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We investigate the nucleon’s chiral-odd generalized parton distribution functions (GPDs) in the large-
Nc limit of quantum chromodynamics (QCD). Extending previous work [Phys. Rev. D 111, 074007
(2025)] on the leading-order contribution in the 1=Nc expansion, we focus on the next-to-leading-order
contributions and provide a complete set of flavor-singlet and flavor-non-singlet chiral-odd GPDs. This
study includes the derivation of the spin-flavor structure of the baryon matrix element of the chiral-odd
operator, the proof of the polynomiality property and associated sum rules, and numerical estimates
based on the gradient expansion. The spin-flavor structure of the nucleon matrix element is interpreted
through a multipole expansion in the transverse momentum transfer, leading to the definition of
multipole mean-field GPDs. Using these GPDs as the basis of our analysis, we take their mth moments
and demonstrate the polynomiality property within the mean-field framework, making use of discrete
symmetries in the proof. In particular, the first moments (m ¼ 1) of the GPDs are related to the nucleon
tensor form factors, as generally required. By performing a gradient expansion, we compute the chiral-
odd GPDs and present numerical estimates. Our results show reasonable agreement with lattice QCD
predictions.
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I. INTRODUCTION

Generalized parton distributions (GPDs) are a powerful
tool for investigating the internal structure of the nucleon,
unifying the concepts of parton distribution functions
and nucleon form factors (see Refs. [1–4] for reviews).
In particular, chiral-odd GPDs contain information about
the distribution of transversely polarized partons within the
nucleon. In the transverse coordinate representation, they
offer a spatial interpretation of how such partons are
distributed in impact parameter space [5,6]. Despite their
importance, chiral-odd GPDs remain less well understood
than their chiral-even counterparts, due to their suppression
in leading-twist hard exclusive processes and the relatively
limited theoretical understanding.
Although chiral-odd GPDs enter at subleading twist, they

can be accessed experimentally via the twist-3 mechanism in
exclusive pseudoscalar meson production, through their
coupling to chiral-odd meson distribution amplitudes [7–10].
This mechanism, though formally suppressed, yields sizable

contributions at intermediate momentum transfers, consis-
tent with JLab 6 GeV data [11–13]. These findings have
motivated further studies at JLab 12 GeV [14], CERN
COMPASS [15], and the future Electron-Ion Collider
[16], highlighting the need for precise theoretical input to
support current and forthcoming experiments. Moreover,
feasible measurements probing chiral-odd GPDs have been
proposed in various contexts, including diffractive electro-
production of two vector mesons [17,18], photoproduction
of lepton pairs [19], exclusive neutrino production of a
charmed meson [20,21], and exclusive photoproduction of a
γρ pair [22,23].
Spontaneous chiral symmetry breaking (SχSB) is a

fundamental phenomenon underlying the nonperturbative
structure of the nucleon. One of the most plausible mech-
anisms responsible for SχSB is the quantum chromodynam-
ics (QCD) instanton vacuum. At a low normalization scale,
the QCD vacuum is posited to be populated by an ensemble
of instantons, with an average instanton size of ρ̄ ≈ 1=3 fm
and an average inter-instanton distance of R̄ ≈ 1 fm. These
instantons induce localized zeromodes of fermion fieldswith
definite chirality. The delocalization of these modes leads to
the spontaneous breaking of chiral symmetry, dynamically
generating a fermion mass (see Refs. [24,25] for a review).
Upon bosonization of the fermionic degrees of freedom, the
Goldstone boson—identified with the massless pion—
emerges as an effective degree of freedom. Consequently,
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an effective chiral action capturing the essential nonpertur-
bative dynamics of QCD emerges [26–28].
By employing the semiclassical approximation to the

effective chiral action—justified in the large-Nc limit of
QCD—the internal dynamics of the nucleon can be sys-
tematically studied. In this limit, quantum fluctuations of
the pion field are suppressed, and the pion field is governed
by the solution to the classical equations of motion. This
framework is commonly referred to as the mean-field
picture. Within this framework, the nucleon is described
as a bound state ofNc valence quarks interacting with a self-
consistent pion mean field [29] (see also Refs. [30–32] for a
review). In particular, a key feature of the 1=Nc expansion is
the emergence of spin-flavor symmetry [33,34], which is
naturally realized in the mean-field picture through the so-
called hedgehog symmetry [35,36]—a minimal generaliza-
tion of spherical symmetry that preserves simultaneous
rotations in ordinary space and isospin space.While treating
the mean-field solution as an abstract object, the spin-flavor
structure of QCD matrix elements has been investigated in
various contexts [1,37–41]. In addition, based on self-
consistent mean-field solutions, studies have explored
tensor form factors [42–45] and transversity parton distri-
butions [46,47]. Only very recently, a comprehensive study
[37] of chiral-odd GPDs at leading order in the 1=Nc
expansion has been conducted, including the derivation
of their spin-flavor structure andproofs of polynomiality and
sum rules. However, the spin-flavor structure at leading-
order (LO) is not sufficient to account for the complete set of
chiral-odd GPDs in both the flavor-singlet and flavor-non-
singlet sectors.
In this work, we extend the analysis of the chiral-odd

GPDs to next-to-leading order (NLO) in the 1=Nc expan-
sion, completing the spin-flavor structures that were miss-
ing at LO in both the flavor-singlet and flavor-nonsinglet
sectors. This study also includes the proof of the poly-
nomiality property and the corresponding sum rules in the
single-particle representation. In addition, we provide
numerical predictions for the chiral-odd GPDs using the
gradient expansion.
The nonperturbative aspects of the chiral-odd GPDs have

also been explored using various quark model approaches,
including light-front quark models [48–51], the bag model
[52], and the basis light-front quantization model [53,54].
The tensor form factors have been calculated within the
framework of light-cone QCD sum rules [55]. In lattice
QCD, the moments of GPDs have been computed in
Refs. [56–58], while the x-dependence of the chiral-odd
GPDs [59–61] has been extracted by computing quasi-
GPDs and performing perturbative matching.
This paper is organized as follows. In Sec. II, we define

the chiral-odd GPDs and discuss their polynomiality
properties, along with the sum rules that relate them to
tensor form factors in a general framework. Section III
introduces the pion mean-field picture. Based on this

approach, we derive the spin-flavor structure of the matrix
element of the chiral-odd operator. Through the multipole
expansion, we then obtain the corresponding mean-field
GPDs in the 1=Nc expansion. In Sec. V, we compute the
mth moments of the mean-field GPDs. Using discrete
symmetries and these moment results, we demonstrate
their polynomiality and verify the associated sum rules. In
Sec. VI, the chiral-odd GPDs are analyzed using the
gradient expansion. In Sec. VII, we present numerical
estimates of the chiral-odd GPDs and compare them with
lattice QCD results. The final section, Sec. VIII, summa-
rizes our findings and draws conclusions.

II. GENERAL FORMALISM

The matrix element of the chiral-odd operator between
nucleon states is defined as

MGPDs½iσþj� ¼ Pþ
Z

dz−

2π
eixP

þz−

× hp0; s0jψ̄
�
−
z
2

�
×

�
−
z
2
;
z
2

�
iσþjψ

�
z
2

�
jp; si

����
zþ;z⊥¼0

: ð1Þ

ψ and ψ̄ denote the quark field operators, σμν ≡
ði=2Þ½γμ; γν�, and the components of a light-cone four-
vector are defined as v�≡ ðv0�v3Þ= ffiffiffi

2
p

and v⊥¼ðv1;v2Þ.
The space-time separation z between the quark fields is
lightlike, satisfying z2 ¼ 0 and ½−z=2; z=2� represents the
gauge link that ensures gauge invariance. The initial and
final nucleon four-momenta are p and p0, with their average
and difference defined as P≡ ðp0 þ pÞ=2 and Δ≡ p0 − p,
respectively. The variables s and s0 denote the spin polar-
izations of the initial and final nucleon states.
The matrix element of Eq. (1) is parametrized as

MGPDs½iσþj� ¼ ū0
�
iσþjHT þ PþΔj − ΔþPj

M2
N

H̃T

þ γþΔj − Δþγj

2MN
ET þ γþPj − Pþγj

MN
ẼT

�
u:

ð2Þ
u≡ uðp; sÞ and ū0 ≡ ūðp0; s0Þ are the Dirac spinors corre-
sponding to the initial and final nucleon states, respectively.
These spinors are normalized such that ūu ¼ ū0u0 ¼ 2MN ,
where MN denotes the nucleon mass. The functions HT ,
H̃T , ET , and ẼT are chiral-odd GPDs. They depend on the
longitudinal momentum fraction x carried by partons, the
skewness ξ≡ −Δþ=2Pþ, and the squared four-momentum
transfer t≡ Δ2. These GPDs also depend on the renorm-
alization scale of the QCD operator, although this depend-
ence is not shown explicitly. Moreover, both the QCD
operator in Eq. (1) and the chiral-odd GPDs in Eq. (2)
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depend on the quark flavor component f ¼ ðu; dÞ. In what
follows, we will specify the flavor index only when
necessary.
The time-reversal symmetry of the matrix element (1)

imposes a constraint on the behavior of the chiral-odd
GPDs under the transformation ξ → −ξ

Fðx; ξ; tÞ ¼ þFðx;−ξ; tÞ for F ¼ HT; H̃T; ET; ð3aÞ

Fðx; ξ; tÞ ¼ −Fðx;−ξ; tÞ for F ¼ ẼT: ð3bÞ

Most importantly, the partonic operator in Eq. (1) can be
expanded in powers of the lightlike separation, generating a
tower of local operators with increasing spin. Integrating
the xm−1-weighted partonic operator over x yields a local
operator of spin m, whose matrix elements are parame-
trized by generalized form factors. Consequently, the mth
moments of the GPDs can be expressed as polynomials in
ξ, with coefficients given by generalized form factors that
depend on t [62]Z

1

−1
dxxm−1HTðx; ξ; tÞ ¼

Xm−1

i¼0
even

ð−2ξÞiATm;iðtÞ; ð4aÞ

Z
1

−1
dxxm−1H̃Tðx; ξ; tÞ ¼

Xm−1

i¼0
even

ð−2ξÞiÃTm;iðtÞ; ð4bÞ

Z
1

−1
dxxm−1ETðx; ξ; tÞ ¼

Xm−1

i¼0
even

ð−2ξÞiBTm;iðtÞ; ð4cÞ

Z
1

−1
dxxm−1ẼTðx; ξ; tÞ ¼

Xm−1

i¼0
odd

ð−2ξÞiB̃Tm;iðtÞ: ð4dÞ

The polynomials are either even or odd functions of ξ, as
dictated by Eq. (3). The degree of the polynomial repre-
senting the mth moment is at most m − 1, with the precise
degree depending on the parity of m − 1 and the specific
GPD under consideration. The coefficients of these poly-
nomials depend solely on t and are referred to as gener-
alized tensor form factors. The polynomiality property
given in Eq. (4) plays a fundamental role in determining the
structure of the GPDs.
The first moments of the chiral-odd GPDs are related to

the nucleon tensor form factors. The nucleon matrix
element of the local tensor operator is parametrized as

MFFs½iσμν� ¼ hp0; s0jψ̄ð0Þiσμνψð0Þjp; si

¼ ū0
�
iσμνHTðtÞ þ

PμΔν − ΔμPν

M2
N

H̃TðtÞ

þ γμΔν − Δμγν

2MN
ETðtÞ

�
u: ð5Þ

By comparing Eqs. (1) and (5), one obtains the relationsZ
1

−1
dxHTðx; ξ; tÞ ¼ AT10ðtÞ≡HTðtÞ; ð6aÞ

Z
1

−1
dxH̃Tðx; ξ; tÞ ¼ ÃT10ðtÞ≡ H̃TðtÞ; ð6bÞ

Z
1

−1
dxETðx; ξ; tÞ ¼ BT10ðtÞ≡ ETðtÞ; ð6cÞ

Z
1

−1
dxẼTðx; ξ; tÞ ¼ 0: ð6dÞ

In the forward limit, where ξ → 0 and jtj → 0, the chiral-
odd GPD HT reduces to the transversity parton distribution
function:

HTðx; ξ ¼ 0; t ¼ 0Þ ¼ h1ðxÞ: ð7Þ

Its first moment corresponds to the nucleon’s tensor chargeZ
1

−1
dxHTðx; ξ ¼ 0; t ¼ 0Þ

¼
Z

1

−1
dxh1ðxÞ ¼ HTð0Þ ¼ gT: ð8Þ

In the context of exclusive pseudoscalar meson production,
it is convenient to consider the linear combination of chiral-
odd GPDs defined as

ĒT ≡ ET þ 2H̃T: ð9Þ

The first moment of ĒT in the forward limit yields the
nucleon’s anomalous tensor magnetic momentZ

1

−1
dxĒTðx; ξ ¼ 0; t ¼ 0Þ

¼ ETð0Þ þ 2H̃Tð0Þ ¼ κT: ð10Þ

These results show that chiral-odd GPDs encode informa-
tion about fundamental nucleon properties as probed by
local tensor operators. Further discussions on the second
moments of chiral-odd GPDs and their mechanical inter-
pretations can be found in Refs. [5,63,64].

