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We study the continuum limit of branched polymers (BPs) with loops coupled to Ising spins at the zero-
temperature critical point. It is known that the continuum partition function can be represented by a
Hermitian two-matrix model, and we propose a string field theory whose Dyson-Schwinger equation
coincides with the loop equation of this continuum matrix model. By setting the matrix size to one, we
analyze a convergent nonperturbative partition function expressed as a two-dimensional integral, and show
that it satisfies a third-order linear differential equation. In contrast, in the absence of coupling to the critical
Ising model, the continuum partition function of pure BPs with loops is known to satisfy the Airy equation.
From the viewpoint of two-dimensional quantum gravity, we introduce a nonperturbative loop amplitude
that serves as a solution to the Wheeler-DeWitt equation incorporating contributions from all genera.
Furthermore, we demonstrate that the same Wheeler-DeWitt equation can also be derived through the
stochastic quantization.
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I. INTRODUCTION

Two-dimensional models of quantum geometries pro-
vide a useful framework for studying nonperturbative
aspects of quantum gravity (see, e.g., Refs. [1–3]). In most
cases, they can be analyzed analytically through the use of
regularization known as dynamical triangulations [4–9], or
matrix models. Branched polymers (BPs) are a simple
example of quantum geometries, which are randomly
branching graphs without loops.
Since BPs are essentially random tree graphs, they do not

seem to correspond to any extended quantum geometries.
However, there exist maps between BPs and quantum
geometries based on two-dimensional causal dynamical
triangulations (2D CDT) (see, e.g., Ref. [10]). CDT was

first introduced as a model of two-dimensional Lorentzian
quantum geometries [11], and later extended to models in
higher dimensions (see Ref. [12] for recent review).
Quantum geometries generated by 2D CDT are extended
rather than polymerlike, in which no topology change is
allowed to occur. In this sense, BPs are related to some
extended quantum geometries, and the continuum limit of
2D CDT is known to be the 2D projectable Hořava-Litshitz
quantum gravity [13].
BPs decorated with loop structures have been extensively

studied, and its continuum limit is described by the Airy
equation [14–16]. The Airy equation is a linear differential
equation, and its solutions—Airy functions—represent a
nonperturbative partition function in the continuum limit.
Even in this case, a map between BPs with loops and
quantum geometries in which the topology change is
allowed to occur has been constructed [17]. From the
viewpoint of extended quantum geometries, its continuum
theory is known as the generalized CDT [18], and its
nonperturbative partition function is essentially given by the
Airy functions [19]. The generalized CDT can be formu-
lated in several ways, e.g. a continuous one-matrix model
[20,21], a string field theory [22], and a stochastic
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quantization [23]. In this sense, the generalized CDT can be
interpreted as the continuum limit of pure BPs with loops.1

A two-dimensional model of quantum geometries
coupled to the Ising model has been proposed in terms
of a Hermitian two-matrix model [25,26], where the Ising
model becomes critical at a finite critical temperature. At
the finite critical temperature, the continuum theory turns to
the Liouville gravity coupled to fermions. By slightly
deforming the two-matrix model, one can take an uncon-
ventional continuum limit in which the branching structure
of the graphs becomes important. This corresponds to the
continuum limit of BPs with loops coupled to the critical
Ising model [27,28]. The resulting continuum theory is
described by the continuum two-matrix model [27]. It is
known that the Ising model on BPs cannot be critical at any
finite temperature [29], but the criticality discussed in
Refs. [27,28] occurs at the zero temperature, i.e., quantum
criticality. In this article, we wish to investigate this
continuum theory from various perspectives.
This article is organized as follows. In Sec. II, we review

how to take the continuum limit of BPs with loops coupled
to the critical Ising model in a Hermitian two-matrix model.
The continuum theory can be expressed again by a certain
two-matrix model with renormalized coupling constants.
We then derive the corresponding loop equation.
In Sec. III, we propose a string field theory for the

continuum limit of BPs with loops coupled to the critical
Ising model, and show the Dyson-Schwinger equation
precisely reproduces the loop equation derived in the
continuum two-matrix model.
In Sec. IV, we discuss a nonperturbative partition

function by setting N ¼ 1 in the continuum two-matrix
model where N is the size of matrices. As it turns out, the
nonperturbative partition function satisfies a third-order
linear differential equation. We also calculate the free
energy, and show the loop function that contains contri-
butions from all genera satisfies an integrodifferential
equation, which is interpreted as the Wheeler-DeWitt
equation.
In Sec. V, by identifying the time in the string field

theory as the fictitious time in the stochastic quantization,
we reformulate the continuum theory for BPs with loops
coupled to the critical Ising model. Through the Fokker-
Planck equation, we derive the Wheeler-DeWitt equation
that is consistent with the one obtained in Sec. IV.
Section VI is devoted to summary and discussions.

II. TWO-MATRIX MODEL

We consider the following Hermitian two-matrix model
[27,28,30]

ZNðg; c; θÞ ¼
Z

DϕþDϕ−e−
N
θ trUðϕþ;ϕ−Þ; ð2:1Þ

where ϕ� are N × N Hermitian matrices, Dϕ� the
Haar measures on Hermitian matrices, and the potential
is given by

Uðϕþ;ϕ−Þ ¼
1

2
ðϕ2þ þ ϕ2

−Þ − cϕþϕ− − gðϕþ þ ϕ−Þ

−
g
3
ðϕ3þ þ ϕ3

−Þ: ð2:2Þ

Here g, c, and θ are non-negative parameters. The pertur-
bative expansion of the integral (2.1) for small g formally
defines a model of random graphs consisting of vertices of
degree one and three, where an Ising spin is assigned to
each vertex.
To demonstrate this, we set c ¼ e−2β where β is the

inverse temperature, and introduce “propagators”

hðϕaÞijðϕbÞkli0 ¼
θ

N
Δabδilδjk; ð2:3Þ

where the expectation value h·i0 is defined in terms of
ZNð0; c; θÞ, the indices i, j and a, b, respectively, ran from
1 to N and þ to −, and

Δab ¼
ffiffiffi
c

p
1 − c2

�
c−1=2 c1=2

c1=2 c−1=2

�

¼ eβ

2 sinhð2βÞ
�
eβσþσþ eβσþσ−

eβσ−σþ eβσ−σ−

�
; with σ� ¼ �1:

ð2:4Þ

The linear and cubic terms in the potential (2.2) can be
associated with the vertices of degree one and three,
respectively. If we evaluate the perturbative expansion of
Eq. (2.1) order by order, using the propagators (2.3), we can
perform the sum over ribbon graphs consisting of vertices of
degree one and three. Through the Wick contraction in
terms of the propagators (2.3), Ising spins are placed at
vertices, and they have the nearest neighbor interactions (see
Fig. 1). Note that due to the vertices of degree one, the
ribbon graphs generally have the local tree structures. As
explained later, the parameter θ is introduced to control such
tree structures.2

Hereafter we consider the connected ribbon graphs. For
each ribbon graph, the numbers of vertices V, edges E and
faces F satisfy the topological relation

1An effective gravitational theory corresponding to the gen-
eralized CDT can be constructed by introducing a bi-local
wormhole interaction to the 2D projectable Hořava-Litshitz
quantum gravity [24].

