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We study the continuum limit of branched polymers (BPs) with loops coupled to Ising spins at the zero-
temperature critical point. It is known that the continuum partition function can be represented by a

Hermitian two-matrix model, and we propose a string field theory whose Dyson-Schwinger equation
coincides with the loop equation of this continuum matrix model. By setting the matrix size to one, we
analyze a convergent nonperturbative partition function expressed as a two-dimensional integral, and show
that it satisfies a third-order linear differential equation. In contrast, in the absence of coupling to the critical
Ising model, the continuum partition function of pure BPs with loops is known to satisfy the Airy equation.
From the viewpoint of two-dimensional quantum gravity, we introduce a nonperturbative loop amplitude
that serves as a solution to the Wheeler-DeWitt equation incorporating contributions from all genera.
Furthermore, we demonstrate that the same Wheeler-DeWitt equation can also be derived through the

stochastic quantization.

DOI: 10.1103/qs2c-vOw8

I. INTRODUCTION

Two-dimensional models of quantum geometries pro-
vide a useful framework for studying nonperturbative
aspects of quantum gravity (see, e.g., Refs. [1-3]). In most
cases, they can be analyzed analytically through the use of
regularization known as dynamical triangulations [4-9], or
matrix models. Branched polymers (BPs) are a simple
example of quantum geometries, which are randomly
branching graphs without loops.

Since BPs are essentially random tree graphs, they do not
seem to correspond to any extended quantum geometries.
However, there exist maps between BPs and quantum
geometries based on two-dimensional causal dynamical
triangulations (2D CDT) (see, e.g., Ref. [10]). CDT was
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first introduced as a model of two-dimensional Lorentzian
quantum geometries [11], and later extended to models in
higher dimensions (see Ref. [12] for recent review).
Quantum geometries generated by 2D CDT are extended
rather than polymerlike, in which no topology change is
allowed to occur. In this sense, BPs are related to some
extended quantum geometries, and the continuum limit of
2D CDT is known to be the 2D projectable Hotava-Litshitz
quantum gravity [13].

BPs decorated with loop structures have been extensively
studied, and its continuum limit is described by the Airy
equation [14-16]. The Airy equation is a linear differential
equation, and its solutions—Airy functions—represent a
nonperturbative partition function in the continuum limit.
Even in this case, a map between BPs with loops and
quantum geometries in which the topology change is
allowed to occur has been constructed [17]. From the
viewpoint of extended quantum geometries, its continuum
theory is known as the generalized CDT [18], and its
nonperturbative partition function is essentially given by the
Airy functions [19]. The generalized CDT can be formu-
lated in several ways, e.g. a continuous one-matrix model
[20,21], a string field theory [22], and a stochastic

Published by the American Physical Society
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quantization [23]. In this sense, the generalized CDT can be
interpreted as the continuum limit of pure BPs with loops.1

A two-dimensional model of quantum geometries
coupled to the Ising model has been proposed in terms
of a Hermitian two-matrix model [25,26], where the Ising
model becomes critical at a finite critical temperature. At
the finite critical temperature, the continuum theory turns to
the Liouville gravity coupled to fermions. By slightly
deforming the two-matrix model, one can take an uncon-
ventional continuum limit in which the branching structure
of the graphs becomes important. This corresponds to the
continuum limit of BPs with loops coupled to the critical
Ising model [27,28]. The resulting continuum theory is
described by the continuum two-matrix model [27]. It is
known that the Ising model on BPs cannot be critical at any
finite temperature [29], but the criticality discussed in
Refs. [27,28] occurs at the zero temperature, i.e., quantum
criticality. In this article, we wish to investigate this
continuum theory from various perspectives.

This article is organized as follows. In Sec. II, we review
how to take the continuum limit of BPs with loops coupled
to the critical Ising model in a Hermitian two-matrix model.
The continuum theory can be expressed again by a certain
two-matrix model with renormalized coupling constants.
We then derive the corresponding loop equation.

In Sec. III, we propose a string field theory for the
continuum limit of BPs with loops coupled to the critical
Ising model, and show the Dyson-Schwinger equation
precisely reproduces the loop equation derived in the
continuum two-matrix model.

In Sec. IV, we discuss a nonperturbative partition
function by setting N =1 in the continuum two-matrix
model where N is the size of matrices. As it turns out, the
nonperturbative partition function satisfies a third-order
linear differential equation. We also calculate the free
energy, and show the loop function that contains contri-
butions from all genera satisfies an integrodifferential
equation, which is interpreted as the Wheeler-DeWitt
equation.

In Sec. V, by identifying the time in the string field
theory as the fictitious time in the stochastic quantization,
we reformulate the continuum theory for BPs with loops
coupled to the critical Ising model. Through the Fokker-
Planck equation, we derive the Wheeler-DeWitt equation
that is consistent with the one obtained in Sec. I'V.

Section VI is devoted to summary and discussions.

II. TWO-MATRIX MODEL

We consider the following Hermitian two-matrix model
[27,28,30]

'An effective gravitational theory corresponding to the gen-
eralized CDT can be constructed by introducing a bi-local
wormhole interaction to the 2D projectable Horava-Litshitz
quantum gravity [24].

Zu(g.c.0) = [ Dp.DpHUEA) 21)

where ¢, are N x N Hermitian matrices, D¢, the
Haar measures on Hermitian matrices, and the potential
is given by

Ul o) = 5 (@ + 82) = et = gl +4)

-2+ 90). (2.2)

Here g, ¢, and @ are non-negative parameters. The pertur-
bative expansion of the integral (2.1) for small g formally
defines a model of random graphs consisting of vertices of
degree one and three, where an Ising spin is assigned to
each vertex.

