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In this paper, we present a recursive method for Z-loop planar integrands in colored quantum field
theories. We start with the classical equation of motion and then pick out the comb component, which will
help us to define the loop kernels. Then we construct the #-loop integrands based on some recursion rules
for the Z-loop kernels. Finally, we reach a recursion formula for the #Z-loop planar integrands. Our method
can be easily generalized to general quantum field theories, even non-Lagrangian theories, to obtain the

planar part of the whole #-loop integrands.
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I. INTRODUCTION

Scattering amplitudes are the most important objects in
quantum field theory, which are highly relevant to high-
energy experiments. Amplitudes have been studied for a
very long time, and the calculation methods have improved
a lot compared with the traditional Feynman rules, both
numerically and analytically.

Most of the development on the analytic side comes from
the success of the on-shell methods, see [1,2] for some
reviews. Besides the on-shell method, off-shell methods
have also been developed in various fields [3]. Off-shell
objects have a richer structure and can help us know more
about different theories. In addition, off-shell objects are
very useful for generating loop integrands or computing
amplitudes recursively. One of the most successful off-shell
objects is the Berends-Giele (BG) current [4]. The BG
current, which has only one off-shell leg, has many
applications in different cases [5-20]. Hence, to develop
oft-shell techniques is very important both in theory and
practical calculations.

Multiparticle solutions of the equation of motion, which
is a method of classical field theory, can be regarded as
an off-shell generalization of BG currents. Such objects
are very useful in recursion. There are some examples of
obtaining 1-loop integrands from the multiparticle solution
of the classical equation of motion [21]. Actually, we can
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also obtain the multiparticle solution of a quantum version
of the equation of motion directly [22,23]. Multiparticle
solutions are more suitable for dealing with the loop
integrands. We do not need to worry about the missing
information because of the on-shell condition since all
external legs of the multiparticle solutions are off shell.

In this paper, we want to develop techniques based on the
multiparticle solutions. We start with the equation of motion
of the biadjoint theory and finally reach the whole #-loop
planar integrand results, which correspond to the partial
amplitudes associated with a single-trace structure in the
color-trace decomposition [1]. This systematic approach to
Z-loop planar integrands is based on the comb component
of the multiparticle solutions and the £-loop kernel. These
two objects will be defined later. Based on these two
objects, together with generalized BG currents, we will
obtain the #-loop planar integrands recursively. We will also
consider the Yang-Mills case and show some examples. It is
worth mentioning that the #-loop planar integrands of the
Yang-Mills theory can also be derived using planar variables
[24,25]. This method can be generalized to any theory to
obtain the Z-loop planar integrands by considering the
planar component of the multiparticle solution to rule out
the nonplanar part. In this paper, the word “Z-loop inte-
grands” is equivalent to “Z-loop planar integrands” since we
will not discuss the nonplanar ones.

This paper is organized as follows. We will focus on the
biadjoint scalar theory and the Yang-Mills theory. We first
consider the biadjoint scalar theory and define the comb
component of the multiparticle solutions and the #Z-loop
kernels. Then we will show how to reach the Z-loop
integrands of biadjoint theory using our systematic
approach and show some examples. Finally, we will show
how to apply our method to the Yang-Mills theory. We will
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choose some Feynman diagrams as examples and show that
our method can reproduce them.

II. BIADJOINT: COMB COMPONENT
AND 1-LOOP KERNEL

Consider the biadjoint scalar theory with the following
equation of motion:

0 =5 (1641 (1

where ¢ = ¢p,;T* ® T% The notation [[]] denotes the
double commutator of two different generators, 7¢ and
79, ie.,

([T* @ T3, T @ TP]) = [T*, 7" @ [T%.T?].  (2)

Using the perturbiner method [5,26-29], we can obtain the
multiparticle solution of the equation of motion above:

)= Z¢P|Q€ik"“T“” ® T,
P.Q

SP¢P|Q = Z Z (¢X\W¢Y|Z _¢X\Z¢Y\W)’ (3)

