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We present a lattice QCD study of the chiral properties of (2þ 1)-flavor QCD in background magnetic
fields at zero temperature with physical pion masses. Simulations are performed using the highly improved
staggered quark action across four different lattice spacings to enable a controlled continuum extrapolation.
We compute the renormalized chiral condensates together with pseudoscalar meson masses and decay
constants for pions, kaons, and the fictitious η0ss̄ pseudoscalar as functions of the magnetic-field strength eB
up to eB ≃ 1.2 GeV2. The chiral condensates exhibit clear magnetic catalysis, increasing monotonically
with the field strength. In the meson sector, neutral pseudoscalar masses decrease steadily with eB, whereas
charged pseudoscalar masses display a nonmonotonic response: They rise at small fields, consistent with
the lowest-Landau-level expectation, but then saturate and slightly decrease at larger fields, signaling
sizable internal-structure effects. At the same time, neutral pseudoscalar decay constants are strongly
enhanced by the magnetic field. To quantify deviations from chiral symmetry relations, we isolate the
magnetic-field-induced shift in the Gell-Mann–Oakes–Renner corrections and find it to remain small for
the neutral pion but to become sizable for the neutral kaon. To elucidate the origin of the magnetic response,
we separately analyze the sea- and valence-quark contributions to both neutral and charged meson masses,
finding that valence effects dominate at zero temperature. These results provide new insights into the
interplay between QCD chiral symmetry breaking and strong magnetic fields.
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I. INTRODUCTION

Quantum chromodynamics (QCD) in background mag-
netic fields has attracted sustained interest over the past
decade. Strong fields can be created transiently in off-central
heavy-ion collisions [1–3], and they may also play a role in
the early Universe [4] and in compact stars such as magnet-
ars [5]. These settings motivate first-principles studies of
how amagnetic fieldmodifiesQCDdynamics across energy
scales, from the chiral condensate in the vacuum to hadron
properties and, at finite temperature, the nature of the QCD
transition; see also the recent reviews [6–8].
A central theme is themagnetic-field dependence of chiral

symmetry breaking. At zero temperature, lattice QCD
calculations established that the chiral condensate is
enhanced by the magnetic field, a phenomenon known as
magnetic catalysis [9,10]. It is then tempting to expect that
stronger chiral symmetry breaking in the vacuum should be
accompanied by an increase of the pseudocritical

temperature (Tpc) with the magnetic-field strength (eB),
and such a trend was indeed reported in early finite-cutoff
studies using standard staggered fermions [9,11]. However,
continuum-extrapolated simulations with improved stag-
gered fermions later revealed the opposite behavior: Tpc

decreases with eB [12], and the condensate is suppressed in
the vicinity of the transition region, giving rise to the so-
called inverse magnetic catalysis [12,13]. This behavior is
now widely understood to be driven predominantly by sea-
quark effects, has been corroborated in subsequent studies
employing improved discretizations [14–17], and has stimu-
lated extensive model and theoretical work aimed at under-
standing the underlying mechanism and its relation to
deconfinement and the thermal transition [10,18–32].
Effective descriptions also continue to refine the mag-
netic-field dependence of the condensate beyond leading
order, e.g., within chiral perturbation theory [33]. It has also
been suggested that inverse magnetic catalysis is not
necessarily tied one to one to the reduction of Tpc and
may be more directly connected to deconfinement-related
effects [34–36]. A detailed understanding of the magnetic
response, therefore, requires simultaneously tracking the
chiral order parameter and the hadronic channels that encode
the low-energy realization of chiral symmetry.
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In the vacuum, the interplay between chiral symmetry
breaking and pseudoscalar mesons is encapsulated by the
Gell-Mann–Oakes–Renner (GMOR) relation [37]. At van-
ishing magnetic field, the leading-order relation links the
light-quark condensate to the pion mass and decay con-
stant, with well-studied higher-order corrections [38–40],
and analogous relations exist in the three-flavor theory [41].
Lattice QCD has confirmed the GMOR relation in the
vacuum at eB ¼ 0 [42,43]. In a background magnetic field,
the GMOR relation becomes an especially incisive diag-
nostic: It ties the magnetic catalysis of the condensate to the
magnetic response of pseudoscalar masses and decay
constants, and it tests whether magnetic-field effects can
be organized within (extended) chiral dynamics. Chiral
perturbation theory supports the robustness of the neutral-
pion GMOR relation in the weak-field regime, both at low
temperature and at T ¼ 0 [44–46], and recent effective
theory analyses further constrain pion matrix elements and
decay observables in a magnetic background [47]. It
remains nontrivial to assess the quantitative validity of
GMOR-type relations at stronger fields and at physical
quark masses, where additional dynamical scales enter and
higher-order effects may become important. Given that
lighter pions generally correlate with a lower transition
temperature at eB ¼ 0 [48–55], it is natural to ask to what
extent the magnetic-field dependence of (neutral)
Goldstone modes may help elucidate the reduction of Tpc

at nonzero eB.
Hadron spectroscopy in magnetic fields is also of

intrinsic interest [6–8,19,29,56–71]. For pointlike charged
particles, Landau-level quantization implies a monotoni-
cally increasing energy with eB, while pointlike neutral
particles would be insensitive to the field at the level of their
rest mass. QCD bound states, however, are neither pointlike
nor insensitive: The magnetic field couples directly to
quarks, breaks isospin explicitly, and distorts the internal
structure of mesons. As a result, both neutral and charged
pseudoscalar channels provide controlled settings to study
how compositeness competes with the point-particle
Landau-level expectation. In particular, the behavior of
charged pseudoscalar mesons at intermediate and strong
fields can reveal when the point-particle picture breaks
down and internal quark dynamics becomes essential.
Moreover, via QCD inequalities, the masses extracted from
the flavor-resolved connected contributions to the neutral-
pion correlator constrain other channels; for instance, the
sum Mπ0u

þMπ0d
provides a lower bound on the charged ρ-

meson mass [72], which is relevant in discussions of
possible ρ-condensation scenarios at strong fields [73,74].
Lattice studies of mesons in background magnetic fields

have been actively pursued over the past decade, but
several limitations have persisted. Many investigations of
the meson spectrum were carried out in the quenched
approximation and/or with valence-only magnetic fields,
using Wilson or overlap fermions [72,75–78]. Earlier

quenched results exhibited discrepancies for the neutral-
pion mass, which were later understood to be tied to
discretization-specific issues (notably, the magnetic-field
dependence of the Wilson hopping parameter) [72,78]. In
full Nf ¼ 2þ 1 simulations, existing work has largely
focused on the pion sector and on selected observables
[12,78]. Studies of decay constants in magnetic fields have
also revealed additional structure, such as the appearance of
an extra charged-pion decay constant related to the vector
current in the presence of B [79], and the general decom-
position of pion-to-vacuum matrix elements into vector and
axial-vector components has been discussed and modeled
[47,61,80,81]. Nevertheless, continuum-extrapolated spec-
troscopy and decay-constant results at the physical point
have remained scarce; see also Refs. [7,8] for broader
summaries of recent lattice progress in external fields. In
our earlier work at a single lattice spacing and heavier-than-
physical pion mass [82], we explored chiral properties and
pseudoscalar spectroscopy in strong magnetic fields; the
natural next step is to remove these systematics and
establish continuum-extrapolated benchmarks at the physi-
cal point.
In this paper, we present a lattice QCD study of the chiral

properties of (2þ 1)-flavor QCD in background magnetic
fields at T ≃ 0, performed with the highly improved
staggered quark (HISQ) action at physical quark masses
and four lattice spacings to enable controlled continuum
extrapolations. We compute renormalized chiral conden-
sates and determine pseudoscalar meson masses and decay
constants for pions, kaons, and the hidden-strangeness η0ss̄
channel as functions of eB. We extract ground-state masses
with both the small-sample corrected Akaike information
criterion (AICc)-selected multistate fits [83,84] and the
oblique Lanczos method [85,86], and we include the spread
between these determinations as a systematic uncertainty.
Furthermore, we assess magnetic-field-induced corrections
to the GMOR relation and disentangle valence- and sea-
quark contributions to the magnetic response of both
neutral and charged observables.
The remainder of this paper is organized as follows. In

Sec. II, we introduce the basic observables and definitions
used throughout this work. Section III describes the lattice
setup, the implementation of the background magnetic
field, and our analysis strategy for extracting ground-state
quantities. In Sec. IV, we present our main results:
Sec. IVA discusses the masses of pseudoscalar mesons,
including the role of valence- and sea-quark effects;
Sec. IV B presents the decay constants of neutral pseudo-
scalar mesons; and Sec. IV C reports results for the chiral
condensates and analyzes the GMOR relation and its
magnetic-field dependence. We finally conclude in Sec. V.
Additional details on the mass extraction using two
methods and on the continuum extrapolations are collected
in Appendix A and B, respectively, and tables of our
numerical results are compiled in Appendix C.
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II. TEMPORAL CORRELATORS, MASSES OF
PSEUDOSCALAR MESONS, DECAY CONSTANTS,

AND CHIRAL CONDENSATES

In lattice QCD, hadronic observables are obtained from
two-point correlation functions evaluated in Euclidean
spacetime. For a given hadronic channel H, the meson
correlator GHðB; τÞ is defined as the expectation value of a
hadronic operatorMH evaluated at Euclidean time τ and its
Hermitian conjugate at time 0:

GHðB; τÞ ¼
X
x⃗

hMHðx⃗; τÞM†
Hð0⃗; 0ÞiB; ð1Þ

where h� � �iB denotes the expectation value with respect to
the B-dependent path-integral measure,

hOiB ≡ 1

ZðBÞ
Z

DUe−Sg½U� detDðBÞO½U�;

detDðBÞ≡ Y
f¼u;d;s

detDfðU; qfB;mfÞ: ð2Þ

Here, ZðBÞ is the corresponding partition function,
and Df denotes the lattice Dirac (fermion) matrix for
quark flavor f. The interpolating operator MHðx⃗; τÞ ¼
ψ̄ðx⃗; τÞΓHψðx⃗; τÞ creates a meson state with quantum
numbers specified by ΓH. For example, ΓH ¼ γ5 corre-
sponds to the pseudoscalar channel, while ΓH ¼ γμ corre-
sponds to the vector channel.
Inserting a complete set of energy eigenstates yields the

following spectral representation:

