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We derive the complete set of positivity bounds for the leading-twist parton distribution functions
(PDFs) of a spin-3=2 hadron for the first time. This work generalizes the Soffer bound, a fundamental
constraint for spin-1=2 nucleons, to quark and gluon distribution functions in higher-spin systems. Expressing
the antiparton-hadron scattering amplitudes in terms of the PDFs and the spin density matrix, we establish the
connections between the PDFs and the scattering amplitudes in the tensor product space of the parton and
hadron spins. Moreover, we obtain the definitions of the PDFs in terms of the helicity amplitudes. Positive
definiteness of the scattering amplitude matrix yields a set of inequalities that define the physically allowed
parameter space for the helicity amplitudes and a set of constraints for the PDFs. The Cauchy-Schwartz
inequality determines the constrains between the PDFs and generalized parton distributions.
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Introduction. The internal structure of hadrons, described
by the parton distribution functions (PDFs), is fundamental
to understanding strong interaction dynamics in quantum
chromodynamics (QCD). For spin-1=2 hadrons, the theo-
retical framework is well established, with three leading-
twist quark distributions—the unpolarized distribution
f1ðxÞ, the longitudinal distribution g1ðxÞ, and the trans-
versity distribution h1ðxÞ—and there have been many
studies [1–9]. A critical theory constraint on these functions
is the Soffer bound, jh1ðxÞj ≤ 1

2
½f1ðxÞ þ g1ðxÞ� [2,10],

which is derived from the positivity of probability densities
and provides essential constraints for global QCD analyses
of the polarized deep-inelastic scattering and provides a

fundamental test method for the self-consistency of the

parton model [11–14].

The extension of this formalism to hadrons with higher
spin presents a natural and important frontier in hadron
structure physics. As the particle spin increases, there are
additional PDFs, like the higher order unpolarized-parton
PDF f1LLðxÞ for quark in the spin-1 particle [15,16] and the
longitudinal-parton PDF g1LLLðxÞ and transversity-parton
PDF h1LLTðxÞ in the spin-3=2 particle. The gluon PDFs
have a similar property. For these systems, the basis of the
PDFs is expanded by additional functions related to vector
and tensor polarizations. The generalization of positivity
constraints to spin-1 particles was systematically derived
and established a more complex set of inequalities that must
be satisfied by their PDFs [15,17–19].
For spin-3=2 hadrons like the Δð1232Þ resonance, the

richer polarization information leads to the new PDFs.
Formally defining these distributions requires careful treat-
ment within the Rarita-Schwinger formalism [20]. Several
theoretical studies have explored aspects of the spin-3=2
hadron structure, and our early work established formal
definitions for some structure related functions, like gen-
eralized parton distributions (GPDs) [21,22]. Despite this
progress, a systematic derivation of the complete set of
positivity bounds for the spin-3=2 PDFs, a direct and
necessary generalization of the spin-1=2 Soffer bound and
the spin-1 constraints, has not been presented. Such bounds
are indispensable. They ensure the physical viability of
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model predictions, provide critical constraints for future
global QCD fits, and are prerequisites for the reliable
extraction of these functions from experimental data or
lattice QCD calculations [23].
In this work, from the correlation function that defines

the PDFs, we give the antiparton-hadron scattering ampli-
tude in terms of the PDFs of the spin-3=2 particle. For
the quark and gluon, we respectively derive the relations
between the PDFs and helicity amplitudes, and obtain the
constraints on the PDFs according to the positivity of
the scattering amplitude. In the nonforward limit, we also
derive the bounds between the PDFs and GPDs.

PDFs of the spin-3=2 particle. The PDFs of the quark and
gluon can be respectively defined from the light cone
correlation functions,

Φq
ij;abðxÞ ¼

Z
hP; S; T; Rjψ̄ i;bð0Þψ j;aðz−ÞjP; S; T; Ri; ð1Þ

Φg;μν
ij ðxÞ¼ 1

Pþ

Z
hP;S;T;RjGþμ

i ð0ÞGνþ
j ðz−ÞjP;S;T;Ri; ð2Þ

where
R
represents

R
dz−
2π e

ixPþz− , and also in the following
content, x is the light cone momentum fraction of the
parton, x ¼ kþ=Pþ, in which k and P respectively are
the momenta of the parton and the target hadron. The
convention of the four vector v in the light cone co-
ordinate is v ¼ ðvþ; v−;vTÞ, with v� ¼ 1ffiffi

