PHYSICAL REVIEW D 111, 113006 (2025)

Semileptonic baryon decays Z, — E.£ 7, in perturbative QCD
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We perform a detailed analysis of the semileptonic B, — =.£~ 7, decays within the perturbative QCD
framework. In our study, the =, — E, transition form factors are calculated using several popular models
for baryonic light-cone distribution amplitudes. These form factors are then employed to analyze a range of
observable quantities for the semileptonic processes via the helicity formalism. Our work presents
predictions for the branching fractions of these decays for both the 7 and e channels. Notably, the obtained
lepton flavor universality ratio, Rz, = 0.3, may offer new insights into the R puzzle. Furthermore, we
investigate various angular observables, such as forward-backward asymmetries, lepton-side convexity
parameters, and polarization asymmetries, which provide complementary information regarding potential
new physics in b-baryonic semileptonic transitions. The numerical results for these angular observables are
presented as both functions of g> and as averaged values. We observe that the lepton mass plays a
significant role in shaping the angular distributions, affecting most of the observables under consideration.
These results are expected to be valuable for both current and future experimental investigations of

semileptonic heavy-to-heavy baryon decays.

DOI: 10.1103/qncx-7j7b

I. INTRODUCTION

Semileptonic bottom hadrons decays mediated viab — ¢
charged-current interactions provide a powerful laboratory
for testing lepton flavor universality (LFU) in the Standard
Model (SM) [1,2]. In particular, the lepton universality ratios
RHE,I defined as the branching fraction ratios of the semi-
tauonic decays with respect to their muonic counterparts,
hold promise for exploring new physics (NP) since both
experimental and theoretical uncertainties can be brought
under control. On the experimental front, several indepen-
dent experiments, including BABAR, Belle, and LHCb, have
found some lepton universality ratios deviate from their SM
expectations. For example, a combination of measurements
for Rp and Rp- [3—11] conflicts with the evaluation of the
SM [12—-19] at the level of 3 standard deviations (¢) [20],
indicating a potential enhancement of the semitauonic
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transition rate. An analogous measurement using B, —
J/w semileptonic decays has been performed by LHCb
[21]. The yield value of R, again appears to be a little less
than 2¢ larger than its SM expectation [22-25]. These clear
anomalies attract a lot of theory attention from the NP point
of view; for reviews, see Refs. [26-28].

In the b-baryon sector, LHCD recently reported the first
observation of the A, - A.£7U, decays [29] with a signifi-
cance of 6.1, where £ is a charged lepton. The experimental
value of R, seems to contradict the trend shown by the
results of R and R, which is slightly shifted toward a
lower value than the predictions of SM [30-32]. This
opposite behavior is unexpected, as all these processes are
described by the same effective Hamiltonian for b — ¢
transition [33]. In Refs. [34,35], some sum rules among
these LFU ratios in heavy-quark symmetry were proposed to
check consistency in the experimental results independent of
new physics models. Of course, the measured value at the
current precision is insufficient to demonstrate a substantial
tension with the SM expectations. More precise measure-
ments will be necessary to clarify this situation. On the other
hand, it is important to check whether there are similar
deviations between the SM predictions and experimental
data in other b-baryon semileptonic decays or not. Any
possible deviations will increase our hope to indirectly search
for NP.

The weak semileptonic channel E, — E.£7D, has not
been observed yet, but the LHCb Collaboration recently
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observed the two-body modes, Eg - EBfD; and E; —
EID; [36], which suggests experimental measurement of
&, — &, transition can be promising in the near future.
Theoretically, the ¥, — E,. transition has been studied by
various authors [37-49]. The predicted value Rz within
these models ranges from 0.255 to 0.34, which can provide
us with valuable information. Studying such processes not
only refines our understanding of determinations of the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element V.,
but also reveals whether a similar anomaly also exists in
Rz, and gives complimentary information regarding pos-
sible NP. However, a calculation of Rz_is not yet available
from perturbative QCD (PQCD), and comparing it with
future experimental data can open a new window for
exploring LFU.

The present study focuses on the investigation of the
semileptonic decay of B, - E./"0, with £ =e, u, .
We employ the PQCD approach based on the k; factori-
zation [50,51], which is a well-established QCD-inspired
approach in predicting heavy flavor hadronic weak decays
[52-58]. The light-cone distribution amplitudes are basic
input ingredients to make predictions with the PQCD
approach. In the last decade, the investigation of light-
cone distribution amplitudes (LCDAs) of heavy mesons
and baryons has made great progress [59-67]. However, the
charmed baryon LCDAs have received less attention in the
literature, which limits the study of the decays containing
charmed baryons. In this work, we will propose three
simple models for the charmed baryon LCDAs based on the
light-front formalism for baryons [68] and heavy-quark
symmetry. With the universal nonperturbative LCDAs, we
have calculated the branching ratios, the lepton universality
ratio, and other asymmetry observables of the concerned
decays using the PQCD approach for the first time. Any
future experimental data and their comparisons with the
predictions of the present study will help us check whether
there exists any discrepancy with the SM predictions in the
channel under question or not.