P=XY Q=WZ

with P = py---p,,, T = T4T% ... T% and sp = k3 =
(>-m k,,)*. Note that until now all external legs in P are
off shell, which means that k7 # 0 for i € P. Now we define
the following comb component of the above solution, for
simplicity we set P = 12-- - m:

e300 = D (S0 ywbuiz = (W < Z). (4)

0=WZ

The above equation comes from the term P = (12---
m — 1, m) of the deconcatenation sum and then keeps this
choice in the recursion. This definition will force Q = P
for nonvanishing results, then we obtain the following
result:

171 i
comb _ i=1 ¥ili (5)
2emfi2em g s,

Since all external legs are off shell, we will not use
®plq = Opq> Which corresponds to the single-particle state.

The next step is to define an m-way I-loop kernel. We
consider the comb component with the last propagator
s12-~-m¢??;.]?mu1zmm’ then using the sewing procedure [21]

by =1/ I3, and imposing the momentum conservation for
loop integrands, we can obtain the m-way 1-loop kernel,
Hﬁ] (bz\z(l - %5m.2)

Ikcrnel _ ’ 6
N R SRS S

with the loop momentum /;. Note that when m =2 we
have a symmetry factor of 1/2. Consider an n-point 1-loop
integrand 1'1°°P(12-..n|Q), we just need to divide
(12---n) into m parts, say P,,. Note that when constructing
loop integrands, the ordered sets here are cyclic sets, which
means they are equivalent under cyclic permutation. As an
example, the division we considered here also includes
cases like (n—1,n,1,2|3,4,...,n—2). Then we do the
following replacement:

(12 - n|Q) = [emel . ()
k"_)kpm '¢[‘[_)¢Pi‘Qi

Here, {Q;} is a division of the cyclic set Q, i.e.,
(01|1Q5| -+ 1Q,,) is a division of Q up to a cyclic permu-
tation of Q. And ®p o, here is the Berends-Giele current
with all legs in P; on-shell comparing to the off-shell multi-
particle solution ¢p,|o,. Note that we must find a division so
that for every i, the elements in Q; must be the same in P;,
otherwise, this term of the integrand will vanish. The whole
n-point 1-loop integrands can be expressed as

IS S SR vl BU

ki—kp,
m=2m-division of P ‘/’i\i"‘DP,vl\Q,»
Note that when m = 1, we will get a tadpole, which will be
zero after integrating the loop momenta. Therefore, we start
the sum with m = 2.

In the following, we will show an example of the 3-point
1-loop integrand 7(123|321). For 2-divisions, we have

(12]3).

(123),  (31)2), ©)

for (123) and the corresponding division for (321) is

213),  (1]32),  (13]2). (10)

However, for 3-divisions, we only have (1]2|3) for (123),
but for (321) we only have (1|3]2), which cannot match
with (1|2|3) up to a cyclic permutation. Thus this case will
vanish. Hence the final result is

1 1
B 212(1 + k1>2S23 B 212(1 + k12)2512
1
2P(1 + ksy)s31

1(123]321) =

(11)

III. GRAPH FACTOR

Before we go to the #-loop case, we need to define the
graph factor here in order to avoid overcounting. For an
¢-loop Feynman diagram, a graph factor can be written as
g=Sx ﬁ. Here, S is the symmetry factor coming from
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the symmetry of the Feynman diagram, and r is defined as
below. We first define the largest loop to be the loop that is
connected with all external legs and no other loop outside
it. Then we consider all loops that are independent in this
largest loop, i.e., the regions of different loops will not
overlap. After choosing the largest loop, we will ignore the
external legs and the 3-point vertices connected to them and
regard the diagram just as a vacuum diagram. Then, each
loop will have some propagators in common with the
largest loop. If there is one common propagator, we assign
the loop a value of 0; otherwise 1. This value is called the
loop value. Then r is the sum of the values of all loops.