2
p ðv0 � v3Þ and

vT ¼ ðv1; v2Þ. In the following, the vector carrying the
subscript T implies that the corresponding index only takes
1, 2 or x, y components. The ψ and Gρδ are the quark field
and gluon field strength tensor. The indices i and j
represent the helicities of the absorbed and emitted partons,
with i; j ¼ � 1

2
for quark and i; j ¼ �1 for gluon due to the

different spin. The a and b are the four component indices
of the spinors, and all the traces in the following act on a
and b. In Eqs. (1) and (2), S, T, and R carry the polarization
information of the spin-3=2 hadron. In this work, the light
cone gauge is considered, so that the Wilson line does not
appear in the correlation functions.
For the spin-3=2 particle, one can specify the polariza-

tion state by the spin vector S, the rank-2 spin tensor T, and
the rank-3 spin tensor R in the target rest frame [24]. By
considering only the leading twist, the quark matrix Φqγþ
contains all the quark PDF information,

Φqγþ ¼ �fq1 þ gq1SLγ5 þ hq1γ5=ST þ fq1LLSLL

þ gq1LLLSLLLγ5 þ hq1LLTγ5=SLLT
�
Pþ; ð3Þ

where Pþ ≡ 1
2
γ−γþ is the projection operator, which

projects the fermion field to the “good” component,
ψþ ≡ Pþψ . Meanwhile, the gluon correlation function is
decomposed to the leading twist PDFs as

Φg;μν ¼ 1

2

�
fg1g

μν
T þ gg1SLiϵ

μν
T þ hg1TTS

μν
TT

þ fg1LLSLLg
μν
T þ gg1LLLSLLLiϵ

μν
T

�
; ð4Þ

where

gμνT ≡ gμν − nμn̄ν − nνn̄μ; ð5Þ

ϵμνT ≡ ϵαβρσg
αμ
T gβνT n̄ρnσ; ð6Þ

τT;μν;ρσ ≡ 1

2
gTμρgTνσ þ

1

2
gTμσgTνρ −

1

2
gTμνgTρσ; ð7Þ

with nμ ¼ 1=
ffiffiffi
2

p ð1; 0; 0;−1Þ and n̄μ ¼ 1=
ffiffiffi
2

p ð1; 0; 0; 1Þ.
Moreover, the correlation function ΦðxÞ has the follow-

ing properties under Hermite, parity, and time-reversal
transformations:

Φq†ðk; P; S; T; RjnÞ ¼ γ0Φqðk; P; S; T; RjnÞγ0; ð8Þ

Φqðk; P; S; T; RjnÞ ¼ γ0Φqðk̄; P̄;−S̄; T̄;−R̄jn̄Þγ0; ð9Þ

Φq�ðk; P; S; T; RjnÞ ¼ ð−iγ5CÞΦqðk̄; P̄; S̄; T̄; R̄jn̄Þ
× ð−iγ5CÞ ð10Þ

for quark [25] and

Φg;μν�ðk; P; S; T; RjnÞ ¼ Φg;νμðk; P; S; T; RjnÞ; ð11Þ

Φg;μνðk; P; S; T; RjnÞ ¼ Φg;μνðk̄; P̄;−S̄; T̄;−R̄jn̄Þ; ð12Þ

Φg;μν�ðk; P; S; T; RjnÞ ¼ Φg;μνðk̄; P̄; S̄; T̄; R̄jn̄Þ ð13Þ

for gluon [26,27], where the charge conjugation is
C ¼ iγ2γ0, and the polarization vector and tensor are
transformed under the Lorentz covariant forms [24]. To
explain the transformation X̄, one can define the tensor
ḡμα ¼ diagð1;−1;−1;−1Þ, which will add a minus sign to
the three components of the four components. Then, the
vector and tensor are defined by

v̄μ ¼ ḡμαvα; T̄μν ¼ ḡμαḡνβT
αβ; R̄μνρ ¼ ḡμαḡνβḡ

ρ
δR

αβδ; ð14Þ

where vector v stands for k, P, and S. One finds that the
correlation function ΦðxÞ satisfies the Hermite, parity, and
time-reversal transformations.
One can project the correlation function decomposition

