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Dynamical similarity in higher-order classical symplectic systems
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Many theories of physical interest, which admit a Hamiltonian description, exhibit symmetries under a
particular class of nonstrictly conformal transformation, known as dynamical similarities. The presence of
such symmetries allows a reduction process to be carried out, eliminating a single degree of freedom from
the system, which we associate with an overall scale. This process of “contact reduction” leads to theories
of a frictional nature, in which the physically observable quantities form an autonomous subsystem, that
evolves in a predictable manner. We demonstrate that this procedure has a natural generalization to theories
of higher order; detailed examples are provided, and physical implications discussed.
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I. INTRODUCTION

In general, it is customary to adopt the viewpoint that
isolated systems should be afforded a privileged status
within the framework used to describe physical law [1]. We
confer particular importance to such systems, deeming
them more fundamental than their open counterparts.
Indeed, when describing systems exhibiting dissipative
effects, we choose to subsume this within our closed-
system approach, treating open systems as part of a larger
entity, comprising the original system coupled to some
“environment.” Matter, energy, and information may be
freely exchanged between the two subsystems, but the full
“system plus environment” complex is still considered to
be closed.

It was argued by Leibniz that the Universe as a whole is
the only truly closed system [2]; consequently, if we
dogmatically insist that closed systems are fundamental,
we must logically conclude that the Universe is the only
fundamental entity that exists [3]. When studying sym-
metry-reduced solutions of the Einstein field equations,
particularly within the context of Friedmann-Lemaitre-
Robertson-Walker (FLRW) cosmologies, we do indeed
treat the Universe as a closed system; however, as high-
lighted in [4], this is little more than an idealization used to
reduce calculational complexity. A particularly noteworthy
example of this is the use of the scale factor, which, despite
its pivotal role in the geometrical description offered by
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general relativity, is generally taken to carry no physical
meaning [5]. Moreover, it is possible to excise completely
this unphysical degree of freedom from our cosmological
ontology, leaving a purely relational description.

It has been proposed that, when constructing a theory, we
should first find a framework which amply admits the
phenomena we wish to describe, before imposing succes-
sively more restrictive conditions, so as to reduce the
amount of superfluous structure present [6]. In the current
context, we posit that the notion of superfluous structure
may be cast as a precise set of dynamical criteria, captured
by the so-called principle of essential and sufficient
autonomy [7]. We seek a minimal ontology that closes
the dynamical algebra of observables, and any structure
which is not contained within this ontology is deemed
surplus; since the only degrees of freedom accessible via
empirical methods are dimensionless ratios, we are pushed
toward a relational description of nature.

This is quite a radical step, to claim that we should seek a
description of reality based entirely on relational terms, and
we ought to provide some additional motivation. As argued
by Poincaré, a hypothetical scenario, in which all distances
within our Universe were suddenly increased to twice their
original values, would be entirely indistinguishable from
the initial configuration. This follows from the fact that our
ability to deduce any such changes of scale relies upon a set
of measuring instruments, which have undergone an
identical doubling in size [8].

Detractors of this viewpoint, such as Galileo, and later
Delboeuf [9,10], reason that this argument is flawed, since
fundamental parameters, such as Newton’s gravitational
constant, may be used to infer that a change of scale has
occurred, through the fact that biological systems, for
example, would be unable to support their enlarged skeletal
structures. However, we argue that the fundamental con-
stants of nature are necessarily deduced through experiment
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and observation: for the case of Newton’s gravitational
constant, for example, this required the use of the torsion
balance, pioneered by Cavendish [11]. Consequently, it is
entirely logical to consider that the artifice producing this
hypothetical change of scale should also act on the
parameters of our theory, thereby restoring our ability to
provide a wholly relational description of nature. This issue
is further explored in Sec. VIIIL.

Despite the fact that the Lagrangian and Hamiltonian
formulations of classical mechanics have been studied
extensively throughout history [12-15], it was not until
relatively recently, with the work of mathematicians such as
Souriau and Tulczyjew [16—19], that these theories were
placed on a geometrical footing, allowing the powerful
tools of differential geometry to be applied to the study of
mechanical systems [20]. In seeking a relational description
of the laws governing our Universe, we shall find that we
are forced to work with manifolds on which phase space
volumes are not conserved, and mechanical energy lost. In
this way, by arguing that a minimalist approach should be
taken, when attempting to formulate physical law, we are
(indirectly) advocating that open systems should in fact be
granted privileged status as more fundamental.

In this article, we commence by presenting an intro-
duction to higher-order geometrical mechanics, in both the
Lagrangian and Hamiltonian settings. We favor the geo-
metrical approach over the more familiar variational
formulation, as our ultimate goal will be to extend our
formalism to those theories whose dynamical objects are
fields. This, while possible, is more difficult to do using
traditional variational methods. For readers unfamiliar with
the geometrical methods described, we shall present a
running example, in which the underlying concepts may be
understood, in a more mathematically amenable setting. We
also include an Appendix A, in which the variational
approach is shown to produce equivalent results.

In Sec. IV, we illustrate the mechanism by which the
changes in scale discussed above may be implemented,
before exploring how symmetry under these transforma-
tions provides a natural way in which to eliminate overall
scale from our ontology. Original results, on the generali-
zation of this reduction process to higher-order theories are
then presented in Sec. VI. Finally, we conclude with a
number of examples, discussing both the utility and
physical significance of our findings.

II. HIGHER-ORDER
SYMPLECTIC MECHANICS

A. Lagrangian formalism

A geometric formulation of theories of higher order
requires the introduction of a class of manifold known as
higher-order tangent bundles [21]. In general, if Q is an
n-dimensional smooth manifold, with bundle structure
7:TQ — Q, we define the n(k + 1)-dimensional space

T*Q as the collection of all & jets from 0 € R to Q [22,23],
which we express as

T"Q = Jy(R,Q) = U {jtplp:I cR - Q}
q€eQ

in which j{¢ denotes the k jet of the curve ¢p:1 C R — Q.
The manifold 7% Q admits the following natural projections:

ph=p: T~ 0.
s = $(0).

pr: TQ = T7Q,

Jsb = Joeh.

Local coordinates on T¥Q are constructed using a coordinate
chart (U, @) of Q,and acurve y:1 C R - Q withy(0) € U.

We then define y' = ¢’ oy, and local coordinates on
() NW(U)=TFU are (¢'. 4!, ..., q}), where

da]/i
" |,y

q¢'=7'(0) and ¢ =

Writing ¢' = g/, we collectively denote local coordinates on
T U by (¢',). Physically, we identify ¢’ as a generalized
coordinate, with ¢/, its time derivative of order a.

In contrast to the case of first-order mechanics, the
Lagrangian is now not defined on the same space as
the remaining dynamical objects [24-26]. In particular,
the Lagrangian is a function £ & C®(T*Q), whereas the
kth order Lagrangian 1- and 2-forms, together with the
energy function, are defined over the space T%*'Q. We
shall see throughout that this seemingly trivial feature has
extremely important implications for the contact reduction
process. In light of this, we are motivated to introduce
the Tulczyjew total derivative [27,28], which is a map
dr: C®(T'Q) = C*(T"'Q), whose action on a function
may be expressed locally as

of

drf = i (2.1)
a=0 qa

In more physical terms, we should consider the derivative
dr to be the usual total time derivative, adapted to the
underlying bundle structure.

On the manifold 72-'Q, we have coordinates g’,, with
0 <a <2k-1; however, we may also consider the set
(gL, p%), with 0 < a < k — 1, where

bl = kif(—l)“d%( =)

aq i+a

(2.2)

(for 1<i<n and 1<r<k). The p¢ are known as
generalized Jacobi-Ostrogradsky momenta, and satisfy
the recursion relation
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o oL r
pi ! __dT(pi)'

- = 2.3
oq, (23)

In these coordinates, the Lagrangian 1- and 2-forms 6, and
w; = —dO, are given by'

0, = pidql,. wp = dql, A dpY, (2.4)

Additionally, the energy function E, may be expressed as

ﬁ?%ﬂ - L. (2.5)

We refer to the pair (T?*~1Q, L) as a kth order Lagrangian
system, and further specify this system to be regular [29] if

’L
det< 4 j> (j(z)k—lqﬁ) #0 for all points j(2)k—1¢ 7210,
9404y

As in the first-order case, the equations of motion are found
introducing a vector field X, € X% (7%*-'Q), such that

iX£0)£ = dEE (26)
For systems of physical interest, integral curves of X, may
always be written as the canonical lifting (or prolongation)
of curves ¢p,: R — Q to T>*~1Q, and it is these curves ¢
which correspond to physical trajectories of the system [28].
If we express ¢ in local coordinates as ¢ (t) = (g'(t)), the
prolongation j3*~!¢, is given by

)

The curve ¢, then satisfies the kth order Euler-Lagrange
equations, which are given by

S (2
dr* \0qq

a=0

. dq'
Be) = (40,50

de—lqi

)
t

~0. (2.7)

7 e

When considering theories containing higher-order deriva-
tives, itis important to note that boundary conditions must be
treated with significantly more care. Typically, for first-order
theories, we carry out a variational calculation, subject
to the requirement that each of the variations 8¢’ vanish
on the boundary; in this way, any total derivative added to
the Lagrangian is inconsequential from the perspective of
the physical dynamics. This fact leaves us free to “discard”
boundary terms in a somewhat careless manner.

'Note that we have suppressed sums over both indices 1 <
i<nand 0 <a<k—1. We shall continue to do so, except for
when explicit summation provides additional clarity.

By contrast, for a theory containing derivatives of up to
order k, there are, in addition to each of the 8¢g’, the
variations 8¢’, of the coordinate derivatives. In this case, we
should fix each of these variations on the boundary for
a=0,...,k— 1; indeed, failure to do so alters the physical
solution space of the resulting theory [30]. In general,
boundary conditions should be chosen to faithfully reflect
the physical phenomena to be described by the model of
interest [31]; such a choice often requires the introduction
of additional surface terms, in order to impose these
conditions, and simultaneously ensure the well posedness
of the variational principle. A particularly noteworthy
example of this arises in the study of higher-order theories
of gravity [32-34], in which surface terms are added,
similar to those of Gibbons-Hawking-York.

In the current context, we are interested in the study of
higher-order mechanical systems which exhibit dynamical
similarities; such systems are, of course, a subset of the
space of higher-derivative theories, and so are naturally
subject to the same class of considerations regarding
boundary conditions as outlined above. In the interest of
minimizing additional complications, which direct atten-
tion away from our main focus—the presentation of a
symmetry reduction framework for higher-order theories—
we shall restrict ourselves to Dirichlet conditions, such that,
on the boundary, we impose 8¢, = 0 fora =0, ...,k — 1.
While this may seem somewhat unphysical, we emphasize
that it is merely for the purpose of simplicity, and that no
unexpected subtleties arise within the procedure outlined in
Sec. VI, if one considers alternative boundary conditions.

B. The Legendre-Ostrogradsky map

Higher-order Hamiltonian mechanics takes place on the
cotangent bundle 7*(T*'Q), which is endowed with the
canonical 1- and 2-forms 6 and . The Legendre-
Ostrogradsky map is the generalization of the Legendre
transform from 7°Q to T*Q [25,35,36]. In particular, it is a
map FL:T*1Q — T*(T*'Q) which satisfies

FLo=0,, FL'w = w,.
We take coordinates on T*(T*"'Q) to be (g, p%), for
0<a<k-—1, where FL*p? = p¥. As such, it follows
that

0 = pidq,. o= dg; A dpf (2.8)
provide local coordinate expressions for the canonical
1- and 2-forms on T*(T*'Q).