III. PION MEAN-FIELD APPROACH

A. Effective chiral theory

Nonperturbative dynamics of baryon structure can be
studied using a mean-field approach based on an effective
chiral theory. This effective theory emerges from the QCD
instanton vacuum (see Refs. [24,30]), where the QCD
vacuum is dominated by an ensemble of instantons with
a dilute density proportional to ðρ̄=R̄Þ4 ≈ 0.01. Here,
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ρ̄ ≈ 1=3 fm and R̄ ≈ 1 fm denote the average instanton size
and the average interdistance between instantons, respec-
tively. Within this instanton ensemble, light quarks interact
with the instantons and acquire a momentum-dependent
dynamical mass MF2ðp2Þ, which drops to zero for
momenta p ≫ ρ̄−1. After bosonization, the pion—identi-
fied as the massless Goldstone boson—emerges as an
effective degree of freedom. This framework thus explains
the mechanism of chiral symmetry breaking in QCD.
At low momenta below the scale set by ρ̄−1, the

dynamics of the effective theory are described by the
partition function

Zeff ¼
Z

DU
Z

DψDψ̄ expðiSeff ½U; ψ̄ ;ψ �Þ; ð11Þ

with the semibosonized effective action given by

Seff ½U; ψ̄ ;ψ � ¼
Z

d4xψ̄αhði=∂ −MFð∂⃖ÞUγ5Fð∂⃗ÞÞhgψαg;

ð12Þ

where h, g and α denote the spin-flavor and color indices,
respectively. The dynamical quark massM has a character-
istic scale of ∼R̄−1 and exhibits momentum dependence
governed by the quark zero-mode form factor F, derived
from the QCD instanton vacuum at a low renormalization
scale. The SU(2) bosonized chiral field is defined as

Uγ5 ¼ exp½iπðxÞ · τγ5� ¼
1þ γ5

2
U þ 1 − γ5

2
U†;

with U ¼ exp½iπðxÞ · τ�; ð13Þ

where πðxÞ represents the Goldstone boson field depending
on spacetime coordinates, and τ are the SU(2) flavor
matrices. Here, we use the convention γ5 ≡ iγ0γ1γ2γ3.

B. Mean-field picture

First, we freeze the momentum dependence of the
dynamical quark mass as Fðp2Þ ≈ Fð0Þ ¼ 1, and regularize
the effective theory by introducing an explicit cutoff
Λ ≈ ρ̄−1. Note that in Ref. [65], the mean-field picture
was studied while retaining the explicit quark zero-mode
form factors derived from the QCD instanton vacuum. The
results of that work are generally in close agreement with
the present treatment.
Next, by performing the functional integral of the

semibosonized effective action (12) over the quark fields
ψ̄ and ψ , we obtain the fully bosonized effective action
Seff ½U� and the Dirac operator DðUÞ

Seff ½U� ¼ −NcTr ln½DðUÞ�; ð14aÞ

DðUÞ ¼ i∂0 −HðUÞ; ð14bÞ

where Tr… denotes a functional trace, and HðUÞ is the
one-particle Dirac Hamiltonian

HðUÞ ¼ −iγ0γk∂k þMγ0Uγ5 : ð15Þ

which describes the orbital motion of single particles in the
chiral field.
To proceed, we assume that the chiral field exhibits

hedgehog symmetry and is static. This configuration real-
izes the contracted spin-flavor symmetry characteristic of
baryons in the large-Nc limit. Under hedgehog symmetry,
the chiral field takes a specific spatial form in which the
isospin direction τ is aligned with the spatial direction x

UðxÞ ¼ exp½iπðxÞ · τ�;
πðxÞ≡ x

r
PðrÞ; with r≡ jxj: ð16Þ

The radial component of the pion field πðxÞ is characterized
by the profile function PðrÞ, which satisfies the boundary
conditions Pð0Þ ¼ π and Pð∞Þ ¼ 0. This field configura-
tion preserves invariance under simultaneous spatial and
isospin rotations, and thereby embodies the emergent spin-
flavor symmetry of baryons in the large-Nc limit.
The single-particle wave functions ΦnðxÞ and their

corresponding energy eigenvalues En are determined by
diagonalizing the Hamiltonian (15)

HΦnðxÞ ¼ EnΦnðxÞ: ð17Þ

Each single-particle wave function Φn is therefore char-
acterized by its energy eigenvalue. In addition, the
Hamiltonian commutes with both the grand spin operator
G ¼ Σ=2þ T þ L and the relativistic parity operator Π̂

½H;G� ¼ 0; ½H; Π̂� ¼ 0; ð18Þ
where Σ ¼ γ0γγ5, T ¼ τ=2, and L ¼ x × p denote the spin,
isospin, and orbital angular momentum operators, respec-
tively. Given Eqs. (17) and (18), the single-particle wave
function can be labeled by the corresponding quantum
numbers

jni≡ jn ¼ fEn;G;G3;Pngi;
with ΦnðxÞ≡ hxjni: ð19Þ

where Pn ¼ �1 is the eigenvalue of the parity operator.
The energy spectrum includes both the upper and lower

Dirac continua, which are distorted due to the presence of
the chiral field. As the strength of the chiral field increases,
the lowest single-particle level,

jlevi≡ jn ¼ fElev; G ¼ 0; G3 ¼ 0;Plev ¼ þgi; ð20Þ
is pulled down from the upper Dirac continuum and enters
the mass gap, such that −M < Elev < M. This leads to the
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formation of exactly one bound state level and acquires the
unity baryon number B ¼ 1.
The large-Nc limit of QCD allows us to apply the mean-

field approximation to determine the nucleon mass. In this
framework, the energy of the system is given by the sum of
the discrete level energy (20) and the contribution from the
negative-energy continuum (19), with the vacuum energy
subtracted

E½U� ¼ NcElev þ NcEcont;

¼ Nc

X
n;occ

En; ð21Þ

where “occ” denotes the occupied quark states, which
include the discrete level and the negative-energy con-
tinuum. The energy of the system (21) is a functional of the
chiral field configuration. The realistic/physical configura-
tion of the chiral field is obtained by minimizing the energy
functional, which corresponds to solving the saddle-point
equation (i.e., the equation of motion) in a self-consistent
manner

δE½U�
δU

����
U¼Ucl

¼ 0: ð22Þ

This approach is therefore referred to as the mean-field (or
semiclassical) picture in the quantum field theory. The
minimized energy from Eq. (22) is identified with the
classical nucleon mass

Mcl ¼ E½Ucl�: ð23Þ

The sum over the eigenenergies of the Dirac continuum
(19) contains a logarithmic ultraviolet (UV) divergence,
which must be regularized. For further details, see
Refs. [66,67].

C. Zero-mode quantization

The classical nucleon is in fact degenerate in its spin/
isospin quantum numbers and momentum. This degeneracy
is lifted only after performing zero-mode quantization—
specifically, flavor rotations and translations—of the mean
field, which endows the baryon with definite quantum
numbers. Moreover, the subleading spin-flavor structures
in the 1=Nc expansion, essential for studying NLO chiral-
odd GPDs, emerge as rotational and translational correc-
tions to the mean field. Therefore, these zero modes must
be treated explicitly. In this work, we consider translational
modes to zeroth order and rotational modes to first order.
While rotational corrections generate new spin-flavor
structures, translational corrections provide only kinemati-
cal corrections. Consequently, we focus on the rotational
zero mode.
The time-dependent pion field fluctuations around the

mean-field solution involve rotational (and translational)

zero modes. The rotational mode can be incorporated by
introducing a unitary flavor rotation matrix RðtÞ that rotates
the mean field as

Ucl → RðtÞUclR†ðtÞ; ð24Þ

which induces a shift in the Dirac operator,

DðUclÞ → RðtÞ½i∂0 −HðUclÞ − Ω�R†ðtÞ; ð25Þ

where the angular velocity matrix Ω is defined as

Ω≡ 1

2
Ωaτa ¼ −

i
2
tr½R†ðtÞṘðtÞτa�τa;

with ṘðtÞ ¼ d
dt

RðtÞ: ð26Þ

The trace tr runs over flavor space. Having quantized these
modes, corresponding to the canonical quantization rule
Ωa → Ja=I, one arrives at the Hamiltonian of a spherical
top [32],

Hrot ¼
J2

2I
; ð27Þ

which serves as a correction to the classical nucleon mass.
Here, I denotes the moment of inertia (under rigid rotation),
expressed as

I ¼ Nc

6

X
j;non
n;occ

1

Ej − En
hnjτjji · hjjτjni: ð28Þ

This result is given by double sums over single-particle
levels, describing particle-hole excitations of the fermionic
states hnj → jji byΔG ¼ 1 and their recurrence to the states
jni (see Sec.VA for details). This quantity (28) is logarithmi-
cally divergent and must be regularized; “non” denotes the
nonoccupied single-particle states with Ej > Elev.
Since the Wigner finite-rotation matrices are eigenfunc-

tions of the Hamiltonian (27) of spherical rigid rotors, the
rotational wave functions for a baryon, which obey the
“hedgehog” constraint, can be defined by these Wigner
rotation matrices

ϕBðRÞ≡ ϕS¼T
S3T3

ðRÞ
¼ ð−1ÞTþT3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2T þ 1

p
DT¼S

−T3S3
ðRÞ; ð29Þ

where the collective representation B of the baryon quan-
tum numbers indicates

B ¼ fS ¼ T; S3; T3g: ð30Þ

Here, S3 and T3 represent the projections of the spin and
isospin quantum numbers. The normalization of Eq. (29) is
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chosen so that the matrix element of the rotational wave
functions is normalized to the identity, with the integration
measure normalized as

R
dR ¼ 1Z

dRϕ�
B0 ðRÞϕBðRÞ ¼ δB0B; ð31aÞ

δB0B ≡ δS0SδT 0TδS0
3
S3δT 0

3
T3
: ð31bÞ

The lowest-lying baryons corresponding to the representa-
tions with S ¼ T ¼ 1=2 and S ¼ T ¼ 3=2 appear as the
nucleon and the Δ baryon, respectively. The mass splitting
between them is computed by taking the matrix element of
the rotational Hamiltonian (27) between the rotational wave
functions (29)

MΔ −MN ¼ 3

2I
¼ OðN−1

c Þ: ð32Þ

The Nc scaling of this mass splitting is two powers lower
than that of the classical nucleon mass (21), and thus
appears as a mere kinematical correction to the observables.
Therefore, in the following, we consider only the rotational
corrections that generate nontrivial spin-flavor structures
(i.e., those carrying new dynamical information), while
neglecting the kinematical corrections (32).

IV. CHIRAL-ODD GPDS IN
MEAN-FIELD PICTURE

A. Matrix element of QCD operator

The study of nucleon matrix elements of QCD operators
can be carried out using a method based on the mean-field
picture of baryons in the large-Nc limit. To this end, we first
need to find an effective operator corresponding to the
QCD operator of interest. The nonlocal leading-twist QCD
operators ðΓ ¼ γþ; γþγ5; iσþjÞ we consider are defined as

OfðzÞ ¼ ψ̄fð−z=2Þ½−z=2; z=2�Γψfðz=2Þ: ð33Þ

where f denotes the flavor components, f ¼ ðu; dÞ. This
QCD operator should be matched to the scale of the
effective theory at μ ≈ ρ̄−1 and rewritten in terms of the
effective degrees of freedom. For higher-twist operators,
gluon contributions ∼ðMρ̄Þ0 are not parametrically sup-
pressed and must be represented through suitable effective
operators (see Refs. [27,68–74]). On the other hand,
Ref. [68] demonstrated that the gluon contribution to the
leading-twist nonlocal operator (33) is suppressed at the
low normalization point due to the diluteness ∼ðMρ̄Þ2 of
instantons, so that only the pure derivative terms—
originating from the nonlocality between quark fields—
survive. As a result, the contribution of the gauge con-
nection ½…� can be safely neglected within the parametric
accuracy of the present work, and the corresponding

effective operator in Euclidean space (ψ̄ → −iψ†) is
given by

Of
effðzÞ ¼ −iψ†

αhð−z=2ÞðΓτfÞhgψαgðz=2Þ: ð34Þ

where the SU(2) flavor matrix τf denotes either isoscalar or
isovector components

τf ¼
�
1 ðf ¼ uþ dÞ
τ3 ðf ¼ u − dÞ

	
: ð35Þ

Next, the baryon states in the momentum representation
are defined by the Fourier transform of the Ioffe-type
baryon current

jB; pi ¼ lim
y0→∞

ffiffiffiffiffiffiffiffiffiffi
2MN

p Z
d3yeiy·pJ†BðyÞj0i;

hB0; p0j ¼ lim
y00→−∞

ffiffiffiffiffiffiffiffiffiffi
2MN

p Z
d3y0e−iy0·p0 h0jJB0 ðy0Þ; ð36Þ

where the initial and final nucleon states are at the infinite
Euclidean time separation, and the normalization of the
baryon states in the large-Nc limit is

ffiffiffiffiffiffiffiffiffiffi
2MN

p
. JB is the Ioffe-

type baryon current, defined as

JB0 ðy0Þ ¼ 1

Nc!
Λh1…hNc
B0 ϵα1…αNc

× ψα1h1ðy0Þ…ψαNchNc
ðy0Þ; ð37aÞ

J†BðyÞ ¼
1

Nc!
ðΛg1…gNc

B Þ�ϵβ1…βNc

× ð−iψ†ðyÞγ4Þβ1g1…ð−iψ†ðyÞγ4ÞβNc gNc
: ð37bÞ

The baryon current (37) consists of Nc quark fields in a
totally antisymmetric color-singlet configuration. The color
indices are denoted by α, β. The spin-flavor indices h, g of
the quarks are contracted with the baryon spin-flavor
matrix ΛB, which carries the quantum numbers of a given
baryon. Furthermore, in the 1=Nc expansion of the matrix
element between baryon states, the three-momentum and
energies of the baryon states B0 and B have the following
Nc scalings

jp0j; jpj ¼ OðN0Þ;
p00; p0 ¼ MN þOðN−1

c Þ ¼ OðNcÞ: ð38Þ

Under theWick rotation−ip4 ¼ p0, the Euclidean momen-
tum is understood as the nucleon mass

