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For both theoretical and phenomenological studies, it is important to analyze the function types of
Feynman integrals. The phenomenon of genus drop between different representations of hyperelliptic

Feynman integrals was discussed in [1]. In this paper, we reformulate the extra-involution mechanism of [1]
as a special case of an unramified double covering between algebraic curves, and show that this covering
mechanism also explains genus drops accompanied by a curve-type change from nonhyperelliptic to
hyperelliptic for a class of three-loop Feynman diagrams. We also demonstrate that within a specific
framework, the origin of the discrete spacetime symmetry that leads to the genus drop in hyperelliptic cases
is manifest. This work also points out that there exist nonhyperelliptic Feynman integrals that exhibit no

apparent genus drop.

DOI: 10.1103/qpj9-4d29

I. INTRODUCTION

Precise computation of Feynman integrals is crucial for
the theoretical input in modern particle physics. To com-
pute Feynman integrals efficiently, it is very helpful to have
a deep understanding of the mathematical structure of
Feynman integrals. A major complexity of Feynman
integrals comes from the various types of special functions
in Feynman integrals. In one-loop cases, there are multiple
polylogarithms [2-6], which are iterated integrals of
rational functions with simple poles. Starting from two-
loop, more nontrivial integration kernels would appear,
especially when there are massive propagators. Usually,
these integration kernels can be written as integrations of
rational functions defined on some projective algebraic
varieties, like elliptic curves [7-40], higher-genus curves
[41-44], Calabi-Yau manifolds [45-63], and so on [64—-66].

To determine the geometry of a Feynman integral, a
common method is to take the maximal cut, where all
propagators are on shell. Maximal cuts are particularly
suitable for studying the geometric structure of Feynman

fContact author: fyyang22 @mail.ustc.edu.cn
‘Contact author: jlanyu_gong@sjtu.edu.cn
*Contact author: yzhphy @ustc.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2026/114(5)/056013(11)

056013-1

integrals, not only because they are relatively easy to
calculate, but also because they provide a solution of the
homogeneous part of the differential equations satisfied by
Feynman integrals [67]. However, it is illustrated in [1] that
the maximal cuts taken in different representations can give
algebraic curves of different genera; the simpler, lower-
genus curve alone is sufficient for the computation of
Feynman integrals [44]. This phenomenon is particularly
intriguing because it reveals a gap in our understanding of
the geometric structures of Feynman integrals; while
simplifications of the geometric structures are possible, it
is still not fully guaranteed to find the minimal geometric
structure for a high-loop Feynman integral. Therefore, it is
necessary to conduct an in-depth study of the genus drop
phenomenon to understand its underlying physical origin.

This paper investigates two types of genus drop:

Type I: Genus drops accompanied by a curve-type

change from nonhyperelliptic to hyperelliptic;

Type II: Genus drops between hyperelliptic curves.
Among these, Type I is new and has not been analyzed in
the literature: here the first curve is nonhyperelliptic, so the
method of [1] does not directly apply. A hyperelliptic curve
is a smooth projective algebraic curve of genus g > 2 that
admits an affine model of the form y?> = f(x), where f(x)
is a polynomial of degree n with no multiple roots. Its genus
is given by |“5%]. Curves of genus g > 3 that do not admit
such a form are called nonhyperelliptic (a genus-2 curve
always admits such a form [68]). Nonhyperelliptic curves
are generally more complicated to handle, as they lack a
simple uniform equation as in the hyperelliptic case.

Published by the American Physical Society
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This paper analyzes the mechanisms behind both types
of genus drop from mathematical and physical viewpoints.
Mathematically, we demonstrate that both types are
induced by a specific kind of map between algebraic
curves: the unramified double covering. Within this frame-
work, the genus drops follow the pattern,

g+1

g7 (1)
as dictated by the Riemann—Hurwitz formula. The property
of being unramified also tells us how the period matrices of
the curves of different genera are related, via Prym varieties
[69]. Physically, Type L is tied to the way the maximal cut is
applied; Type Il is tied to the symmetry of the spacetime. We
will show that the spacetime dimension spanned by the
external legs induces a spacetime reflection symmetry in the
Feynman integral, which leads to the genus drop in the purely
hyperelliptic case and confirms the expectation of [ 1] that the
genus drop is induced by discrete Lorentz symmetries.