To demonstrate this, we set ¢ = e where f is the
inverse temperature, and introduce ‘“propagators”

0

<(¢a)ij(¢b)kl>0 = NAabail(Sjk’ (23)

where the expectation value (), is defined in terms of
Zy(0, ¢, 0), the indices i, j and a, b, respectively, ran from
1 to N and + to —, and

Nz 12 o2
12 ( o2 C—1/2>

eﬁ e/}6+”+
~ 2sinh(2p) <

Aah

e/)’o:r o_

>, with o, = +1.

eﬁo‘, o eﬁa, o_

(2.4)

The linear and cubic terms in the potential (2.2) can be
associated with the vertices of degree one and three,
respectively. If we evaluate the perturbative expansion of
Eq. (2.1) order by order, using the propagators (2.3), we can
perform the sum over ribbon graphs consisting of vertices of
degree one and three. Through the Wick contraction in
terms of the propagators (2.3), Ising spins are placed at
vertices, and they have the nearest neighbor interactions (see
Fig. 1). Note that due to the vertices of degree one, the
ribbon graphs generally have the local tree structures. As
explained later, the parameter @ is introduced to control such
tree structures.”

Hereafter we consider the connected ribbon graphs. For
each ribbon graph, the numbers of vertices V, edges E and
faces F satisfy the topological relation

The parameter 6, together with the linear term in the potential,
was first introduced in the context of one-matrix model [21],
aiming for taking the continuum limit of generalized causal
dynamical triangulations.
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FIG. 1. A ribbon graph consisting of vertices of degree one and
three where the red and blue arrows corresponding to the up and
down spins are placed at vertices.

V—E+F=2-2h, (2.5)

where h denotes the genus, i.e., the number of holes.

Denoting the numbers of vertices of degree one and three
by V, and V;, respectively, we have

2E:3V3+V1, V:V3+V1, VS:V3—V1. (26)
Here V; > -2, and when V > 0, it denotes the number of
skeleton vertices that are the vertices of degree three which
do not belong to the local tree structures: Let us consider a
vertex of degree three and label the three edges emanating
from it as 1, 2, and 3 in a clockwise order. If, by moving
along the edges to other vertices, one can find a path that
returns to the original vertex regardless of whether one
starts from edge 1, 2, or 3, the chosen vertex is referred to as
the skeleton vertex (See Fig. 2).

Having the discussion above in mind, the sum over

connected graphs can be formally expressed as

R zwz@_c)

Vi==2

) Zyv,(©),
(2.7)

where Z;, vy (c) is the partition function of the Ising model
on random graphs for fixed s, V and V. As one can see
from Eq. (2.7), it is € that controls the number of skeleton
vertices.

In the large-N limit, for fixed ¢ and @, the sum (2.7) has
the radius of convergence g¢.(6, c). Tuning g to g.(6,c)
from below, the contribution from infinitely many vertices
becomes important in the sum (2.7), and one can take the
continuum limit. In addition, the Ising model becomes

The back trucking is not allowed.

FIG. 2. Skeleton vertices, shown in white, and black vertices
belonging to the local tree structure.

critical at ¢ = ¢.(6). The critical temperature here is given

When ¢ # c.(0) with 6 > 0, the resulting continuum
theory is the pure Liouville gravity. At ¢ = ¢.(0) with
6 > 0, the fluctuations of spin variables diverge, and the
interaction between geometries and spins becomes strong
enough to change the universality class, and the continuum
theory turns to the Liouville gravity coupled to fermions
[25,26]. This is true for all 8 > 0, and in fact, the average
numbers of vertices (V') and skeleton vertices (V) essen-
tially diverge [28].

On the other hand, tuning § — 0, along with the critical
curve given by ¢ = c¢.(0), one can reach the zero temper-
ature critical point, i.e., the quantum critical point. As
shown in Ref. [28], the continuum physics depends on how
to approach the zero temperature. When we introduce the
parametrization,

¢ with O0<a<3,
(2.8)

9=9c (e)e—%,logz’ c= Cc(g)v ngsg

where ¢ is a lattice spacing, 4, a renormalized cosmolog-
ical constant, g, a dimensional constant, and g¢.(0) =
ge(0.c.(0)) given by

1= (gt

4 x30%3h

31/391/3(2430 - 80) + h2)3/2
4% 1023 ’

13
ce(0) = (1520)) 29)
h = (81(40 — 816) + 80(90
+ /8100 + 3(2510 — 51030)8)) /2, (2.10)

the average numbers of vertices and skeleton vertices
essentially behave as [28]4

“The similar one-parameter family of unconventional con-
tinuum limit was originally discussed in a one-matrix model [31].
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1 1

- V) ~ S

(2.11)

In particular, when we set a = 3, the continuum limit is
characterized by (V) = oo and (V) < oo. Therefore, in
this continuum limit, the tree structures become important
where the average number of skeleton vertices, or equiv-
alently the average number of index loops, stays finite.
Since we approach the zero temperature point along with
the critical curve given by ¢ = c¢.(0), the fluctuations of
spin variables would be divergent, and therefore important
in the continuum limit. This is the continuum limit of
branched polymers (BPs) with loops coupled to the critical
Ising model, which we wish to study in this article.

A. Critical Ising model

As discussed in Ref. [27], one can directly take the
continuum limit of the matrix integral (2.1). This is because
the large-N limit and the unconventional continuum limit
given by Eq. (2.8) with ¢ = 3 commute in the sense that
one obtains the same loop equation, independent of the
order of two limits, or in other words, the potential of the
matrix model does scale in a nontrivial manner.