In addition, there is an extra contribution to the sym-
metry factor. For 2-way kernels, there is a symmetry under
flipping the diagram. By the word “flip,” we mean “turn
upside down.” This will lead to some overcounts when we
do the recursion introduced in the next section. Hence, we
will regard the 2-way kernel and its flipping as two different
diagrams when recursion, and these two diagrams will both
get an extra symmetry factor of 1/2, unless the 2-way
kernel and its flipping coincide. We will see an example
later. Actually, in the biadjoint scalar case, all symmetry
factors come from the 2-way kernel parts of the Feynman
diagrams. Every 2-way kernel part contributes a factor of
1/2. A more elegant way to deal with it in the biadjoint
theory has been demonstrated in [30].

The loop kernel without the symmetry factor § in each
diagram is called a bare loop kernel. This concept is
important when considering recursion since when we go to
higher-loop cases the symmetry factor will change; hence,
we only need to consider the symmetry factor in the last
recursion. However, the factor ﬁ here is to avoid over-
counting in the following recursion; hence, we must
consider it in every recursion.

IV. BIADJOINT: TOWARDS #-LOOP
INTEGRANDS

The #-loop kernel can be obtained from the (Z — 1)-loop
kernel recursively. For a m,-way ¢-loop kernel, we have
the following steps to construct it:

(1) Consider ordered cyclic set (b, ap,1,2,...,

m, — 1, m,) and the cyclic permutation of (12---m,,),
i.e., there are m, sets in total. Note that due to the
cyclic properties, (1,2,...,m,—1,mg,a,,b;) is
equivalent to (az, by, 1,2+ (my — 1)my).

(2) Then, for k-divisions, which means we divide a set

into k parts, of each set, we set: 1) b, itself to be one
part of the k-division, ii) for a part not involving a,,
there can only be one element in the part, like
(bslag, 1)2]3). There is only one case for a given k
and a given set.

(3) Consider a k-way bare (£ — 1)-loop kernel, replace

¢j; of this kernel with the comb component ¢ of
each part of a k-division, just similar to (7). Then

replace ¢, (4, ¢p,p, With 1/17 and k,, = —k,, = I,.
This replacement is equivalent to turning legs a, and
b, into an internal line. Then add the corresponding
graph factor g to each case. Since we have demon-
strated the construction of the Feynman diagrams,
one can easily draw diagrams according to the steps
above and find the corresponding graph factors.

(4) Sum over all possible k-division and all k£ > 2, just

like (8), and divide the results by £ to avoid over-

counting. Finally, we will obtain a m,-way £-loop

kernel from (£ — 1)-loop kernel I]}i‘},‘;l.
From this recursion, one will find that Z-loop kernels
cannot be reduced to fewer loop diagrams by cutting a
single propagator. It is important to explain the factor r we
defined before, after we give the rules for the recursion. In
this recursion, a new loop is generated at the outside of the
(Z — 1)-loop kernel, hence it must be part of the largest loop
for the £-loop diagram. If the value of a loop is 0, then we
can generate it through the recursion above. If the value of a
loop is zero, then there are two cases: it cannot be obtained
by sewing, or it does not come from the (£ — 1)-loop kernel
but a reducible (£ — 1)-loop diagram. In both case, this loop
cannot be generated by the recursion above.

Here we give an example of a 2-way 2-loop kernel.
In this case, we need to consider (b,,a,,1,2) and
(by,a,,2,1) and their 2, 3, 4-divisions. For 2-division
terms, we have

D119
Bl = L) B+ ky)?

D119
Bl = 0L)* 5L+ k)

(12)

For 3-division terms, we have

2011022
Bl = L) (L + ky)* Bl + ky)*

(13)
For 4-division terms, we have

D119 " D119
B =02 (L + k)BT = 0L)* (1 + k)*5

(14)

We should add the symmetry factors to each term due to the
automorphism of these diagrams. The final result is

kernel — ¢1“¢2|2
22 2081y — L) B(1l, + ky)?
b \1¢2|2

+

. (15
20(ly = L) (1 + ky)*B(1 + ky)? )

after some shifts of loop momenta. Note that we add an
extra symmetry factor of 1/2 to the first term compared to
the second term for the reason mentioned in Sec. III. The
first term corresponds to the first two diagrams of Fig. 1,
which comes from the 2-division and the 4-division terms.

