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We present a comprehensive theoretical framework describing single pion resonant production through
inelastic dark fermion-nucleon interactions mediated by resonances in the GeV-scale regime. Building
upon the Rein-Sehgal approach, we derive differential cross sections for processes in which an incoming
dark fermion scatters off a nucleon, exciting a resonance that subsequently decays into a nucleon and a
pion. Our formulation accommodates various mediator types—namely, dark photons with vector and axial
couplings, as well as scalar and pseudoscalar mediators—thereby extending the conventional approach that
Rein, Sehgal, and Berger performed for neutrino interactions. Transition amplitudes for the nucleon-to-
resonance conversion are computed using the relativistic harmonic-oscillator quark model from Feynman,
Kislinger, and Ravndal, while a Breit-Wigner prescription is employed to incorporate finite resonance
widths. This framework offers a useful tool for interpreting experimental data in dark sector and dark
matter searches and represents a contribution to elucidate the possible role of resonances in GeV-scale
phenomenology.
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I. INTRODUCTION

Resonances at GeV-scale energies bridge the gap
between quasielastic processes and deep inelastic scatter-
ing. Studying resonant cross sections is essential for
probing new physics—discrepancies between predicted
and observed cross sections may reveal novel interactions
or the presence of exotic particles, such as dark matter
(DM) candidates, thereby opening a promising window
into phenomena that extend our current understanding of
particle physics. Despite their clear experimental signatures
and potential relevance for beyond the Standard Model
(BSM) physics, this resonant regime remains compara-
tively unexplored probably due to the lack of BSM
experimental data to model and fit the interactions.
The richness of recent studies on boosted DM is a strong

motivation for performing better searches on how dark
sector particles could interact with ordinary matter in the
inelastic and even the deeply inelastic regime [1–20].

The energies at which DM particles can be accelerated
[1,2] can be very sensitive to resonant inelastic scattering.
Furthermore, dark sectors, sub-GeV extensions of the SM
that interact with it through the so called “portals” [21–34],
can also be present in experiments in interactions where the
energies are relevant for resonant processes. The particular
signature of a pion coming out from a hadronic vertex
could be used to explore BSM signatures beyond what has
been done so far. Therefore, an estimation of the interaction
rates in this resonant region is of considerable importance.
Single-pion production in the GeV-scale resonance

region has been extensively studied since Adler’s unified
approach to photon-, electro-, and weak processes [35]. In
his work, Adler extended the framework of pion photo-
production to include both electro- and weak production.
His pioneering approach established key kinematic rela-
tions, addressed gauge invariance issues, and incorporated
vector and axial-vector contributions, thereby laying a
foundational framework for subsequent research, as evi-
denced by numerous partial-wave analyses of pion photo-
production [36–39].
In order to compute the transition amplitude between the

nucleons and the resonances, a pioneer approach is the
relativistic harmonic-oscillator quark model of Feynman,
Kislinger and Ravndal (FKR) [40–42], which interprets
hadrons as a 4D-harmonic oscillator excitations and
provides a framework for calculating transitions among
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hadrons in the Standard Model (SM). Building on FKR,
Rein and Sehgal adapted the model to neutrino-induced
single-pion production, introducing an adjustable axial
mass parameter and practical algorithms for Monte Carlo
event generation [43]. Rein further examined angular distri-
bution in neutrino-induced single-pion channels [44].
Originally, the model considered vanishing masses on
the leptonic side. Finite lepton masses were included into
the Rein-Sehgal model (RS) to address discrepancies for
single pion neutrino-production by [45] and deficits arising
from lepton mass corrections due to the pion-pole [46,47].
This approach, while not being the most updated one,
allows one to predict similar interactions but with BSM
new fields with different mediators.
In this work, we present a comprehensive and unified

framework for calculating dark sectors–nucleon in-
elastic interactions that produce a single pion in the final
state, through the nearly on-shell production of a N- or
Δ-resonance. Our approach derives differential cross sec-
tions by establishing the kinematics in both the lab and
isobaric (IB) frames and employs the Rein-Sehgal method
to model the nonhadronic current [43]. Among the new
features with respect to previous computations, we include
the effects of the masses of all the particles involved, we
regard a mediator whose mass is not necessarily much
heavier than the transferred momentum, such as it is the
case with the SM weak interactions, and we include the
interaction not only through vector-axial mediators, but
also through scalar and pseudoscalar ones, leaving all the
couplings free. These improvements enable a consistent
calculation of cross sections and amplitudes. Our results
shed lights on the role of resonances in the GeV-scale
phenomenology and open new avenues for experimental
searches.
Although the FKR and Rein-Sehgal frameworks are not

the most modern methods for computing resonant cross
sections—and experimental corrections are necessary for
high precision—their simplicity and adaptability to BSM
models make them invaluable for initial studies. This is
specially true in astrophysical scenarios, where a reliable
estimation of cross sections is often sufficient compared to
the level of precision demanded by terrestrial detectors.
The paper is organized as follows, in Sec. II, we present

the theoretical formulation to calculate the cross sections
for inelastic interactions between dark fermions and nucle-
ons via resonances. Section III outlines the calculation of
nucleon-resonance transition amplitudes using the FKR
quark model. A set of explicit expressions for vector, axial,
scalar and pseudoscalar amplitudes essential for modeling
resonant processes are given. We summarized in Sec. IV.

II. CROSS SECTIONS

In this section, we derive the cross sections for inelastic
interactions between dark fermions and nucleons that are
mediated by intermediate resonances. In order to quantify

these interactions via resonances, we consider the process

χðp1ÞNðp2Þ → χðp3ÞN�ðp4Þ → χðp3ÞN0ðk1Þπðk2Þ; ð1Þ

where χ is the dark fermion, N or N0 are nucleons and N� is
a GeV-scale N- or Δ- resonance, as illustrated in Fig. 1.
This resonance must have the same charge of the target
nucleon. Here, Nðp2Þ is assumed to be at rest in the lab
frame. The interaction is mediated by either a dark photon
(with both vector and axial couplings), a scalar, or a
pseudoscalar, all of which are electromagnetically neutral.
Consequently, four distinct channels arise,
(1) χ þ p → χ þ pþ π0,
(2) χ þ p → χ þ nþ πþ,
(3) χ þ n → χ þ nþ π0,
(4) χ þ n → χ þ pþ π−.

We adopt a model-independent approach to new physics,
outlining only the interaction forms for each mediator.
These interactions are parametrized as follows: For the
vector-axial case the Lagrangian is,

LV−A
I ¼

X
f∈ SM

gfZ0 f̄γμ
�
cfV − cfAγ

5
�
fZ0

μ

þ gDχ̄γμ
�
cχV − cχAγ

5
�
χZ0

μ; ð2Þ

while for the scalar we have,

LS
I ¼

X
f∈ SM

gfΦf̄fΦþ gDχ̄χΦ: ð3Þ

and the pseudoscalar,

LP
I ¼ −i

X
f∈ SM

gfaf̄γ5fa − igDχ̄γ5χa; ð4Þ

such that Z0 is the boson with vector-axial (V − A)
couplings, Φ is a scalar and a, a pseudoscalar. f∈ SM
means that f is a fermion of the Standard Model of particle
physics. We are also considering one kind of dark sector
fermions, χ, which have a coupling gD to the dark
mediators. Since we will just be considering quarks in

FIG. 1. DM-nucleon inelastic interaction with a dark photon
(Z0)/scalar (Φ) / pseudoscalar (a) mediator that produces a N- or
Δ- resonance (N�) that further decays into a nucleon and a pion.
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the SM, we will use a particular parametrization of their
couplings, so that we can have an overall factor that
accounts for the coupling order with the quarks in the
nucleons, gNM- being M the mediator, and a coefficient
that turns the previous factor into the coupling itself for
each quark, gkq—being q the quark and k the kind of
coupling (V, A, S, P). The relations between the couplings
in Eqs. (2)–(4) and the ones that will be used in the rest of
the paper are

gqZ0 × cqV → gNZ0 × gqV;

gqΦ → gNΦ × gqS;

gqa → gNa × gqP: ð5Þ

We follow the approach of Rein and Sehgal [43], by
treating the nonhadronic current matrix element as the
polarization vector of the virtual intermediate boson. In
vector-mediated processes, this element is further con-
tracted with the propagator’s vector structure. For scalar
and pseudoscalar interactions, although the matrix element

is not a vector, it still serves as the mediator. We refer to this
as the “matrix element mediator” (MEM).

A. Kinematics in the resonant frame

The formalism introduced by Ravndal [42] and later
refined by Rein and Sehgal [43] is constructed in the
resonant, IB frame. In this frame, the resonance remains at
rest, the momentum transfer q is aligned with the ẑ axis, the
ŷ axis is defined along the direction of p⃗1 × p⃗3, and the x̂
axis follow ðp⃗1 × p⃗3Þ × q⃗, where q≡ p1 − p3. In the lab
frame, where the target nucleon Nðp2Þ is at rest, the
kinematical variables are given by

p1 ¼ ðE1; 0; 0; jp⃗1jÞ;
p2 ¼ ðmN; 0; 0; 0Þ;
p3 ¼ ðE3; jp⃗3j sin θ; 0; jp⃗3j cos θÞ;
p4 ¼ p1 þ p2 − p3;

q ¼ p1 − p2: ð6Þ
Moving to the IB frame,1 we obtain:

pIB
1 ¼

�ðE1 − E3Þ2 þ 2mNE1 −Q2

2W
;A13; 0; B−

13

�
;

pIB
2 ¼

�
mNðE1 − E3 þmNÞ

W
; 0; 0;−

mNQ
W

�
;

pIB
3 ¼

�
−
ðE1 − E3Þ2 − 2mNE3 −Q2

2W
;A13; 0; B

þ
13

�
;

pIB
4 ¼ ðW; 0; 0; 0Þ;

A13 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðjp⃗1j þ jp⃗3j −QÞðjp⃗1j − jp⃗3j þQÞð−jp⃗1j þ jp⃗3j þQÞðjp⃗1j þ jp⃗3j þQÞÞp

2Q
;

B�
13 ¼

ðE2
1 − E2

3ÞðE1 − E3 þmNÞ − ðE1 þ E3 �mNÞQ2

2QW
; ð7Þ

where W is the invariant mass of the outgoing nucleon and
pion. In the literature, the momentum transfer in the IB
fame, is usually denoted as qIB ¼ ðν�; 0; 0; Q�Þ, with