C. Hamiltonian formalism

If the Legendre-Ostrogradsky map is a global diffeo-
morphism, there exists a unique and globally defined
Hamiltonian function H & C®(T*(T*'Q)) such that
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FL"H = E, [35]. Additionally, we have a vector field
Xy € X%(T*(T*1Q)) satisfying

In local coordinates (¢, p%) on T*(T*~'Q), the Hamiltonian
is given by

k=2
H=> g, pi+(FL qpt =(FL)L.  (2.10)

a=0

Integral curves of the Hamiltonian vector field X;, corre-
spond to physical trajectories of the system, and so if we
express such an integral curve in local coordinates as

w(t) = (g (1), p¥(t)), we find that

. 0H Y oH
9o =52 . Py = . (2.11)

0Pyt 0G|y (1

which are the local forms of the kth order Hamilton
equations.

D. Example: The Pais-Uhlenbeck oscillator

As outlined in the Introduction, we anticipate that many
a reader with a strictly physics background may find
the geometrical concepts we have presented to be highly
unfamiliar. As such, in an attempt to facilitate under-
standing, we shall consider one of the simplest examples
of a higher-order system: the Pais-Uhlenbeck oscillator. For
details, comments, and a more in-depth analysis of this
model, we refer to [37-39], for examples.

Traditionally, the configuration space Q of the Pais-
Uhlenbeck oscillator is parametrized via a single general-
ized coordinate g, and so is of dimension one. However, in
order to provide a satisfactory discussion of the symmetry
reduction process, it will be advantageous to have a second
generalized coordinate. In this way, we will be able to
distinguish between scaling variables, and those parameters
which remain unchanged. For this reason, we shall promote
the constant frequency w of the oscillator to a velocity 6,
corresponding to the coordinate 6. The Lagrangian of the
system then contains up to second derivatives, and so is a
function on T2Q. Coordinates on this space are taken to be
(90> 91> G250, 01), which we shall identify with the more
familiar (g, ¢, 4,6,0). As such, the Lagrangian for this
oscillator is

£=2(a - 20 = i) (2.12)

N =

in which A is real constant, characteristic of the oscillator.
From (2.7), we see that the equations of motion for the
variables ¢ and 6 are simply

On the space T°*~'Q = T3Q, we introduce the Jacobi-
Ostrogradsky momenta p, p}, and pj, where

oL oL
Al:—:—l", AO:——d Hl = ﬂ’
Pi=3q i Pi=5 r(Pg) =4+2q
0 OL ;

The energy function is calculated according to (2.5);
however, recall that we take coordinates on 7°Q to be
(q.4.0.pY. pl. pY). Thus, eliminating 8, §, and § using the
momenta calculated above, we find that

o 1. 1, 1.
Ep = qpg—3 <q2 + ?(Pg)z + ;(PW)- (2.13)

For pedagogical reasons, let us instead express this energy
function in terms of ¢, 6, and their time derivatives:

E=%+14§ (2.14)

In these same coordinates, the Lagrangian 2-form w, is
given by

wp =dq A dg+idqg A dg —idg A d

+24¢0dqg A dO — g*do A do. (2.15)

Although the use of the p variables introduces an algebraic
simplification, the form of £, and @, given above offers a
more direct way to see how these object behave under
rescalings of ¢, which leave 6 invariant.

The Lagrange vector field introduced in (2.6) is given by

L0 .0 .0
Xe=qo +do +45-~
q

G+q6” 9 59 240 90
oG oG A oG 00

q 90
(2.16)

and it is straightforward to verify that iy @, = dE., as
expected.

The Hamiltonian is easily found, replacing each p* with
its counterpart p*

I A 1
H=anh-3 (24 0P+ 0h?) @1

from which the equations of motion
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1 1
o 20 __ 0)2 20 __
q__zprlp Pq—_;(pe) ’ PQ—O,
; 1 . ,
9:—?193’ pg=-ry+q

immediately follow.

III. HIGHER-ORDER
CONTACT MECHANICS

A. Lagrangian formalism

The higher-order analog of the extended tangent bundle
TQ x R, upon which we first study contact mechanics, is
the space T%Q x R, with local coordinates (g, ..., ¢}, z).
Here, the ¢/, are simply the coordinates of 7%, as defined
above, and z is to be considered a parameter spanning R.

Many of the results of the preceding sections may be
carried over to the space TkQ x R, with suitable modifica-
tion. For example, the Tulczyjew derivative is replaced by
the map Dy: C®(T"Q x R) - C®(T""'Q x R), which
depends explicitly upon the choice of Lagrangian function
L€ C®(T*Q x R). We refer to D as the Lagrangian total
derivative; however, strictly speaking, D, is not a derivative,
since it does not satisfy the Leibniz rule. Its action on a
function is given locally by

' of  of oL
D f=S"q % _ %%
cf ;an ot "oz U

(3.1)
The generalized Jacobi-Ostrogradsky momenta p/~! on
T?*-1Q x R are then calculated in an identical manner to
their symplectic counterparts, exchanging d; for D:

=S (26,

aq i’+(l

(3.2)

It is then evident that the contact analog of the recursion
relation (2.3) is simply

A(—II%_D Ar.
Pi aq,r L(pl)

(3.3)
On the space 7%~'Q x R, in addition to the Lagrangian
1- and 2-forms, we also require a contact form 7, €
QN (T?-1Q x R), defined as
ne =dz—0,. (3.4)
We refer to the triple (T%*~'Q x R, 5., L), endowed with
these dynamical elements, as a kth order (pre)contact
Lagrangian system, where the qualitative “pre” is applicable
when @, is a closed but degenerate 2-form.
Since T?*'Q xR is a standard contact manifold,
whose treatment is encompassed within the usual contact

framework [40-43], we may immediately state that the
contact Lagrangian problem is to find a vector field
X, € X (T*'Q x R) which satisfies

ix,dne=dE; —R(Ec)n.,

Here, R is the Reeb vector field for 721 Q x R, defined
uniquely via the equations

ix,lc=—Ec.  (3.5)

iRCdﬂL = 0, iR/?L =1. (36)

These geometrical equations may equivalently be expressed
in terms of the canonical prolongation of curves to the space
T?~1Q x R. In particular, the physical trajectories of the
system are curves ¢,: R — Q x R, which, in local coor-
dinates, we write as ¢, (1) = (¢'(t), z(t)). The canonical
prolongation of ¢ to 721 x R, which we denote via ¢,
has local coordinate expression

,z(t)).

t

The geometrical equations (3.5) are then equivalent to

d2k—1qi

T
. dt

dett) = (a0

k
>y (5] =0
a=0 9a/ 1,

dz

i L. (3.7)

B. The Legendre-Ostrogradsky map

Continuing to draw parallels with the symplectic case,
the Legendre-Ostrogradsky map is a bundle morphism
FL:T*1Q xR - T*(T*'Q) x R, which acts on the
natural coordinates (g, p%, z) of T**'!Q x R in the fol-
lowing way:

FL'qy=q,  FLP=pf.  FlLz=z
As before, the dynamical elements 6., @w,, and 5, are
related to their corresponding objects on T*(T*1Q) x R
according to

FLO=0,, FL'w = w,, FL'n=ng.

C. Hamiltonian formalism

If £ is a regular Lagrangian, we may introduce the unique
Hamiltonian function H¢ € C®(T*(T*'Q) x R), which
satisfies FL*H® = E;. We then declare (T*(T*'Q) x
R,n, H) to be a kth order contact Hamiltonian system
and seek a vector field X3, € X (T*(T*! Q) x R) such that
(3.8)

iy, dn = dH —R(H)n, ix,n=—H°

in which R denotes the Reeb vector field on 7*(T*~' Q) x R.
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Suppose that an integral curve y,: R — T*(T*1Q) x
R of X, is expressed in local coordinates as iy (t) =
(gi (1), p(1), z(1)); the kth order Hamilton equations then

become
O, B <0H" L aHC>
©opf 0ge ' 0z )]y
oHe
- <p? s —HC) (3.9)
Di w (1)

Finally, in order to conclude our introduction to higher-
order geometrical mechanics, we shall return to the
example of the modified Pais-Uhlenbeck oscillator, dem-
onstrating how this may be analyzed within the contact
framework we have developed.

D. The Pais-Uhlenbeck oscillator revisited

Fundamentally, our motivation for introducing contact
geometry, is that the standard symplectic framework is ill-
suited to describe physical systems which exhibit noncon-
servative effects [7,44]. This is made particularly evident,
when examining the Liouville theorem for symplectic
manifolds, which asserts that the phase space volume
occupied by solutions is conserved under the Hamiltonian
flow [24,45]. The analogous statement for contact manifolds
does not hold. Instead, we find that phase space volumes
undergo focusing and spreading under the Hamiltonian
flow [46], and it is precisely this feature which makes
contact manifolds the ideal arena in which to study non-
conservative systems.

In light of this, we may illustrate the details of higher-
order contact geometry introduced above, by adding
a simple linear damping term to the Pais-Uhlenbeck

Lagrangian (2.12)

L=3(4~q0 =) ~rz (3.10)

| =

in which y is some positive real constant, parametrizing the
damping of the oscillator. We find the Jacobi-Ostrogradsky
momenta, just as we did for the free oscillator; however, we
are now to use the Lagrangian total derivative D, instead
of dr. Consequently, we find that

oL oL
Alz_:_l..’ A():__D A1 /1_/1 ..’
by=5; i Pi=5 c(Pg)=q+2A4—2yg
. oL .

Additionally, the energy function is identical in structure? to
that of the free oscillator, except for the presence of the
damping term yz,

.0 L[, 1, 1.,
E; = ¢pY - 3 <q2 +?(p3)2 +- (pl])z) + 7z

Suppose we express the Hamiltonian vector field Xy,
corresponding to H¢, in local coordinates as

P 0 P 0

Xy =Ay— + A — + Ay — + By ——

H 00q+ laq+ 290" op?
+B 9 +B J +ca
lap; 20p2 0z

The coordinate-free expressions (3.8) then become

Al—ZZ——%Pé’ Bl——<a;;c+péa;f>—f’z—p(q’—rpz'p
Azz%:—%pg, 32:—(aa7g+pga;f>=—7p2,
C=p227:§+p537;£+p2%— ”=%<q2—%(p2)2—%(p31)2> -7z

Having developed all of the mathematical tools of higher-order geometry, and shown how this somewhat abstract formalism
leads to a very natural way of describing Lagrangian and Hamiltonian mechanics, we may now introduce the concept of
scaling symmetries, which play a central role in the main focus of this article: contact reduction.

*We emphasize that it is structurally similar—the momentum fag is clearly different to that of the free oscillator.
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IV. SCALING SYMMETRIES
AND DYNAMICAL SIMILARITY

In general, a vector field Y € X°(M) on a manifold M,
of dimension 7, is said to constitute a dynamical similarity
of Xe X°(M) if [Y,X] = fX, for some (generally) non-
constant function f: M — R.

Given a (first-order) Hamiltonian system (7*Q, w, H),
we refer to a vector field DeX*(T*Q) as a scaling
symmetry of degree A if it satisfies:

i) Lpw = w, and

(i) 8pH = AH,
in which & denotes the Lie derivative. A short calculation
reveals that

ID.X,] = (A= 1)Xy, (4.1)
and so, we conclude that scaling symmetries are a particular
class of dynamical similarity, for which the “function”
defined above is in fact constant.

The fundamental interest of scaling symmetries lies in
the fact that they map indistinguishable physical solutions
into each other [40,46,47]. More specifically, our equations
of motion are derived from an action principle, constructed
as an integral of the 1-form Ldr. Under the action of a
scaling symmetry, this object undergoes an overall scaling
by some constant factor A. In order to carry out the
extremization of the action, we restrict variations to lie
along all unscaled directions; it is then clear that those
curves which produce stationary values the action, such
that 5§ = 0, will also satisfy §(AS) = 0. Thus, solutions to
the equations of motion (for the unscaled coordinates)
remain solutions of the transformed system.