2The parameter θ, together with the linear term in the potential,
was first introduced in the context of one-matrix model [21],
aiming for taking the continuum limit of generalized causal
dynamical triangulations.
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V − Eþ F ¼ 2 − 2h; ð2:5Þ

where h denotes the genus, i.e., the number of holes.
Denoting the numbers of vertices of degree one and three
by V1 and V3, respectively, we have

2E¼ 3V3þV1; V¼V3þV1; Vs ¼V3−V1: ð2:6Þ

Here Vs ≥ −2, and when Vs > 0, it denotes the number of
skeleton vertices that are the vertices of degree three which
do not belong to the local tree structures: Let us consider a
vertex of degree three and label the three edges emanating
from it as 1, 2, and 3 in a clockwise order. If, by moving
along the edges to other vertices, one can find a path that
returns to the original vertex regardless of whether one
starts from edge 1, 2, or 3, the chosen vertex is referred to as
the skeleton vertex3 (See Fig. 2).
Having the discussion above in mind, the sum over

connected graphs can be formally expressed as

1

N2
log

�
ZNðg; c; θÞ
ZNð0; c; θÞ

�
¼

X∞
h¼0

N−2h
X∞
V¼2

�
g

ffiffiffi
c

p
1 − c2

�
V

×
X∞
Vs¼−2

�
θ

ffiffiffi
c

p
1 − c2

�Vs
2

Zh;V;Vs
ðcÞ;

ð2:7Þ

where Zh;V;Vs
ðcÞ is the partition function of the Ising model

on random graphs for fixed h, V and Vs. As one can see
from Eq. (2.7), it is θ that controls the number of skeleton
vertices.
In the large-N limit, for fixed c and θ, the sum (2.7) has

the radius of convergence gcðθ; cÞ. Tuning g to gcðθ; cÞ
from below, the contribution from infinitely many vertices
becomes important in the sum (2.7), and one can take the
continuum limit. In addition, the Ising model becomes

critical at c ¼ ccðθÞ. The critical temperature here is given
by TcðθÞ ¼ −2= log½ccðθÞ�.
When c ≠ ccðθÞ with θ > 0, the resulting continuum

theory is the pure Liouville gravity. At c ¼ ccðθÞ with
θ > 0, the fluctuations of spin variables diverge, and the
interaction between geometries and spins becomes strong
enough to change the universality class, and the continuum
theory turns to the Liouville gravity coupled to fermions
[25,26]. This is true for all θ > 0, and in fact, the average
numbers of vertices hVi and skeleton vertices hVsi essen-
tially diverge [28].
On the other hand, tuning θ → 0, along with the critical

curve given by c ¼ ccðθÞ, one can reach the zero temper-
ature critical point, i.e., the quantum critical point. As
shown in Ref. [28], the continuum physics depends on how
to approach the zero temperature. When we introduce the
parametrization,

g¼gcðθÞe−1
2
λ0ε

2

; c¼ccðθÞ; θ¼gsεa; with 0<a≤3;

ð2:8Þ

where ε is a lattice spacing, λ0 a renormalized cosmolog-
ical constant, gs a dimensional constant, and gcðθÞ ¼
gcðθ; ccðθÞÞ given by

gcðθÞ ¼
�
−

9

4× 102=3
θ2=3þ 31=3θ1=3ð243θ− 80Þþh2

4× 302=3h

�
3=2

;

ccðθÞ ¼
�
θ

10
g2cðθÞ

�
1=3

; ð2:9Þ

h ¼ ð81ð40 − 81θÞθ þ 80ð90
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8100þ 3ð2510 − 5103θÞθ

p
ÞÞ1=3; ð2:10Þ

the average numbers of vertices and skeleton vertices
essentially behave as [28]4

FIG. 2. Skeleton vertices, shown in white, and black vertices
belonging to the local tree structure.

FIG. 1. A ribbon graph consisting of vertices of degree one and
three where the red and blue arrows corresponding to the up and
down spins are placed at vertices.

3The back trucking is not allowed.

4The similar one-parameter family of unconventional con-
tinuum limit was originally discussed in a one-matrix model [31].
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hVi ∼ 1

ε2
; hVsi ∼

1

ε2−2a=3
: ð2:11Þ

In particular, when we set a ¼ 3, the continuum limit is
characterized by hVi ¼ ∞ and hVsi < ∞. Therefore, in
this continuum limit, the tree structures become important
where the average number of skeleton vertices, or equiv-
alently the average number of index loops, stays finite.
Since we approach the zero temperature point along with
the critical curve given by c ¼ ccðθÞ, the fluctuations of
spin variables would be divergent, and therefore important
in the continuum limit. This is the continuum limit of
branched polymers (BPs) with loops coupled to the critical
Ising model, which we wish to study in this article.

A. Critical Ising model

As discussed in Ref. [27], one can directly take the
continuum limit of the matrix integral (2.1). This is because
the large-N limit and the unconventional continuum limit
given by Eq. (2.8) with a ¼ 3 commute in the sense that
one obtains the same loop equation, independent of the
order of two limits, or in other words, the potential of the
matrix model does scale in a nontrivial manner.
Changing the variables as

ϕþ ¼Aþ 1

2g
Bþ1þc

2g
; ϕ−¼−Aþ 1

2g
Bþ1þc

2g
; ð2:12Þ

the integral (2.1) becomes up to overall constant

ZNðg; c; θÞ ¼
Z

DADBe
N
θ trðA2B−ŨðBÞÞ; ð2:13Þ

where

ŨðBÞ¼−
1

12g2
ðB3þ6cB2þ3ð4g2þð3c−1Þðcþ1ÞÞBÞ:

ð2:14Þ

If we choose the following parametrization

g ¼ gcðθÞe−1
2
λ0ε

2

; c ¼ ccðθÞ; θ ¼ gsε3; ð2:15Þ

and if we scale the matrices as

A ¼ Xε; B ¼ Yε; ð2:16Þ

the continuum limit of the integral (2.13) becomes up to
overall constant [27]

Z
DXDY e

N
gs
trðX2Y−VðYÞÞ ≕ INðλ; gsÞ; ð2:17Þ

where

VðYÞ ¼ λY −
1

3
Y3 −

γ

2
g1=3s Y2; with λ¼ λ0 þ

6

52=3
g2=3s ;

γ ¼ 2× 5−1=3: ð2:18Þ

Here γ is a numerical constant that can keep truck of the
temperature in the original discrete model, because γ

appears in the expansion, ccðθÞ ¼ γ
4
g1=3s εþ � � �. We wish

to stress that through the continuum limit, we have again
obtained the matrix model (2.17), but this is the continuum
matrix model with the renormalized coupling constants.
If we change the matrix variables as

X¼ 1

2
ðΦþ−Φ−Þ; Y¼ 1

2
ðΦþþΦ−Þ−

γ

4
g1=3s ; ð2:19Þ

the integral (2.17) becomes up to overall constantZ
DΦþDΦ−e

N
gs
tr½−λ̃

2
ðΦþþΦ−Þþ1

6
ðΦ3

þþΦ3
−Þþγ

4
g1=3s ΦþΦ−�; ð2:20Þ

where

λ̃ ¼ λþ 3

16
γ2g2=3s : ð2:21Þ

Note here that one can show that any linear transformation
of the Hermitian matrices X and Y to other Hermitian
matrices P and Q cannot generate a decoupled system such
that X2Y þ VðYÞ ¼ fðPÞ þ gðQÞwhere fðPÞ and gðQÞ are
polynomials of P and Q, respectively.
In summary, the continuum matrix model (2.17) or

(2.20) describes the continuum limit of BPs with loops
coupled to the critical Ising model.