Q� ¼ mN jq⃗j
W

ð8Þ

and

ν� ¼ ðE1 − E3ÞðE1 − E3 þmNÞ − jq⃗j2
W

: ð9Þ

B. Differential cross section for an interaction through
a dark photon

In the case of a dark photon mediator, the amplitude for
the process shown in Fig. 1—in which an incoming dark

fermion χðp1; λ1Þ and nucleonNðp2Þ interact to produce an
outgoing dark fermion χðp3; λ2Þ and nucleon resonance
N�ðp4Þ—is given by,

Mðχðp1; λ1ÞNðp2Þ → χðp3; λ2ÞN�ðp4ÞÞ
¼ gDgNZ0

q2 −m2
Z0
½ūp3λ2γμðcχV − cχAγ

5Þup1λ1 �

× ðgμν − qIBμqIBν=m2
Z0 ÞhN�jJVþν ð0Þ − JAþν ð0ÞjNi

¼ 2M
gDgNZ0

q2 −m2
Z0
Vμ
λ1λ2

ðhN�jFV
μ jNi − hN�jFA

μ jNiÞ ð10Þ

1If not explicitly stated, all parameters are in the lab frame.
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where FVðAÞ
μ ≡ JVðAÞþν ð0Þ=ð2MÞ are the vector (axial)

amplitudes for the nucleon-to-resonance transition, and
M is the resonance mass. In our approach, we set M equal
to the invariant mass W of the outgoing nucleon-pion
system. This identification allows us to replace the on-shell
narrow decay width with a finite width description by
introducing Breit-Winger factor, since W is not exactly
equal to M. The nonhadronic current, or MEM, for the
vector-axial interaction is defined as,

Vν
λ1λ2

≡ �ūχ;λ2γμ�cχV − γ5cχA
�
uχ;λ1

��
gμν −

qIBμqIBν

M2
Z0

�
ð11Þ

where we will drop qIBμqIBν

M2

Z0
because it vanishes when

contracted with the hadronic current in the FKR model.
This is decomposed into polarization unit vectors
according to,

Vμ
λ1λ2

¼ Cλ1λ2
L eμL þ Cλ1λ2

R eμR þ Cλ1λ2
s eμsðλ1λ2Þ; ð12Þ

where the unit vectors are defined as follows:

eμL ¼ 1ffiffiffi
2

p ð0; 1;−i; 0Þ;

eμR ¼ 1ffiffiffi
2

p ð0;−1;−i; 0Þ;

eμsðλ1λ2Þ ¼
ðV0

λ1λ2
; 0; 0; V3

λ1λ2
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi		ðV0

λ1λ2
Þ2 − ðV3

λ1λ2
Þ2		q : ð13Þ

each polarization component is defined as

Cλ1λ2
i ¼ e†iμV

μ
λ1λ2

e†iμe
μ
i

; ð14Þ

where i denotes the polarization [with i ¼ L, R, or s, were
the last one depends on the helicities ðλ1; λ2Þ]. Notably,
one finds that eμLe

†
Lμ ¼ eμRe

†
Rμ ¼ −eμλ1λ2esμðλ1λ2Þ ¼ −1. By

contracting these polarization vectors with the amplitudes,

we obtain the helicity amplitudes defined as, FVðAÞ
i ≡

eμi F
VðAÞ
μ , such that i is either L, R, or s. Consequently,

the final form of the amplitude is

Mðχðp1; λ1ÞNðp2Þ → χðp3; λ2ÞN�ðp4ÞÞ
¼ 2W

gDgNZ0

q2 −m2
Z0
ðhN�jCLFV

− þ CRFVþ þ Cλ1λ2F
V
0 jNi − hN�jFA

−CL þ FAþCR þ FA
0Cλ1λ2 jNiÞ: ð15Þ

In Eq. (11), the MEM can be takes the following form:

V0
λ1λ2

¼ �ð1 − 2δ−λ1δ
−
λ2
ÞcχVΔþ;ðλ1λ2Þ − σδ

−
λ1λ2cχAΔ−;ðλ1λ2Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ1λ2 cos δ

p
;

V1
λ1λ2

¼ ð1 − 2δ−λ1δ
−
λ2
Þ�σδ−λ1λ2cχVΔ−;ðλ1λ2Þ − ð1 − 2δ−λ1δ

þ
λ2
ÞcχAΔþ;ðλ1λ2Þ

� kp⃗IB
1 j þ λ1λ2jp⃗IB

3 k
jq⃗IBj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ1λ2 cos δ

p
;

V2
λ1λ2

¼ i
�ð1 − 2δþλ1δ

−
λ2
Þσδ−λ1λ2cχVΔ−;ðλ1λ2Þ − cχAΔþ;ðλ1λ2Þ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ1λ2 cos δ

p
;

V3
λ1λ2

¼ ð1 − 2δþλ1δ
þ
λ2
Þ�σδ−λ1λ2cχVΔ−;ðλ1λ2Þ − ð1 − 2δ−λ1δ

þ
λ2
ÞcχAΔþ;ðλ1λ2Þ

� kp⃗IB
1 j − λ1λ2jp⃗IB

3 k
jq⃗IBj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ1λ2 cos δ

p
; ð16Þ

where σ ≡ sgnðq2 þmNq0Þ. We also define

Δα;β ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EIB
1 EIB

3 þ αm2
χ þ βjp⃗IB

1 jjp⃗IB
3 j

q
; ð17Þ

with α and β representing sign factors, and δ denoting the angle between the dark fermions in the IB frame. The differential
cross section is computed by squaring the amplitude from Eq. (15), summing over all spin configurations, and then dividing
by the total number of initial spin states,

d2σ
dq2dW

¼ g2Dg
2
NZ0

4π2ðq2 −m2
Z0 Þ2

W
mN

X
λ1λ2



jCλ1λ2

L j2σλ1λ2L þ jCλ1λ2
R j2σλ1λ2R þ jCλ1λ2

s j2σλ1λ2s

�
δðW −MÞ; ð18Þ

where the helicity-cross sections, σλ1λ2i , are expressed as follows:
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σλ1λ2R ¼ K
X
jz

				Xk¼V;A
skhN; jz þ 1jFkþjN�; jzi

				2;
σλ1λ2L ¼ K

X
jz

				Xk¼V;A
skhN; jz − 1jFk

−jN�; jzi
				2;

σλ1λ2s ¼ K
X
jz

				Xk¼V;A
skhN; jzjFk

0�λ1λ2
jN�; jzi

				2; ð19Þ

where K ≡ π
16

W
mN jp⃗IB;1j2, and sV ¼ 1, sA ¼ −1. The helicity

amplitudes are taken from the above definitions

fVðAÞ�j2jzj ≡
D
N; jz � 1jFVðAÞ

� jN�; jz
E
;

fVðAÞ
0�λ1λ2

≡
D
N;�1=2jFVðAÞ

0�λ1λ2
jN�;�1=2

E
: ð20Þ

These amplitudes will be computed using the FKR
model [40]. It should be noted that we are not using the
normalization for F0 taken into account by Rein and Sehgal
and considered in the literature [43,45,46]. To turn our
amplitude into the Rein and Sehgal one, FRS

0 , we have to do
the following:

FRS
0 ≡ F0 ×

ffiffiffiffiffiffiffiffiffiffiffi
−q2

jq⃗IBj2

s
: ð21Þ

C. Differential cross section for an interaction
through a scalar

For a scalar mediated interaction, only helicity and
parity conserving transitions between the nucleon and
the resonance occur. This is because, in the IB frame–
where the hadron helicities are aligned–a scalar mediator
cannot induce any spin flip. The amplitude takes the
following form:

Mðχðp1; λ1ÞNðp2Þ → χðp3; λ2ÞN�ðp4ÞÞ
¼ gDgNΦ

q2 −m2
Φ
½ūp3λ2up1λ1 �hN�jJþS ð0ÞjNi;

¼ 2M
gDgNΦ

q2 −m2
Φ
Vλ1λ2
S hN�jFSjNi; ð22Þ

where JþS ð0Þ is the hadronic operator for scalar interactions,
and FS ≡ JþS ð0Þ

2M is the scalar amplitude, defined according to
the convention of normalizing the operator by twice the
resonance massM. In this case, the scalar MEM, defined as
Vλ1λ2
S ≡ ½ūp3λ2up1λ1 �, is not truly a mediator that contracts

with the hadronic current, since this is simply a scalar
interaction. Nonetheless, we adopt the same procedure used
for the vector–axial case. After working in the IB frame, its
final expression is as follows:

Vλ1λ2
S ¼ ð1 − 2δ−λ1δ

−
λ2
Þ
ΔS

ð−λ1λ2Þ
AS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ1λ2 cos δ

p
; ð23Þ

where again, δ is the angle between the incoming and
outgoing χ fermions in the IB frame, the function
ΔS

� ≡ ðEIB
1 þmχÞðEIB

3 þmχÞ � jp⃗IB
1 jjp⃗IB

3 j, and

AS ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðEIB

1 þmχÞðEIB
3 þmχÞ

q
: ð24Þ

The differential cross section for the process, considering
the two possible helicity combinations of the hadrons (1

2
; 1
2

or − 1
2
;− 1

2
), is given by

d2σ
dq2dW

¼ 1

64π

g2Dg
2
NΦ

ðq2 −m2
ΦÞ2

W2

m2
N jp⃗1j2

×
X
λ1;λ2

jVλ1λ2
S j2

X
i¼�

jhN�jFi
SjNij2δðW −MÞ; ð25Þ

where we have explicitly added the superscript i on the
amplitude, Fi

S, to account for the hadronic helicities in the
two possible transitions

fS
0� ≡ hN;�1=2jFS

0�jN�;�1=2i: ð26Þ

where fS
0� is the scalar amplitude that will be computed

using the FKR model. As we can see, there are only
nonvanishing amplitudes for helicity conserving transi-
tions, since the mediator is a zero-spin scalar. The same
applies to pseudoscalar interactions.

