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Generalizing the Soffer bound: Positivity constraints on parton distributions
of spin-3/2 particles
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We derive the complete set of positivity bounds for the leading-twist parton distribution functions
(PDFs) of a spin-3/2 hadron for the first time. This work generalizes the Soffer bound, a fundamental
constraint for spin-1/2 nucleons, to quark and gluon distribution functions in higher-spin systems. Expressing
the antiparton-hadron scattering amplitudes in terms of the PDFs and the spin density matrix, we establish the
connections between the PDFs and the scattering amplitudes in the tensor product space of the parton and
hadron spins. Moreover, we obtain the definitions of the PDFs in terms of the helicity amplitudes. Positive
definiteness of the scattering amplitude matrix yields a set of inequalities that define the physically allowed
parameter space for the helicity amplitudes and a set of constraints for the PDFs. The Cauchy-Schwartz
inequality determines the constrains between the PDFs and generalized parton distributions.
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Introduction. The internal structure of hadrons, described
by the parton distribution functions (PDFs), is fundamental
to understanding strong interaction dynamics in quantum
chromodynamics (QCD). For spin-1/2 hadrons, the theo-
retical framework is well established, with three leading-
twist quark distributions—the unpolarized distribution
f1(x), the longitudinal distribution g,(x), and the trans-
versity distribution /;(x)—and there have been many
studies [1-9]. A critical theory constraint on these functions
is the Soffer bound, |h;(x)| <1[fi(x)+ gi(x)] [2.10],
which is derived from the positivity of probability densities
and provides essential constraints for global QCD analyses
of the polarized deep-inelastic scattering and provides a

fundamental test method for the self-consistency of the
parton model [11-14].
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The extension of this formalism to hadrons with higher
spin presents a natural and important frontier in hadron
structure physics. As the particle spin increases, there are
additional PDFs, like the higher order unpolarized-parton
PDF f;; (x) for quark in the spin-1 particle [15,16] and the
longitudinal-parton PDF g,;;;(x) and transversity-parton
PDF h;;7(x) in the spin-3/2 particle. The gluon PDFs
have a similar property. For these systems, the basis of the
PDFs is expanded by additional functions related to vector
and tensor polarizations. The generalization of positivity
constraints to spin-1 particles was systematically derived
and established a more complex set of inequalities that must
be satisfied by their PDFs [15,17-19].

For spin-3/2 hadrons like the A(1232) resonance, the
richer polarization information leads to the new PDFs.
Formally defining these distributions requires careful treat-
ment within the Rarita-Schwinger formalism [20]. Several
theoretical studies have explored aspects of the spin-3/2
hadron structure, and our early work established formal
definitions for some structure related functions, like gen-
eralized parton distributions (GPDs) [21,22]. Despite this
progress, a systematic derivation of the complete set of
positivity bounds for the spin-3/2 PDFs, a direct and
necessary generalization of the spin-1/2 Soffer bound and
the spin-1 constraints, has not been presented. Such bounds
are indispensable. They ensure the physical viability of
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model predictions, provide critical constraints for future
global QCD fits, and are prerequisites for the reliable
extraction of these functions from experimental data or
lattice QCD calculations [23].

In this work, from the correlation function that defines
the PDFs, we give the antiparton-hadron scattering ampli-
tude in terms of the PDFs of the spin-3/2 particle. For
the quark and gluon, we respectively derive the relations
between the PDFs and helicity amplitudes, and obtain the
constraints on the PDFs according to the positivity of
the scattering amplitude. In the nonforward limit, we also
derive the bounds between the PDFs and GPDs.