−ip0
4 ¼ −ip4 ¼ MN þOðN−1

c Þ: ð39Þ

Having performed all the contractions of the quark fields
between the initial and final baryon states (37), considered
both the rotational and translational zero modes of the pion
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mean field, and taken into account the Nc scalings of the
4-momentum (38), we find that the overlap of the baryon
states (36) yields the correct normalization of the baryon
states in the large-Nc limit

hB0; p0jB; pi ¼ 2MNð2πÞ3δð3Þðp0 − pÞδB0B: ð40Þ

Similarly, by sandwiching the effective operator (34)
between the baryon states (36), we compute the matrix
element using functional integrals

hB0; p0jOfðzÞjB; pi

¼ 2MN lim
y0
4
→∞

y4→−∞

1

Zeff
× eiy4p4e−iy

0
4
p0
4

Z
d3yd3y0eiy·pe−iy0·p0

×
Z

DUDψ†DψJB0 ðy0; y04ÞOf
effðzÞJ†Bðy; y4Þ

× exp

�Z
d4xψ†

αhðxÞði=∂þ iMUγ5ÞhgψαgðxÞ
�
: ð41Þ

We first perform the contractions between the quark fields
in the baryon currents, including those in the effective
operator Oeff. There are two distinct contributions (see
Fig. 1). One arises from contractions between the initial/
final baryon currents and the effective operator Oeff
(connected diagram). The other involves contractions
performed solely between the initial and final baryon
currents, with the bilinear operator contracting with itself
(disconnected diagram). In both cases, Nc þ 1 quark
propagators appear, implying that the preexponential part
in Eq. (41) becomes independent of the quark fields. Thus,
the functional integrals over the quark fields [cf. (14)] can
be performed exactly, leaving only the functional integral
overU. All Nc þ 1 quark propagators are then expressed in
terms of the single-particle wave functions (19) using the
spectral representation (refer to [32]).

B. Spin-flavor structure

Having performed the functional integral over U and
taken into account the zero modes of the pion mean-field in

Eq. (41), we finally obtain the results for the baryon matrix
element of the effective operator and for the corresponding
spin-flavor structure for both the LO and NLO contribu-
tions in the 1=Nc expansion.
Leading order. Considering the zeroth order in rotational

and translational corrections, we derive the leading-order
contributions in the 1=Nc expansion (see Ref. [37] for
details)

Muþd
GPDs½Γ�

Mu−d
GPDs½Γ�

)
¼LO 2M2

NNc

�h1i
hD3ki

	

×
X
n;occ

Z
dz0

2π
eiðxMN−EnÞz0

× hnjγ0Γe−ip̂32 z0eiΔ·X̂
�
1

τk

	
e−i

p̂3

2
z0 jni; ð42Þ

To facilitate comparison with the standard representation of
the matrix element, we now express the present results in
Minkowski space. The constraints zþ ¼ 0 and z⊥ ¼ 0 in
Eq. (1) imply

z0 ¼ −z3; z⊥ ¼ 0: ð43Þ

The operator function eiΔ·X̂ in Eq. (42) originates from the
quantization of the translational motion of the mean field.
Here, p̂ and X̂ denote the single-particle momentum and
displacement operators, respectively, and satisfy the
canonical commutation relation

½p̂i; X̂j� ¼ −iδij: ð44Þ

The notation h…i denotes the integration over collective
flavor rotations, evaluated with the spin-flavor wave
functions (29), and is defined as

h…i≡
Z

dRϕ�S0¼T 0
S0
3
T 0
3

ðRÞ…ϕS¼T
S3T3

ðRÞ: ð45Þ

The explicit expressions for the diagonal matrix elements
(S0 ¼ S and T 0 ¼ T) of the spin-flavor operator are written
in terms of multipole spin operators

h1i ¼ δB0B; ð46aÞ

hD3ii ¼ −
JiS0

3
S3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SðSþ 1Þp hTT3; 10jTT 0
3i: ð46bÞ

where the matrix element of the spin operator can be
expressed in terms of SU(2) Clebsch-Gordan coefficients in
the spherical basis as

FIG. 1. Connected (left panel) and disconnected (right panel)
diagrams in the background of the pion mean-field.
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JaS0
3
S3
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þ

p
hSS3; 1ajSS03i;

with ða ¼ 0;�1; S03; S3 ¼ 0;…;�SÞ: ð47Þ

As shown in Eqs. (42) and (46), each flavor component of
the LO matrix element contains only a specific spin
multipole structure. For instance, the flavor-singlet (non-
singlet) component involves exclusively the monopole
(dipole) spin structure. This indicates that NLO contribu-
tions are required to account for the dipole (monopole) spin
structure in the flavor-singlet (nonsinglet) matrix element.
Next-to-leading order.TheNLOcontribution in the 1=Nc

expansion is obtained by expanding the matrix element (41)
with respect to the angular velocity (26), including the
effects of the time nonlocality of the effective operator, and
by taking the subleading terms (see Ref. [75–77] for details)

Muþd
GPDs½Γ�

Mu−d
GPDs½Γ�

)
¼NLOM

2
NNc

I

(
hJki

1
2
hfJk;D3lgi

)

×
Z

dz0

2π

24X
n;occ
j;all

e−iEnz0

En−Ej
−
X
n;all
j;occ

e−iEjz0

En−Ej

þ d
dxMN

X
n;occ
j;all

e−iEnz0

35eixMNz0

× hnjτkjjihjjγ0Γe−ip̂32 z0eiΔ·X̂
�
1

τl

	
e−i

p̂3

2
z0 jni;

þ��� ; ð48Þ

where the ellipsis indicates new dynamical contributions
containing the same spin-flavor structures as those in the LO
matrix element (42), which provide corrections to Eq. (42)
but will not be considered in this work. Due to the rotational
correction, new spin-flavor operators emerge in Eq. (48). In
particular, the collective spin operator J in the NLO matrix
element accompanies the dynamical parameter I ¼ OðNcÞ
[see Eq. (27)], leading to a reduction in the Nc scaling.
Therefore, the Nc scaling of the NLO matrix element is
suppressed by one power compared to that of the LOmatrix
element.
The diagonal matrix elements of the spin-flavor operator

are expressed in terms of multipole spin operators

hJki ¼ JkS0
3
S3
δT 0

3
T3
; ð49aÞ

hfJk; D3lgi ¼ −

24Qkl
S0
3
S3
þ 2

3
J2S0

3
S3
δklffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

SðSþ 1Þp
35

× hTT3; 10jTT 0
3i: ð49bÞ

By inserting Eq. (49) into Eq. (48), one clearly sees that
at NLO the flavor-singlet and flavor-nonsinglet matrix

elements contain, respectively, the dipole spin operator
and the monopole and quadrupole spin operators. These
contributions complement the missing spin structures in the
LO matrix element.
Furthermore, the symmetrized and traceless higher-

multipole (quadrupole) spin operator, defined as

Qkl
S0
3
S3
¼ 1

2

�
JkJl þ JlJk −

2

3
SðSþ 1Þδkl

�
S0
3
S3

; ð50Þ

emerges from the NLO spin-flavor operator (49). Since the
nucleon matrix element can produce only up to a dipole
spin structure, the quadrupole projection of this operator
vanishes and is therefore irrelevant to this work. However,
this spin structure becomes essential in the study of higher-
spin particles, such as the Δ baryon [78,79] and the N → Δ
transition matrix element [80–82].

C. Large-Nc kinematics

Before discussing how the chiral-odd GPDs are derived
from Eq. (48), we first discuss the kinematic variables
within the framework of the 1=Nc expansion. In the large-
Nc limit, the Nc scaling of the kinematic variables can be
straightforwardly determined from Eq. (38). Specifically,
the Nc scalings of the average and difference of the initial
and final momenta are

Pi ¼ OðN0
cÞ; P0 ¼ MN þOðN−1

c Þ;
Δi ¼ OðN0

cÞ; Δ0 ¼ OðN−1
c Þ: ð51Þ

By choosing the 3-axis as the direction of the light-cone
spatial axis, the components of the four-momentum can be
related to the light-cone variables in the large-Nc limit as
follows:

Pþ ¼ P− ¼ MNffiffiffi
2

p ; Δþ ¼ −Δ− ¼ Δ3ffiffiffi
2

p : ð52Þ

Using Eq. (52), the longitudinal momentum transfer ξ
(skewness) between the baryon states is defined by the
z-component of the momentum transfer Δ3

ξ ¼ −
Δ3

2MN
¼ OðN−1

c Þ: ð53Þ

Another kinematic variable relevant to the GPDs is the
squared momentum transfer t, which can be expressed in
terms of the squared transverse momentum transfer jΔ⊥j2
and the skewness variable (53)

t ¼ −jΔ⊥j2 − ð2ξMNÞ2 ¼ OðN0
cÞ: ð54Þ

Lastly, the partonic variable x is taken to be of order
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x ¼ OðN−1
c Þ; ð55Þ

which corresponds to the standard regime considered in the
1=Nc expansion of nucleon parton distributions [66].
Consequently, using the relations (53) and (54), the

matrix elements in Eqs. (42) and (48) can be reexpressed in
terms of three independent GPD variables

MGPDs½Γ� ¼ functionðx;Δ;B0; BÞ
→ functionðx; ξ; t; θΔ;B0; BÞ; ð56Þ

where θΔ denotes the angular orientation of the transverse
momentum transferΔ⊥. This angular dependence gives rise
to the two-dimensional (2D) multipole structure of the
matrix element. In the following section, we will discuss
this 2D multipole expansion.

D. Multipole expansion

Using the chiral-odd operator Γ ¼ iσþj and taking the
proton quantum numbers S ¼ T ¼ 1=2 for the baryon
states B and B0 in Eq. (48), we derive the proton matrix
element of the chiral-odd operator. We then expand this
matrix element (56) in terms of multipoles with respect to
the 2D momentum transfer angle θΔ and the multipole spin
(49). Since the LO results in the 1=Nc expansion have been
thoroughly studied in Ref. [37], we focus here on the NLO
contributions. The NLO results for the multipole expansion
are obtained as follows:

Mu−d
GPDs½iσþj� ¼ 2MNffiffiffi

2
p

�
1Xj

1

jΔ⊥j
2MN

Zmf;1

�
; ð57aÞ

Muþd
GPDs½iσþj� ¼ 2MNffiffiffi

2
p

�
iϵ3jmσmX0Zmf;0

þ iϵ3jmσ3Xm
1

jΔ⊥j
2MN

Z̃mf;1

þ iϵ3jlσmXlm
2

jΔ⊥j2
4M2

N
Zmf;2

�
; ð57bÞ

where the irreducible rank-n tensors in 2D space are
defined as

X0≡1; Xi
1≡ Δi⊥

jΔ⊥j
; Xij

2 ≡Δi⊥Δ
j
⊥

jΔ⊥j2
−
1

2
δij; ð58Þ

with i; j ¼ 1; 2. We also use the following shorthand
notation for the spin structure

1≡ δS0
3
S3 ;

σ
2
≡ JS0

3
S3 : ð59Þ

The quantities Zmf;n represent the multipole (mean-field)
GPDs and emerges at NLO in the 1=Nc expansion. The
subscript n denotes the multipole rank corresponding to the

2D momentum transfer. Similar to the standard chiral-odd
GPDs, the mean-field GPDs are functions of the partonic
variables

Zmf ¼ functionðNcx;Ncξ; tÞ: ð60Þ

Their explicit expressions are presented in Sec. IV E.
In the present large-Nc analysis, we find that the

NLO mean-field GPDs exhibit the following Nc scalings
[cf. (65)]

fZmf;0; Zmf;1; Z̃mf;1; Zmf;2gðx; ξ; tÞ
∼ fN1

c; N2
c; N2

c; N3
cg × functionðNcx; Ncξ; tÞ; ð61Þ

which is consistent with the results of Ref. [37]. By
combining the known Nc scalings of the LO mean-field
GPDs [37] with the present NLO analysis (61), we
conclude that the large-Nc behavior of the individual
chiral-odd GPDs is given by

fHu−d
T ; H̃u−d

T ; Eu−d
T ; Ẽu−d

T gðx; ξ; tÞ
∼ fN2

c; N4
c; N4

c; N3
cg × functionðNcx;Ncξ; tÞ; ð62aÞ

fHuþd
T ; H̃uþd

T ; Euþd
T ; Ẽuþd

T gðx; ξ; tÞ
∼ fNc; N3

c; N3
c; N2

cg × functionðNcx; Ncξ; tÞ; ð62bÞ

along with the nontrivial large-Nc relation

2H̃u−d
T ðx; ξ; tÞ ¼ −Eu−d

T ðx; ξ; tÞ: ð63Þ

Taking Eqs. (61)–(63), along with the large-Nc kinemat-
ics discussed in Sec. IV C, into consideration, the mean-
field GPDs (57) can be related to the standard chiral-odd
GPDs (2) (see Ref. [37] for details) as follows:

Huþd
T þ

�
t

8M2
N
−
ξ2

2

�
Euþd
T þ ξẼuþd

T ¼ Zmf;0; ð64aÞ

Hu−d
T þ 2H̃u−d

T þ Eu−d
T ¼ Zmf;1; ð64bÞ

− ξEuþd
T þ Ẽuþd

T ¼ Z̃mf;1; ð64cÞ

Euþd
T ¼ Zmf;2: ð64dÞ

These relations are homogeneous in Nc and offer a more
transparent physical interpretation than the covariant expres-
sions of the chiral-odd GPDs. A similar set of combinations,
optimized for the SO(3) partial wave expansion in the cross
channel,was constructed inRef. [83]. It would be interesting
to investigate the connection between those combinations
and the present multipole structures given in Eq. (64). In
what follows, we adopt the mean-field (multipole) GPDs as
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the basis of our analysis, including the proof of polyno-
miality and the derivation of associated sum rules.