Changing the variables as

1 14c¢ 1
=A+—B
i +2g + 2

1+¢
=—A+—B
¢ +29 + 2

(2.12)
the integral (2.1) becomes up to overall constant

Zn(g.c.0) = / DADB ¢i"A*B=U(B)  (213)

where
0(B) :—%92(33+6CBZ+3(492+(3C— 1)(c+1))B).
(2.14)
If we choose the following parametrization
9= 0O H  c=c(0)., O=g (215
and if we scale the matrices as
A = Xe, B =Ye, (2.16)

the continuum limit of the integral (2.13) becomes up to
overall constant [27]

/ DXDY "XV =1 (2g),  (2.17)

where

1 Y o1/ . 6 k
V(Y):ﬂY—EYG—Eg;/zYZ, with /12/104—%93/%,

y=2x5713, (2.18)
Here y is a numerical constant that can keep truck of the
temperature in the original discrete model, because y
appears in the expansion, c¢.(0) = %gi/ Y+ ... We wish
to stress that through the continuum limit, we have again
obtained the matrix model (2.17), but this is the continuum
matrix model with the renormalized coupling constants.
If we change the matrix variables as

1 1
X=3 (@, =), Y=5(®, +0.) —ggl”, (2.19)

the integral (2.17) becomes up to overall constant
/ DO, DD_eiH @+ 0@ 0l 00 (5 o)
where

- 3
d=1+—y2g".

T (2.21)

Note here that one can show that any linear transformation
of the Hermitian matrices X and Y to other Hermitian
matrices P and Q cannot generate a decoupled system such
that X2Y + V(Y) = f(P) + g(Q) where f(P) and g(Q) are
polynomials of P and Q, respectively.

In summary, the continuum matrix model (2.17) or
(2.20) describes the continuum limit of BPs with loops
coupled to the critical Ising model.

B. Absence of Ising coupling

Let us turn off the Ising coupling, i.e., ¢ = 0, and then
take the continuum limit by choosing the parametrization
c=0, (2.22)

9= g.(0)e ", 0 = g,

where ¢.(6) = g.(0,0) given by

~ 1 9, 36%/3 1/3 2 2/3 8/3 2
gC(H): Z_ZH +m(2 q-—460-> 4180 )
(2.23)
q= (_1 +186% - 54¢* + /1 - 492) o 04
As before, if one scales the matrices as
A = Xe, B = Ye, (2.25)

the matrix integrals (2.13) become up to overall constant
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/ DXDY en™ XV ~haV+5) - ih o= A + 3623

(2.26)
If changing the variables again,
X=0, —-0_, Y=0, +D_, (2.27)
the matrix integral (2.26) becomes [27]
/ D ent“ha® 50D / D®_en"Ha®+500) (9 9g)

This is the square of the partition function of a continuum
theory known as the generalized CDT [20,21] where A4
and g, are, respectively, the renormalized cosmological
constant and the renormalized string coupling constant
controlling the spatial topology change.

Setting that ¢ = 0 from the beginning means that the
Hermitian two-matrix integral (2.1) becomes the square of
the following Hermitian one-matrix integral

/ DpeSuGr-at—4"), (2.29)

This Hermitian one-matrix model produces the sum over
ribbon graphs consisting of vertices of degree one and
three. The partition function of generalized CDT can be
obtained by an unconventional continuum limit such that
the average number of skeleton vertices stays finite, and the
tree structures become important [21]. In this sense, the
partition function of generalized CDT can be interpreted as
the one of the continuum limit of pure BPs with loops.
Although the geometries of generalized CDT are not
polymerlike but extended, they eventually have the same
continuum partition function.

Comparing Eq. (2.20) with Eq. (2.28), the effect of
divergent fluctuations of spin variables can be expressed by
the interaction term proportional to y, which is absent for
the continuum limit of pure BPs with loops.

C. Saddle-point equation in the large-N limit

Let us perform the Gaussian integral over X in the
partition function (2.17). If we introduce the eigenvalues z;
of the matrix Y, we obtain

1 N N
tr(BA?) EZZT +7)A 2, (230)
i=1 j=1
where
U'BU = diag(t,,15,....7y), UEU(N); A=U'AU.
(2.31)

When the eigenvalue distribution has a compact support
around the local minimum of the potential at large N where
all the eigenvalues 7; are negative, one can perform the
Gaussian integral, and the partition function becomes up to
overall constant

)= [ Tl =P LT+ ol

Jj<k

(2.32)

where

1
V(t;)) = At; — =7} — 791/3,[2

i (2.33)

In the large-N limit, the saddle-point equation yields

2g 1 g 1
= =z V'(1;). 2.34
N%;Ti—’fj NzJ:Tl+T]+ (Tl) ( )
If we introduce the resolvent,
1
— 2.35
BE) pes 239

i=1

multiply the saddle-point equation (2.34) by 1/(N(z — 7;)),
and perform the sum over the label i, we obtain

VI(@)(2) + V/(=2)(=2) = g, (7 (2) + W()(~2)
+ 2 (=2)) =2 (W (2) + W(=2))

- / dzp(2)(z +7g%), (2.36)

where p(7) =4 >V (7 - 7;).” Differentiating the equa-
tion (2.36) with respect to z, and taking the large-N limit,
we obtain

0
% (22 = D) (W(2) + W(=2)) + 795" 2(W(z) — W(-2))
+ g,(W?(z) + W*(=z) + W(z2)W(=z))) =0 (2.37)
D. Loop equation
Let us rewrite the partition function (2.17) as
v g) = /Hdr e Ve (@ (2.38)

where 7; are the eigenvalues of Y and

>We have followed the procedure used in Ref. [32].
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N N N
Z 9y Z Js Z
Veff(T) = - <V(Tl) —N In |Ti—Tj‘ +f\7 / 1n|r,-+rj|), (239)

and V(r;) is given by Eq. (2.33).
Assuming that the integrand vanishes at the boundary, we consider the following Dyson-Schwinger equation

