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Many theories of physical interest, which admit a Hamiltonian description, exhibit symmetries under a
particular class of nonstrictly conformal transformation, known as dynamical similarities. The presence of
such symmetries allows a reduction process to be carried out, eliminating a single degree of freedom from
the system, which we associate with an overall scale. This process of “contact reduction” leads to theories
of a frictional nature, in which the physically observable quantities form an autonomous subsystem, that
evolves in a predictable manner. We demonstrate that this procedure has a natural generalization to theories
of higher order; detailed examples are provided, and physical implications discussed.
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I. INTRODUCTION

In general, it is customary to adopt the viewpoint that
isolated systems should be afforded a privileged status
within the framework used to describe physical law [1]. We
confer particular importance to such systems, deeming
them more fundamental than their open counterparts.
Indeed, when describing systems exhibiting dissipative
effects, we choose to subsume this within our closed-
system approach, treating open systems as part of a larger
entity, comprising the original system coupled to some
“environment.” Matter, energy, and information may be
freely exchanged between the two subsystems, but the full
“system plus environment” complex is still considered to
be closed.
It was argued by Leibniz that the Universe as a whole is

the only truly closed system [2]; consequently, if we
dogmatically insist that closed systems are fundamental,
we must logically conclude that the Universe is the only
fundamental entity that exists [3]. When studying sym-
metry-reduced solutions of the Einstein field equations,
particularly within the context of Friedmann-Lemaître-
Robertson-Walker (FLRW) cosmologies, we do indeed
treat the Universe as a closed system; however, as high-
lighted in [4], this is little more than an idealization used to
reduce calculational complexity. A particularly noteworthy
example of this is the use of the scale factor, which, despite
its pivotal role in the geometrical description offered by

general relativity, is generally taken to carry no physical
meaning [5]. Moreover, it is possible to excise completely
this unphysical degree of freedom from our cosmological
ontology, leaving a purely relational description.
It has been proposed that, when constructing a theory, we

should first find a framework which amply admits the
phenomena we wish to describe, before imposing succes-
sively more restrictive conditions, so as to reduce the
amount of superfluous structure present [6]. In the current
context, we posit that the notion of superfluous structure
may be cast as a precise set of dynamical criteria, captured
by the so-called principle of essential and sufficient
autonomy [7]. We seek a minimal ontology that closes
the dynamical algebra of observables, and any structure
which is not contained within this ontology is deemed
surplus; since the only degrees of freedom accessible via
empirical methods are dimensionless ratios, we are pushed
toward a relational description of nature.
This is quite a radical step, to claim that we should seek a

description of reality based entirely on relational terms, and
we ought to provide some additional motivation. As argued
by Poincaré, a hypothetical scenario, in which all distances
within our Universe were suddenly increased to twice their
original values, would be entirely indistinguishable from
the initial configuration. This follows from the fact that our
ability to deduce any such changes of scale relies upon a set
of measuring instruments, which have undergone an
identical doubling in size [8].
Detractors of this viewpoint, such as Galileo, and later

Delboeuf [9,10], reason that this argument is flawed, since
fundamental parameters, such as Newton’s gravitational
constant, may be used to infer that a change of scale has
occurred, through the fact that biological systems, for
example, would be unable to support their enlarged skeletal
structures. However, we argue that the fundamental con-
stants of nature are necessarily deduced through experiment
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and observation: for the case of Newton’s gravitational
constant, for example, this required the use of the torsion
balance, pioneered by Cavendish [11]. Consequently, it is
entirely logical to consider that the artifice producing this
hypothetical change of scale should also act on the
parameters of our theory, thereby restoring our ability to
provide a wholly relational description of nature. This issue
is further explored in Sec. VIII.
Despite the fact that the Lagrangian and Hamiltonian

formulations of classical mechanics have been studied
extensively throughout history [12–15], it was not until
relatively recently, with the work of mathematicians such as
Souriau and Tulczyjew [16–19], that these theories were
placed on a geometrical footing, allowing the powerful
tools of differential geometry to be applied to the study of
mechanical systems [20]. In seeking a relational description
of the laws governing our Universe, we shall find that we
are forced to work with manifolds on which phase space
volumes are not conserved, and mechanical energy lost. In
this way, by arguing that a minimalist approach should be
taken, when attempting to formulate physical law, we are
(indirectly) advocating that open systems should in fact be
granted privileged status as more fundamental.
In this article, we commence by presenting an intro-

duction to higher-order geometrical mechanics, in both the
Lagrangian and Hamiltonian settings. We favor the geo-
metrical approach over the more familiar variational
formulation, as our ultimate goal will be to extend our
formalism to those theories whose dynamical objects are
fields. This, while possible, is more difficult to do using
traditional variational methods. For readers unfamiliar with
the geometrical methods described, we shall present a
running example, in which the underlying concepts may be
understood, in a more mathematically amenable setting. We
also include an Appendix A, in which the variational
approach is shown to produce equivalent results.
In Sec. IV, we illustrate the mechanism by which the

changes in scale discussed above may be implemented,
before exploring how symmetry under these transforma-
tions provides a natural way in which to eliminate overall
scale from our ontology. Original results, on the generali-
zation of this reduction process to higher-order theories are
then presented in Sec. VI. Finally, we conclude with a
number of examples, discussing both the utility and
physical significance of our findings.

II. HIGHER-ORDER
SYMPLECTIC MECHANICS

A. Lagrangian formalism

A geometric formulation of theories of higher order
requires the introduction of a class of manifold known as
higher-order tangent bundles [21]. In general, if Q is an
n-dimensional smooth manifold, with bundle structure
π∶TQ → Q, we define the nðkþ 1Þ-dimensional space

TkQ as the collection of all k jets from 0∈R to Q [22,23],
which we express as

TkQ≡ J0ðR; QÞ ¼ ∪
q∈Q

fjk0ϕjϕ∶I ⊂ R → Qg

in which jk0ϕ denotes the k jet of the curve ϕ∶I ⊂ R → Q.
ThemanifoldTkQ admits the followingnatural projections:

ρkr∶ TkQ → TrQ; ρk0 ≡ βk∶ TkQ → Q;

jk0ϕ ↦ jr0ϕ; jk0ϕ ↦ ϕð0Þ:

Local coordinates on TkQ are constructed using a coordinate
chart ðU;φÞ ofQ, and a curve γ∶I ⊂ R → Q with γð0Þ∈U.
We then define γi ¼ φi ∘ γ, and local coordinates on
ðβkÞ−1ðUÞ≡ TkU are ðqi; qi1;…; qikÞ, where

qi ¼ γið0Þ and qiα ¼
dαγi

dtα

����
t¼0

:

Writing qi ≡ qi0, we collectively denote local coordinates on
TkU by ðqiαÞ. Physically, we identify qi as a generalized
coordinate, with qiα its time derivative of order α.
In contrast to the case of first-order mechanics, the

Lagrangian is now not defined on the same space as
the remaining dynamical objects [24–26]. In particular,
the Lagrangian is a function L∈C∞ðTkQÞ, whereas the
kth order Lagrangian 1- and 2-forms, together with the
energy function, are defined over the space T2k−1Q. We
shall see throughout that this seemingly trivial feature has
extremely important implications for the contact reduction
process. In light of this, we are motivated to introduce
the Tulczyjew total derivative [27,28], which is a map
dT∶ C∞ðTrQÞ → C∞ðTrþ1QÞ, whose action on a function
may be expressed locally as

dTf ¼
Xr

α¼0

qiαþ1

∂f
∂qiα

: ð2:1Þ

In more physical terms, we should consider the derivative
dT to be the usual total time derivative, adapted to the
underlying bundle structure.
On the manifold T2k−1Q, we have coordinates qiα, with

0 ≤ α ≤ 2k − 1; however, we may also consider the set
ðqiα; p̂α

i Þ, with 0 ≤ α ≤ k − 1, where

p̂r−1
i ¼

Xk−r
α¼0

ð−1ÞαdαT
�

∂L
∂qirþα

�
ð2:2Þ

(for 1 ≤ i ≤ n and 1 ≤ r ≤ k). The p̂α
i are known as

generalized Jacobi-Ostrogradsky momenta, and satisfy
the recursion relation
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p̂r−1
i ¼ ∂L

∂qir
− dTðp̂r

i Þ: ð2:3Þ

In these coordinates, the Lagrangian 1- and 2-forms θL and
ωL ¼ −dθL are given by1

θL ¼ p̂α
i dq

i
α; ωL ¼ dqiα ∧ dp̂α

i ; ð2:4Þ

Additionally, the energy function EL may be expressed as

EL ¼
Xk−1
α¼0

p̂α
i q

i
αþ1 − L: ð2:5Þ

We refer to the pair ðT2k−1Q;LÞ as a kth order Lagrangian
system, and further specify this system to be regular [29] if

det

�
∂
2L

∂qik∂q
j
k

�
ðj2k−10 ϕÞ ≠ 0 for all points j2k−10 ϕ∈T2k−1Q:

As in the first-order case, the equations of motion are found
introducing a vector field XL ∈X∞ðT2k−1QÞ, such that

iXL
ωL ¼ dEL: ð2:6Þ

For systems of physical interest, integral curves of XL may
always be written as the canonical lifting (or prolongation)
of curves ϕL∶ R → Q to T2k−1Q, and it is these curves ϕL
which correspond to physical trajectories of the system [28].
If we expressϕL in local coordinates asϕLðtÞ ¼ ðqiðtÞÞ, the
prolongation j2k−10 ϕL is given by

j2k−10 ϕLðtÞ ¼
�
qiðtÞ; dq

i

dt

����
t
; � � � d

2k−1qi

dt2k−1

����
t

�
:

The curve ϕL then satisfies the kth order Euler-Lagrange
equations, which are given by

Xk
α¼0

ð−1Þα dα

dtα

�
∂L
∂qiα

�����
j2k−1o ϕL

¼ 0: ð2:7Þ

When considering theories containing higher-order deriva-
tives, it is important to note that boundary conditionsmust be
treatedwith significantlymore care. Typically, for first-order
theories, we carry out a variational calculation, subject
to the requirement that each of the variations δqi vanish
on the boundary; in this way, any total derivative added to
the Lagrangian is inconsequential from the perspective of
the physical dynamics. This fact leaves us free to “discard”
boundary terms in a somewhat careless manner.

By contrast, for a theory containing derivatives of up to
order k, there are, in addition to each of the δqi, the
variations δqiα of the coordinate derivatives. In this case, we
should fix each of these variations on the boundary for
α ¼ 0;…; k − 1; indeed, failure to do so alters the physical
solution space of the resulting theory [30]. In general,
boundary conditions should be chosen to faithfully reflect
the physical phenomena to be described by the model of
interest [31]; such a choice often requires the introduction
of additional surface terms, in order to impose these
conditions, and simultaneously ensure the well posedness
of the variational principle. A particularly noteworthy
example of this arises in the study of higher-order theories
of gravity [32–34], in which surface terms are added,
similar to those of Gibbons-Hawking-York.
In the current context, we are interested in the study of

higher-order mechanical systems which exhibit dynamical
similarities; such systems are, of course, a subset of the
space of higher-derivative theories, and so are naturally
subject to the same class of considerations regarding
boundary conditions as outlined above. In the interest of
minimizing additional complications, which direct atten-
tion away from our main focus—the presentation of a
symmetry reduction framework for higher-order theories—
we shall restrict ourselves to Dirichlet conditions, such that,
on the boundary, we impose δqiα ¼ 0 for α ¼ 0;…; k − 1.
While this may seem somewhat unphysical, we emphasize
that it is merely for the purpose of simplicity, and that no
unexpected subtleties arise within the procedure outlined in
Sec. VI, if one considers alternative boundary conditions.