E. Mean-field GPDs

The proton mean-field GPDs defined in Eqs. (57) and
(60) are derived in the single-particle representation

Zmf ¼
MNNc

8I

Z
dz0

2π

×

24X
n;occ
j;all

e−iEnz0

En − Ej
−
X
n;all
j;occ

e−iEjz0

En − Ej

þ d
dxMN

X
n;occ
j;all

e−iEnz0

35eixMNz0

× hnjτbjjihjjObe−i
p̂3

2
z0eiΔ·X̂e−i

p̂3

2
z0 jni; ð65Þ

where the single-particle spin-isospin operators Ob corre-
sponding to each mean-field GPD are defined as

Ob ¼ iϵ3abð1þ γ0γ3Þγa ðfor Zmf;0Þ;

¼ 4

3

Δa⊥
jΔ⊥j2

ð1þ γ0γ3Þγaτb
�
Zmf;1

MN

�
;

¼ 4iϵ3ac
Δc⊥
jΔ⊥j2

δb3ð1þ γ0γ3Þγa
�
Z̃mf;1

MN

�
;

¼ 16iϵ3ac
1

jΔ⊥j4
�
Δb⊥Δc⊥ −

1

2
jΔ⊥j2δbc

�
× ð1þ γ0γ3Þγa

�
Zmf;2

M2
N

�
: ð66Þ

The single-particle operators Ob reflect the characteristics
of the multipole structure of each mean-field GPD. As
discussed in Eqs. (53) and (54), the three-momentum
transfer Δ appearing in Eqs. (65) and (66) can be related
to the GPD variables.

V. MOMENTS IN MEAN-FIELD PICTURE

The moments of the chiral-odd GPDs exhibit polyno-
miality in ξ and are related to generalized tensor form
factors. We investigate these features using the mean-field/
multipole GPD basis defined in Eq. (64). Themth moments
of the chiral-odd GPDs can be obtained from Eq. (65) as

MðmÞðξ; tÞ ¼
Z

dxxm−1Zmf ; ð67Þ

which leads to

MðmÞðξ; tÞ

¼ Nc

8IMm−1
N

"Xm−1

k¼0

�
m − 1

k

�Xk
i¼0

�
k

i

�
1

2k

×

8<:X
j;all
n;occ

Em−k−1
n −

X
j;occ
n;all

Em−k−1
j

9=; Aki

En − Ej

− ðm − 1Þ
Xm−2

k¼0

�
m − 2

k

�Xk
i¼0

�
k

i

�X
n;occ

Em−k−2
n

2k
Bki

#
;

ð68Þ

where A≡ Aðξ; tÞ and B≡ Bðξ; tÞ represent matrix ele-
ments involving single and double sums over single-
particle levels, respectively. They are defined as

Akiðξ; tÞ≡ hnjτbjjihjjObðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ð69aÞ

Bkiðξ; tÞ≡ hnjτbObðp̂3Þk−ieiΔ·X̂ðp̂3Þijni: ð69bÞ

where the indices k and i denote powers of the momentum
operator p̂3 in the single-particle operator, and the defi-
nition of the single-particle operatorOb is given in Eq. (66).
For brevity, the indices denoting the multipole order are
suppressed in Eqs. (67)–(69) until they become necessary.
To derive Eq. (68) from Eq. (67), we apply integration by

parts and discard the boundary contributions. This pro-
cedure transforms the weight factor xm−1 in the integrand of
Eq. (67) into derivatives acting on Zmf. The distributive
property of differentiation leads to the appearance of
binomial coefficients in Eq. (68), defined as�

m

k

�
¼ m!

k!ðm − kÞ! ; for 0 ≤ k ≤ m: ð70Þ

It is important to note that, in the large-Nc limit, when
considering thepartonic structure in thedomainx ¼ OðN−1

c Þ,
the range of x is not limited to ½−1; 1� but is extended to
x ¼ ½−∞;∞�; see Refs. [66,67]. As a result, the boundary
contributions vanish at infinity, rather than at x ¼ �1. For
further details on thederivation ofEq. (68),we refer the reader
to Refs. [77,84–86].

A. Symmetries

In general, the polynomiality of GPDs is dictated by the
constraints imposed by discrete symmetries—time reversal,
Hermiticity, and parity—on the matrix element (2).
Likewise, the mean-field approach respects these sym-
metries at the level of the single-particle representation. In
this section, we examine how these discrete symmetries
manifest in the mean-field framework and provide a proof
of polynomiality for the chiral-odd GPDs using the mean-
field GPD basis.
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Time reversal (G5 symmetry). In the mean-field frame-
work, a combination of ordinary time-reversal symmetry
and an isospin rotation is referred to as the G5 trans-
formation [85]. This transformation is implemented by the
unitary matrix

G5 ¼ γ1γ3τ2: ð71Þ

The Dirac and isospin matrices, as well as the single-
particle Hamiltonian and wave functions, obey the follow-
ing transformation rules:

G5γ
μG−1

5 ¼ ðγμÞT; G5τ
aG−1

5 ¼ −ðτaÞT; ð72aÞ

G5ĤG−1
5 ¼ ðHÞT; G5ΦnðXÞ ¼ Φ�

nðXÞ: ð72bÞ

Using these relations, along with the identity p̂ ¼ −ðp̂ÞT,
we can analyze the symmetry properties of the matrix
elements involving the single-particle operators defined in
Eq. (69). For a general nondiagonal matrix element, we
obtain the relation

hjjΓðp̂3ÞlFðX̂Þðp̂3Þmjni
¼ ð−1ÞlþmhnjðG5ΓG−1

5 ÞTðp̂3ÞmFðX̂Þðp̂3Þljji; ð73Þ

where Γ is a generic spin-flavor matrix and FðX̂Þ is an
arbitrary function of the displacement operator.
Parity (Π̂ symmetry). Parity symmetry constrains the

structure of chiral-odd GPDs by restricting the allowed
angular momentum components in the partial-wave expan-
sion of single-particle operators. The relativistic parity
transformation operator Π̂ is defined as

Π̂ ¼ Π̂−1 ≡ γ0P̂; P̂FðX̂ÞP̂−1 ¼ Fð−X̂Þ; ð74Þ

where P̂ denotes the spatial inversion operator acting on
position-dependent functions. As discussed in Eq. (18), the
single-particle Hamiltonian commutes with the parity
operator, implying that the eigenstates introduced in
Eq. (19) are also eigenstates of parity

Π̂jni ¼ Pnjni; ð75Þ

with eigenvalues Pn ¼ �1. Under parity, the general
matrix element in Eq. (73) transforms as

hjjΓðp̂3ÞlFðX̂Þðp̂3Þmjni
¼ ð−1ÞlþmPnPj

× hjjðγ0Γγ0Þðp̂3ÞlðP̂FðX̂ÞP̂−1Þðp̂3Þmjni: ð76Þ

Partial wave expansion. The dependence of the
moments of the mean-field GPDs in Eq. (68) on the
momentum transfer Δ is encoded in the operator function

eiΔ·X̂, which arises from the quantization of the translational
motion of the mean field. The variable ξ enters through its
identification with Δ3 in the large-Nc kinematics, as stated
in Eq. (53). To make this dependence explicit, we perform a
partial-wave expansion of the operator function eiΔ·X̂ (see
Refs. [85,87] and Appendix F of Ref. [86])

eiΔ·X̂ ¼
X∞
l

ilð2lþ 1ÞjlðjX̂j
ffiffiffiffiffi
−t

p Þ

× Pl

�
−
2ξMNffiffiffiffiffi

−t
p

�
Pl

�
X̂3

jX̂j

�
; ð77Þ

Here, jl denotes the spherical Bessel functions, and Pl are
the Legendre polynomials. In particular, when taking the
limit t → 0 while keeping ξ ≠ 0 fixed, the expansion
reduces to

lim
t→0;ξ≠0

eiΔ·X̂ ¼
X∞
l¼0

ð−2iMNξjX̂jÞl
l!

Plðcos θ̂Þ; ð78Þ

where cos θ̂ ¼ X̂3=jX̂j.
Grand spin selection rule. The mean-field GPDs in

Eq. (65) and their moments in Eq. (69) involve single and
double summations over single-particle states.
The single-sum contribution, corresponding to Eq. (69a),

is given by X
other

X
G;G3

hG;G3jÔμbjG;G3i; ð79Þ

where “other” denotes the sum over the remaining quantum
numbers, such as the radial quantum number. Here, the bra
and ket states share the same grand spin quantum numbers
G andG3, which are summed over. In this setup, a selection
rule emerges for the matrix elements of the single-particle
operator Ôμb, which is treated as a spherical tensor operator
with rank μ and projection b in grand spin space. Using the
Wigner-Eckart theorem, the sum over G3 in Eq. (79) can be
evaluated asX

G;G3

hG;G3jÔμbjG;G3i

¼
X
G;G3

ð−1Þ2μ hGG3; μbjGG3iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gþ 1

p hGjjÔμjjGi

¼
X
G

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gþ 1

p hGjjÔμjjGiδμ0δb0; ð80Þ

where hGjjÔμjjGi denotes the reduced matrix element.
This result shows that only the scalar component of the
operator—i.e., with μ ¼ 0 and b ¼ 0—contributes to the
matrix element. This is a consequence of the generalized
rotational invariance of the mean field.
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The double-sum contribution in Eq. (69b) can be
expressed as X

other

X
G;G3;G0;G0

3

hG;G3jτjG0; G0
3i

× hG0; G0
3jÔjG;G3i: ð81Þ

In this expression, the initial state undergoes a transition to
a different state through the action of the isospin operator τ,
inducing a grand spin change ΔG ¼ 1. Subsequently, the
system returns to the original state via the action of the
single-particle operator Ô. This process imposes specific
selection rules on the matrix elements appearing in the
“double-sum” structure. For the case where Ôμb is a
spherical tensor operator in grand spin space, the summa-
tion over G3 and G0

3 in Eq. (81) can be evaluated using the
Wigner-Eckart theoremX
G;G3;G0;G0

3

hG;G3jτ1ajG0; G0
3ihG0; G0

3jÔμbjG;G3i

¼
X

G;G3;G0;G0
3

ð−1Þ2μ hGG3; 1ajG0G0
3iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2G0 þ 1
p hG0G0

3; μbjGG3iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gþ 1

p

× hGjjτ1jjG0ihG0jjÔμjjGi

¼ 1

3

X
G;G0

ð−1ÞG0−G−ahGjjτ1jjG0ihG0jjÔμjjGiδ1μδa−b; ð82Þ

where the identity for the contraction of two Clebsch-
Gordan coefficients is appliedX

G0
3
G3

hGG3; 1ajG0G0
3ihG0G0

3; μbjGG3i

¼ ð−1ÞG−G0−a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2G0 þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Gþ 1

p

2μþ 1
δ1μδa−b: ð83Þ

This result shows that only the tensor component with rank
μ ¼ 1 and projection aþ b ¼ 0 contributes to the matrix
element.