PDFs of the spin-3/2 particle. The PDFs of the quark and
gluon can be respectively defined from the light cone
correlation functions,

% (1) = / (P.S.T. Rt (0)y;(z)|P.S.T.R). (1)

<I>§’]'.””(x)—%/<P,S,T,R|GT”(O)G’;+(z‘)|P,S,T,R>, (2)
where [ represents [ ¢™7"*", and also in the following
content, x is the light cone momentum fraction of the
parton, x = k*/P*, in which k and P respectively are
the momenta of the parton and the target hadron. The
convention of the four vector » in the light cone co-
ordinate is v = (v™,v™, v7), with v* = %(vo + %) and
vy = (v',v?). In the following, the vector carrying the
subscript 7' implies that the corresponding index only takes
1, 2 or x, y components. The y and G”° are the quark field
and gluon field strength tensor. The indices i and j
represent the helicities of the absorbed and emitted partons,
with i, j = i% for quark and i, j = %1 for gluon due to the
different spin. The a and b are the four component indices
of the spinors, and all the traces in the following act on a
and b. In Egs. (1) and (2), S, T, and R carry the polarization
information of the spin-3/2 hadron. In this work, the light
cone gauge is considered, so that the Wilson line does not
appear in the correlation functions.

For the spin-3/2 particle, one can specify the polariza-
tion state by the spin vector S, the rank-2 spin tensor 7, and
the rank-3 spin tensor R in the target rest frame [24]. By
considering only the leading twist, the quark matrix ®9y*
contains all the quark PDF information,

Oyt = (f{+ giSpys + h{ysSr + 1,500
+ g(IILLLSLLLJ/S + h?LLTySSLLT)P+7 (3)

where P, = %y‘y+ is the projection operator, which
projects the fermion field to the “good” component,
v, = P,w. Meanwhile, the gluon correlation function is
decomposed to the leading twist PDFs as

1 v . v
O = 2 (fldr + giSLier + hirrSrr

+ LSy + 9 SeeLier’), (4)

where
g =g — it — nvi, (5)
€ = eappodt i W0, (6)

1 1 1
TT,;w;p(f = ing)gTyo’ + EgT;m'gTy/) - EgT;ngpo" (7)

with n# = 1/+/2(1,0,0,-1) and #* = 1/v/2(1,0,0,1).

Moreover, the correlation function ®(x) has the follow-
ing properties under Hermite, parity, and time-reversal
transformations:

@7 (k. P, S.T.R|n) = °®(k. P.S.T.R|n)/", (8)

®4*(k, P, S, T,R|n) = (—iysC)®4(k,P,S,T,R|n)
x (=iysC) (10)
for quark [25] and

% (k, P, S, T, R|n) = ®%#(k, P, S,T,R|n). (11)

o (k. P.S.T.R|n) = @ (k. P.~8.T.~R|n). ~ (12)

4 (k, P, S, T.R|n) = @ (k. P.S.T.Rla)  (13)

for gluon [26,27], where the charge conjugation is
C = iy*y°, and the polarization vector and tensor are
transformed under the Lorentz covariant forms [24]. To
explain the transformation X, one can define the tensor
Ja = diag(1,—1,—1,—1), which will add a minus sign to
the three components of the four components. Then, the
vector and tensor are defined by

B g, T = ghg TP, R =GR, (14)
where vector v stands for &k, P, and S. One finds that the
correlation function ®@(x) satisfies the Hermite, parity, and
time-reversal transformations.

One can project the correlation function decomposition
to different helicity components of the parton by con-
tracting the corresponding projection operators I';; listed in
Table I, where we introduce a new superscript symbol ¢(¢)
meaning X¢©©) = X! 4+ iX? or X°(0) = X* + X,

Moreover, the correlator ®9y™ about the quark helicity
indices i, j in Eq. (3) describes the forward scattering
amplitude of quark,
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TABLE 1. Leading twist projection operator I';; to different

parton helicity components.

ij ++ — —+ +-
i $(1+7s)

g 1
Fz//w j(g/w -

4]‘1(1—75) 411

ieTyb) %(g/w + ieT;w)

—Tr(®y'TY) = / (P,

LW ()|P.S).  (15)

where S is used to stand for all the polarization information.
For further convenience, we also introduce the “good”
component of the gluon strength tensor,

Mi(x,8) = 2(

for quark and

h[l]ST + hlLLT LLT

1(f
Mi]j(x S)_§< l

g xXC
h]TTSTT

for gluon. Furthermore, in the tensor product space of
parton and hadron spins, the scattering amplitude has the
forms

My = [ P20 )lP.2)
= Z<P"V|l//1i|Pn><Pn}l//+j}P’/l>
x8(Py — (1 —x)P"), (19a)
Ml =5ps [ (P21G O GO @)|P.2)