B. The Legendre-Ostrogradsky map

Higher-order Hamiltonian mechanics takes place on the
cotangent bundle T�ðTk−1QÞ, which is endowed with the
canonical 1- and 2-forms θ and ω. The Legendre-
Ostrogradsky map is the generalization of the Legendre
transform from TQ to T�Q [25,35,36]. In particular, it is a
map FL∶T2k−1Q → T�ðTk−1QÞ which satisfies

FL�θ ¼ θL; FL�ω ¼ ωL:

We take coordinates on T�ðTk−1QÞ to be ðqiα; pα
i Þ, for

0 ≤ α ≤ k − 1, where FL�pα
i ¼ p̂α

i . As such, it follows
that

θ ¼ pα
i dq

i
α; ω ¼ dqiα ∧ dpα

i ð2:8Þ

provide local coordinate expressions for the canonical
1- and 2-forms on T�ðTk−1QÞ.

C. Hamiltonian formalism

If the Legendre-Ostrogradsky map is a global diffeo-
morphism, there exists a unique and globally defined
Hamiltonian function H∈C∞ðT�ðTk−1QÞÞ such that

1Note that we have suppressed sums over both indices 1 ≤
i ≤ n and 0 ≤ α ≤ k − 1. We shall continue to do so, except for
when explicit summation provides additional clarity.
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FL�H ¼ EL [35]. Additionally, we have a vector field
XH ∈X∞ðT�ðTk−1QÞÞ satisfying

iXH
ω ¼ dH: ð2:9Þ

In local coordinates ðqiα; pα
i Þ onT�ðTk−1QÞ, theHamiltonian

is given by

H¼
Xk−2
α¼0

qiαþ1p
α
i þðFL−1Þ�qikpk−1

i − ðFL−1Þ�L: ð2:10Þ

Integral curves of the Hamiltonian vector field XH corre-
spond to physical trajectories of the system, and so if we
express such an integral curve in local coordinates as
ψHðtÞ ¼ ðqiαðtÞ; pα

i ðtÞÞ, we find that

q̇iα ¼
∂H
∂pα

i

����
ψHðtÞ

; ṗα
i ¼ −

∂H
∂qiα

����
ψHðtÞ

; ð2:11Þ

which are the local forms of the kth order Hamilton
equations.

D. Example: The Pais-Uhlenbeck oscillator

As outlined in the Introduction, we anticipate that many
a reader with a strictly physics background may find
the geometrical concepts we have presented to be highly
unfamiliar. As such, in an attempt to facilitate under-
standing, we shall consider one of the simplest examples
of a higher-order system: the Pais-Uhlenbeck oscillator. For
details, comments, and a more in-depth analysis of this
model, we refer to [37–39], for examples.
Traditionally, the configuration space Q of the Pais-

Uhlenbeck oscillator is parametrized via a single general-
ized coordinate q, and so is of dimension one. However, in
order to provide a satisfactory discussion of the symmetry
reduction process, it will be advantageous to have a second
generalized coordinate. In this way, we will be able to
distinguish between scaling variables, and those parameters
which remain unchanged. For this reason, we shall promote
the constant frequency ω of the oscillator to a velocity θ̇,
corresponding to the coordinate θ. The Lagrangian of the
system then contains up to second derivatives, and so is a
function on T2Q. Coordinates on this space are taken to be
ðq0; q1; q2; θ0; θ1Þ, which we shall identify with the more
familiar ðq; q̇; q̈; θ; θ̇Þ. As such, the Lagrangian for this
oscillator is

L ¼ 1

2
ðq̇2 − q2θ̇2 − λq̈2Þ ð2:12Þ

in which λ is real constant, characteristic of the oscillator.
From (2.7), we see that the equations of motion for the
variables q and θ are simply

λqð4Þ þ q̈þ qθ̇2 ¼ 0 and q2θ̈ þ 2qq̇ θ̇ ¼ 0:

On the space T2k−1Q ¼ T3Q, we introduce the Jacobi-
Ostrogradsky momenta p̂0

q, p̂1
q, and p̂0

θ, where

p̂1
q ¼

∂L
∂q̈

¼−λq̈; p̂0
q¼

∂L
∂q̇

−dTðp̂1
qÞ¼ q̇þλq

:::
;

p̂0
θ ¼

∂L

∂θ̇
¼−q2θ̇:

The energy function is calculated according to (2.5);
however, recall that we take coordinates on T3Q to be
ðq; q̇; θ; p̂0

q; p̂1
q; p̂0

θÞ. Thus, eliminating θ̇, q̈, and q
:::
using the

momenta calculated above, we find that

EL ¼ q̇p̂0
q −

1

2

�
q̇2 þ 1

q2
ðp̂0

θÞ2 þ
1

λ
ðp̂1

qÞ2
�
: ð2:13Þ

For pedagogical reasons, let us instead express this energy
function in terms of q, θ, and their time derivatives:

EL ¼ q̇2

2
þ λq̇ q

:::−
q2θ̇2

2
−
λq̈2

2
: ð2:14Þ

In these same coordinates, the Lagrangian 2-form ωL is
given by

ωL ¼ dq ∧ dq̇þ λdq ∧ dq
::: − λdq ∧ dq̈

þ 2qθ̇dq ∧ dθ − q2dθ ∧ dθ̇: ð2:15Þ

Although the use of the p̂ variables introduces an algebraic
simplification, the form of EL and ωL given above offers a
more direct way to see how these object behave under
rescalings of q, which leave θ invariant.
The Lagrange vector field introduced in (2.6) is given by

XL¼ q̇
∂

∂q̇
þ q̈

∂

∂q̇
þq

::: ∂

∂q̈
−
q̈þqθ̇2

λ

∂

∂q
:::þ θ̇

∂

∂θ
−
2q̇ θ̇
q

∂

∂θ̇

ð2:16Þ

and it is straightforward to verify that iXL
ωL ¼ dEL, as

expected.
The Hamiltonian is easily found, replacing each p̂α with

its counterpart pα

H ¼ q̇p0
q −

1

2

�
q̇2 þ 1

q2
ðp0

θÞ2 þ
1

λ
ðp1

qÞ2
�

ð2:17Þ

from which the equations of motion
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q̈¼−
1

λ
p1
q; ṗ0

q¼−
1

q3
ðp0

θÞ2; ṗ0
θ ¼ 0;

θ̇¼−
1

q2
p0
θ; ṗ1

q ¼−p0
qþ q̇

immediately follow.

III. HIGHER-ORDER
CONTACT MECHANICS

A. Lagrangian formalism

The higher-order analog of the extended tangent bundle
TQ ×R, upon which we first study contact mechanics, is
the space TkQ ×R, with local coordinates ðqi0;…; qik; zÞ.
Here, the qiα are simply the coordinates of TkQ, as defined
above, and z is to be considered a parameter spanning R.
Many of the results of the preceding sections may be

carried over to the space TkQ ×R, with suitable modifica-
tion. For example, the Tulczyjew derivative is replaced by
the map DL∶ C∞ðTrQ × RÞ → C∞ðTrþ1Q ×RÞ, which
depends explicitly upon the choice of Lagrangian function
L∈C∞ðTkQ ×RÞ. We refer to DL as the Lagrangian total
derivative; however, strictly speaking,DL is not a derivative,
since it does not satisfy the Leibniz rule. Its action on a
function is given locally by

DLf ¼
Xr

α¼0

qiαþ1

∂f
∂qiα

þ L
∂f
∂z

− f
∂L
∂z

: ð3:1Þ

The generalized Jacobi-Ostrogradsky momenta p̂r−1
i on

T2k−1Q ×R are then calculated in an identical manner to
their symplectic counterparts, exchanging dT for DL:

p̂r−1
i ¼

Xk−r
α¼0

ð−1ÞαDα
L

�
∂L

∂qirþα

�
: ð3:2Þ

It is then evident that the contact analog of the recursion
relation (2.3) is simply

p̂r−1
i ¼ ∂L

∂qir
−DLðp̂r

i Þ: ð3:3Þ

On the space T2k−1Q × R, in addition to the Lagrangian
1- and 2-forms, we also require a contact form ηL ∈
Ω1ðT2k−1Q ×RÞ, defined as

ηL ¼ dz − θL: ð3:4Þ

We refer to the triple ðT2k−1Q ×R; ηL;LÞ, endowed with
these dynamical elements, as a kth order (pre)contact
Lagrangian system, where the qualitative “pre” is applicable
when ωL is a closed but degenerate 2-form.
Since T2k−1Q ×R is a standard contact manifold,

whose treatment is encompassed within the usual contact

framework [40–43], we may immediately state that the
contact Lagrangian problem is to find a vector field
XL ∈X∞ðT2k−1Q ×RÞ which satisfies

iXL
dηL ¼ dEL−RLðELÞηL; iXL

ηL ¼−EL: ð3:5Þ
Here, RL is the Reeb vector field for T2k−1Q ×R, defined
uniquely via the equations

iRL
dηL ¼ 0; iRL

ηL ¼ 1: ð3:6Þ
These geometrical equations may equivalently be expressed
in terms of the canonical prolongation of curves to the space
T2k−1Q ×R. In particular, the physical trajectories of the
system are curves ϕL∶ R → Q ×R, which, in local coor-
dinates, we write as ϕLðtÞ ¼ ðqiðtÞ; zðtÞÞ. The canonical
prolongation ofϕL to T2k−1Q ×R, which we denote via ϕ̃L,
has local coordinate expression

ϕ̃LðtÞ ¼
�
qiðtÞ; dq

i

dt

����
t
;…;

d2k−1qi

dt2k−1

����
t
; zðtÞ

�
:

The geometrical equations (3.5) are then equivalent to

Xk
α¼0

ð−1ÞαDα
L

�
∂L
∂qiα

�����
ϕ̃L

¼ 0

dz
dt

¼ L: ð3:7Þ

B. The Legendre-Ostrogradsky map

Continuing to draw parallels with the symplectic case,
the Legendre-Ostrogradsky map is a bundle morphism
FL∶T2k−1Q ×R → T�ðTk−1QÞ ×R, which acts on the
natural coordinates ðqiα; p̂α

i ; zÞ of T2k−1Q ×R in the fol-
lowing way:

FL�qiα ¼ qiα; FL�pα
i ¼ p̂α

i ; FL�z ¼ z:

As before, the dynamical elements θL, ωL, and ηL are
related to their corresponding objects on T�ðTk−1QÞ × R
according to

FL�θ ¼ θL; FL�ω ¼ ωL; FL�η ¼ ηL:

C. Hamiltonian formalism

IfL is a regular Lagrangian, we may introduce the unique
Hamiltonian function Hc ∈C∞ðT�ðTk−1QÞ ×RÞ, which
satisfies FL�Hc ¼ EL. We then declare ðT�ðTk−1QÞ ×
R; η;HcÞ to be a kth order contact Hamiltonian system
and seek a vector fieldXH ∈X∞ðT�ðTk−1QÞ ×RÞ such that

iXH
dη ¼ dHc −RðHcÞη; iXH

η ¼ −Hc ð3:8Þ

inwhichR denotes theReebvector field onT�ðTk−1QÞ ×R.
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Suppose that an integral curve ψH∶ R → T�ðTk−1QÞ ×
R of XH is expressed in local coordinates as ψHðtÞ ¼
ðqiαðtÞ; pα

i ðtÞ; zðtÞÞ; the kth order Hamilton equations then
become

q̇iα ¼
∂Hc

∂pα
i

����
ψHðtÞ

ṗα
i ¼ −

�
∂Hc

∂qiα
þ pα

i
∂Hc

∂z

�����
ψHðtÞ

ż ¼
�
pα
i
∂Hc

∂pα
i
−Hc

�����
ψHðtÞ

: ð3:9Þ

Finally, in order to conclude our introduction to higher-
order geometrical mechanics, we shall return to the
example of the modified Pais-Uhlenbeck oscillator, dem-
onstrating how this may be analyzed within the contact
framework we have developed.