B. Polynomiality

Making use of the symmetries discussed in Sec. VA, we
now demonstrate the polynomiality property of the chiral-
odd GPDs within the basis of the mean-field GPDs. For the
monopole mean-field GPD, the single- and double-sum
matrix elements in Eq. (69) of the single-particle operator
take the form

Aki
0 ðξ; tÞ ¼ iϵ3abhnjτbjjihjjð1þ γ0γ3Þγa

× ðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ð84aÞ

Bki
0 ðξ; tÞ ¼ iϵ3abhnjτbð1þ γ0γ3Þγa

× ðp̂3Þk−ieiΔ·X̂ðp̂3Þijni: ð84bÞ

Using the G5-symmetry (73), the matrix elements trans-
form as

Aki
0 ðξ; tÞ ¼ ð−1Þkþ1iϵ3abhnjτbjjihjjð1 − γ0γ3Þγa

× ðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ð85aÞ

Bki
0 ðξ; tÞ ¼ ð−1Þkþ1iϵ3abhnjτbð1 − γ0γ3Þγa

× ðp̂3Þk−ieiΔ·X̂ðp̂3Þijni: ð85bÞ

By comparing Eqs. (84) and (85), we observe that the
contribution from the identity matrix 1 or the Dirac matrix
γ0γ3 in the combination ð1þ γ0γ3Þ depends on the parity of
the index k. Specifically, only the term 1 survives for odd k,
and γ0γ3 survives for even k. As a result, the matrix
elements simplify to

Aki
0 ðξ; tÞ ¼ iϵ3abhnjτbjjihjjðγ0γ3Þkþ1γaeiΔ·X̂ðp̂3Þijni;

ð86aÞ

Bki
0 ðξ; tÞ ¼ iϵ3abhnjτbðγ0γ3Þkþ1γaeiΔ·X̂ðp̂3Þijni: ð86bÞ

Next, we examine the effect of the parity transformation.
To this end, we first perform a partial-wave expansion.
Applying the identity (77) to Eq. (85), we obtain

Aki
0 ðξ; tÞ ¼

X∞
l¼0

ilð2lþ 1ÞPl

�
−
2ξMNffiffiffiffiffi

−t
p

�
× iϵ3abhnjτbjjihjjðγ0γ3Þkþ1γaðp̂3Þk−i
× jlðjX̂j

ffiffiffiffiffi
−t

p ÞPlðcos θ̂Þðp̂3Þijni; ð87aÞ

Bki
0 ðξ; tÞ ¼

X∞
l¼0

ilð2lþ 1ÞPl

�
−
2ξMNffiffiffiffiffi

−t
p

�
× iϵ3abhnjτbðγ0γ3Þkþ1γaðp̂3Þk−i
× jlðjX̂j

ffiffiffiffiffi
−t

p ÞPlðcos θ̂Þðp̂3Þijni: ð87bÞ

Now, applying the identity (76) for the parity transforma-
tion to Eq. (87), we find that the matrix elements vanish for
odd values of l. This implies that the moment of the
monopole mean-field GPD forms a polynomial in an
infinite series of even powers of ξ, leading to a modification
of the sum over l as

X∞
l¼0

½…� →
X∞

l¼0;2;4;…

½…�: ð88Þ

Here, we encounter an infinite series in ξ due to the
unbounded extent of l. However, the grand spin selection
rules discussed in Sec. VA impose an upper limit on the
allowed values of l. To see this, we must first examine the
rank of the single-particle operator.
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For the spin-isospin part of the single-particle operator in
Eq. (87), we simplify the 2D operator representation to its
three-dimensional (3D) form in order to more easily
identify its rank in the grand spin basis

iϵ3abðγ0γ3Þkþ1γa ¼ γ0Σb⊥ ðk evenÞ; ð89aÞ

¼ iϵ3abγa ðk oddÞ: ð89bÞ

From Eq. (89), we find that the maximal rank of the spin-
isospin operator is rank-1. We then couple this operator to
the position-space operator (orbital angular momentum) in
Eq. (87). The maximal rank of the orbital angular momen-
tum operator is kþ l for both even and odd k. Combining
the maximal rank of the spin-isospin operator in Eq. (89)
with that of the orbital angular momentum part, we
determine that the maximal rank of the single-particle
operator in Eq. (87a) is kþ lþ 1 in the grand spin quantum
number. Making use of the selection rule (82) for the
“double sum,” this maximal rank must be equal to rank-1.
This condition determines the maximal value of lmax. The
same analysis can also be applied to the single-sum matrix
element (87b) (cf. [37]), and we finally derive the upper
bounds of the partial waves, lAmax and lBmax, for Eqs. (87a)
and (87b), respectively

lAmaxðkÞ ¼ kþ 2; ð90aÞ

lBmaxðkÞ ¼ kþ 2ðk evenÞ; ð90bÞ

¼ kþ 1ðk oddÞ: ð90cÞ

In the expression for the mth moment given in Eq. (68), the
summation over k runs from 0 to m − 1 for Eq. (87a), and
from 0 to m − 2 for Eq. (87b). For a fixed m, the highest
partial wave l that appears in the expansions of Eqs. (87a)
and (87b) corresponds to the cases k ¼ m − 1 and
k ¼ m − 2, respectively. Based on Eq. (90), these maximal
partial waves are given by

lAmaxðmÞ ¼ mþ 1; ð91Þ

for Eqs. (87) and

lBmaxðmÞ ¼ m ðm evenÞ; ð92aÞ

¼ m − 1 ðm oddÞ; ð92bÞ

for Eq. (87b). Note that the nonvanishing contribution to B0

starts from m ≥ 2 due to the overall factor of m − 1
in Eq. (68).
Taking into account the highest partial waves determined

above, we finally arrive at the results dictated by the
discrete symmetries

Aki
0 ðξ; tÞ ¼

XlAmaxðmÞ

l¼even

ilð2lþ 1ÞPl

�
−
2ξMNffiffiffiffiffi

−t
p

�
× iϵ3abhnjτbjjihjjðγ0γ3Þkþ1γa

× ðp̂3Þk−ijlðjX̂j
ffiffiffiffiffi
−t

p ÞPlðcos θ̂Þðp̂3Þijni; ð93aÞ

Bki
0 ðξ; tÞ ¼

XlBmaxðmÞ

l¼even

ilð2lþ 1ÞPl

�
−
2ξMNffiffiffiffiffi

−t
p

�
× iϵ3abhnjτbðγ0γ3Þkþ1γa

× ðp̂3Þk−ijlðjX̂j
ffiffiffiffiffi
−t

p ÞPlðcos θ̂Þðp̂3Þijni: ð93bÞ

We observe that the polynomial properties of the moments
are governed by the Legendre polynomials associated with
the angular momentum l. The moments of the GPDs
become even functions of ξ, and the maximal power of
ξ in the polynomial is mþ 1. This is two powers higher
than the m − 1 bound in Eq. (4), reflecting the fact that the
monopole mean-field GPD includes an additional ξ2

dependence, i.e., Zmf;0 ∝ ξ2ET . We have thus proven the
polynomiality of the monopole mean-field GPD. The
polynomiality of higher-multipole mean-field GPD is
discussed in Appendix B.

C. Sum rules

We now establish a direct correspondence between the
moments of the mean-field GPDs and the tensor form
factors, which is consistent with the standard sum rules (6).
Explicit expressions for the mean-field tensor form factors
and their relations to the standard tensor form factors are
presented in Appendix A.
The first moment of the monopole GPD is given by

Eq. (93) with m ¼ 1,Z
dxZmf;0ðx; ξ; tÞ ¼ −

Nc

4I

X
n;non
j;occ

1

En − Ej
A00
0 ðξ; tÞ; ð94Þ

where the single-sum contribution vanishes. The double-
sum contribution A00

0 ðξ; tÞ, in which the allowed partial
waves run over l ¼ 0, 2, is derived as

A00
0 ðξ; tÞ ¼ hnjτ⊥jji · hjjγ0Σ⊥j0ðjX̂j

ffiffiffiffiffi
−t

p Þjni

þ
�
15

4
þ 45M2

Nξ
2

t

�
hnjτ⊥jji · hjjγ0Σ⊥

× Y33
2 ðΩX̂Þj2ðjX̂j

ffiffiffiffiffi
−t

p Þjni; ð95Þ

by using the relations for the Dirac matrices (89) and the
Legendre polynomial of degree l ¼ 2, i.e., P2ðxÞ ¼
ð3x2 − 1Þ=2. Here, Y2 denotes the 3D irreducible rank-2
tensor, defined as

CHIRAL-ODD GENERALIZED PARTON DISTRIBUTIONS IN … PHYS. REV. D 112, 074032 (2025)

074032-13



Yab
2 ðΩX̂Þ≡ X̂aX̂b

jX̂j2 −
1

3
δab: ð96Þ

The results in Eq. (95) are expressed in a mixed repre-
sentation involving both 2D and 3D irreducible tensors.
However, the grand spin selection rule governing the
double sum allows us to reexpress them in a 3D rotationally
invariant form. Using Eq. (82), the first and second terms in
Eq. (95) can respectively be rewritten as

hnjτ⊥jji · hjjγ0Σ⊥j0ðjX̂j
ffiffiffiffiffi
−t

p Þjni

¼ 2

3
hnjτjji · hjjγ0Σj0ðjX̂j

ffiffiffiffiffi
−t

p Þjni; ð97Þ

and

hnjτ⊥jji · hjjγ0Σ⊥Y33
2 ðΩX̂Þj2ðjX̂j

ffiffiffiffiffi
−t

p Þjni

¼ −
2

15
hnjτajjihjjγ0ΣbYab

2 ðΩX̂Þj2ðjX̂j
ffiffiffiffiffi
−t

p Þjni: ð98Þ

With these relations, we can express the first moment of the
monopole GPD in terms of the mean-field form factors
(A2) derived from the local operator. This leads toZ

dxZmf;0ðx; ξ; tÞ ¼ Nmf;0 −
�

t
24M2

N
þ ξ2

2

�
Nmf;2: ð99Þ

Using the relation (A3), we replace the mean-field form
factors with the standard tensor form factorsZ

dxZmf;0ðx; ξ; tÞ ¼ Huþd
T þ

�
t

8M2
N
−
ξ2

2

�
Euþd
T : ð100Þ

This expression matches the first moment of the monopole
GPD defined in Eq. (64a), where the first moment of ẼT
vanishes. We thus confirm the validity of the sum rule
within the mean-field framework. A detailed derivation of
the sum rules for the higher-multipole mean-field GPDs is
presented in Appendix C.

VI. GRADIENT EXPANSION

In the previous section, we demonstrated that all general
constraints—such as polynomiality and sum rules—on the
chiral-odd GPDs are satisfied within the mean-field frame-
work. This enhances the reliability of the mean-field picture
for making numerical predictions. In this context, we are
now prepared to perform numerical estimations of the
mean-field chiral-odd GPDs.
Although a complete prediction requires summing over

all single-particle wave functions, we instead employ the
gradient expansion to simplify the computation and gain a
clearer physical understanding for the Dirac sea contribu-
tions (or chiral dynamics). Rather than expressing the quark
propagator in terms of a single-particle basis for the

disconnected diagram (see Fig. 1), we expand it in powers
of derivatives, ∂U ≪ M, in what is known as the chiral
expansion. We then retain the nonvanishing leading con-
tributions to the matrix elements. This technique is also
used in deriving the fully bosonized effective chiral action,
where both the Gasser-Leutwyler terms with four deriva-
tives and the Wess-Zumino-Witten terms with correct
coefficients naturally emerge. This approach yields analytic
expressions for the matrix elements in terms of the chiral
(pion) field and enables the investigation of dominant chiral
contributions. As such, it serves as a valuable complement
to the predictions of chiral perturbation theory.
Maintaining the representation of the quark propagator

(14), we derive the Dirac sea contribution to the NLO
matrix element of the effective chiral-odd operator (34)
between baryon states in the 1=Nc expansion. The LO
matrix element was derived in Refs. [88], and here we focus
solely on the NLO contributions. The spin-flavor structure
discussed in the single-particle representation in Sec. IV B
is clearly preserved in the current representation. Focusing
on proton states, we obtain

Muþd½iσþj�
Mu−d½iσþj�

)
¼NLO M2

NNc

2
ffiffiffi
2

p
IM

(
2JkS0

3
S3

− 1
3
δS0

3
S3

)

×
Z

d4p
ð2πÞ4

(
Πuþd;jk

Πu−d;j

)
; ð101Þ

where Π≡ Πðx; ξ; p;ΔÞ is a correlator transformed into
momentum space in the background of the mean field, and
is defined as

�
Πuþd;jk

Πu−d;j

	
¼ iMhp − Δj

�
δðMNðx − ξÞ − p · vÞ

× tr

�
ð1þ γ0γ3Þγj

�
1

τk

	
1

p0 −H
τk

1

p0 −H

�
þ d
dxMN

δðMNðx − ξÞ − p · vÞ

× tr

�
ð1þ γ0γ3Þγj

�
1

τk

	
1

p0 −H
τk
�	

jpi; ð102Þ

with vμ ¼ ð1; 0; 0;−1Þ the light-cone vector. The trace is
taken over both flavor and Dirac spaces. After performing
zero-mode quantization and considering the contribution
linear in the angular velocity, the resulting expression
involves two quark propagators with a flavor matrix
inserted between them.
Having projected Eq. (101) onto the multipole structures

in Eq. (57), we derive the mean-field GPDs as
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Zmf ¼ −
MNNc

8IM

Z
d4p
ð2πÞ4 C; ð103Þ

with

C¼ iϵ3jkΠuþd;jk ðZmf;0Þ;

¼ 4

3

Δj
⊥

jΔ⊥j2
Πu−d;j

�
Zmf;1

MN

�
;

¼ 4iϵ3jlδ3k
Δl⊥
jΔ⊥j2

Πuþd;jk

�
Z̃mf;1

MN

�
;

¼ 16iϵ3jp
1

jΔ⊥j4

×

�
Δp

⊥Δk⊥−
1

2
δpkjΔ⊥j2

�
Πuþd;jk

�
Zmf;2

M2
N

�
: ð104Þ

As in Eqs. (65) and (66), the multipole characteristics
manifest in the multipole correlator C.
To proceed, we perform the operator expansion1: the

quark propagators in Eq. (102) are expanded in powers of
the pion momentum, yielding a bosonized representation of
the correlator and generating an infinite tower of pion-
momentum contributions

1

p0 −H
¼ ðp0 þHÞ 1

p̂2 −M2 − iMγ · ∇Uγ5

¼ ðp0 þHÞ 1

Dðp̂Þ
þ ðp0 þHÞ 1

Dðp̂Þ ðiMγ · ∇Uγ5Þ 1

Dðp̂Þ þ � � � ;

ð106Þ

where the 4-momentum operator is defined as p̂ ¼ ðp0; p̂Þ,
and the free propagator 1=Dðp̂Þ is given by

1

Dðp̂Þ ¼
1

p̂2 −M2 þ i0
; ð107Þ

with the standard i0 prescription. Inserting the symmetrized
propagator (106) into Eq. (102), we present the correlatorΠ
as a sum over an infinite series of bosonized correlators Πα

in momentum space

Πu�d ¼ δðMNðx − ξÞ − p · vÞ
X∞
α

Πu�d
α

� ðξ → −ξ;Δ → −ΔÞ; ð108Þ

where α denotes the order of derivatives acting on the chiral
field (∂αU) included in the bosonized correlators.