Recall that, as outlined in the Introduction, our objective
is to provide a framework which minimally encompasses
the phenomena we wish to describe. Following Leibniz’s
principle of the identity of indiscernibles, we affirm that the
action of a scaling symmetry, mapping one solution into a
second, physically indistinguishable solution, cannot pos-
sibly contribute to the closure of the algebra of dynamical
observables [48-50]. Consequently, in line with our mini-
malist approach, this action should be excised from our
ontology; this statement is made more mathematically
precise below.

Finally, we remark that, when seeking a quantum
description of reality, it is precisely the observable degrees
of freedom we shall wish to quantize [51]. As such, a theory
formulated exclusively in terms of these observables is
highly attractive.

V. FIRST-ORDER CONTACT REDUCTION

A. Lagrangian approach

The generalization of contact reduction to theories of
higher order is most readily understood within the
Lagrangian framework. As such, we shall dedicate this

section to analysing the first-order case, motivating each
step, so that the generalization should seem relatively
natural.

In general, we say that a symplectic Lagrangian system
(TQ,w,, L) admits a scaling symmetry of degree A if there
exists a vector field D € X*°(TQ), such that

(1) 8pb,=0,, and

(i) /pL =AL.

Additionally, we say that a function x: 7Q — R is a scaling
Sfunction of D if it satisfies px = x.

We may imagine that the flow of D traces out a curve
within the space of solutions, and that physical measure-
ments are impervious to displacements along this curve.
Two points on the same integral curve are to be identified,
and we use the symbolic notation 7Q/D to denote the
reduced space, formed by the quotient under this
identification.

In passing to the space TQ/D, we are excising from our
description the unobservable notion of overall scale. It thus
follows that dim7Q/D = dimTQ — 1, and so the reduced
space is a contact manifold, upon which the dynamics of
the original system are reproduced, without reference to the
global scale, which was present within the symplectic
description. Note that, since the degree of freedom we have
eliminated is not a measurable quantity, we are able to
provide a physically equivalent description, specifying one
datum fewer.

In our treatment of contact mechanics, we considered
Lagrangian functions that were dependent upon the coor-
dinates ¢', ¢', and also a real parameter z. It was Herglotz
who first considered that we might identify this parameter
with the action itself [52,53], thereby obtaining a
Lagrangian of the form £f(q', ¢, S).

The Herglotz-Lagrange equations are derived from a
variational principle, in which we extremize the action

15 .
S:/zthH(q’,q’,S) (5.1)
3|

subject to the condition § = £# [54]. Carrying out this
variational calculation,” we find that the equations of
motion are given by

H H H 5rH
i<6£'> _6[,' oLt oL (5.2)
dt \ 9¢' aq"

~ 08 9y

In light of this, consider introducing a new parameter p,
such that

_ocH
P= s

’See Appendix A for details of how this (and the correspond-
ing higher-order generalization) is done.
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A short calculation then shows that the symplectic
Lagrangian

L =e (LT +pS) (5.3)
has equations of motion which coincide with those of £,
when restricted to the contact manifold, upon which £ is
defined.

Motivated by this, let £L€ C®(TQ) be a Lagrangian
admitting a scaling symmetry D of degree A. Without loss
of generality, suppose that D acts to scale a particular
configuration space variable Q, while leaving ¢ unchanged.
We look to replace the variable Q with a scaling function
x(Q), and adopt coordinates along this direction. To do so,
we make the time reparametrization dr = x~'dt, so that

(5.4)

in which primes are to be interpreted as derivatives with
respect to 7. Identifying x = ¢’ we may then write our
Lagrangian in the form

L=eMflp'q.9). (5.5)
In our new coordinates (p, ¢,p’, ¢’), the scaling symmetry
vector field is simply D = d,.

Note that the Lagrangian (5.5) has a factor of ¢/, and
not simply e”, as required by (5.3). However, since the
equations of motion are derived from an action principle, it
is the Lagrangian form Ldt which must reproduce invariant
dynamics. Consequently, we construct

Ap

Ldt=Ldr=L=ef(p.q.q). (5.6)
In the case that the scaling symmetry is already of the
form (5.3), so that no reparametrizations need to be made,
we must proceed slightly differently. The validity of
our formalism is predicated on the assumption that the
Lagrangian is expressed as e’f(p,q,q). Clearly, if
dr = dt, then our procedure will yield a final Lagrangian
of the form e f(p, q, ¢). Consequently, we should instead
make the identification x = e/, with all subsequent steps
implemented without modification.

In order to identify the action and Herglotz Lagrangian,
we use the decomposition (5.6) of L, and manipulate the
following Euler-Lagrange equation for p:

d (oL\ oL
—|—=])—-——=—=0 5.7
de (0p’) op 3-7)
into the more suggestive form
d (of of
',q.q) =— = f—. 5.8

Recalling that £7 =, it is clear that we should
identify

of

:a—pl, EH:f—p/S.

(5.9)

Note that (5.7) does not yield the same equations of motion
as the original system: the introduction of the time
reparametrization affects (amongst other things) the notion
of energy within the transformed system. Thus, it is not true
to affirm that the Herglotz Lagrangian obtained by means
of this reduction process has identical equations of motion
to those of the original Lagrangian. We are instead
constructing a simpler system, whose space of solutions
intersects that of the full system on a surface of constant
energy. At present, we content ourselves with acknowl-
edging this fact, and postpone the explanation of how we
recover the underlying system until Sec. VIII, where we
discuss at length the implications of introducing a new time
parametrization.

As things stand, it would seem that we have done a
great deal of work, and gained very little, and so it is
worth reiterating why this reduction process is advanta-
geous. Algebraically speaking, it is quite clear that we
have passed to an equally, if not more complex description
of our original system. However, in doing so, we have
managed to capture the underlying dynamics, referencing
only those quantities which are physically observable.
Thus, we have exchanged superficial mathematical sim-
plicity for a more fundamental description of the under-
lying physics.

B. Hamiltonian approach

Let us now summarize the analogous reduction process
on the Hamiltonian side. Suppose that (7*Q,w, H) is a
symplectic Hamiltonian system, admitting a scaling sym-
metry G of degree A, where we use G, so as to distinguish it
from the Lagrangian D.

The space T*Q/G is, once again, a contact manifold of
dimension dim 7*Q — 1. In order to carry out the reduction
process, we first identify a scaling function x: 7°Q — R,
and construct a contact form and Hamiltonian on 7Q/G,
according to

(5.10)

where 7: T*Q — T*Q/G denotes the submersion between
T*Q and the reduced space. The presence of the scaling
function introduces a time reparamterization ¢t — 7z, with
dr = x"'dt. Consequently, an integral curve w(7) =
(¢'(z), pi(r), S(z)) of the Hamiltonian vector field corre-
sponding to H¢ satisfies

024014-8



DYNAMICAL SIMILARITY IN HIGHER-ORDER CLASSICAL ...

PHYS. REV. D 112, 024014 (2025)

dg oH* dp,  [GHS  OHC
- = ) = [ + Pi—=a
dr 0pl w(t) dr aq’ ! aS

das oH*
(52 e

w(7)

5.11
dr ' op; (5.11)

w(7)

Examples of the process of contact reduction within the
Hamiltonian setting may be found in [5,46,47,55].

VI. HIGHER-ORDER CONTACT REDUCTION

The steps given in Sec. V A may easily be generalized to
higher-order theories. However, on the space TQ, the
conditions 8,0, = 0, and &, L = AL were sufficient to
restrict D in such a way that the change of coordinates to x
and 7 always left a vector field of the form (5.4). In order to
guarantee the same for the higher-order case, we shall
impose the additional constraint that our scaling symmetry
be the tangent lift of a vector field D € X% (Q x R), defined
on the extended configuration space.

Without loss of generality, we may always choose
coordinates on Q X R, such that D takes the form

0
D=AQ0—+ Bt—
Q6Q+ ot

(6.1)
in which Q is our configuration space variable to be scaled,
leaving all other ¢’ unaffected, and A and B are real
coefficients, parametrizing the scaling [56].

Having identified a symmetry on the extended configu-
ration space, we now lift this to a vector field D on T~ Q,
in a manner which reproduces the scaling effects of D. It is
not difficult to see that the vector field

2k—1

0
D= AQ Z( —aB) Q,,aQa anl“aqg) (6.2)

has the desired effect. Evidently, x = oY% is a scaling
function of D, and in order to adopt coordinates along this
direction, we make the time reparametrization

dr = x7Bdt = xMdt (6.3)
where, in the second equality, we have used the fact that

B + A = 1. Consequently, our vector field D now takes the
form

2k—1 @ 0
D = ;x ()x(a) (64)

in which x(% represents the ath derivative of x with respect

to 7. Defining x = ¢”, and constructing L, just as in the
first-order case, we arrive at the Lagrangian

L=eflp.p' ..., q,) (6.5)

where q;'/ are all the unscaled coordinates and their
corresponding 7 derivatives, up to order k. We now
manipulate the kth order Euler-Lagrange equation for p

i <a£a)>20

a=0

(6.6)
into the following schematic form:

-p0=—0
f=»r e
From this, we may immediately identify the quantity [ as
our action S, and a short calculation reveals that

k—1
d\« of
— 1) ! —

A small amount of algebraic manipulation reveals that
the action is related to the Jacobi-Ostrogradsky momentum
pY according to S = e pY. This fact will be of greater
significance when discussing the corresponding Hamiltonian
reduction process; however, it is noteworthy that we observe
a generalization of a feature of the first-order case. For
theories defined on 7%, we always find that the action S is
(up to an overall multiplicative factor) equal to the momen-
tum conjugate to the scaling variable.

In order to complete the reduction process, we introduce
the variable y, with a new set of indices a, b, c, ... such that
719 = plet)) Writing £ = f — yS, we obtain a Herglotz
Lagrangian that is of order k — 1 in the variable y.

In complete analogy to the first-order case, if the scaling
symmetry vector field is already of the form (6.4), so that
no time reparametrization is required, we should instead
identify x = ¢”/A, and proceed as above.

In the above discussion, we have focused exclusively on
the scaling variable p, and have neglected to demonstrate that
our various reparametrizations do not somehow interfere
with the dynamics of the remaining unscaled coordinates. We
should, therefore, illustrate that the Euler-Lagrange equa-
tions for the ¢’ are reproduced by the corresponding Herglotz
Lagrangian. In order to do so, we consider the expression for
the original Lagrangian,* written in terms of £ and S,

(6.7)

L=er(LH+pS). (6.8)

The Euler-Lagrange equations for the unscaled coordinates
q., read

4Here, for the sake of clarity, we have omitted the various
pullbacks of S and £ to the reduced space T*Q/D.
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5 u
d* (oL
-2 (3a)
— dz* \0q.,

k H H

d* oL d* oL

— —1)« P . .
2D (e o, (dr“e ) aq@)

Recalling that the quantity p was introduced in such a way

thatp’ = aaﬁs , we see that the terms on the right-hand side of

the above equation may be rewritten as follows:

k 13 H o H
d* oL d oL
g —1)*| e . P -
- <e de o, (df‘”e ) 0%)

a=0

k H H
dr~ oS ) oq,

a=0

Finally, from our construction of the Herglotz Lagrangian
= f—p'S, it is clear thal

consequently, we may freely add a term of the form £# %
to the bracket on the right-hand side of the above, to yield

k
d o oLt
—_ —_1\ap | H_ = _
0=> 1)e<d’5+£ as as)

L

oL
gy

We thus see that the Euler-Lagrange equation for the
unscaled coordinates leads to the corresponding Herglotz
equation; inverting this argument, it is apparent that the
Herglotz equations for the ¢’ correctly reproduce the original
unscaled dynamics, when restricted to the contact mani-

fold T*Q/D.
Finally, we should inspect the Herglotz-Lagrange equa-
tion for the reduced coordinate y. Since y = — W’ and the

function f(y, 4/, ..., q%,) is independent of p, it follows that
the Lagrangian total derivative may be expressed as
D, = (dr + y). Consequently, we have

Sl
= —S+Z

which is simply a rearrangement of the definition (6.7) of S.
The above discussion highlights an important point: since
we have constructed our formalism directly from the Euler-
Lagrange equation (6.6), the Herglotz-Lagrange equa-
tion (3.7) for the reduced coordinate is trivially satisfied.