II L -tal)
0= d g e\ ) 2.40
/ i 5Tk (Z — > (2.40)

which yields the loop equation

~ 1\ N[NV Lo E 2\ /E L & _
<;(Z—7k>2> gs<;z—rk>+<;Z_Tkj(§lrk_fj> <kz:;z_7k27k+fj> 0. (241)

Here the expectation value is calculated using Iy(4, g,). Since we have

<i(2_7k> <iﬂ—7k ilfk_7> <iz—lrkiz_1;>’ (2.42)

K ()

the loop equation (2.41) becomes

a a 1% N [ V(z) - V(g Moo &
<ZZ_TI<ZZ T'> S<Z£>+;<Z%ﬁ<()>_<ZZ—1k.ZTk+Tj>_O' (243)

=1 =1 J
Introducing the expectation value of the resolvent,

w0 =Ly ! (2.44)
w = — , .
. N 17
we have
AN BRI |
> > = N2 (z) +W(z, 2), (2.45)
T—1 =T = Z_Tj
where

N N
<§:Z_”§:Z‘T>wn (2.46)

k=1

Here (-).,, denotes the connected part of the expectation value. Using these expressions, the loop equation (2.43) can be
recast as

3 1 1o 1 O/ V(z) -V (z) 1 L& B
W2(z) + NZQZ)§”“@M@+%N§:<_QTQ_L> 2§;§:@_nn+%>a (2.47)

k=1 j=1

If we change z to —z in the loop equation (2.47) and add it to the original loop equation we obtain
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= (V'(2)W(2) + V'(=2)W(=2)) + g,(#(z) + #*(=2) + W(2)W(-z2))

Differentiating the equation above with respect to z yields

As explained in the next section, one can construct a
string field theory that reproduces the loop equation (2.49)
as the Dyson-Schwinger equation.

III. STRING FIELD THEORY

There exist maps between BPs and discrete surfaces
based on CDT where spatial topology change is not allowed
to occur (see, e.g. [10]). Such maps can be generalized to a
map between BPs with loops and discrete generalized
surfaces where the spatial topology can change [17].

Having this in mind, it may be possible to construct
a string field theory that describes the continuum limit
of BPs with loops coupled to the critical Ising model.
In fact, a string field theory for generalized CDT has

We conjecture the following Hamiltonian

H = /)ooifw*(f) (—f;; + M)yx(f)

- /) i, A ey (0w (Ey (61 + £3)
~ ag, [) i) A dtsy’ (61 + (e ()

~ B, /0 * at, /0 * dtw (6 + e ()

—1at [" L)~ o o

- [T Faewe)

— (22 = ) ((2) + W(=2)) + rgs*2(i(z) -

(2.48)

(2.49)

been constructed [22], and the generalized CDT can
be interpreted as the continuum limit of pure BPs
with loops.

Let us define an operator ' (¢) that creates (marked)
closed string of length #. Similarly, an operator y(?)
annihilates (marked) closed string of length #. The oper-
ators satisfy the commutation relation

(). y'(£)] = £5(¢ = £'). (3.1)

and others are zero. The vacuum state |vac) is defined by

w(£)|vac) = 0 & (vac|y'(¢) = 0. (3.2)

(Free)

(Splitting interaction)
(Joining interaction)
(Effective interaction)
(Hinge)

(Tadpole) (3.3)

where a, f# and y are dimensionless constants, and if we denote the dimension of length # as [£] = L, then

lg) =L [H]=L"" (3.4)
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String field theories for noncritical stings have been
proposed by Refs. [33,34]. In particular, to write down the
Hamiltonian (3.3), we have referred to Refs. [22,30,34].
The basic four parts in Eq. (3.3), i.e., the free, splitting-
interaction, joining-interaction and tadpole parts, are the
building blocks of the string field theory for generalized
CDT [22].

The term similar to the effective-interaction part in
Eq. (3.3) has been originally introduced in Ref. [34], and
also discussed in Ref. [30]. This nonlocal term is necessary
for describing the nontrivial Jacobian factor [, |7, +

7,,|~'/? in the continuum two-matrix model (2.32), which
appears after performing the Gaussian integral.

w(f) = tlir£10<vac\e"Hl,//T(f)|Vac>, (3.5)

satisfies the Dyson-Schwinger equation that can be inter-
preted as the Wheeler-DeWitt equation

0 .
0= —lim % (vacle=™My" (¢)|vac)

t—oo Jf

= tlirg(vade"” [H,w"(£)]|vac). (3.6)

In the last line we have used H|vac) = 0.
We calculate Eq. (3.6) term by term.
(1) The free part

The hinge-part in Eq. (3.3) is introduced to take in the
effects from the ®,®_ coupling in the continuum two-

o d¢’ 0?
matrix model (2.20), which would be a hinge to capture the [A 7W+(’/ﬂ/) (‘ﬂ 92 + lf’) w(Z), WT(fﬂ
quantum critical behavior of the Ising model on BPs

with loops. _ /md_ﬂwf(f;> <_f/ 7
0

T M’) (£5(¢ - )

A. Sphere case

Oodf/ / ! a2 / !
= — (8 =) =" —5+ A Wi ()
Let us set « =0. The loop function with the disk o 7 o

topology, —7 (_ a_;z + A) v (2) (3.7)
(2) The splitting-interaction part
o [Tas [T aewcow e+ )]
=g, [ ar, [Taewt e s+ 6=
——g. [ dew' v (3.8)
(3) The effective-interaction part
~po, ["ar, [T aewei s vt ewe) v e)
——pa, [T ey [T dew s v et - )
= —/J’QSL”A00 Aty (¢ + )y (£2). (3.9)
(4) The hinge part
= [T (= s o)
= 19" Am df’%wf(f’)f/é(f’ —7)
— P Ly, (3.10)

of
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(5) The tadpole part

- [ aemerwo

_— /wﬁa(f')fa(f s
,

= —5(). (3.11)

As a result, we obtain

2

0 0
TN = == 41— vgt? 2yt
(H.y'(¢)] f( MZH Y9s M)w(f)

14
~ot [Catwiepwie )
~pat A “ dty (6 + e () - 8(2).