D. Differential cross section for an interaction
through a pseudoscalar

We now consider a pseudoscalar-mediated interaction.
As in the scalar case, only helicity-conserving transitions
between the nucleon and the resonance are allowed,
since in the IB frame the hadron helicities are aligned.
In addition, only parity violating transitions are possible.
The amplitude for this process is given by

Mðχðp1; λ1ÞNðp2Þ → χðp3; λ2ÞN�ðp4ÞÞ
¼ gDgNa

q2 −m2
a
½−iūp3λ2γ

5up1λ1 �hN�jJþP ð0ÞjNi;

¼ −i2M
gDgNa

q2 −m2
a
Vλ1λ2
P hN�jFPjNi; ð27Þ

where JþP ð0Þ is the hadronic operator for pseudo-

scalar interactions, and FP ≡ JþP ð0Þ
2M is the pseudoscalar

amplitude, normalized with respect to twice the resonance
mass M. The pseudoscalar MEM is defined as Vλ1λ2

P ≡
½ūp3;λ2γ

5up1;λ1 �, and is treated in the same manner as in the
scalar-mediated case. After working in the IB frame, its
final expression is as follows:
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Vλ1λ2
P ¼ ð1 − 2δ−λ1δ

−
λ2
Þ
ΔP

ð−λ1λ2Þ
AS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ1λ2 cos δ

p
; ð28Þ

where δ is the same angle defined for the other interactions,
ΔP

� ≡ ðEIB
3 þmχÞjp⃗IB

1 j � ðEIB
1 þmχÞjp⃗IB

3 j, and AS is the
same defined for the scalar mediated case defined in Eq. (24).
The differential cross section for the pseudoscalar

mediated interaction, considering the two possible helicity
combinations of the hadrons (1

2
; 1
2
or − 1

2
;− 1

2
), is given by

d2σ
dq2dW

¼ 1

64π

g2Dg
2
Na

ðq2 −m2
aÞ2

W2

m2
N jp⃗1j2

X
λ1;λ2

jVλ1λ2
P j2

×
X
i¼�

jhN�jFi
PjNij2δðW −MÞ: ð29Þ

The amplitudes are defined using the same convention

fP
0� ≡ hN;�1=2jFP

0�jN�;�1=2i: ð30Þ

where fP
0� is the pseudoscalar amplitude that will be

computed using the FKR model.

E. Total cross section

To obtain the total cross section, we integrate the
differential cross section over the relevant kinematic
variables. The integration limits, which are determined
by the conservation of energy and momentum as well as the
specific kinematics of the process, are given by

mN þmπ ≤ W ≤
ffiffiffi
s

p
−mχ ;

2m2
χ −

AqBq

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
q − sm2

χ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
q − 4sm2

χ

q
s

≤ jq2j ≤ 2m2
χ −

AqBq

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
q − sm2

χ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
q − 4sm2

χ

q
s

; ð31Þ

where Aq ≡ ðE1mN þm2
χÞ, Bq ≡ ðm2

χ þ s −W2Þ, and s is
the Mandelstam variable.
The expressions obtained in this section assume a narrow

width for the produced resonance—i.e., that it is com-
pletely on-shell, as indicated by the delta distribution
δðW −MÞ. To account for resonances with a finite width,
this delta function must be replaced by a Breit–Wigner
factor

δðW −MrÞ → jηrðWÞj2: ð32Þ

The parameter ηrðWÞ must be multiplied with the ampli-
tude before squaring it. It is defined as2

ηrðWÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
Γr

2πNr

s
1

W −Mr þ iΓr=2
; ð33Þ

where we have now added the subscript r to explicitly
indicate that this must be done for each resonance and Nr is
the normalization factor equal to

Nr ¼
Z

∞

Wmin

dW
Γr

2π

1

ðW −MrÞ2 þ Γ2
r=4

: ð34Þ

Following the method described in Ref. [43], the decay
width Γr is computed as

Γr ¼ Γ0
r

�
qπðWÞ
qπðMrÞ

�
2Lþ1

; ð35Þ

with the values of Γ0
r provided therein, L denoting the

orbital angular momentum of the resonance, and

qπðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx2 −m2

N −m2
πÞ2 − 4m2

Nm
2
π

p
2x

: ð36Þ

Following the approach in Ref. [43], the amplitude must
be multiplied by the square root of the elasticity,

ffiffiffiffiffi
xrE

p
, to

incorporate the branching ratio into the final state (N0π) in
the computation. Additionally, the sign of the decay ampli-
tude of the resonance, sgnðN�

rÞ, must be included to ensure
a correct summation of the processes. Furthermore, the
isospin of the final state (N0π) must be accounted for, with
its weight given by the Clebsch-Gordan coefficient, aCG.
The values for different cases, as listed in Sec. II. 2(a)
of Ref. [43], are

ffiffiffiffiffiffiffiffi
2=3

p
(
ffiffiffiffiffiffiffiffi
1=3

p
) for Δ resonances decaying

into π0 (π�), while for N resonances, the coefficients
are reversed:

ffiffiffiffiffiffiffiffi
1=3

p
(
ffiffiffiffiffiffiffiffi
2=3

p
) for π0 (π�), with a negative

(positive) sign when the outgoing particle is a proton
(neutron).
In summary, the amplitude transformation required is

M → aCG ×M × ηrðWÞ × ffiffiffiffiffi
xrE

p
× sgnðN�

rÞ: ð37Þ

The amplitudes for each resonance can be summed
coherently if the total and orbital angular momenta are
the same, so summing the different isospin (3=2 and 1=2)
cases before squaring the amplitude. For further details on

2Note that in Eq. (33) the normalization factor, Nr, will not be
used for the vector-axial case since we use the dipole functions
modeled by Ref. [48], who employed the Rarita-Schwinger
formalism, which uses a non-normalized Breit-Wigner factor [49].
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this computation, we refer the reader to Sec. 2.2 of
Ref. [43]. For the angular distribution of the products of
the interactions, and particularly the pions, we refer the
reader to [44]. The angular formalism is not directly
affected by the new physics and, therefore, it is out of
the scope of the present study.
Just as an example of the cross sections obtained, in

Fig. 2, we present the total cross section for four different
interaction cases: vector (V), left (L), scalar (S), and
pseudoscalar (P), including all possible channels. We fix
the mass of the mediator for each case to mZ0;φ;a ¼ 1, GeV
and the mass of the dark fermion to mχ ¼ 0.5, GeV. The
couplings to the Standard Model are set to gNZ0;φ ¼ 10−6

for the vector-axial and scalar cases, while for the pseu-
doscalar case, it is fixed to gNa ¼ 10−5. We also set gVu ¼
2gVd ¼ 2 and gAu ¼ gAd ¼ 0 for the vector case, while gVu ¼
2gVd ¼ 1 and gAu ¼ 2gAd ¼ 1 for the left case. The coupling
to the dark sector is set to gD ¼ 0.1. The pseudoscalar
coupling is set to a higher value because its cross section is
suppressed compared to the other cases. Since the plots are
only meant to illustrate the results, this choice does not
affect the conclusions drawn from them.
For the vector-axial cases, the cross sections increase as

the energy increases. However, at even higher energies, the
cross sections begin to be suppressed due to the limited
parameter space available to produce the resonance nearly
on-shell. The scalar and pseudoscalar cases exhibit a very

similar pattern: both show a peak around 3 GeV, followed
by a stabilization of the cross section, which is also
suppressed at higher energies than those shown in Fig. 2.
There is a twofold effect coming from a pion pole that

affects both the axial and the pseudoscalar amplitudes, as
we will discuss in Sec. III. This inclusion is dictated by the
partial conservation of the axial current (PCAC). In the case
of the axial amplitude, there is an additional factor given by
ημν þ qμqν=ðm2

π − q2Þ, such that ημν is the Minkowski
metric, which strengthens the interaction at higher energies.
This is why the left (L) case exhibits higher cross sections,
coming from the axial contribution. For the pseudoscalar
case, the extra factor ism2

π=ðm2
π − q2Þ, which for the values

of q2 that are relevant in our parameter space, diminishes
the values of the amplitudes, leading to lower cross
sections.

III. AMPLITUDES

In this section, we describe the FKR model, used to
calculate the amplitudes, and explain how to perform the
computation for different mediators: vector, axial, scalar,
and pseudoscalar bosons. The explicit list of amplitudes,
obtained by considering the transitions from a proton to a
resonance mediated by the operators presented below, is
provided in Table I of Appendix A. To obtain the transitions
from neutrons, we simply interchange the up quark coup-
lings with those for down quarks.

A. FKR model

The FKR relativistic quark model provides an effective
framework for describing hadronic interactions in the
resonance region [40]. In this model, hadrons are treated
as excitations of a four-dimensional harmonic oscillator,
which enables relatively simple calculations of transition
amplitudes. By prioritizing simplicity over certain theo-
retical details, the FKR approach achieves computational
efficiency while still yielding results that are in good
agreement with experimental observations, even though
some corrections are necessary to fully account for the
observations. This balance of simplicity and certain degree
of accuracy makes the model particularly useful for
applications within the Standard Model, and it has become
a valuable tool in modern neutrino event generators like
GENIE [50].
The theory is based on three constants used to fit the

experimental data: (1) the level spacing per unit of angular
momentum along the trajectories, Ω ¼ 1.05 GeV2,
assumed to be identical for mesons and baryons; (2) a
parameter that quantifies the strength of the pseudoscalar-
meson coupling to hadrons, fR ¼ 1.21 GeV−1; and (3) an
adjustment factor F, implemented as a Gaussian function of
the center-of-mass momentum, which serves to reduce
discrepancies between the predictions and data at higher
resonance masses.

FIG. 2. Cross sections of the four channels that produce single
pions in the final state through a resonance for four cases: dark
photon mediator with just vector (V) or pure left (L) couplings,
scalar (S), and pseudoscalar (P) mediators. We have set the
masses to mZ0;φ;a ¼ 1 GeV and mχ ¼ 0.5 GeV, while the cou-
plings are set to gD ¼ 0.1, gNZ0;φ ¼ 10−6 and gNa ¼ 10−5. We
also set gVu ¼ 2gVd ¼ 2 and gAu ¼ gAd ¼ 0 for the vector case, while
gVu ¼ 2gVd ¼ 1 and gAu ¼ 2gAd ¼ 1 for the left case.