(%+x<£%> (69)

Thus, the original equation of motion for p is reproduced
within the contact system by imposing that §' = f — yS.

Topologically speaking, this reduction process is quite
different to that of the first-order case: for a Lagrangian on
TQ, we use a vector field, defined over the same space, to
completely eliminate the scaling coordinate, and its deriv-
atives. In this way, the resulting reduced space is isomor-
phic to TQ x R, in which O denotes a configuration space
manifold composed of all unscaled coordinates. In contrast,
in the higher-order case, we use a vector field defined on
T?-1Q to eliminate reference to the scaling coordinate p,
within the Lagrangian, which is a function on 7% Q. For this
reason, we retain all derivatives of p, and our contact
manifold instead has the topology T*Q/R.

VII. HAMILTONIAN FORMULATION

Having demonstrated how the process of contact reduc-
tion may be extended to theories of higher order within the
Lagrangian formalism, we would like to see how this
translates over to the Hamiltonian setting. We shall con-
tinue to work with the Lagrangian L, expressed in terms of
p, whose corresponding energy function is given by

k=1

Ep=> (P Vpstqi po)—L.  (7.1)
a=0

Performing a Legendre transform on E,, we express the
Hamiltonian H in terms of (p U,p/,,qa, ) In these
coordinates, the 2-form w € Q?(T*(T*'Q)) is expressed as

=~

-1

w="> (dp'? A dp?+dqi ndp?). (7.2)
a=0
We then find that the vector field
k-1 P
Pt ex>(T+(T*"
G= gt Y (vt i) €22 (1 0)
(7.3)

is a degree-one scaling symmetry. Introducing the sub-
mersion #: T*(T*'Q) — T*(T*'Q)/G, the contact form
n is found from

k—1

« igw _
prn=-Cr=c ”[dpp phdp— Zpﬁdp

Zp dqal :

(7.4)

a=1

The first two terms may be combined into the single
derivative d(e™” pg), which, as we have seen, coincides
precisely with the action S. Consequently, we complete the
reduction process by defining the following variables on
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(T*'Q)/G

0
* . (a a * * Pp
B =p N, Bau=qw FS="7

_
=4 (7.5)

pr
As in the Lagrangian case, all p coordinates have been
redefined in terms of y, and now carry an index a, which
assumes values from O to k — 2. It then follows that the
contact form may be written as

k=2 k=1
n=dsS— Z midy@) — Z 7dq, (7.6)
a=0 a=0

while the contact Hamiltonian H¢ is, as usual, given by

H
pHe =2 (7.7)

Coordinates on T*(T*"'Q) /G are (3%, 7%, gk, 7%, S), and,
as we shall see when working with explicit examples, the
equation of motion for the coordinate §

ds OH¢ OH¢

+ ¢
' on?

- a _ Hc
dr 7 on}

(7.8)

gives precisely the Herglotz Lagrangian £¥, upon sub-
stituting the momenta for their Legendre-transformed
counterparts. Additionally, as for the Lagrangian case,
we should demonstrate that the equations of motion for
the unscaled coordinates ¢’ are correctly reproduced within
our symmetry-reduced framework. The dynamical equa-
tion for the momentum z{ is (dropping the projection

map /)

d_,_ (0, 0
" T "\ogl T os

d oH

—_— P p%) = — -P _ =P pl p*

R (e o0 pp,)

d . oM

aPi = aq’,

where, in passing from the first to the second line, we have
used the fact that if %27 = —p/, then 2 = p/. Consequently,
we see that our formahsm correctly reﬂects the dynamics of
the unscaled variables in both the Lagrangian and
Hamiltonian settings.

The contact Hamiltonian may alternatively be obtained
by performing the reduction within the Lagrangian for-
malism, before carrying out a Legendre transform between
the reduced spaces. In this case, we take coordinates on
T-1Q/D to be (y\@,11%, g}, 112, S), where

S oL
=2 (-1 Dc(m)

r=0
k—a—1 H

2 rJjr oL

=" (-1 dT<al.—>. (7.9)
r=0 qu+r+1

Note that the momenta of the unscaled coordinates are
calculated using dr, as opposed to D . Upon taking the
Legendre transform of £, we obtain a contact Hamiltonian,
expressed in terms of the variables (y(?) I, g}, 1%, S). We
then find that the equations of motion for the y(¢) and their
conjugate momenta II} exactly reproduce the recursion
relation (2.3) of the symplectic momenta, upon making
the identification y = p’ and p’Hl = ¢’Ily. Further, the
equation of motion for H2 is given by

d of
—I9="2-5- HO 7.10
dt ¥ oy (7.10)
which, following similar steps to those given above, may be

rearranged to reproduce the expression ¢/ = pg.

VIII. THE EVOLUTION OF COUPLINGS

So far, we have considered the (Lagrangian) scaling
symmetry to act only on the space 72*~' Q. However, recall
that the effect of these transformations is to rescale the units
used to measure physical quantities, without changing the
overall dynamics. In the Kepler problem, for example, we
shall see that physical solutions are impervious to the
scaling (r, 1) — (A%r, 2*t), which effectively redefines what
we mean by metres and seconds. Any physical theory often
depends upon a number of empirically determined coupling
constants, and so we should consider the possibility that our
scaling symmetry may also act on these parameters. In this
case, we say that the couplings become dynamical in
nature. The manner in which we handle dynamical cou-
plings in the first-order case is well established, particularly
within the Hamiltonian setting [55], and so we shall simply
outline the procedure in what follows.

A. The first-order case: An overview

Strictly speaking, our motivation for considering
dynamical couplings is twofold: on the one hand, it is
often possible to identify a scaling symmetry of a given
system, even when its uncoupled analogue admits no such
transformation. As an example, we might consider the
following Lagrangian:

1 1., 1
£:§i2+§r292+;+r2

representing a simple, uncoupled Kepler system, with an
additional 72 term. The presence of this new term destroys
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the symmetry of £ under the transformation (r,f) —
(A%r, 2°t), and there is no obvious combination of rescaling
that restores this symmetry. However, were we to introduce
a pair of coupling constants C,D €R, and rewrite our
Lagrangian as

1 1.,., C
L=—-i*+=-r*6*+=+ Dr?
2 2 r

then we see that (r, D, t) — (4°r,A7%D, 2*t) restores the
overall scaling £ — A72L.

In order to allow the scaling symmetry to act on the
coupling parameters of our theory we promote these
“constants” to velocities with no corresponding conjugate
position variables.” In this way, the Euler-Lagrange equa-
tions immediately tell us that these velocities are constant in
time. Supposing that our Lagrangian depends upon N
(positive) coupling parameters, this construction amounts
to extending the tangent bundle 7'Q to include two copies
of R¥: one for the set of new velocities, and another for
their corresponding dummy position variables.

As a result, the scaling symmetry now acts on the
extended manifold 7Q x RY x RY, and we may carry
out the reduction process exactly as in Sec. VA. In the
complementary Hamiltonian picture, we apply a similar
procedure, promoting the couplings instead to momenta,
with dummy configuration space variables. Hamilton’s
equations then guarantee that these momenta will be
constant in time.

It may seem counterintuitive to introduce variables in
place of constants: our goal, after all, is to reduce the
amount of information required to describe the evolution of
a system. However, in order to fully integrate the original
system, we would need to specify each of the initial
positions and velocities, as well as provide numerical
values for the couplings. In the reduced system, by contrast,
each of the coupling parameters has been replaced by a
constant velocity, and so we have effectively exchanged
constants for boundary conditions. Since the reduction
process also eliminates the notion of overall scale, we are in
fact justified in claiming that we require fewer data to
evolve the observables of our system in time.

B. Time reparametrization

The second reason for which we are particularly inter-
ested in promoting coupling constants to dynamical var-
iables, is that, as we alluded to in Sec. VA, any system
upon which we impose a new time parametrization ceases
to correctly reproduce the equations of motion of the
original Lagrangian.

This is hardly surprising, given that the transformation
from 7 to 7 introduces a spatial dependence, through the

5By this, we mean that they exist, but £ has no dependence on
them, and so they act as dummy variables.

factor of e*~17_1In the reparametrized system, the energy
does not transform in the same way as in the original
Lagrangian, and it is this feature which creates the discrep-
ancy between the systems’ equations of motion. However,
the solutions obtained under the new time parametrization
are in fact valid, provided we are working with systems of
zero total energy. This fact is of particular relevance in the
context of general relativity; one of our main goals in
presenting an extension of the symmetry reduction process
to higher-order theories, is to explore the evolution of
physically motivated, higher-order cosmological models,
in a setting in which overall scale is not present. General
relativity, being a time-reparametrization-invariant theory,
necessarily has a vanishing Hamiltonian, and so falls within
the class of zero-energy systems mentioned above.

For those theories which do not enjoy time reparamet-
rization invariance, configurations of nonzero energy
require additional steps to recover the original dynamics.
In particular, we add an overall constant £ > 0 to the
original Lagrangian, representing the total energy of the
system. This constant then becomes dynamical in nature
within the reparametrized system. The most illustrative way
to appreciate this concept is through example; let us
therefore consider adding an overall constant E to the
Lagrangian of the standard Kepler system:

1, 1,, 1
E:fi’2+§r262+fiE (8.1)
r

2
where the £ allows for the possibility of either open or
closed orbits [56]. Following the steps outlined in Sec. VA,
we see that, identifying ¢’ = r'/2, and introducing a new
time parametrization dr = e~ dt, the Lagrangian L, as
defined in (5.6), becomes

A

1
L=e <2p’2 + 59’2 + 1) + Ee’. (8.2)

Note that, what was a constant energy in one time para-
metrization, has now assumed the role of a potential term in
the transformed system. This is precisely why solutions of
zero energy pose no problems: multiplication of zero by
some p-dependent factor will always yield zero. In order to
reproduce the original system’s dynamics, £ must become
dynamical. Thus, let us promote E — 7% where the con-
stant power 4 is determined, imposing that the reparame-
trized energy transform appropriately. It is not difficult to
see that with 1 = 2/3, we have

R 1
L=el (2;/2 +-0%+ 1+ z’2/3). (8.3)

2

The key conclusion we draw from this analysis, is that a
constant energy may always be traded for a potential term,
by making a transformation to a new time parametrization.
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In the Hamiltonian picture, our system evolves on the
constraint surface H = E; however, in light of the previous
comment, we know that there is always a time reparamet-
rization that we can make, in which the new Hamiltonian
has precisely zero energy, and so, in practice, we consider
the evolution of H' ="H —FE on the constraint sur-
face H' = 0.

C. Higher-order generalization

The procedure outlined above, in which we promote
constants to velocities (or momenta, in the Hamiltonian
case) carries over in precisely the same way to theories
of higher order. Since the original (Lagrangian) scaling
symmetry was a vector field over the space T>*~1Q, we
promote the N (positive) coupling constants to velocity
variables 7' such that £ has no dependence upon the 7/,
or any of their derivatives of order > 2. In this way, we
allow the scaling symmetry to act on the extended tangent
bundle T2~'Q x RN x RY, and proceed to reduce the
system exactly as in Sec. VL.

The manner in which we treat systems of nonzero energy
is also identical to that of the first-order case: we promote
the constant representing the total energy to a velocity
variable E — z*, and determine the power A by requiring
that the energy transform appropriately in the new time
parametrization.