106002-3



YI-XTAO TAO PHYS. REV. D 112, 106002 (2025)

are combined; i.e., the irreducible part. This part cannot be
1 2 1 2 1 2 reduced to two diagrams with fewer loops by cutting a
single propagator. In order to include the reducible part, let
us first define the Z-loop current CDED% with @g?Q = O®pp:

FIG. 1. All diagrams in the 2-way 2-loop kernel. ) ” () /i
Ol}_lsrlﬁ“kPq)ﬂQqﬁlU =1 _OOP(P”Ql)v (16)
The loops in these two diagrams are not invariant under
flipping, while the loops in the third diagram, which
corresponds to the second term and comes from the

which means that for biadjoint scalars, we have

3-division terms, are invariant. It is also easy to find that o) — i 1710 (P1| Q1) (17)
. - P|Q k2
all these diagrams have r = 0. k——kp
We can construct Z-loop integrands from the #-loop
kernel, but this will only include the case where all loops Then the final result, which includes both parts, is
|
n 1 -1 n
[P (12 - 1| Q) = > fepd + mikemel (18)
k=2 k-division of P ki=kp; m=1 k=2 ¢; k-division of P ki=kp;
i eril0; ‘,(:] ¢i=t—m ‘/’[\ﬁ‘bfjg.

with P = 123 - - - n. Note that the factor m/¢ in the second term is very important to avoid overcounting. Consider a given
reducible diagram, it has n,, number of m-loop parts, and it satisfies Y % ~!, m x n,, = £. For the m-loop kernel term in the
second term of (18), there will be n,, number of overcounts since every m-loop part is equivalent. After adding the factor

m/¢, the total counting is Zf;,‘:ll n,, X m/¢ = 1. Hence we have canceled all the overcounts. The symmetry factors will not
@)

p|o to loop kernels does

bother us in (18). These factors only affect the recursion of the loop kernel. Adding £-loop current ®

nothing to the symmetry factor.
Here we will show a 2-point 2-loop example using our formula (18). We have

1
Fer(1212) = Y Ik +51 2 > e : (19)

2-division of (12) k"f‘ff’f 41,0 2-division of (12) kﬁk(%
‘/'i\i_) Pi|O; f] +lo2:1 (p"“'HQPiI\Q,'

There is only one case, (1|2), in the 2-division of (12). Then we have

4 | Hepe

oop(12[12) = r5gne! 5

kernel
+ 1
(1) 1,2
’/)1\1—’4)1“

$op—1 -1

(1)
P27 %)

¢i\i—’1

1 1 1
2[%(11 —L)(1, + kl)zl%(lz +ky)? 21%(11 - 12)213(12 +k)? AL+ kl)zk%lz(lz +ky)?

(20)

Note that a 2-way 1-loop kernel has a symmetry factor of 1/2, which is the origin of 1/4 in the last term. We also give some
more examples in the Appendix.

V. YANG-MILLS: A MORE GENERAL CASE

In the Yang-Mills case, the rules for loop kernel recursion and the process towards £-loop integrands are similar to those in
the biadjoint case. We can also find the correct graph factors for the Yang-Mills Feynman diagrams just as before. Hence, we
will not go into too much detail here. Instead, we will show some examples and calculations. In this section, we will show
some examples of comb components and loop kernels. Then we will choose some 2-loop Feynman diagrams and see how to
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reproduce them using our method. Note that we will not
consider the ghost fields here. Some 1-loop results can be
found in [21,31-33].

We will use the Feynman gauge for the off-shell multi-
particle solution of gluons. The classical equation of
motion of the Yang-Mills theory is

OA, = —i[A*.F,] +i0,[A* A,] (21)

with F,, =0d,A, —d,A, —i[A, A,]. Using the per-
turbiner method, we have

A, = ZAPﬂeikp'xTaP
P

K3Ap, = > (kyy — ky,)(Ax - Ay) — Ax, (ky - Ay)

P=XY
— Ay, (kp - Ay) + Ay, (ky - Ax) + Ay, (kp - Ax)

+ > 24y, (Ax - Az) — Axu(Ay - A)
P=XYZ

— Az, (Ax - Ay). (22)
|

1

2 [kemel —
TR0 k)