A. Leading contributions

Having expanded the correlator (108) and taken the
nonvanishing leading contribution with α ¼ 0, we obtain

Πuþd;jk
α¼0 ¼ M2Fðp − ΔÞFðpÞ

2Dðp − ΔÞDðpÞ
× ϵ3jiΔitr½τkfŨð−ΔÞ − fU†ð−ΔÞg�;

Πu−d;j
α¼0 ¼ −

3M2Fðp − ΔÞFðpÞ
2Dðp − ΔÞDðpÞ

× iΔjtr½Ũð−ΔÞ þ fU†ð−ΔÞ� − ðU → 1Þ; ð109Þ

where the trace runs over flavor space. Here, the momen-
tum-space representation of the chiral field is defined as the
Fourier transform of its position-space counterpart and is
denoted with a tilde

ŨðkÞ≡
Z

d3xe−ik·xUðxÞ: ð110Þ

The leading contribution (109) originates from a single
chiral field (see Fig. 2) and depends solely on the 3D
momentum transfer Δ, being independent of the quark loop
momentum p. Importantly, the quark loop integral is UV
divergent, but this divergence is naturally regulated by the
momentum-dependent dynamical quark mass functions
FðpÞ appearing in the numerator. The leading contribution
to the mean-field GPDs in the gradient expansion is
obtained by contracting the expression from Eq. (109)
with each of the multipole structures in Eq. (104).

FIG. 2. In the NLO contributions to the chiral-odd GPDs in the
1=Nc expansion, the quark loop involves the effective chiral-odd
operator Ou�d

eff and the angular velocity Ω (26), which induces an
isovector operator under rigid rotation. This mechanism gives rise
to single-pion (π) and single-scalar-meson (σ) exchange contri-
butions to the chiral-odd GPDs.

1In the first line of Eq. (106), the numerator and denominator
are evidently commutable and symmetric. However, after per-
forming the gradient expansion and truncating it, the Hermiticity
of these operators is no longer manifest (see Ref. [77]). To
address this, we symmetrize the expression as follows:

1

p0 −H
¼ 1

2

�
ðp0 þHÞ; 1

p̂2 −M2 − iMγ · ∇Uγ5

	
; ð105Þ

and then expand it in powers of iMγ∇Uγ5 .

CHIRAL-ODD GENERALIZED PARTON DISTRIBUTIONS IN … PHYS. REV. D 112, 074032 (2025)

074032-15



B. Subleading contributions

The UV divergent contribution arises not only from
α ¼ 0 but also from α ¼ 1. For completeness of our study
for the UV divergence contributions, we also examine
the subleading contribution in the gradient expansion.
Expanding to α ¼ 1, we obtain

Πuþd;jk
α¼1 ¼−

M2Fðp−ΔÞFðpÞ
Dðp−ΔÞD2ðpÞ

× ½ϵ3jað2ðp0Þ2þ2M2þp2Þþ ϵjabð4pb−ΔbÞp0

− ðδabϵ3jc−δbcϵ3jaþδacϵ3jbÞðpb−ΔbÞpc�
×tr½iτkfg∂aUð−ΔÞ− g

∂aU†ð−ΔÞg�
þOðUVfiniteÞ; ð111Þ

for the flavor singlet, and

Πu−d;j
α¼1 ¼ −

3M2Fðp − ΔÞFðpÞ
Dðp − ΔÞD2ðpÞ

× ½δjað2ðp0Þ2 þ 2M2 þ p2Þ
þ ðδ3cδja − δ3aδjcÞð4pc − ΔcÞp0

− ðδjbδac − δjaδbc þ δjcδbaÞðpb − ΔbÞpc�
× tr½g∂aUð−ΔÞ þ g

∂aU†ð−ΔÞ� − ðU → 1Þ
þOðUV finiteÞ; ð112Þ

for the flavor nonsinglet. Unlike the case of α ¼ 0, the
subleading contribution includes UV-finite terms, such as
the mass term M2 in Eqs. (111) and (112). In addition,
contributions from more than one chiral field appear, all of
which are UV finite. Since UV divergences arise only from
terms involving a single chiral field, we retain only those
contributions in this work. The subleading contribution to
the mean-field GPDs in the gradient expansion is computed
by contracting the expressions in Eqs. (111) and (112) with
each of the multipole structures in Eq. (104).

VII. NUMERICAL RESULTS

Now, we estimate the chiral-odd GPDs within the mean-
field picture. Before presenting the numerical results, we
first describe the numerical setup. The self-consistent
mean-field solution is well approximated by the arctangent
profile function, which reproduces the correct long-dis-
tance behavior [30,66,89]. Accordingly, we adopt the
following form for the profile function

PðrÞ ¼ −2 arctan
�
R2
0

r2

�
; MR0 ¼ 1; ð113Þ

where R0 is the spatial size of the mean-field and is of order
∼M−1. The value of the dynamical quark mass is adopted to

beM ¼ 350 MeV, which is determined by solving the gap
equation within the configuration of the instanton ensemble
(ρ ≈ 1=3 fm, R̄ ≈ 1 fm). Using these parameter sets, the
nucleon mass is determined to be [66]

MN ¼ 1170 MeV; I ≈ 1.1 fm: ð114Þ

In addition, instead of employing the PV regularization
scheme, we take into account the momentum-dependent
dynamical quark mass in this work. This is characterized by
the quark zero-mode form factor at a low normalization
point, which is predicted by the QCD instanton vacuum.
This form factor is well approximated by the following
simple form [90,91] in Minkowski space:

Fðp2Þ ¼ −Λ2

p2 − Λ2 þ i0
; with Λ ¼ 2

1
2ρ̄−1: ð115Þ

The UV-divergent contributions in the gradient expan-
sion to the mean-field GPDs affect only the ERBL regime,
where −ξ < x < ξ. Therefore, we will focus solely on the
nonforward limit of the GPDs. In addition to the leading
contribution in the gradient expansion, there is an addi-
tional UV-divergent contribution at subleading order
(α ¼ 1). In the numerical calculations, we include all these
contributions.
We first compute the mean-field GPDs and, using

Eq. (64), extract the corresponding chiral-odd GPDs.2 In
Figs. 3–5, we present the numerical results for the chiral-
odd GPDsHT , ĒT , and ET , respectively. All of these GPDs
exhibit a convex, peaklike shape with a pronounced
maximum at x ¼ 0, which becomes sharper as ξ decreases.
The crossover from the ERBL to the DGLAP regime is
smooth and continuous. The shape of this transition is
mainly governed by the momentum-dependent dynamical
quark mass at large quark virtuality, as given in Eq. (115)
(see Refs. [92,93] for details).
In accordance with the Nc scaling behavior of the chiral-

odd GPDs, the typical magnitudes obtained in the numeri-
cal estimation follow the hierarchy

2In relating Zmf;1 to the standard chiral-odd GPD ĒT , a careful
matching is required within the accuracy of the present work. In
the chiral expansion, the leading contribution to the GPD Hu−d

T
arises from UV-finite terms [45,88]. Thus, the UV-divergent
contribution appears only in the combination Ēu−d

T ≡ 2H̃u−d
T þ

Eu−d
T . Therefore, the result for the mean-field GPD Zmf;1 should

be interpreted as

Zmf;1 ¼ Hu−d
T þ 2H̃u−d

T þ Eu−d
T

¼ Ēu−d
T þOðUV-finiteÞ: ð116Þ

On the other hand, when considering both the UV-finite and UV-
divergent contributions in the analysis, the contribution from
Hu−d

T must be taken into account.
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Huþd
T ≪ Ēu−d

T ≪ Euþd
T : ð117Þ

This hierarchy can also be understood in terms of multipole
order. The magnitudes of Huþd

T , Ēu−d
T , and Euþd

T are
primarily determined by the monopole Zmf;0, dipole
Zmf;1, and quadrupole Zmf;2 mean-field GPDs, respectively.
This implies that the strength of each GPD can be predicted
from its underlying multipole structure.
Lastly, it is important to note that we observe a vanishing

ẼT GPD, even when including the subleading contribution
in the chiral expansion with α ¼ 1. The result for ẼT can be
extracted from the relation ẼT ¼ Z̃mf;1 þ ξZmf;2 by solving
Eqs. (64c) and (64d). Numerically, we find that the mean-
field GPDs Z̃mf;1 and Zmf;2 satisfy the relation

Z̃mf;1 ¼ −ξZmf;2; ð118Þ

which leads to a vanishing ẼT GPD at the level of UV-
divergent accuracy. To obtain a nonzero ẼT , one must
include contributions beyond the UV-divergent order.

Recently, nonforward chiral-odd GPDs have been com-
puted exclusively in lattice QCD [59,61], providing
insights into their behavior in the ERBL regime. In
particular, Ref. [59] has calculated the “light-cone” chi-
ral-odd GPDs with nonzero skewness using quasi-GPDs
through a perturbative matching procedure. Due to the
challenges associated with disconnected diagrams, the
study focuses on the flavor nonsinglet component of
the chiral-odd GPDs. Among these, the nonvanishing
contribution to Ēu−d

T appears at NLO in the 1=Nc expansion.
We compare our result with the lattice QCD prediction in

Fig. 6. In order to compare our results with lattice QCD, we
must first specify the renormalization scale. Lattice-QCD
results for light-cone GPDs [59] are obtained in the MS
scheme at μ ¼ 2 GeV. By contrast, as discussed in Sec. III,
the characteristic scale of the present calculation is
μ ¼ ρ̄−1 ≈ 0.6 GeV. Importantly, the chiral-odd quark
operator do not mix with gluon operator under the scale
evolution [94]; their scale dependence is therefore weak,
which makes the present comparison legitimate. In the
negative-x region, we observe reasonable agreement with

FIG. 3. Numerical results for the chiral-odd GPD Huþd
T at fixed

t ¼ −0.5 GeV2 with varying ξ (upper panel), and at fixed
ξ ¼ 0.25 with varying t (lower panel).

FIG. 4. Numerical results for the chiral-odd GPD Ēu−d
T at fixed

t ¼ −0.5 GeV2 with varying ξ (upper panel), and at fixed
ξ ¼ 0.25 with varying t (lower panel).
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the lattice data, given the accuracy of the present work. In
the positive-x region, the slight discrepancy may be
attributed to the absence of the discrete-level contribution
(corresponding to the connected diagram in Fig. 1), which
requires a more complete analysis involving the full sum
over single-particle wave functions.

VIII. SUMMARY AND CONCLUSIONS

In this work, we conducted a comprehensive study of
chiral-odd GPDs within the mean-field framework, focus-
ing on the first nonvanishing contributions that appear at
next-to-leading order (NLO) in the 1=Nc expansion. This
extends the leading-order (LO) results [37] and provides a
complete set of predictions for both flavor-singlet and
flavor-nonsinglet chiral-odd GPDs.
In the mean-field framework, we performed zero-mode

quantization (accounting for rotation and translation) and
included the first-order rotational correction, thereby ena-
bling the study of NLO contributions in the 1=Nc expan-
sion. At NLO, we evaluated the baryon matrix element of
the chiral-odd QCD operator and derived the corresponding
spin-flavor structures. Projecting these structures onto
proton states and performing a multipole expansion, we
obtained the associated multipole structure, where the
mean-field/multipole GPDs encode the relevant dynamical
information. We also determined their Nc scaling behavior
and, based on this, established the relation between the
mean-field GPDs and the standard chiral-odd GPDs in the
1=Nc expansion.
The expressions for the mean-field GPDs were formu-

lated in terms of matrix elements in the single-particle
representation. By exploiting the symmetries of this rep-
resentation—namely, parity and G5 symmetry—within the
mean-field framework, we computed the moments of the
mean-field GPDs. Furthermore, leveraging the direct con-
nection between the mean-field and standard chiral-odd
GPDs, we demonstrated the polynomiality property and
derived the associated sum rules for the chiral-odd GPDs by
analyzing their mean-field counterparts. These results laid
the groundwork for the subsequent numerical evaluation of
the chiral-odd GPDs.
Using the gradient expansion and taking the nonvanish-

ing UV-divergent contribution to the matrix element, we
estimated the Dirac sea contribution to the chiral-odd
GPDs. These contributions appear exclusively in the
ERBL regime and are found to be smooth and continuous
at the crossover points x ¼ �ξ. Moreover, all of the chiral-
odd GPDs exhibit a convex, peaklike shape with a
pronounced maximum at x ¼ 0, which becomes sharper
as ξ decreases. We numerically confirmed the large-Nc
hierarchy (117) among the chiral-odd GPDs. In particular,
we observed that Ẽuþd

T does not receive a UV-divergent
contribution, indicating the need for further investigation of
its UV-finite part. Finally, a comparison with available

FIG. 5. Numerical results for the chiral-odd GPD Euþd
T at fixed

t ¼ −0.5 GeV2 with varying ξ (upper panel), and at fixed
ξ ¼ 0.25 with varying t (lower panel).