B. Absence of Ising coupling

Let us turn off the Ising coupling, i.e., c ¼ 0, and then
take the continuum limit by choosing the parametrization

g ¼ g̃cðθÞe−1
2
λ0ε

2

; c ¼ 0; θ ¼ gsε3; ð2:22Þ

where g̃cðθÞ ¼ gcðθ; 0Þ given by

g̃cðθÞ¼
�
1

4
−
9

4
θ2þ 3θ2=3

4×22=3q
ð21=3q2−4θ2=3þ18θ8=3Þ

�
1=2

;

ð2:23Þ

q ¼
�
−1þ 18θ2 − 54θ4 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4θ2

p �
1=3

: ð2:24Þ

As before, if one scales the matrices as

A ¼ Xε; B ¼ Yε; ð2:25Þ

the matrix integrals (2.13) become up to overall constant
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Z
DXDY e

N
gs
trðX2Y−λcdtYþ1

3
Y3Þ; with λcdt ¼ λ0 þ 3g2=3s :

ð2:26Þ

If changing the variables again,

X ¼ Φþ −Φ−; Y ¼ Φþ þΦ−; ð2:27Þ

the matrix integral (2.26) becomes [27]Z
DΦþe

N
gs
trð−λcdtΦþþ4

3
Φ3

þÞ
Z

DΦ−e
N
gs
trð−λcdtΦ−þ4

3
Φ3

−Þ: ð2:28Þ

This is the square of the partition function of a continuum
theory known as the generalized CDT [20,21] where λcdt
and gs are, respectively, the renormalized cosmological
constant and the renormalized string coupling constant
controlling the spatial topology change.
Setting that c ¼ 0 from the beginning means that the

Hermitian two-matrix integral (2.1) becomes the square of
the following Hermitian one-matrix integralZ

Dϕe−
N
θ trð12ϕ2−gϕ−g

3
ϕ3Þ: ð2:29Þ

This Hermitian one-matrix model produces the sum over
ribbon graphs consisting of vertices of degree one and
three. The partition function of generalized CDT can be
obtained by an unconventional continuum limit such that
the average number of skeleton vertices stays finite, and the
tree structures become important [21]. In this sense, the
partition function of generalized CDT can be interpreted as
the one of the continuum limit of pure BPs with loops.
Although the geometries of generalized CDT are not
polymerlike but extended, they eventually have the same
continuum partition function.
Comparing Eq. (2.20) with Eq. (2.28), the effect of

divergent fluctuations of spin variables can be expressed by
the interaction term proportional to γ, which is absent for
the continuum limit of pure BPs with loops.

C. Saddle-point equation in the large-N limit

Let us perform the Gaussian integral over X in the
partition function (2.17). If we introduce the eigenvalues τi
of the matrix Y, we obtain

trðBA2Þ ¼ 1

2

XN
i¼1

XN
j¼1

ðτi þ τjÞjÃijj2; ð2:30Þ

where

U†BU¼ diagðτ1;τ2;…;τNÞ; U∈UðNÞ; Ã¼U†AU:

ð2:31Þ

When the eigenvalue distribution has a compact support
around the local minimum of the potential at large N where
all the eigenvalues τi are negative, one can perform the
Gaussian integral, and the partition function becomes up to
overall constant

INðλ;gsÞ¼
Z Y

i

dτi
Y
j<k

jτj−τkj2
Y
l;m

jτlþτmj−1=2e−
N
gs

P
i
VðτiÞ;

ð2:32Þ

where

VðτiÞ ¼ λτi −
1

3
τ3i −

γ

2
g1=3s τ2i : ð2:33Þ

In the large-N limit, the saddle-point equation yields

2gs
N

X
j≠i

1

τi − τj
¼ gs

N

X
j

1

τi þ τj
þ V 0ðτiÞ: ð2:34Þ

If we introduce the resolvent,

w̃ðzÞ ¼ 1

N

XN
i¼1

1

z − τi
; ð2:35Þ

multiply the saddle-point equation (2.34) by 1=ðNðz − τiÞÞ,
and perform the sum over the label i, we obtain

V 0ðzÞw̃ðzÞ þ V 0ð−zÞw̃ð−zÞ − gsðw̃2ðzÞ þ w̃ðzÞw̃ð−zÞ
þ w̃2ð−zÞÞ − gs

N
ðw̃0ðzÞ þ w̃0ð−zÞÞ

¼ −2
Z

dτρðτÞðτ þ γg1=3s Þ; ð2:36Þ

where ρðτÞ ¼ 1
N

P
N
i¼1 δðτ − τiÞ.5 Differentiating the equa-

tion (2.36) with respect to z, and taking the large-N limit,
we obtain

∂

∂z
ððz2 − λÞðw̃ðzÞ þ w̃ð−zÞÞ þ γg1=3s zðw̃ðzÞ − w̃ð−zÞÞ
þ gsðw̃2ðzÞ þ w̃2ð−zÞ þ w̃ðzÞw̃ð−zÞÞÞ ¼ 0: ð2:37Þ

D. Loop equation

Let us rewrite the partition function (2.17) as

INðλ; gsÞ ¼
Z YN

i¼1

dτi e
−N
gs
VeffðτÞ; ð2:38Þ

where τi are the eigenvalues of Y and

5We have followed the procedure used in Ref. [32].
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VeffðτÞ ¼
XN
i¼1

�
VðτiÞ −

gs
N

XN
jð≠iÞ¼1

ln jτi − τjj þ
gs
2N

XN
j¼1

ln jτi þ τjj
�
; ð2:39Þ

and VðτiÞ is given by Eq. (2.33).
Assuming that the integrand vanishes at the boundary, we consider the following Dyson-Schwinger equation

0 ¼
Z YN

i¼1

dτi
XN
k¼1

∂

∂τk

�
1

z − τk
e−

N
gs
VeffðτÞ

�
; ð2:40Þ

which yields the loop equation

*XN
k¼1

1

ðz − τkÞ2
+

−
N
gs

*XN
k¼1

V 0ðτkÞ
z − τk

+
þ
*XN

k¼1

1

z − τk

XN
jð≠kÞ¼1

2

τk − τj

+
−

*XN
k¼1

1

z − τk

XN
j¼1

1

τk þ τj

+
¼ 0: ð2:41Þ

Here the expectation value is calculated using INðλ; gsÞ. Since we have

*XN
k¼1

1

ðz − τkÞ2
+

þ
*XN

k¼1

1

z − τk

XN
jð≠kÞ¼1

2

τk − τj

+
¼

*XN
k¼1

1

z − τk

XN
j¼1

1

z − τj

+
; ð2:42Þ

the loop equation (2.41) becomes

*XN
k¼1

1

z − τk

XN
j¼1

1

z − τj

+
−
N
gs

*XN
k¼1

V 0ðzÞ
z − τk

+
þ N
gs

*XN
k¼1

V 0ðzÞ − V 0ðτkÞ
z − τk

+
−

*XN
k¼1

1

z − τk

XN
j¼1

1

τk þ τj

+
¼ 0: ð2:43Þ

Introducing the expectation value of the resolvent,

w̃ðzÞ ¼ 1

N

*XN
k¼1

1

z − τk

+
; ð2:44Þ

we have

*XN
k¼1

1

z − τk

XN
j¼1

1

z − τj

+
¼ N2w̃2ðzÞ þ w̃ðz; zÞ; ð2:45Þ

where

w̃ðz; zÞ ≔
*XN

k¼1

1

z − τk

XN
j¼1

1

z − τj

+
con

: ð2:46Þ

Here h·icon denotes the connected part of the expectation value. Using these expressions, the loop equation (2.43) can be
recast as

w̃2ðzÞ þ 1

N2
wðz; zÞ − 1

gs
V 0ðzÞw̃ðzÞ þ 1

gsN

XN
k¼1

*
V 0ðzÞ − V 0ðτkÞ

z − τk

+
−

1

N2

XN
k¼1

XN
j¼1

*
1

z − τk

1

τk þ τj

+
¼ 0: ð2:47Þ

If we change z to −z in the loop equation (2.47) and add it to the original loop equation we obtain
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− ðV 0ðzÞw̃ðzÞ þ V 0ð−zÞw̃ð−zÞÞ þ gsðw̃2ðzÞ þ w̃2ð−zÞ þ w̃ðzÞw̃ð−zÞÞ

þ gs
N2

ðw̃ðz; zÞ þ w̃ð−z;−zÞ þ w̃ðz;−zÞÞ ¼ 2

N

XN
k¼1

�
τk þ γg1=3s

�
: ð2:48Þ

Differentiating the equation above with respect to z yields

∂

∂z

	
ðz2 − λÞðw̃ðzÞ þ w̃ð−zÞÞ þ γg1=3s zðw̃ðzÞ − w̃ð−zÞÞ þ gsðw̃2ðzÞ þ w̃2ð−zÞ þ w̃ðzÞw̃ð−zÞÞ

þ gs
N2

ðw̃ðz; zÞ þ w̃ð−z;−zÞ þ w̃ðz;−zÞÞ


¼ 0: ð2:49Þ

As explained in the next section, one can construct a
string field theory that reproduces the loop equation (2.49)
as the Dyson-Schwinger equation.