D. The Pais-Uhlenbeck oscillator revisited

Fundamentally, our motivation for introducing contact
geometry, is that the standard symplectic framework is ill-
suited to describe physical systems which exhibit noncon-
servative effects [7,44]. This is made particularly evident,
when examining the Liouville theorem for symplectic
manifolds, which asserts that the phase space volume
occupied by solutions is conserved under the Hamiltonian
flow [24,45]. The analogous statement for contactmanifolds
does not hold. Instead, we find that phase space volumes
undergo focusing and spreading under the Hamiltonian
flow [46], and it is precisely this feature which makes
contact manifolds the ideal arena in which to study non-
conservative systems.
In light of this, we may illustrate the details of higher-

order contact geometry introduced above, by adding
a simple linear damping term to the Pais-Uhlenbeck

Lagrangian (2.12)

L ¼ 1

2
ðq̇2 − q2θ̇2 − λq̈2Þ − γz ð3:10Þ

in which γ is some positive real constant, parametrizing the
damping of the oscillator. We find the Jacobi-Ostrogradsky
momenta, just as we did for the free oscillator; however, we
are now to use the Lagrangian total derivative DL, instead
of dT . Consequently, we find that

p̂1
q¼

∂L
∂q̈

¼−λq̈; p̂0
q ¼

∂L
∂q̇

−DLðp̂1
qÞ¼ q̇þλq

:::−λγq̈;

p̂0
θ ¼

∂L

∂θ̇
¼−q2θ̇:

Additionally, the energy function is identical in structure2 to
that of the free oscillator, except for the presence of the
damping term γz,

EL ¼ q̇p̂0
q −

1

2

�
q̇2 þ 1

q2
ðp̂0

θÞ2 þ
1

λ
ðp̂1

qÞ2
�
þ γz:

Suppose we express the Hamiltonian vector field XH,
corresponding to Hc, in local coordinates as

XH ¼ A0

∂

∂q
þ A1

∂

∂q̇
þ A2

∂

∂θ
þ B0

∂

∂p0
q

þ B1

∂

∂p1
q
þ B2

∂

∂p0
θ

þ C
∂

∂z
:

The coordinate-free expressions (3.8) then become

A0 ¼
∂Hc

∂p0
q
¼ q̇; B0¼−

�
∂Hc

∂q
þp0

q
∂Hc

∂z

�
¼−

�
1

q3
ðp0

θÞ2þ γp0
q

�
;

A1 ¼
∂Hc

∂p1
q
¼−

1

λ
p1
q; B1¼−

�
∂Hc

∂q̇
þp1

q
∂Hc

∂z

�
¼ q̇−p0

q− γp1
q;

A2 ¼
∂Hc

∂p0
θ

¼−
1

q2
p0
θ; B2¼−

�
∂Hc

∂θ
þp0

θ

∂Hc

∂z

�
¼−γp0

θ;

C¼p0
q
∂Hc

∂p0
q
þp1

q
∂Hc

∂p1
q
þp0

θ

∂Hc

∂p0
θ

−Hc ¼ 1

2

�
q̇2−

1

q2
ðp0

θÞ2−
1

λ
ðp1

qÞ2
�
− γz:

Having developed all of the mathematical tools of higher-order geometry, and shown how this somewhat abstract formalism
leads to a very natural way of describing Lagrangian and Hamiltonian mechanics, we may now introduce the concept of
scaling symmetries, which play a central role in the main focus of this article: contact reduction.

2We emphasize that it is structurally similar—the momentum p̂0
q is clearly different to that of the free oscillator.
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IV. SCALING SYMMETRIES
AND DYNAMICAL SIMILARITY

In general, a vector field Y ∈X∞ðMÞ on a manifold M,
of dimension n, is said to constitute a dynamical similarity
of X∈X∞ðMÞ if ½Y; X� ¼ fX, for some (generally) non-
constant function f∶M → R.
Given a (first-order) Hamiltonian system ðT�Q;ω;HÞ,

we refer to a vector field D∈X∞ðT�QÞ as a scaling
symmetry of degree Λ if it satisfies:

(i) LDω ¼ ω, and
(ii) LDH ¼ ΛH,

in which L denotes the Lie derivative. A short calculation
reveals that

½D;XH� ¼ ðΛ − 1ÞXH ð4:1Þ

and so, we conclude that scaling symmetries are a particular
class of dynamical similarity, for which the “function”
defined above is in fact constant.
The fundamental interest of scaling symmetries lies in

the fact that they map indistinguishable physical solutions
into each other [40,46,47]. More specifically, our equations
of motion are derived from an action principle, constructed
as an integral of the 1-form Ldt. Under the action of a
scaling symmetry, this object undergoes an overall scaling
by some constant factor λ. In order to carry out the
extremization of the action, we restrict variations to lie
along all unscaled directions; it is then clear that those
curves which produce stationary values the action, such
that δS ¼ 0, will also satisfy δðλSÞ ¼ 0. Thus, solutions to
the equations of motion (for the unscaled coordinates)
remain solutions of the transformed system.
Recall that, as outlined in the Introduction, our objective

is to provide a framework which minimally encompasses
the phenomena we wish to describe. Following Leibniz’s
principle of the identity of indiscernibles, we affirm that the
action of a scaling symmetry, mapping one solution into a
second, physically indistinguishable solution, cannot pos-
sibly contribute to the closure of the algebra of dynamical
observables [48–50]. Consequently, in line with our mini-
malist approach, this action should be excised from our
ontology; this statement is made more mathematically
precise below.
Finally, we remark that, when seeking a quantum

description of reality, it is precisely the observable degrees
of freedomwe shall wish to quantize [51]. As such, a theory
formulated exclusively in terms of these observables is
highly attractive.

V. FIRST-ORDER CONTACT REDUCTION

A. Lagrangian approach

The generalization of contact reduction to theories of
higher order is most readily understood within the
Lagrangian framework. As such, we shall dedicate this

section to analysing the first-order case, motivating each
step, so that the generalization should seem relatively
natural.
In general, we say that a symplectic Lagrangian system

ðTQ;ωL;LÞ admits a scaling symmetry of degree Λ if there
exists a vector field D∈X∞ðTQÞ, such that

(i) LDθL ¼ θL, and
(ii) LDL ¼ ΛL.

Additionally, we say that a function x∶TQ → R is a scaling
function of D if it satisfies LDx ¼ x.
We may imagine that the flow of D traces out a curve

within the space of solutions, and that physical measure-
ments are impervious to displacements along this curve.
Two points on the same integral curve are to be identified,
and we use the symbolic notation TQ=D to denote the
reduced space, formed by the quotient under this
identification.
In passing to the space TQ=D, we are excising from our

description the unobservable notion of overall scale. It thus
follows that dimTQ=D ¼ dimTQ − 1, and so the reduced
space is a contact manifold, upon which the dynamics of
the original system are reproduced, without reference to the
global scale, which was present within the symplectic
description. Note that, since the degree of freedom we have
eliminated is not a measurable quantity, we are able to
provide a physically equivalent description, specifying one
datum fewer.
In our treatment of contact mechanics, we considered

Lagrangian functions that were dependent upon the coor-
dinates qi, q̇i, and also a real parameter z. It was Herglotz
who first considered that we might identify this parameter
with the action itself [52,53], thereby obtaining a
Lagrangian of the form LHðqi; q̇i; SÞ.
The Herglotz-Lagrange equations are derived from a

variational principle, in which we extremize the action

S ¼
Z

t2

t1

dtLHðqi; q̇i; SÞ ð5:1Þ

subject to the condition Ṡ ¼ LH [54]. Carrying out this
variational calculation,3 we find that the equations of
motion are given by

d
dt

�
∂LH

∂q̇i

�
−
∂LH

∂qi
¼ ∂LH

∂S
∂LH

∂q̇i
: ð5:2Þ

In light of this, consider introducing a new parameter ρ,
such that

ρ̇ ¼ −
∂LH

∂S
:

3See Appendix A for details of how this (and the correspond-
ing higher-order generalization) is done.
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A short calculation then shows that the symplectic
Lagrangian

L ¼ eρðLH þ ρ̇SÞ ð5:3Þ

has equations of motion which coincide with those of LH,
when restricted to the contact manifold, upon which LH is
defined.
Motivated by this, let L∈C∞ðTQÞ be a Lagrangian

admitting a scaling symmetry D of degree Λ. Without loss
of generality, suppose that D acts to scale a particular
configuration space variableQ, while leaving q unchanged.
We look to replace the variable Q with a scaling function
xðQÞ, and adopt coordinates along this direction. To do so,
we make the time reparametrization dτ ¼ xΛ−1dt, so that

D ¼ x
∂

∂x
þ x0

∂

∂x0
ð5:4Þ

in which primes are to be interpreted as derivatives with
respect to τ. Identifying x ¼ eρ we may then write our
Lagrangian in the form

L ¼ eΛρfðρ0; q; q0Þ: ð5:5Þ

In our new coordinates ðρ; q; ρ0; q0Þ, the scaling symmetry
vector field is simply D ¼ ∂ρ.
Note that the Lagrangian (5.5) has a factor of eΛρ, and

not simply eρ, as required by (5.3). However, since the
equations of motion are derived from an action principle, it
is the Lagrangian form Ldt which must reproduce invariant
dynamics. Consequently, we construct

Ldt≡ L̂dτ ⇒ L̂ ¼ eρfðρ0; q; q0Þ: ð5:6Þ

In the case that the scaling symmetry is already of the
form (5.3), so that no reparametrizations need to be made,
we must proceed slightly differently. The validity of
our formalism is predicated on the assumption that the
Lagrangian is expressed as eρfðρ̇; q; q̇Þ. Clearly, if
dτ ¼ dt, then our procedure will yield a final Lagrangian
of the form eΛρfðρ̇; q; q̇Þ. Consequently, we should instead
make the identification x ¼ eρ=Λ, with all subsequent steps
implemented without modification.
In order to identify the action and Herglotz Lagrangian,

we use the decomposition (5.6) of L̂, and manipulate the
following Euler-Lagrange equation for ρ:

d
dτ

�
∂L̂
∂ρ0

�
−
∂L̂
∂ρ

¼ 0 ð5:7Þ

into the more suggestive form

fðρ0; q; q0Þ ¼ d
dτ

�
∂f
∂ρ0

�
þ ρ0

∂f
∂ρ0

: ð5:8Þ

Recalling that LH ¼ S0, it is clear that we should
identify

S ¼ ∂f
∂ρ0

; LH ¼ f − ρ0S: ð5:9Þ

Note that (5.7) does not yield the same equations of motion
as the original system: the introduction of the time
reparametrization affects (amongst other things) the notion
of energy within the transformed system. Thus, it is not true
to affirm that the Herglotz Lagrangian obtained by means
of this reduction process has identical equations of motion
to those of the original Lagrangian. We are instead
constructing a simpler system, whose space of solutions
intersects that of the full system on a surface of constant
energy. At present, we content ourselves with acknowl-
edging this fact, and postpone the explanation of how we
recover the underlying system until Sec. VIII, where we
discuss at length the implications of introducing a new time
parametrization.
As things stand, it would seem that we have done a

great deal of work, and gained very little, and so it is
worth reiterating why this reduction process is advanta-
geous. Algebraically speaking, it is quite clear that we
have passed to an equally, if not more complex description
of our original system. However, in doing so, we have
managed to capture the underlying dynamics, referencing
only those quantities which are physically observable.
Thus, we have exchanged superficial mathematical sim-
plicity for a more fundamental description of the under-
lying physics.