IX. EXAMPLES

Having presented our results on generalized contact
reduction, we shall now demonstrate how this process is
carried out in practice, via three examples. Since we have
used the Pais-Uhlenbeck oscillator as a reference guide
throughout, to illustrate the framework of higher-order
geometrical mechanics, we shall complete the narrative,
and construct the symmetry-reduced system, as our first
example.

The aims of this section are both practical and didactic;
as such, our second example is chosen to highlight all the
features of the reduction process, but has no apparent
physical motivation. The final example, by contrast, is of
great physical relevance, but is far simpler, and thus less
illustrative, from a practical perspective. Given the rel-
evance of this third example, we shall also discuss the
utility of the symmetry-reduced system, from both a
calculational, and physical point of view.

A. The Pais-Uhlenbeck oscillator

The majority of the work necessary to construct the
symmetry-reduced Pais-Uhlenbeck oscillator has been
carried over the course of the paper; here we bring these
elements together, in order to illustrate the reduction
procedure. Recall that the Lagrangian is given by

L=5(4 =0 =2g). (9.1)

N —

It is clear that under the transformation (g,0,7) —
(kq,0,1), the Lagrangian is rescaled by a multiplicative
factor of k?; lifting this to a vector field on T3Q, we obtain

+52 (9.2)

0o .90 .
D:q——i—q——i-qa—é 3

dq " 9q
From the Lagrangian vector field (2.16), we see that
[D,X,] = 1; additionally, it is clear from (2.15) that
Lpw, =doipw;, =w,; and L =2L. Both of these
observations demonstrate that D is a scaling symmetry of
degree two.

The base manifold is Q ~ R x S'; however, conservation
of angular momentum ensures that the configuration space
separates into two dynamically disjoint pieces, consisting
of positive and negative values of g. Thus, without loss of
generality, we restrict to positive values and, in accordance
with our general procedure, define g = ¢”/2, with the result
that

1 1 A
— _ pP _'2_02__ 4-2 42 . 4 '
L=3e <4p T p/)+/))> (9.3)
and the scaling symmetry is simply D = d,. The Jacobi-
Ostrogradsky momenta are then

1 %— ﬂip +'072
p[l ap_ 4 p 2 ’
oL e’

dr(by) =7 (p+2pi+ap),

~0

oL oL
=3 P

Y - - - pg
: e
Po 0

while the equations of motion read

3, 3., 1, 1/1 :
@ s 350 L 1o o p)_
PO F2p 3 45+ g +l<2p +i+ 9) 0

and 6+ p0=0.

Note that, as expected, only derivatives of p (and not p
itself) appear in these equations of motion. Application of
(6.7) to the Lagrangian (9.3) confirms that § = e 132, and
the reduction is completed introducing y = p, and con-
structing the Herglotz Lagrangian

11, ., i .
£H =2 (ZXZ -0 - (4 + 4 +)(4)> —xS. (94)

Let us suppose, for pedagogical reasons, that we had
simply been given Eq. (9.4) as our starting point; then,
under the identification y = p, the equation of motion for y
recovers the following expected result:
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d (o™ oL" oLt oLt
dt \ oy dy oy 0S

1 A A
_ 22 s =0
:>S—Z)(+Z)(}( +Z)(—€/p/,.

Similarly, the equation of motion for 6,
0+ )(9 =0,

exactly coincides with the result obtained above, from the
symplectic Lagrangian. Finally, the equation of motion of
the coordinate p is obtained setting § = £,

The Hamiltonian, expressed in the variables p and 6, is
given by

2(py)? L,y e, (ry)*

— 500 _ _ e/
H=ppy=— =50 Pp=gP =5, (95
with corresponding symplectic form
w=dp Adp)+dp Adp)+do Adp). (9.6)

It is then a simple exercise to verify that the vector field

0

G:—+p2—+p})—+pga—pg

op op) op)

does indeed constitute a scaling symmetry of degree one.
The contact Hamiltonian may now be obtained, either via a
direct Legendre transform of the Herglotz Lagrangian (9.4),
or following the reduction scheme presented in the previous
section. In both cases, we arrive at

i 1 1 2 1
HE = _(E (7g)? +§;(2nx+;(nl)2 +§;(2> +xS  (9.7)
where we have omitted the momentum superscripts, as
there is only one of each type. The contact form for the
reduced space is given by

n=dS —m,dy — mydo. (9.8)
Finally, from the contact Hamiltonian (9.7), we find the
following equations of motion:

41, 1
A==amy—ox  my=—mt xS
O=-ny, itg=—ymy.

| 2 1

N :g)fz —z(”x)z —5(776)2 —xS. (9.9)

As expected, these may be rearranged and combined to
reproduce the definition of S in terms of the unscaled
variables. Note also that the final equation is simply
S=rH expressed in momentum variables.

B. Modified Kepler system

Our next example is that of a modified Kepler system;
the planar Kepler problem is an extremely well-studied
example in classical physics [57,58], which we have
already used several times throughout. Working in the
center-of-mass frame, temporarily setting all masses and
couplings to unity, the Lagrangian is given by

L= %,‘»2 _|_1r2('92 +1+ A2
r

5 (9.10)

The base manifold over which we work is Q ~ R* x §',
parametrized via the usual polar coordinates (7, 8). Under
the transformation (r,t) — (A%r,A%t), the Lagrangian
scales as £ — A72L, and so we may immediately write
down the (A = -2) scaling symmetry vector field

0 0 0 0 0
D=2r——i——4i—=—-TF——10r%
i P L T T W)
0 .0
— 130 —~ -3 —
or) 90

where we have identified Q = r,A = 2,and B = 3in (6.1).
Note that, unlike in the previous example, here, we must
introduce a time reparametrization. Indeed, the vector field
D is rendered of the form (6.4) taking x = r'/2, and
dr = x73dt. Further identifying x = e, we obtain the
following Lagrangian, written in terms of p and z:

A dt 1
L zﬁd—: e’ <2p’2 +§9/2 +1+ \/2(;1’” —6pp" +4p’3)>.
T

Ef(p/,p",p”/ﬂ')

(9.11)

The Herglotz Lagrangian is then

1
L7 =2y? +§9’2 +1+ \/2(;(” — 6y +4y°) — xS
(9.12)

with y = p'; the equations of motion are deduced imposing
the condition S = f — yS. As discussed in Sec. VIII B,
these solutions are only valid for systems of zero total
energy. In order to obtain a more general description,
applicable to systems of arbitrary energy E, we promote
E — zF, and see that with k = 2/3, we obtain a reparame-
trized Lagrangian

X 1
£26p<2p/2+59/2+1+\/2(p/”—6pl/)"+4,0/3):IIZ/2/3>
(9.13)

in which the energy transforms correctly. Note also that,
had we chosen to include a coupling constant C for the 1/r
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term, this would not have become dynamical, with our
choice of scaling symmetry.

Taking coordinateson 7°Q/D tobe (y, 1/, IAT)?, IAI}(, 0, ﬁg),
after applying the Legendre-Ostrogradsky map to the energy
function of Lf, we obtain the following contact

Hamiltonian:
1
HE = =242 + 3 (Im9)* —1— o + T
+ 62T, — 47°T1) + 1S. (9.14)
The contact form 7 is then given by
n=dS—1dy —l.dy —I1d6. (9.15)

As verification of the consistency of our formalism, note that
the equation of motion for S is

ds ] 1
— 22 4= (T2 4+ 1 +——yS
PR S Gl +Hl X

and substituting expressions for H}( and Hg, in terms of y, 6,
and their derivatives, we recover precisely (9.12), showing
that 8" = L, as expected.

The Hamiltonian H € C®(T*(T%Q)), corresponding to
(9.11), is given by

1
H=—e’(2p? +1) +§e"’(p2)2 26 p +p"p)
+6p'p" p3 — 4p" p3 + p' ). (9.16)
On the space T*(T?Q), we have the symplectic form

w=dp AdpS+dp' Ndpl+dp" Adp3+dO Adp))

(9.17)
and we see that
) ] 0 0 0
G=—+pt— ! — 9.18
op Propn P ap1+ " op 2+ o 9p) (9.18)

is a degree-one scaling symmetry. We use this to pass to the
reduced space T*(T%2Q)/G, upon which we define the
coordinates

Brx=r. PBPx=p". po0=0,
1 2
« 0_Pp « 1_Pp
ﬁ ”)(_?7 7[)(_6_/)7 ﬁ 9_73
0
* 7p/7
prs=22. (9.19)

Consequently, the contact form 7, and Hamiltonian H¢ may
be written as

=dS - nod)( b3 d;( — m)do,

1 1
HE = =22 + 5 (mp)* = 1 - 21! +a'm

+ 6yx'my — 4p’m, (9.20)
coinciding perfectly with (9.14) and (9.15).

This modified Kepler system is of no (known) physical
relevance, although it is not unreasonable to assume that
structurally similar terms could arise from some kind of
perturbative expansion. Nevertheless, we have demon-
strated how it is possible to reduce the order of the
Lagrangian, within the p sector, obtaining a description
cast only in terms of scale-reduced quantities. These
quantities evolve as an autonomous subset of the original
symplectic system, without the need to reference overall
scale. Eliminating this degree of freedom, which is inac-
cessible to an intrinsic observer, offers a more fundamental
description of the problem.

C. Higher-order FLRW system

Theories of modified gravity have been of increasing
interest in recent years [59]; shortly after the publication of
Einstein’s paper in 1915, physicists such as Weyl and
Eddington began to experiment with higher-order correc-
tions to general relativity, motivated principally by scien-
tific curiosity [60,61]. However, increasing amounts of
evidence from high-energy particle physics, observational
astrophysics, and theoretical cosmology suggest that mere
curiosity ought not be our sole motivation for considering
such theories [62,63].

The formalism we have developed thus far is applicable
only to higher-order theories of particles, and does not
extend to those theories whose dynamical objects are fields.
Consequently, we may not consider general relativity in its
full field-theory formulation; instead, we shall restrict
ourselves to the (flat) FLRW sector, which has potential
physical relevance to our own Universe [64]. We therefore
consider a metric of the form

ds* = =N*(t)d* + a*(1)8;;dx’ dx/ (9.21)
in which N(¢) denotes the lapse function. One may easily
verify that the nonzero connection coefficients for such a
spacetime are

N a a .
0 __
o, s . _1“;0_55;.

0 _
1—‘OO_N’ N2 i

(9.22)
It then follows that the Ricci scalar is given by
6 [@ (a\* aN| 2 [v * N
R=— |-+ ——=|==|"——5——" 9.23
N? [a+(a> aN} N? [v 3v? UN] (9:23)

where, in the second equality, we have chosen to introduce
the volume scale factor v = a3, for computational ease.
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Since our objective is to exemplify the symmetry reduction
procedure, we shall henceforth choose to work in proper
time 7, setting the lapse function N(7) to unity. Details of
the calculation for arbitrary choice of nontrivial lapse are
presented in Appendix B.

With the choice to work in proper time, we consider a
modified Einstein-Hilbert action of the form

1 1
Sun=oc | dxvma @)+ [y IlFRK

(9.24)

where we have supplemented the usual bulk action with an
additional Gibbons-Hawking-York (GHY) surface term,
suitably modified for the case of f(R) theories [32].
Here, h is the determinant of the induced metric on the
boundary 0M, upon which we have local coordinates y*; K
refers to the trace of the extrinsic curvature of oM,
and f'(R) = df/dR.

It is known that f(R) models are dynamically equivalent
to scalar-tensor theories [65—67]; additionally, within these
higher-derivative theories, the variations of the first deriv-
atives of the metric encode genuine dynamical degrees of
freedom, and so should not remain arbitrary [68]. The
constraint which must instead be imposed, is that variations
of the Ricci scalar R vanish at the boundary; with this, the
modified GHY term in the action (9.24) correctly repro-
duces the system’s dynamics, thereby preserving the
equivalence with the scalar-tensor theory.