To illustrate our idea, we give one detailed example for
each case and explicitly derive the unramified double cover-
ing maps. In the Type I case, we take the box-pentagon-box
diagram with massive propagators as our main example. This
diagram has three loops and eleven massive propagators and
is therefore expected to be associated with a one-dimensional
algebraic variety under maximal cuts in four-dimensional
spacetime, as demonstrated in [41,42]. In the Type Il case, we
take the nonplanar crossed box as in [1] to show how the
reflection symmetry of spacetime leads to the genus drop.
Additionally, a genus criterion for determining whether an
algebraic curve is hyperelliptic is provided in the Appendix.
Finally, we note that there exists a nonhyperelliptic curve in a
three-loop Feynman integral that does not follow any of the
known genus-drop patterns.

II. TYPE 1

Take the box-pentagon-box diagram in Fig. 1 with
massless external legs and equal-mass propagators as an
example to demonstrate how the genus drop happens.

The propagators are given by

Dy =1 —m? D,y = (I, = py)* = m?,

D; = (I = py — py)* —m?, Dy =105 —-m?,
Ds = (I, — ps)* — m?,

D7 = l% —mz,

D¢ = (I, — ps — py)* = m?,

Dg = (l3 —P1— 192)2 - mz’

Dy = (l3 —P1— D2 —P3)2 _mz’

Dy = (I = 13)* = m?, Dy =(L+5L)?*-m’ (2
Consider its four-dimensional geometry in both the

momentum representation and the loop-by-loop Baikov
representation [70].

A. Momentum representation

In the momentum representation, use the method in [41],
where the associated algebraic curve is the variety defined
by the 4L — 1 cut equations in CP**, where L is the loop
number. The spinor helicity parametrization is

aps ay4
ly =a; py+aip +T (pilrlpa] + > (palr|pil,
(3)
- a3 as 4
ly=a,1ps+az,ps +T<P5|7|P4] 5 (palrlps]. (4)
_ ass as 4
3 =a3,K; + a3,K, +7<K1|J’|K2] +T<K2|y|K1],
(5)
where
K, = ps, (6)
K2:P1+P2—LP3- (7)
S13 + S23

This parametrization is inspired by [71]. When the external
legs attached to a loop are not massless (in this case
p1 + p> can be treated as an external leg attached to the
loop [3), the definitions of K; and K, keep the cut solution
as simple as in the case with massless external legs.
Substituting the parametrization into the first nine cut
equations {D; =0, ..., Dy = 0}, the solution is as follows:

2

t 1m
[y = p +%<P1|J’|P2] —t_—<P2|7’|P1]’ (8)
1512
t 1 m?
L, =ps+ 52 (pslyIpal = ——(palrlps]; )
1) S45
= Ko+ 2 (KK - LKL (10)
3= 3 1Y 1482 13513 1 523 2174815

where we have renamed a;3,a,3,a33 to t, t,, 13 for
convenience. Then, the algebraic curve is defined by the
intersection of the hypersurfaces defined by the common
zeros of the remaining cut propagators Do(t;,73) and
Dll(tz,t::,). Use fl(t1?t3) and fz(fz,t3) to denote the
numerators of D y(¢,, t3) and D (f,, 13), respectively, then
the curve is defined by

{fl(tl’ t3) =0,
fa(ta, 13) = 0.

The curve is denoted by Cpom = V(f1,f>). In what
follows, by a curve we always mean the smooth projective

(1)
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normalization (compact Riemann surface) of the corre-
sponding affine algebraic curve.

We use the Riemann-Hurwitz formula (Theorem 1 in the
Appendix) to find its genus. First, note that both f; = 0 and
f2 = 0 define elliptic curves in their respective subspaces.
Calculating the discriminants of f; and f, (both are
quadratic polynomials) with respect to any variable, it
turns out that all the discriminants are degree-4 polyno-
mials with no multiple roots. Since f, is quadratic in ¢,, for

each (1;,13) € V(f,), there exist two points {(, t<2+>, t3),

(tl,t§_>,t3)}eV(f1,f2) except at a finite set of points
(where the discriminant of f, with respect to ¢, becomes
zero). Therefore, C,,, is a ramified double cover of the
elliptic curve V(f1).

A curve that is a (ramified) double cover of an elliptic
curve is called bielliptic [72] or elliptic-hyperelliptic [73].
This property is helpful in two ways. First, it can be used to
determine the genus once the number of ramification points
in V(f,, f>) is known; second, it can be used to determine
the hyperellipticity by Corollary 3 in the Appendix, which
says that a bielliptic curve of genus greater than 3 cannot be
hyperelliptic.