B. Hamiltonian approach

Let us now summarize the analogous reduction process
on the Hamiltonian side. Suppose that ðT�Q;ω;HÞ is a
symplectic Hamiltonian system, admitting a scaling sym-
metryG of degreeΛ, where we useG, so as to distinguish it
from the Lagrangian D.
The space T�Q=G is, once again, a contact manifold of

dimension dimT�Q − 1. In order to carry out the reduction
process, we first identify a scaling function x∶ T�Q → R,
and construct a contact form and Hamiltonian on T�Q=G,
according to

π�η ¼ iGω
x

; π�Hc ¼ H
xΛ

ð5:10Þ

where π∶ T�Q → T�Q=G denotes the submersion between
T�Q and the reduced space. The presence of the scaling
function introduces a time reparamterization t → τ, with
dτ ¼ xΛ−1dt. Consequently, an integral curve ψðτÞ ¼
ðqiðτÞ; piðτÞ; SðτÞÞ of the Hamiltonian vector field corre-
sponding to Hc satisfies
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dqi

dτ
¼ ∂Hc

∂pi

����
ψðτÞ

;
dpi

dτ
¼−

�
∂Hc

∂qi
þpi

∂Hc

∂S

�����
ψðτÞ

;

dS
dτ

¼
�
pi
∂Hc

∂pi
−ΛHc

�����
ψðτÞ

: ð5:11Þ

Examples of the process of contact reduction within the
Hamiltonian setting may be found in [5,46,47,55].

VI. HIGHER-ORDER CONTACT REDUCTION

The steps given in Sec. VA may easily be generalized to
higher-order theories. However, on the space TQ, the
conditions LDθL ¼ θL and LDL ¼ ΛL were sufficient to
restrict D in such a way that the change of coordinates to x
and τ always left a vector field of the form (5.4). In order to
guarantee the same for the higher-order case, we shall
impose the additional constraint that our scaling symmetry
be the tangent lift of a vector fieldD∈X∞ðQ ×RÞ, defined
on the extended configuration space.
Without loss of generality, we may always choose

coordinates on Q ×R, such that D takes the form

D ¼ AQ
∂

∂Q
þ Bt

∂

∂t
ð6:1Þ

in which Q is our configuration space variable to be scaled,
leaving all other qi unaffected, and A and B are real
coefficients, parametrizing the scaling [56].
Having identified a symmetry on the extended configu-

ration space, we now lift this to a vector fieldD on T2k−1Q,
in a manner which reproduces the scaling effects of D. It is
not difficult to see that the vector field

D¼AQ
∂

∂Q
þ
X2k−1
α¼1

�
ðA−αBÞQα

∂

∂Qα
−αBqiα

∂

∂qiα

�
ð6:2Þ

has the desired effect. Evidently, x ¼ Q1=A is a scaling
function of D, and in order to adopt coordinates along this
direction, we make the time reparametrization

dτ ¼ x−Bdt ¼ xΛ−1dt ð6:3Þ

where, in the second equality, we have used the fact that
Bþ Λ ¼ 1. Consequently, our vector fieldD now takes the
form

D ¼
X2k−1
α¼0

xðαÞ
∂

∂xðαÞ
ð6:4Þ

in which xðαÞ represents the αth derivative of x with respect
to τ. Defining x ¼ eρ, and constructing L̂, just as in the
first-order case, we arrive at the Lagrangian

L̂ ¼ eρfðρ0; ρ00;…; qiα0 Þ ð6:5Þ

where qiα0 are all the unscaled coordinates and their
corresponding τ derivatives, up to order k. We now
manipulate the kth order Euler-Lagrange equation for ρ

Xk
α¼0

ð−1Þα dα

dτα

�
∂L̂

∂ρðαÞ

�
¼ 0 ð6:6Þ

into the following schematic form:

f − ρ0□ ¼ d
dτ

□:

From this, we may immediately identify the quantity □ as
our action S, and a short calculation reveals that

S ¼
Xk−1
α¼0

ð−1Þα
�
ρ0 þ d

dτ

�
α ∂f

∂ρðαþ1Þ : ð6:7Þ

A small amount of algebraic manipulation reveals that
the action is related to the Jacobi-Ostrogradsky momentum
p̂0
ρ according to S ¼ e−ρp̂0

ρ. This fact will be of greater
significancewhendiscussing the correspondingHamiltonian
reduction process; however, it is noteworthy that we observe
a generalization of a feature of the first-order case. For
theories defined on T�Q, we always find that the action S is
(up to an overall multiplicative factor) equal to the momen-
tum conjugate to the scaling variable.
In order to complete the reduction process, we introduce

the variable χ, with a new set of indices a, b, c,… such that
χðaÞ ¼ ρðαþ1Þ. Writing LH ¼ f − χS, we obtain a Herglotz
Lagrangian that is of order k − 1 in the variable χ.
In complete analogy to the first-order case, if the scaling

symmetry vector field is already of the form (6.4), so that
no time reparametrization is required, we should instead
identify x ¼ eρ=Λ, and proceed as above.
In the above discussion, we have focused exclusively on

the scaling variable ρ, and have neglected to demonstrate that
our various reparametrizations do not somehow interfere
with thedynamics of the remaining unscaled coordinates.We
should, therefore, illustrate that the Euler-Lagrange equa-
tions for the qi are reproduced by the correspondingHerglotz
Lagrangian. In order to do so, we consider the expression for
the original Lagrangian,4 written in terms of LH and S,

L̂ ¼ eρðLH þ ρ0SÞ: ð6:8Þ

The Euler-Lagrange equations for the unscaled coordinates
qiα read

4Here, for the sake of clarity, we have omitted the various
pullbacks of S and LH to the reduced space TkQ=D.
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0 ¼
Xk
α¼0

ð−1Þα dα

dτα

�
∂L̂
∂qiα

�

¼
Xk
α¼0

ð−1Þα
�
eρ

dα

dτα
∂LH

∂qiα
þ
�
dα

dτα
eρ
�
∂LH

∂qiα

�
:

Recalling that the quantity ρ was introduced in such a way
thatρ0 ¼ − ∂LH

∂S ,we see that the termson the right-hand side of
the above equation may be rewritten as follows:

Xk
α¼0

ð−1Þα
�
eρ

dα

dτα
∂LH

∂qiα
þ
�
dα

dτα
eρ
�
∂LH

∂qiα

�

¼
Xk
α¼0

ð−1Þαeρ
�
d
dτ

−
∂LH

∂S

�
α ∂LH

∂qiα
:

Finally, from our construction of the Herglotz Lagrangian
LH ¼ f − ρ0S, it is clear that ∂LH

∂qiα
is independent of S;

consequently, we may freely add a term of the form LH ∂

∂S
to the bracket on the right-hand side of the above, to yield

0 ¼
Xk
α¼0

ð−1Þαeρ
�
d
dτ

þ LH ∂

∂S
−
∂LH

∂S|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼ð3.1ÞDL

�
α ∂LH

∂qiα

¼
Xk
α¼0

ð−1ÞαeρDα
L

�
∂LH

∂qiα

�
:

We thus see that the Euler-Lagrange equation for the
unscaled coordinates leads to the corresponding Herglotz
equation; inverting this argument, it is apparent that the
Herglotz equations for the qi correctly reproduce the original
unscaled dynamics, when restricted to the contact mani-
fold TkQ=D.
Finally, we should inspect the Herglotz-Lagrange equa-

tion for the reduced coordinate χ. Since χ ¼ − ∂LH

∂S , and the
function fðχ; χ0;…; qiαÞ is independent of ρ, it follows that
the Lagrangian total derivative may be expressed as
DL ¼ ðdT þ χÞ. Consequently, we have

0 ¼
Xk−1
a¼0

ð−1ÞaDa
L

�
∂LH

∂χðaÞ

�

¼ −Sþ
Xk−1
a¼0

ð−1ÞaðdT þ χÞa
�

∂f

∂χðaÞ

�
ð6:9Þ

which is simply a rearrangement of the definition (6.7) of S.
The above discussion highlights an important point: since
we have constructed our formalism directly from the Euler-
Lagrange equation (6.6), the Herglotz-Lagrange equa-
tion (3.7) for the reduced coordinate is trivially satisfied.

Thus, the original equation of motion for ρ is reproduced
within the contact system by imposing that S0 ¼ f − χS.
Topologically speaking, this reduction process is quite

different to that of the first-order case: for a Lagrangian on
TQ, we use a vector field, defined over the same space, to
completely eliminate the scaling coordinate, and its deriv-
atives. In this way, the resulting reduced space is isomor-
phic to TQ̂ ×R, in which Q̂ denotes a configuration space
manifold composed of all unscaled coordinates. In contrast,
in the higher-order case, we use a vector field defined on
T2k−1Q to eliminate reference to the scaling coordinate ρ,
within the Lagrangian, which is a function on TkQ. For this
reason, we retain all derivatives of ρ, and our contact
manifold instead has the topology TkQ=R.

VII. HAMILTONIAN FORMULATION

Having demonstrated how the process of contact reduc-
tion may be extended to theories of higher order within the
Lagrangian formalism, we would like to see how this
translates over to the Hamiltonian setting. We shall con-
tinue to work with the Lagrangian L̂, expressed in terms of
ρ, whose corresponding energy function is given by

EL ¼
Xk−1
α¼0

ðρðαþ1Þp̂α
ρ þ qiαþ1p̂

α
i Þ − L̂: ð7:1Þ

Performing a Legendre transform on EL, we express the
Hamiltonian H in terms of ðρðαÞ; pα

ρ; qiα; pα
i Þ. In these

coordinates, the 2-formω∈Ω2ðT�ðTk−1QÞÞ is expressed as

ω ¼
Xk−1
α¼0

ðdρðαÞ ∧ dpα
ρ þ dqiα ∧ dpα

i Þ: ð7:2Þ

We then find that the vector field

G¼ ∂

∂ρ
þ
Xk−1
α¼0

�
pα
ρ

∂

∂pα
ρ
þpα

i
∂

∂pα
i

�
∈X∞ðT�ðTk−1QÞÞ

ð7:3Þ

is a degree-one scaling symmetry. Introducing the sub-
mersion β∶ T�ðTk−1QÞ → T�ðTk−1QÞ=G, the contact form
η is found from

β�η¼ iGω
eρ

¼ e−ρ
�
dp0

ρ−p0
ρdρ−

Xk−1
α¼1

pα
ρdρðαÞ−

Xk−1
α¼0

pα
i dq

i
α

�
:

ð7:4Þ

The first two terms may be combined into the single
derivative dðe−ρp0

ρÞ, which, as we have seen, coincides
precisely with the action S. Consequently, we complete the
reduction process by defining the following variables on
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T�ðTk−1QÞ=G:

β�χðaÞ ¼ ρðαþ1Þ; β�qiα¼ qiα; β�S¼p0
ρ

eρ
;

β�πaχ ¼
pαþ1
ρ

eρ
; β�παi ¼

pα
i

eρ
: ð7:5Þ

As in the Lagrangian case, all ρ coordinates have been
redefined in terms of χ, and now carry an index a, which
assumes values from 0 to k − 2. It then follows that the
contact form may be written as