For this particular example, we shall choose the function
f(R) = R —AR?, so that f/(R) = 1 —2AR. In addition to
the purely gravitational sector, we also include a minimally
coupled, spatially homogeneous scalar field ¢, such that the
complete action reads

1 1 1
— 4 — R— R2 2 2 22
S ZKAd xy/ g( AR+ K<2¢ +2(p V((p)))
1
+—/ d®y+\/|h|(1-22R)K.
K.Jom

(9.25)

We have chosen to include a second-order term in the scalar
field Lagrangian, so as to demonstrate that our formalism is
still sound, even when the reduction variable is not the
highest derivative term.

The spacetime manifold M is globally hyperbolic, thus
allowing a foliation into spacelike hypersurfaces X, whose
comoving volume we denote V,. The metric is both
homogeneous and isotropic, and so the modified GHY
term is proportional to Vf’(R)#, in which f'(R) is to be
replaced with the appropriate expression in terms of v and
. A complete analysis of the resulting surface terms,
together with their effects on the final solution space is
beyond the scope of this paper. Thus, we shall content
ourselves with imposing the condition that ¥ = 0 on the

boundary, thereby eliminating the contribution from the
GHY term.

In light of this, upon discarding total derivative terms, we
obtain the following Lagrangian densityé:

£:

1 E (8 e s
247G v 4zG\v 30 93

+ v<1¢2 +lzp2 - V(go)).

S+ (9.26)

The configuration manifold Q is parametrized via the two
local coordinates (v, @), and we see that the transformation
(v,.1) = (kv,,t) yields a corresponding change of
L — kL. Lifting this extended configuration space scaling
symmetry to 7°Q, we obtain

o d .0 .0
D=v—+v -+ +v_.

2
ov ov ov ov (9.27)

Since this vector field is already of the desired form, and is
a scaling symmetry of degree one, we immediately identify
x = v = ¢”, and write the Lagrangian as

L=—e { (397 + 2A(2p* + 6p*p + 9p?))

127G

., 1,
Y 1% ]
XAt + ((p)}

(9.28)
As in the previous example, we identify the function f,
reduce the order within the p sector, defining y = p, and
construct the Herglotz Lagrangian

1 . .
L= TmC 3y +2A(2¢* + 6427 + 97%))

1 1
+=¢* +5¢* = V(p) — xS.

S+ (9.29)

The advantages of our formalism are twofold: on the one
hand, we have eliminated reference to the scale factor a
(through the volume v). It has been established that there is
no impediment to the continuation of contact-reduced
cosmological models through singularities, at which gen-
eral relativity ceases to provide well-defined solutions
[69,70]. It would be of great interest, therefore, to examine
whether this continuation generalizes to higher-order the-
ories, in which we eliminate the scale factor, but retain its
derivatives.

In addition to this, had we not used a scaling symmetry
to eliminate a, and thus reduce the order of the theory to
first derivatives in y, we would be obliged to treat this
cosmological model within the metric f(R) formulation

®In order to avoid pedantic repetition of the words “Lagrangian
density,” we shall, in what follows, speak of the Lagrangian, and
use the same symbol £ we have employed throughout.
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[71]. In this way, we avoid the need to introduce the
equivalent scalar-tensor theory, as described above [72,73],
and may instead study the dynamics of this system using
only those tools we have developed throughout. It should
be emphasized, however, that we are, at present, limited to
work within the cosmological sector, until we have a more
complete formalism, which allows us to treat field theories
of arbitrary order.

In order to perform a Legendre transform on the Herglotz
Lagrangian (9.29), we calculate

R oLt

m="-"=- 243

Ay 6nG(Z+’()

. oLt . oLt

M =""=p I ="—d()=¢-0.
=5 ¢ "= () =¢—¢

We then find that the contact Hamiltonian is given by

1 2H0 _ ﬁ (HO)
3 A

1,
—5402 + V(p) +§(H30)2 + xS

1
; 2

+ ¢Hg (9.30)

with corresponding (nontrivial) equations of motion

.1, 272G _,
r=73 PRs
o___! (3}(+4ﬂ;()—1;(H0 S,
367G 3
) 1%
I =——— 19, TI},=—TI9 + ¢ — 411,
op
1 7zG 1
= 3y + 40y IM9)2 4+ = ¢?
72G(z+ Y- /1(1)+2¢
1
-V(p) +§(H}p)2 —xS. (9.31)

These equations highlight a particularly important aspect of
symmetry-reduced cosmological models; specifically, the
right-hand side of the ¢ momentum equations contain
additional terms, which encode deviations from the
expected behavior of the scalar field in a flat background
spacetime. These terms are similar in structure to those
which arise from friction; this offers a novel insight into the
character of cosmological expansion: when treated within a
framework that dispenses with those structures which are
not fundamentally required to close the algebra of the
dynamical variables, the expansion of the universe is an
emergent property, that manifests itself through frictionlike
terms, which alter the equations of motion of the
observables.

It is now straightforward to perform a Legendre trans-
form on the full Lagrangian (9.28), to obtain the
Hamiltonian

G
——=e(p,)?

. I,
H= (3p +22p") +ppp =07 P) g

72G 3

1 1
O R (7 EE T S CE )
As expected, we have the following scaling symmetry of

degree one:

0 0 0 0 0
G=—+p —+pr—+pr)——<+r,=— (933)
op " op 0 dp} ¢ 0p2, v 0p;,
The reduction process is then completed exactly as in
the previous example: we take coordinates on the space

T*(TQ)/G to be

Px=p. Po=¢, [o=¢,
1 0 1
* O_& * 0_& * 1—@
'B”)(_eﬂ’ ﬁ”lﬂ_eﬂ’ ﬁ”lﬂ_ep’
0
* _pl’
ps==4 (9.34)

such that the contact form and Hamiltonian are given by

n=dS —nody — nyde — n),dg,
=G

. 1
He = G(3;( +2/1;(4)——x ”;(_7(”;()

+ ¢nl — %402 +V(p) +3 (n;,)2 +x8. (9.35)
Finally, since we made no adjustments to our parametriza-
tion of time, we know that the contact equations of motion
reproduce the dynamics of the original FLRW system, for
solutions of arbitrary energy. In particular, we see that the
condition § = f — xS yields

3
x= m(){ +2%) - xx Y74
2zG (1 ., 1 ,
ikl —* -V 9.36
) (9.36)

which, after a short calculation, substituting y — p, can be
shown to coincide with the second-order Euler-Lagrange
equations obtained directly from (9.28).

X. SYMPLECTIFICATION

Before concluding, it is important to highlight that, in all
cases, we may recover our original theory by symplectify-
ing the underlying contact system [5]. Since the contact
form 7 is defined only up to a multiplicative constant, we
may consider introducing a real number y, defining the
contact form # = yn. Working within the Hamiltonian
formalism, we may then promote y to a real variable,
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and declare w = d(yn) to be a symplectic form on the
space (T*(T*'Q)/G) x R.

For example, taking the contact form in (9.35), we write
® = d(yn), and define momenta on (T*(7Q)/G) x R to be
P = yn. Further identifying P)? =S, we write @ as

w=dy A dP)+dy A dP,+dp N dP)+ djp A dP),.

In this way, we have embedded the underlying contact
system, within a larger symplectic framework. The equa-
tions of motion derived from the Hamiltonian H = yH* are
identical to those of H¢; however, the system described by
the symplectic Hamiltonian is now conservative in nature:
the dissipative effects of H¢ are compensated through the
evolution of the variable y.

The crucial conclusion to be taken from this, is the
following: we have argued throughout that a description of
nature, from which all superfluous structure is excised, is
truly more fundamental than one which predicts the same
physical phenomena, but exhibits redundancies in its
formulation. This line of reasoning led us to a framework
in which the minimal set of elements of our theory were
those degrees of freedom accessible via direct observation,
and any (potentially unobservable) parameters required to
evolve these observables in time, such that an autonomous
set was obtained. It is thus highly unusual that, if physics is
truly relational, we should be able to embed this noncon-
servative description within a symplectic framework, by
introducing an overall immeasurable scale. Moreover, this
symplectic description works extremely well for a broad
class of systems. On the other hand, we may view this
statement in another light: perhaps the embedding of a
contact theory, based on relational terms, into a larger
symplectic framework is simply a reflection of an incul-
cated tendency to view closed systems as fundamental, and
thus more desirable.

XI. CONCLUSIONS AND OUTLOOK

The application of techniques of differential geometry to
classical mechanics provides a highly elegant description of
amultitude of physical systems, whilst also making manifest
many of their interesting features. In this article, for
example, we have seen a number of implications of the
fact that, unlike their symplectic counterparts, contact
manifolds are odd dimensional. Most notable of these, were
the nonconservation of the measure, and of mechanical
energy, under the evolution of the system. It was precisely
these features which made contact manifolds a well-suited
arena in which to develop nonconservative frameworks. The
need for such a formalism arose from a conceptual shift, in
which we argued that precedence should be given to a
minimally sufficient description of physical law. Through
use of the principle of essential and sufficient autonomy,
together with Leibniz’s identity of indiscernibles, we

deduced that a relational description of nature necessarily
inherited a nonconservative characteristic.

After presenting an introduction to the more formal
geometrical elements needed to describe higher-order
classical mechanics, we dedicated considerable effort to
understanding the details of the symmetry reduction
process for first-order theories. Building upon this, we
observed that this procedure admitted a very natural
generalization to theories containing higher-order deriva-
tives. Our primary motivation for considering higher-order
theories lies in the desire to explore gravitational models,
which go beyond the standard framework of general
relativity. As such, one of the examples used to illustrate
the formalism we developed in the first part of the paper,
was a simple f(R) model, in a flat, homogeneous, and
isotropic universe. Despite being highly idealized, this
model still allowed us to appreciate certain features of
the symmetry-reduced description, such as the manifesta-
tion of the expansion of the Universe as a frictionlike
phenomenon.

The Pais-Uhlenbeck oscillator was explored as a running
example, and provided a controlled environment, in which
to explore the formalisms, and highlight the interesting
mathematical features of our construction. This model
required no rescaling of the time coordinate, and so the
space of solutions to the symmetry-reduced system was
directly comparable to that of the original symplectic
configuration. To give a more complete example, in which
our time parametrization did require rescaling, we pre-
sented a modified Kepler system. This allowed us to
illustrate the complications that arise, when temporal
coordinates are rescaled. In particular, we observed that
for configurations of nonzero energy, we were forced to
introduce an additive constant to the Lagrangian, which
then became dynamical in nature within the reparametrized
system. The role of this new dynamical parameter was to
ensure that the symmetry-reduced description continued to
correctly reflect the dynamics of the original system, even
when a new time parametrization was introduced.

As outlined in Sec. IX C, the development of a formalism
applicable to field theories will have significant implica-
tions for our ability to treat more complex and realistic
models of gravity. Some progress has been made in this
area [74]; however, the geometrical structures employed
here are those of k-symplectic and k-contact manifolds
[75,76]. Anticipating that we shall seek to develop a
framework adapted to treat field theories of arbitrary order,
it will be of great interest to explore the process of first-
order contact reduction, in the context of multisymplectic
geometry [27,77] which, a priori, appears to be more
amenable to higher-order generalizations.

An additional area of future investigation of particular
interest, is that of quantization. The field of geometric
quantization has received increasing attention in recent
years, and the procedure for treating symplectic manifolds,
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and more generally, Poisson manifolds, is relatively well
established [78,79]. Unfortunately, the same is not true of
contact manifolds: the odd dimensionality of these spaces
greatly hinders our ability to canonically define a Poisson
bracket structure—a prerequisite for any quantization
attempt. Some progress has been made in this area
[80,81]; however, it is, as yet, unclear how to proceed.
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APPENDIX A: HERGLOTZ-LAGRANGE
EQUATIONS: A VARIATIONAL DERIVATION

As mentioned in Sec. VA, the Herglotz-Lagrange field
equations may be derived from a variational approach, as
opposed to via the geometric perspective we have presented
throughout.