III. STRING FIELD THEORY

There exist maps between BPs and discrete surfaces
based on CDTwhere spatial topology change is not allowed
to occur (see, e.g. [10]). Such maps can be generalized to a
map between BPs with loops and discrete generalized
surfaces where the spatial topology can change [17].
Having this in mind, it may be possible to construct

a string field theory that describes the continuum limit
of BPs with loops coupled to the critical Ising model.
In fact, a string field theory for generalized CDT has

been constructed [22], and the generalized CDT can
be interpreted as the continuum limit of pure BPs
with loops.
Let us define an operator ψ†ðlÞ that creates (marked)

closed string of length l. Similarly, an operator ψðlÞ
annihilates (marked) closed string of length l. The oper-
ators satisfy the commutation relation

½ψðlÞ;ψ†ðl0Þ� ¼ lδðl − l0Þ; ð3:1Þ

and others are zero. The vacuum state jvaci is defined by

ψðlÞjvaci ¼ 0 ⇔ hvacjψ†ðlÞ ¼ 0: ð3:2Þ

We conjecture the following Hamiltonian

H ¼
Z

∞

0

dl
l

ψ†ðlÞ
�
−l

∂
2

∂l2
þ λl

�
ψðlÞ ðFreeÞ

− gs

Z
∞

0

dl1

Z
∞

0

dl2ψ
†ðl1Þψ†ðl2Þψðl1 þ l2Þ ðSplitting interactionÞ

− αgs

Z
∞

0

dl1

Z
∞

0

dl2ψ
†ðl1 þ l2Þψðl1Þψðl2Þ ðJoining interactionÞ

− βgs

Z
∞

0

dl1

Z
∞

0

dl2ψ
†ðl1 þ l2Þψ†ðl2Þψðl1Þ ðEffective interactionÞ

− γg1=3s

Z
∞

0

dl
l

ψ†ðlÞ
�
−l

∂

∂l

�
ψðlÞ ðHingeÞ

−
Z

∞

0

dl
l

δðlÞψðlÞ; ðTadpoleÞ ð3:3Þ

where α, β and γ are dimensionless constants, and if we denote the dimension of length l as ½l� ¼ L, then

½ψðlÞ� ¼ ½ψ†ðlÞ� ¼ L0; ½λ� ¼ L−2; ½gs� ¼ L−3; ½H� ¼ L−1: ð3:4Þ
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String field theories for noncritical stings have been
proposed by Refs. [33,34]. In particular, to write down the
Hamiltonian (3.3), we have referred to Refs. [22,30,34].
The basic four parts in Eq. (3.3), i.e., the free, splitting-
interaction, joining-interaction and tadpole parts, are the
building blocks of the string field theory for generalized
CDT [22].
The term similar to the effective-interaction part in

Eq. (3.3) has been originally introduced in Ref. [34], and
also discussed in Ref. [30]. This nonlocal term is necessary
for describing the nontrivial Jacobian factor

Q
l;m jτl þ

τmj−1=2 in the continuum two-matrix model (2.32), which
appears after performing the Gaussian integral.
The hinge-part in Eq. (3.3) is introduced to take in the

effects from the ΦþΦ− coupling in the continuum two-
matrix model (2.20), which would be a hinge to capture the
quantum critical behavior of the Ising model on BPs
with loops.

A. Sphere case

Let us set α ¼ 0. The loop function with the disk
topology,

wðlÞ ¼ lim
t→∞

hvacje−tHψ†ðlÞjvaci; ð3:5Þ

satisfies the Dyson-Schwinger equation that can be inter-
preted as the Wheeler-DeWitt equation

0 ¼ − lim
t→∞

∂

∂t
hvacje−tHψ†ðlÞjvaci

¼ lim
t→∞

hvacje−tH½H;ψ†ðlÞ�jvaci: ð3:6Þ

In the last line we have used Hjvaci ¼ 0.
We calculate Eq. (3.6) term by term.
(1) The free part

	Z
∞

0

dl0

l0 ψ
†ðl0Þ

�
−l0 ∂

2

∂l02 þ λl0
�
ψðl0Þ;ψ†ðlÞ




¼
Z

∞

0

dl0

l0 ψ
†ðl0Þ

�
−l0 ∂

2

∂l02 þ λl0
�
ðlδðl − l0ÞÞ

¼
Z

∞

0

dl0

l0 ðlδðl − l0ÞÞ
�
−l0 ∂

2

∂l02 þ λl0
�
ψ†ðl0Þ

¼ l
�
−

∂
2

∂l2
þ λ

�
ψ†ðlÞ: ð3:7Þ

(2) The splitting-interaction part

	
−gs

Z
∞

0

dl1

Z
∞

0

dl2ψ
†ðl1Þψ†ðl2Þψðl1 þ l2Þ;ψ†ðlÞ




¼ −gs
Z

∞

0

dl1

Z
∞

0

dl2ψ
†ðl1Þψ†ðl2Þlδðl1 þ l2 − lÞ

¼ −gs
Z

l

0

dl1ψ
†ðl1Þψ†ðl − l1Þl: ð3:8Þ

(3) The effective-interaction part

	
−βgs

Z
∞

0

dl1

Z
∞

0

dl2ψ
†ðl1 þ l2Þψ†ðl2Þψðl1Þ;ψ†ðlÞ




¼ −βgs
Z

∞

0

dl1

Z
∞

0

dl2ψ
†ðl1 þ l2Þψ†ðl2Þl1δðl1 − lÞ

¼ −βgsl
Z

∞

0

dl2ψ
†ðlþ l2Þψ†ðl2Þ: ð3:9Þ

(4) The hinge part

	
−γg1=3s

Z
∞

0

dl0

l0 ψ
†ðl0Þ

�
−l0 ∂

∂l0

�
ψðl0Þ;ψ†ðlÞ




¼ −γg1=3s

Z
∞

0

dl0 ∂

∂l0 ψ
†ðl0Þl0δðl0 − lÞ

¼ −γg1=3s
∂

∂l
ψ†ðlÞl: ð3:10Þ
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(5) The tadpole part

	
−
Z

∞

0

dl0

l0 δðl0Þψðl0Þ;ψ†ðlÞ



¼ −
Z

∞

0

dl0

l0 δðl0Þlδðl − l0Þ

¼ −δðlÞ: ð3:11Þ

As a result, we obtain

½H;ψ†ðlÞ� ¼ l
�
−

∂
2

∂l2
þ λ − γg1=3s

∂

∂l

�
ψ†ðlÞ

− gsl
Z

l

0

dl1ψ
†ðl1Þψ†ðl − l1Þ

− βgsl
Z

∞

0

dl2ψ
†ðlþ l2Þψ†ðl2Þ − δðlÞ:

ð3:12Þ

Since we have turned off the joining interaction by setting
α ¼ 0, we notice the factorization

lim
t→∞

hvacje−tHψ†ðl1Þψ†ðl2Þjvaci
¼ lim

t→∞
hvacje−tHψ†ðl1Þjvaci lim

t→∞
hvacje−tHψ†ðl2Þjvaci:

ð3:13Þ

In terms of all the discussions above, we obtain

l
�
−

∂
2

∂l2
þ λ − γg1=3s

∂

∂l

�
wðlÞ − gslðw � wÞðlÞ

− βgsl
Z

∞

0

dl2wðlþ l2Þwðl2Þ ¼ δðlÞ; ð3:14Þ

where the convolution of w is given by

ðw � wÞðlÞ ¼
Z

l

0

dl1wðl1Þwðl − l1Þ: ð3:15Þ

Let us define the Laplace transform of wðlÞ

w̃ðzÞ ¼ L½wðlÞ� ¼
Z

∞

0

dle−zlwðlÞ: ð3:16Þ

Using Eq. (3.16), the Laplace transform of Eq. (3.14)
becomes

∂

∂z

�
V 0ðzÞw̃ðzÞ þ gsw̃2ðzÞ

þ βgsL
	Z

∞

0

dl2wðlþ l2Þwðl2Þ

�

¼ 1; ð3:17Þ

where

V 0ðzÞ ¼ z2 − λþ γg1=3s z: ð3:18Þ

Here the term L½R∞
0 dl2wðlþ l2Þwðl2Þ� would include a

divergence, which seems to be regularized by subtracting
Eq. (3.17) by the one with the replacement z → −z [30,34]

∂

∂z
ððz2 − λÞðw̃ðzÞ þ w̃ð−zÞÞ þ γg1=3s zðw̃ðzÞ − w̃ð−zÞÞ
þ gsðw̃2ðzÞ þ w̃2ð−zÞ þ βw̃ðzÞw̃ð−zÞÞÞ ¼ 0: ð3:19Þ

If we set β ¼ 1, this equation reproduces the saddle-point
equation in the continuum two-matrix model (2.37).