to different helicity components of the parton by con-
tracting the corresponding projection operators Γij listed in
Table I, where we introduce a new superscript symbol cðc̄Þ
meaning Xcðc̄Þ ¼ X1 � iX2 or Xcðc̄Þ ¼ Xx � iXy.
Moreover, the correlator Φqγþ about the quark helicity

indices i, j in Eq. (3) describes the forward scattering
amplitude of quark,
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Mq
ij ¼TrðΦγþΓq

ijÞ¼
Z

hP;Sjψ†
þið0Þψþjðz−ÞjP;Si; ð15Þ

where S is used to stand for all the polarization information.
For further convenience, we also introduce the “good”
component of the gluon strength tensor,

Gþμ
½−�T ¼ 1

2

�
Gþμ

T − iG̃þμ
T

�
; Gþμ

½þ�T ¼ 1

2

�
Gþμ

T þ iG̃þμ
T

�
; ð16Þ

where G̃þμ
T ¼ ϵμρT GþT

ρ and ½�� stands for the gluon helicity.
Then, the gluon correlation function will be described by
the distinct helicity gluon as

Mg
ij ¼ Φg;μνΓg

ij;μν

¼ 1

2Pþ

Z �
P; S

��Gþcðc̄Þ�
½i� ð0ÞGþcðc̄Þ

½j� ðz−Þ��P; S�; ð17Þ

where choosing c or c̄ depends on the corresponding
helicity ½iðjÞ�. In the helicity space, the matrix Mij will
be expressed as

Mq
ijðx; SÞ ¼

1

2

 
fq1 þ gq1SL þ fq1LLSLL þ gq1LLLSLLL hq1S

c
T þ hq1LLTS

c
LLT

hq1S
c̄
T þ hq1LLTS

c̄
LLT fq1 − gq1SL þ fq1LLSLL − gq1LLLSLLL

!
ð18aÞ

for quark and

Mg
ijðx; SÞ ¼

1

2

 
fg1 þ gg1SL þ fg1LLSLL þ gg1LLLSLLL hg1TTS

xc
TT

hg1TTS
xc̄
TT fg1 − gg1SL þ fg1LLSLL − gg1LLLSLLL

!
ð18bÞ

for gluon. Furthermore, in the tensor product space of
parton and hadron spins, the scattering amplitude has the
forms

Mq
λ0i;λj ¼

Z �
P; λ0

��ψ†
þið0Þψþjðz−Þ

��P; λ�
¼
X
n

�
P; λ0

��ψ†
þi

��Pn

��
Pn

��ψþj

��P; λ�
× δ
�
Pþ
n − ð1 − xÞPþ�; ð19aÞ

Mg
λ0i;λj ¼

1

2Pþ

Z �
P; λ0

��Gþcðc̄Þ�
½i� ð0ÞGþcðc̄Þ

½j� ðz−Þ��P; λ�
¼ 1

2Pþ
X
n

�
P; λ0

��Gþcðc̄Þ�
½i�

��Pn

��
Pn

��Gþcðc̄Þ
½j�

��P; λ�
× δ
�
Pþ
n − ð1 − xÞPþ�: ð19bÞ

One can relate the scattering amplitude Mij in Eqs. (15)
and (17) and the spin space amplitudeMλ0i;λj in Eq. (20) by
the hadron spin density matrix ρ,

Mij ¼ Mλ0i;λjρλλ0 : ð20Þ

The expression of the spin density matrix ρ for the spin-3=2
particle [24] is

ρ ¼ 1

4

�
1þ 4

5
SiΣi þ 2

3
TijΣij þ 8

9
RijkΣijk

	
; ð21Þ

where Σ is the four-dimensional polarization basis. Solving
Eq. (20), with the space j 3