To count the ramification points, view C,,,, as a double
cover of V(f,) via the projection (t,,1,,13) — (t,13).
Ramification occurs where A, (f,) = 0. This discriminant
is a degree-4 polynomial in #; with four distinct roots, each
produces two ramification points (since f is quadratic in
1)) as long as A, (f,) and A, (f,) have no common zero,
hence 8 in total, each with ramification index 2. Using
Riemann-Hurwitz formula (A1), the genus of Cp,op. 1S

2029(V(f1)) =2 +8x(2-1)+2 _
2

g(cmom) = 5. (12)
Since it is greater than 3, the curve Cy,,,. is not hyperelliptic
according to Corollary 3.

B. Loop-by-loop Baikov representation

In the loop-by-loop Baikov representation, the usual way
is to follow the strategies in [66,74] to derive a loop-by-
loop representation that reduces the number of integration
variables as much as possible, then take extra residues over
irreducible scalar products (ISPs) to further reduce the
number of integration variables to one (this can be done by
the LeadingSingularity command in the DlogBasis [75] package).
After that one needs to rationalize square roots produced by
taking extra residues, which can be done by using the
package RationalizeRoots [76]. Then a maximal cut integral is
obtained in the form

MaxCut[PPB] ~ / o d (13)

\/fs(f),

where fg(7) is a degree-8 polynomial of # with no multiple
roots, and ¢(¢) is a rational function. Therefore, the curve

associated with it is defined by y* = fg(¢), which is of
genus 3. However, with this approach the expression of the
curve becomes very complicated, and is not helpful for
seeing the relation to the genus-5 curve derived above.

Therefore we prefer to derive the curve in an alternative
way as follows. This approach is still the loop-by-loop
representation, except that the last loop momentum is
parametrized by spinor helicity to avoid introducing ISPs.

Specifically, we construct the loop-by-loop Baikov
kernels only for /; and [,, and then substitute the para-
metrization of /3 in Eq. (5) into the remaining scalar
products to get

BPB N dz; A ... Adzg A dzyg A dzy

LBL-mom.
’ VG, I, pr, p2)\/G(b, I3, pa, ps)
% da3’|da3.2dt3da3’4 ’ (14)

Z1---211

then the maximal cut is

MaxCut{ I} pom |~

/ dry (15)
t37/G(l1. 15, p1. p2)/G(la. 13, Pa. P5)Intaxcur

where G(llﬂ 13’ P1> pZ)G(ZZ? 13’ Pa, p5)|MaxCut is a rational
function of #;, whose denominator is a perfect square, and
the numerator is a degree-8 polynomial with no multiple
roots. Therefore, the curve associated with it is again a
hyperelliptic curve of genus 3, and we denote it by C gy . It
can be verified to be isomorphic to the curve associated
with Eq. (13) by comparing their absolute Shioda invariants
[77,78], using the command Shaskalnvariants in the package
provided by [1].

C. The unramified double covering

The curves derived in the two representations have
different genera and therefore cannot be isomorphic.
Moreover, the curve C,, derived in momentum repre-
sentation is not hyperelliptic, which means it cannot be
written in the form y?> = f(x), so it is not easy to use the
algorithm provided by [1], looking for an extra involution
to resolve this discrepancy. We will show that an unrami-
fied double covering accounts for this genus drop.

Suppose that there is a holomorphic map between the
two curves h: Cpom — Crpr. then it must satisfy the
Riemann-Hurwitz formula (A1),

29(Crmom) =2 = n4(29(CLpL) —2) +d.  (16)

where n;, > 1 is the degree of /s, and d is a non-negative
integer. With ¢(Cnom) =35 and ¢(Cipr) =3, the only
possible solution for n;, and d is n;, = 2 and d = 0, which
means if such a map exists, it must be an unramified double
covering. The existence of such a map will be proven by the
construction.

056013-3
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To see the unramified double covering explicitly, list the analytic expressions of f(¢;,#3) and G(Iy, 3, py, p2),

fl(l], l3) = m2[%<23>2[12] + t3<23

) (=1123(13)[12] + m?[13])s)5

= m*(12)(m?[13]> + 1,[13] (23], + 17[23]s1,)

+ ti13512 (1113 (13)2[12] — 1, (13)[23] 515 4+ m%s153 + (m? = 512)523), (17)

G(l1vl3,P17P2) ==

1
1—6512[(16’"2 —4s15)(l - p1)? —4m?s1a(ly - py) 4 3m?sy,)]

512 S [A(13)2(23)2[12]2 (—4m? + s515) + m*(12)2[13]2[23]2(—4m? + 51,)

o ]61%(513 + S23)

+ 283 (13)(23)[12] 512 (m?s13 4 (=3m? + 512)523) + 2m?1;(12)[13][23] 515 (m?s 13
+ (=3m® + 512)503) + G512 (=3m*sTy + 2m s 13503 + (=3m* = 2mPsy; + 57,)533)]- (18)