GHðB; τÞ ¼
X
n

jhΩjMHð0Þjnij2e−EnðBÞτ; ð3Þ

where the sum runs over all intermediate states jni with the
same quantum numbers as MH and EnðBÞ denotes the
corresponding energy. Assuming the vacuum energy is
normalized to zero, at large Euclidean times, excited-state
contributions are exponentially suppressed, and the corre-
lator is dominated by the ground state:

lim
τ→∞

GHðB; τÞ ∼ e−MHðBÞτ; ð4Þ

whereMHðBÞ is the mass of the lightest state in the channel
specified by ΓH.
For staggered fermions, the meson operator takes the

form ψ̄ðxÞðΓD ⊗ Γ�
TÞψðxÞ, where ΓD and ΓT are Dirac and

taste matrices, respectively. Because of the mixing of spin
and taste degrees of freedom on the hypercube, the fermion
field ψ becomes a 16-component object. In this work, we
focus on local meson operators, setting ΓD ¼ ΓT ≡ ΓH.
The corresponding operator can then be written in terms of
the staggered spinor field χ as MH ¼ ζHðx⃗Þχ̄ðx⃗Þχðx⃗Þ,
where ζHðx⃗Þ is a position-dependent phase factor

determined by the choice of ΓH. To evaluate Eq. (1)
numerically, we first perform the Grassmann integration
over the quark fields on a fixed gauge configuration U.
This yields the configuration-specific correlator, denoted as
GHðB; τ;UÞ, which involves the trace of quark
propagators. For the connected part of the correlator, this
is given by

GHðB; τ;UÞ ¼
X
x⃗

ζHðx⃗ÞkSðx⃗; τ; 0⃗; 0;U;BÞk2; ð5Þ

where Sðx⃗; τ; 0⃗; 0;U;BÞ is the staggered fermion propaga-
tor from the source ð0⃗; 0Þ to the sink ðx⃗; τÞ on the back-
ground field U in the presence of magnetic field B and the
notation k · k2 denotes the squared Frobenius norm,
kAk2 ≡ TrðA†AÞ, with trace taken over color space.
The physical correlator GHðB; τÞ is then recovered by

averaging GHðB; τ;UÞ over the gauge ensemble:

GHðB; τÞ ¼ hGHðB; τ;UÞiB: ð6Þ

Here, h� � �iB denotes the gauge-field average over U with
the B-dependent path-integral measure defined in Eq. (2).
We consider mesons in the pseudoscalar channel, con-

structed from flavor combinations q̄iqj with i; j∈ fu; d; sg.
For these states, the phase factor simplifies to ζHðx⃗Þ ¼ 1
[87,88]. The presence of background magnetic fields
explicitly breaks isospin symmetry due to the differing
electric charges of the u and d quarks, which allows mixing
between the uū and dd̄ components of the neutral pion. As
a result, the π0 correlation function can, in general, receive
both connected and disconnected contributions. In this
work, we take the up- and down-quark masses to be
degenerate at zero magnetic field and neglect the discon-
nected diagrams. Earlier exploratory lattice studies in
background magnetic fields found the disconnected part
of the neutral-pion correlator to be consistent with zero
within their uncertainties in a quenched setup [77]. The
quantitative impact of disconnected contributions in the
present setup is not addressed here, and the neutral-pion
results presented below, therefore, refer to the connected
correlators.
A distinctive feature of staggered fermions is an alter-

nating contribution in Euclidean time arising from
opposite-parity states. The correlator is, thus, parametrized
as [82,88]

GHðnτÞ ¼
XNnosc

i¼1

Anosc;ie−Mnosc;inτ − ð−1Þnτ
XNosc

i¼0

Aosc;ie−Mosc;inτ ;

ð7Þ

where nτ ¼ τ=a is the temporal separation in lattice units,
Nnosc and Nosc are the numbers of nonoscillating and
oscillating states, respectively, Anosc;i and Aosc;i are the
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corresponding positive amplitudes, and Mnosc;i and Mosc;i

denote their masses. Note that Nnosc ≥ 1 is required to
describe the ground state, while Nosc ≥ 0. In our analysis,
the mass Mnosc;1 is identified as the ground-state pseudo-
scalar meson mass.
We note that, in a background magnetic field, the

reduced symmetry of the system can, in principle, allow
mixing between channels that are orthogonal at B ¼ 0. In
particular, pseudoscalar states may mix with vector states
with spin projection sz ¼ 0, as discussed, for example, in
Ref. [78]. Such mixing primarily affects the extraction of
the heavier mixed partner, while the lightest pseudoscalar
state still governs the leading large-Euclidean-time falloff
of the pseudoscalar correlator. Since in the present work we
determine only the lowest pseudoscalar ground state, we do
not observe a visible complication from this effect within
our current uncertainties.
To extract decay constants from the fit Ansatz in Eq. (7),

we first recall the relevant definitions. In the presence of a
background magnetic field, Lorentz and isospin sym-
metries are explicitly broken. Consequently, the weak
decay of pions receives contributions from both axial-
vector and vector currents, leading to the introduction of
additional decay constants [47,79,80,89]. However, in this
work, we focus solely on the conventional decay constants
for the neutral pion and kaon, associated with the axial-
vector current parallel to the magnetic field at zero spatial
momentum. Their definitions remain identical to those at
zero magnetic field [82,87]:

ffiffiffi
2

p
M2

π0
fπ0 ¼ðmuþmdÞ

�
0

���� 1ffiffiffi
2

p ðūγ5u− d̄γ5dÞ
����π0ðp⃗¼0Þ

�
;

ð8Þ
ffiffiffi
2

p
M2

K0fK0 ¼ ðmd þmsÞh0jd̄γ5sjK0ðp⃗ ¼ 0Þi: ð9Þ

Since disconnected contributions are omitted in this
work, the connected neutral-pion correlator is evaluated
as the average of the ūγ5u and d̄γ5d channels. It is, thus,
convenient to introduce the flavor components π0u and π0d,
whose decay constants are defined by

ffiffiffi
2

p
M2

π0u
fπ0u ¼ 2muh0jūγ5ujπ0uðp⃗ ¼ 0Þi; ð10Þ

ffiffiffi
2

p
M2

π0d
fπ0d ¼ 2mdh0jd̄γ5djπ0dðp⃗ ¼ 0Þi: ð11Þ

These states, jπ0ui and jπ0di, are not eigenstates of QCD but
are defined implicitly via the long-distance behavior of the
corresponding connected correlators.
The matrix elements in Eqs. (8)–(11) are extracted from

the amplitudes of the two-point correlation functions. For a
pseudoscalar operator OP coupling to a state jPðp⃗ ¼ 0Þi,
the spectral decomposition implies that the amplitude AP

obtained from fitting GPðτÞ ∼ APe−MPτ is [90]

AP ¼ jhΩjOPjPðp⃗ ¼ 0⃗Þij2
2MP

; ð12Þ

whereMP is the mass of the state. Combining this with the
definitions above yields the expressions used to compute
the decay constants on the lattice:

fPπ ¼ 2ml

ffiffiffi
1

4

r ffiffiffiffiffiffiffiffiffi
APπ

M3
Pπ

s
; ð13Þ

fK0 ¼ ðmd þmsÞ
ffiffiffi
1

4

r ffiffiffiffiffiffiffiffiffi
AK0

M3
K0

s
; ð14Þ

where Pπ denotes π0, π0u, or π0d and ml ≡mu ¼ md. Both
amplitudes AP and massesMP are determined from the fits
to Eq. (7). The factor

ffiffiffiffiffiffiffiffi
1=4

p
accounts for the normalization

of local staggered fermion operators, specifically the factor
of 1=4 arising from the fourth-root trick and taste multi-
plicity. We emphasize that π0u and π0d are not physical
particles but rather constructs corresponding to the flavor
components of the connected neutral-pion correlator.
Nevertheless, their masses Mπ0u

and Mπ0d
are well-defined

quantities that provide a lower bound on the mass of the
charged ρ meson through QCD inequalities [72]. Their
associated decay constants fπ0u and fπ0d , defined via
Eqs. (10) and (11), offer insight into the magnetic catalysis
effect on individual quark flavors.
The energy spectrum of a pointlike charged particle in a

uniformmagnetic field at zero temperature is quantized into
Landau levels, given by [91,92]

E2
n¼M2þð2nþ1ÞjeBj−gszqBþp2

z ; n∈Zþ
0 ; ð15Þ

where M is the particle mass in the absence of a magnetic
field, q is the electric charge, and sz is its spin polarization
along the direction of the magnetic field (assumed to be the
z axis). The gyromagnetic ratio g is 0 for pseudoscalar
mesons and 2 for vector mesons. For a charged pointlike
pseudoscalar meson (g ¼ 0) in the lowest Landau level
(LLL, n ¼ 0) and with zero momentum along the z
direction (pz ¼ 0), the mass evolves with the magnetic
field as

M�
psðBÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM�

psðB ¼ 0ÞÞ2 þ jeBj
q

: ð16Þ

This expression implies that charged pointlike particles in
the pseudoscalar channel exhibit a monotonic increase in
mass with increasing magnetic field, whereas neutral
pointlike particles are expected to remain unaffected.
The chiral condensate is the standard order parameter for

spontaneous chiral symmetry breaking in the chiral limit
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and remains a sensitive diagnostic at finite quark masses.
The (bare) chiral condensate for flavor f is obtained from
the derivative of the logarithm of the partition function with
respect to the quark mass:

hψ̄ψif ≡ T
V
∂ lnZðB; TÞ

∂mf
; ð17Þ

where V is the spatial volume, T is the temperature, andmf

denotes the mass of a specific quark flavor—up, down, or
strange. While the chiral condensate suffers from both
additive and multiplicative ultraviolet (UV) divergences,
these divergences are independent of the background
magnetic field B at zero temperature [12]. To isolate the
magnetic-field response, we consider subtracted and nor-
malized condensates that are free of these UV artifacts.
For the light sector, we define [13]

ΔΣudðBÞ ¼
ml

M2
π0
F2
π0
½ðhψ̄ψiuðBÞ − hψ̄ψiuðB ¼ 0ÞÞ

þ ðhψ̄ψidðBÞ − hψ̄ψidðB ¼ 0ÞÞ�; ð18Þ

where ml ≡mu ¼ md and Mπ0 and Fπ0 denote the pion
mass and decay constant at B ¼ 0, respectively.
Analogously, for the kaon sector, we define

ΔΣsdðBÞ ¼
ms þmd

2M2
K0F2

K0

½ðhψ̄ψisðBÞ − hψ̄ψisðB ¼ 0ÞÞ

þ ðhψ̄ψidðBÞ − hψ̄ψidðB ¼ 0ÞÞ�; ð19Þ

with MK0 and FK0 again taken at B ¼ 0.