2
þi, j 1

2
þi, j − 1

2
þi, j − 3

2
þi,

j 3
2
−i, j 1

2
−i, j − 1

2
−i, and j − 3

2
−i, one gets the spin space

amplitude Mλ0i;λj,

Mλ0i;λj ¼
1

2

�
Mλ0þ;λþ Mλ0þ;λ−

Mλ0−;λþ Mλ0−;λ−

	
; ð22Þ

where Mλ0i;λj is different between quark and gluon. Only a
small quantity of terms are nonzero with the helicity con-
servation λ0 − i ¼ λ − j, so we will only write the specific
form of all the nonzero matrix elements in the following.
For quark and gluon, the matrix elements with the same
helicities between the absorbed and emitted partons, which
correspond to the unpolarized and longitudinal-parton
PDFs, have the same forms,

ðλ0; λÞ Mq=g
λ0þ;λþ=M

q
λ0−;λ−�

3
2
; 3
2

�
=
�
− 3

2
;− 3

2

�
fq=g1 þ fq=g1LL þ 3

2
gq=g1 þ 3

10
gq=g1LLL�

1
2
; 1
2

�
=
�
− 1

2
;− 1

2

�
fq=g1 − fq=g1LL þ 1

2
gq=g1 − 9

10
gq=g1LLL�

− 1
2
;− 1

2

�
=
�
1
2
; 1
2

�
fq=g1 − fq=g1LL −

1
2
gq=g1 þ 9

10
gq=g1LLL�

− 3
2
;− 3

2

�
=
�
3
2
; 3
2

�
fq=g1 þ fq=g1LL − 3

2
gq=g1 − 3

10
gq=g1LLL

: ð23Þ

TABLE I. Leading twist projection operator Γij to different
parton helicity components.

ij þþ −− −þ þ−

Γq
ij

1
4
ð1þ γ5Þ 1

4
ð1 − γ5Þ 1

4
ðγ1 − iγ2Þ − 1

4
ðγ1 þ iγ2Þ

Γg
ij;μν

1
2
ðgμν − iϵTμνÞ 1

2
ðgμν þ iϵTμνÞ 1

2
τT;c̄ c̄;μν

1
2
τT;cc;μν
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For the quark transversity-parton PDFs, the helicity con-
servation constrains λ0 − λ ¼ i − j ¼ �1,

ðλ0; λÞ Mq
λ0þ;λ−=M

q
λ0−;λþ�

3
2
; 1
2

�
=
�
− 3

2
;− 1

2

� ffiffiffi
3

p
hq1 þ 2

ffiffi
3

p
5
hq1LLT�

1
2
;− 1

2

�
=
�
− 1

2
; 1
2

�
2hq1 −

6
5
hq1LLT�

− 1
2
;− 3

2

�
=
�
1
2
; 3
2

� ffiffiffi
3

p
hq1 þ 2

ffiffi
3

p
5
hq1LLT

: ð24Þ

For the gluon transversity-parton PDFs, the helicity
conservation constrains λ0 − λ ¼ i − j ¼ �2,

ðλ0; λÞ Mg
λ0þ;λ−=M

g
λ0−;λþ�

3
2
;− 1

2

�
=
�
− 3

2
; 1
2

�
2
ffiffiffi
3

p
hg1TT�

1
2
;− 3

2

�
=
�
− 1

2
; 3
2

�
2
ffiffiffi
3

p
hg1TT

: ð25Þ

In these above equations, the index T of the PDFs implies
the spin flip. Therefore, one T appears in the quark PDFs
and two Ts in the gluon PDFs due to different spins.

Relations between helicity amplitudes andPDFs.Observing
the matrix Mλ0i;λj, one finds the definition is the same with
the corresponding helicity amplitudes in the forward limit,

Aq
λ0i;λj ¼ Mq

λ0i;λj ¼
Z

hP; λ0jψ̄ð0ÞγþΓq
ijψðz−ÞjP; λi ð26aÞ

for quark and

Ag
λ0i;λj¼Mg

λ0i;λj ¼
1

Pþ

Z
hP;λ0jGþμð0ÞΓg

ij;μνG
νþðz−ÞjP;λi

ð26bÞ
for gluon. Analyzing the helicity amplitude Aλ0i;λj allows
for a deeper understanding of its properties and enables the
derivation of its relations with the distribution functions.
From the hermiticity, parity, and time reversal transforma-
tions, the helicity amplitudes (27) in the forward limit
satisfy the constraints [21,22,28]