= 37 P16 )Pl 2)

x5(Py = (1—=x)P™). (19b)
One can relate the scattering amplitude M;; in Egs. (15)
and (17) and the spin space amplitude M, ,; 1n Eq. (20) by
the hadron spin density matrix p,
M;i =My, ,;ipiy- (20)
The expression of the spin density matrix p for the spin-3/2
particle [24] is

FL+9iSe+ fieSee +910Seee

1+ 918, + flSe + 9l Se

1 -
+ + tHy v
—iG7"), Gl = =3 (G +iG"). (16)
where G = ;G and [£] stands for the gluon helicity.
Then, the gluon correlation function will be described by
the distinct helicity gluon as

MY = @s#TY,
1

:F/<P,S|G[+ﬂc<c>*(0)c;[j” )|P.S).

(17)
where choosing ¢ or ¢ depends on the corresponding
helicity [i(j)]. In the helicity space, the matrix M;; will
be expressed as

h{SG + hi; 1Sy (18a)
Fl=91Se+ S — 9l Se
W SEr )
— 1S + S = 91 Seer

1 4 02 8 . .

=— (1 4+ -8 + =TI 4 —RUKZIk) (21
p 4< B R ) @)
where X is the four-dimensional polarization basis. Solving
Eq. (20), with the space |34), [1+), |=3+), [=3+),
13-), [4=), | —=4-), and | =3 —), one gets the spin space
amplitude My, ;;,

1My g My -
Mﬁ’i,ﬁj: ( P

5 (22)
2\ My_j My

where M, ;; is different between quark and gluon. Only a
small quantity of terms are nonzero with the helicity con-
servation A’ — i = A — j, so we will only write the specific
form of all the nonzero matrix elements in the following.
For quark and gluon, the matrix elements with the same
helicities between the absorbed and emitted partons, which
correspond to the unpolarized and longitudinal-parton
PDFs, have the same forms,

(2. 4) MY M
G/CL=D | A 3 ol
(8)/(=5.=3) | A =rig +30 Tl (23)
(_%’_ /( ’%) fi]/g_f(lll{i_2gi]/g+90g‘1]£iL
(-3.-9/G-3)

SRR T

L111901-3



FU, DONG, KUMANO, and XIE

PHYS. REV. D 113, L111901 (2026)

For the quark transversity-parton PDFs, the helicity con-
servation constrains ' —1=i—j = =+1,

Mz’+,/1—/MZ’—,/1+

\/§h(11 + % h(lILLT
Zh? - g h(IILLT .

\/§hil + 25£ h?LLT

For the gluon transversity-parton PDFs, the helicity
conservation constrains /' — 1 =i — j = +2,

(4, 4)

(24)

‘ Mi’+,/1—/Mg

N—A+
G-DiRY | 2, . (9)
gD/ | vy,

In these above equations, the index 7 of the PDFs implies
the spin flip. Therefore, one T appears in the quark PDFs
and two T's in the gluon PDFs due to different spins.

Relations between helicity amplitudes and PDFs. Observing
the matrix M, ,;, one finds the definition is the same with
the corresponding helicity amplitudes in the forward limit,
|

q
Ay 0 0 0
0 AL, 0 0
q
0 0 AL 0
0 0 0o A
A =
0 0 0 0
q
AL, 0 0 0
q
0 A, 0 0
q
0 0 AL 0
9
A0 0 0
9
0 A, 0
9
0 0 AL 0
0 0 0 A
A7 =
0 0 0 0
0 0 0 0
g
Al 0 0 0
0 AL 0 0

Aq’i,ﬁj = Mg’i,j,j = / <P,ﬂl|l/_/(0)}/+r‘;]/l//(z_) P7/1> (268')
for quark and
1
‘Ag’i,/{j:M/gl’i,/lj :I’*/ (PAIG™(O0)TY; G (z7)|P,4)
(26b)

for gluon. Analyzing the helicity amplitude Ay, ;; allows
for a deeper understanding of its properties and enables the
derivation of its relations with the distribution functions.
From the hermiticity, parity, and time reversal transforma-
tions, the helicity amplitudes (27) in the forward limit
satisfy the constraints [21,22,28]