SINGLE PION RESONANT PRODUCTION IN BSM SCENARIOS: … PHYS. REV. D 111, 115013 (2025)

115013-7



The model organizes baryons into SU(6) multiplets,
namely the 56, 70 and 20 representations. These multiplets
originate from the tensor product of the spin, SU(2),
and the flavor (isospin), SU(3) groups for three quarks.
Additionally, the model incorporates excited states of two
three-dimensional modes of internal harmonic oscillation
among the quarks. Baryonic states are denoted as ½A;LP�N ,
where A is one of the multiplets (56, 70 or 20), L is the total
orbital angular momentum, N is the number of oscillator
quanta in the resonance, and P ¼ ð−1ÞN is the parity.
The SU(3) multiplet within each group is further

specified as dðBÞJ, where B represents the SU(3) multi-
plet–1 for singlets (e.g., Λ), 8 for octets (e.g., N), or 10
for decimets (e.g. Δ); d denotes the spin multiplicity (4 for
spin-3

2
and 2 for spin-1

2
); and J is the total angular

momentum of the state. Notably, no baryon state is found
in the 20 representation. For our purposes, we focus solely
on the proton, the neutron and the 18 resonances considered
in the analysis by, Rein and Sehgal [43], without addressing
meson classification.
The model is formulated as a harmonic oscillator whose

eigenvalues are given by m2 and vary as NΩ, where N is
the number of oscillator quanta. The Hamiltonian is
expressed as,

H ¼ 3
X
k

p2
k þ

1

36
Ω2
X
j<k

ðΔujkÞ2 þ const; ð38Þ

with the indices j and k running over the three quarks, pk
denoting the four-momentum operator of the kth quark, and
where the difference Δujk ≡ ðuj − ukÞ involves the posi-
tion operator uk, which is conjugate to the momentum
pkμ ¼ ið∂=∂uμkÞ. By introducing center-of-mass and relative
coordinates, see Eqs. (4a) and (4b) in [40], and sub-
sequently defining creation and annihilation operators as
in Eqs. (12a) and (12b) of the same reference, one obtains a
simplified version of the Hamiltonian

H ¼ P2 −Ωða�μaμ þ b�μbμÞ þ const: ð39Þ

Here að �Þ and bð �Þ denote two sets of annihilation
(creation) operators and P ¼Pk pk is the total momentum
of the three quark system. A system of three quarks has
only two independent relative coordinates, which are
represented by these two types of operators. They satisfy
the algebra ½aμ; a�ν� ¼ ½bμ; b�ν� ¼ −ημν, where η is the
Minkowski metric. Assuming that the interactions are
symmetric for all quarks, we focus solely on the a
excitations. These operators generate states with quantum
number N from states with quantum number N − 1 states.
For N ¼ 1,

j1;þ1i ¼ a†þjgi;
j1; 0i ¼ a†z jgi;

j1;−1i ¼ a†−jgi; ð40Þ

where,

a†� ≡∓ ða†x � ia†yÞffiffiffi
2

p ; ð41Þ

with jgi representing the ground state (N ¼ 0), and the
states are labeled as jN;Li. The states created by a† exhibit
an α-symmetry (for further details, we refer the reader to
the first appendix of [40]). The nonkinetic part of the
Hamiltonian in Eq. (39) has as eigenvalues that are integer
multiples of Ω. This Hamiltonian form the basis for
deriving the interaction terms that are used to construct
the transition amplitudes between baryonic states.
The group structure in the Hamiltonian also allows to

extract the couplings that appear for each transition in terms
of the quark couplings. This structure depends on the group
to which the particles involved belong to: the octet or the
decimet, and also on the symmetry structure of the wave
function (S, α, β, A), as can be seen in Eq. (A12) in [40].
For interactions with protons, if ek represents the charge or
coupling operator for the transition, the only nonvanishing
couplings are

hð8Þαjekjð10ÞSi ¼
ffiffiffi
2

p

3
ðcu − cdÞ;

hð8Þαjekjð8Þαi ¼
1

3
ðcu þ 2cdÞ;

hð8Þβjekjð8Þβi ¼ cu; ð42Þ

where cq is the couplings with the quark q. We will
parametrize them as cq ≡ gNðZ0;Φ;aÞgq, so that an overall
factor gNðZ0;Φ;aÞ gives us the order of magnitude of all the
couplings for each interaction (through a dark photon, a
scalar or a pseudoscalar) For transitions from neutrons, we
just replace cu ↔ cd. This structures can also make some
transitions to vanish, depending on the coefficient arrange
of the couplings to quarks. For example, equal couplings to
the up and down quark would directly translate into a
suppressed transition from jð8Þαi states to jð10ÞSi.

B. Vector mediated interactions

To account for the spin structure of the quarks, the FKR
model interprets the p2

k terms in Eq. (39) as =pk =pk. The
vectorial interaction for a vector boson Aμ is then obtained
by replacing =pk → =pk − ek =AðukÞ, where ek denotes the
unitary spin matrix for the kth quark.
Expanding the product ð =pk − ek =AðukÞÞ2 up to first order

in ek yields the interaction term,
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MV ¼ eμ

 
3
X
k

ek
�
=pkγ

μeiquk þ γμeiquk =pk

�!

≡ 2WðeμFV
μ Þ: ð43Þ

In this expression, q is the momentum of the vector boson, eμ is its polarization vector, and FV
μ is the vector amplitude

introduced in Eq. (15). By evaluating the kinematical variables in the IB frame and accounting for the longitudinal
polarization coming from the MEM, one obtains

MV ¼ 9FVðq2Þea exp
�
−

ffiffiffiffi
2

Ω

r
qIB · a†

��

2

3
M −

1

3
qIB0 −

jq⃗IBj2
2mNg2

−
2

3

ffiffiffiffi
Ω
2

r
ðat þ a†t Þ

�
et

þ 2

3

ffiffiffiffi
Ω
2

r
ða⃗þ a⃗†Þ · e⃗þ ðq⃗IB · e⃗Þ

�
1

3
þ jqIB0 j
2mNg2

�
þ iσ⃗ · ðq⃗IB × e⃗Þ

�
1þ jqIB0

2mg2

��
exp

� ffiffiffiffi
2

Ω

r
qIB · a

�
ð44Þ

where the parameter g2 is defined by

g2 ≡ ðmN þWÞ2 − q2

4WmN
ð45Þ

and σ⃗ are the Pauli matrices. In this derivation, we consider
that each quark contributes identically, which is why a
common factor ea is introduced. Moreover, a factor of
eq

2=Ω × g3 is replaced by FVðq2Þ, which is modeled as a
modified dipole factor.
Finally, when the polarization vectors [as defined in

Eq. (13)] are taken into account, the transition operators are
obtained as,

FV
� ¼ −9eaðRVσ� þ TVa∓Þe−λaz ;

FV;λ1λ2
0� ¼ 9eaSλ1λ2e

−λaz ; ð46Þ

with the parameters defined by

λ≡
ffiffiffiffi
2

Ω

r
mN

W
jq⃗j;

RV ≡
ffiffiffi
2

p
mN

W
ðW þmNÞjq⃗j

ðW þmNÞ2 − q2
FVðq2Þ;

TV ≡
ffiffiffiffi
Ω

p

3
ffiffiffi
2

p
W

FVðq2Þ;

Sλ1λ2 ≡
mN

Wjq⃗j
V3
λ1λ2

q0IB − V0
λ1λ2

jq⃗IBj
Cλ1λ2
s

×

�
1

6
−

q2

6m2
N
−

W
2mN

�
FVðq2Þ: ð47Þ

In Ref. [47], FVðq2Þ is modeled as

FVðq2Þ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

q2

ðmN þWÞ2

s �
1 −

q2

4m2
N

�−N

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
�
G3ðq2Þ

�
2 þ �G1ðq2Þ

�
2

q
ð48Þ

where the functions G1ðq2Þ and G3ðq2Þ are defined in
Eqs. (38) and (39) of [48], and N is the total quantum
number.
The original work by Rein and Sehgal modeled this

function as

FVðq2Þ ¼
�
1 −

q2

4m2
N

�
0.5−N�

1 −
q2

m2
V

�−2
; ð49Þ

where mV ¼ 0.84 GeV was fitted to data from neutrino
production of single pions. The first factor was added
ad hoc to control some high energy instabilities [44].
To obtain the amplitude for each transition, one must to

consider the different resonances and their representations
in the SU(6) group.

C. Axial mediated interactions

In the case of an axial coupling, the axial boson Bμ is
introduced by replacing =pk → =pk − ekγ5 =BðukÞ. Expanding
the product ð =pk − ekγ5 =BðukÞÞ2 to first order in ek in
Eq. (39), leads to the interaction term

Z−1MA ¼ 3ieμ
X
k

ek
�
=pkγ

5γμeiquk þ γ5γμeiquk =pk

�
≡ 2WðeμFA

μ Þ ð50Þ

Here, q is the boson momentum, eμ is its polarization
vector, and FA

μ is the axial amplitude introduced in Eq. (15).
The factor Z is a renormalization constant required because
the axial current is not conserved; the FKR model predicts
an axial vector amplitude at q2 ¼ 0 equal to 5=3, while the
experimental value is 5=4, hence Z ¼ 3=4.
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When the parameters are expressed in the IB frame, the amplitude becomes

Z−1MA ¼ −9FAðq2Þea exp
�
−

ffiffiffiffi
2

Ω

r
qIB · a†

��
ðσ⃗ · q⃗IBÞ



1

3
et þ

qIB0 et
2mNg2

−
2

3

q⃗IB · e⃗
2mNg2

�
þ 2

3

ffiffiffiffi
Ω
2

r
σ⃗ · ða⃗þ a⃗†Þ



et þ

q⃗IB · e⃗
2mNg2

�

þ ðσ⃗ · e⃗Þ


2

3
M −

1

3
qIB0 −

1

3

jq⃗IBj2
2mNg2

−
2

3

ffiffiffiffi
Ω
2

r
q⃗IB · ða⃗þ a⃗†Þ

2mNg2

�
þ i

2

3

ffiffiffiffi
Ω
2

r
ða⃗þ a⃗†Þ · q⃗

IB × e⃗
2mNg2

�
exp

� ffiffiffiffi
2

Ω

r
qIB · a

�
ð51Þ

g is defined in Eq. (45), and a common factor ea in included since each quark contributes identically. Additionally, a factor
eq

2=Ω × g3 is absorbed into FAðq2Þ, which is modeled similarly to the vector case. Upon incorporating the polarization
vectors, as defined in Eq. (13), the transition operators are obtained,

FA
� ¼ −9ea

�
RAσ� þ TAa∓

�
e−λaz ;