Aλ0i;λ;j ¼ Aλj;λ0i; A−λ0−i;−λ;−j ¼ Aλj;λ0i: ð27Þ
Meanwhile, we have concluded that the helicity amplitudes
are real and only the amplitudes with helicity conservation
λ0 − λ ¼ i − j are nonzero in the forward limit [21,22].
Therefore, there are only six independent amplitudes and
PDFs for quark in the spin-3=2 particle and five for gluon.
The helicity amplitude matrix Aλ0i;λj in the tensor space of
the parton and hadron spins like Mλ0i;λj is shown as

Aq ¼

0
BBBBBBBBBBBBBBBBBBB@

Aq
3
2
þ;3

2
þ 0 0 0 0 Aq

1
2
−;3

2
þ 0 0

0 Aq
1
2
þ;1

2
þ 0 0 0 0 Aq

−1
2
−;1

2
þ 0

0 0 Aq
−1
2
þ;−1

2
þ 0 0 0 0 Aq

1
2
−;3

2
þ

0 0 0 Aq
−3
2
þ;−3

2
þ 0 0 0 0

0 0 0 0 Aq
−3
2
þ;−3

2
þ 0 0 0

Aq
1
2
−;3

2
þ 0 0 0 0 A−1

2
þ;−1

2
þ 0 0

0 Aq
−1
2
−;1

2
þ 0 0 0 0 Aq

1
2
þ;1

2
þ 0

0 0 Aq
1
2
−;3

2
þ 0 0 0 0 Aq

3
2
þ;3

2
þ

1
CCCCCCCCCCCCCCCCCCCA

; ð28aÞ

Ag ¼

0
BBBBBBBBBBBBBBBBBBB@

Ag
3
2
þ;3

2
þ 0 0 0 0 0 Ag

−1
2
−;3

2
þ 0

0 Ag
1
2
þ;1

2
þ 0 0 0 0 0 Ag

−1
2
−;3

2
þ

0 0 Ag
−1
2
þ;−1

2
þ 0 0 0 0 0

0 0 0 Ag
−3
2
þ;−3

2
þ 0 0 0 0

0 0 0 0 Ag
−3
2
þ;−3

2
þ 0 0 0

0 0 0 0 0 Ag
−1
2
þ;−1

2
þ 0 0

Ag
−1
2
−;3

2
þ 0 0 0 0 0 Ag

1
2
þ;1

2
þ 0

0 Ag
−1
2
−;3

2
þ 0 0 0 0 0 Ag

3
2
þ;3

2
þ

1
CCCCCCCCCCCCCCCCCCCA

ð28bÞ

for quark and gluon, respectively, where we just write the nonzero and independent terms.
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Comparing Eqs. (22) and (29), one gives the equa-
lities between the helicity amplitudes and PDFs by the
one-to-one correspondence of matrix elements. Solving the

equations, one obtains the distribution function definitions
from the helicity amplitudes. The unpolarized and longi-
tudinal-parton PDFs have the common definitions,

fq=g1 ¼


Aq=g

3
2
þ;3

2
þ þAq=g

−3
2
þ;−3

2
þ þAq=g

1
2
þ;1

2
þ þAq=g

−1
2
þ;−1

2
þ
� =

2;

fq=g1LL ¼
h


Aq=g
3
2
þ;3

2
þ þAq=g

−3
2
þ;−3

2
þ
�
−


Aq=g

1
2
þ;1

2
þ þAq=g

−1
2
þ;−1

2
þ
�i =

2;

gq=g1 ¼
h
3


Aq=g

3
2
þ;3

2
þ −Aq=g

−3
2
þ;−3

2
þ
�
þ


Aq=g

1
2
þ;1

2
þ −Aq=g

−1
2
þ;−1

2
þ
�i =

5;

gq=g1LLL ¼
h


Aq=g
3
2
þ;3

2
þ −Aq=g

−3
2
þ;−3

2
þ
�
−3


Aq=g

1
2
þ;1

2
þ −Aq=g

−1
2
þ;−1

2
þ
�i =

3: ð29Þ

Because the transversity-parton PDFs relate to the spin flip,
the quark and gluon PDFs have different forms. The quark
transversity-parton PDFs are defined as

hq1 ¼
2

5


 ffiffiffi
3

p
Aq

1
2
−;3

2
þ þAq

−1
2
−;1

2
þ
�
;