B. General amplitudes

We introduce the generating functional ZðJÞ for the loop
functions

ZðJÞ ¼ lim
t→∞

hvacje−tHe
R

∞
0

dlJðlÞψ†ðlÞjvaci: ð3:20Þ

The Dyson-Schwinger equation yields

0 ¼ − lim
t→∞

∂

∂t
hvacje−tHe

R
∞
0

dlJðlÞψ†ðlÞjvaci; ð3:21Þ

which can be recast as

0 ¼
Z

∞

0

dl JðlÞTðlÞZðJÞ; ð3:22Þ

where
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TðlÞ ¼
�
−l

∂
2

∂l2
þ λl

�
δ

δJðlÞ ðFreeÞ

− gsl
Z

l

0

dl0 δ2

δJðl0ÞδJðl − l0Þ ðSplitting interactionÞ

− αgsl
Z

∞

0

dl0l0Jðl0Þ δ

δJðlþ l0Þ ðJoining interactionÞ

− βgsl
Z

∞

0

dl0 δ2

δJðlþ l0ÞδJðl0Þ ðEffective interactionÞ

− γg1=3s l
∂

∂l
δ

δJðlÞ ðHingeÞ

− δðlÞ: ðTadpoleÞ ð3:23Þ

Introducing

FðJÞ ¼ logZðJÞ; ð3:24Þ

one can rewrite Eq. (3.22) into the following form

0 ¼
Z

∞

0

dl JðlÞ
	�

−l
∂
2

∂l2
þ λl

�
δFðJÞ
δJðlÞ

− gsl
Z

l

0

dl0 δ2FðJÞ
δJðl0ÞδJðl − l0Þ − gsl

Z
l

0

dl0 δFðJÞ
δJðl0Þ

δFðJÞ
δJðl − l0Þ

− αgsl
Z

∞

0

dl0l0Jðl0Þ δFðJÞ
δJðlþ l0Þ

− βgsl
Z

∞

0

dl0 δ2FðJÞ
δJðlþ l0ÞδJðl0Þ − βgsl

Z
∞

0

dl0 δFðJÞ
δJðlþ l0Þ

δFðJÞ
δJðl0Þ

− γg1=3s l
∂

∂l
δFðJÞ
δJðlÞ − δðlÞ



: ð3:25Þ

To derive Eq. (3.25), we have used

δ2FðJÞ
δJðl0ÞδJðl − l0Þ þ

δFðJÞ
δJðl0Þ

δFðJÞ
δJðl − l0Þ ¼

1

ZðJÞ
δ2ZðJÞ

δJðl0ÞδJðl − l0Þ : ð3:26Þ

We define the multiloop function

wðl1;…;lnÞ ¼ α1−n
δnFðJÞ

δJðl1Þ � � � δJðlnÞ
����
J¼0

; ð3:27Þ

and its Laplace transform

w̃ðz1;…; znÞ ¼
Z

∞

0

dl1 � � �
Z

∞

0

dln e−z1l1−���−znlnwðl1;…;lnÞ: ð3:28Þ

Differentiating Eq. (3.25) with respect to JðlÞ, and then setting JðlÞ ¼ 0, one obtains

l
�
−

∂
2

∂l2
þ λ − γg1=3s

∂

∂l

�
wðlÞ − gslðw � wÞðlÞ − βgsl

Z
∞

0

dl0wðlþ l0Þwðl0Þ − αgsl
Z

l

0

dl0wðl0;l − l0Þ

− αβgsl
Z

∞

0

dl0wðlþ l0;l0Þ ¼ δðlÞ: ð3:29Þ
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The Laplace transform of Eq. (3.29) yields

∂

∂z

�
ðz2 − λþ γg1=3s zÞw̃ðzÞ þ gsðw̃2ðzÞ þ αw̃ðz; zÞÞ

þ βgsL
	Z

∞

0

dl0wðlþ l0Þwðl0Þ

þ α

Z
∞

0

dl0wðlþ l0;l0Þ




¼ 1: ð3:30Þ

Changing z to −z in the equation above and subtracting it
from the original equation yields

∂

∂z
½ðz2 − λÞðw̃ðzÞ þ w̃ð−zÞÞ þ γg1=3s zðw̃ðzÞ − w̃ð−zÞÞ
þ gsðw̃2ðzÞ þ w̃2ð−zÞ þ βw̃ðzÞw̃ð−zÞÞ
þ gsαðw̃ðz; zÞ þ w̃ð−z;−zÞ þ βw̃ðz;−zÞÞ� ¼ 0: ð3:31Þ

This equation indeed coincides with the loop equa-
tion (2.49) obtained in the continuum two-matrix model
when we set α ¼ 1

N2 and β ¼ 1.

IV. NONPERTURBATIVE FORMULATION

The continuum limit of branched polymers (BPs) with
loops coupled to the critical Ising model can be described
by the continuum two-matrix model (2.17), or equivalently
(2.20). The size of matrices, N, serves as a weight factor to
discriminate different topologies. If we wish to implement
the sum over all genera in an equal manner, we can simply
set N ¼ 1, and define the partition function in such a way
that it converges. In this section, we investigate such a
nonperturbative partition function.
Let us set N ¼ 1 in the continuum two-matrix model

(2.17), which yields

IN¼1ðλ; gsÞ ¼
Z

dx̃dỹe
1
gs
ðỹx̃2−λỹþ1

3
ỹ3þγ

2
g1=3s ỹ2Þ: ð4:1Þ

Changing the dimension-full variables x̃, ỹ to the dimen-
sionless variables x and y,

x̃ ¼ g1=3s x; ỹ ¼ g1=3s y; ð4:2Þ

Eq. (4.1) becomes up to overall dimensional constants

ZðtÞ ¼
Z Z

D
dxdy eyx

2−tyþ1
3
y3þγ

2
y2 ; ð4:3Þ

where t is the dimensionless cosmological constant given
by t ¼ λ

g2=3s
. Here we need to choose an integration domain

D in such a way that the integral converges.