FA;λ1λ2
0� ¼ −9ea

�
Cλ1λ2σz þ Bλ1λ2 σ⃗ · a⃗

�
e−λaz ; ð52Þ

with the parameters defined

RA ≡
ffiffiffi
2

p
Z

6W

�
W þmN þ 2NΩW

ðW þmNÞ2 − q2

�
FAðq2Þ;

TA ≡
ffiffiffiffiffiffi
2Ω

p
Z

3

mN jq⃗j
WððW þmNÞ2 − q2ÞF

Aðq2Þ;

Bλ1λ2 ≡
1

Cλ1λ2
s

ffiffiffiffi
Ω
2

r �
V0
λ1λ2

þ V3
λ1λ2

jq⃗IBj
amN

�
Z
FAðq2Þ
3W

;

Cλ1λ2 ≡
1

Cλ1λ2
s



ðV0

λ1λ2
jq⃗IBj − V3

λ1λ2
qIB0 Þ

�
1

3
þ qIB0
amN

�
þ V3

λ1λ2

�
2

3
W þ q2

amN
þ NΩ
3amN

��
Z
2W

FAðq2Þ;

a≡ 1þW2 þm2
N − q2

2mNW
: ð53Þ

Here N denotes the total quantum number. These expres-
sions account for massive nonhadronic currents (such as
those from dark fermions) and were initially derived in
Ref. [45]. Later, Ref. [46] introduced corrections to two
terms due to the pion-pole contribution in the hadronic
axial current (as dictated by PCAC). These corrections
modify the parameters as follows:

Bλ1λ2 → Bλ1λ2 þ
1

Cλ1λ2
s

Z
2W



V0
λ1λ2

qIB0 − V3
λ1λ2

jq⃗IBj
�

×
2
3

ffiffiffi
Ω
2

q 

qIB0 þ jq⃗IBj2

amN

�
m2

π − q2
FAðq2Þ;

Cλ1λ2 → Cλ1λ2 þ
1

Cλ1λ2
s

Z
2W



V0
λ1λ2

qIB0 − V3
λ1λ2

jq⃗IBj
�

×
jq⃗IBj



2
3
W þ q2

amN
þ NΩ

3amN

�
m2

π − q2
FAðq2Þ: ð54Þ

Furthermore, in Ref. [47], the amplitude FAðq2Þ is
modeled as

FAðq2Þ ¼
ffiffiffi
3

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

q2

ðmN þWÞ2

s �
1 −

q2

4m2
N

�−N

×



1 −

W2 þ q2 −m2
N

8m2
N

�
CA
5 ðq2Þ ð55Þ

with CA
5 ðq2Þ defined in Eqs. (52) and (53). We adopt the

first definition provided there. The original work by Rein
and Sehgal modeled this function as

FAðq2Þ ¼
�
1 −

q2

4m2
N

�
0.5−N�

1 −
q2

m2
A

�−2
; ð56Þ

wheremA ¼ 0.95 GeVwas also fitted to data from neutrino
production of single pions. The first factor was added
ad hoc to control some high energy instabilities [44].

D. Scalar mediated interactions

Since the FKRmodel does not include scalar interactions
with quarks, we introduce an additional Yukawa scalar term
following the procedure in Ref. [40]. This term is given by

HOEFKEN ZINK and RAMIREZ-QUEZADA PHYS. REV. D 111, 115013 (2025)

115013-10



MS ¼ 2W
X
k

ekeiq·uk ;

≡ 2WFS ð57Þ

where FS is the scalar amplitude introduced in Eq. (22),
and the factor 2W is included to maintain consistency with
the conventions used in the vector and axial cases. In the
FKR approach, the transition matrix element is modeled
from 2mH, where H is the interaction Hamiltonian and m
represents the mass of the harmonic oscillators; we reintro-
duce this factor here to facilitate its separation from the
amplitude in Eq. (22).
When expressed in the IB frame, the scalar amplitude

becomes

FS
0� ¼ ekSSe−λaz ; ð58Þ

with

SS ≡ 3FSðq2Þ: ð59Þ

The function FSðq2Þ is modeled as a scalar dipole factor. As
a reasonable approximation, we adopt the pion amplitude
fitted by Ref. [51]

FSðq2Þ ¼ FSð0Þ
1 − q2

m2
S

; ð60Þ

with FSð0Þ ¼ 1.165 and mS ¼ 1.221 GeV. The validity of
this choice could only be tested in future BSM measure-
ments, if any. The same will apply for the pseudoscalar case.
It is important to keep in mind that any parity violating

transition through a scalar will automatically be set to zero
when computations are done.

E. Pseudoscalar mediated interactions

The FKR model originally considered a pseudoscalar
interaction (see Eq. (42) in Ref. [40]) by replacing the
polarization vector eμ in the axial interaction [Eq. (51)]
with −iqμ to model decays of hadrons into another baryon
and a pseudoscalar meson. However, this approach is more
appropriate for meson interactions. Instead, we adopt an
alternative method—also mentioned in Ref. [40]—by
directly including a γ5 term that is independent of the
axial interaction. The resulting interaction is given by

MP ¼ 2iW
X
k

ekγ5eiq·uk ;

≡ 2WiFP; ð61Þ

where FP is the scalar amplitude introduced in Eq. (27).
Upon introducing the IB frame parameters, the pseudo-
scalar amplitude is obtained as

FP
0� ¼ ekSPσze−λaz ; ð62Þ

with

SP ≡ 6mN jq⃗j
ðW þmNÞ2 − q2

FPðq2Þ: ð63Þ

The function FPðq2Þ is modeled as a pseudoscalar dipole
factor

FPðq2Þ ¼ FPð0Þ
1 − q2

m2
P

; ð64Þ

where the fitted parameters FPð0Þ ¼ 1.25 and mP ¼
1.23mN are taken from [52]. They are used for an axial
dipole modeling, though due to its relation with pseudo-
scalar the amplitude, we take it as a test value.
As with the axial case, the pseudoscalar amplitude is

modified by a pion-pole factor required by PCAC. To
account for this effect, consider the pseudoscalar matrix
element generated from an axial current,

MA→P ≡MAðeμ → −iqμÞ;

whereMA ¼ eμJAμ and JAμ is the axial current. According to
Ref. [46], the axial current transforms as

JAμ → JAμ þ qμ
qνJAν

m2
π − q2

: ð65Þ

Applying the same transformation to MA→P yields

MA→P → MA→P

�
m2

π

m2
π − q2

�
: ð66Þ

Thus, assuming that our amplitude behaves the same way,
the parameter SP is modified to

SP → SP
�

m2
π

m2
π − q2

�

¼ 6mNm2
πjq⃗j

½ðW þmNÞ2 − q2�ðm2
π − q2ÞF

Pðq2Þ: ð67Þ

It is important to keep in mind that any parity conserving
transition through a pseudoscalar will automatically be set
to zero when computations are done.

F. Examples

To observe the behavior of the amplitudes, we have
selected two examples: P33ð1232Þ, the lightest resonance,
and P13ð1720Þ, the heaviest resonance for which no ampli-
tude vanishes, as shown in Fig. 3. We fix the value of W to
the mean value between its minimum and maximum, given
an incoming energy of Eχ ¼ 10 GeV in the lab frame,
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which results inW ∼ 2.5 GeV. We do not show the positive
spin transitions or all the combinations for the longitudinal
ones, as their values are identical to those shown, with only
the sign differing. The chosen parameters ensure that the
amplitudes do not vanish due to cancellations between the
couplings of the up and down quarks: gku ¼ 2 and gkd ¼ 1,
where k ¼ V, A, S, P corresponds to the type of coupling.
For the dark fermions, the couplings are purely vectorial, so
that gkχ ¼ 1 for vector couplings and gkχ ¼ 0 for axial,
scalar, and pseudoscalar couplings.
We observe that a general behavior of the amplitudes is a

decrease of the value as the momentum transfer, jq2j,
increases. For the vector and axial amplitudes, the trans-
verse polarizations dominate, while the longitudinal exhib-
its a resonance or pole. This is due to the nature of the
MEM, that changes from being timelike (lower jq2j) to
spacelike (higher jq2j). The pole occurs precisely when the
MEM is lightlike, leading to higher values for the normal-
ized polarization vector, eμs . The behavior of the longi-
tudinal polarization at larger jq2j is mainly governed by the
value of the space component of the polarization vector, ezs,
which increases and exhibits a similar shape to that of the
amplitudes.
The present model predicts higher values for the scalar

amplitudes, while the pseudoscalar amplitudes are much
lower, being suppressed by approximately three orders of
magnitude compared to the scalar ones.

IV. SUMMARY

This paper developed a comprehensive theoretical
framework to describe the single pion production by

inelastic interactions between dark fermions and nucleons,
in which the scattering process generates resonances that
subsequently decay into a nucleon and a pion. Our
approach extended the Rein-Sehgal formalism by incor-
porating multiple mediator types, including dark photons
with both vector and axial components, as well as scalar
and pseudoscalar interactions in a model-independent way.
The Rein and Sehgal model is based on the FKR

relativistic quark model, which treats hadrons as excitations
of a four-dimensional harmonic oscillator. Detailed deri-
vations of the differential cross sections were presented,
regarding the kinematics in the laboratory and isobaric
frames. Transition amplitudes for vector, axial, scalar and
pseudoscalar interactions were derived by applying appro-
priate substitutions in the FKR Hamiltonian and incorpo-
rating corrections such as the Breit-Winger factor for finite
resonance widths and pion-pole contributions dictated
by PCAC. The resulting expressions provided a unified
description of the resonant dark matter–nucleon inter-
actions at the GeV scale and offered a valuable tool for
the analysis and interpretation of experimental data in both
dark sector and dark matter searches.
This approach should be regarded as an initial estimation

of cross sections, especially suitable for astrophysical
scenarios, where precise computations is not as important
as in terrestrial experiments. The computation of single
pion production by BSM mechanisms will eventually
require a more comprehensive modeling to account for
the complexity of the hadronic matrix elements.
Unfortunately, most recent models rely heavily on exper-
imental data, which lacks for BSM fields. A more detailed
approach—fitted carefully for each resonance, along with

FIG. 3. Amplitudes for the transition from a proton to a resonance: P33ð1232Þ (left panel) and P13ð1720Þ (right panel). We can see the
vectorial (solid), axial (dashed), scalar (dotted) and pseudoscalar (dashed-dotted) amplitudes for an incoming dark fermion of 10 GeVof
energy.
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the inclusion of nonresonant contributions to single pion
production—represents a future challenge beyond the
scope of the present work.
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APPENDIX A: LIST OF AMPLITUDES

Here we present the list of amplitudes obtained by
computing the transitions from a proton to a resonance
mediated by the operators presented above. To obtain those
for transitions from a neutron, the up and down couplings
simply need to be interchanged.