η ¼ dS −
Xk−2
a¼0

πaχdχðaÞ −
Xk−1
α¼0

παi dq
i
α ð7:6Þ

while the contact Hamiltonian Hc is, as usual, given by

β�Hc ¼ H
eρ

: ð7:7Þ

Coordinates on T�ðTk−1QÞ=G are ðχðaÞ; πaχ ; qiα; παi ; SÞ, and,
as we shall see when working with explicit examples, the
equation of motion for the coordinate S

dS
dτ

¼ πaχ
∂Hc

∂πaχ
þ παi

∂Hc

∂παi
−Hc ð7:8Þ

gives precisely the Herglotz Lagrangian LH, upon sub-
stituting the momenta for their Legendre-transformed
counterparts. Additionally, as for the Lagrangian case,
we should demonstrate that the equations of motion for
the unscaled coordinates qi are correctly reproduced within
our symmetry-reduced framework. The dynamical equa-
tion for the momentum παi is (dropping the projection
map β)

d
dτ

παi ¼ −
�
∂Hc

∂qiα
þ παi

∂Hc

∂S

�

d
dτ

ðe−ρpα
i Þ ¼ −

�
e−ρ

∂H
∂qiα

þ e−ρρ0pα
i

�

⇒
d
dτ

pα
i ¼ −

∂H
∂qiα

where, in passing from the first to the second line, we have
used the fact that if ∂L

H

∂S ¼ −ρ0, then ∂Hc

∂S ¼ ρ0. Consequently,
we see that our formalism correctly reflects the dynamics of
the unscaled variables in both the Lagrangian and
Hamiltonian settings.
The contact Hamiltonian may alternatively be obtained

by performing the reduction within the Lagrangian for-
malism, before carrying out a Legendre transform between
the reduced spaces. In this case, we take coordinates on
T2k−1Q=D to be ðχðaÞ; Π̂a

χ ; qiα; Π̂α
i ; SÞ, where

Π̂a
χ ¼

Xk−a−2
r¼0

ð−1ÞrDr
L

�
∂LH

∂χðaþrþ1Þ

�
;

Π̂α
i ¼

Xk−α−1
r¼0

ð−1ÞrdrT
�

∂LH

∂qiαþrþ1

�
: ð7:9Þ

Note that the momenta of the unscaled coordinates are
calculated using dT , as opposed to DL. Upon taking the
Legendre transform ofLH, we obtain a contact Hamiltonian,
expressed in terms of the variables ðχðaÞ;Πa

χ ; qiα;Πα
i ; SÞ. We

then find that the equations of motion for the χðaÞ and their
conjugate momenta Πa

χ exactly reproduce the recursion
relation (2.3) of the symplectic momenta, upon making
the identification χ ¼ ρ0 and pαþ1

ρ ¼ eρΠa
χ . Further, the

equation of motion for Π0
χ is given by

d
dτ

Π0
χ ¼

∂f
∂χ

− S − Π0
χχ ð7:10Þ

which, following similar steps to those given above, may be
rearranged to reproduce the expression eρS ¼ p0

ρ.

VIII. THE EVOLUTION OF COUPLINGS

So far, we have considered the (Lagrangian) scaling
symmetry to act only on the space T2k−1Q. However, recall
that the effect of these transformations is to rescale the units
used to measure physical quantities, without changing the
overall dynamics. In the Kepler problem, for example, we
shall see that physical solutions are impervious to the
scaling ðr; tÞ → ðλ2r; λ3tÞ, which effectively redefines what
we mean by metres and seconds. Any physical theory often
depends upon a number of empirically determined coupling
constants, and so we should consider the possibility that our
scaling symmetry may also act on these parameters. In this
case, we say that the couplings become dynamical in
nature. The manner in which we handle dynamical cou-
plings in the first-order case is well established, particularly
within the Hamiltonian setting [55], and so we shall simply
outline the procedure in what follows.

A. The first-order case: An overview

Strictly speaking, our motivation for considering
dynamical couplings is twofold: on the one hand, it is
often possible to identify a scaling symmetry of a given
system, even when its uncoupled analogue admits no such
transformation. As an example, we might consider the
following Lagrangian:

L ¼ 1

2
ṙ2 þ 1

2
r2θ̇2 þ 1

r
þ r2

representing a simple, uncoupled Kepler system, with an
additional r2 term. The presence of this new term destroys
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the symmetry of L under the transformation ðr; tÞ →
ðλ2r; λ3tÞ, and there is no obvious combination of rescaling
that restores this symmetry. However, were we to introduce
a pair of coupling constants C;D∈R, and rewrite our
Lagrangian as

L ¼ 1

2
ṙ2 þ 1

2
r2θ̇2 þ C

r
þDr2

then we see that ðr;D; tÞ → ðλ2r; λ−6D; λ3tÞ restores the
overall scaling L → λ−2L.
In order to allow the scaling symmetry to act on the

coupling parameters of our theory we promote these
“constants” to velocities with no corresponding conjugate
position variables.5 In this way, the Euler-Lagrange equa-
tions immediately tell us that these velocities are constant in
time. Supposing that our Lagrangian depends upon N
(positive) coupling parameters, this construction amounts
to extending the tangent bundle TQ to include two copies
of RN : one for the set of new velocities, and another for
their corresponding dummy position variables.
As a result, the scaling symmetry now acts on the

extended manifold TQ ×RN ×RNþ, and we may carry
out the reduction process exactly as in Sec. VA. In the
complementary Hamiltonian picture, we apply a similar
procedure, promoting the couplings instead to momenta,
with dummy configuration space variables. Hamilton’s
equations then guarantee that these momenta will be
constant in time.
It may seem counterintuitive to introduce variables in

place of constants: our goal, after all, is to reduce the
amount of information required to describe the evolution of
a system. However, in order to fully integrate the original
system, we would need to specify each of the initial
positions and velocities, as well as provide numerical
values for the couplings. In the reduced system, by contrast,
each of the coupling parameters has been replaced by a
constant velocity, and so we have effectively exchanged
constants for boundary conditions. Since the reduction
process also eliminates the notion of overall scale, we are in
fact justified in claiming that we require fewer data to
evolve the observables of our system in time.

B. Time reparametrization

The second reason for which we are particularly inter-
ested in promoting coupling constants to dynamical var-
iables, is that, as we alluded to in Sec. VA, any system
upon which we impose a new time parametrization ceases
to correctly reproduce the equations of motion of the
original Lagrangian.
This is hardly surprising, given that the transformation

from t to τ introduces a spatial dependence, through the

factor of eðΛ−1Þρ. In the reparametrized system, the energy
does not transform in the same way as in the original
Lagrangian, and it is this feature which creates the discrep-
ancy between the systems’ equations of motion. However,
the solutions obtained under the new time parametrization
are in fact valid, provided we are working with systems of
zero total energy. This fact is of particular relevance in the
context of general relativity; one of our main goals in
presenting an extension of the symmetry reduction process
to higher-order theories, is to explore the evolution of
physically motivated, higher-order cosmological models,
in a setting in which overall scale is not present. General
relativity, being a time-reparametrization-invariant theory,
necessarily has a vanishing Hamiltonian, and so falls within
the class of zero-energy systems mentioned above.
For those theories which do not enjoy time reparamet-

rization invariance, configurations of nonzero energy
require additional steps to recover the original dynamics.
In particular, we add an overall constant E > 0 to the
original Lagrangian, representing the total energy of the
system. This constant then becomes dynamical in nature
within the reparametrized system. The most illustrative way
to appreciate this concept is through example; let us
therefore consider adding an overall constant E to the
Lagrangian of the standard Kepler system:

L ¼ 1

2
ṙ2 þ 1

2
r2θ̇2 þ 1

r
� E ð8:1Þ

where the � allows for the possibility of either open or
closed orbits [56]. Following the steps outlined in Sec. VA,
we see that, identifying eρ ¼ r1=2, and introducing a new
time parametrization dτ ¼ e−3ρdt, the Lagrangian L̂, as
defined in (5.6), becomes

L̂ ¼ eρ
�
2ρ02 þ 1

2
θ02 þ 1

�
� Ee3ρ: ð8:2Þ

Note that, what was a constant energy in one time para-
metrization, has now assumed the role of a potential term in
the transformed system. This is precisely why solutions of
zero energy pose no problems: multiplication of zero by
some ρ-dependent factor will always yield zero. In order to
reproduce the original system’s dynamics, E must become
dynamical. Thus, let us promote E → żλ, where the con-
stant power λ is determined, imposing that the reparame-
trized energy transform appropriately. It is not difficult to
see that with λ ¼ 2=3, we have

L̂ ¼ eρ
�
2ρ02 þ 1

2
θ02 þ 1� z02=3

�
: ð8:3Þ

The key conclusion we draw from this analysis, is that a
constant energy may always be traded for a potential term,
by making a transformation to a new time parametrization.

5By this, we mean that they exist, but L has no dependence on
them, and so they act as dummy variables.
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In the Hamiltonian picture, our system evolves on the
constraint surfaceH ¼ E; however, in light of the previous
comment, we know that there is always a time reparamet-
rization that we can make, in which the new Hamiltonian
has precisely zero energy, and so, in practice, we consider
the evolution of H0 ¼ H − E on the constraint sur-
face H0 ¼ 0.

C. Higher-order generalization

The procedure outlined above, in which we promote
constants to velocities (or momenta, in the Hamiltonian
case) carries over in precisely the same way to theories
of higher order. Since the original (Lagrangian) scaling
symmetry was a vector field over the space T2k−1Q, we
promote the N (positive) coupling constants to velocity
variables żi such that L has no dependence upon the zi,
or any of their derivatives of order ≥ 2. In this way, we
allow the scaling symmetry to act on the extended tangent
bundle T2k−1Q ×RN × RNþ, and proceed to reduce the
system exactly as in Sec. VI.
The manner in which we treat systems of nonzero energy

is also identical to that of the first-order case: we promote
the constant representing the total energy to a velocity
variable E → żλ, and determine the power λ by requiring
that the energy transform appropriately in the new time
parametrization.

IX. EXAMPLES

Having presented our results on generalized contact
reduction, we shall now demonstrate how this process is
carried out in practice, via three examples. Since we have
used the Pais-Uhlenbeck oscillator as a reference guide
throughout, to illustrate the framework of higher-order
geometrical mechanics, we shall complete the narrative,
and construct the symmetry-reduced system, as our first
example.
The aims of this section are both practical and didactic;

as such, our second example is chosen to highlight all the
features of the reduction process, but has no apparent
physical motivation. The final example, by contrast, is of
great physical relevance, but is far simpler, and thus less
illustrative, from a practical perspective. Given the rel-
evance of this third example, we shall also discuss the
utility of the symmetry-reduced system, from both a
calculational, and physical point of view.