(3.12)

Since we have turned off the joining interaction by setting
a = 0, we notice the factorization

tlim (vacle™My T (£))y(£;)|vac)

= lim <Vac|e“Hz//T(fl)|Vac)tlim {vacle™My " (¢,)|vac).

(3.13)
In terms of all the discussions above, we obtain
¢ a—2+/1 /3 9. (£) = g€ (w * w)(£)
o 795" o5 W gl (w*w
ot [Tdewie ey =o0) (a1
0

where the convolution of w is given by

¢
(w*w)(f)—[) deyw(e)w(€ = ¢;).  (3.15)

Let us define the Laplace transform of w(?)
W(2) = Lpw(£)] = / gt w(e).  (3.16)
0

Using Eq. (3.16), the Laplace transform of Eq. (3.14)
becomes

0% <V’(z)v~v(z) + g% (z2)
o] [Taewier ewien|) =1 G0
where
Vi(z) =22 - d+yg"z (3.18)

Here the term L[ [§° d€,w(Z + £5)w(£,)] would include a
divergence, which seems to be regularized by subtracting
Eq. (3.17) by the one with the replacement 7 — —z [30,34]

— (2 = ) ((z) + W(=2)) + 79" 2(W(z) — W(~2))

+ g,(W*(2) + W?(=2) + pw(z)w(=z))) = 0. (3.19)

If we set f = 1, this equation reproduces the saddle-point
equation in the continuum two-matrix model (2.37).

B. General amplitudes

We introduce the generating functional Z(J) for the loop
functions

Z(J) = lim <Vac|e"Heﬁ)oo 4eNEW' (@) |vac). (3.20)
The Dyson-Schwinger equation yields
0=—lim 63 (vacle=Mels OV O yaey (3.21)
which can be recast as
0= A T acIOTE) 2()), (3.22)

where
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4
A N 7 P —
9 A 512516 - ')
S 5
—agt | AT~
“Js /0 ) si v
oo 52
—pot | ar
bos /0 S+ £)5I(¢")
9 5
—yg P2 %
9 o0 5100
—5(¢).

Introducing
F(J) =log Z(J),

one can rewrite Eq. (3.22) into the following form

0= /)mdff(f)K—faa—;Hf) ?;—((2

(Free)

(Splitting interaction)
(Joining interaction)
(Effective interaction)

(Hinge)

(Tadpole)

¢ 82 F(J) ¢ SF(J) 6F(J)
_g“,f/) de ﬁ—g“f/)

)1t - ¢
_ > !
agsfl dffJ(f)(SJ(erﬂ)

8 F(J)

51(0) 616 = £')

SF(J) 6F(J)

~ P9t A d I6J(f )50 (2) — P9t A d /5J(f+ Y 6I(¢)

9 6F(J)
13
195 S5 5T () M)]

To derive Eq. (3.25), we have used

PF(J) SF(J) 6F(J)

SZ(J)

sJ(£)6J (¢ —=¢")  SI(LN)8I(E—¢)

We define the multiloop function

Z()sI(£)6I (=)

and its Laplace transform

W(Zys s 2p) = Aw drt, [)w dt, e O wlw (6, ., E).

Differentiating Eq. (3.25) with respect to J(¢), and then setting J(£) = 0, one obtains

2 0 4
f( T - ya? i) w(t) = g, (wsw)(€) = Bgsl / de'w(t + ¢ Yw(') — ag,t / de'w( . ¢ = ¢
0

Y of

- aﬁgsaf/oo AWt +£.¢) = 5(¢).
0
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The Laplace transform of Eq. (3.29) yields

2@ =141 0(0) + 0,0 + i 2)

+ Bg,L [ A T dew(e + )w(e)

+a/0°° df’w(f+f’,f’)]} ~ 1. (3.30)

Changing z to —z in the equation above and subtracting it
from the original equation yields

212 = () + (=) + 708 2(5() — #(=2))

+ 9, (7 (2) + W (=2) + piv(2)w(=z))

+ g;a(w(z,z) + w(-z,—z) + pw(z,—2))] = 0. (3.31)
This equation indeed coincides with the loop equa-
tion (2.49) obtained in the continuum two-matrix model
when we set @ = -5 and § = 1.

IV. NONPERTURBATIVE FORMULATION

The continuum limit of branched polymers (BPs) with
loops coupled to the critical Ising model can be described
by the continuum two-matrix model (2.17), or equivalently
(2.20). The size of matrices, N, serves as a weight factor to
discriminate different topologies. If we wish to implement
the sum over all genera in an equal manner, we can simply
set N = 1, and define the partition function in such a way
that it converges. In this section, we investigate such a
nonperturbative partition function.

Let us set N =1 in the continuum two-matrix model
(2.17), which yields

r /352

In-1(4, 9,) = /didye"%(ﬁz_w%yzhgx @)

Changing the dimension-full variables X, y to the dimen-
sionless variables x and y,

1/3 - 1/3
N x7 = /

X=g (4.2)

Eq. (4.1) becomes up to overall dimensional constants

Z(1) = / / dxdy ey =iy tih?
D

where ¢ is the dimensionless cosmological constant given
by t = 4= Here we need to choose an integration domain
g.Y

(4.3)

D in such a way that the integral converges.