TABLE I. Amplitudes for transitions from protons to resonances. We use some short notation for the couplings, such that for k≡ V, A,
S, P: gk1 ≡ ðgku − gkdÞ, gk2 ≡ ð5gku þ gkdÞ, gk3 ≡ ðgku þ 2gkdÞ, gk4 ≡ ð4gku − gkdÞ, gk5 ≡ ð2gku þ gkdÞ. For neutrons, just interchange the couplings
gku ↔ gkd in the previous definitions of gki and change the amplitude signs for the resonances S31ð1620Þ, D33ð1700Þ, P11ð1710Þ,
P13ð1720Þ, F35ð1905Þ, F37ð1950Þ and the longitudinal polarization amplitude of P11ð1440Þ. This is to be able to use the decay signs
in [43] for both, proton and neutron targets. It should also be noticed that we are not putting the explicit dependence on the dark sector
helicity combinations, λ1, λ2.

Resonance f2s Vector Axial Scalar Pseudoscalar

P33ð1232Þ4ð10Þ3=2½56; 0þ�0 f−3
ffiffiffi
6

p
gV1R

V
ffiffiffi
6

p
gA1R

A

f−1
ffiffiffi
2

p
gV1R

V
ffiffiffi
2

p
gA1R

A

fþ1 −
ffiffiffi
2

p
gV1R

V
ffiffiffi
2

p
gA1R

A

fþ3 −
ffiffiffi
6

p
gV1R

V
ffiffiffi
6

p
gA1R

A

f0þ 0 −2
ffiffiffi
2

p
gA1C 0 2

ffiffi
2

p
9
gP1 S

P

f0− 0 −2
ffiffiffi
2

p
gA1C 0 2

ffiffi
2

p
9
gP1 S

P

P11ð1440Þ2ð8Þ1=2½56; 0þ�2 f−1 − 1

2
ffiffi
3

p gV4 λ
2RV − 1

2
ffiffi
3

p gA4 λ
2RA

fþ1 − 1

2
ffiffi
3

p gV4 λ
2RV 1

2
ffiffi
3

p gA4 λ
2RA

f0þ −
ffiffi
3

p
2
gV5 λ

2S
1

2
ffiffi
3

p gA4 λðλC − 2BÞ − 1
6
ffiffi
3

p gS5λ
2SS − 1

18
ffiffi
3

p gP4 λS
P

f0− −
ffiffi
3

p
2
gV5 λ

2S − 1

2
ffiffi
3

p gA4 λðλC − 2BÞ − 1

6
ffiffi
3

p gS5λ
2SS 1

18
ffiffi
3

p gP4 λS
P

D13ð1520Þ2ð8Þ3=2½70; 1−�1 f−3 − 3ffiffi
2

p gV1 T
V − 3ffiffi

2
p gA1T

A

f−1 −
ffiffi
3
2

q
gV1 T

V þ 1ffiffi
3

p gV2 λR
V −

ffiffi
3
2

q
gA1T

A þ 1ffiffi
3

p gA2 λR
A

fþ1 −
ffiffi
3
2

q
gV1 T

V þ 1ffiffi
3

p gV2 λR
V

ffiffi
3
2

q
gA1T

A − 1ffiffi
3

p gA2 λR
A

fþ3 − 3ffiffi
2

p gV1 T
V 3ffiffi

2
p gA1T

A

f0þ −
ffiffiffi
3

p
gV1 λS

1ffiffi
3

p gA2 λC − 1

3
ffiffi
3

p gS1λS
S − 1

9
ffiffi
3

p gP2 λS
P

f0− −
ffiffiffi
3

p
gV1 λS − 1ffiffi

3
p gA2 λC − 1

3
ffiffi
3

p gS1λS
S 1

9
ffiffi
3

p gP2 λS
P

S11ð1535Þ2ð8Þ1=2½70; 1−�1 f−1 −
ffiffiffi
3

p
gV1 T

V þ 1ffiffi
6

p gV2 λR
V −

ffiffiffi
3

p
gA1T

A − 1ffiffi
6

p gA2 λR
A

fþ1

ffiffiffi
3

p
gV1 T

V − 1ffiffi
6

p gV2 λR
V −

ffiffiffi
3

p
gA1T

A − 1ffiffi
6

p gA2 λR
A

f0þ
ffiffi
3
2

q
gV1 λS

− 1ffiffi
6

p gA2 ðλC − 3BÞ 1

3
ffiffi
6

p gS1λS
S 1

9
ffiffi
6

p gP2 λS
P

f0− −
ffiffi
3
2

q
gV1 λS

− 1ffiffi
6

p gA2 ðλC − 3BÞ − 1

3
ffiffi
6

p gS1λS
S 1

9
ffiffi
6

p gP2 λS
P

(Table continued)
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TABLE I. (Continued)

Resonance f2s Vector Axial Scalar Pseudoscalar

P33ð1600Þ4ð10Þ3=2½56; 0þ�2 f−3 − 1ffiffi
2

p gV1 λ
2RV − 1ffiffi

2
p gA1 λ

2RA

f−1 − 1ffiffi
6

p gV1 λ
2RV − 1ffiffi

6
p gA1 λ

2RA

fþ1
1ffiffi
6

p gV1 λ
2RV − 1ffiffi

6
p gA1 λ

2RA

fþ3
1ffiffi
2

p gV1 λ
2RV − 1ffiffi

2
p gA1 λ

2RA

f0þ 0
ffiffi
2
3

q
gA1 λðλC − 2BÞ 0 − 1

9

ffiffi
2
3

q
gP1 λ

2SP

f0− 0
ffiffi
2
3

q
gA1 λðλC − 2BÞ 0 − 1

9

ffiffi
2
3

q
gP1 λ

2SP

S31ð1620Þ2ð10Þ1=2½70; 1−�1 f−1 −
ffiffiffi
3

p
gV1 T

V þ 1ffiffi
6

p gV1 λR
V −

ffiffiffi
3

p
gA1T

A þ 1ffiffi
6

p gA1 λR
A

fþ1

ffiffiffi
3

p
gV1 T

V − 1ffiffi
6

p gV1 λR
V −

ffiffiffi
3

p
gA1T

A þ 1ffiffi
6

p gA1 λR
A

f0þ
ffiffi
3
2

q
gV1 λS

1ffiffi
6

p gA1 ðλC − 3BÞ 1

3
ffiffi
6

p gS1λS
S − 1

3
ffiffi
6

p gP1 λS
P

f0− −
ffiffi
3
2

q
gV1 λS

1ffiffi
6

p gA1 ðλC − 3BÞ − 1

3
ffiffi
6

p gS1λS
S − 1

3
ffiffi
6

p gP1 λS
P

S11ð1650Þ4ð8Þ1=2½70; 1−�1 f−1 1ffiffi
6

p gV3 λR
V 1ffiffi

6
p gA3 λR

A

fþ1 − 1ffiffi
6

p gV3 λR
V 1ffiffi

6
p gA3 λR

A

f0þ 0 −
ffiffi
2
3

q
gA3 ðλC − 3BÞ 0 1

9

ffiffi
2
3

q
gP3 λS

P

f0− 0 −
ffiffi
2
3

q
gA3 ðλC − 3BÞ 0 1

9

ffiffi
2
3

q
gP3 λS

P

D15ð1675Þ4ð8Þ5=2½70; 1−�1 f−3 −
ffiffi
3
5

q
gV3 λR

V −
ffiffi
3
5

q
gA3 λR

A

f−1 −
ffiffiffiffi
3
10

q
gV3 λR

V −
ffiffiffiffi
3
10

q
gA3 λR

A

fþ1

ffiffiffiffi
3
10

q
gV3 λR

V −
ffiffiffiffi
3
10

q
gA3 λR

A

fþ3

ffiffi
3
5

q
gV3 λR

V −
ffiffi
3
5

q
gA3 λR

A

f0þ 0
ffiffi
6
5

q
gA3 λC

0 − 1
3

ffiffiffiffi
2
15

q
gP3 λS

P

f0− 0
ffiffi
6
5

q
gA3 λC

0 − 1
3

ffiffiffiffi
2
15

q
gP3 λS

P

F15ð1680Þ2ð8Þ5=2½56; 2þ�2 f−3 3
ffiffi
2
5

q
gV5 λT

V 3
ffiffi
2
5

q
gA5 λT

A

f−1 3ffiffi
5

p gV5 λT
V − 1ffiffiffiffi

10
p gV4 λ

2RV 3ffiffi
5

p gA5 λT
A − 1ffiffiffiffi

10
p gA4 λ

2RA

fþ1
3ffiffi
5

p gV5 λT
V − 1ffiffiffiffi

10
p gV4 λ

2RV − 3ffiffi
5

p gA5 λT
A þ 1ffiffiffiffi

10
p gA4 λ

2RA

fþ3 3
ffiffi
2
5

q
gV5 λT

V −3
ffiffi
2
5

q
gA5 λT

A

f0þ 3ffiffiffiffi
10

p gV5 λ
2S − 1

2

ffiffi
2
5

q
gA4 λ

2C
1

3
ffiffiffiffi
10

p gS5λ
2SS 1

9
ffiffiffiffi
10

p gP4 λ
2SP

f0− 3ffiffiffiffi
10

p gV5 λ
2S 1

2

ffiffi
2
5

q
gA4 λ

2C
1

3
ffiffiffiffi
10

p gS5λ
2SS − 1

9
ffiffiffiffi
10

p gP4 λ
2SP

D13ð1700Þ4ð8Þ3=2½70; 1−�1 f−3 3ffiffiffiffi
10

p gV3 λR
V 3ffiffiffiffi

10
p gA3 λR

A

f−1 1ffiffiffiffi
30

p gV3 λR
V 1ffiffiffiffi

30
p gA3 λR

A

fþ1
1ffiffiffiffi
30

p gV3 λR
V − 1ffiffiffiffi

30
p gA3 λR

A

fþ3
3ffiffiffiffi
10

p gV3 λR
V − 3ffiffiffiffi

10
p gA3 λR

A

f0þ 0 −
ffiffiffiffi
2
15

q
gA3 λC

0 1
9

ffiffiffiffi
2
15

q
gP3 λS

P

f0− 0
ffiffiffiffi
2
15

q
gA3 λC

0 − 1
9

ffiffiffiffi
2
15

q
gP3 λS

P

(Table continued)
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TABLE I. (Continued)