A. The Pais-Uhlenbeck oscillator

The majority of the work necessary to construct the
symmetry-reduced Pais-Uhlenbeck oscillator has been
carried over the course of the paper; here we bring these
elements together, in order to illustrate the reduction
procedure. Recall that the Lagrangian is given by

L ¼ 1

2
ðq̇2 − q2θ̇2 − λq̈2Þ: ð9:1Þ

It is clear that under the transformation ðq; θ; tÞ →
ðkq; θ; tÞ, the Lagrangian is rescaled by a multiplicative
factor of k2; lifting this to a vector field on T3Q, we obtain

D ¼ q
∂

∂q
þ q̇

∂

∂q̇
þ q̈

∂

∂q̈
þ q

::: ∂

∂q
::: : ð9:2Þ

From the Lagrangian vector field (2.16), we see that
½D;XL� ¼ 1; additionally, it is clear from (2.15) that
LDωL ¼ d ∘ iDωL ¼ ωL and LDL ¼ 2L. Both of these
observations demonstrate that D is a scaling symmetry of
degree two.
The base manifold isQ ≃ R × S1; however, conservation

of angular momentum ensures that the configuration space
separates into two dynamically disjoint pieces, consisting
of positive and negative values of q. Thus, without loss of
generality, we restrict to positive values and, in accordance
with our general procedure, define q ¼ eρ=2, with the result
that

L ¼ 1

2
eρ
�
1

4
ρ̇2 − θ̇2 −

λ

16
ð4ρ̇2 þ 4ρ̇2ρ̈þ ρ̇4Þ

�
ð9:3Þ

and the scaling symmetry is simply D ¼ ∂ρ. The Jacobi-
Ostrogradsky momenta are then

p̂1
ρ ¼

∂L
∂ρ̈

¼−
λeρ

4

�
ρ̈þ ρ̇2

2

�
;

p̂0
ρ ¼

∂L
∂ρ̇

−dTðp̂1
ρÞ¼

eρ

4
ðρ̇þλρ̇ ρ̈þλρ

:::Þ; p̂0
θ ¼

∂L

∂θ̇
¼−eρθ̇

while the equations of motion read

ρð4Þ þ2ρ
:::
ρ̈þ3

2
ρ̈2þ3

2
ρ̈ρ̇2þ1

8
ρ̇4þ1

λ

�
1

2
ρ̇2þ ρ̈þ2θ̇2

�
¼ 0

and θ̈þ ρ̇ θ̇¼ 0:

Note that, as expected, only derivatives of ρ (and not ρ
itself) appear in these equations of motion. Application of
(6.7) to the Lagrangian (9.3) confirms that S ¼ e−ρp̂0

ρ, and
the reduction is completed introducing χ ¼ ρ̇, and con-
structing the Herglotz Lagrangian

LH ¼ 1

2

�
1

4
χ2 − θ̇2 −

λ

16
ð4χ2 þ 4χ2χ̇ þ χ4Þ

�
− χS: ð9:4Þ

Let us suppose, for pedagogical reasons, that we had
simply been given Eq. (9.4) as our starting point; then,
under the identification χ ¼ ρ̇, the equation of motion for χ
recovers the following expected result:
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d
dt

�
∂LH

∂χ̇

�
−
∂LH

∂χ
¼ ∂LH

∂χ̇

∂LH

∂S

⇒ S ¼ 1

4
χ þ λ

4
χχ̇2 þ λ

4
χ̈ ¼ e−ρp̂0

ρ:

Similarly, the equation of motion for θ,

θ̈ þ χθ̇ ¼ 0;

exactly coincides with the result obtained above, from the
symplectic Lagrangian. Finally, the equation of motion of
the coordinate ρ is obtained setting Ṡ ¼ LH.
The Hamiltonian, expressed in the variables ρ and θ, is

given by

H ¼ ρ̇p0
ρ −

2ðp1
ρÞ2

λeρ
−
1

2
ρ̇2p1

ρ −
eρ

8
ρ̇2 −

ðp0
θÞ2

2eρ
ð9:5Þ

with corresponding symplectic form

ω ¼ dρ ∧ dp0
ρ þ dρ̇ ∧ dp1

ρ þ dθ ∧ dp0
θ: ð9:6Þ

It is then a simple exercise to verify that the vector field

G ¼ ∂

∂ρ
þ p0

ρ
∂

∂p0
ρ
þ p1

ρ
∂

∂p1
ρ
þ p0

θ

∂

∂p0
θ

does indeed constitute a scaling symmetry of degree one.
The contact Hamiltonian may now be obtained, either via a
direct Legendre transform of the Herglotz Lagrangian (9.4),
or following the reduction scheme presented in the previous
section. In both cases, we arrive at

Hc ¼−
�
1

2
ðπθÞ2þ

1

2
χ2πχ þ

2

λ
ðπχÞ2þ

1

8
χ2
�
þχS ð9:7Þ

where we have omitted the momentum superscripts, as
there is only one of each type. The contact form for the
reduced space is given by

η ¼ dS − πχdχ − πθdθ: ð9:8Þ

Finally, from the contact Hamiltonian (9.7), we find the
following equations of motion:

χ̇¼−
4

λ
πχ −

1

2
χ2; π̇χ ¼−2χπχ þ

1

4
χ−S;

θ̇¼−πθ; π̇θ ¼−χπθ;

Ṡ¼ 1

8
χ2−

2

λ
ðπχÞ2−

1

2
ðπθÞ2−χS: ð9:9Þ

As expected, these may be rearranged and combined to
reproduce the definition of S in terms of the unscaled
variables. Note also that the final equation is simply
Ṡ ¼ LH, expressed in momentum variables.

B. Modified Kepler system

Our next example is that of a modified Kepler system;
the planar Kepler problem is an extremely well-studied
example in classical physics [57,58], which we have
already used several times throughout. Working in the
center-of-mass frame, temporarily setting all masses and
couplings to unity, the Lagrangian is given by

L ¼ 1

2
ṙ2 þ 1

2
r2θ̇2 þ 1

r
þ r3=4r

:::1=2: ð9:10Þ

The base manifold over which we work is Q ≃Rþ × S1,
parametrized via the usual polar coordinates ðr; θÞ. Under
the transformation ðr; tÞ → ðλ2r; λ3tÞ, the Lagrangian
scales as L → λ−2L, and so we may immediately write
down the ðΛ ¼ −2Þ scaling symmetry vector field

D ¼ 2r
∂

∂r
− ṙ

∂

∂ṙ
− 4̈r

∂

∂̈r
− 7r

::: ∂

∂r
::: − 10rð4Þ

∂

∂rð4Þ

− 13rð5Þ
∂

∂rð5Þ
− 3θ̇

∂

∂θ̇

where we have identifiedQ ¼ r, A ¼ 2, and B ¼ 3 in (6.1).
Note that, unlike in the previous example, here, we must

introduce a time reparametrization. Indeed, the vector field
D is rendered of the form (6.4) taking x ¼ r1=2, and
dτ ¼ x−3dt. Further identifying x ¼ eρ, we obtain the
following Lagrangian, written in terms of ρ and τ:

L̂¼L
dt
dτ

¼ eρ
�
2ρ02þ1

2
θ02þ1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðρ000−6ρ0ρ00 þ4ρ03Þ

q
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≡fðρ0;ρ00;ρ000;θ0Þ

�
:

ð9:11Þ

The Herglotz Lagrangian is then

LH ¼ 2χ2 þ 1

2
θ02 þ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðχ00 − 6χχ0 þ 4χ3Þ

q
− χS

ð9:12Þ

with χ ¼ ρ0; the equations of motion are deduced imposing
the condition S0 ¼ f − χS. As discussed in Sec. VIII B,
these solutions are only valid for systems of zero total
energy. In order to obtain a more general description,
applicable to systems of arbitrary energy E, we promote
E → żk, and see that with k ¼ 2=3, we obtain a reparame-
trized Lagrangian

L̂¼ eρ
�
2ρ02þ1

2
θ02þ1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðρ000−6ρ0ρ00 þ4ρ03Þ

q
� z02=3

�

ð9:13Þ

in which the energy transforms correctly. Note also that,
had we chosen to include a coupling constant C for the 1=r
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term, this would not have become dynamical, with our
choice of scaling symmetry.
Taking coordinates onT5Q=D to be ðχ; χ0; Π̂0

χ ; Π̂1
χ ; θ; Π̂0

θÞ,
after applying the Legendre-Ostrogradskymap to the energy
function of LH, we obtain the following contact
Hamiltonian:

Hc ¼ −2χ2 þ 1

2
ðΠ0

θÞ2 − 1 −
1

2Π1
χ
þ χ0Π0

χ

þ 6χχ0Π1
χ − 4χ3Π1

χ þ χS: ð9:14Þ
The contact form η is then given by

η ¼ dS − Π0
χdχ − Π1

χdχ0 − Π0
θdθ: ð9:15Þ

As verification of the consistency of our formalism, note that
the equation of motion for S is

dS
dτ

¼ 2χ2 þ 1

2
ðΠ0

θÞ2 þ 1þ 1

Π1
χ
− χS

and substituting expressions forΠ1
χ andΠ0

θ, in terms of χ, θ,
and their derivatives, we recover precisely (9.12), showing
that S0 ¼ LH, as expected.
The Hamiltonian H∈C∞ðT�ðT2QÞÞ, corresponding to

(9.11), is given by

H ¼ −eρð2ρ02 þ 1Þ þ 1

2
e−ρðp0

θÞ2 −
e2ρ

2p2
ρ
þ ρ00p1

ρ

þ 6ρ0ρ00p2
ρ − 4ρ03p2

ρ þ ρ0p0
ρ: ð9:16Þ

On the space T�ðT2QÞ, we have the symplectic form

ω¼ dρ∧dp0
ρþdρ0 ∧ dp1

ρþdρ00 ∧ dp2
ρþdθ∧dp0

θ

ð9:17Þ

and we see that

G¼ ∂

∂ρ
þp0

ρ
∂

∂p0
ρ
þp1

ρ
∂

∂p1
ρ
þp2

ρ
∂

∂p2
ρ
þp0

θ

∂

∂p0
θ

ð9:18Þ

is a degree-one scaling symmetry. We use this to pass to the
reduced space T�ðT2QÞ=G, upon which we define the
coordinates

β�χ¼ ρ0; β�χ0 ¼ ρ00; β�θ¼ θ;

β�π0χ ¼
p1
ρ

eρ
; β�π1χ ¼

p2
ρ

eρ
; β�π0θ ¼

p0
θ

eρ
;

β�S¼p0
ρ

eρ
: ð9:19Þ

Consequently, the contact form η, and HamiltonianHc may
be written as

η ¼ dS − π0χdχ − π1χdχ0 − π0θdθ;

Hc ¼ −2χ2 þ 1

2
ðπ0θÞ2 − 1 −

1

2π1χ
þ χ0π0χ

þ 6χχ0π1χ − 4χ3π1χ þ χS ð9:20Þ

coinciding perfectly with (9.14) and (9.15).
This modified Kepler system is of no (known) physical

relevance, although it is not unreasonable to assume that
structurally similar terms could arise from some kind of
perturbative expansion. Nevertheless, we have demon-
strated how it is possible to reduce the order of the
Lagrangian, within the ρ sector, obtaining a description
cast only in terms of scale-reduced quantities. These
quantities evolve as an autonomous subset of the original
symplectic system, without the need to reference overall
scale. Eliminating this degree of freedom, which is inac-
cessible to an intrinsic observer, offers a more fundamental
description of the problem.