FIG. 6. The result for the nonforward chiral-odd GPD Ēu−d
T at

ξ ¼ 1=3 and t ¼ −1.02 GeV2 is shown in comparison with the
lattice QCD result. Our result is depicted as a solid (blue) curve,
while the lattice QCD result from Ref. [59] is shown as a dot-
dashed (red) curve.
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lattice QCD data shows reasonable agreement with our
results.
Our study was limited to the UV-divergent contributions

to the chiral-odd GPDs obtained via the gradient expansion,
which affect only the nonforward GPDs. To achieve more
accurate and complete predictions, it is necessary to sum
over all single-particle wave functions, including contri-
butions from discrete levels. Alternatively, one could
compute the moments of the chiral-odd GPDs and use
them to reconstruct the full distributions.
Finally, the spin-flavor operators generate not only the

monopole operator but also the quadrupole spin operator
(49), which provides additional dynamical information
relevant for the Δ → Δ and N → Δ transition matrix
elements [95,96]. This will be important for analyzing
exclusive scattering amplitudes involving higher-spin par-
ticles [80,97].
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APPENDIX A: TENSOR FORM FACTORS

In this section, we discuss the tensor form factors in the
mean-field picture. By considering the NLOmatrix element
(41) of the “local” chiral-odd operator (34) between proton
states, we derive the following multipole structure:

Mu−d
FFs ½iσ0i� ¼ 2MN1Yi

1

ffiffiffiffiffi
−t

p
2MN

Nmf;1; ðA1aÞ

Muþd
FFs ½iσij� ¼ 2MN

�
iϵijmσmY0Nmf;0

− iϵijlσmYlm
2

t
4M2

N
Nmf;2

�
; ðA1bÞ

in the 3D Breit frame, where Nmf ≡ NmfðtÞ denotes the
mean-field (multipole) form factors appearing as rotational
corrections. The explicit expressions for these are given by

Nmf;0 ¼ −
Nc

6I

X
n;non
j;occ

1

En − Ej
hnjτmjji

× hjjγ0Σmj0ðjX̂j
ffiffiffiffiffi
−t

p Þjni; ðA2aÞ

Nmf;1 ¼ −
iMNNc

3I
ffiffiffiffiffi
−t

p
X
n;non
j;occ

1

En − Ej
hnjτmjji

× hjjγkτm X̂k

jX̂j j1ðjX̂j
ffiffiffiffiffi
−t

p Þjni; ðA2bÞ

Nmf;2 ¼ −
3M2

NNc

It

X
n;non
j;occ

1

En − Ej
hnjτljji

× hjjγ0ΣmYlm
2 ðΩX̂Þj2ðjX̂j

ffiffiffiffiffi
−t

p Þjni: ðA2cÞ

By performing the 3D multipole expansion of the covariant
matrix element in Eq. (5) and comparing the result with
Eq. (A2), we obtain the following relations between the
mean-field form factors and the tensor form factors

Huþd
T þ t

6M2
N
Euþd
T ¼ Nmf;0; ðA3aÞ

Hu−d
T þ Eu−d

T þ 2H̃u−d
T ¼ Nmf;1; ðA3bÞ

Euþd
T ¼ Nmf;2: ðA3cÞ

These combinations serve as the basis for proving poly-
nomiality and sum rules, as well as for implementing
numerical estimations.

APPENDIX B: POLYNOMIALITY

Using the results (68) for the mth moments of the mean-
field GPDs in the single-particle representation (69), we
have established the polynomiality of the monopole mean-
field GPD in the large-Nc limit. In this Appendix, we
extend the analysis to the higher-multipole chiral-odd
GPDs and demonstrate their polynomiality properties.
For simplicity, the proof is carried out in the limit t → 0
with ξ ≠ 0.

1. ξ-even dipole GPD

The single-particle matrix element A1 for the mth
moment of the dipole GPD Zmf;1 is given by

Aki
1 ðξ; tÞ¼

4

3

Δa

jΔ⊥j2
hnjτbjji

× hjjτbð1þ γ0γ3Þγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ðB1aÞ

Bki
1 ðξ; tÞ¼ 4

Δa

jΔ⊥j2
× hnjð1þ γ0γ3Þγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni: ðB1bÞ
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Considering the G5 symmetry (73), Eq. (B1) becomes

Aki
1 ðξ; tÞ ¼

4

3

Δa

jΔ⊥j2
hnjτbjji

× hjjτbðγ0γ3Þkγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ðB2aÞ

Bki
1 ðξ; tÞ ¼ 4

Δa

jΔ⊥j2
× hnjðγ0γ3Þkγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni: ðB2bÞ

The operator eiΔ·X̂ in Eq. (B2) is now expanded in terms of
partial waves. In the limit t → 0, the combination ΔaeiΔ·X̂

takes the form [cf. (78)]

ΔaeiΔ·X̂ ¼t→0 − i∇a

�X∞
l¼2

ð−2iMNξjX̂jÞl
l!

Plðcos θ̂Þ
�
; ðB3Þ

where the lowest value of l that contributes nontrivially to
Eq. (B2) is l ¼ 2. Using the relation (54), the squared
transverse momentum transfer jΔ⊥j2 in the denominator of
Eq. (B2) becomes

jΔ⊥j2 ¼t→0 − ð2ξMNÞ2: ðB4Þ

Substituting Eqs. (B3) and (B4) into Eq. (B2), we obtain

Aki
1 ðξ; 0Þ ¼ −

4

3
i
X∞
l¼2

ð−2iMNξÞl−2
l!

hnjτbjji

× hjjτbðγ0γ3Þkðγ⊥ · ∇⊥Þðp̂3Þk−i
× jX̂jlPlðcos θ̂Þðp̂3Þijni; ðB5aÞ

Bki
1 ðξ; 0Þ ¼ −4i

X∞
l¼2

ð−2iMNξÞl−2
l!

× hnjðγ0γ3Þkðγ⊥ · ∇⊥Þðp̂3Þk−i
× jX̂jlPlðcos θ̂Þðp̂3Þijni: ðB5bÞ

Next, taking into account the parity invariance (76), we find
that the allowed partial waves in Eq. (B5) are restricted to
even values, l ¼ 2; 4;…. This leads to the modification of
the summation in Eq. (B5) asX∞

l¼2

½…� →
X∞

l¼2;4;…

½…�: ðB6Þ

The part of the single-particle operator in Eq. (B5) can be
rewritten as

ðγ0γ3Þkðγ⊥ · ∇⊥Þ ¼ ðγ⊥ · ∇⊥Þ ðk evenÞ; ðB7aÞ
¼ iγ0ðΣ × ∇Þ3 ðk oddÞ: ðB7bÞ

Note that τbjjihjjτb is invariant under hedgehog rotations.
Therefore, it effectively behaves as a rank-zero 3D

irreducible tensor operator with respect to simultaneous
isospin and space rotations (cf. [77]). Utilizing this prop-
erty, along with the grand spin selection rule (80) for a
single sum, we determine the maximum value of l for the
summation in Eq. (B5), following the same logic used in
the derivation of Eq. (90)

lA;BmaxðkÞ ¼ kþ 2 ðk evenÞ; ðB8aÞ
¼ kþ 1 ðk oddÞ: ðB8bÞ

In terms of m, the maximum value is given by
lAmaxðk ¼ m − 1Þ. Furthermore, it is convenient to change
the summation variable in Eq. (B5) from l to l − 2, so that
the actual powers of ξ appear in the polynomial. The
maximum value of the new variable is then given by

lAmaxðmÞ ¼ m − 1 ðm oddÞ; ðB9aÞ
¼ m − 2 ðm evenÞ: ðB9bÞ

The results for lBmaxðmÞ can also be simply obtained by
replacing k ¼ m − 2. Shifting the summation variable l
accordingly, Eq. (B5) becomes

Aki
1 ðξ; 0Þ ¼ −

4

3
i

XlAmaxðmÞ

l¼0;2;4…

ð−2iMNξÞl
ðlþ 2Þ!

× hnjτbjjihjjτbðγ0γ3Þkðγ⊥ · ∇⊥Þ
× ðp̂3Þk−ijX̂jlþ2Plþ2ðcos θ̂Þðp̂3Þijni; ðB10aÞ

Bki
1 ðξ; 0Þ ¼ −4i

XlBmaxðmÞ

l¼0;2;4…

ð−2iMNξÞl
ðlþ 2Þ!

× hnjðγ0γ3Þkðγ⊥ · ∇⊥Þ
× ðp̂3Þk−ijX̂jlþ2Plþ2ðcos θ̂Þðp̂3Þijni: ðB10bÞ

We find that the dipole GPD Zmf;1 is a polynomial in
even powers of ξ, with its highest power bounded as
required by Eq. (4). This prove the polynomiality of the
ξ-even dipole GPD.

2. ξ-odd dipole GPD

The single-particle matrix elements Ã1 and B̃1 for the
mth moment of the dipole GPD Z̃mf;1 are given by

Ãki
1 ðξ; tÞ¼ 4iϵ3ab

Δa

jΔ⊥j2
hnjτbjji

× hjjð1þ γ0γ3Þγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ðB11aÞ

B̃ki
1 ðξ; tÞ¼ 4iϵ3ab

Δa

jΔ⊥j2
× hnjτbð1þ γ0γ3Þγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni;

ðB11bÞ
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Applying the G5 symmetry (73), Eq. (B11) simplifies to

Ãki
1 ðξ; tÞ ¼ 4iϵ3ab

Δa

jΔ⊥j2
hnjτbjji

× hjjðγ0γ3Þkþ1γaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni; ðB12aÞ

B̃ki
1 ðξ; tÞ ¼ 4iϵ3ab

Δa

jΔ⊥j2
× hnjτbðγ0γ3Þkþ1γaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni:

ðB12bÞ

We now perform the partial wave expansion of the operator
ΔaeiΔ·X̂ as outlined in Eq. (B3). Substituting Eqs. (B3) and
(B4) into Eq. (B12), we obtain

Ãki
1 ðξ; 0Þ ¼ 4

X∞
l¼2

ð−2iMNξÞl−2
l!

hnjτ3jjihjjðγ0γ3Þkþ1

× ðγ × ∇Þ3ðp̂3Þk−ijX̂jlPlðcos θ̂Þðp̂3Þijni;
ðB13aÞ

B̃ki
1 ðξ; 0Þ ¼ 4

X∞
l¼2

ð−2iMNξÞl−2
l!

hnjτ3ðγ0γ3Þkþ1

× ðγ × ∇Þ3ðp̂3Þk−ijX̂jlPlðcos θ̂Þðp̂3Þijni:
ðB13bÞ

Next, the parity transformation (76) determines the allowed
parity of the partial waves l. Under this transformation,
only odd values of l contribute to Eq. (B13), modifying the
summation as follows:

X∞
l¼2

½…� →
X∞

l¼3;5;…

½…�: ðB14Þ

Lastly, the maximal power of l is constrained by the
selection rules given in Eqs. (80) and (82). Using the
relations in Eq. (89), the grand spin selection rules, and the
same reasoning applied in deriving Eq. (90), we determine
the maximal value of l to be

lA;BmaxðkÞ ¼ kþ 3 ðk evenÞ; ðB15aÞ

¼ kþ 2 ðk oddÞ: ðB15bÞ

This result can also be expressed in terms of the variable m
(with k ¼ m − 1 for lAmax). Furthermore, by shifting the
summation variable as l → l − 3, we obtain

lAmaxðmÞ ¼ m − 1 ðm oddÞ; ðB16aÞ

¼ m − 2 ðm evenÞ: ðB16bÞ

Similarly, the result for lBmax follows by setting k ¼ m − 2 in
Eq. (B15). Shifting the summation variable l accordingly,
Eq. (B13) becomes

Ãki
1 ðξ; 0Þ ¼ 4

XlAmaxðmÞ

l¼0;2;4…

ð−2iMNξÞlþ1

ðlþ 3Þ! hnjτ3jjihjjðγ0γ3Þkþ1

× ðγ × ∇Þ3ðp̂3Þk−ijX̂jlþ3Plþ3ðcos θ̂Þðp̂3Þijni;
ðB17aÞ

B̃ki
1 ðξ; 0Þ ¼ 4

XlBmaxðmÞ

l¼0;2;4…

ð−2iMNξÞlþ1

ðlþ 3Þ! hnjτ3ðγ0γ3Þkþ1

× ðγ × ∇Þ3ðp̂3Þk−ijX̂jlþ3Plþ3ðcos θ̂Þðp̂3Þijni:
ðB17bÞ

The mth moment of the dipole mean-field GPD Z̃mf;1

consists of contributions from ξET and ẼT . As shown in
Eq. (B17), the dipole mean-field GPD is clearly an odd
function of ξ, with maximal powers reaching m, as
generally required by polynomiality from ξET and ẼT .
Thus, we have demonstrated the polynomiality of the ξ-odd
dipole GPD Z̃mf;1. Notably, the first moment of Z̃mf;1 is
nonzero due to the presence of the ξET term.