Resonance f2s Vector Axial Scalar Pseudoscalar

D33ð1700Þ2ð10Þ3=2½70; 1−�1 f−3 − 3ffiffi
2

p gV1 T
V − 3ffiffi

2
p gA1T

A

f−1 −
ffiffi
3
2

q
gV1 T

V − 1ffiffi
3

p gV1 λR
V −

ffiffi
3
2

q
gA1T

A − 1ffiffi
3

p gA1 λR
A

fþ1 −
ffiffi
3
2

q
gV1 T

V − 1ffiffi
3

p gV1 λR
V

ffiffi
3
2

q
gA1T

A þ 1ffiffi
3

p gA1 λR
A

fþ3 − 3ffiffi
2

p gV1 T
V 3ffiffi

2
p gA1T

A

f0þ −
ffiffiffi
3

p
gV1 λS − 1ffiffi

3
p gA1 λC − 1

3
ffiffi
3

p gS1λS
S 1

9
ffiffi
3

p gP1 λS
P

f0− −
ffiffiffi
3

p
gV1 λS

1ffiffi
3

p gA1 λC − 1

3
ffiffi
3

p gS1λS
S − 1

9
ffiffi
3

p gP1 λS
P

P11ð1710Þ2ð8Þ1=2½70; 0þ�2 f−1 − 1

2
ffiffi
6

p gV2 λ
2RV − 1

2
ffiffi
6

p gA2 λ
2RA

fþ1 − 1

2
ffiffi
6

p gV2 λ
2RV 1

2
ffiffi
6

p gA2 λ
2RA

f0þ 1
2

ffiffi
3
2

q
gV1 λ

2S − 1

2
ffiffi
6

p gA2 λðλC − 2BÞ 1

6
ffiffi
6

p gS1λ
2SS 1

18
ffiffi
6

p gP2 λ
2SP

f0− 1
2

ffiffi
3
2

q
gV1 λ

2S
1

2
ffiffi
6

p gA2 λðλC − 2BÞ 1

6
ffiffi
6

p gS1λ
2SS − 1

18
ffiffi
6

p gP2 λ
2SP

P13ð1720Þ2ð8Þ3=2½56; 2þ�2 f−3 − 3ffiffiffiffi
10

p gV5 λT
V − 3ffiffiffiffi

10
p gA5 λT

A

f−1 3
ffiffiffiffi
3
10

q
gV5 λT

V þ 1ffiffiffiffi
15

p gV4 λ
2RV 3

ffiffiffiffi
3
10

q
gA5 λT

A þ 1ffiffiffiffi
15

p gA4 λ
2RA

fþ1 −3
ffiffiffiffi
3
10

q
gV5 λT

V − 1ffiffiffiffi
15

p gV4 λ
2RV 3

ffiffiffiffi
3
10

q
gA5 λT

A þ 1ffiffiffiffi
15

p gA4 λ
2RA

fþ3
3ffiffiffiffi
10

p gV5 λT
V − 3ffiffiffiffi

10
p gA5 λT

A

f0þ −
ffiffi
3
5

q
gV5 λ

2S
1ffiffiffiffi
15

p gA4 λðλC − 5BÞ − 1

3
ffiffiffiffi
15

p gS5λ
2SS − 1

9
ffiffiffiffi
15

p gP4 λ
2SP

f0−
ffiffi
3
5

q
gV5 λ

2S
1ffiffiffiffi
15

p gA4 λðλC − 5BÞ 1

3
ffiffiffiffi
15

p gS5λ
2SS − 1

9
ffiffiffiffi
15

p gP4 λ
2SP

F35ð1905Þ4ð10Þ5=2½56; 2þ�2 f−3 −3
ffiffiffiffi
2
35

q
gV1 λ

2RV −3
ffiffiffiffi
2
35

q
gA1 λ

2RA

f−1 −
ffiffiffiffi
1
35

q
gV1 λ

2RV −
ffiffiffiffi
1
35

q
gA1 λ

2RA

fþ1 −
ffiffiffiffi
1
35

q
gV1 λ

2RV
ffiffiffiffi
1
35

q
gA1 λ

2RA

fþ3 −3
ffiffiffiffi
2
35

q
gV1 λ

2RV 3
ffiffiffiffi
2
35

q
gA1 λ

2RA

f0þ 0 2ffiffiffiffi
35

p gA1 λ
2C 0 − 2

9
ffiffiffiffi
35

p gP1 λ
2SP

f0− 0 − 2ffiffiffiffi
35

p gA1 λ
2C 0 2

9
ffiffiffiffi
35

p gP1 λ
2SP

P31ð1910Þ4ð10Þ1=2½56; 2þ�2 f−1 − 1ffiffiffiffi
15

p gV1 λ
2RV 1ffiffiffiffi

15
p gA1 λ

2RA

fþ1 − 1ffiffiffiffi
15

p gV1 λ
2RV − 1ffiffiffiffi

15
p gA1 λ

2RA

f0þ 0 − 2ffiffiffiffi
15

p gA1 λðλC − 5BÞ 0 2

9
ffiffiffiffi
15

p gP1 λ
2SP

f0− 0 2ffiffiffiffi
15

p gA1 λðλC − 5BÞ 0 − 2

9
ffiffiffiffi
15

p gP1 λ
2SP

P33ð1920Þ4ð10Þ3=2½56; 2þ�2 f−3 1ffiffi
5

p gV1 λ
2RV 1ffiffi

5
p gA1 λ

2RA

f−1 − 1ffiffiffiffi
15

p gV1 λ
2RV − 1ffiffiffiffi

15
p gA1 λ

2RA

fþ1
1ffiffiffiffi
15

p gV1 λ
2RV − 1ffiffiffiffi

15
p gA1 λ

2RA

fþ3 − 1ffiffi
5

p gV1 λ
2RV 1ffiffi

5
p gA1 λ

2RA

f0þ 0 2ffiffiffiffi
15

p gA1 λðλC − 5BÞ 0 − 2

9
ffiffiffiffi
15

p gP1 λ
2SP

f0− 0 2ffiffiffiffi
15

p gA1 λðλC − 5BÞ 0 − 2

9
ffiffiffiffi
15

p gP1 λ
2SP

(Table continued)
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APPENDIX B: MOST REPRESENTATIVE
QUANTITIES

Here we briefly present a condensed summary of the
main quantities computed and used throughout the text to
facilitate the reading of the current work.

1. Kinematics

We call p1 (p3) the 4-momentum of the incoming
(outgoing) χ, while p2 (p4) the one of the nucleon target
(resonance produced), all in the lab frame. q is the trans-
ferred 4-momentum, from the DM to the hadronic current.

These quantities are parametrized as follows:

p1 ¼ ðE1; 0; 0; jp⃗1jÞ;
p2 ¼ ðmN; 0; 0; 0Þ;
p3 ¼ ðE3; jp⃗3j sin θ; 0; jp⃗3j cos θÞ;
p4 ¼ p1 þ p2 − p3;

q ¼ p1 − p2: ðB1Þ
In the IB frame, those kinematical quantities can be found,
parametrized by the kinematical variables used in the
lab frame

pIB
1 ¼

�ðE1 − E3Þ2 þ 2mNE1 −Q2

2W
;A13; 0; B−

13

�
;

pIB
2 ¼

�
mNðE1 − E3 þmNÞ

W
; 0; 0;−

mNQ
W

�
;

pIB
3 ¼

�
−
ðE1 − E3Þ2 − 2mNE3 −Q2

2W
;A13; 0; B

þ
13

�
;

pIB
4 ¼ ðW; 0; 0; 0Þ;

A13 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðjp⃗1j þ jp⃗3j −QÞðjp⃗1j − jp⃗3j þQÞð−jp⃗1j þ jp⃗3j þQÞðjp⃗1j þ jp⃗3j þQÞp

2Q
;

B�
13 ¼

ðE2
1 − E2

3ÞðE1 − E3 þmNÞ − ðE1 þ E3 �mNÞQ2

2QW
; ðB2Þ

TABLE I. (Continued)

Resonance f2s Vector Axial Scalar Pseudoscalar

F37ð1950Þ4ð10Þ7=2½56; 2þ�2 f−3
ffiffi
2
7

q
gV1 λ

2RV
ffiffi
2
7

q
gA1 λ

2RA

f−1
ffiffiffiffi
6
35

q
gV1 λ

2RV
ffiffiffiffi
6
35

q
gA1 λ

2RA

fþ1 −
ffiffiffiffi
6
35

q
gV1 λ

2RV
ffiffiffiffi
6
35

q
gA1 λ

2RA

fþ3 −
ffiffi
2
7

q
gV1 λ

2RV
ffiffi
2
7

q
gA1 λ

2RA

f0þ 0 −2
ffiffiffiffi
6
35

q
gA1 λ

2C 0 2
3

ffiffiffiffiffiffi
2

105

q
gP1 λ

2SP

f0− 0 −2
ffiffiffiffi
6
35

q
gA1 λ

2C 0 2
3

ffiffiffiffiffiffi
2

105

q
gP1 λ

2SP

F17ð1970Þ4ð8Þ7=2½70; 2þ�2 f−3 − 1ffiffi
7

p gV3 λ
2RV − 1ffiffi

7
p gA3 λ

2RA

f−1 −
ffiffiffiffi
3
35

q
gV3 λ

2RV −
ffiffiffiffi
3
35

q
gA3 λ

2RA

fþ1

ffiffiffiffi
3
35

q
gV3 λ

2RV −
ffiffiffiffi
3
35

q
gA3 λ

2RA

fþ3
1ffiffi
7

p gV3 λ
2RV − 1ffiffi

7
p gA3 λ

2RA

f0þ 0
ffiffiffiffi
6
35

q
gA3 λ

2C 0 − 2

3
ffiffiffiffiffiffi
105

p gP3 λ
2SP

f0− 0
ffiffiffiffi
6
35

q
gA3 λ

2C 0 − 2

3
ffiffiffiffiffiffi
105

p gP3 λ
2SP
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For vector-axial couplings, the unit vectors used to
parametrize each helicity component of the amplitude
transitions are

eμL ¼ 1ffiffiffi
2

p ð0; 1;−i; 0Þ;

eμR ¼ 1ffiffiffi
2

p ð0;−1;−i; 0Þ;

eμsðλ1λ2Þ ¼
ðV0

λ1λ2
; 0; 0; V3

λ1λ2
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðV0
λ1λ2

Þ2 − ðV3
λ1λ2

Þ2j
q ; ðB3Þ

where Vλ1λ2 is the MEM.