Then, it is straightforward to verify that

A, (1)

—— =G}, 5, py, . 19
16t§(s13+s23)2 (1 3. P1 Pz) ( )

Note that the denominator of G({;, 3, p;, p,) is indeed a
perfect square. In the same way, one can also verify that

Azz(fz)
——=2= =G, 15, p4, . 20
16t§(s35 —|—s34)2 (2 3: P4 PS) ( )

Therefore, the curve C; gy is actually defined by

=8, (f1)A, (f2). (21)

Based on Eqgs. (21) and (11), one can construct the double
covering from Cpo, to Cppp. explicitly.
Both f; and f, are quadratic in their first variable,

it ) = A(3)i] + By (13)1, + Ci(13),  (22)

fa(ty, 13) = Ag(13)85 + By (t3)1, + Co(13),  (23)
Introduce the quantities,

yi(ti t3) =2A,(t)1, + By (t3), (24)

yata, 1) = 2A5(t3)12 + By (1), (25)

which satisfy y? = A, (f;) when f;(1;,13) = 0. For a fixed

13, denote the two roots of f;(¢;,13) by t5+) and tl(._), then

y,-(tl(-ﬂ, t3) = —y,-(tg_), t3). Construct a rational map
Cinom — CipL on the affine chart as follows:
(1.t 13) > (13, 512), (26)

which extends uniquely to a degree-2 holomorphic map
between the curves [79]. Since A, (fy) and A, (f,) are
square-free quartics with disjoint roots for generic

[
kinematics, none of them branches at infinity, and the
deck transformation sending (y,y,,%3) — (=y1, —ya,13)
has no fixed point. Therefore this covering map is
unramified.

Why is there an unramified double covering in the
momentum representation? The answer turns out to be
related to how we apply the cuts on propagators D,
and D;;. To see that, first write down the cut integral
in momentum representation after applying cuts on
Dy, ..., Dy,

..... J[IBPB | o / ty dr;dt,dts (27)
fi(t6)fa(t, )

Take the residues with respect to #; at f,(#;,73) = 0 and ¢,
at f(t,,13) = 0, then we obtain

t; dts

VAL FOVAL ()

(28)

MaxCut[B78 | ~ /

Substituting (19) and (20) into it, we see that this is the
same as Eq. (15), and it involves the genus-3 curve Cg;..
However, if we first take residue with respect to #; at
f] (tlv t3) = 0, and then 12 at fz(tz, t3(t1)) = 0, we will get

t3(t)dt;

\/At3 fl)\/At2 f2

(29)

Note that A, (f) is a polynomial in 73, but #5 is algebraic in
t; and cannot be rationalized. That is to say, we have
eliminated #3 using f(t;,13) =0 and f,(¢,,#3) = 0, and
the result is exactly the intersection of f; and f, that
generates C,o, in Eq. (11). Therefore, if one simply uses
the intersection of all cut equations as the definition of the
curve, one is doing the maximal cut in a way that obscures
the simpler geometry, which leads to an unramified double
cover with a higher genus.
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D. Period relations

The analytic calculation of Feynman integrals involves
the periods of curves associated with maximal cuts [80] or
leading singularities [81]. Periods of compact Riemann
surfaces are integrals of holomorphic differentials along
contours that cannot be contracted continuously into a
point. It turns out that even if we apply the maximal cut in a
suboptimal way and get a higher genus, it does not mean
that the result is wrong, because the periods of C,,,, and
Cy gL are linearly related as a result of the unramified double
covering via the theory of Abelian varieties [82].

For a compact Riemann surface of genus g, let
{@;,...,w,} be a basis of holomorphic differentials and
let {T';,...,I,,} be a basis of the first homology group,
corresponding to the independent contours. Let A C CY be
the lattice spanned by the 2g vectors,

i ([ fo)

The quotient CY/A is a complex torus called the Jacobian
of the surface. The g x 2¢g matrix whose columns are
Uy, ..., Uy, is called the period matrix. Consider an unra-
mified (étale in [82]) double covering C — C’ of compact
Riemann surfaces, with Jacobians Jac(C) and Jac(C').
Then Jac(C’) is an Abelian subvariety of Jac(C), and its
complementary Abelian subvariety in Jac(C) is called the
Prym variety [69] of the covering C — C’, denoted by P.
Consequently, Jac(C) is isogenous to Jac(C’) x P [83].