hq1LLT ¼ 1

3



2
ffiffiffi
3

p
Aq

1
2
−;3

2
þ − 3Aq

−1
2
−;1

2
þ
�
; ð30Þ

and the gluon transversity-parton PDF is defined as

hg1TT ¼ 1ffiffiffi
3

p Ag
−1
2
−;3

2
þ: ð31Þ

With the increase of spin, there are more independent
PDFs. The PDFs fq=g1LL and hg1TT only appear when the spin

s ≥ 1 and gq=g1LLL and hq1LLT only appear in the spin-3=2 and
higher spin particle.

Positivity constraints. Furthermore, being the square of a
scattering amplitude as explained in Eq. (20), the matrix
Mλ0i;λj in Eq. (20) and helicity amplitudes in Eq. (29) need
to satisfy the positive definiteness, which constrains the
helicity amplitudes,

Aq=g
aþ;aþ ≥ 0 with a ¼ 3

2
;
1

2
;−

1

2
;−

3

2
ð32aÞ

for quark and gluon,

Aq
3
2
þ;3

2
þA

q
−1
2
þ;−1

2
þ ≥

���Aq
1
2
−;3

2
þ

���2; Aq
1
2
þ;1

2
þ ≥
���Aq

−1
2
−;1

2
þ

��� ð32bÞ

for quark, and

Ag
3
2
þ;3

2
þA

g
−1
2
−;−1

2
− ≥

���Ag
−1
2
−;3

2
þ

���2 ð32cÞ

for gluon.
We can summarize the rule for any spin-s particle. The

helicity amplitudes in the forward limit have the con-
straints,

Aaþ;aþ ≥ 0 with a ¼ s; s − 1 � � � − s;

Aaþ;aþAb−;b− ≥ A2
b−;aþ with a ¼ s; s − 1 � � � > 0;

where a − b ¼ 1 for quark and a − b ¼ 2 for gluon from
the helicity conservation. For the spin-s particle, one can
obtain 2sþ 1þ ⌈s⌉ relations for quark and 2sþ 1þ bsc
relations for gluon, where ⌈s⌉ and bsc are the round up and
round down functions.
Meanwhile, from the positive definiteness of the matrix

Mλ0i;λj or the helicity amplitude inequalities in Eq. (34), one
obtains the bounds among the PDFs for the spin-3=2
particle,

fq=g1 þ fq=g1LL ≥
���� 32 gq=g1 þ 3

10
gq=g1LLL

����; ð33aÞ

fq=g1 − fq=g1LL ≥
���� 12 gq=g1 −

9

10
gq=g1LLL

���� ð33bÞ

for quark and gluon,

�
fq1 þ fq1LL þ 3

2
gq1 þ

3

10
gq1LLL

	�
fq1 − fq1LL −

1

2
gq1 þ

9

10
gq1LLL

	
≥ 3

�
hq1 þ

2

5
hq1LLT

	
2

; ð33cÞ

fq1 − fq1LL þ 1

2
gq1 −

9

10
gq1LLL ≥

����2hq1 − 6

5
hq1LLT

���� ð33dÞ

for quark, and
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�
fg1 þ fg1LL þ 3

2
gg1 þ

3

10
gg1LLL

	�
fg1 − fg1LL þ 1

2
gg1 −

9

10
gg1LLL

	
≥ 12ðhg1TTÞ2 ð33eÞ

for gluon. The resulting bounds generalize the classical
Soffer bound to the spin-3=2 case and provide essential
theoretical constraints for the model calculation or global
QCD analysis of the high-spin hadron structure. They will

serve as a necessary consistency check for future extractions
of spin-3=2 PDFs from lattice QCD or experimental data.
In the nonforward limit, the initial and final states have

different momenta, and the quark GPD is defined as

Z
hp0; Sjψ†

þið0Þψþjðz−Þjp; Si ¼
X
n

hp0; Sjψ†
þið0ÞjPnihPnjψþjð0Þjp; SiδðPþ

n − pþ þ xP̄þÞ; ð34Þ

where P̄ ¼ pþp0
2
, and which will reduce to the PDF when the initial and final state momenta become the same. According to