III. NUMERICAL SETUP

In this study, we perform lattice QCD simulations with
Nf ¼ 2þ 1 flavors using HISQ [93] fermions and a tree-
level improved Symanzik gauge action [94,95] in the
presence of external magnetic fields. The magnetic field
couples only to the quarks and is represented by a phase
factor uμðnÞ of the U(1) field introduced along the z

direction, i.e., B⃗ ¼ ð0; 0; BÞ. The phase factor uμðnÞ,
expressed in the Landau gauge, is given by [96,97]

uxðnx; ny; nz; nτÞ ¼
�
exp½−iqa2BNxny� ðnx ¼ Nx − 1Þ
1 ðotherwiseÞ;

uyðnx; ny; nz; nτÞ ¼ exp½iqa2Bnx�;
uzðnx; ny; nz; nτÞ ¼ utðnx; ny; nz; nτÞ ¼ 1: ð20Þ

Here, q is the electric charge of the quark, and the lattice
size is denoted as ðNx; Ny; Nz; NτÞ, where the coordinates
are labeled nμ ¼ 0;…; Nμ − 1ðμ ¼ x; y; z; τÞ. The external
magnetic field applied along the z direction is quantized as
follows [9,13,82]:

qB ¼ 2πNb

NxNy
a−2; ð21Þ

where NxðNyÞ is the number of lattice sites in the xðyÞ
direction. In our setup, the lattices are isotropic in space,
i.e., Nx ¼ Ny ¼ Nz ≡ Nσ . The electric charges of the
quarks are qd ¼ qs ¼ −qu=2 ¼ −e=3, with e representing
the elementary electric charge. To satisfy the quantization
condition for all quark flavors simultaneously, the magnetic
flux quantum is set by the greatest common divisor of their
charges, leading to jqdj ¼ jqsj ¼ e=3. Consequently, the
magnetic-field strength is given by eB ¼ 6πNb=ðN2

σa2Þ,
where Nb is an integer denoting the number of magnetic
flux quanta piercing the entire x‐y plane and a is the lattice
spacing.
The strange-quark mass ms is tuned to its physical value

by adjusting the mass of the fictitious η0ss̄ pseudoscalar
meson [98]. This tuning uses the leading-order chiral
perturbation theory relation Mη0ss̄

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2M2

K −M2
π

p
. The

light-quark mass is set to ml ¼ ms=27, yielding a near-
physical pion mass in the vacuum. We adopt the scale
setting procedure common to the HotQCD Collaboration
[99,100]; further specifics regarding the HISQ discretiza-
tion in magnetic fields are available in Ref. [82].
In our simulations, all gauge configurations were gen-

erated using a modified version of the SIMULATeQCD

software suite [101,102], with configurations saved every
ten trajectories. We employed four different lattice spac-
ings: a ¼ 0.112, 0.084, 0.067, and 0.056 fm, correspond-
ing to lattice sizes 243 × 48, 323 × 64, 403 × 80, and
483 × 96, respectively. For all ensembles, we employ a
zero-temperature finite-B setup consistent with Ref. [103]:
The spatial extent is kept fixed at L ¼ aNσ ≃ 2.7 fm, and
the aspect ratio is chosen as Nτ ¼ 2Nσ . Fixing L also
makes the mapping eB ¼ 6πNb=L2 for a given flux
quantum Nb nearly identical across lattice spacings. We
selected seven different values of Nb ∈ f0; 2;…; 12g cor-
responding to eB values ranging from 0 to 1.22 GeV2.
To ensure the reliability of the continuum extrapolation,

we also comment on the potential discretization errors
introduced by the magnetic field itself. A key requirement
to mitigate such effects is a2jqBj ≪ 1, which is equivalent
to Nb=N2

σ ≪ 1. Adopting the benchmark from
Refs. [35,103], we ensure that Nb=N2

σ < 5%. In our setup,
the most stringent case occurs for the coarsest lattice
(a ¼ 0.112 fm, Nσ ¼ 24) at the largest magnetic field
(Nb ¼ 12), yielding Nb=N2

σ ≈ 2.1%. This value is well
within the accepted tolerance, confirming that lattice
discretization errors associated with the magnetic field
remain under control throughout our parameter space.
The simulation parameters are summarized in Table I.
The two-point correlation functions were computed

using smeared multicorner wall sources [82,88] to suppress
excited-state contamination and enhance ground-state
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overlap. These sources are placed on the corners of all 23

spatial cubes on a given time slice. To balance statistical
precision against computational cost, we varied the tem-
poral sampling density across different ensembles. For
Nb ¼ 0, we employed a spacing of eight (four) slices for
Nτ ¼ 48; 64 ð80; 96Þ. In contrast, for Nb > 0, where stat-
istical noise is more prominent, the sampling frequency
was increased to every time slice, except for the 483 × 96
lattices, where a spacing of 2 was adopted.
As representative examples, we present the temporal

correlators for the flavor-resolved neutral-pion components
π0uðūuÞ and π0dðd̄dÞ in Fig. 1, for magnetic-field strengths
eB∈ ½0; 1.22� GeV2, on 243 × 48 ensembles. Both chan-
nels exhibit an increasing correlator magnitude with rising
magnetic field, with the ūu component displaying a
stronger enhancement due to the larger electric charge of
the u quark. Meson masses are extracted by fitting the
correlators to the form in Eq. (7). We systematically
consider fits with combinations ðNnosc; NoscÞ ¼
ð1; 0Þ; ð1; 1Þ; ð2; 0Þ; ð2; 1Þ; ð3; 0Þ while varying the fit win-
dow nτ ∈ ½nτ;min; Nτ=2� with nτ;min ranging from 1 to
Nτ=2 − d (where d ensures sufficient degrees of freedom).
The preferred model and window are selected by minimiz-
ing the AICc [83,84]:

AICc ¼ 2k − 2 ln L̂þ 2kðkþ 1Þ
n − k − 1

; ð22Þ

where k is the number of fit parameters, L̂ is the maximum
likelihood, and n is the number of data points. Once the
AICc-optimal fits yield a stable mass plateau as a function
of nτ;min, the ground-state mass and its associated uncer-
tainty are determined via bootstrap resampling over that
plateau region [82,88]. As demonstrated in Fig. 2, this
approach yields clear plateaus for both mass and amplitude
extractions.
Furthermore, as part of our systematic studies, we

include masses from the oblique Lanczos method [86] at
various nτ values. The method and the detailed compar-
isons with the multistate fits are presented in Appendix A.

IV. RESULTS

A. Masses of pseudoscalar mesons

In this subsection, we present our results for the masses
of pseudoscalar mesons at seven different values of the
magnetic-field strength, from eB ¼ 0 to 1.22 GeV2, using
four lattice spacings and performing a controlled con-
tinuum extrapolation. To improve the robustness of the
mass determination, we use two complementary ground-
state extraction methods (AICc-selected multistate fits and
the oblique Lanczos method) together with two continuum-
extrapolation Ansätze (linear and quadratic).
For each observable, we combine the continuum esti-

mates from the different analysis choices within the boot-
strap procedure to define the final continuum estimator. The
quoted central value is taken as the median of the resulting
bootstrap distribution, and the uncertainty is determined
from its central 16th–84th percentile interval. This uncer-
tainty, therefore, represents the total uncertainty of the final
combined estimator, obtained after propagating both the
bootstrap fluctuations and the variation among the accepted

TABLE I. Summary of the zero-temperature lattice parameters:
gauge coupling β, strange-quark mass ams in lattice units, and the
number of gauge configurations used for each magnetic field eB
(corresponding to Nb ¼ 0, 2, 4, 6, 8, 10, 12 from left to right).
The strange-to-light-quark mass ratio is fixed at ms=ml ¼ 27.

N3
σ × Nτ β ams

No. of conf at eB [GeV2]

0.0 0.2 0.41 0.61 0.81 1.02 1.22

243 × 48 6.722 0.0484 600 701 1401 1350 1350 1350 1350
323 × 64 7.016 0.0353 600 800 800 800 800 800 800
403 × 80 7.254 0.0274 475 555 555 555 555 321 316
483 × 96 7.455 0.0222 350 266 249 248 222 306 216

FIG. 1. Temporal correlators GðnτÞ for the neutral pion’s ūu
(top) and d̄d (bottom) components at various values of eB
measured on the 243 × 48 ensemble.
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analysis choices. A more detailed description of this
procedure is given in Appendix B. For transparency, the
continuum central values and bootstrap uncertainties
obtained from the individual analysis choices are listed
in Appendix C together with the final quoted results.
In Fig. 3, we show the results for the neutral-pion, kaon, and

η0ss̄ masses in the top, middle, and bottom panels, respectively,
with open symbols indicating finite-a data and filled squares
denoting the continuum-extrapolated values. While the results
in the continuum limit are obtained using both the AICc-
selected fit analysis and the oblique Lanczos method, for
visibility we show at nonzero lattice spacing only the AICc
determinations; the sameconvention is used inFigs. 4, 8, and9.

