denominator as if
they were uncorrelated. This is a conservative option,
which overestimates the uncertainty in the ratios.
Concerning systematic errors, we took them into account
separately via a bootstrap analysis; each scale is resampled

TABLE V. Infinite-volume scale-setting results of the global
analysis of all values of N with TBCs, flow normalized as in
Eq. (6) and improvement of lattice artifacts in Eq. (31). Results
with and without projection onto the Q = 0 topological sector are
combined into a single value with a systematic error (in square
brackets), as explained in the text.

Improved—Global fit strategy

N b to/a* t,/a* wi/a?
0.35883 12.518(27)[2] 5.2446(55)[15] 13.062(56)[9]
3 0.37583 28.04(13)[1] 11.745(32)[2] 29.24(23)[1]

0.38844 50.60(35)[42]  21.13(10)[8]

0.35971 6.6024(75)[31] 2.6802(13)[10]
5 0.37504 14.622(24)[20]  5.9409(48)[59]

52.86(62)[87]

7.119(19)[5]
15.803(54)[29]

0.38683 26.089(61)[1]  10.599(14)[1] 28.20(13)[4]

0.35867 4.5403(36)[37] 1.81831(73)[82] 4.9612(91)[61]
8 0.38352 17.402(24)[50]  6.994(6)[12] 19.047(52)[86]

0.40008 38.977(66)[36] 15.698(16)[7] 42.58(14)[8]

TABLE VI. Infinite-volume scale-setting results of the global
analysis of all values of N with TBCs, flow normalized as in
Eq. (6) and without improvement of lattice artifacts in Eq. (31).
Results with and without projection onto the Q = 0 topological
sector are combined into a single value with a systematic error (in
square brackets), as explained in the text.

Unimproved—@Global fit strategy

N b to/ a* t,/a? w3/ a*
0.35883 12.561(26)[3] 5.3088(56)[16] 13.075(57)[7]

3 0.37583 28.08(13)[1] 11.808(32)[2] 29.26(23)[1]
0.38844 50.61(35)[43] 21.19(10)[7] 52.91(62)[83]

0.35971 6.6504(74)[30] 2.7471(14)[11]

7.124(19)[5]

5 0.37504 14.668(24)[19]  6.0063(49)[57] 15.809(54)[28]
0.38683 26.131(61)[1]  10.662(14)[1] 28.21(13)[4]
0.35867 4.5914(36)[40] 1.88740(75)[96] 4.9595(92)[60]

8 0.38352 17.451(24)[50]  7.059(6)[11] 19.048(52)[86]
0.40008 39.024(66)[37] 15.765(16)[7] 42.59(14)[8]

adding a zero-mean bias with variance equal to the
systematic error. Then, the systematic error on the extrapo-
lation is computed via the bootstrap mean of Eq. (42),
considering the difference between the extrapolation
obtained without systematic errors and the ones obtained
in each bootstrap sample. We found that the resulting
systematics are completely negligible with respect to
statistical errors, which dominate the total errors on our
final results.

Similarly to the analysis of finite-volume effects, we
adopt two fitting strategies to determine the continuum and
large-N limits. In one case, we first perform the continuum
extrapolation of each ratio for each value of N separately,
then we extrapolate the continuum results to N = co.
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FIG. 14. Final comparison among results obtained from the
N-by-N and the global fit strategies to extrapolate towards the
thermodynamic limit. Plot refers to improved scales.

The fit function for the continuum extrapolations is

D(N) }
8S,(N.b)|’

Si1(N.b) _ R(N) {1 +

S,(N, b) (46)

where 1/S,(N, b) measures a® in units of the denominator

scale. The fit parameters are D(N) and R(N), the ratio
between the scales S; and S, in the continuum limit. The
large-N limit R of the ratios is then obtained by fitting

R(N)—R<1+ C),

N (47)

that is, assuming leading 1/N? corrections. In Fig. 15 we
show the continuum extrapolations of the ratio ¢, /#, for all

0.435 $ N=3(Unimp) & N=3(mp.)
f N=5(Unimp.) # N=5(Imp.)
0.4301 $ N =8 (Unimp.) ¢ N =8 (Imp)
0.425 1 §
=
< 0.420 )
=
= 0.415 .
0.410 1 T i1} o3
e [] []
.405 1 1 -
0.405 i >
04001 = % »
00 05 10 15 20 25 30
a2 x1072
8to(NV)
FIG. 15. Continuum extrapolations of the ratio t; /#, for several

values of N, with and without the improvement in Eq. (31). Each
dataset at different value of N, as well as improved/unimproved
datasets, have been fitted separately.

TABLE VII. Continuum scale ratios from the N-by-N analysis
of unimproved and improved scales.