the Cauchy-Schwartz inequality [10],X
n

jhp; Sjψ†
þið0ÞjPni � ahp0; Sjψþjð0ÞjPnij2δðPþ

n − ð1 − xÞpþÞ ≥ 0; ð35Þ

where a is an arbitrary coefficient, one obtains

X
n

hp; Sjψ†
þið0ÞjPnihPnjψþið0Þjp; SiδðPþ

n − ð1 − xÞpþÞ þ
X
n

jaj2hp0; Sjψ†
þjð0ÞjPnihPnjψþjð0Þjp0; SiδðPþ

n − ð1 − xÞpþÞ

≥ 2Re
X
n

ahp0; Sjψ†
þið0ÞjPnihPnjψþjð0Þjp; SiδðPþ

n − ð1 − xÞpþÞ: ð36Þ

In the corresponding definitions of the PDFs and GPDs, the
parton momentum fraction has a different definition,
x1 ¼ x ¼ kþ

pþ, x2 ¼ kþ
p0þ and x3 ¼ kþ

P̄þ, which have the relation

pþ − x1pþ ¼ p0þ − x2p0þ ¼ pþ − x3P̄þ: ð37Þ

Then, Eq. (36) becomes the relation between the PDF and
GPD of the unpolarized quark,

fq1ðx1Þ þ jaj2fq1ðx2Þ ≥ 2Re½afq1ðx3; ξ; tÞ�: ð38Þ

According to the analogical process with the quark, one
obtains the gluon relation,

ð1þ ξÞfg1ðx1Þ þ ð1 − ξÞjaj2fg1ðx2Þ ≥ 2Re½afg1ðx3; ξ; tÞ�:
ð39Þ

These relations imply that the spin-averaged quark GPD
and gluon GPD are constrained by the corresponding
PDFs. If we set the initial and final particles with different
spins, one obtains the bounds on the transition GPD from
the initial and final particle PDFs. For example, the N − Δ
transition GPD can be estimated and constrained by the
nucleon and Δ PDFs [5,6,29]. These positivity bounds
provide extra restrictions for model inputs and reference for
the PDF and GPD extraction from the experiments [30–32].

Experimentally, 7Li is a stable and promising spin-3
2
target

to measure the PDFs, transverse-momentum-dependent
parton distributions, and GPDs by deep inelastic scattering,
semi-inclusive deep inelastic scattering, deeply-virtual
Compton scattering, and Drell-Yan processes [33]. For
example, it is possible to measure the PDFs by the Drell-
Yan process with the 7Li target in the Fermilab SpinQuest
experiment [34].

Summary. In this work, we established the foundational
positivity constraints for the leading-twist quark and gluon
PDFs of a spin-3=2 hadron, thereby generalizing the well-
known Soffer bound from spin-1=2 and spin-1 to the
higher-spin regime. The derivation is founded in a clear
physical principle: the antiparton-hadron forward scattering
amplitude Mλ0i;λj in the tensor space of the parton and
hadron spins, and it is expressed in terms of the PDFs and
must form a positive definite matrix.
To achieve this, we first defined the complete

set of six independent quark PDFs ðfq1; gq1; hq1; fq1LL;
gq1LLL; h

q
1LLTÞ and five independent gluon PDFs

ðfg1; gg1; fg1LL; hg1TT; gg1LLLÞ for a spin-3=2 particle within
the light cone correlation function framework. A crucial
step is the connection established between these PDFs and
the antiparton-hadron forward scattering amplitude Mλ0i;λj.
Meanwhile, we obtained the definitions of the PDFs from
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helicity amplitude Aλ0i;λj, which has the same definition
as Mλ0i;λj. Positive definiteness of the antiparton-hadron
forward scattering amplitude constrains the helicity
amplitudes by 2sþ 1þ ⌈s⌉ inequalities for quark and 2sþ
1þ bsc inequalities for gluon. Meanwhile, positive defi-
niteness determines the bounds on the quark and gluonPDFs
of the spin-3=2 particle. Moreover, we also obtained the
quark and gluon constraints between the PDFs and GPDs.
The derived bounds are essential for the future of high-spin
hadron structure studies. These inequalities provide the
rigorousmathematical boundaries that any physically viable
model or extraction of these distributions must obey.
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