C. Higher-order FLRW system

Theories of modified gravity have been of increasing
interest in recent years [59]; shortly after the publication of
Einstein’s paper in 1915, physicists such as Weyl and
Eddington began to experiment with higher-order correc-
tions to general relativity, motivated principally by scien-
tific curiosity [60,61]. However, increasing amounts of
evidence from high-energy particle physics, observational
astrophysics, and theoretical cosmology suggest that mere
curiosity ought not be our sole motivation for considering
such theories [62,63].
The formalism we have developed thus far is applicable

only to higher-order theories of particles, and does not
extend to those theories whose dynamical objects are fields.
Consequently, we may not consider general relativity in its
full field-theory formulation; instead, we shall restrict
ourselves to the (flat) FLRW sector, which has potential
physical relevance to our own Universe [64]. We therefore
consider a metric of the form

ds2 ¼ −N2ðtÞdt2 þ a2ðtÞδijdxidxj ð9:21Þ
in which NðtÞ denotes the lapse function. One may easily
verify that the nonzero connection coefficients for such a
spacetime are

Γ0
00¼

Ṅ
N
; Γ0

ij¼
aȧ
N2

δij; Γi
0j ¼Γi

j0¼
ȧ
a
δij: ð9:22Þ

It then follows that the Ricci scalar is given by

R¼ 6

N2

�
ä
a
þ
�
ȧ
a

�
2

−
ȧ
a
Ṅ
N

�
¼ 2

N2

�
v̈
v
−

v̇2

3v2
−
v̇
v
Ṅ
N

�
ð9:23Þ

where, in the second equality, we have chosen to introduce
the volume scale factor v ¼ a3, for computational ease.
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Since our objective is to exemplify the symmetry reduction
procedure, we shall henceforth choose to work in proper
time τ, setting the lapse function NðtÞ to unity. Details of
the calculation for arbitrary choice of nontrivial lapse are
presented in Appendix B.
With the choice to work in proper time, we consider a

modified Einstein-Hilbert action of the form

SEH ¼ 1

2κ

Z
M
d4x

ffiffiffiffiffiffi
−g

p
fðRÞ þ 1

κ

Z
∂M

d3y
ffiffiffiffiffiffi
jhj

p
f0ðRÞK

ð9:24Þ

where we have supplemented the usual bulk action with an
additional Gibbons-Hawking-York (GHY) surface term,
suitably modified for the case of fðRÞ theories [32].
Here, h is the determinant of the induced metric on the
boundary ∂M, upon which we have local coordinates yα; K
refers to the trace of the extrinsic curvature of ∂M,
and f0ðRÞ ¼ df=dR.
It is known that fðRÞ models are dynamically equivalent

to scalar-tensor theories [65–67]; additionally, within these
higher-derivative theories, the variations of the first deriv-
atives of the metric encode genuine dynamical degrees of
freedom, and so should not remain arbitrary [68]. The
constraint which must instead be imposed, is that variations
of the Ricci scalar R vanish at the boundary; with this, the
modified GHY term in the action (9.24) correctly repro-
duces the system’s dynamics, thereby preserving the
equivalence with the scalar-tensor theory.
For this particular example, we shall choose the function

fðRÞ ¼ R − λR2, so that f0ðRÞ ¼ 1 − 2λR. In addition to
the purely gravitational sector, we also include a minimally
coupled, spatially homogeneous scalar field φ, such that the
complete action reads

S¼ 1

2κ

Z
M
d4x

ffiffiffiffiffiffi
−g

p �
R−λR2þ2κ

�
1

2
φ̈2þ1

2
φ̇2−VðφÞ

��

þ1

κ

Z
∂M

d3y
ffiffiffiffiffiffi
jhj

p
ð1−2λRÞK: ð9:25Þ

We have chosen to include a second-order term in the scalar
field Lagrangian, so as to demonstrate that our formalism is
still sound, even when the reduction variable is not the
highest derivative term.
The spacetime manifold M is globally hyperbolic, thus

allowing a foliation into spacelike hypersurfaces Σ, whose
comoving volume we denote V0. The metric is both
homogeneous and isotropic, and so the modified GHY
term is proportional to V0f0ðRÞv̇, in which f0ðRÞ is to be
replaced with the appropriate expression in terms of v and
v̇. A complete analysis of the resulting surface terms,
together with their effects on the final solution space is
beyond the scope of this paper. Thus, we shall content
ourselves with imposing the condition that v̇ ¼ 0 on the

boundary, thereby eliminating the contribution from the
GHY term.
In light of this, upon discarding total derivative terms, we

obtain the following Lagrangian density6:

L ¼ −
1

24πG
v̇2

v
−

λ

4πG

�
v̈2

v
−
4v̈v̇2

3v2
þ 5v̇4

9v3

�

þ v

�
1

2
φ̈2 þ 1

2
φ̇2 − VðφÞ

�
: ð9:26Þ

The configuration manifold Q is parametrized via the two
local coordinates ðv;φÞ, and we see that the transformation
ðv;φ; tÞ → ðkv;φ; tÞ yields a corresponding change of
L → kL. Lifting this extended configuration space scaling
symmetry to T3Q, we obtain

D ¼ v
∂

∂v
þ v̇

∂

∂v̇
þ v̈

∂

∂v̈
þ v

::: ∂

∂v
::: : ð9:27Þ

Since this vector field is already of the desired form, and is
a scaling symmetry of degree one, we immediately identify
x ¼ v ¼ eρ, and write the Lagrangian as

L ¼ −eρ
�

1

72πG
ð3ρ̇2 þ 2λð2ρ̇4 þ 6ρ̇2ρ̈þ 9ρ̈2ÞÞ

−
1

2
φ̈2 −

1

2
φ̇2 þ VðφÞ

�
: ð9:28Þ

As in the previous example, we identify the function f,
reduce the order within the ρ sector, defining χ ¼ ρ̇, and
construct the Herglotz Lagrangian

LH ¼ −
1

72πG
ð3χ2 þ 2λð2χ4 þ 6χ2χ̇ þ 9χ̇2ÞÞ

þ 1

2
φ̈2 þ 1

2
φ̇2 − VðφÞ − χS: ð9:29Þ

The advantages of our formalism are twofold: on the one
hand, we have eliminated reference to the scale factor a
(through the volume v). It has been established that there is
no impediment to the continuation of contact-reduced
cosmological models through singularities, at which gen-
eral relativity ceases to provide well-defined solutions
[69,70]. It would be of great interest, therefore, to examine
whether this continuation generalizes to higher-order the-
ories, in which we eliminate the scale factor, but retain its
derivatives.
In addition to this, had we not used a scaling symmetry

to eliminate a, and thus reduce the order of the theory to
first derivatives in χ, we would be obliged to treat this
cosmological model within the metric fðRÞ formulation

6In order to avoid pedantic repetition of the words “Lagrangian
density,” we shall, in what follows, speak of the Lagrangian, and
use the same symbol L we have employed throughout.
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[71]. In this way, we avoid the need to introduce the
equivalent scalar-tensor theory, as described above [72,73],
and may instead study the dynamics of this system using
only those tools we have developed throughout. It should
be emphasized, however, that we are, at present, limited to
work within the cosmological sector, until we have a more
complete formalism, which allows us to treat field theories
of arbitrary order.
In order to perform a Legendre transform on the Herglotz

Lagrangian (9.29), we calculate

Π̂0
χ ¼

∂LH

∂χ̇
¼ −

λ

6πG
ðχ2 þ 3χ̇Þ;

Π̂1
φ ¼ ∂LH

∂φ̈
¼ φ̈; Π̂0

φ ¼ ∂LH

∂φ̇
− dTðΠ̂1

φÞ ¼ φ̇ − φ
:::
:

We then find that the contact Hamiltonian is given by

Hc ¼ 1

72πG
ð3χ2 þ 2λχ4Þ − 1

3
χ2Π0

χ −
πG
λ

ðΠ0
χÞ2

þ φ̇Π0
φ −

1

2
φ̇2 þ VðφÞ þ 1

2
ðΠ1

φÞ2 þ χS ð9:30Þ

with corresponding (nontrivial) equations of motion

χ̇¼−
1

3
χ2−

2πG
λ

Π0
χ ;

Π̇0
χ ¼−

1

36πG
ð3χþ4λχ3Þ−1

3
χΠ0

χ −S;

Π̇0
φ ¼−

∂V
∂φ

−χΠ0
φ; Π̇1

φ ¼−Π0
φþ φ̇−χΠ1

φ;

Ṡ¼−
1

72πG
ð3χ2þ4λχ4Þ−πG

λ
ðΠ0

χÞ2þ
1

2
φ̇2

−VðφÞþ1

2
ðΠ1

φÞ2−χS: ð9:31Þ

These equations highlight a particularly important aspect of
symmetry-reduced cosmological models; specifically, the
right-hand side of the φ momentum equations contain
additional terms, which encode deviations from the
expected behavior of the scalar field in a flat background
spacetime. These terms are similar in structure to those
which arise from friction; this offers a novel insight into the
character of cosmological expansion: when treated within a
framework that dispenses with those structures which are
not fundamentally required to close the algebra of the
dynamical variables, the expansion of the universe is an
emergent property, that manifests itself through frictionlike
terms, which alter the equations of motion of the
observables.
It is now straightforward to perform a Legendre trans-

form on the full Lagrangian (9.28), to obtain the
Hamiltonian

H¼ eρ

72πG
ð3ρ̇2þ2λρ̇4Þþ ρ̇p0

ρ−
1

3
ρ̇2p1

ρ−
πG
λ
e−ρðp1

ρÞ2

þ φ̇p0
φ−eρ

�
1

2
φ̇2−VðφÞ

�
þ1

2
e−ρðp1

φÞ2: ð9:32Þ

As expected, we have the following scaling symmetry of
degree one:

G ¼ ∂

∂ρ
þ p0

ρ
∂

∂p0
ρ
þ p1

ρ
∂

∂p1
ρ
þ p0

φ
∂

∂p0
φ
þ p1

φ
∂

∂p1
φ
: ð9:33Þ

The reduction process is then completed exactly as in
the previous example: we take coordinates on the space
T�ðTQÞ=G to be

β�χ¼ ρ̇; β�φ̇¼ φ̇; β�φ̈¼ φ̈;

β�π0χ ¼
p1
ρ

eρ
; β�π0φ ¼

p0
φ

eρ
; β�π1φ ¼

p1
φ

eρ
;

β�S¼p0
ρ

eρ
ð9:34Þ

such that the contact form and Hamiltonian are given by

η ¼ dS − π0χdχ − π0φdφ − π1φdφ̇;

Hc ¼ 1

72πG
ð3χ2 þ 2λχ4Þ − 1

3
χ2π0χ −

πG
λ

ðπ0χÞ2

þ φ̇π0φ −
1

2
φ̇2 þ VðφÞ þ 1

2
ðπ1φÞ2 þ χS: ð9:35Þ

Finally, since we made no adjustments to our parametriza-
tion of time, we know that the contact equations of motion
reproduce the dynamics of the original FLRW system, for
solutions of arbitrary energy. In particular, we see that the
condition Ṡ ¼ f − χS yields

χ
::: ¼ 1

12λ
ðχ2 þ 2χ̇Þ − χ2χ̇ −

3

2
χ̇2 − 2χχ̈

þ 2πG
λ

�
1

2
φ̈2 þ 1

2
φ̇2 − VðφÞ

�
ð9:36Þ

which, after a short calculation, substituting χ → ρ̇, can be
shown to coincide with the second-order Euler-Lagrange
equations obtained directly from (9.28).

X. SYMPLECTIFICATION

Before concluding, it is important to highlight that, in all
cases, we may recover our original theory by symplectify-
ing the underlying contact system [5]. Since the contact
form η is defined only up to a multiplicative constant, we
may consider introducing a real number y, defining the
contact form η̃ ¼ yη. Working within the Hamiltonian
formalism, we may then promote y to a real variable,
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and declare ω ¼ dðyηÞ to be a symplectic form on the
space ðT�ðTk−1QÞ=GÞ ×R.
For example, taking the contact form in (9.35), we write

ω ¼ dðyηÞ, and define momenta on ðT�ðTQÞ=GÞ ×R to be
P ¼ yπ. Further identifying P0

χ ¼ S, we write ω as

ω ¼ dy ∧ dP0
χ þ dχ ∧ dP1

χ þ dφ ∧ dP0
φ þ dφ̇ ∧ dP1

φ:

In this way, we have embedded the underlying contact
system, within a larger symplectic framework. The equa-
tions of motion derived from the HamiltonianH ¼ yHc are
identical to those of Hc; however, the system described by
the symplectic Hamiltonian is now conservative in nature:
the dissipative effects of Hc are compensated through the
evolution of the variable y.
The crucial conclusion to be taken from this, is the

following: we have argued throughout that a description of
nature, from which all superfluous structure is excised, is
truly more fundamental than one which predicts the same
physical phenomena, but exhibits redundancies in its
formulation. This line of reasoning led us to a framework
in which the minimal set of elements of our theory were
those degrees of freedom accessible via direct observation,
and any (potentially unobservable) parameters required to
evolve these observables in time, such that an autonomous
set was obtained. It is thus highly unusual that, if physics is
truly relational, we should be able to embed this noncon-
servative description within a symplectic framework, by
introducing an overall immeasurable scale. Moreover, this
symplectic description works extremely well for a broad
class of systems. On the other hand, we may view this
statement in another light: perhaps the embedding of a
contact theory, based on relational terms, into a larger
symplectic framework is simply a reflection of an incul-
cated tendency to view closed systems as fundamental, and
thus more desirable.