N-by-N fit strategy

Unimproved Improved
N /1t wg /1o /1 wg /1o
3 0.4188(33) 1.044(14) 0.4187(33) 1.043(14)
5 0.4067(15) 1.0836(94)  0.4067(15) 1.0827(94)
8 0.4013(10) 1.0976(66)  0.4015(10) 1.0973(65)
o 0.3985(13) 1.1063(76)  0.3988(13) 1.1060(75)

values of N, with and without improvement of lattice
artifacts. As it is evident, the improved scale determinations
demonstrate a reduced lattice-spacing dependence com-
pared to the unimproved ones. In particular, the prefactor
D(N) turns out to be very small and practically compatible
with zero, possibly due to an accidental cancellation of the
O(a?) corrections on the scales in the ratio, at least up to
our precision. The difference between the two continuum
extrapolations is negligible with respect to the statistical
error. These observations hold for all values of N and also
for the other ratios of scales we computed. The continuum
and large-N limits for the ratios of #; and W% over f, are
presented in Table VII. Other ratios, best-fit parameters and
the quality of the fits are reported in the Supplemental
Material [58].

The results of the N-by-N fits show a negligible
dependence on N of the prefactor controlling the size of
lattice artifacts, D(N). This observation motivates our
second strategy, in which we perform a global fit of
finite-a and finite-N effects according to the following
function:

0.410 A
3
0.405 { i
318
I {1 0.400 1 B
Z|= '
EE ' 3
0.395
(Unimp.) & N =3 (Imp.)
(Unimp.) # N =5 (Imp.)
0.390 A (Unimp.) & N =8 (Imp.)
00 05 10 15 20 25 30
a? x10~2

8to(IV)

FIG. 16. Continuum extrapolation of the large-N ratio #;/1,

with and without the improvement in Eq. (31). All values of N are

fitted together in a global fit of both finite-N effects and lattice

artifacts according to the fit function in Eq. (48).

074501-15



BONANNO, GOLAN, PEREZ, D’ELIA, and GIORGIERI

PHYS. REV. D 113, 074501 (2026)

04251 @ N-by-N fit strategy
¥ Global fit strategy
0.420 1 {E
0.4154
o
=
= 0.4101
¢5
0.405 1
¢
0.400 EE
0.395 . . . .
0 1/8 1/5 1/

1/N?

FIG. 17. Large-N extrapolation of the continuum-extrapolated
ratio t1/t, with the improvement in Eq. (31). All values of N are
fitted together in a global fit of both finite-N effects and lattice
artifacts. The points resulting from the N-by-N fits presented in
Fig. 15 and their large-N extrapolation are also shown.

S0y, O D]y

As an example of the very good quality of the global fits,
we show in Fig. 16 the quantity

Si(N.b) Cc\-!
SRS (1 +F> :

representing the lattice-spacing-dependence in the large-N
limit, for the ratio of #; and #,. The points at different values
of N, already presented in Fig. 15, collapse into two single
curves, corresponding to the ratios of scales with and
without improvement. The two strategies give perfectly
compatible results at each finite N and in the large-N limit,
as illustrated in Fig. 17, where we show the N-dependence
of the improved and continuum-extrapolated ratio. Results
from the global fit are reported in Table VIII.

TABLE VIII. Continuum scale ratios from the global analysis
of unimproved and improved scales.

Global fit strategy

Unimproved Improved
N /1 w/ 1o e wg/to
3 0.4204(11) 1.0425(54)  0.4207(11) 1.0411(54)
5 0.40643(74)  1.0833(47)  0.40661(74)  1.0825(46)
8 0.40165(87)  1.0973(56)  0.40177(87)  1.0967(55)
o 0.3986(10) 1.1062(64)  0.3987(10) 1.1058(63)
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FIG. 18. Lattice sizes in units of the improved #, for the
simulations in Table I, with parameters calibrated via the TGF
coupling. Colored bands represent a fit to a constant excluding
the coarsest lattice spacing with errors multiplied by 4.

Our N = 3 determination of #,/wj = 0.9588(51) agrees
perfectly with the recent result 7/w3 = 0.9579(35) of [60]
obtained from simulations with a machine-learned classi-
cally perfect action. As a further consistency check of our
calculations, we also computed the N = oo ratios #,/t, and
t/t,. These can be compared with the same quantities
recently obtained within the twisted Eguchi-Kawai (TEK)
model [59] in the large-N limit. We find 7, /#, = 1.1432(42)
and 1)/t =0.3744(11), in good agreement with TEK
results 7y/7;, = 1.140(3) and 7 /#;, = 0.3953(125).

Finally, let us conclude our discussion by using our
scale-setting results to compute the values of the lattice size
in physical units for the simulation parameters calibrated
via the TGF coupling reported in Table I. For each N, those
simulation points should all correspond to the same value
of | = aL/+/8ty, modulo small lattice artifacts. We show
results for / in Fig. 18. As it can be observed, our results for
the scale setting support our theoretical expectations. In
particular, using /87y ~0.475 fm [21], we find [~
1.14 fm for N=3 and [~1.30 fm for N =15, 8, as
expected.

V. CONCLUSIONS

In this paper we have presented scale-setting results for
large-N Yang-Mills theory obtained via the gradient flow.
This is the first step within a larger project whose ultimate
goal is to achieve the first lattice determination of the large-
N Yang-Mills A-parameter using the step scaling method.