The comb component is defined as before. For the
3-deconcatenation sum Y p_yy,, we regard this as
> pexw >w—yz and then implement the definition for
comb component from before. Here we give an example,

kAT = (k1 = ko) (Agy - Ag) = Apy (ki - Ay)
—Apukin - Ay) +Ag(ky - Ap) + Agy(kpin - Agy)
+241,(A;-Ar) = A (A - Ay) — Ay (A - Ay),
(23)

where

klzlAllM = (klu - kly)(Al Al) _Aly(kl Al)
= Ak - Ay) + Ay (k- A + Ay (k- Ay).
(24)

Based on this, we obtain the 2-way 1-loop kernel after the
replacement Ay, Az, — 1,,/13 in Ay - Ay [21]:

((ku —ky) - Ay(k;—ky) - Ay = (k= ko) - Ay (k- Ay) = (ki — ko) - Ay (kyy - Ay)

+ (ky — ko) - kyAy - Ay + (kyy = ky) - kpAy - Ay = (k= ky) - Ay —d(k; - Ay) — d(kyy - Ay)
+ Ak A k) (k- Ay) = (k= k) - Ay —d(k - Ay) = d(kyy - Ay) + Ay -k + Ay k) (ki - Ay)
+ky- (kj—k1)(Ay-Ay) —ky - Ay(ky - Ay) — ko - Ag(kyy - Ay) + ky - Ay (ky - Ay) + ko - Ay (Kkyy - Ay)

+ k- (ky—ky)(Ay - Ay) = ko - Ag(ky - Ay) = ko - Ag(kyy - Ay) + ko - Ay (ky - Ag) + ko - Ay (K ‘A2)>

1 1
+§A1 'A2 —zd(Al Az)

where k; = [, and the factor of 1/2 is the symmetry factor.

Note that here the last two terms correspond to the loop
with a 4-point vertex. For the higher-loop kernels, one can
construct them using the method in Sec. IIl. There is
another subtlety due to the appearance of 4-point vertices.
For higher-way (more than 2) 1-loop kernels, if we do the
same thing as the biadjoint theory case, i.e., consider

A‘l’fg‘,‘,’mﬂ only, then we will find that there must be a

propagator between leg 1 and leg m. However, there also
exists a case that leg 1 and leg m share a common 4-vertex.
The lack of this case will break the cyclic invariance of the
1-loop kernels. Hence, we need to add an extra term besides
the comb component in order to keep the cyclic invariance
of 1-loop kernels. This term, called the contact component,
has the same definition as the comb component but with the
last deconcatenation being a 3-deconcatenation. For exam-
ple, the contact component of Aj;34, is

(25)

ks AT = (Kinz, — Kay ) (ASS3° - Ay)
— A135 (kios - Ag) — AT350 (Kigsa - Ag)
+ Ay (ky - ATE™) + Ay (kiozg - AT
kipsASSRect = 245, (A - A3) — Ay, (A; - Aj)
— Az, (A1 - Ay). (26)
In the case P = 1234, we have ignored all the 3-deconca-
tenation terms like P = (12, 3,4) since the last deconcate-

nation is a 2-deconcatenation like 12 = (1, 2). To construct
m-way 1-loop kernels with m > 2, we need to consider

A%)énbmu + A?r?zritgff(m— Lu (27)

instead of only the comb component. Such contact com-
ponents appear only when we construct the 1-loop kernels.
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k1 é ? ko
1
FIG. 2. 2-point 2-loop diagram 1.

When we go to higher-loop integrands recursively, we do
not need to consider contact components anymore. After
figuring out the graph factors similar to what we have done
for the biadjoint scalars, a systematic approach to £ gluon-
loop Yang-Mills integrands is established. Note that the
contribution from ghost-loops can be restored by consid-
ering the equation of motion involving ghost fields [21].