A. Integration domains

We first impose the condition that one can perform the
Gaussian integral over x. If we parametrize x and y as

x ¼ seiθx ; y ¼ reiθy ; ð4:4Þ

where

s∈R; θx∈
�
−
π

2
;
π

2



; r∈Rþ; θy∈ð0;2πÞ; ð4:5Þ

we have

x2y ¼ s2reiðθyþ2θxÞ: ð4:6Þ

In order to perform the Gaussian integral, we need

Reðeiðθyþ2θxÞÞ < 0 ⇔
π

2
< θy þ 2θx <

3

2
π

⇔
π

2
− 2θx < θy <

3

2
π − 2θx: ð4:7Þ

After performing the Gaussian integral, we impose that
the integrand converges when r goes to infinity. Since for
r ≫ 1 we have

−tyþ 1

3
y3 þ γ

2
y2 ∼

1

3
y3 ¼ 1

3
e3iθyr3; ð4:8Þ

the condition we need is

Reðe3iθyÞ ¼ cosð3θyÞ < 0; ð4:9Þ

which yields

FIG. 3. Domains of convergence in the complex y plane: The
branch cut is placed on the positive real axis.
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π

2
< 3θy <

3

2
π ⇔ ðIÞ∶ π

6
< θy <

π

2
ð4:10Þ

π

2
< 3θy − 2π <

3

2
π ⇔ ðIIÞ∶ 5

6
π < θy <

7

6
π ð4:11Þ

π

2
< 3θy − 4π <

3

2
π ⇔ ðIIIÞ∶ 3

2
π < θy <

11

6
π: ð4:12Þ

After performing the Gaussian integral, the factor

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

eiðθyþ2θxþπÞr

r
¼ e−ið

θy
2
þθxþπ

2
Þ

ffiffiffi
π

r

r
; ð4:13Þ

appears. Therefore, we need a branch cut starting from the origin. Let us place the branch cut on the positive real axis in the
complex y plane to make the integrand single-valued.
Hereafter we choose the integration path, denoted byC, to run from the asymptotic region (II) to the asymptotic region (I)

(see Fig. 3). This is possible if we choose, for instance, θx to be θx ¼ π
6
. The integration path in the complex-x plane is

denoted as Cx. We then have

ZðtÞ ¼
Z Z

D
dxdy eyx

2−tyþ1
3
y3þγ

2
y2

¼
Z
Cx

dx
Z
C
dy eyx

2−tyþ1
3
y3þγ

2
y2

¼
Z
C
dy

ffiffiffiffiffiffi
π

−y

r
e−tyþ

1
3
y3þγ

2
y2 : ð4:14Þ

B. The third-order differential equation

Wewish to derive the differential equation that the integral (4.3) satisfies. Let us calculate the Dyson-Schwinger equation

0 ¼
Z Z

D
dxdy

∂

∂y

�
eyx

2−tyþ1
3
y3þγ

2
y2
�

¼
Z Z

D
dxdy ð−tþ y2 þ γyÞeyx2−tyþ1

3
y3þγ

2
y2 þ

Z
C
dy e−tyþ1

3
y3þγ

2
y2 d

dy

�Z
Cx

dx ex
2y

�

¼ −tZðtÞ þ Z00ðtÞ − γZ0ðtÞ þ
Z
C
dy e−tyþ1

3
y3þγ

2
y2 d

dy

ffiffiffiffiffiffi
π

−y

r

¼ −tZðtÞ þ Z00ðtÞ − γZ0ðtÞ − 1

2

Z
C
dy e−tyþ1

3
y3þγ

2
y2 1

y

ffiffiffiffiffiffi
π

−y

r

¼ −tZðtÞ þ Z00ðtÞ − γZ0ðtÞ − 1

2

Z Z
D
dxdy

1

y
eyx

2−tyþ1
3
y3þγ

2
y2 : ð4:15Þ

Differentiating the equation above with respect to t yields the third-order linear differential equation

ðtZðtÞ − Z00ðtÞ þ γZ0ðtÞÞ0 ¼ 1

2
ZðtÞ ⇔ Z000ðtÞ − γZ00ðtÞ − tZ0ðtÞ − 1

2
ZðtÞ ¼ 0: ð4:16Þ

In fact, the γ ¼ 0 case is called the Pairy equation: “Pairy” was named after ðProductþ AiryÞ=2 [35], and its solution is
given by the product of two Airy functions. This is natural because the partition function of the continuum limit of pure BPs
with loops is known to be Airy functions [14–16].
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If we introduce uðtÞ ¼ −F0ðtÞ such that ZðtÞ ¼ e−FðtÞ, Eq. (4.16) can be recast as

u00ðtÞ þ ð3uðtÞ − γÞu0ðtÞ þ u3ðtÞ − γu2ðtÞ − tuðtÞ − 1

2
¼ 0: ð4:17Þ

Let us check the validity of the differential equation (4.16). We insert Eq. (4.3) into the left-hand side of Eq. (4.16), which
yields

Z000ðtÞ − γZ00ðtÞ − tZ0ðtÞ ¼
Z Z

D
dxdy ð−y3 − γy2 þ tyÞeyx2−tyþ1

3
y3þγ

2
y2

¼ −
Z Z

D
dxdyeyx

2

y
d
dy

ðe−tyþ1
3
y3þγ

2
y2Þ

¼
Z Z

D
dxdy

∂

∂y
ðyeyx2Þe−tyþ1

3
y3þγ

2
y2

¼ ZðtÞ þ
Z
C
dyy

d
dy

�Z
Cx

dxeyx
2

�
e−tyþ1

3
y3þγ

2
y2

¼ ZðtÞ þ
Z
C
dyy

d
dy

ffiffiffiffiffiffi
π

−y

r
e−tyþ1

3
y3þγ

2
y2

¼ ZðtÞ − 1

2
ZðtÞ

¼ 1

2
ZðtÞ: ð4:18Þ

Therefore, we have confirmed that ZðtÞ satisfies the differential equation (4.16).

C. Free energy

We evaluate the perturbative part of free energy based on the saddle-point approximation. Let us rewrite the partition
function (4.14) as

ZðtÞ ¼
Z
C
dy

ffiffiffiffiffiffi
π

−y

r
e−tW̃ðyÞ; with W̃ðyÞ ¼ y −

1

3t
y3 −

γ

2t
y2: ð4:19Þ

The saddle-point equation at large-t yields

d
dy

W̃ðyÞ ¼ 0 ⇔ 1 −
y2

t
−
γ

t
y ¼ 0: ð4:20Þ

The solution is

y� ¼ −
1

2
ðγ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 4t

q
Þ: ð4:21Þ

Expanding W̃ðyÞ around y�, one obtains

W̃ðyÞ ¼ W̃ðy�Þ þ W̃0ðy�Þðy − y�Þ þ
1

2!
W̃00ðy�Þðy − y�Þ2 þ

1

3!
W̃000ðy�Þðy − y�Þ3

¼ W̃ðy�Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 4t

p
2t

ðy − y�Þ2 −
1

3t
ðy − y�Þ3; ð4:22Þ

where
ffiffiffiffiffiffiffiffiffi
γ2þ4t

p
2t ¼ 1=

ffiffi
t

p þOðt−3=2Þ, and
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W̃ðy�Þ ¼ −
2

3

ffiffi
t

p
−
γ

2
−
γ2

4
t−1=2 −

γ3

12t
þOðt−3=2Þ: ð4:23Þ

Performing the Gaussian integral over y, the perturbative
part of partition function becomes

ZpertðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 þ 4t

p
s ffiffiffiffiffiffiffiffi

π

−y�

r
e−tW̃ðy�Þ þ � � � : ð4:24Þ

Therefore, the perturbative part of free energy becomes

FpertðtÞ ¼ − logZpertðtÞ ¼ tW̃ðy�Þ þ log
ffiffi
t

p þOðt0Þ

¼ −
2

3
t3=2 −

γ

2
t −

γ2

4
t1=2 þ 1

2
log tþOðt0Þ: ð4:25Þ

The string susceptibility exponent γstr is equivalent to that
of pure BPs for t → ∞, i.e., γstr ¼ 1

2
.

Alternatively, we solve the differential equation (4.17) by
perturbations for large t, which yields

upertðtÞ ¼ �t1=2 þ γ

2
� γ2

8
t−1=2 −

1

2
t−1

�
�
16γ − γ4

128

�
t−3=2 þOðt−5=2Þ; ð4:26Þ

where upert means the perturbative part of u. The signature
cannot be fixed without an external input. From Eq. (4.25),
we fix the signature which yields

upertðtÞ ¼ t1=2 þ γ

2
þ γ2

8
t−1=2 −

1

2
t−1 þ

�
16γ − γ4

128

�
t−3=2

þOðt−5=2Þ: ð4:27Þ

As a result the perturbative part of free energy has the
following expansion for large t

FpertðtÞ ¼ −
2

3
t3=2 −

γ

2
t−

γ2

4
t1=2 þ 1

2
log tþOðt0Þ: ð4:28Þ

This coincides with the one obtained by the saddle-point
approximation (4.25).