3. Quadrupole GPD

The single-particle matrix elements A2 and B2 for the
mth moment of the quadrupole GPD Zmf;2 are given by

Aki
2 ðξ; tÞ ¼

16iϵ3ab

jΔ⊥j4
�
Δb⊥Δc⊥ −

1

2
δbcjΔ⊥j2

�
× hnjτcjjihjjð1þ γ0γ3Þγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni;

ðB18aÞ

Bki
2 ðξ; tÞ ¼

16iϵ3ab

jΔ⊥j4
�
Δb⊥Δc⊥ −

1

2
δbcjΔ⊥j2

�
× hnjτcð1þ γ0γ3Þγaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni;

ðB18bÞ
Applying the G5 symmetry (73), Eq. (B18) simplifies to

Aki
2 ðξ; tÞ ¼

16iϵ3ab

jΔ⊥j4
�
ΔbΔc −

1

2
δbcjΔ⊥j2

�
× hnjτcjjihjjðγ0γ3Þkþ1γaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni;

ðB19aÞ

Bki
2 ðξ; tÞ ¼

16iϵ3ab

jΔ⊥j4
�
ΔbΔc −

1

2
δbcjΔ⊥j2

�
× hnjτcðγ0γ3Þkþ1γaðp̂3Þk−ieiΔ·X̂ðp̂3Þijni:

ðB19bÞ
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In the limit t → 0, the projection of the partial waves eiΔ·X̂

onto the quadrupole structure is given by [cf. (78)]

�
ΔbΔc −

1

2
δbcjΔ⊥j2

�
eiΔ·X̂

¼t→0 −
�
δbpδcq −

1

2
δpqδbc

�
× ∇p

⊥∇q
⊥

"X∞
l¼4

ð−2iMNξjX̂jÞl
l!

Plðcos θ̂Þ
#
; ðB20Þ

where the minimal value of l for a nonvanishing contri-
bution to Eq. (B19) is l ¼ 4. Inserting Eqs. (B20) and (B4)
into Eq. (B19), we obtain

Aki
2 ðξ;0Þ¼−16

X∞
l¼4

ð−2iMNξÞl−4
l!

�
δbpδcq−

1

2
δpqδbc

�
× iϵ3abhnjτcjjihjjðγ0γ3Þkþ1γa

× ðp̂3Þk−i∇p
⊥∇q

⊥jX̂jlPlðcos θ̂Þðp̂3Þijni; ðB21aÞ

Bki
2 ðξ;0Þ¼−16

X∞
l¼4

ð−2iMNξÞl−4
l!

�
δbpδcq−

1

2
δpqδbc

�
× iϵ3abhnjτcðγ0γ3Þkþ1γa

× ðp̂3Þk−i∇p
⊥∇q

⊥jX̂jlPlðcos θ̂Þðp̂3Þijni; ðB21bÞ

Next, applying the parity transformation discussed in
Eq. (76) to (B21), we find that only even powers of l
survive

X∞
l¼4

½…� →
X∞

l¼4;6;…

½…�: ðB22Þ

To determine the upper bound of l, we examine the
maximal rank of the single-particle operator. To see this,
we first express the 2D irreducible tensor operator in terms
of its 3D counterpart. For A2 with even k, we have a
irreducible rank-3 tensor

iϵ3abγ0γ3γa
�
∇b⊥∇c⊥ −

1

2
δbc∇2⊥

�
¼ γ0Σb⊥

�
∇b⊥∇c⊥ −

1

3
δbc∇2

�
þ 1

2
γ0Σb⊥

�
∇3∇3 −

1

3
∇2

�
δbc: ðB23Þ

Similarly, for odd k, we also obtain a irreducible rank-3
tensor

γa
�
∇b⊥∇c⊥ −

1

2
δbc⊥ ∇2⊥

�
¼ γa

�
∇b⊥∇c⊥ −

1

3
δbc⊥ ∇2

�
þ 1

2
γa
�
∇3∇3 −

1

3
∇2

�
δbc⊥ : ðB24Þ

By coupling either Eqs. (B23) or (B24) with the momen-
tum/displacement operators in Eq. (B21), we determine the
maximal rank of the single-particle operator. Following the
reasoning used in the derivation of Eq. (90), we obtain the
maximal value of lAmax

lAmaxðkÞ ¼ kþ 4; ðB25Þ

which holds for all k. The corresponding results for lBmaxðkÞ
can be derived in a similar way by considering Eqs. (B23)
and (B24) along with the selection rule for the single sum

lBmaxðkÞ ¼ kþ 4 ðk evenÞ; ðB26aÞ

¼ kþ 3 ðk oddÞ: ðB26bÞ

Rewriting Eqs. (B25) and (B26) in terms of m and shifting
the summation variable l → l − 4, we obtain

lAmaxðmÞ ¼ m − 1 ðk even=oddÞ: ðB27Þ

The result for lBmaxðmÞ can be obtained analogously to
Eq. (B27). Under the change of summation variable,
Eq. (B21) finally becomes

Aki
2 ðξ; 0Þ ¼ −16

XlAmaxðmÞ

l¼0;2;4…

ð−2iMNξÞl
ðlþ 4Þ! iϵ3ab

×

�
δbpδcq −

1

2
δpqδbc

�
hnjτcjjihjjðγ0γ3Þkþ1γa

× ðp̂3Þk−i∇p
⊥∇q

⊥jX̂jlþ4Plþ4ðcos θ̂Þðp̂3Þijni;
ðB28aÞ

Bki
2 ðξ; 0Þ ¼ −16

XlBmaxðmÞ

l¼0;2;4…

ð−2iMNξÞl
ðlþ 4Þ! iϵ3ab

×

�
δbpδcq −

1

2
δpqδbc

�
hnjτcðγ0γ3Þkþ1γa

× ðp̂3Þk−i∇p
⊥∇q

⊥jX̂jlþ4Plþ4ðcos θ̂Þðp̂3Þijni:
ðB28bÞ

The mth moment of the quadrupole mean-field GPD Zmf;2

coincides with those of ET in the large-Nc limit. As shown
in Eq. (B28), the result is manifestly an even function of ξ,
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and the maximal power of ξ reaches m − 1, consistent with
the polynomiality property of ET . This confirms the
polynomiality of Zmf;2.

APPENDIX C: SUM RULES

In this Appendix, using the results from the polyno-
miality proof of the higher-multipole GPDs and taking their
first moments (m ¼ 1), we demonstrate that the mean-field
GPDs are connected to the tensor form factors, in accor-
dance with the standard sum rule for chiral-odd GPDs. As
in Appendix B, we verify the sum rules in the limit t ¼ 0
with ξ ≠ 0.

1. ξ-even dipole GPD

By taking the first moment m ¼ 1 of the ξ-even dipole
GPD in Eq. (68), we obtainZ

dxZmf;1ðx; ξ; 0Þ ¼ −
MNNc

4I

X
n;non
j;occ

1

En − Ej
A00
1 ðξ; 0Þ;

ðC1Þ

where the single-particle matrix element A00
1 ðξ; 0Þ is

given by

A00
1 ðξ; 0Þ ¼ 2

3
ihnjτjji · hjjτðγ⊥ · X̂⊥Þjni; ðC2Þ

where X̂⊥ ¼ ðX̂1; X̂2Þ. In the derivation of Eq. (C2), we
used the relation

∇a⊥½jX̂j2P2ðcos θ̂Þ� ¼ −X̂a⊥: ðC3Þ

Owing to the minimal generalization of spherical symmetry
induced by the hedgehog symmetry, along with the grand
spin selection rule (82) for the double sum, the matrix
element (C2) in the 2D representation can be related to a
rotationally invariant form

hnjτjji · hjjτðγ⊥ · X̂⊥Þjni¼
2

3
hnjτjji · hjjτðγ · X̂Þjni: ðC4Þ

Using the relation above, we can express the first moment
of the ξ-even dipole GPD (C1) in terms of the mean-field
tensor form factors (A2), derived from the local operator.
We then obtainZ

dxZmf;1ðx; ξ; 0Þ ¼ Nmf;1ð0Þ: ðC5Þ

Using the relation (A3) between the mean-field and tensor
form factors, we arrive at

Z
dxZmf;1ðx; ξ; 0Þ ¼ Hu−d

T ð0Þ þ Eu−d
T ð0Þ þ 2H̃u−d

T ð0Þ:

ðC6Þ

This result coincides with the first moment of the mean-
field GPD defined in Eq. (64b). Thus, we have proven the
sum rule for the ξ-even dipole mean-field GPD.

2. ξ-odd dipole GPD

By taking the first moment m ¼ 1 of the ξ-odd dipole
GPD in Eq. (68), we obtainZ

dx Z̃mf;1ðx; ξ; 0Þ ¼ −
MNNc

4I

X
n;non
j;occ

1

En − Ej
Ã00
1 ðξ; 0Þ;

ðC7Þ

where the single-particle matrix element Ã00
1 ðξ; 0Þ is

given by

Ã00
1 ðξ; 0Þ ¼ 4MNξhnjτ3jji · hjjγ0Σa⊥jX̂jYa3

2 ðΩX̂Þjni ðC8Þ

In deriving Eq. (C8), we used the relations for the Dirac
matrices (89) and

∇a½jX̂j3P3ðcos θ̂Þ� ¼ −3jX̂j2Ya3
2 ðΩX̂Þ: ðC9Þ

Using the grand spin selection rule (82) for the double sum,
we rewrite Eq. (C8) in a 3D rotationally invariant form

hnjτ3jjihjjγ0Σb⊥jX̂j2Yb3
2 ðΩX̂Þjni

¼ 1

5
hnjτajjihjjγ0ΣbjX̂j2Yab

2 ðΩX̂Þjni: ðC10Þ

Using this relation, we express the first moment of the
ξ-odd mean-field GPD (C7) in terms of the mean-field
tensor form factors (A2). After that, taking into account the
relation (A3), we findZ

dxZ̃mf;1ðx; ξ; 0Þ ¼ −ξEuþd
T ð0Þ: ðC11Þ

This result coincides with the first moment of the mean-
field GPD defined in Eq. (64c), where the first moment of
ẼT is zero. We have thus proven the sum rule for the ξ-odd
dipole mean-field GPD.

3. Quadrupole GPD

By taking the first moment m ¼ 1 of the ξ-odd dipole
GPD in Eq. (68), we derive

CHIRAL-ODD GENERALIZED PARTON DISTRIBUTIONS IN … PHYS. REV. D 112, 074032 (2025)

074032-23



Z
dxZmf;2ðx; ξ; 0Þ ¼ −

M2
NNc

4I

X
n;non
j;occ

1

En − Ej
A00
2 ðξ; 0Þ;

ðC12Þ

where the single-particle matrix element A00
2 ðξ; tÞ is found

to be

A00
2 ðξ; 0Þ ¼ −

2

3

�
δbpδcq −

1

2
δpqδbc

�
× hnjτcjjihjjγ0Σa⊥∇p

⊥∇q
⊥jX̂j4P4ðcos θ̂Þjni:

ðC13Þ

In deriving Eq. (C13), we used the relations for the Dirac
matrices (89). Using the identity�

δbpδcq −
1

2
δpqδbc

�
∇p

⊥∇q
⊥½jX̂j4P4ðcos θ̂Þ�

¼ 3

�
X̂b⊥X̂c⊥ −

1

2
δbcjX̂⊥j2

�
: ðC14Þ

and reducing the 2D irreducible tensor to its 3D counterpart
[cf. (96)], we arrive at

A00
2 ðξ; 0Þ ¼ −2hnjτa⊥jjihjjγ0Σb⊥jX̂j2Yab

2 ðΩX̂Þjni
− hnjτa⊥jjihjjγ0Σa⊥jX̂j2Y33

2 ðΩX̂Þjni: ðC15Þ

Considering the grand spin selection rule (82), we obtain
the following identities:

hnjτa⊥jjihjjγ0Σb⊥jX̂j2Yab
2 ðΩX̂Þjni

¼ 7

15
hnjτajjihjjγ0ΣbjX̂j2Yab

2 ðΩX̂Þjni; ðC16aÞ

hnjτa⊥jjihjjγ0Σb⊥jX̂j2Y33
2 ðΩX̂Þjni

¼ −
2

15
hnjτajjihjjγ0ΣbjX̂j2Yab

2 ðΩX̂Þjni: ðC16bÞ

These relations allow us to restore the 3D rotationally
invariant expression in Eq. (C15). Thus, the first moment
of the quadrupole GPD (C12) is related to the mean-field
form factors (A2). Employing the relation (A3), we finally
obtain

Z
dxZmf;2ðx; ξ; 0Þ ¼ Euþd

T ð0Þ: ðC17Þ

This relation coincides with the first moment of the mean-
field GPD defined in Eq. (64d). We have thus proven the
sum rule for the quadrupole mean-field GPD.
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