Scale setting at large-N for step scaling applications
requires to explore a regime of lattice Yang-Mills theories
(large values of NV, fine lattice spacings), where topological
freezing is extremely severe. In this study we tackled this
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problem by adopting the PTBC to effectively reduce
autocorrelation times of topological quantities, and TBCs
to exploit large-N volume reduction and keep finite-size
effects under control.

Our setup allowed us to reliably compute gradient-flow
scales in regimes which are completely out of reach for
standard algorithms. For N = 3, we nontrivially verified
consistency of our ergodic determinations with previous
Master Field simulation results. In all cases, we were
capable of achieving control over systematic finite-size
effects, both of standard nature and due to the fixed
topological background that would be obtained in the
presence of topological freezing. In particular, we were
able to clearly probe the exponentially-suppressed
finite volume effects dominating scale setting quantities
in the presence of a properly-sampled topology, and the
powerlike ones dominating topology-projected scale deter-
minations. Finally, we provided clear numerical evidence
of the expected 1/N? suppression of finite-volume
effects in the short, twisted lattice size [, expected on
general theoretical grounds by virtue of large-N volume
independence.

We concluded our study providing further cross checks
of our results. For N = 3, our ratio of gradient flow scales
1o/ w} perfectly agree with the recent ones achieved in [60]
by means of a machine-learned classically perfect action. In
the large-N limit, our ratios of gradient-flow scales #,/1
and #,/7, are found in agreement with those determined
using the TEK model with N as large as 841. We also
verified that lattice parameters calibrated to have the same
renormalized strong coupling in the so-called twisted
gradient flow scheme indeed corresponded to the same

physical value of the lattice size I = aL/+/8f, (up to small
lattice artifacts).

In the next future, we will employ the results presented
in this study to set the scale in our forthcoming step
scaling study of the large-N Yang-Mills A-parameter.
Indeed, step scaling determines A in units of an arbitrary
energy scale py,q. Our scale-setting results will thus allow
the conversion of y,,4, and thus of A, into units of /8%,.
This investigation will be presented in a forthcoming
publication.
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APPENDIX: TOPOLOGY SAMPLING
AND AUTOCORRELATIONS
WITH THE PTBC ALGORITHM

The present study was possible thanks to the improved
scaling of the autocorrelation time of the topological charge
achieved via the PTBC algorithm, studied in detail in
Ref. [28]. These are reported in Table IX. In order to check
that Q has been sampled correctly, let us compute (Q?) for
a representative ensemble (a detailed study of Yang-Mills
topology with TGF and PTBC will be left for a future
publication). Let us select the finest lattice spacing of
SU(5). This simulation has been performed at a value
£//8ty~2.97 of the long lattice size with negligible
finite-£ effects for all the other simulation points, as shown

TABLE IX. Summary of auto-correlation times of the squared
topological charge 7,(Q?) of the periodic replica, expressed in
units of lattice sweeps. These times refer to the largest simulated
volume at each (N,b). We also report 7(Q?) = N,74(Q?), a
useful figure of merit that also keeps into account the replica
overhead. In some cases, only lower bound could be obtained.

N b N, 70(0%) 7(0%)
0.35883 18 2.4(1.0) x 10 3(1.7) x 10°
3 037583 34 1.1(0.4) x 10° 6(1.6) x 10*
0.38844 54 1.3(0.6) x 10° 3(3.1) x 10*
0.35971 21 32(1.1) x 102 6.8(2.3) x 103
5 0.37504 32 6.9(2.9) x 10 2(1.0) x 10*
038683 44 >3, 8(1 0) x 102 7(0.4) x 10*
g 0.35867 18 7.2(2.4) x 10? 2(0.4) x 10*
0.38352 46 >7. 3( 9) x 10 4(1.8) x 10*
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in Fig. 7, and a value ¢,/+/81y ~ 1.12 of the short lattice
size for which the finite-volume correction in Eq. (38) is
10(¢5)/tg = 0.957(7), as shown in Fig. 5. This volume is
small enough to run our single-node PTBC implementation
using the resources available to us. The finite-volume result
for the improved ¢, scale is #,(#,)/a> = 25.08(11). Thus,
the infinite-volume prediction is #,/a®> = 26.20(23), in
agreement with the determination 26.10(11) obtained
from the infinite-volume extrapolation of only the frozen
simulations.

In Fig. 19 we show part of the Monte Carlo history of the
topological charge attained with the PTBC algorithm.
Using the continuum and infinite-volume value of 3y
for N = 5 of [24] and our value of the volume in units of ¢,
we estimate (Q?) = yV ~0.48(1). Our run yields {Q?) =
0.434(38), quite close to the thermodynamic limit despite
being outside the asymptotic regime (the correction on ¢ is
~4%), proving that the PTBC algorithm allows to sample
the topological charge correctly.

2.0

1.54

SIS

|
[RR——

0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
MC Sweeps le7

FIG. 19. Fraction of the Monte Carlo history for N =5, b =
0.38683 (finest lattice spacing), L,/+/8ty ~ 1.12, L /+/8ty ~2.97.
The shown fraction corresponds to one-third of the total
statistics.
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