D. Nonperturbative effects

Following Ref. [36], we decompose uðtÞ into the
perturbative part upert and the nonperturbative part Δ

uðtÞ ¼ upertðtÞ þ ΔðtÞ: ð4:29Þ

Applying the decomposition above, the differential equa-
tion (4.17) can be recast as

Δ00ðtÞ þ ð3ðupertðtÞ þ ΔðtÞÞ − γÞΔ0ðtÞ þ ð3u0pertðtÞ
þ 3u2pertðtÞ − 2γupertðtÞ − tÞΔðtÞ
þ ð3upertðtÞ − γÞΔ2ðtÞ þ Δ3ðtÞ ¼ 0; ð4:30Þ

where we have used the fact that upert satisfies the differ-
ential equation (4.17)

u00pertðtÞ þ ð3upertðtÞ − γÞu0pertðtÞ þ u3pertðtÞ − γu2pertðtÞ

− tupertðtÞ −
1

2
¼ 0: ð4:31Þ

When t ≫ 1, Eq. (4.30) becomes

Δ00ðtÞ þ 3
ffiffi
t

p
Δ0ðtÞ þ 2tΔðtÞ þ 3

ffiffi
t

p
Δ2ðtÞ þ Δ3ðtÞ ¼ 0:

ð4:32Þ

Assuming thatΔðtÞ is exponentially small when t ≫ 1, i.e.,

ΔðtÞ ¼ Ce−hðtÞ; ð4:33Þ

where C is a constant, Eq. (4.32) can be approximated as

Δ00ðtÞ þ 3
ffiffi
t

p
Δ0ðtÞ þ 2tΔðtÞ ¼ 0: ð4:34Þ

Plugging Eq. (4.33) into Eq. (4.34), we obtain

h00ðtÞ − ðh0ðtÞÞ2 þ 3
ffiffi
t

p
h0ðtÞ − 2t ¼ 0: ð4:35Þ

The leading solution is

hðtÞ ¼ 2

3
t3=2 −

1

2
log tþ 1

6
t−3=2 þOðt−3Þ; ð4:36Þ

which yields

ΔðtÞ¼Ce−hðtÞ ¼C
ffiffi
t

p
exp

�
−
2

3
t3=2þOðt−3=2Þ

�
: ð4:37Þ

As a result, the free energy becomes

FðtÞ¼FpertðtÞþCe−SinstðtÞ þ � � � ; where SinstðtÞ¼
2

3
t3=2:

ð4:38Þ

E. Loop functions

The continuum partition functions, (4.1) and (4.3), are
related as

IN¼1ðλ; gsÞ ¼ g2=3s ZðtÞ;

where ZðtÞ ¼
Z
D
dxdyeyx

2−tyþ1
3
y3þγ

2
y2 ; t¼ λ

g2=3s

: ð4:39Þ
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Following the same procedure proposed in Ref. [19], we calculate a disk amplitude that includes contributions from all
genera

w̃ðzÞ¼ 1

IN¼1ðλ;gsÞ
Z

dx̃dỹ
1

z− ỹ
e

1
gs
ðx̃2ỹ−λỹþ1

3
ỹ3þγ

2
g1=3s ỹ2Þ

¼ 1ffiffiffi
λ

p
ZðtÞ

Z
dxdy

1

ζ− t−1=2y
eyx

2−tyþ1
3
y3þγ

2
y2 ðz¼

ffiffiffi
λ

p
ζÞ

¼ 1ffiffiffi
λ

p
ZðtÞ

Z
dxdy

Z
∞

0

dαe−ðζ−t−1=2yÞα eyx2−tyþ
1
3
y3þγ

2
y2

¼ 1ffiffiffi
λ

p
Z

∞

0

dαe−ζα
Zðt− t−1=2αÞ

ZðtÞ

¼
Z

∞

0

dle−zl
Zðt− t−1=2

ffiffiffi
λ

p
lÞ

ZðtÞ ðα¼
ffiffiffi
λ

p
lÞ; ð4:40Þ

where we have used Eq. (4.39). From the calculation above, we can read off the following macroscopic loop function

wðlÞ ¼ Zðt − t−1=2
ffiffiffi
λ

p
lÞ

ZðtÞ : ð4:41Þ

This loop function includes contributions from all genera in a nonperturbative manner.
Generalizing the discussion above, one obtains

w̃ðz1; z2;…; znÞ ¼
1

IN¼1ðλ; gsÞ
Z

dx̃dỹ
Yn
i¼1

1

zi − ỹ
e

1
gs
ðx̃2ỹ−λỹþ1

3
ỹ3þγ

2
g1=3s ỹ2Þ

¼
Z

∞

0

dl1e−z1l1 � � �
Z

∞

0

dlne−znln
Zðt − t−1=2

ffiffiffi
λ

p ðl1 þ l2 þ � � � þ lnÞÞ
ZðtÞ ; ð4:42Þ

which yields

wðl1;l2;…;lnÞ ¼ wðl1 þ l2 þ � � � þ lnÞ ¼
Zðt − t−1=2

ffiffiffi
λ

p ðl1 þ l2 þ � � � þ lnÞÞ
ZðtÞ : ð4:43Þ

Let us find the equation that wðlÞ satisfies and that reduces to the Wheeler-DeWitt equation of 2D causal dynamical
triangulations (CDT) at gs ¼ 0. From Eq. (4.16), one obtains

Z00ðt − t−1=2
ffiffiffi
λ

p
lÞ − γZ0ðt − t−1=2

ffiffiffi
λ

p
lÞ − ðt − t−1=2

ffiffiffi
λ

p
lÞZðt − t−1=2

ffiffiffi
λ

p
lÞ

−
1

2

Z Z
D
dxdy

1

y
eyx

2−ðt−t−1=2 ffiffi
λ

p
lÞyþ1

3
y3þγ

2
y2 ¼ 0; ð4:44Þ

which can be recast as

�
−

d2

dl2
þ λ − gsl − γg1=3s

d
dl

�
wðlÞ ¼ −

g2=3s

2ZðtÞ
Z Z

D
dxdy

1

y
eyx

2−ðt−t−1=2 ffiffi
λ

p
lÞyþ1

3
y3þγ

2
y2 : ð4:45Þ

Differentiating with respect to l yields

d
dl

	�
−

d2

dl2
þ λ − gsl − γg1=3s

d
dl

�
wðlÞ



¼ −

gs
2
wðlÞ

⇔

�
−

d2

dl2
þ λ − gsl − γg1=3s

d
dl

�
wðlÞ ¼ −

gs
2

Z
dlwðlÞ: ð4:46Þ
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Multiplying by l, one obtains

�
−l

d2

dl2
þ λl − gsl2 − γg1=3s l

d
dl

�
wðlÞ

þ gsl
2

Z
dlwðlÞ ¼ 0: ð4:47Þ

This integrodifferential equation recovers the Wheeler-
DeWitt equation of 2D CDT at gs ¼ 0

�
−l

d2

dl2
þ λl

�
wðlÞ ¼ 0: ð4:48Þ

One can rewrite the integrodifferential equation as the
following third-order linear differential equation

w000ðlÞ þ γg1=3s w00ðlÞ− ðλ− gslÞw0ðlÞ þ gs
2
wðlÞ ¼ 0:

ð4:49Þ

The Wheeler-DeWitt equation of generalized CDT that
includes contributions from all genera is known [19,23]

�
−l

d2

dl2
þ λl − gsl2

�
wðlÞ ¼ 0: ð4:50Þ

In comparison with the equation above, the Wheeler-
DeWitt equation we have obtained (4.47) additionally
includes the term proportional to γ associated with the
critical Ising spins, and the integral over l that originates
with the Gaussian integral over x.