VI. YANG-MILLS: EXAMPLES

In this section, we will give some examples of 2-loop
Yang-Mills (YM) planar integrands. Here, to simplify the
calculation, we will just consider one of the possible
divisions that can reach given Feynman diagrams and
ignore some extra graph factors. We just aim to show that
our method is consistent with the results from the Feynman
rules. Consider the 2-point 2-loop diagram 1 (Fig. 2), we
|

205(L + b4k )2 51 + Ky )* (1 — kz)zléilg?(lz)

Iy
kl\&\@%]sz
1

FIG. 3. 2-point 2-loop diagram 2 (I, here is the shifted one).

can generate this diagram by considering the last two terms
of 15! for the YM theory and then consider the 2-division
(b2ay, 1,2) and the comb component A} . This will lead
to the following result:

(25=2ky-1,) +(4d=6)(L,-€,) (L~ €5)

2% (12)=(1-d
FIG.Z( ) ( ) 21%[421(12_’_]{1)2

(28)

Note that we have used the on-shell condition here.

For the 2-point 2-loop diagram 2 (Fig. 3), we consider
the 2-division (b,|a,, 1,2) and the comb component A‘jg‘lnzbﬂ
again, together with all but the last two terms of 75%™!, to
construct the corresponding off-shell diagram, and then

take the on-shell limit. The final result is

=e -ez<(4d—6)(k2 )2 42k 1 ((4d = 6)1y - 1+ (2d = 5) 1y - 1y + 2ky - 1) = 21, - Iy (1 = 2d)1, - 1y + 15ky - 1, = 21, - 1;)

+2(2d—3)(ll '12)2_1_ (d+4)(12 12)2+20(k2 12)2—4(11 'll +l] . lz)kz . lz) +2(2d—3)€] . l] <€2 'll(lz . lz —4k2 lz)

+€2 . 12(3](2 . ll +k2 . lz —311 . lz—lz . lz)) +€1 'lz (62 . lz((19d—24)12 . 12 —2<2d—3)(3k2 . l]

F10ky -1, =61, -1, =31, - 1)) +2(2d = 3)ey - 1, 3ky - 1y + ky - 1y =31y - 1y — I - 12)>. (29)

Note that here we have done a shift /, — —1, — k; so that
the result is easy to compare with the result from FeynCalc.
Both our results match the results from FeynCalc [34].

VII. DISCUSSIONS

In this paper, we give a systematic approach to Z-loop
planar integrands. We divide the #-loop planar integrands
into two parts, the irreducible part and the reducible part.
The irreducible part can be obtained from the Z-loop
kernel, which can be obtained recursively from the kernel
with fewer loops, and some BG currents. The reducible

|
part can be reached from the loop kernel with fewer loops
and some generalized BG currents, which can be reached
from loop integrands with fewer loops. Hence, the £-loop
planar integrands can be determined by some objects
with fewer loops, and all these constitute our recursion
relation (18).

This new recursion method, which starts with the
classical equation of motion, is somehow a higher-loop
version of the Berends-Giele recursion, which organizes
the Feynman rules in a proper way to make the recursion
properties manifest. In our Z-loop recursion, we also
creatively organized the Feynman rules so that we can
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reach Z-loop integrands recursively. In contrast to other
methods towards #-loop planar integrands, like [24,25],
which can only be used in limited theories, our method has
broader applications since it is based on the Feynman rules
rather than some special properties of some specific theories.

This powerful method has many potential applications.
The most basic application is to construct the integrands in
various theories, especially color theories. This method can
also be used in non-Lagrangian theories since we only need
the equation of motion [35]. Moreover, as a systematic
approach, this method will help us to prove the relations
between amplitudes of different theories, like [31,36,37],
since we can construct integrands in different theories with
the same method.