Apiag = Ajris Alpsia-j = A (27)

Meanwhile, we have concluded that the helicity amplitudes
are real and only the amplitudes with helicity conservation
A —A=1i-j are nonzero in the forward limit [21,22].
Therefore, there are only six independent amplitudes and
PDFs for quark in the spin-3/2 particle and five for gluon.
The helicity amplitude matrix Ay, ,; in the tensor space of
the parton and hadron spins like M, ,; is shown as

0 A, 0 0
! 0 AZ%—.%+ 0
" ° 0 A
0 0 0 0
Aq—%+,—§+ 0 0 0 ’ (28a)
0 Agprp 0 0
’ 0 ALy 0
’ 0 0 'A§+,§+
" 0 AL, 0
0 0 0 A i
0 0 0 0
0 0 0 0
ALy 0 0 0 (28b)
0 Al 0 0
! 0 A§+.%+ 0
’ 0 0 A§+.%+

for quark and gluon, respectively, where we just write the nonzero and independent terms.
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Comparing Egs. (22) and (29), one gives the equa-
lities between the helicity amplitudes and PDFs by the
one-to-one correspondence of matrix elements. Solving the

|

q/9 _ q/f/
1= (g, +
q/g _ {( A9/9 /
1LL - ’+ 3+
[ ( A9/9
'$+ 3+
- [

Because the transversity-parton PDFs relate to the spin flip,
the quark and gluon PDFs have different forms. The quark
transversity-parton PDFs are defined as

(fAl 3++A‘fl_l+),
hlLLT—*(Z\/_-Al z+— 1 1+) (30)

and the gluon transversity-parton PDF is defined as

1
hélzTT = ﬁ

With the increase of spin, there are more independent

PDFs. The PDFs f9/4 and h?,, only appear when the spin

s> 1and ¢//%, and h?,, , only appear in the spin-3/2 and

higher spin particle.

A% (31)

-5t

Positivity constraints. Furthermore, being the square of a
scattering amplitude as explained in Eq. (20), the matrix
My;,; in Eq. (20) and helicity amplitudes in Eq. (29) need
to satisfy the positive definiteness, which constrains the
helicity amplitudes,

. 31 1 3
AZ{;'_SI,Q+ ZO with «a :E,E,—E,—E (328_)
for quark and gluon,
q q q q
A 2 ‘A; 3+ Az+,%+ Z"“ ‘ .%+‘ (32b)

3 3
<f1+flLL+ g + loglLLL> <f?_ (IILL_Egl

1
1= Fl+5

for quark, and

Aq/ g

2‘L 2‘L

g )_(Aq/g JFACZ

equations, one obtains the distribution function definitions
from the helicity amplitudes. The unpolarized and longi-
tudinal-parton PDFs have the common definitions,

HAY L)/
b/

A+

AT )+ (A =AY/

+) 3(“44/51l —AZ/%‘

La)]/3 29)

1
§+,§+

|
for quark, and

(32¢)

for gluon.

We can summarize the rule for any spin-s particle. The
helicity amplitudes in the forward limit have the con-
straints,

Aa+,a+ >0 with a=s,s—1---—3s,
AararAp-p- 2

Ai_,ﬁ with a=s,5s—1--->0,
where a — b = 1 for quark and a — b = 2 for gluon from
the helicity conservation. For the spin-s particle, one can
obtain 2s + 1 + [s] relations for quark and 2s + 1 + |s]
relations for gluon, where [s] and |s| are the round up and
round down functions.

Meanwhile, from the positive definiteness of the matrix
My; ,; or the helicity amplitude inequalities in Eq. (34), one
obtains the bounds among the PDFs for the spin-3/2
particle,

y 3 a9, 3
e B e i) oo

1 9
R |y - et G

for quark and gluon,

9 4 ¢ 24 ?
+1_0-91LLL 23 h1+§h1LLT ’ (33c¢)
g2 g > [2h 6h’1 33d
291~ = |4 T gy (33d)
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g 3 3 1 9 4
(A4 S+ 34 St ) (7= Pl 50 = s ) > 1208,

for gluon. The resulting bounds generalize the classical
Soffer bound to the spin-3/2 case and provide essential
theoretical constraints for the model calculation or global
QCD analysis of the high-spin hadron structure. They will
|