A. Integration domains

We first impose the condition that one can perform the
Gaussian integral over x. If we parametrize x and y as

x = setr, y = rei,

(4.4)

where

seR, Qﬁ(—%,%}; reR,, 60,€(0,2z), (4.5)

we have
x2y = s2rel0yt20,), (4.6)
In order to perform the Gaussian integral, we need
Re(e!+20:)) < 0 @% <0,+420, < %7:
s g ~20, <0, < %ﬂ' —20,. (4.7)

After performing the Gaussian integral, we impose that
the integrand converges when r goes to infinity. Since for
r> 1 we have

1 y 1 1 .
—ty F -y L2 w3 = p3i0 3, 4.8
YRy Ay gy =gt (4.8)
the condition we need is
Re(e*) = cos(36,) < 0, (4.9)
which yields
Im(y)
A
@
@ e T
= > Re(y)
———————— 0110
FIG. 3. Domains of convergence in the complex y plane: The

branch cut is placed on the positive real axis.
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V3 3 T V3
§<39)’ <§7T<:>(I): 6<0y <§ (410)
T 3 5 7
§<39},—2ﬂ<§ﬂ¢><11): 67[<9y<67[ (411)
3 3 11
g< 30, —4r <Sre (W) Sx<6, < (4.12)

After performing the Gaussian integral, the factor

r _ —i&ro4m |7
ei(é)}.+26),+n)r_e 30 2)\/;’ (4.13)

appears. Therefore, we need a branch cut starting from the origin. Let us place the branch cut on the positive real axis in the
complex y plane to make the integrand single-valued.

Hereafter we choose the integration path, denoted by C, to run from the asymptotic region (II) to the asymptotic region (I)
(see Fig. 3). This is possible if we choose, for instance, 6, to be 0, = £. The integration path in the complex-x plane is

denoted as C,. We then have
= // dxdy e)x l\+3y +7 2

- / dx/ dy e¥ Y

Cx C
Ea e 4.14
= . y _—ye 3 AN ( | )

B. The third-order differential equation

We wish to derive the differential equation that the integral (4.3) satisfies. Let us calculate the Dyson-Schwinger equation

- / / dxdy 2 <eyx2—t>'+%y3+%y2)
D dy

- // dxdy (=t + y? + yy)er< 0w’ 4 / dy e it 2 d </ dx exn')
D j ai

1,,3 V 2 d
— —aZ() + Z'(8) =y Z () + / dye-biipr 4 [T
C

dy
= —Z(0) + 2'(1) — 1 Z/(1) - - / dyeviipr L [T
2 y\V-y
= —1Z(t) + Z"(t) —=yZ'(t) — = / / dxdy ANRAE s o (4.15)

Differentiating the equation above with respect to ¢ yields the third-order linear differential equation
1 1
(tZ(t) = Z"(t) + yZ' (1)) = EZ(t) & 72"(t) —yZ" (1) — tZ' (1) — EZ(t) =0. (4.16)

In fact, the y = 0 case is called the Pairy equation: “Pairy” was named after (Product + Airy)/2 [35], and its solution is
given by the product of two Airy functions. This is natural because the partition function of the continuum limit of pure BPs
with loops is known to be Airy functions [14-16].

066004-12
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If we introduce u(t) = —F'(t) such that Z(f) = e~*(), Eq. (4.16) can be recast as

u" (1) + Bu(t) —y)u' (1) + (1) — yu? (1) — tu(t) — % =0. (4.17)

Let us check the validity of the differential equation (4.16). We insert Eq. (4.3) into the left-hand side of Eq. (4.16), which
yields

Z///() }/Z” tZ/ // dxdy y —7y +ty) yx2—ty+1y3+5y?

2 d 1,341 7,,2
== dxdyey™ y— (e 3 T
/ [) yery dy( )
a Y
- / A dXdya(ye~”2)e—W+%y3+7y2
d a2\ pyaly3arn2
=Z()+ /dyyd (/ dxe’™ )e ty+5y* +hy
y
/ yy \/7 e~

:Z()—EZ

1
=—-Z(1). (4.18)
2
Therefore, we have confirmed that Z(¢) satisfies the differential equation (4.16).

C. Free energy

We evaluate the perturbative part of free energy based on the saddle-point approximation. Let us rewrite the partition

function (4.14) as
d 1/— W) with W(y) =y —-y* — 232, 4.19
/ Y ¢ ! 0)=> 3ty 217 (4.19)

The saddle-point equation at large-¢ yields
L) —0e1-Y 21y g (4.20)
dy Y= PR '

The solution is

y*:—%(y+\/y2+4t). (4.21)

Expanding W(y) around y,, one obtains

W) = W)+ W)y -y)+5; W)= 32+ W) (5 - v,

21 Y
2
- oy + 4t , 1
—W M Ty oy )2 —— ) 422
(v) + 5 (y =) 3t(y y.)? (4.22)

where y;f‘” =1/t + O(t73/?), and
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5 2 2 3
W) = =5vi-2-Trr - o). (423)

4 12t

Performing the Gaussian integral over y, the perturbative
part of partition function becomes

2 p3 .

- e_tW<_V*) + e,
VrE 4tV s

Therefore, the perturbative part of free energy becomes

Zpen(t) = (424)

Fpert(t) = —10g Zperl(t> - tW()’*) + 10g \/E =+ O(IO)
2

v 7 1
= —§t3/2—§t—ztl/2 +§10gt+0([0) (425)

The string susceptibility exponent y, is equivalent to that
of pure BPs for t — o0, i.e., yy = %
Alternatively, we solve the differential equation (4.17) by

perturbations for large ¢, which yields

2
o Yo 1
Upen (1) = £/ +3Eg! / -5t

_ 4
+ (%) PR O(R),  (426)

where u,. means the perturbative part of u. The signature
cannot be fixed without an external input. From Eq. (4.25),
we fix the signature which yields

28 2 128
+ O(t7/2).