Applying this to the double covering of Eq. (26), we
conclude that Jac(Cp,m) is isogenous to Jac(Cy g1.) X Pgpg,
where Pppg is the associated Prym variety. Pgpg can be
determined using Theorem 4. To this end, we introduce two
elliptic curves E;| and E,; the branch points of the elliptic
double covering E; — CP! are the zeros of A, (f;), and
those of E, — CP' are the zeros of A,,(f3). Then Cyop, is
isomorphic to the normalization of £ X¢p1 E,. To prove it,
it suffices to show that C,,, is birationally equivalent to
the normalization of E; X¢p1 E,, as both curves are already
smooth.

The function field of Cpom is C(f,1,,13) with
fi(t;,13) =0 and f,(t,,13) = 0; the function field of
E; Xcp1 Ey s C(t3,y1,y2) with yi =4, (f;) and
y3 = A, (f2). Using Eq. (22)—(25), define a rational map
E, Xcp! E, — Cmom. by

=B(t3) +yi —Bs(t3) +y
21A1(f3) . 22A2(13) 2’t3>’ B

(3.1, y2) > <

and another rational map C,,o, = E; Xcpt E, by

(t1 1. 13) > (V1(t1. 13), Y2 (12, 13). 13). (32)

It is then straightforward to verify that both maps are well-
defined and inverses of each other except at a finite set of

points. Consequently, C,on and the normalization of
E| Xcpt E, are birationally equivalent, hence isomorphic.
According to Theorem 4, we have Pgpg 2= Jac(E;)x
Jac(E,). As Jac(Cpom) is isogenous to Jac(Cppr) X Pppp
by definition, we conclude that Jac(C,,) is isogenous
to Jac(E,) x Jac(E,) x Jac(Cy gy ). Therefore, after sui-
table choices of bases for holomorphic differentials and
homology cycles, the period matrices satisfy a linear
relation as follows [82]; we denote the period matrices
of Crnom’ CLBL? El’ and E2 by Pmom (S CSXIO, PLBL (S C3X6,
P, €CP2, and P, € CP2, respectively, then there exist
matrices M € C>3 and N € Z'°%19 such that

P, 0 0
MPpom=1 0 P, 0 |N. (33)

Naively, differentials on E; or E, can be introduced by
ISPs in the numerator. For example, /; - p, involves t; =
(y1 —B1)/(2A,) according to Eq. (24), where the y, term
will cancel the corresponding factor in the denominator and
produce differentials of the form R(#3)d?3/y,, which live on
the elliptic curve E,. However, it turns out that such
differentials cancel out due to the requirement that cuts
be compatible with integral reduction relations. A neces-
sary condition for compatibility with integral reduction is
that any integral vanishing on the original integration
contour remain zero on the cut contour [84,85]. In our
case, for a generic t3, after Dy, ..., Dy are cut, there are
four independent (#,1,) residue contours implementing
the cuts Dy = Dy; = 0, which we denote by T, ,,, with
ay, a, € {+,—}. Each contour corresponds to the product

of small circles around the roots £“ and ™. A general
contour can be written as

F=w, I +w, T _+w_ I  +w_T__, (34

where w,, ,, denotes the corresponding weight. Define two
parity-odd numerators,

x1=¢€(l1,p1.p2. 13), x> = &b, pa. ps.13),  (35)

and denote their product by

X3 = X1 X2 (36)

Here, &(vy,v;,v3,04) = "770,0,5,03,04, denotes the
contraction with the Levi-Civita tensor. Denoting the

Feynman integral with numerator N by IEE8 [N], we have

Inom 1] = Taom. 2] = Imom. [l = 0. (37)

Indeed, one may reflect the component of /; orthogonal to
span(py, p», l3); this leaves all propagators invariant while

056013-5
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sending y; — —y;, and hence implies the vanishing of
IBPB [ 41] and IBPR [y,x,]. Similarly, reflecting the com-
ponent of /, orthogonal to span(py, ps, [3) sends y, = —y»
and leaves all propagators invariant, and hence implies the
vanishing of IBEB [ »,].

With the contour I'

proportional to

IBPB

,a,» the maximal cut of Ii [N] is

(38)

/ N(al-az) d
t t 9,
Y/ T/, )

where N(@-@2) = N |, _@), _ . For the numerators y;, we
1= -

(ap)
1" Ro)

have
A = () /A (1), (39)
)(gal'%) = ra(t3)ay /Ay, (f2), (40)

where r|(f3) and r,(f3) are some rational functions
independent of a; and @,. Then under the maximal cut,
Eq. (37) becomes

Wiy —w_+w_, —w__=0, (41)
Wi, Fw_—w_ —w__=0, (42)
Wiy +wi_+w_ +w__=0. (43)
The solution is
Wy woyw_ypow__) o (+1,—=1,=1,+1). (44)

This contour yields Eq. (28) for the scalar integral as
expected.