/Wﬂ%@m@)

n

p.S) = (P Sl (0)|Py)(Pulyr;(0)

(33e)

I
serve as a necessary consistency check for future extractions
of spin-3/2 PDFs from lattice QCD or experimental data.
In the nonforward limit, the initial and final states have
different momenta, and the quark GPD is defined as

p.S)8(P;; — p* +xP*), (34)

where P = Z£2 and which will reduce to the PDF when the initial and final state momenta become the same. According to

2 b
the Cauchy-Schwartz inequality [10],

> 1. Sl (0)|P,) £ alp’, Sy, (0)|P,) P8(P — (1= x)p*) 20, (35)

n

where a is an arbitrary coefficient, one obtains

n

> (.Sl (0)[P,) (Pl (0)p. S)8(P = (1= x)p™) + > _|al(p. Sl ;(0)|P,) (Pylw;(0)|p'. S)5(P; — (1 - x)p*)

> 2Rey _a(p', SlwLi(0)|P,) (Plw;(0)|p. S)3(P = (1= x)p*). (36)

In the corresponding definitions of the PDFs and GPDs, the
parton momentum fraction has a different definition,

+ + + . .
X =x= [’;j, Xy = I’)‘T and x; = 1’-3—+, which have the relation

pr—xipt =p't —xp't = pt —x;Pt. (37
Then, Eq. (36) becomes the relation between the PDF and

GPD of the unpolarized quark,

F10e) + laPfi(x2) 2 2Refaf{(x3.€.1)].  (38)

According to the analogical process with the quark, one
obtains the gluon relation,

(1+8)f1(x1) + (1 = &)lal’f{(x2) > 2Re[af](x3.£.1)].
(39)

These relations imply that the spin-averaged quark GPD
and gluon GPD are constrained by the corresponding
PDFs. If we set the initial and final particles with different
spins, one obtains the bounds on the transition GPD from
the initial and final particle PDFs. For example, the N — A
transition GPD can be estimated and constrained by the
nucleon and A PDFs [5,6,29]. These positivity bounds
provide extra restrictions for model inputs and reference for
the PDF and GPD extraction from the experiments [30-32].

I
Experimentally, 'Li is a stable and promising spin-% target
to measure the PDFs, transverse-momentum-dependent
parton distributions, and GPDs by deep inelastic scattering,
semi-inclusive deep inelastic scattering, deeply-virtual
Compton scattering, and Drell-Yan processes [33]. For
example, it is possible to measure the PDFs by the Drell-
Yan process with the Li target in the Fermilab SpinQuest
experiment [34].

Summary. In this work, we established the foundational
positivity constraints for the leading-twist quark and gluon
PDFs of a spin-3/2 hadron, thereby generalizing the well-
known Soffer bound from spin-1/2 and spin-1 to the
higher-spin regime. The derivation is founded in a clear
physical principle: the antiparton-hadron forward scattering
amplitude My, ;; in the tensor space of the parton and
hadron spins, and it is expressed in terms of the PDFs and
must form a positive definite matrix.

To achieve this, we first defined the complete
set of six independent quark PDFs (f7,¢f ni, f1,,,
gl k1 ;) and five independent gluon PDFs
(1. g, f Rl gl .,) for a spin-3/2 particle within
the light cone correlation function framework. A crucial
step is the connection established between these PDFs and
the antiparton-hadron forward scattering amplitude M, ;.
Meanwhile, we obtained the definitions of the PDFs from
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helicity amplitude Ay, ;;, which has the same definition
as My, ,;. Positive definiteness of the antiparton-hadron
forward scattering amplitude constrains the helicity
amplitudes by 2s + 1 + [s] inequalities for quark and 2s +
1 + |s] inequalities for gluon. Meanwhile, positive defi-
niteness determines the bounds on the quark and gluon PDFs
of the spin-3/2 particle. Moreover, we also obtained the
quark and gluon constraints between the PDFs and GPDs.
The derived bounds are essential for the future of high-spin
hadron structure studies. These inequalities provide the
rigorous mathematical boundaries that any physically viable
model or extraction of these distributions must obey.
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