2 1 16y —y*
Upert (1) = 1112 p L ey (#) 32
(4.27)

As a result the perturbative part of free energy has the
following expansion for large ¢

Foen(t) = 2pn_Y, 7/—2t1/2+llo t+0(°). (4.28)
pert - 3 2 4 2 g : :

This coincides with the one obtained by the saddle-point
approximation (4.25).

D. Nonperturbative effects

Following Ref. [36], we decompose u(¢) into the
perturbative part up.; and the nonperturbative part A

u(t) = Upen (1) + A(2). (4.29)

Applying the decomposition above, the differential equa-
tion (4.17) can be recast as

A"(1) + (3(upen (1) + A(1)) = 7)A'(2) + (Butpen (1)
+ 3u%en(t) - Zyupert(t) - t)A(t)

+ (Butper (1) — y)A2(1) + A3(1) = 0, (4.30)

where we have used the fact that up., satisfies the differ-
ential equation (4.17)

tpert (1) + (Bttperc (1) = 7)Upent (1) + Upen (1) = YUpen (1)

= 0. (4.31)

1
- tupen(t) - 5
When ¢ > 1, Eq. (4.30) becomes

A"(£) + 3V1A (1) + 2tA(t) + 3vtA% (1) + A3 (1) = 0.
(4.32)
Assuming that A(z) is exponentially small when 7 > 1, i.e.,
A(t) = Ce™1), (4.33)

where C is a constant, Eq. (4.32) can be approximated as

A"(1) + 3V1A (1) + 2tA(r) = 0. (4.34)
Plugging Eq. (4.33) into Eq. (4.34), we obtain
R'(t) — (W (1))> + 3Vith'(t) =2t = 0. (4.35)
The leading solution is
h(t) = Zpn_ l1og t +lt‘3/2 +0(173), (4.36)
3 2 6
which yields
A(t) = Ce™) = Cv/texp <—§t3/2+0(t‘3/2)). (4.37)

As a result, the free energy becomes

2
F([) = Fpert<t) —|-Ce_Sinsl(t) + -, where Sinst<t) :§t3/2.

(4.38)

E. Loop functions

The continuum partition functions, (4.1) and (4.3), are
related as

Inoi(2.g,) = 6 Z(1),
A

where Z(t) = A dxdy e =0t = F

(4.39)
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Following the same procedure proposed in Ref. [19], we calculate a disk amplitude that includes contributions from all
genera

L(#5-25+5+50.°5)

B 1
Wiz)= m/ dxdy - y”‘

evx2—ty+§y3+§y2 (Z _ \/ZC)

fZ (1) t—1/2
\/_Z )/ dy/ dae~ (C=r712y)a yx ty+3) +
Z(t—1""a Z(t—1""a)
\f/ o Z(ny
© _12
_ A dte=t (ttzft)ff) (a=22), (4.40)

where we have used Eq. (4.39). From the calculation above, we can read off the following macroscopic loop function

Z(t —1712/0¢)

£) = 4.41
W) =g (441)

This loop function includes contributions from all genera in a nonperturbative manner.

Generalizing the discussion above, one obtains
W(z1, 225 ves2n) = 1 /didi ﬁ L syl 's)
In-1(4, g5) pnE
o o Z(t=t"2Al + b+

— / dbple—zlfl . / dbﬂne—z"f" ( \/_( 1 + 2 + + n)) , (442)

0 0 Z(1)

which yields
Z(t -t + o+

W(E1, Coy s ) =Wl +Cr 4+ ) = ( VA + 4 ) (4.43)

Z(1)

Let us find the equation that w(¢) satisfies and that reduces to the Wheeler-DeWitt equation of 2D causal dynamical
triangulations (CDT) at g, = 0. From Eq. (4.16), one obtains

2t = VNE) =y 2/ (1 = 7V2VAE) = (1 = VI Z(t — V2V GE)

_;/ A dxdy i =V R — 0, (4.44)
which can be recast as
d? 1/3 d 92/3 1 2 -1/2 1,3.,7,2
A= gl — £) =——=> dxdy — == Vi +hy?, 4.45
( PR A T w(?) Zz(t)//D wdy > e : (4.45)

Differentiating with respect to ¢ yields

d d? 1/3d Js
%K f2+/1 gs¢ = 79s df>W(f)]——5W(f)

o= +A—gl—yg— d w(t) = -2 / dew(?). (4.46)
dt ' d¢ 2
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Multiplying by Z, one obtains

Lt gyl w(?)
7> 9s V9s dbﬂ
Y
+g; / déw(£) = 0. (4.47)

This integrodifferential equation recovers the Wheeler-
DeWitt equation of 2D CDT at g, =0

(— dd; + M) w(£) = 0.

One can rewrite the integrodifferential equation as the
following third-order linear differential equation

(4.48)

”’(f)-l—ygm //( >_(,1—gsf) (f)-i—gzsw(f) 0.

(4.49)

The Wheeler-DeWitt equation of generalized CDT that
includes contributions from all genera is known [19,23]

(fd—2+M gf2> (£)=0.  (4.50)

In comparison with the equation above, the Wheeler-
DeWitt equation we have obtained (4.47) additionally
includes the term proportional to y associated with the
critical Ising spins, and the integral over ¢ that originates
with the Gaussian integral over x.

V. STOCHASTIC PROCESS

The time appeared in the string filed theories in the
temporal gauge for noncritical strings corresponds to
the fictitious time in the stochastic quantization [37].6 As
in the case of string field theory for generalized CDT, its
proper time can be identified with the fictitious time in the
stochastic quantization [23].

Since in Sec. III, we have constructed a string field
theory for the continuum limit of BPs with loops coupled to
the critical Ising model, we wish to derive the quantum
Hamiltonian by identifying the time in our string field
theory with the fictitious time in the stochastic quantization.