For simplicity, consider a Lagrangian £#, depending
upon a single generalized coordinate ¢, and its time
derivatives up to order k. We shall collectively denote
these coordinates ¢q,, with 0 < a < k. In contrast to the
familiar variational approach to Lagrangian mechanics, we
also allow the function £ to depend upon the action itself,
so that we seek to extremize the action

S— /'2 diLH(q,, S) (A1)
31

subject to the condition that § = £,
This condition is most readily enforced through use of a
Lagrange multiplier 4, so that we vary the modified action

2(g0, 5.5, 1) = / " LH AL - 3))  (A2)

f

subject only to the usual constraints on admissable varia-
tions. We parametrize such variations according to

(A3)

from which it follows that

1 a,CH 0£”
52:/ dt[s 1+2 (—n+—.n
4 ( ) aq 9g
+a£” - +a£” "
— : — k| —¢&lk
P aS

where the dots - - -
oL
04,

represent the remaining terms of the type
7@, up to order k. Integrating by parts, and discarding
boundary terms, we find that

oLt d ot & oL
(1+A)a—q—a{(1+ﬂ) % }Lﬁ{( +2) aq}_”':
o (A4)

7=
The second of these equations may then be used to
calculate higher derivatives of 1, with which we may
eliminate all reference to this Lagrange multiplier in the

first. It is illustrative to group terms in the resulting
expression as follows:

oY _(doLt  octoct
og \dt o4 ' 9g oS
&2 oLt oct doct oL doc
dr* 0§  dg dt 0S aS dt 0g
oLt [oLM\2
4= (= - =0.
oG \ os

The reason we have chosen to collect the terms in this
manner is that we can see that the first bracket is precisely

the Lagrangian total derivative D acting on %~ " where the

—L 4% from (3.1) is absent, since "L

is 1ndependent of the
actlon. Additionally, the second bracket coincides with
the action of the composition D, o D, on %. A similar

analysis for higher-order terms confirms the general

expression
i (l (I £H — O
q.)

a=

(AS)

Finally, it should be evident that, in the case of multiple
generalized coordinates g', we should consider separate
variations ¢'(t) — ¢'(t) + en'(t). Extremization of the
action in this case leads to an expression which coincides
perfectly with (3.7).

APPENDIX B: HIGHER-ORDER
FLRW SYSTEM WITH GENERAL LAPSE

Our goal in this appendix is to outline the details of the
calculation carried out in Sec. IX C, when a general lapse
function N(¢) is employed. We shall continue to impose
Dirichlet conditions on the spacetime boundary dM, such
that the additional modified GHY surface term vanishes.
Retaining a nontrivial lapse function in (9.23), the
resulting Lagrangian density, which generalizes (9.26),
is given by
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20 ﬁN+v2N2
oN3 303N3  oN? N>

24rGvN 4G

1 2 /1<z>‘2 it

+UN<%¢2+%([)2— V((p)). (B1)

The introduction of a new lapse does not affect the
properties of £ under rescaling, and we find that the
vector field (9.27) is still a scaling symmetry of degree
one. Consequently, we may proceed to introduce the
change of coordinate v = ¢”, after which the Lagrangian
now reads

E:_M{lpz J(Wﬁ_wﬂﬂ+m

22GN 426G \ NP N
MW+W+W>

3N3

w5730 -v)| (82)

Following identical steps to those described in the main
text, we deduce the following Herglotz Lagrangian:

o L7 A@VJWWH>

" 247G N 472G\ N° N*
N 20 (% + 37) + 37°
3N3

3 3 (B3)

1 1
N (37450 V0)) 1.
Recall from our general formalism that the equations of
motion are deduced imposing that § = £ in this case,
the relevant action, calculated from (B2), is given by

1 p 2 <3N2p _Np+N(EE+p?)

T T122GN 272G\ N° N*
35— +3pp
). (B4)

Consequently, we find that the dynamical evolution of the
variable y is governed by

. Ny + 2N 2y + 42) + N(67 + Yy + 1)

N
TN?* (2 + x%) —=20yN N N 15yN* yNN
2N? N3 3

22GN* (1, 1 3
; <—(p2 +-¢* - V(fﬂ)> - 2;0(—5;(2

2 2

N2

— i+ (2 2 B5

rr+ 5 ) (B5)
which is the generalization of (9.36), for nontrivial lapse.
The Jacobi-Ostrogradsky momenta associated with the
Herglotz Lagrangian receive substantial modification due
to the presence of the lapse function; in particular, we find
that

.o oLH A [Ny
IIOZ—: _— 2 2. s
Y~ 9y 22GN? [N b+ ”)]
. oLt .o oL . :
1 .. 0 1 . ..
”‘”:()_(ﬁ:N(p’ H(ﬂ:%—dT(ll,p):N(p—N(p—N(p.

From here, it is then straightforward to continue the
remainder of the calculation, obtaining the contact
Hamiltonian and its associated equations of motion; we
leave this as an exercise to the reader.

[1] Michael E. Cuffaro and Stephan Hartmann, The open
systems view, Phil. Trans. R. Soc. A 2, 6 (2024).

[2] Gottfried Wilhelm Leibniz, Samuel Clarke, and Roger
Ariew, Leibniz and Clarke: Correspondence (Hackett Pub-
lishing, Indianapolis, Indiana, 2000).

[3] Jonathan Schaffer, —Jonathan Schaffer: The action of the
whole, Aristotelian Soc. Suppl. Vol. 87, 67 (2013).

[4] Chris Smeenk, The Oxford Handbook of Philosophy of
Physics (Oxford University Press, USA, 2013), pp. 607—
652.

[5] David Sloan, New action for cosmology, Phys. Rev. D 103,
043524 (2021).

[6] Jenann Ismael, Symmetry and superfluous structure: Les-
sons from history and tempered enthusiasm, in The

Routledge Companion to Philosophy of Physics (Routledge,
Abingdon-on-Thames, Oxfordshire, 2021), pp. 563-577.
[7] Sean Gryb and David Sloan, When scale is surplus,
Synthese 199, 14769 (2021).
[8] Henri Poincaré and Francis Maitland, Science and Method
(Courier Corporation, Chelmsford, Massachussets, 2003).
[9] Galileo Galilei, Dialogues Concerning Two New Sciences
(Dover, New York, 1914).

[10] Joseph Delbceuf, Are the dimensions of the physical world
absolute? Space, geometric and actual, Monist 4, 248
(1894).

[11] Henry Cavendish, XXI. Experiments to determine the
density of the Earth, Phil. Trans. R. Soc. London 88, 469
(1798).

024014-20


https://doi.org/10.31389/pop.90
https://doi.org/10.1111/j.1467-8349.2013.00220.x
https://doi.org/10.1103/PhysRevD.103.043524
https://doi.org/10.1103/PhysRevD.103.043524
https://doi.org/10.1007/s11229-021-03443-7
https://doi.org/10.5840/monist18944230
https://doi.org/10.5840/monist18944230
https://doi.org/10.1098/rstl.1798.0022
https://doi.org/10.1098/rstl.1798.0022

DYNAMICAL SIMILARITY IN HIGHER-ORDER CLASSICAL ...

PHYS. REV. D 112, 024014 (2025)

[12] Marc Lachieze-Rey,
arXiv:1411.4291.

[13] Alain J. Brizard, An Introduction to Lagrangian Mechanics
(World Scientific Publishing Company, Singapore, 2014).

[14] José Rachid Mohallem, Lagrangian and Hamiltonian Me-
chanics: A Modern Approach with Core Principles and
Underlying Topics (Springer Nature, New York, 2024).

[15] Samya Zain, Techniques of Classical Mechanics: From
Lagrangian to Newtonian Mechanics (IOP Publishing,
Bristol, UK, 2019).

[16] J.-M. Souriau, Structure des systemes dynamiques: Maitr-
ises de mathématiques (Dunod, Malakoff, France, 1970).

[17] Jean-Marie Souriau, La structure symplectique de la
mécanique décrite par Lagrange en 1811, Math. Sci.
Hum. 94, 45 (1986).

[18] W.M. Tulczyjew, Les sous-varietes Lagrangiennes et la
dynamique Lagrangienne (1976).

[19] M. Wlodzimierz and M. Tulczyjew, Les sous-varietes
Lagrangiennes et la dynamique Hamiltonienne (1976).

[20] Heinrich W. Guggenheimer, Differential Geometry (Courier
Corporation, Chelmsford, Massachussets, 2012).

[21] Luis C. de Andrés, Manuel de Leén, and Paulo R.
Rodrigues, Connections on tangent bundles of higher order,
Demonstratio Math. 22, 607 (1989).

[22] David J. Saunders, The Geometry of Jet Bundles (Cam-
bridge University Press, Cambridge, England, 1989),
Vol. 142.

[23] Boris A. Kupershmidt, Geometry of jet bundles and the
structure of Lagrangian and Hamiltonian formalisms, in
Geometric Methods in Mathematical Physics: Proceedings
of an NSF-CBMS Conference Held at the University of
Lowell, Massachusetts, 1979 (Springer, New York, 2006),
pp. 162-218.

[24] Jean Louis Koszul and Yi Ming Zou, Introduction to
Symplectic Geometry (Springer, New York, 2019).

[25] Paulette Libermann and Charles-Michel Marle, Symplectic
Geometry and Analytical Mechanics (Springer Science &
Business Media, New York City, 2012), Vol. 35.

[26] Ana Cannas Da Silva and A. Cannas Da Salva, Lectures on
Symplectic Geometry (Springer, New York, 2001), Vol. 3575,

[27] Pedro D. Prieto-Martinez, Geometrical structures of higher-
order dynamical systems and field theories, arXiv:1410.7825.

[28] Manuel De Ledn, Jordi Gaset, Manuel Lainz, Miguel C.
Mufioz-Lecanda, and Narciso Roman-Roy, Higher-order
contact mechanics, Ann. Phys. (Amsterdam) 425, 168396
(2021).

[29] M. De Leon and P.R. Rodrigues, The inverse problem of
Lagrangian dynamics for higher-order differential equa-
tions: A geometrical approach, Inverse Probl. 8, 525 (1992).

[30] L. Fatibene, M. Francaviglia, and S. Mercadante, About
boundary terms in higher order theories, arXiv:1106.3738.

[31] Yuan Yao and Masaki Oshikawa, Generalized boundary
condition applied to Lieb-Schultz-Mattis-type ingappabil-
ities and many-body Chern numbers, Phys. Rev. X 10,
031008 (2020).

[32] Alejandro Guarnizo, Leonardo Castafieda, and Juan M.
Tejeiro, Boundary term in metric f(R) gravity: Field equa-
tions in the metric formalism, Gen. Relativ. Gravit. 42, 2713
(2010).

Historical Lagrangian dynamics,

[33] Norman H. Barth, The fourth-order gravitational action for
manifolds with boundaries, Classical Quantum Gravity 2,
497 (1985).

[34] Folkert Miiller-Hoissen, Gravity actions, boundary terms
and second-order field equations, Nucl. Phys. B337, 709
(1990).

[35] Leonardo Colombo and Pedro Daniel Prieto-Martinez,
Regularity properties of fiber derivatives associated with
higher-order mechanical systems, J. Math. Phys. (N.Y.) 57,
082901 (2016).

[36] Vladimir Igorevich Arnol’d,
(Springer, New York, 1990).

[37] Katarzyna Bolonek and Piotr Kosinski, Hamiltonian struc-
tures for Pais-Uhlenbeck oscillator, Acta Phys. Pol. B 36,
2115 (2005).

[38] Andrei V. Smilga et al., Comments on the dynamics of the
Pais-Uhlenbeck oscillator, SIGMA 5, 017 (2009).

[39] Krzysztof Andrzejewski, Hamiltonian formalisms and sym-
metries of the Pais—Uhlenbeck oscillator, Nucl. Phys. B889,
333 (2014).