FIG. 2. Top: ground-state mass extraction for π0u on the 243 ×
48 ensemble at eB ¼ 0.81 GeV2. Results from correlated fits
with ðNnosc; NoscÞ ¼ ð1; 0Þ; ð2; 0Þ; ð3; 0Þ are shown as open
symbols versus the fit start time nτ;min. Black stars denote the
AICc-selected fits, and the gray band indicates the final plateau
value. Masses extracted using the oblique Lanczos method (red
crosses) are also plotted against Euclidean time nτ. Bottom: the
corresponding matrix element CPPVs obtained from the same set
of fits; this quantity is not accessible in the Lanczos method.

FIG. 3. Masses of neutral pseudoscalar mesons as functions of
the background magnetic field eB. The top, middle, and bottom
panels show results for π0, K0, and η0ss̄, respectively. Open
symbols denote lattice measurements on the individual ensem-
bles, while the red filled symbols show the corresponding
continuum-extrapolated results. The insets display the meson
masses normalized to their eB ¼ 0 values to highlight the relative
changes.

CHIRAL PROPERTIES OF (2þ 1)-FLAVOR QCD IN … PHYS. REV. D 113, 094503 (2026)

094503-7



From Fig. 3, we observe that in all three channels the
neutral meson masses decrease monotonically with
increasing eB. The effect is largest for the neutral pion,
milder for the neutral kaon, and weakest for the η0ss̄. This
hierarchy is made more transparent by the insets in the
upper-right corner of each panel, which directly show the
ratios of the meson masses at nonzero eB to their values at
eB ¼ 0, MðBÞ=MðB ¼ 0Þ. At our strongest magnetic field
(eB ¼ 1.22 GeV2), we find that Mπ0 , MK0 , and Mη0ss̄

are
reduced to about 64%, 74%, and 78% of their eB ¼ 0
values, respectively. This pattern is consistent with our
earlier fixed-lattice-spacing study in Ref. [82], performed
on 323 × 96 lattices with a heavier-than-physical pion mass
at eB ¼ 0 (∼220 MeV), and it extends those results to
physical quark masses and the continuum limit. Moreover,
the observed ordering—heavier mesons being less affected
by the magnetic field—is in line with finite-temperature
screening-mass studies, where heavier states exhibit a
smaller B-induced shift [104,105].
As discussed in Sec. II, neutral pointlike particles would

have masses that are independent of the magnetic field. The
pronounced decrease of the neutral pseudoscalar meson
masses with eB, therefore, reflects their internal quark-
antiquark structure and the distortion of the bound state by
the external field. This neutral-sector behavior provides a
useful baseline for interpreting the charged pseudoscalars,
where a pointlike picture instead predicts an increasing
energy with eB through Landau-level quantization.
We now turn to the masses of the charged pseudoscalar

mesons, Mπ� and MK� . Our lattice results in Fig. 4 show
that the pointlike expectation captures only the weak-field
regime: For small eB, both masses rise in qualitative
agreement with LLL estimate [cf. Eq. (16)], shown by
the dashed lines. For stronger fields, however, the trend
changes; starting around eB ≈ 0.6 GeV2, the meson masses
deviate from the trend of the LLL prediction and instead
approach a saturation regime, with a slight downward trend
at the largest fields. This deviation signals that charged
pseudoscalar mesons cannot be treated as pointlike par-
ticles in strong magnetic fields, and their internal structure
and strong dynamics become essential. Furthermore, we
observe that at large magnetic fields the mass of the kaon is
less affected than that of the pion. This relative insensitivity
of MK� compared to Mπ� may be attributed to the larger
vacuum mass of the kaon, consistent with the pattern also
seen in the neutral sector.
The nonmonotonic behavior of the charged pseudoscalar

masses in Fig. 4 already highlights that, beyond the
pointlike Landau-level expectation, the magnetic field
probes the internal quark structure of the mesons. A
complementary and more microscopic handle is provided
by the neutral-pion sector. In a magnetic field, isospin is
explicitly broken and the connected π0 correlator naturally
separates into uū and dd̄ components. Since these compo-
nents carry different electric charges, qu ¼ þ2=3e and

qd ¼ −1=3e, they experience different effective field
strengths and, thus, develop different mass shifts, motivat-
ing a direct comparison of Mπ0u

and Mπ0d
.

The ratio Mπ0u
=Mπ0d

as a function of eB is shown in
Fig. 5. Here, the comparison is made at the same external
field strength but for quarks of different electric charges.
We display results from four lattice spacings separately. To
ensure the robustness of our mass extractions, we employ
two independent techniques: AICc-selected multistate fits
and the oblique Lanczos method. As shown in the figure,
the results obtained from these two complementary
methods are in excellent agreement across all lattice
spacings and magnetic-field strengths. At vanishing mag-
netic field, the ratio is consistent with unity within
statistical errors, although the uncertainties are relatively
large due to limited statistics. As the magnetic field
increases, the ratio systematically deviates from unity: It

FIG. 4. Masses of charged pseudoscalar mesons as functions of
the background magnetic field eB. The top and bottom panels
show results for π� and K�, respectively. Open symbols denote
lattice QCD results on the individual ensembles, while the red
filled symbols show the continuum-extrapolated results. In each
panel, the dashed line represents the LLL prediction for a
pointlike charged particle with the corresponding zero-field mass.
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decreases up to eB ≈ 0.6 GeV2 and then rises slightly at
larger eB. This implies that Mπ0u

decreases more rapidly
than Mπ0d

at moderate fields, consistent with the stronger
coupling of the u quark to the magnetic field, while at
higher fields the behavior becomes more intricate, reflect-
ing a nontrivial interplay of quark charges and magnetic
effects.
In Ref. [82], the terminology qB scaling was introduced

to refer to the observation that the u- and d-quark connected
components of the neutral-pion mass depend only on the
product of the quark electric charge and the magnetic-field
strength, i.e., qB. Such a scaling would be expected to hold
exactly in the quenched limit, because in that case eB enters
solely through the Dirac operator, without contributions
from sea quarks. Consequently, Mπ0u

and Mπ0d
should

coincide when plotted against qB. In full QCD, however,
dynamical sea quarks carry different charges and enter the
quark determinant, potentially breaking qB scaling. To test
whether qB scaling holds in our simulations with dynami-
cal quarks, we show the ratioMπ0u

=Mπ0d
as a function of qB

in Fig. 6. After rescaling the magnetic field by the quark
charges, jqBj ¼ jquBuj ¼ jqdBdj, the results from different
lattice spacings deviate from unity by at most ∼5%, using
two different mass extraction methods. This indicates that
qB scaling is only mildly broken in our full QCD
simulations. A more granular view of the scaling behavior
is provided in Fig. 7, which displays the ratio of correlators
constructed from the u- and d-quark sectors as a function of
nτ. The correlator ratios display a similar pattern: At
qB ¼ 0 they are consistent with unity within statistical
errors, while at nonzero fields we observe deviations up to
∼8% at intermediate temporal separations. Nevertheless, at
large Euclidean times (nτ ∼ Nτ=2), where the ground-state
contribution dominates, the ratios tend to return toward
unity. Thus, the correlator ratio provides the most direct
evidence for the origin of the deviations of Mπ0u

and Mπ0d

from exact qB scaling. Our results suggest that, although
dynamical quarks introduce noticeable corrections, the
breaking of qB scaling remains moderate in the parameter
region explored here.
To pinpoint the dynamical origin of the magnetic-field

dependence of pseudoscalar meson masses, we separate
the response into “valence” and “sea” contributions,
following the strategy introduced in Refs. [18,21,105].
The key point is that the external field enters QCD in two
distinct ways: It modifies the valence-quark propagators
that appear in the hadronic contractions, and it also
modifies the sampling weight of gauge configurations
through the fermion determinant. Using the B-dependent
ensemble average h� � �iB defined in Sec. II, we introduce
two auxiliary correlators in which only one of these effects
is switched on [18,21,105].
The valence correlator switches on the magnetic field

only in the valence propagators, while keeping the sea-
quark determinant (and, hence, the gauge-field sampling) at
B ¼ 0,

FIG. 5. Ratio of the neutral-pion mass components, Mπ0u=Mπ0d
,

as a function of the magnetic-field strength eB for four different
lattice spacings. Results obtained from the AICc-selected multi-
state fits and the oblique Lanczos method are denoted by red
squares and blue circles, respectively.

FIG. 6. Similar as Fig. 5 for Mπ0u
=Mπ0d

but plotted as a function
of the rescaled field strength jqBj.

FIG. 7. Ratio of the temporal correlation functions,
Gπ0uðnτÞ=Gπ0d

ðnτÞ, as a function of Euclidean time nτ at fixed
values of jqBj, for the lattice spacings indicated in the panels. The
different colors correspond to the jqBj values listed in the legend.
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Gval
H ðB; tÞ ¼ hGHðB; t;UÞi0: ð23Þ

Conversely, the sea correlator switches on the magnetic
field only in the determinant, while evaluating the hadronic
contraction with B ¼ 0 propagators:

Gsea
H ðB; tÞ ¼ hGHð0; t;UÞiB: ð24Þ

By construction, the B dependence ofGval
H originates solely

from the valence sector, whereas that of Gsea
H originates

solely from the sea sector. From GHðB; tÞ, Gval
H ðB; tÞ, and

Gsea
H ðB; tÞ we extract the corresponding masses using

identical fit procedures and fit windows, yielding
MHðBÞ, Mval

H ðBÞ, and Msea
H ðBÞ.