V. STOCHASTIC PROCESS

The time appeared in the string filed theories in the
temporal gauge for noncritical strings corresponds to
the fictitious time in the stochastic quantization [37].6 As
in the case of string field theory for generalized CDT, its
proper time can be identified with the fictitious time in the
stochastic quantization [23].
Since in Sec. III, we have constructed a string field

theory for the continuum limit of BPs with loops coupled to
the critical Ising model, we wish to derive the quantum
Hamiltonian by identifying the time in our string field
theory with the fictitious time in the stochastic quantization.
Let us consider the stochastic variable satisfying the

Langevin equation

dỹðτÞ
dτ

¼ −fðỹðτÞÞ þ νðτÞ; ð5:1Þ

where τ is a fictitious time, and νðτÞ a Gaussian noise with a
probability distribution functional of the form

ρðνÞ ¼ e−
1
2Ω

R
dτν2ðτÞR Q

τdνðτÞe−
1
2Ω

R
dτν2ðτÞ

: ð5:2Þ

Writing the stochastic variable subject to the initial con-
dition, ỹð0Þ ¼ ỹ0, as ỹðτ; ỹ0Þ, one can introduce the
probability distribution function for a “particle” moving
from ỹ0 to ỹ

Pðỹ; ỹ0; τÞ ¼ hδðỹ − ỹðτ; ỹ0ÞÞiν; ð5:3Þ

where the expectation value h·iν is evaluated by the
distribution (5.2). It is known that the probability distri-
bution function (5.3) satisfies the Fokker-Planck equation

∂Pðỹ; ỹ0; τÞ
∂τ

¼ ∂

∂ỹ

�
1

2
Ω
∂Pðỹ; ỹ0; τÞ

∂ỹ
þ fðỹÞPðỹ; ỹ0; τÞ

�
:

ð5:4Þ

From the Fokker-Planck equation, one can write Pðỹ; ỹ0; τÞ
as the matrix element

Pðỹ; ỹ0; τÞ ¼ he−τH̃†
ỹjỹ0i ¼ hỹje−τH̃jỹ0i; ð5:5Þ

where H̃ is the “Hamiltonian” operator given by

H̃ ¼ −
Ω
2

∂
2

∂ỹ20
−

∂

∂ỹ0
fðỹ0Þ: ð5:6Þ

If we introduce

G̃ðỹ0; ỹ; τÞ ≔
∂

∂ỹ0
Pðỹ; ỹ0; τÞ; ð5:7Þ

the function G̃ðỹ0; ỹ; τÞ satisfies

∂G̃ðỹ0; ỹ; τÞ
∂τ

¼ ∂

∂ỹ0

�
1

2
Ω
∂G̃ðỹ0; ỹ; τÞ

∂ỹ0
− fðỹ0ÞG̃ðỹ0; ỹ; τÞ

�
:

ð5:8Þ

Let us rewrite the continuum partition function (4.1) as

IN¼1ðλ; gsÞ ¼
Z

dx̃dỹe
1
gs
ðx̃2ỹ−λỹþ1

3
ỹ3þγ

2
g1=3s ỹ2Þ

¼ ffiffiffiffiffiffiffiffiffiffi
−πgs

p Z
dỹ e

1
gs
SðỹÞ; ð5:9Þ

where

SðỹÞ ¼ −λỹþ 1

3
ỹ3 þ γ

2
g1=3s ỹ2 −

gs
2
log jỹj: ð5:10Þ6The relation to the stochastic quantization was also pointed

out from a different point of view in Ref. [38].
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Following the idea proposed by Ref. [23], if we choose

fðỹ0Þ ¼
∂Sðỹ0Þ
∂ỹ0

; ð5:11Þ

Eq. (5.8) yields

∂G̃ðỹ0; ỹ; τÞ
∂τ

¼ ∂

∂ỹ0

�
1

2
Ω
∂G̃ðỹ0; ỹ; τÞ

∂ỹ0

−
�
−λþ ỹ20 þ γg1=3s ỹ0 −

gs
2

1

ỹ0

�
G̃ðỹ0; ỹ; τÞ

�
:

ð5:12Þ

Let us introduce the Laplace transform

G̃ðỹ0; ỹ;τÞ¼
Z

∞

0

dl0

Z
∞

0

dle−ỹ0l0e−ỹlGðl0;l;τÞ: ð5:13Þ

Performing the inverse Laplace transform of Eq. (5.12), for
l0 > 0, one obtains

∂Gðl0;l; τÞ
∂τ

¼ −HGðl0;l; τÞ; ð5:14Þ

where

HGðl0;l; τÞ ¼
�
−l0

∂
2

∂l2
0

þ λl0 −
Ω
2
l2
0 − γg1=3s l0

∂

∂l0

�

×Gðl0;l; τÞ þ
gs
2
l0

Z
l0

0

dl0Gðl0;l; τÞ:

ð5:15Þ

Introducing a loop function

wðl0Þ ¼
Z

∞

0

dτGðl0;l ¼ 0; τÞ; ð5:16Þ

and the boundary conditions

Gðl0;l;τ¼0Þ¼δðl−l0Þ; Gðl0;l;τ¼∞Þ¼0; ð5:17Þ

one can integrate Eq. (5.14), which yields

Hwðl0Þ ¼
�
−l0

∂
2

∂l2
0

þ λl0 −
Ω
2
l2
0 − γg1=3s l0

∂

∂l0

�

× wðl0Þ þ
gs
2
l0

Z
l0

0

dl0wðl0Þ ¼ 0: ð5:18Þ

When we set Ω ¼ 2gs, Eq. (5.18) coincides with the
Wheeler-DeWitt equation (4.47). In our previous argument,
we cannot fix the overall sign of the Hamiltonian, but the
derivation based on the stochastic process somehow fixes
the overall sign of the Hamiltonian.

VI. SUMMARY AND DISCUSSIONS

We have investigated the continuum limit of BPs with
loops coupled to the critical Ising model at the zero
temperature from various point of view.
In terms of the continuum two-matrix model, we have

derived the loop equation, and proposed a string field
theory that reproduces the loop equation as the Dyson-
Schwinger equation. In the continuum two-matrix model,
the term proportional to γ characterizes the divergent
fluctuations of spin variables.
Setting N ¼ 1 in the continuum two-matrix model, the

matrix integral turns to a two-dimensional integral, and we
have found an integration domain that makes the two-
dimensional integral converge, which defines a nonpertur-
bative partition function. We have shown that the non-
perturbative partition function satisfies a third-order linear
differential equation, whereas the partition function in the
continuum limit of pure BPs with loops obeys the Airy
equation. If we formally set γ ¼ 0 in the third-order linear
differential equation, the solutions are given by products of
two Airy functions, which implies that the constant γ
represents the effects of the critical Ising model.
We have calculated the free energy, and in the large-t

limit where the loops are suppressed, we have read off the
string susceptibility exponent γstr , which is the same as that
of BPs, i.e., γstr ¼ 1=2. In the free energy, the constant γ
appears in higher orders in the loop expansion, and
therefore, the existence of loops would be important to
see some nontrivial effects originated with the divergent
spin fluctuations.
We have also derived the Wheeler-DeWitt equation, an

integrodifferential equation, whose solution is a nonper-
turbative loop function including contributions from all
genera.
By identifying the time in the string field theory as the

fictitious time in the stochastic quantization, we have
derived a quantum Hamiltonian and the corresponding
Wheeler-DeWitt equation that is precisely equivalent to the
Wheeler-DeWitt equation obtained from the third-order
linear differential equation. The quantum Hamiltonian
obtained is not bounded from below, which is the same
as that of generalized CDT, or equivalently, the continuum
theory for pure BPs with loops.
In summary, we have constructed firm tools to under-

stand the continuum limit of BPs with loops coupled to the
critical Ising model, which is very nice. However, some
interesting physics originating from quantum criticality, as
well as its understanding based on quantum gravity, are not
yet fully clear at present. These would provide intriguing
directions for future study.
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