Every elliptic differential associated with E, arises from
multiplying the hyperelliptic differential by an odd power

of yj = A,I (f1)s
(a1/A, (f1))"dt3 _ VA, (f1))"'dey (45)
a1a2\/At1 (fl)\/Atz(fZ) A4/ Azz(fz) ’

where n is an odd integer, and similarly for E;. Such
differentials always cancel out under the contour given by
Eq. (44). Thus, the contour constraints eliminate the £, and
E, periods, leaving only the genus-3 hyperelliptic geometry
in the top sector in four dimensions. The elimination of the
elliptic periods can therefore be traced to parity symmetry.

E. More three-loop examples

The above genus drop mechanism exists in some other
three-loop Feynman diagrams with internal masses as
well. The genera can be derived in a similar way as before.

TABLE I. Genera of some three-loop diagrams.
Momentum 5 9 13
Loop-by-loop 3 5 7

We summarize them with the box-pentagon-box diagram in
Table I, which all belong to the case Type I. The genera in
momentum representation agree with the results of [41,42],
and in this representation these curves are nonhyperelliptic.

III. TYPE I

We now analyze the genus drop between hyperelliptic
curves, taking the nonplanar crossed box [1,43] as an
example, shown in Fig. 2. By expressing the ISPs in terms
of the spherical coordinates in the Baikov representation,
we will make manifest the extra involution found by [1] and
its relation to the discrete Lorentz symmetries.

In an approach similar to [86], the loop-by-loop Baikov
representation can be written in the form,

dz; A ... Adzy dE

G(IZa P3s Pa, ll) 21.--27 ’

To derive it, we first recall the derivation of the Baikov
representation [74]. For each loop, the loop momentum [ is

NPCB
angular

(46)

FIG. 1.
lines.

The box-pentagon-box diagram with massive internal

b2

y p3

l
P1 !

FIG. 2. The nonplanar crossed box in [1].
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split to a parallel space component /!l and a perpendicular
space component /. The parallel space is spanned by the
external momenta, denoted by {gq,...,qg}. Then, the
integration of the parallel component is transformed to
the scalar products {/- ¢, ...,/ qg}. In the perpendicular
space, the integration is over the norm |/*| = \/—(/*)? and
the spherical coordinates Qp_g_;. Usually, the parallel
space should include all the ISPs, so that the spherical
coordinates can be integrated to a constant. In this way, the
Jacobian (also called the Baikov kernel) is

@)

G(l, q1, ---,4E>¥G(fh,

Applying this to the [, loop in Fig. 2, we get the kernel
G(L,. p3. ps. 1,)""/? in (46) under D — 4.

However, here we introduce a trick to leave only the
propagators in the parallel space and use spherical coor-
dinates to represent the ISPs. For example, in the nonplanar
crossed box diagram, the ISP associated with [; is just

l; - ps. We can set l! to lie in the span of {p,, p,}, then the
spherical coordinate is one-dimensional, denoted by 6.
Then [, - p4 can be represented by

Lipa=1\-py+1t-pi
:CllH'P1+Czl”‘P2+ll‘Pi
=cily - py+caly - pay+ || x | py|cos®, (48)

where pH = c1p1 + c2p,. In this case, the exponent of the
Baikov kernel G(I;, p;, p,) goes to zero under D — 4, and
the integration variables are zs, z¢, 77 and 6. This is how we
derive Eq. (46).

Applying the maximal cut to Eq. (46), we obtain

G(L. p3. pasly) = — 1 pa)?]

X [m%s + 2s(l; - ps) +4(1; - ps)?]

1
T3 [3m%s — 2s(1; - py) — 4(1

(49)

and

+ /(1) (pz)* (= cos0)

N~

2
_ms+) cos 6, (50)
s

N~

where s and ¢ are Mandelstam variables. Note that the
minus sign with cos 6 comes from the fact that the metric in
the perpendicular space has the negative signature (a vector
that is orthogonal to a lightlike vector is either spacelike
or proportional to it, thus the subspace orthogonal to a
lightlike vector contains no timelike directions). With
Egs. (50) and (49), and parametrizing cos € by the classical

trigonometric parametrization cos @ > (1 —x?)/(1 + x?),
we obtain

Pg(x)
2

16s%(x* + 1)*" (51)