The results are summarized in Figs. 8 and 9 for pions and
kaons, respectively, wherewe compare the valence-only and

sea-only counterparts for both charged and neutral pseudo-
scalar channels. A clear pattern emerges: Within uncertain-
ties, the full eB dependence is almost entirely reproduced by
the valence-only determination, MHðBÞ ≃Mval

H ðBÞ,
whereas the sea-only masses remain close to their B ¼ 0
values, Msea

H ðBÞ ≈MHð0Þ, over the entire field range
explored. This demonstrates that, at the physical point
and for the values of eB considered here, magnetic-field
effects on pseudoscalar meson masses are dominated by
valence dynamics, while sea-quark effects are quantitatively
subleading for both charged and neutral states. In particular,
this valence dominance provides a dynamical explanation
for the near-validity of qB scaling observed above: Once the
leading valence response is organized in terms of jqfBj, only
a small residual breaking—consistent with the minor sea-
quark contribution—remains.
We emphasize that the above conclusion—namely, that

the magnetic-field dependence of pseudoscalar meson
masses is overwhelmingly carried by the valence sector,
with only a minor sea-quark contribution—pertains to the
vacuum (zero-temperature) ensembles studied here. At
finite temperature, the situation is known to change

FIG. 8. Valence- and sea-quark contributions to pseudoscalar
meson masses as functions of the magnetic field eB at four lattice
spacings. The top (bottom) panel shows the neutral (charge) pion
mass. Contributions from valence and sea quarks are denoted by
filled and open symbols, respectively. Different symbol shapes
denote lattice spacings. Data are horizontally offset for clarity.
The dashed line in the bottom panel indicates the LLL prediction
for a pointlike particle.

FIG. 9. The same as Fig. 8 but for kaons.
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qualitatively. In particular, in the vicinity of the pseudoc-
ritical temperature, sea-quark effects become dominant and
provide the primary drivingmechanism behind the so-called
inverse magnetic catalysis. This sea-quark-driven behavior
has been observed both in the nonmonotonic temperature
and field dependence of the chiral condensate and in the
corresponding behavior of pseudoscalar screening masses
(or screening correlators) in the vicinity of the transition
region [18,21,105].
At the end of this subsection, we show the magnetic-field

dependence of the combinationMπ0u
þMπ0d

, which, through
QCD inequalities, provides a lower bound on the charged ρ-
meson mass. As discussed in Sec. II, the flavor-resolved
connected contributions to the neutral-pion correlator define
themassesMπ0u

andMπ0d
.While these connected-component

masses are not associated with physical asymptotic states,
they are well-defined quantities extracted from gauge-
invariant correlators and can be used in rigorous inequality
relations. In particular,Mρ�ðeBÞ ≥ Mπ0u

ðeBÞ þMπ0d
ðeBÞ. In

Fig. 10, we present our continuum-extrapolated results for
this bound.We observe amonotonic decrease ofMπ0u

þMπ0d
with increasing eB, reaching ∼180 MeV at our largest field
strength, eB ¼ 1.22 GeV2. Remarkably, within uncertain-
ties, this sum remains consistent with 2Mπ0 over the entire
field range. The inset further illustrates the expected charge
hierarchy of magnetic effects: The uū component shows the
largest shift, followed by the neutral pion, while the dd̄
component is least affected.

B. Decay constants of neutral pseudoscalar mesons

We present the decay constants of neutral pseudoscalar
mesons as functions of the magnetic-field strength eB in

Fig. 11. The open symbols denote lattice results at finite
lattice spacing, while the filled symbols correspond to
continuum extrapolations. At vanishing magnetic field, we
obtain fπ0 ¼ 85.8ð2.9Þ MeV and fK0 ¼ 107.0ð1.2Þ MeV,

FIG. 10. Continuum-extrapolated results for combination of
masses, Mcomb, i.e., the sum of quark components Mπ0u

þMπ0d
(red squares) and twice the neutral-pion mass 2Mπ0 (blue circles)
as a function of the magnetic field eB. The inset displays the
individual flavor componentsMπ0u

andMπ0d
alongside the neutral-

pion mass Mπ0 using filled symbols as indicated in the legend.

FIG. 11. Decay constants of neutral pseudoscalar mesons as
functions of themagnetic field eB. From top to bottom: π0,K0, and
η0ss̄. Open symbols show results at finite lattice spacing,while filled
symbols denote the corresponding continuum extrapolations.
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yielding fK0=fπ0 ¼ 1.247ð44Þ. The ratio is reasonably
close, within uncertainties, to the continuum Nf ¼ 2þ 1

benchmark fK=fπ ¼ 1.1916ð34Þ quoted by FLAG 2024
[106]. The small separation between finite-a data and
continuum-extrapolated points indicates that discretization
effects are mild for fπ0, fK0 , and fη0ss̄ over the entire
eB range.
When the magnetic field is switched on, the decay

constants of all three neutral pseudoscalar mesons (π0,
K0, and η0ss̄) increase monotonically with increasing eB. fπ0
grows most rapidly and reaches 220.8(1.4) MeV at
eB ¼ 1.22 GeV2, corresponding to an increase of about
157% relative to eB ¼ 0. The kaon decay constant fK0

increases more moderately to 180.9(5) MeV, i.e., by about
69%. The hidden-strangeness channel fη0ss̄ exhibits the
mildest response, increasing by roughly 48% over the
same field range. The ordering π0 > K0 > η0ss̄ is consistent
with the general expectation that observables dominated by
lighter valence flavors are more susceptible to magnetic-
field effects.
To further investigate the charge dependence of the

valence response, Fig. 12 shows a flavor decomposition
of the connected neutral-pion channel. In this analysis, we
work throughout in the purely connected sector: The π0

decay constant fπ0 and the flavor-resolved quantities fπ0u
and fπ0d are extracted in the same way from the correspond-
ing connected correlators, following Eq. (13), with fπ0u
obtained from the connected uū correlator and fπ0d from the

connected dd̄ correlator. The top panel in Fig. 12 shows that
fπ0u increases substantially faster with eB than fπ0d , con-
sistent with the larger magnitude of the u-quark electric
charge, jquj ¼ 2jqdj; the connected π0 result lies between
these two components.
In the bottom panel in Fig. 12, the squared decay

constants f2
π0u

and f2
π0d

show an approximately linear
dependence on eB for field strengths exceeding approx-
imately 0.4 GeV2. We compare this trend to the strong-field
expectation discussed in Ref. [107], where the relevant
dynamics is governed by Landau quantization at the quark
level: In the regime dominated by the LLL, the LLL
degeneracy is proportional to jqfBj, leading to a linear-
in-jqfBj growth of the decay constants of the associated
Nambu-Goldstone modes and a characteristic charge
dependence of the slope. In our normalization, this expect-
ation is shown by the dashed lines with slopes NceB=ð6π2Þ
and NceB=ð12π2Þ for the uū and dd̄ components, respec-
tively; here, Nc ¼ 3 is the number of colors. Our lattice
data follow these perturbative slopes closely at larger fields.
The most direct signature of this charge-controlled scaling
is the ratio ðfπ0u=fπ0dÞ2 shown in the inset: Starting from
unity at eB ¼ 0, it increases monotonically and approaches
≃2 at our largest field eB ¼ 1.22 GeV2, consistent with the
expected factor jqu=qdj ¼ 2.

Finally, we emphasize the conceptual distinction from
charged pseudoscalar mesons: For charged states, the
magnetic field Landau quantizes the center-of-mass motion
and the LLL can often be interpreted (within limitations) in
a point-particle picture, whereas for the neutral π0 the
center of mass does not Landau quantize. The evidence for
an “LLL regime” in Fig. 12 should, therefore, be under-
stood as an onset of quark-level LLL control of the
connected correlator amplitudes—and, hence, of the
extracted decay constants—rather than a point-particle
Landau-level interpretation of the neutral meson itself.

C. Chiral condensates and the GMOR relation

The enhancement of the light-quark chiral condensate by
a magnetic field, known as magnetic catalysis, is a
fundamental phenomenon in QCD. In the following, we

FIG. 12. Flavor decomposition of the connected neutral-pion
decay constant as a function of eB. Top: comparison of the
individual flavor components fπ0u and fπ0d with the physical

neutral pion fπ0 . Bottom: squared decay constants f2
π0u

and f2
π0d

versus eB. The dashed lines indicate the LLL expectation for the
asymptotic slopes, NceB=ð6π2Þ and NceB=ð12π2Þ for the uū and
dd̄ channels, respectively [107]. The inset shows the ratio
ðfπ0u=fπ0dÞ2.
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use the renormalized, subtracted condensate ΔΣudðBÞ
defined in Sec. II; it provides a dimensionless measure
of the magnetic-field response and is free of additive and
multiplicative UV divergences at T ≃ 0 [13]. For a direct
comparison with Ref. [13], we adopt in Eq. (18) normali-
zation with Mπ0 ¼ mπ0 ¼ 135 MeV and Fπ0 ¼ Fπ ¼
86 MeV [SU(2) chiral limit], with ml ≡mu ¼ md.
Our continuum-extrapolated results for the renormalized

light-quark condensate, ΔΣud, are shown in the top panel in
Fig. 13. With this convention, ΔΣud increases monotoni-
cally with eB. Quantitatively, our continuum-extrapolated
results are consistent with the earlier lattice determination
of Bali et al. within uncertainties while providing a refined
continuum control based on our set of ensembles. This
monotonic enhancement is the expected manifestation of
magnetic catalysis at T ≃ 0, i.e., an increase of the chiral
order parameter with eB.
Following the same strategy, we also analyze the strange-

light combination ΔΣsdðBÞ defined as Eq. (19) in Sec. II.
For the normalization, we take the neutral-kaon mass from
the PDG [108], MK0 ¼ mK0 ¼ 498 MeV, and use the

decay constant in the SU(3) chiral limit, FK0 ¼
FK ¼ 71 MeV, following Ref. [109]. The corresponding
continuum-extrapolated results are shown in the bottom
panel in Fig. 13. Compared to the light-quark case, ΔΣsd
exhibits a noticeably milder increase with eB. This light-
versus-strange hierarchy is qualitatively consistent with the
pattern seen in spectroscopy of pseudoscalar mesons in
strong magnetic fields, where pion observables typically
show a stronger eB dependence than kaon observables; see,
e.g., Ref. [82].
With the chiral condensate, pseudoscalar masses, and

decay constants determined at nonzero magnetic field, we
can quantify the magnetic-field-induced violation of the
GMOR relation, beyond the explicit quark-mass effects
away from the chiral limit. The GMOR relation links the
chiral order parameter to pseudoscalar properties and, thus,
provides a compact way to track how magnetic catalysis
and the field dependence of hadron observables combine
into deviations from leading-order chiral dynamics. We
write the GMOR relations for the neutral pion and kaon in a
form that applies at arbitrary B:

ðmu þmdÞðhψ̄ψiuðBÞ þ hψ̄ψidðBÞÞ
¼ 2f2

π0
ðBÞM2

π0
ðBÞ½1 − δπ0ðBÞ�; ð25Þ

ðms þmdÞðhψ̄ψisðBÞ þ hψ̄ψidðBÞÞ
¼ 2f2K0ðBÞM2

K0ðBÞ½1 − δK0ðBÞ�; ð26Þ

where fPðBÞ and MPðBÞ are the field-dependent decay
constants and ground-state masses determined on the
lattice, respectively, and δPðBÞ parametrizes the deviation
from the leading-order GMOR relation. At B ¼ 0, δπ0ð0Þ≡
δπ and δK0ð0Þ≡ δK reduce to the usual vacuum next-to-
leading-order (NLO) chiral corrections associated with
low-energy constants. At the physical point, estimates
from chiral perturbation theory (ChPT) and QCD sum
rules give δπ ¼ ð6.2� 1.6Þ% and δK ¼ ð55� 5Þ% [39,40].
To isolate the effect induced by the magnetic field eB and

to minimize sensitivity to the absolute normalization of the
condensate, we focus on the shift

ΔδPðeBÞ≡ δPðeBÞ − δPð0Þ: ð27Þ

Using the UV-free renormalized condensates defined in
Eqs. (18) and (19), we can express ΔδPðeBÞ directly in
terms of f2PðeBÞM2

PðeBÞ and the renormalized condensate.
For the pion sector, this yields

Δδπ0ðeBÞ ¼ 1 − δπ −
F2
πm2

π0

f2
π0
ðeBÞM2

π0
ðeBÞ ð1þ ΔΣud − δπÞ;

ð28Þ

and, analogously, for the kaon sector,

FIG. 13. Renormalized chiral condensates as functions of eB.
Top: ΔΣud. Bottom: ΔΣsd. In the top panel, the gray band
indicates the results of Bali et al. [13].
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ΔδK0ðeBÞ ¼ 1 − δK −
F2
Km

2
K0

f2K0ðeBÞM2
K0ðeBÞ ð1þ ΔΣsd − δKÞ;

ð29Þ

where ðmπ0 ; FπÞ and ðmK0 ; FKÞ are the fixed eB ¼ 0
reference inputs used in the definitions of ΔΣud and
ΔΣsd, respectively [see the discussion below Eqs. (18)
and (19)].
Our numerical results for Δδπ0ðeBÞ and ΔδK0ðeBÞ are

shown in Fig. 14. Over the full range of eB studied,
Δδπ0ðeBÞ remains small and is consistent with zero within
uncertainties, indicating that the magnetic-field dependence
of f2

π0
ðeBÞM2

π0
ðeBÞ closely tracks that of the renormalized

light-quark condensate. This trend is naturally interpreted
in light of leading-order chiral perturbation theory at T ¼ 0:
In the weak-field expansion, the magnetic shifts of light-
quark chiral condensate, fπ0 , and Mπ0 conspire such that
the GMOR relation for the neutral pion is preserved; see,
e.g., Ref. [45]. Remarkably, our continuum-extrapolated
results at the physical point show that this cancellation
persists up to eB ≃ 1.2 GeV2, i.e., well beyond the nominal
regime of applicability of the weak-field expansion. At
such fields, standard ChPT is expected to break down;
complementary effective approaches that incorporate
explicit qq̄ dynamics nevertheless suggest that the
GMOR relation remains robust for neutral Nambu-
Goldstone mesons (in contrast to charged channels); see,
e.g., Ref. [110]. For completeness, we note that the same
LO-ChPT preservation mechanism has also been discussed
at finite temperature in background magnetic fields [46],
although our focus here is on T ≃ 0.
In contrast, the kaon sector exhibits a sizable violation,

with ΔδK0ðeBÞ ≃ −0.22 at eB ¼ 1.22 GeV2. This qualita-
tive difference between π0 andK0 is not unexpected: Even at

eB ¼ 0, the kaon receives large NLO corrections in SU(3)
chiral dynamics, as reflected by the sizable vacuum value δK
quoted above, and the magnetic field further accentuates the
mismatch between the strange-sector condensate combina-
tion ðhψ̄ψis þ hψ̄ψidÞ and the pseudoscalar combination
f2K0ðeBÞM2

K0ðeBÞ entering Eq. (29). Equivalently, unlike the
light sector, where f2

π0
ðeBÞM2

π0
ðeBÞ closely tracks the

corresponding condensate factor in Eq. (28), the strange
sector responds more mildly. In particular, the field depend-
ence encoded in ΔΣsd does not keep pace with the variation
of f2K0ðeBÞM2

K0ðeBÞ, leading to the observed negative shift
in ΔδK0ðeBÞ. Our findings are consistent with earlier lattice
observations of a small (or absent) GMOR shift in the
neutral-pion channel and amore pronounced deviation in the
neutral-kaon channel in background magnetic fields [82],
and here we confirm this pattern at the physical point with
controlled continuum extrapolation.
We finally comment on how the observed reduction of the

Goldstone mode may relate to the decrease of the pseudoc-
ritical temperature in magnetic fields. The GMOR system-
atics underscore the special role of the Goldstone sector in
chiral dynamics; however, the decrease of TpcðeBÞ need not
be tied one to one to inverse magnetic catalysis. Indeed,
lattice studies at heavier-than-physical pion masses show
that the magnetic-field-induced suppression of the chiral
condensate around Tpc can cease, while Tpc nonetheless
continues to decrease with increasing eB [34,35].
This apparent tension can be understood as reflecting

different physical regimes. In the light-quark regime, where
chiral symmetry and its (approximate) restoration control
the crossover, it is natural to correlate the reduction of the
chiral condensate with a downward shift of Tpc. By
contrast, as the quark masses are increased toward the
heavy-quark limit (and ultimately toward the pure-gauge
theory), the chiral condensate ceases to be the relevant
order parameter for the transition, and the connection
between condensate suppression and the transition temper-
ature is no longer expected to hold.
This motivates a complementary interpretation in terms of

hadronic thermodynamics and the magnetically modified
spectrum. At eB ¼ 0, it is well known that lighter pions
correlate with a lower crossover temperature [48–55]. In the
same spirit, a lighter neutral pion at eB ≠ 0 carries a larger
thermodynamic weight at a fixed temperature, thereby
enhancing its contribution to bulk observables and making
thermal excitation of themediummore efficient; this naturally
shifts the crossover to lower temperatures. This expectation is
borne out in hadronic-model analyses in magnetic fields,
where the π0 contribution is found to dominate the energy
density over a broad range of parameters [111].

V. CONCLUSION

In this work, we investigated the chiral properties of
(2þ 1)-flavor QCD in background magnetic fields at T ≃ 0

FIG. 14. Magnetic-field-induced shift of the GMOR correction
ΔδPðeBÞ for the neutral pion (red circles) and neutral kaon (blue
squares).
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using the HISQ action at the physical point. Using ensem-
bles at four lattice spacings, we controlled discretization
effects and obtained continuum-extrapolated results for
renormalized chiral condensates and for pseudoscalar
observables in both the neutral and charged sectors. For
the pseudoscalar masses, we employed two complementary
extraction strategies—an AICc-guided fit analysis and an
oblique Lanczos spectral approach—which provide a valu-
able cross-check and a handle on systematic uncertainties. In
addition, we analyzed magnetic-field-induced corrections to
the GMOR relation and disentangled valence- and sea-quark
contributions to the magnetic response.
For the chiral sector, we find clear magnetic catalysis in

the vacuum: The renormalized light-quark chiral conden-
sate increases monotonically with eB. For the strange
sector, we consider a strange-light condensate combination,
which also exhibits an enhancement with eB but with a
noticeably milder response, reflecting the reduced sensi-
tivity of strange degrees of freedom to the magnetic field at
fixed T ≃ 0. These results sharpen the quantitative picture
of chiral symmetry breaking and its flavor dependence in
magnetized QCD in the vacuum.
Turning to the pseudoscalar spectrum, the neutral chan-

nel shows a pronounced decrease of Mπ0 with increasing
eB, with analogous (but weaker) trends for K0 and η0ss̄. In
the charged channel, we observe a characteristic non-
monotonic behavior: Mπ� and MK� rise in the small-field
region consistent with the LLL expectation but deviate at
intermediate fields and approach a saturation regime, with a
slight downward trend at the largest fields studied. This
departure from the point-particle Landau-level picture
highlights the onset of genuinely non-point-like dynamics
in strong magnetic fields. By separating valence- and sea-
quark contributions, we further showed that the magnetic-
field dependence of pseudoscalar masses on the vacuum
ensembles is overwhelmingly carried by valence-quark
effects, with only a minor sea-quark contribution. This is
also reflected by the approximate qB scaling of the neutral-
pion connected components: After rescaling the field by the
quark charges, the uū and dd̄ contributions nearly collapse
onto a common curve, indicating that qB scaling is only
mildly broken in full QCD and, thus, that sea-quark effects
remain small. Moreover, the sum Mπ0u