An interesting thing to do in the future is to generalize
this method to nonplanar integrands. For example, we
can generalize our method to the gravity case and look
for some applications in the double copy relation at the
loop level [38-41].

|

(1) The 2-division case:
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APPENDIX: THE 2-LOOP KERNEL
WITH MORE WAYS

In this appendix, we will give the 3-way and 4-way
2-loop kernels in detail. Let us consider the 3-way 2-loop
kernel first. We will write down the division we need to
consider and the corresponding terms:

(byla,, 1,2,3) + cyclic(1, 2, 3) (Al)
@) D1192020313 .
I = + cyclic(ky, ko, k3). A2
> Bl = 0L)* 51 + ky)* (I + ky + ky)? yelie(kr. k. ks) (42)
(2) The 3-division case:
(by]az, 1,23) 4 cyclic(1, 2, 3) (A3)
3) D111$229313 .
15, = + cyclic(ky, ky, k3). A4
> Gl = L)L+ ky + ko) B(L + kg 4 ko) (b + Ky )? yclie(ky. ka. ks) (A4)
(3) The 4-division case:
(by|as, 112|3) + cyclic(1,2,3) (A5)
(4) ¢1\1¢2|2¢3|3 .
I,; = + cyclic(ky, ky, k3). A6
2B = L) (L A+ k)2 (L + kg 4 ko) B (L + Ky )? yclielkr, ka, ks) (AS)
(4) The 5-division case:
(by|as|1]2|3) + cyclic(1, 2, 3) (A7)
5 = AILEEET 5+ cyclic(ky, ky, ks). (A8)

Bl = L) (L + k)2 (1 + kg + ky)* 13

106002-7
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Then we have

g L e 1w 1
e = 21 5 3+ 5 15+ 1),

)
)
o

where the extra factor of each term is the graph factor.
Then we turn to the 4-way 2-loop kernel.
(1) The 2-division case:

(by]ay, 1,2,3,4) + cyclic(1234)

1@ _ P111922¢33Paja
2R - LB+ k)2 (b k)2 (Lt kK k)

5+ cyclic(ky, ky, ks, ky).

(2) The 3-division case:

(by)as, 1,2,3|4) + cyclic(1,2,3,4)

3) D111P2120313P 414

134 = 2+Cy01iC(k1,k2,k3,k4).

Bl = L) (L +ky + kg +k3)* Bl 4 k)2 (L 4 ky 4 k)2 (L 4 ky + ko + k3)
(3) The 4-division case:

(bsas. 1,2[3]4) + cyclic(1, 2,3, 4)

Y= P11192120313Paja

+ cyclic(ky, ky, k3, ky).
24T B = L) (L + h + k2L + K+ ko + k) 2B + k)b + k£ ka)? (ki ko ks ko)

(4) The 5-division case:

(bslas, 1

2|314) + cyclic(1,2.3,4)

1(5) = ¢1\1¢2\2¢3\3¢4|4
2487 B = L) (1 4 k)2 (L 4 Ky + k)21 + ky + ko + k)2 (1, + ky)?

+ CycliC(kl, k2, k3, k4)
(5) The 6-division case:
(bs]a,|1]2|3|4) + cyclic(1,2,3,4)

/6 _ D111P22P33P414
UL = L)L A k)AL A+ k)2 (L A+ kA kg + k)2

+ CYCliC(kl, k2, k3, k4)

Then we have
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(A10)

(Al1)

(A12)

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)

(A20)
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As an application, the 3-point 2-loop planar integrand can be expressed using the elements above:

12-loop(123| 123) — Ilfzmel + Ilégnel + Ilfzmel + Iliegnel
ky—ko3 ki —k3y ky—kyp.ky—ky i,
P1,1=1dy =P 3 b2p=1by 1= P3 31 $22=1011=P1)12 $ii=1
_’_1 Ikernel + Ikemel + Ikernel + Ikemel
5| 12 12 12 12
ky—k3) ky—ka3 ky—ki2.kp—k3 ki —k31 W
D=l =0y P21 = Py P332 101 =P Pap=1dop=0y) 5
kernel kernel kernel kernel kernel
ky—ko3 ky—kio.ky—k3 Pop=1d33~1 f/?mﬁlv%F*] f/’m*'#/?zézﬁl
i 1 1
¢1\1"‘1’5“~¢2\2—"D23\23 #3372 %3 3411712012 =y '7’2\2"‘1’2‘2) ¢3\3"¢3‘3>
(A21)

where <I>ﬂ]> and <I>§12)|12

can be obtained for the 2-point 1-loop integrand and the 3-point 1-loop integrand easily.
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