G(lz’ P35 Pas ll) =

Since the denominator is a perfect square, the curve
associated with it is determined by the numerator, Pg(x).
This polynomial is of degree 8 in x with no multiple roots;
thus, the curve associated with it is of genus 3, and is
isomorphic to the curve found in [43] (after setting the
masses as the same), again verified by computing the
Shioda invariants. Because x comes from the parametriza-
tion for cos @, it only appears in the form x?, and naturally
possesses an extra involution. Now we can transform the
integration variable from x to w = —x?, to obtain

1_
V/Ps(w)

where Ps(w) = —wPg(y/—w) is a degree-5 polynomial in
w with no multiple roots. This is exactly the genus-dropped
Qs found in [1] by searching for extra involution, which
represents a genus-2 hyperelliptic curve.

There is also a double covering from curve H: y> =
Pg(x) to curve H': u* = Ps(w), given by the unique
extension [79] of the following rational map:

MaxCut[/NPCB 1

angular

(52)

(x,9) = (w=—x%u = xy), (53)
which is akin to the p, in [1]. Since Pg(0) # 0, the deck
transformation (x,y) — (—x,—y) has no fixed point,
and the two points at infinity are also exchanged by it.
Therefore, this double covering is unramified. Split the six
branch points (one is at infinity) of y?> = Ps(w) into two
disjoint subsets denoted by V; ={0,00} and V, =
zeros of Ry(w) where R,(w) = —Ps(w)/w. Associated
with them, define two double covers of CP!, denoted by
Fi:y?=-wand F,: y} = Ry(w),then H: y* = Pg(x) is
isomorphic to the normalization of F| Xcpt Fp. Again
verifying the birational equivalence is sufficient to prove
it. Define the rational maps as follows:

(x,y) = (w

(W, y1.32) =

=—x2y; =xy,=Y), (54)
(x =y1.y =y2). (55)

which are inverses of each other. Therefore, Jac(F,) is the
Prym variety associated with the unramified double cover-
ing H — H' according to Theorem 4. Then there is an
isogeny between Jac(H) and Jac(F,) x Jac(H'), and a
period matrix relation similar to Eq. (33).

This genus drop comes from the fact that there is only
one ISP /; - p4, so there is no need to introduce sin 8, which
makes the trigonometric function parameter x only appear
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as x%. This is a consequence of the external momenta
spanning only a three-dimensional subspace. Indeed, there
exists a reflection symmetry

Rl ol vt ot (56)
where vll € span(p., p,, p3. p4) and v lies in the orthogo-
nal direction. R sends the spherical coordinate 6 — —6,
while /; - p4 remains invariant. This is the physical origin
of the extra involution x — —x that drives the genus drop.
For generic kinematics with external momenta spanning the
full four-dimensional spacetime, this particular reflection
symmetry is absent and there is no genus drop, as observed
in [66]. This also provides an explanation from a physical
point of view for the observation in [42] that no even genus
was found in three-loop diagrams. Since unramified double
coverings always produce genus drops as g — (g + 1)/2,
the generic genus must be odd for those diagrams that can
undergo further genus drop in special kinematics where the
external legs span only a subspace.

IV. A NONHYPERELLIPTIC DIAGRAM
WITH NO KNOWN GENUS DROP

We point out that there are Feynman integrals that
involve nonhyperelliptic curves for which no genus drop
has been found. The massive pentagon-box-pentagon
diagram shown in Fig. 3 serves as an example.

We use a parametrization similar to Eq. (15). We
construct the Baikov kernel only for /3 and parametrize
[y and [, using spinor helicity to represent ISPs. Then we
apply cuts on all propagators except (I; + I, + p;)* — m?
to obtain

SubMaxCut[IFBF]
drdt,

/ (L + 1L+ p)?=m*)\ /G5, pr. 1. 1)

Here, #; and ¢, are the remaining loop momentum param-
eters. We do not apply the maximal cut directly because the
last cut equation (/| + I, + p;)? — m* = 0 itself produces

(57)

P3 P4

P2 ps

p1

FIG. 3. The pentagon-box-pentagon diagram with massive
internal lines.

an elliptic curve. As a result, the curve associated with this
diagram is given by

{yz = G(l3’P17 I, lz)’

58
(h+L+p)?—m?=0, G8)

with the sub-maximal cut implicitly applied. This curve is
bielliptic because it is a ramified double cover of the elliptic
curve (I, +1,+ p)*—=m?=0. Solving G(I3, py, 1}, 1,) =0
and (I} + 1, + p;)?> — m?> = 0 simultaneously for (t,,1,)
gives 16 ramification points of ramification index 2,
including the possible points at infinity. Using the
Riemann-Hurwitz formula (Al), we conclude that this
curve is of genus 9. According to Corollary 3, it is
nonhyperelliptic. Unlike previous examples, we have not
found a genus drop pattern to simplify it to a hyperelliptic
curve. It is therefore a candidate for a genuinely non-
hyperelliptic Feynman integral.