XI. CONCLUSIONS AND OUTLOOK

The application of techniques of differential geometry to
classical mechanics provides a highly elegant description of
amultitude of physical systems,whilst alsomakingmanifest
many of their interesting features. In this article, for
example, we have seen a number of implications of the
fact that, unlike their symplectic counterparts, contact
manifolds are odd dimensional. Most notable of these, were
the nonconservation of the measure, and of mechanical
energy, under the evolution of the system. It was precisely
these features which made contact manifolds a well-suited
arena in which to develop nonconservative frameworks. The
need for such a formalism arose from a conceptual shift, in
which we argued that precedence should be given to a
minimally sufficient description of physical law. Through
use of the principle of essential and sufficient autonomy,
together with Leibniz’s identity of indiscernibles, we

deduced that a relational description of nature necessarily
inherited a nonconservative characteristic.
After presenting an introduction to the more formal

geometrical elements needed to describe higher-order
classical mechanics, we dedicated considerable effort to
understanding the details of the symmetry reduction
process for first-order theories. Building upon this, we
observed that this procedure admitted a very natural
generalization to theories containing higher-order deriva-
tives. Our primary motivation for considering higher-order
theories lies in the desire to explore gravitational models,
which go beyond the standard framework of general
relativity. As such, one of the examples used to illustrate
the formalism we developed in the first part of the paper,
was a simple fðRÞ model, in a flat, homogeneous, and
isotropic universe. Despite being highly idealized, this
model still allowed us to appreciate certain features of
the symmetry-reduced description, such as the manifesta-
tion of the expansion of the Universe as a frictionlike
phenomenon.
The Pais-Uhlenbeck oscillator was explored as a running

example, and provided a controlled environment, in which
to explore the formalisms, and highlight the interesting
mathematical features of our construction. This model
required no rescaling of the time coordinate, and so the
space of solutions to the symmetry-reduced system was
directly comparable to that of the original symplectic
configuration. To give a more complete example, in which
our time parametrization did require rescaling, we pre-
sented a modified Kepler system. This allowed us to
illustrate the complications that arise, when temporal
coordinates are rescaled. In particular, we observed that
for configurations of nonzero energy, we were forced to
introduce an additive constant to the Lagrangian, which
then became dynamical in nature within the reparametrized
system. The role of this new dynamical parameter was to
ensure that the symmetry-reduced description continued to
correctly reflect the dynamics of the original system, even
when a new time parametrization was introduced.
As outlined in Sec. IX C, the development of a formalism

applicable to field theories will have significant implica-
tions for our ability to treat more complex and realistic
models of gravity. Some progress has been made in this
area [74]; however, the geometrical structures employed
here are those of k-symplectic and k-contact manifolds
[75,76]. Anticipating that we shall seek to develop a
framework adapted to treat field theories of arbitrary order,
it will be of great interest to explore the process of first-
order contact reduction, in the context of multisymplectic
geometry [27,77] which, a priori, appears to be more
amenable to higher-order generalizations.
An additional area of future investigation of particular

interest, is that of quantization. The field of geometric
quantization has received increasing attention in recent
years, and the procedure for treating symplectic manifolds,
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and more generally, Poisson manifolds, is relatively well
established [78,79]. Unfortunately, the same is not true of
contact manifolds: the odd dimensionality of these spaces
greatly hinders our ability to canonically define a Poisson
bracket structure—a prerequisite for any quantization
attempt. Some progress has been made in this area
[80,81]; however, it is, as yet, unclear how to proceed.
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APPENDIX A: HERGLOTZ-LAGRANGE
EQUATIONS: A VARIATIONAL DERIVATION

As mentioned in Sec. VA, the Herglotz-Lagrange field
equations may be derived from a variational approach, as
opposed to via the geometric perspective we have presented
throughout.
For simplicity, consider a Lagrangian LH, depending

upon a single generalized coordinate q, and its time
derivatives up to order k. We shall collectively denote
these coordinates qα, with 0 ≤ α ≤ k. In contrast to the
familiar variational approach to Lagrangian mechanics, we
also allow the function LH to depend upon the action itself,
so that we seek to extremize the action

S ¼
Z

t2

t1

dtLHðqα; SÞ ðA1Þ

subject to the condition that Ṡ ¼ LH.
This condition is most readily enforced through use of a

Lagrange multiplier λ, so that we vary the modified action

Zðqα; S; Ṡ; tÞ ¼
Z

t2

t1

dtðLH þ λðLH − ṠÞÞ ðA2Þ

subject only to the usual constraints on admissable varia-
tions. We parametrize such variations according to

qðtÞ → qðtÞ þ εηðtÞ;
SðtÞ → SðtÞ þ εκðtÞ ðA3Þ

from which it follows that

δZ ¼
Z

t2

t1

dt

�
εð1þ λÞ

�
∂LH

∂q
ηþ ∂LH

∂q̇
η̇

þ ∂LH

∂q̈
η̈þ � � � þ ∂LH

∂S
κ

�
− ελκ̇

�

where the dots � � � represent the remaining terms of the type
∂LH

∂qα
ηðαÞ, up to order k. Integrating by parts, and discarding

boundary terms, we find that

ð1þλÞ∂L
H

∂q
−
d
dt

�
ð1þλÞ∂L

H

∂q̇

�
þ d2

dt2

�
ð1þλÞ∂L

H

∂q̈

�
− ���¼0

dλ
dt

¼−ð1þλÞ∂L
H

∂S
: ðA4Þ

The second of these equations may then be used to
calculate higher derivatives of λ, with which we may
eliminate all reference to this Lagrange multiplier in the
first. It is illustrative to group terms in the resulting
expression as follows:

∂LH

∂q
−
�
d
dt

∂LH

∂q̇
þ ∂LH

∂q̇
∂LH

∂S

�

þ
�
d2

dt2
∂LH

∂q̈
−
∂LH

∂q̇
d
dt

∂LH

∂S
− 2

∂LH

∂S
d
dt

∂LH

∂q̈

þ ∂LH

∂q̈

�
∂LH

∂S

�
2
�
− � � � ¼ 0:

The reason we have chosen to collect the terms in this
manner is that we can see that the first bracket is precisely
the Lagrangian total derivative DL acting on ∂LH

∂q̇ , where the

−L ∂

∂S from (3.1) is absent, since ∂LH

∂q̇ is independent of the
action. Additionally, the second bracket coincides with
the action of the composition DL ∘ DL on ∂LH

∂q̈ . A similar
analysis for higher-order terms confirms the general
expression

Xk
α¼0

ð−1ÞαDα
L

�
∂LH

∂qα

�
¼ 0: ðA5Þ

Finally, it should be evident that, in the case of multiple
generalized coordinates qi, we should consider separate
variations qiðtÞ → qiðtÞ þ εηiðtÞ. Extremization of the
action in this case leads to an expression which coincides
perfectly with (3.7).

APPENDIX B: HIGHER-ORDER
FLRW SYSTEM WITH GENERAL LAPSE

Our goal in this appendix is to outline the details of the
calculation carried out in Sec. IX C, when a general lapse
function NðtÞ is employed. We shall continue to impose
Dirichlet conditions on the spacetime boundary ∂M, such
that the additional modified GHY surface term vanishes.
Retaining a nontrivial lapse function in (9.23), the
resulting Lagrangian density, which generalizes (9.26),
is given by
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L¼−
1

24πG
v̇2

vN
−

λ

4πG

�
v̈2

vN3
−

v̇4

3v3N3
−
2v̇ v̈ Ṅ
vN4

þ v̇2Ṅ2

vN5

�

þvN

�
1

2
φ̈2þ1

2
φ̇2−VðφÞ

�
: ðB1Þ

The introduction of a new lapse does not affect the
properties of L under rescaling, and we find that the
vector field (9.27) is still a scaling symmetry of degree
one. Consequently, we may proceed to introduce the
change of coordinate v ¼ eρ, after which the Lagrangian
now reads

L ¼ −eρ
�

1

24πG
ρ̇2

N
þ λ

4πG

�
Ṅ2ρ̇2

N5
−
2Ṅ ρ̇ðρ̇2 þ ρ̈Þ

N4

þ 2ρ̇2ðρ̇2 þ 3ρ̈Þ þ 3ρ̈2

3N3

�

− N

�
1

2
φ̈2 þ 1

2
φ̇2 − VðφÞ

��
: ðB2Þ

Following identical steps to those described in the main
text, we deduce the following Herglotz Lagrangian:

LH ¼ −
1

24πG
χ2

N
−

λ

4πG

�
Ṅ2χ2

N5
−
2Ṅχðχ2 þ χ̇Þ

N4

þ 2χ2ðχ2 þ 3χ̇Þ þ 3χ̇2

3N3

�

þ N
�
1

2
φ̈2 þ 1

2
φ̇2 − VðφÞ

�
− χS: ðB3Þ

Recall from our general formalism that the equations of
motion are deduced imposing that Ṡ ¼ LH; in this case,
the relevant action, calculated from (B2), is given by

S ¼ −
1

12πG
ρ̇

N
þ λ

2πG

�
3Ṅ2ρ̇

N5
−
N̈ ρ̇þṄð3ρ̈þ ρ̇2Þ

N4

þ 3ρ
::: − ρ̇3 þ 3ρ̈ ρ̇

3N3

�
: ðB4Þ

Consequently, we find that the dynamical evolution of the
variable χ is governed by

χ
::: ¼ N

:::
χ þ 2N̈ð2χ̇ þ χ2Þ þ Ṅð6χ̈ þ 9χχ̇ þ χ3Þ

N

−
7Ṅ2ð2χ̇ þ χ2Þ − 20χṄ N̈

2N2
þ 15χṄ3

N3
−
χNṄ
3λ

þ 2πGN4

λ

�
1

2
φ̈2 þ 1

2
φ̇2 − VðφÞ

�
− 2χχ̈ −

3

2
χ̇2

− χ2χ̇ þ N2

12λ
ð2χ̇ þ χ2Þ ðB5Þ

which is the generalization of (9.36), for nontrivial lapse.
The Jacobi-Ostrogradsky momenta associated with the
Herglotz Lagrangian receive substantial modification due
to the presence of the lapse function; in particular, we find
that

Π̂0
χ ¼

∂LH

∂χ̇
¼ λ

2πGN3

�
Ṅχ

N
−ðχ2þ2χ̇Þ

�
;

Π̂1
φ¼

∂LH

∂φ̈
¼Nφ̈; Π̂0

φ¼
∂LH

∂φ̇
−dTðΠ̂1

φÞ¼Nφ̇−Nφ
:::−Ṅ φ̈ :

From here, it is then straightforward to continue the
remainder of the calculation, obtaining the contact
Hamiltonian and its associated equations of motion; we
leave this as an exercise to the reader.
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