Let us consider the stochastic variable satisfying the
Langevin equation

&(z)

2 = () + ), (51)

®The relation to the stochastic quantization was also pointed
out from a different point of view in Ref. [38].

where 7 is a fictitious time, and (7) a Gaussian noise with a
probability distribution functional of the form

e—ﬁ f drn (1)
J vy ] 4
Writing the stochastic variable subject to the initial con-
dition, ¥(0) =3y, as 3(z;¥y), one can introduce the

probability distribution function for a “particle” moving
from y, to y

plv) = (5.2)

(6(y = 3(z:50))).- (5.3)

where the expectation value (-), is evaluated by the
distribution (5.2). It is known that the probability distri-
bution function (5.3) satisfies the Fokker-Planck equation

1 aP(y 503 7)
oy

P(3.50:7) =

% _ aay +f(i)P(§»)70;T)>~
(5.4)

From the Fokker-Planck equation, one can write P(y, yo; 7)
as the matrix element

P(3.50:7) = (e7'5[%0) = (Fle=|50), (5.5
where H is the “Hamiltonian” operator given by
- Q o 0
H=-=2 2 5 5.6
20m a5 ) (36)
If we introduce
~ - 0 o
G(§o,¥:7) = aTP<y7yO>T)’ (5.7)
Yo

the function G(yo, ¥;7) satisfies

9G(§9.5:7) _ 0 (1 09660, 5:7)

- y G y b ~; .
p 30 \2 e f(50)G (5o, ¥ f))

(5.8)
Let us rewrite the continuum partition function (4.1) as

y 1/3< 2)

INZI(LQS) = /dxdyefz (R°5=A5+39° +59,"5

= /=79, / dy e, (5.9)
where
S(3) = 1 14 1/'% 2 s ~
(y)——/ly+3y +39s loglyl- (5.10)
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Following the idea proposed by Ref. [23], if we choose

aS(¥o)
9%

f(3o) = ; (5.11)

Eq. (5.8) yields

9G (5o.5:7) _ 9 (1,0G(50,5:7)
01 05/0 2 6570

- /A U NS
- (—/1 +52 +79: 50 —3~—> G(yo,y;f))-
Yo
(5.12)

Let us introduce the Laplace transform

Go.350)= [ "dty [T ate e Gt bia). (5,03

Performing the inverse Laplace transform of Eq. (5.12), for
?y > 0, one obtains

G (£, ¢
G0 55%) _ _p6i,. £:1), (5.14)
or
where
0 Q s 0
HG(£y.C:7) = | —Cy—s 4+ Ay — — 12 —yg' Pty —
(%0, ¢37) < Oaf%+ 07570 79 OMO)

4
xG(fO,f;T)—i—%fo/ "drG(¢ ¢,
0

(5.15)
Introducing a loop function
w(ty) = /°° dtG(£y, 0 =0;7),  (5.16)
0
and the boundary conditions
G(ty,t;t=0)=6(¢-¢y), G(¢y,C;t=00)=0, (5.17)
one can integrate Eq. (5.14), which yields
@ Q 13, O
Hw(ty) = | —Co— + Ao — =3 =y o=t
w(Z)) ( Oaf%+ 0= 5019 06f0>
Ys % AR
0

When we set Q =2g,, Eq. (5.18) coincides with the
Wheeler-DeWitt equation (4.47). In our previous argument,
we cannot fix the overall sign of the Hamiltonian, but the
derivation based on the stochastic process somehow fixes
the overall sign of the Hamiltonian.

VI. SUMMARY AND DISCUSSIONS

We have investigated the continuum limit of BPs with
loops coupled to the critical Ising model at the zero
temperature from various point of view.

In terms of the continuum two-matrix model, we have
derived the loop equation, and proposed a string field
theory that reproduces the loop equation as the Dyson-
Schwinger equation. In the continuum two-matrix model,
the term proportional to y characterizes the divergent
fluctuations of spin variables.

Setting N =1 in the continuum two-matrix model, the
matrix integral turns to a two-dimensional integral, and we
have found an integration domain that makes the two-
dimensional integral converge, which defines a nonpertur-
bative partition function. We have shown that the non-
perturbative partition function satisfies a third-order linear
differential equation, whereas the partition function in the
continuum limit of pure BPs with loops obeys the Airy
equation. If we formally set y = 0O in the third-order linear
differential equation, the solutions are given by products of
two Airy functions, which implies that the constant y
represents the effects of the critical Ising model.

We have calculated the free energy, and in the large-t
limit where the loops are suppressed, we have read off the
string susceptibility exponent y ., which is the same as that
of BPs, i.e., 74 = 1/2. In the free energy, the constant y
appears in higher orders in the loop expansion, and
therefore, the existence of loops would be important to
see some nontrivial effects originated with the divergent
spin fluctuations.

We have also derived the Wheeler-DeWitt equation, an
integrodifferential equation, whose solution is a nonper-
turbative loop function including contributions from all
genera.

By identifying the time in the string field theory as the
fictitious time in the stochastic quantization, we have
derived a quantum Hamiltonian and the corresponding
Wheeler-DeWitt equation that is precisely equivalent to the
Wheeler-DeWitt equation obtained from the third-order
linear differential equation. The quantum Hamiltonian
obtained is not bounded from below, which is the same
as that of generalized CDT, or equivalently, the continuum
theory for pure BPs with loops.

In summary, we have constructed firm tools to under-
stand the continuum limit of BPs with loops coupled to the
critical Ising model, which is very nice. However, some
interesting physics originating from quantum criticality, as
well as its understanding based on quantum gravity, are not
yet fully clear at present. These would provide intriguing
directions for future study.
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