V. CONCLUSION AND OUTLOOK

We have shown that both types of genus drop encoun-
tered in Feynman integrals—(I) the one accompanied by a
curve-type change from nonhyperelliptic to hyperelliptic,
and (I) the one occurring between hyperelliptic curves—
are tied to the same mathematical structure; an unramified
double covering between the algebraic curves determined
from maximal cuts in different representations. The period
matrices of the higher-genus and lower-genus curves are
linearly related via the Prym varieties associated with the
unramified double coverings. The physical origins of the
two types are distinct, although parity symmetry plays a
role in both. In case (I), the genus drop arises from the order
in which residues are taken when imposing the maximal
cut, and the extra periods associated with the Prym variety
are eliminated by parity symmetry. In case (II), the genus
drop is driven by a reflection symmetry with respect to the
spacetime dimension orthogonal to the external momenta,
which arises because the external legs span only a three-
dimensional subspace.

Despite this progress, an efficient method for rapidly
determining the geometry associated with an arbitrary high-
loop Feynman integral is still on demand. The existence of
the massive pentagon-box-pentagon diagram, whose maxi-
mal cut yields a genus-9 nonhyperelliptic curve with no
apparent genus drop, illustrates that there could be genu-
inely nonhyperelliptic Feynman integrals. Developing a
systematic approach to extract the minimal geometric
structure associated with a high-loop Feynman integral is
therefore an important direction for future research.
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APPENDIX

Theorem 1. [Riemann-Hurwitz, see, e.g., [87]] Let
f: X — Y be a covering map of degree n between compact
Riemann surfaces of genera g(X) and g(Y), respectively.
Suppose there are m points in X with ramification indices
greater than 1, denoted by rq, r», ..., r,,, respectively. Then

26(X) =2 = n(29(1) =2) + 3 (r = 1), (AD

Theorem 2. [Castelnuovo-Severi, [73,88]]. Suppose
there are three compact Riemann surfaces X, X;, X, of
genera ¢y, g, g», respectively, with two holomorphic maps
fi1: Xo—= X, and f,: Xy — X, of degrees n; and n,,
respectively. Suppose further that there does not exist a
compact Riemann surface X’ of genus ¢ < g, with a
holomorphic map f’: X, — X’ such that f, and f,
factorize through it, i.e., f1 = f} o f’ for some f: X' —
X, and f, = f o f’ for some f}: X' — X,. Then

go S nigi +nygy + (ng = 1)(ny — 1), (A2)

Corollary 3. A compact Riemann surface of genus
greater than 3 cannot be both bielliptic and hyper-
elliptic.

Proof. Let C be a bielliptic and hyperelliptic curve of
genus ¢(C); then, there are two degree-2 covering maps
f1: C = CP'" and f,: C - E, where E is an elliptic
curve. Assume that f; and f, factorize through
h: C — X, where X is a compact Riemann surface of
genus g(X) < g(C). Then there exist f;: X — CP! and
f5: X = E such that f; = f{oh and f, = f} o h, and we
have deg f| = deg f - degh and deg f, = deg f), - deg h.
Since ¢(X) < ¢g(C), degh > 1. Moreover, degh <
deg f| = deg f, = 2, so we have degh = 2, and therefore
deg f| = deg f, = 1, which means that both CP! and E
are isomorphic to X, which is a contradiction. Therefore,
according to the Castelnuovo-Severi inequality (A2),
9(C) <29(CP') +29(E) +1 =3. .

Theorem 4. [69]. Let C be a hyperelliptic curve of genus
g, and 7:C — CP' be the corresponding hyperelliptic
double covering with branch points wy,...,wyis.
Separate the branch points into two groups of even
cardinality; {wy,...,wy,4n} =Y UY,, with 2k; + 2 ele-
ments in Y, 2k, + 2 elements in Y,, and Y NnY, =@,
hence k; +k, + 1 =g. Letn;: C; - CP' and ,: C, —
CP! be the double coverings with branch points Y, and Y5,
respectively. Let C be the normalization of the fiber product
C, x¢cp' C,, then C is an unramified double cover of C, and
the associated Prym variety Prym(C/C) is isomorphic to
Jac(C;) x Jac(C,). If one of k; and k, is zero, then the
corresponding factor disappears.
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