2. Helicity amplitudes

Now, we present the parameters needed to compute the
helicity amplitudes, as worked out in Sec. III. A parameter
used for any kind of interaction is λ, defined as

λ≡
ffiffiffiffi
2

Ω

r
mN

W
jq⃗j: ðB4Þ

For the vectorial case, we have

λ≡
ffiffiffiffi
2

Ω

r
mN

W
jq⃗j;

RV ≡
ffiffiffi
2

p
mN

W
ðW þmNÞjq⃗j

ðW þmNÞ2 − q2
FVðq2Þ;

TV ≡
ffiffiffiffi
Ω

p

3
ffiffiffi
2

p
W

FVðq2Þ;

Sλ1λ2 ≡
mN

Wjq⃗j
V3
λ1λ2

q0IB − V0
λ1λ2

jq⃗IBj
Cλ1λ2
s

×

�
1

6
−

q2

6m2
N
−

W
2mN

�
FVðq2Þ: ðB5Þ

For the axial case, we have

RA ≡
ffiffiffi
2

p
Z

6W

�
W þmN þ 2NΩW

ðW þmNÞ2 − q2

�
FAðq2Þ;

TA ≡
ffiffiffiffiffiffi
2Ω

p
Z

3

mN jq⃗j
WððW þmNÞ2 − q2ÞF

Aðq2Þ;

Bλ1λ2 ≡
1

Cλ1λ2
s

ffiffiffiffi
Ω
2

r �
V0
λ1λ2

þ V3
λ1λ2

jq⃗IBj
amN

�
Z
FAðq2Þ
3W

;

Cλ1λ2 ≡
1

Cλ1λ2
s



ðV0

λ1λ2
jq⃗IBj − V3

λ1λ2
qIB0 Þ

�
1

3
þ qIB0
amN

�
þ V3

λ1λ2

�
2

3
W þ q2

amN
þ NΩ
3amN

��
Z
2W

FAðq2Þ;

a≡ 1þW2 þm2
N − q2

2mNW
: ðB6Þ

where the last two parameters need to be redefined in order to account for the pion-pole term that appears due to the partial
conservation of the axial current

Bλ1λ2 → Bλ1λ2 þ
1

Cλ1λ2
s

Z
2W

ðV0
λ1λ2

qIB0 − V3
λ1λ2

jq⃗IBjÞ
2
3

ffiffiffi
Ω
2

q 

qIB0 þ jq⃗IBj2

amN

�
m2

π − q2
FAðq2Þ;

Cλ1λ2 → Cλ1λ2 þ
1

Cλ1λ2
s

Z
2W

ðV0
λ1λ2

qIB0 − V3
λ1λ2

jq⃗IBjÞ
jq⃗IBj



2
3
W þ q2

amN
þ NΩ

3amN

�
m2

π − q2
FAðq2Þ: ðB7Þ

The scalar and the pseudoscalar cases exhibit a much simpler parameter structure, due to the also simpler Lorentz
structure of their interactions and because of just being able to mediate states with equal spins. In these cases, we have

SS ≡ 3FSðq2Þ

SP ≡ 6mN jq⃗j
ðW þmNÞ2 − q2

FPðq2Þ: ðB8Þ

With all of these quantities we can obtain the helicity amplitudes found in Table I. Finally, we also need the form factors,
that take the following forms:
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FVðq2Þ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

q2

ðmN þWÞ2

s �
1 −

q2

4m2
N

�−N ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðG3ðq2ÞÞ2 þ ðG1ðq2ÞÞ2

q
;

FAðq2Þ ¼
ffiffiffi
3

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

q2

ðmN þWÞ2

s �
1 −

q2

4m2
N

�−N

1 −

W2 þ q2 −m2
N

8m2
N

�
CA
5 ðq2Þ

FSðq2Þ ¼ FSð0Þ
1 − q2

m2
S

;

FPðq2Þ ¼ FPð0Þ
1 − q2

m2
P

: ðB9Þ

The definitions of the quantities therein involved can be
found in Sec. III.

APPENDIX C: STRUCTURE FUNCTIONS
OF THE MODEL

It can be useful to see how are the structure functions,
Wi, predicted by this approach. Due to be the only case
with a tensor structure, we will do that for the vector-axial
mediator. In this case, we would have to compute them for
each different combination of helicities in the dark sector
current: λ1 and λ2. So, following our approach, the squared
amplitude of the process χN → χN� mediated by a dark
vector is equal to

jMðχðp1; λ1ÞNðp2Þ → χðp3; λ2ÞN�ðp4ÞÞj ¼
g2Dg

2
NZ0

ðq2 −m2
Z0 Þ2

× 4W2
�jCLj2ðΣk¼1;3jfV−k − fA−kj2Þ

þ jCRj2ðΣk¼1;3jfVk − fAk j2Þ
þ jCλ1λ2

S j2ðΣk¼0þ;0− jfVk − fAk j2Þ
�
ðC1Þ

The value of k we put for the first to terms in parenthesis
should just be 1 if the resonance is an N-excitation, while 1
and 3 for Δ-excitations. We can do the same computation
and use the structure functions. The amplitude can be
expressed as: M ∝ VμWμ ≡ ðCLe

μ
L þ CRe

μ
R þ CSe

μ
SÞWμ,

where we have not put the explicit reference to the helicities
for simplicity. The squared amplitude can be written as

jMðχðp1; λ1ÞNðp2Þ → χðp3; λ2ÞN�ðp4ÞÞj

¼ g2Dg
2
NZ0

ðq2 −m2
Z0 Þ2 ×

�jCLj2eLμe�Lν þ jCRj2eRμe�Rν

þ jCλ1λ2
S j2eλ1λ2Sμ eλ1λ2�Sν

�
Wμν ðC2Þ

We have just considered equal pair combinations for the
basis vectors: ekμe�kν. All combinations of the form ejμe�kν
for j ≠ k vanish because of the following. The tensor

structure ofWμν contains or the metric gμν or combinations
of p2 and q. In the frame where we are working, both
vectors point along the Z axis. Therefore, they will just be
able to contract with eλ1λ2Sμ eλ1λ2�Sν , since any other combina-
tion vanishes. The metric generates inner products of the
vectors, so due to their orthogonality just equal pairs
generate nonvanishing contributions.
The tensor Wμν takes the following explicit form:

Wμν ¼ −gμνW1ðq2Þ þ
pμ
2p

ν
2

m2
N

W2ðq2Þ −
ip2λqρϵμνλρ

2m2
N

W3ðq2Þ

þ qμqν

m2
N

W4ðq2Þ þ
ðpμ

2q
ν þ pν

2q
μÞ

2m2
N

W5ðq2Þ

þ iðpμ
2q

ν − pν
2q

μÞ
2m2

N
W6ðq2Þ: ðC3Þ

It can be shown that qμWμν ¼ qνWμν ¼ 0. This is actually
an assumption of the FKR model [40]. By solving those
equation we find that

W4ðq2Þ ¼
m2

N

q2
W1ðq2Þ þ

�
p2 · q
q2

�
2

W2ðq2Þ;

W5ðq2Þ ¼ −2
p2 · q
q2

W2ðq2Þ;

W6ðq2Þ ¼ 0: ðC4Þ

Therefore, we just have to findW1,W2, andW3. In order to
find those structure functions, we can equate Eq. (C1) with
Eq. (C2). The equations to solve are the following:

eLμe�LνW
μν ¼ 4W2

 X
k¼1;3

		fV−k − fA−k
		2!;

eRμe�RνW
μν ¼ 4W2

 X
k¼1;3

		fVk − fAk
		2!;

eλ1λ2Sμ eλ1λ2�Sν Wμν ¼ 4W2

 X
k¼0þ;0−

		fVk − fAk
		2!; ðC5Þ
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where again we should not consider the values of f�3 for
N-resonances. In the particular case of the Δð1232Þ
resonance, the results for W1 and W3 are the following:

W1ðq2Þ ¼ 32W2ððgVu − gVd Þ2ðRVðq2ÞÞ2
þ ðgAu − gAdÞ2ðRAðq2ÞÞ2Þ;

W3ðq2Þ ¼ −128ðgVu − gVd ÞðgAu − gAdÞ

×
mNW4RVðq2ÞRAðq2Þ

QððE1 − E3 þmNÞ2 −Q2Þ ; ðC6Þ

where all the quantities are in the lab frame and we continue
with the convention of using Q as the magnitude of the
3D-momentum transfer. We are not writing explicitly the
solution for W2, since it comes from the longitudinal
polarization equation and it takes a very longer form.

APPENDIX D: VALIDITY OF THE REIN-SEHGAL
APPROACH

The validity of our computations relies on the validity of
the Rein and Sehgal approach. As a proof of our calcu-
lation, it is possible to use the SM couplings for the neutral
current and compute fVk − fAk from our table in Appendix A
and get exactly the same results as Table I in [43].
The predictive power of Rein and Sehgal model can be

seen in Fig. 4. We are plotting our code adapted to single
neutral pion production with neutrinos via the neutral
current. The results are the mean value for the processes
νμN → νμN0π0, considering interactions with mineral
oil, CH2.
In the case of a scalar or a pseudoscalar mediator, we do

not have data to test the predictability of the processes. We
just rely on the validity of the vector-axial model and the
Rein and Sehgal approach to the computation of the cross
sections. The only ansatz we took is the modeling of the
dipole factors, which represent the factor F≡ g3eq

2=Ω

in [40], where g2 ≡ E2=ð2mNÞ, where E2 is the energy
of the target in the Isobaric frame. We modeled them in the
same fashion as in [44], as

Fkðq2Þ ¼ Fkð0Þ
ð1 − q2=m2

kÞ2
; ðD1Þ

where k stands for S (scalar) or P (pseudoscalar). The
values we chose are taken from pion mediator measure-
ments (see [51]) as an ansatz.
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