[40] Alessandro Bravetti, Hans Cruz, and Diego Tapias, Contact
Hamiltonian mechanics, Ann. Phys. (Amsterdam) 376, 17
(2017).

[41] Manuel de Leén and Manuel Lainz Valcazar, Contact
Hamiltonian systems, J. Math. Phys. (N.Y.) 60, 102902
(2019).

[42] Manuel de Leén and Manuel Lainz, A review on contact
Hamiltonian and Lagrangian systems, arXiv:2011.05579.

[43] John B. Etnyre, Introductory lectures on contact geometry,
arXiv:math/O111118.

[44] Florio M. Ciaglia, Hans Cruz, and Giuseppe Marmo,
Contact manifolds and dissipation, classical and quantum,
Ann. Phys. (Amsterdam) 398, 159 (2018).

[45] Edward Burkard, From classical mechanics to symplectic
geometry (2014), https://www.edwardburkard.com/Talks/
UCR%20Classical%20Mechanics%20052014.pdf.

[46] David Sloan, Scale symmetry and friction, Symmetry 13,
1639 (2021).

[47] David Sloan, Dynamical similarity, Phys. Rev. D 97,
123541 (2018).

[48] Gonzalo Rodriguez-Pereyra, Leibniz’s Principle of Identity
of Indiscernibles (Oxford University Press, Oxford, 2014).

[49] Lois Frankel, Leibniz’s principle of identity of indiscerni-
bles, Stud. Leibnitiana 13, 192 (1981).

[50] Katherine Brading and Elena Castellani, Symmetries in
Physics: Philosophical Reflections (Cambridge University
Press, Cambridge, England, 2003).

[51] Nick Huggett and Craig Callender, Why quantize gravity (or
any other field for that matter)?, Philos. Sci. 68, S382
(2001).

[52] Gustav Herglotz, Beriihrungstransformationen, Lect. Univ.
Gottingen 2, 17 (1930).

[53] Edward Schillebeeckx, Gesammelte schriften/2 gott, kirche,
welt, Gesammelte Schriften (1970).

[54] Enrico Massa and Enrico Pagani, On the Herglotz varia-
tional problem, J. Math. Phys. (N.Y.) 64, 102902 (2023).

[55] Alessandro Bravetti, Connor Jackman, and David Sloan,
Scaling symmetries, contact reduction and Poincaré’s
dream, J. Phys. A 56, 435203 (2023).

Symplectic ~ Geometry

024014-21


https://arXiv.org/abs/1411.4291
https://arXiv.org/abs/1410.7825
https://doi.org/10.1016/j.aop.2021.168396
https://doi.org/10.1016/j.aop.2021.168396
https://doi.org/10.1088/0266-5611/8/4/006
https://arXiv.org/abs/1106.3738
https://doi.org/10.1103/PhysRevX.10.031008
https://doi.org/10.1103/PhysRevX.10.031008
https://doi.org/10.1007/s10714-010-1012-6
https://doi.org/10.1007/s10714-010-1012-6
https://doi.org/10.1088/0264-9381/2/4/015
https://doi.org/10.1088/0264-9381/2/4/015
https://doi.org/10.1016/0550-3213(90)90513-D
https://doi.org/10.1016/0550-3213(90)90513-D
https://doi.org/10.1063/1.4960822
https://doi.org/10.1063/1.4960822
https://doi.org/10.3842/SIGMA.2009.017
https://doi.org/10.1016/j.nuclphysb.2014.10.024
https://doi.org/10.1016/j.nuclphysb.2014.10.024
https://doi.org/10.1016/j.aop.2016.11.003
https://doi.org/10.1016/j.aop.2016.11.003
https://doi.org/10.1063/1.5096475
https://doi.org/10.1063/1.5096475
https://arXiv.org/abs/2011.05579
https://arXiv.org/abs/math/0111118
https://doi.org/10.1016/j.aop.2018.09.012
https://www.edwardburkard.com/Talks/UCR%20Classical%20Mechanics%20052014.pdf
https://www.edwardburkard.com/Talks/UCR%20Classical%20Mechanics%20052014.pdf
https://www.edwardburkard.com/Talks/UCR%20Classical%20Mechanics%20052014.pdf
https://www.edwardburkard.com/Talks/UCR%20Classical%20Mechanics%20052014.pdf
https://www.edwardburkard.com/Talks/UCR%20Classical%20Mechanics%20052014.pdf
https://doi.org/10.3390/sym13091639
https://doi.org/10.3390/sym13091639
https://doi.org/10.1103/PhysRevD.97.123541
https://doi.org/10.1103/PhysRevD.97.123541
https://doi.org/10.1086/392923
https://doi.org/10.1086/392923
https://doi.org/10.1063/5.0165641
https://doi.org/10.1088/1751-8121/acfddd

CALLUM BELL and DAVID SLOAN

PHYS. REV. D 112, 024014 (2025)

[56] David Sloan, Herglotz action for homogeneous cosmolo-
gies, Classical Quantum Gravity 40, 115008 (2023).

[57] Dirk Brouwer and Gerald M. Clemence, Methods of
Celestial Mechanics, (Elsevier, New York, 2013).

[58] Vladimir A. Chobotov, Orbital Mechanics (AIAA, Reston,
Virginia, 2002).

[59] Thomas P Sotiriou and Valerio Faraoni, f(R) theories of
gravity, Rev. Mod. Phys. 82, 451 (2010).

[60] Hermann Weyl et al., Space, time, matter, Hand 22, 33
(1919).

[61] Arthur Stanley Eddington, The Mathematical Theory of
Relativity (The University Press, Cambridge, UK, 1923).

[62] G. A. Vilkovisky, Effective action in quantum gravity,
Classical Quantum Gravity 9, 895 (1992).

[63] Alexei A. Starobinsky, A new type of isotropic cosmologi-
cal models without singularity, Phys. Lett. 91B, 99 (1980).

[64] Stephen R. Green and Robert M. Wald, How well is our
universe described by an FLRW model?, Classical Quantum
Gravity 31, 234003 (2014).

[65] Pierre Teyssandier and Ph Tourrenc, The Cauchy problem
for the R + R? theories of gravity without torsion, J. Math.
Phys. (N.Y.) 24, 2793 (1983).

[66] Brian Whitt, Fourth-order gravity as general relativity plus
matter, Phys. Lett. 145B, 176 (1984).

[67] Takeshi Chiba, 1/R gravity and scalar-tensor gravity, Phys.
Lett. B 575, 1 (2003).

[68] Ethan Dyer and Kurt Hinterbichler, Boundary terms, varia-
tional principles, and higher derivative modified gravity,
Phys. Rev. D 79, 024028 (2009).

[69] Flavio Mercati and David Sloan, Traversing through a black
hole singularity, Phys. Rev. D 106, 044015 (2022).

[70] Josh Hoffmann and David Sloan, Continuation of Bianchi
spacetimes through the big bang, Phys. Rev. D 110, 063539
(2024).

[71] Baojiu Li and John D. Barrow, Cosmology of f(R) gravity in
the metric variational approach, Phys. Rev. D 75, 084010
(2007).

[72] Thomas P. Sotiriou, 6 + 1 lessons from f(R) gravity, J. Phys.
Conf. Ser. 189, 012039 (2009).

[73] Antonio De Felice and Shinji Tsujikawa, f(R) theories,
Living Rev. Relativity 13, 1 (2010).

[74] David Sloan, Dynamical similarity in field theories,
Classical Quantum Gravity 42, 045001 (2025).

[75] Manuel De Ledén, Modesto Salgado-seco, and Silvia
Vilarino-fernandez, Methods of Differential Geometry in
Classical Field Theories: K-Symplectic and k-Cosymplectic
Approaches (World Scientific, Singapore, 2015).

[76] Jordi Gaset, Xavier Gracia, Miguel C. Mufioz-Lecanda,
Xavier Rivas, and Narciso Romdn-Roy, A contact geometry
framework for field theories with dissipation, Ann. Phys.
(Amsterdam) 414, 168092 (2020).

[77] Narciso Roman-Roy et al., Multisymplectic Lagrangian and
Hamiltonian formalisms of classical field theories, SIGMA
5, 100 (2009).

[78] Nicholas Michael John Woodhouse, Geometric Quantiza-
tion (Oxford University Press, New York, 1992).

[79] Izu Vaisman, On the geometric quantization of Poisson
manifolds, J. Math. Phys. (N.Y.) 32, 3339 (1991).

[80] Sarada G. Rajeev, Quantization of contact manifolds and
thermodynamics, Ann. Phys. (Amsterdam) 323, 768 (2008).

[81] Sean Fitzpatrick, On the geometric quantization of contact
manifolds, J. Geom. Phys. 61, 2384 (2011).

024014-22


https://doi.org/10.1088/1361-6382/accef6
https://doi.org/10.1103/RevModPhys.82.451
https://doi.org/10.1088/0264-9381/9/4/008
https://doi.org/10.1016/0370-2693(80)90670-X
https://doi.org/10.1088/0264-9381/31/23/234003
https://doi.org/10.1088/0264-9381/31/23/234003
https://doi.org/10.1063/1.525659
https://doi.org/10.1063/1.525659
https://doi.org/10.1016/0370-2693(84)90332-0
https://doi.org/10.1016/j.physletb.2003.09.033
https://doi.org/10.1016/j.physletb.2003.09.033
https://doi.org/10.1103/PhysRevD.79.024028
https://doi.org/10.1103/PhysRevD.106.044015
https://doi.org/10.1103/PhysRevD.110.063539
https://doi.org/10.1103/PhysRevD.110.063539
https://doi.org/10.1103/PhysRevD.75.084010
https://doi.org/10.1103/PhysRevD.75.084010
https://doi.org/10.1088/1742-6596/189/1/012039
https://doi.org/10.1088/1742-6596/189/1/012039
https://doi.org/10.12942/lrr-2010-1
https://doi.org/10.1088/1361-6382/ada714
https://doi.org/10.1016/j.aop.2020.168092
https://doi.org/10.1016/j.aop.2020.168092
https://doi.org/10.3842/SIGMA.2009.100
https://doi.org/10.3842/SIGMA.2009.100
https://doi.org/10.1063/1.529446
https://doi.org/10.1016/j.aop.2007.05.001
https://doi.org/10.1016/j.geomphys.2011.07.011

	Dynamical similarity in higher-order classical symplectic systems
	I. INTRODUCTION
	II. HIGHER-ORDER SYMPLECTIC MECHANICS
	A. Lagrangian formalism
	B. The Legendre-Ostrogradsky map
	C. Hamiltonian formalism
	D. Example: The Pais-Uhlenbeck oscillator

	III. HIGHER-ORDER CONTACT MECHANICS
	A. Lagrangian formalism
	B. The Legendre-Ostrogradsky map
	C. Hamiltonian formalism
	D. The Pais-Uhlenbeck oscillator revisited

	IV. SCALING SYMMETRIES AND DYNAMICAL SIMILARITY
	V. FIRST-ORDER CONTACT REDUCTION
	A. Lagrangian approach
	B. Hamiltonian approach

	VI. HIGHER-ORDER CONTACT REDUCTION
	VII. HAMILTONIAN FORMULATION
	VIII. THE EVOLUTION OF COUPLINGS
	A. The first-order case: An overview
	B. Time reparametrization
	C. Higher-order generalization

	IX. EXAMPLES
	A. The Pais-Uhlenbeck oscillator
	B. Modified Kepler system
	C. Higher-order FLRW system

	X. SYMPLECTIFICATION
	XI. CONCLUSIONS AND OUTLOOK
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: HERGLOTZ-LAGRANGE EQUATIONS: A VARIATIONAL DERIVATION
	APPENDIX B: HIGHER-ORDER FLRW SYSTEM WITH GENERAL LAPSE
	References