ðeBÞ þMπ0d
ðeBÞ

remains finite at our largest field, implying a nonzero
lower bound on Mρ�ðeBÞ via the QCD inequality and
thereby disfavoring a ρ-condensation scenario up to the
fields explored here.
For the decay constants, we presented continuum-limit

results for the neutral pseudoscalars fπ0 , fK0 , and fη0ss̄ . All
three increase monotonically with eB, with the strongest
enhancement in the pion channel and a progressively
milder response in the strange-containing channels, mirror-
ing the hierarchy seen in the condensate sector.
Combining condensates, masses, and decay constants,

we quantified the magnetic-field-induced shifts of the

GMOR corrections. In the neutral-pion channel, the
GMOR correction remains small over the full field range
studied, consistent with a substantial cancellation between
the eB dependence ofMπ0 and fπ0 that persists well beyond
the nominal weak-field regime. In contrast, the neutral-
kaon channel exhibits a sizable violation, reflecting the
stronger role of SU(3) corrections and the comparatively
mild strange-sector response of the condensate combina-
tion entering the kaonic GMOR relation.
The results presented here provide continuum-limit

benchmarks for effective-theory descriptions and model
calculations of magnetized QCD in the vacuum. A natural
next step is to extend the spectroscopy to additional
channels, in particular, vector mesons as well as baryons.
For such studies, Wilson-type fermions (e.g., clover-
improved formulations) may be a better choice, as they
avoid staggered taste breaking and allow for a more direct
treatment of spin-dependent structures.
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APPENDIX A: COMPARISON OF AICC AND
OBLIQUE LANCZOS MASS EXTRACTIONS

This appendix summarizes a systematic comparison of
ground-state masses extracted with (i) AICc-selected multi-
state fits and (ii) the oblique Lanczos method [85,86].
While a representative comparison of ground-state mass
plateaus for Mπ0u

on a single ensemble at a specific
magnetic-field strength is provided in the main text (see
Fig. 2), here, we present a comprehensive comparison of
the extracted masses for pions and kaons across the full
range of magnetic-field strengths. For visual clarity, we
show results only for our finest and coarsest lattice
spacings, as illustrated in Fig. 15 for pions and Fig. 16
for kaons. Note that the Lanczos data points are slightly
shifted in eB for visibility.
Overall, the two methods agree well within uncertainties

in both pion and kaon channels. In the neutral-pion sector,
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where the correlators have a high signal-to-noise ratio,
AICc fits typically yield smaller statistical errors, and the
central values from Lanczos are consistent: The relative
differences are ≤ 0.8% at a ¼ 0.112 fm and ≤ 2.6% at
a ¼ 0.056 fm across the shown field range. In the charged
pion sector, correlators become substantially noisier at
large eB; here, the Lanczos method remains effective,
and the two extractions agree in the vast majority of cases.
Quantitatively, the mean (median) relative difference is
about 5% (4.8%), with a maximum discrepancy of 16%.
The kaon sector shows an analogous pattern. For the

neutral kaon, agreement is extremely tight, with an average
relative difference of 0.07% and a maximum of 0.18%. For
the charged kaon, discrepancies remain modest despite
increased noise, with a mean (median) relative difference of
2.76% (2.64%) and a maximum of 8.84%.

The purpose of this comparison is not to require the two
methods to have identical statistical precision but to test the
stability of the extracted central values under two qualita-
tively different analysis strategies. To obtain robust final
results, we include the variation between the AICc-selected
and oblique Lanczos extractions, together with the con-
tinuum-extrapolation variations described in Appendix B,
in the combined bootstrap procedure used to define the
final quoted result and its uncertainty.

APPENDIX B: CONTINUUM EXTRAPOLATION

In this appendix, we detail the procedure used to obtain
continuum-limit results for the various observables.
For ground-state meson masses, we use two independent

extraction methods: AICc-selected multistate fits and the
oblique Lanczos method. In addition, we consider two
continuum-extrapolation Ansätze. Specifically, we use

Oða2Þ ¼ Olin
cont þ Aa2; ðB1Þ

for a linear fit in a2 using the three finest lattice spacings,
and

FIG. 15. Comparison of pseudoscalar pion masses extracted
using the AICc-selected fits (open circles) and the oblique
Lanczos method (filled triangles) as a function of the mag-
netic-field strength eB. The top and bottom panels show the
neutral (π0) and charged (π�) sectors, respectively. Blue and red
symbols denote results from the coarsest (a ¼ 0.112 fm) and
finest (a ¼ 0.056 fm) lattice spacings. For better visibility, the
Lanczos data points are slightly shifted horizontally.

FIG. 16. The same as Fig. 15 but for kaons.
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Oða2Þ ¼ Oquad
cont þ Ba2 þ Ca4; ðB2Þ

for a quadratic fit including an a4 term using all four
spacings. This leads to four analysis choices in total, which
we label by α ¼ 1;…; 4.
For each bootstrap sample b, we obtain four continuum

estimates OðαÞ
b and define the averaged estimator

Ōb ¼
1

4

X4
α¼1

OðαÞ
b : ðB3Þ

Our final central value is taken as the median:

Ocent ¼ medianbðŌbÞ: ðB4Þ

The quoted uncertainty is determined from the central
16th–84th percentile interval of the distribution of Ōb:

σ ¼ maxfq84ðŌbÞ −Ocent; Ocent − q16ðŌbÞg; ðB5Þ

where q16 and q84 denote the 16th and 84th percentiles,
respectively.
Since the estimator itself is constructed by combining the

accepted analysis choices within each bootstrap sample,
this interval is interpreted as the total uncertainty of the
final combined estimator. In this way, both the bootstrap
fluctuations and the variation among the accepted analysis
choices are propagated through the same final distribution.
A representative example for Mπ0 at eB ¼ 0.81 GeV2 is
shown in Fig. 17.
For decay constants, only the AICc-selected analysis is

applicable, since the Lanczos method yields eigenvalues but
not matrix elements. In this case, only the two continuum-
extrapolation Ansätze contribute to the analysis variation.
For each bootstrap sample, we therefore average the linear
and quadratic continuum estimates to define the bootstrap
estimator. The central value is taken as the median of the
resulting bootstrap distribution, and the quoted uncertainty
is defined from its 16th–84th percentile interval in the same
way as above, again using the larger of the upper and lower
deviations from the median when quoting a single sym-
metric uncertainty. A representative example for fπ0 at eB ¼
0.81 GeV2 is shown in Fig. 18. The renormalized chiral
condensatesΔΣud andΔΣsd are extrapolated using the same
procedure as for the decay constants.
For transparency, the continuum central values and

bootstrap uncertainties obtained from the individual analy-
sis choices are listed in Appendix C together with the final
quoted results.

APPENDIX C: SUMMARY OF NUMERICAL
RESULTS

In this appendix, we summarize the continuum-
extrapolated numerical results for meson masses, decay

constants, and the light-quark chiral condensate at repre-
sentative values of the magnetic-field strength eB. All
values reported in Tables II–XI correspond to results in the
continuum limit obtained following the bootstrap-based
extrapolation procedure described in Appendix B.

FIG. 17. Representative continuum extrapolation of the neutral-
pion mass Mπ0 at eB ¼ 0.81 GeV2. Lattice results are shown for
the AICc (red circles) and Lanczos (blue triangles) analysis
methods. The shaded bands indicate four individual extrapolation
Ansätze: AICc quadratic (red), AICc linear (orange), Lanczos
quadratic (green), and Lanczos linear (blue). The black marker at
a2 ¼ 0 denotes the final extrapolated result as described
in the text.

FIG. 18. Representative continuum extrapolation of the neutral-
pion decay constant fπ0 at eB ¼ 0.81 GeV2. Lattice results
from the AICc analysis are denoted by red circles. The shaded
bands represent the linear (orange) and quadratic (red) extrapo-
lation fits. The final continuum-extrapolated result, shown as a
black marker at a2 ¼ 0, incorporates both Ansätze as described in
the text.
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TABLE II. Continuum-extrapolated masses of pseudoscalar mesons at different values of the magnetic-field
strength eB. Uncertainties include both statistical and systematic effects.

eB [GeV2]

Cont. extr. of mass [MeV]

π0 K0 η0ss̄ π� K�

0.0 142.4(3.9) 505.3(1.8) 697.4(1.1) 144.7(5.0) 506.0(2.0)
0.2 124.7(2.7) 479.5(1.0) 672.2(0.6) 551.3(28.2) 703.6(19.7)
0.41 115.0(2.1) 455.0(0.6) 640.9(0.5) 747.8(52.4) 847.1(35.4)
0.61 103.5(1.4) 422.7(0.8) 604.4(0.5) 801.9(95.2) 1054.9(34.0)
0.81 98.0(1.6) 404.0(0.6) 580.6(0.4) 830.1(95.6) 897.6(27.9)
1.02 96.1(1.6) 388.2(0.6) 560.6(0.3) 632.8(74.5) 805.7(32.4)
1.22 91.0(1.2) 375.1(0.5) 543.9(0.2) 687.4(65.1) 706.0(32.0)

TABLE III. Continuum-extrapolated decay constants of neutral pseudoscalar mesons as functions of the
magnetic-field strength eB. Uncertainties include both statistical and continuum-extrapolation systematic effects.

eB [GeV2]

Cont. extr. of decay constant [MeV]

π0 K0 η0ss̄ π0u π0d

0.0 85.8(2.9) 107.0(1.2) 126.2(0.6) 85.8(2.6) 85.8(2.8)
0.2 106.7(1.4) 114.6(0.7) 130.2(0.3) 116.0(1.2) 98.2(1.0)
0.41 131.8(1.4) 128.3(0.4) 139.3(0.2) 149.4(1.6) 114.9(1.2)
0.61 157.4(0.7) 139.8(0.5) 149.4(0.2) 179.0(0.9) 134.4(1.0)
0.81 180.2(1.1) 154.6(0.5) 162.4(0.2) 207.3(1.3) 151.9(1.1)
1.02 202.6(1.8) 168.7(0.6) 174.5(0.2) 233.3(1.7) 169.6(2.6)
1.22 220.8(1.4) 180.9(0.5) 186.5(0.1) 256.1(1.4) 182.1(1.3)

TABLE IV. Continuum-extrapolated results of the renormalized chiral condensate ΔΣud and ΔΣsd and the masses
of u and d flavored neutral pions at various eB.

eB [GeV2] ΔΣud ΔΣsd

Mass [MeV]

Mπ0u
Mπ0d

0.00 0.004(0.055) −0.001ð0.041Þ 142.1(4.1) 142.4(4.0)
0.20 0.120(0.045) 0.108(0.039) 119.2(3.0) 131.7(2.4)
0.41 0.462(0.065) 0.373(0.050) 107.7(2.6) 125.6(1.8)
0.61 0.634(0.052) 0.507(0.040) 97.8(1.3) 110.9(1.7)
0.81 0.958(0.049) 0.796(0.038) 93.6(1.7) 106.7(2.0)
1.02 1.282(0.055) 1.091(0.048) 90.2(1.3) 104.2(2.5)
1.22 1.517(0.047) 1.297(0.039) 87.1(1.2) 97.3(2.0)

TABLE V. Comparison of the continuum-extrapolated masses (in MeV) and their associated statistical errors for
the π0 state across different extraction methods and extrapolation Ansätze. The values in the “final quoted results”
column are the same as those reported for the π0 mass in Table II.

eB [GeV2]

AICc (Stat_err) Lanczos (Stat_err)

Final quoted resultsQuadratic Linear Quadratic Linear

0.0 143.6(3.7) 141.5(9.3) 142.6(2.2) 141.6(5.5) 142.4(3.9)
0.2 124.2(1.1) 124.7(6.3) 124.9(0.7) 125.0(4.0) 124.7(2.7)
0.41 115.7(1.0) 114.7(5.4) 114.9(0.6) 114.5(3.2) 115.0(2.1)
0.61 102.3(0.3) 104.1(3.6) 103.1(0.2) 104.3(2.5) 103.5(1.4)
0.81 98.2(0.3) 97.4(3.8) 98.6(0.2) 97.9(2.4) 98.0(1.6)
1.02 93.7(0.6) 98.6(4.0) 94.4(0.3) 97.6(2.5) 96.1(1.6)
1.22 90.8(0.3) 90.4(3.0) 91.5(0.2) 91.4(1.9) 91.0(1.2)
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TABLE VII. The same as Table V but for η0ss̄.

eB [GeV2]

AICc (Stat_err) Lanczos (Stat_err)

Final quoted resultsQuadratic Linear Quadratic Linear

0.0 697.4(1.6) 697.1(2.2) 697.6(1.0) 697.5(1.3) 697.4(1.1)
0.2 671.1(0.7) 671.6(1.4) 672.9(0.4) 673.1(0.8) 672.2(0.6)
0.41 640.3(0.6) 641.0(1.2) 641.1(0.3) 641.4(0.8) 640.9(0.5)
0.61 602.9(0.4) 602.7(1.1) 606.0(0.2) 605.9(0.7) 604.4(0.5)
0.81 579.3(0.5) 579.4(0.8) 581.8(0.3) 582.0(0.5) 580.6(0.4)
1.02 558.9(0.4) 559.6(0.8) 561.7(0.2) 562.3(0.5) 560.6(0.3)
1.22 542.7(0.2) 543.1(0.6) 544.9(0.1) 545.0(0.4) 543.9(0.2)

TABLE VIII. Comparison of the continuum-extrapolated masses (in MeV) and their associated statistical errors
for the π0u state across different extraction methods and extrapolation Ansätze. The values in the “final quoted
results” column are the same as those reported for the π0u mass in Table IV.

eB [GeV2]

AICc (Stat_err) Lanczos (Stat_err)

Final quoted resultsQuadratic Linear Quadratic Linear

0.0 143.7(3.4) 141.2(9.1) 142.6(2.1) 141.7(5.5) 142.1(4.1)
0.2 115.6(1.1) 122.3(7.0) 117.5(0.6) 120.9(4.4) 119.2(3.0)
0.41 106.8(0.9) 109.7(6.2) 106.3(0.5) 108.2(3.8) 107.7(2.6)
0.61 97.0(0.4) 98.4(3.1) 97.2(0.2) 98.4(2.0) 97.8(1.3)
0.81 92.9(0.5) 94.2(4.1) 93.0(0.3) 94.0(2.4) 93.6(1.7)
1.02 89.5(0.5) 91.3(3.1) 89.9(0.3) 90.3(2.0) 90.2(1.3)
1.22 86.9(0.4) 86.6(2.9) 87.5(0.2) 87.5(1.8) 87.1(1.2)

TABLE VI. The same as Table V but for K0.

eB [GeV2]

AICc (Stat_err) Lanczos (Stat_err)

Final quoted resultsQuadratic Linear Quadratic Linear

0.0 507.1(3.0) 504.4(3.3) 505.6(1.9) 504.2(2.0) 505.3(1.8)
0.2 479.0(1.7) 479.4(1.7) 479.9(1.1) 480.1(1.1) 479.5(1.0)
0.41 455.0(0.9) 455.6(1.3) 454.5(0.6) 455.0(0.8) 455.0(0.6)
0.61 421.0(1.0) 421.7(1.7) 423.8(0.6) 424.3(1.1) 422.7(0.8)
0.81 403.0(0.6) 402.9(1.3) 404.9(0.5) 405.2(0.9) 404.0(0.6)
1.02 386.6(1.0) 387.6(1.2) 388.9(0.7) 389.9(0.8) 388.2(0.6)
1.22 374.1(0.6) 374.3(1.0) 375.9(0.4) 376.2(0.6) 375.1(0.5)

TABLE IX. The same as Table VIII but for π0d.

eB [GeV2]

AICc (Stat_err) Lanczos (Stat_err)

Final quoted resultsQuadratic Linear Quadratic Linear

0.0 143.9(4.1) 141.4(9.0) 142.8(2.5) 141.8(5.5) 142.4(4.0)
0.2 132.1(1.1) 130.8(6.1) 132.3(0.6) 131.8(3.6) 131.7(2.4)
0.41 126.3(1.0) 126.2(4.6) 125.0(0.6) 125.1(2.8) 125.6(1.8)
0.61 109.8(0.7) 109.8(4.2) 111.3(0.5) 112.2(2.7) 110.9(1.7)
0.81 105.3(0.7) 108.0(5.0) 106.1(0.4) 107.5(3.0) 106.7(2.0)
1.02 99.7(1.2) 109.5(6.1) 100.9(0.8) 107.0(3.8) 104.2(2.5)
1.22 96.9(0.6) 97.4(4.8) 97.6(0.4) 97.7(3.0) 97.3(2.0)

CHIRAL PROPERTIES OF (2þ 1)-FLAVOR QCD IN … PHYS. REV. D 113, 094503 (2026)

094503-19



[1] D. E. Kharzeev, L. D. McLerran, and H. J. Warringa, The
effects of topological charge change in heavy ion colli-
sions: ’Event by event P and CP violation,’ Nucl. Phys.
A803, 227 (2008).

[2] V. Skokov, A. Y. Illarionov, and V. Toneev, Estimate of the
magnetic field strength in heavy-ion collisions, Int. J. Mod.
Phys. A 24, 5925 (2009).

[3] W.-T. Deng and X.-G. Huang, Event-by-event generation
of electromagnetic fields in heavy-ion collisions, Phys.
Rev. C 85, 044907 (2012).

[4] T. Vachaspati, Magnetic fields from cosmological phase
transitions, Phys. Lett. B 265, 258 (1991).

[5] R. C. Duncan and C. Thompson, Formation of very
strongly magnetized neutron stars—implications for
gamma-ray bursts, Astrophys. J. Lett. 392, L9 (1992).

[6] K. Hattori, K. Itakura, and S. Ozaki, Strong-field physics in
QED and QCD: From fundamentals to applications, Prog.
Part. Nucl. Phys. 133, 104068 (2023).

[7] G. Endrodi, QCD with background electromagnetic fields
on the lattice: A review, Prog. Part. Nucl. Phys. 141,
104153 (2025).

[8] A. Yamamoto, Overview of external electromagnetism and
rotation in lattice QCD, Eur. Phys. J. A 57, 211 (2021).

[9] M. D’Elia, S. Mukherjee, and F. Sanfilippo, QCD phase
transition in a strong magnetic background, Phys. Rev. D
82, 051501 (2010).

[10] I. A. Shovkovy, Magnetic catalysis: A review, Lect. Notes
Phys. 871, 13 (2013).

[11] H.-T. Ding, C. Schmidt, A. Tomiya, and X.-D. Wang,
Chiral phase structure of three flavor QCD in a background
magnetic field, Phys. Rev. D 102, 054505 (2020).

[12] G. S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D.
Katz, S. Krieg, A. Schäfer, and K. K. Szabó, The QCD
phase diagram for external magnetic fields, J. High Energy
Phys. 02 (2012) 044.

[13] G. S. Bali, F. Bruckmann, G. Endrodi, Z. Fodor, S. D.
Katz, and A. Schafer, QCD quark condensate in external
magnetic fields, Phys. Rev. D 86, 071502 (2012).

[14] E. M. Ilgenfritz, M. Muller-Preussker, B. Petersson, and A.
Schreiber, Magnetic catalysis (and inverse catalysis) at
finite temperature in two-color lattice QCD, Phys. Rev. D
89, 054512 (2014).

[15] V. G. Bornyakov, P. V. Buividovich, N. Cundy, O. A.
Kochetkov, and A. Schäfer, Deconfinement transition in
two-flavor lattice QCD with dynamical overlap fermions in
an external magnetic field, Phys. Rev. D 90, 034501 (2014).

TABLE XI. The same as Table V but for K�.

eB [GeV2]

AICc (Stat_err) Lanczos (Stat_err)

Final quoted resultsQuadratic Linear Quadratic Linear

0.0 507.4(3.5) 505.8(3.7) 505.8(2.2) 505.1(2.2) 506.0(2.0)
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