The reminder of this paper is organized as follows: In
Sec. II, we start with kinematics and the relevant LCDAs
responsible for the transitions under consideration. A brief
discussion on E, — E, transition form factors and helicity
amplitudes is also presented. According to the angular
distribution, we also write down several observables, such
as the differential branching ratios, the forward-backward
asymmetries, the longitudinal and transverse polarizations
of leptons and the = baryon, and the convexity parameters
for the E, — E.£77, decays. In Sec. IlI, we conduct a
numerical analysis of the baryonic form factors by deter-
mining the working regions of auxiliary parameters and
find the fit functions for the behavior of form factors in
terms of transferred momentum squared. We determine the
differential and integrated observables for all the lepton
channels and compare our results with the predictions of
other theoretical studies. We reserve the last section for the

summary and conclusions. Some details of the calculations
are presented in the Appendix.

II. FORMALISM

A. Kinematics and baryonic light-cone
distribution amplitudes

The &, —» E.£ U, decay channel proceeds via b —
¢t~ v, at quark level. The corresponding Feynman dia-
grams at the leading order are displayed in Fig. 1, where
two hard gluons attach the three incoming and outgoing
quarks in all possible ways. Note that, here, we only display
one of the diagrams that are associated by swapping two
light quarks, whose amplitudes are equal because of the
symmetry of the baryonic wave functions [69]. For
simplicity, we work in the rest frame of the =, baryon
and use light-cone coordinates. The momentum of the &,
and 2. can be denoted as

M M
—(1,1,0;), p =%

where M is the mass of the Z, baryon. The factors f* =
(f £/ f*=1)r are defined in terms of the velocity
transfer, f =22 with r=m/M being the mass ratio

(f+7f_70T)’ (1)

M?r
between E. and E, baryons. It is easy to obtain the
_ . _ (1+P)M*—¢?
momentum transfer, ¢ = p — p’, satisfies f = %

The valence quark moments are parametrized as

M M
ky =10,—x,,k , ks =10,—=x3.k ,
2 ( \/E 2 2T> 3 < \/E 3 3T)
ki =p—ky—ks, (2)

for the &, baryon and

M M
4 (k). b= (Ggrsok)

K= p' =k =k, 3)

for the =, baryon. Here kp is associated with the heavy
b(c) quark. kf? and x\) with i =1, 2, 3 represent the

i
transverse momentum and longitudinal momentum frac-
tions of the valence quarks inside the baryons, respectively.

They satisfy the momentum conservation conditions

3
S,
=1

Similar to the mesonic B — D transition [70], the &, — &,
transition also involves multiple scales, such as the heavy-
baryon masses M and m and the heavy-quark masses m,,
and m,. To simplify the formalism, we shall neglect the

> kj =o0. (4)
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FIG. 1. Lowest-order diagrams for E, — E. transition form factors. The labels from (a)—(g) represent seven independent gluon

connections between the incoming and outgoing quarks.

mass differences between heavy baryons and heavy quarks
and make the assumptions m, ~ M and m, ~ m [71]. This
approximation ensures that the 5, — Z. transition form
factors are real, which is also required by time reversal
invariance [68]. It also indicates that the momentum
fractions of heavy quarks are at the order O(m37/M?) ~
O(m2/m?) ~ 1. This character is subject to strong kin-
ematic constraints on the baryonic LCDAs, which will be
discussed in detail later.

In the course of the PQCD calculations, the necessary
inputs contain the LCDAs, which are constructed via the
nonlocal matrix elements. In the heavy-quark effective
theory (HQET), baryons with one heavy quark Q (b or c)
can be regarded as a quark-diquark system, where the
heavy-quark spin decouples from the light diquark dynam-
ics in the leading order of the heavy-quark mass expansion.
In this simplified picture, the ground-state baryons with the
spin parity J¥ are determined by the spin parity j? of the
diquark. For the SU(3) flavor antitriplet, the three-quark
LCDAs can be described by a set of two-particle LCDAs
corresponding to the diquark state. The corresponding
matrix element can be parametrized as [59—64]

ik

—~

0|qlia(tl)Q£ﬂ(t2)Q§(0)|EQ>

(1) - -
= [(ﬁ)’sc)aﬁff’g(ﬁ»lz) + (ﬂySC)aﬁ¢é?([lvt2)]uy

f(2>
T

oo| 2

- i -
[(ySC)aﬂdj:iQs(tl ’ t2) Y (GﬁnySC)(z/}¢?>Qa(tl’ [2)]1/!},,

2
(5)

where 6, = % (i)t — ##jt), with n, 7 being two light-cone
vectors, satisfy n> =#n?> =0 and n-7 =2. The color
indices are denoted by i, j, and k and 7% is a totally
antisymmetric tensor. C denotes the charge conjugation
matrix, and the subscripts a, f3, y are the spinor indices. u,
denotes the heavy-quark spinor, and its momentum depend-
ence and spin index are suppressed in the notation. The

values f(1?) are taken as fghl) = 0.032 +0.009 and

£ =0.027 £0.008 GeV? from the QCD sum rules [72].

The symbols (ZZQ with i = 2,4, 3s, 3a represent four differ-
ent LCDAS, and the numbers in the subscript indicate the
twist. They have definite symmetry properties in the limit
of the exact SU(3) flavor symmetry, such as (,7)3% being
antisymmetric under the exchange #; <> t,, while others
are symmetric. They are normalized as &53% (0,0) =0 and
$2(0,0) = ¢2(0,0) = ¢2.(0,0) = 1, respectively. Going
over to momentum space, we define [59]

~ o 1 )
¢iQ(tlvt2):/ wdw/ dugp? (@, u)e~@ltnwtnl=ul - (6)
0 0

where @ = (x, + x3)M is the total energy carried by the
two light quarks in the heavy-quark rest frame. u =
X5/ (X, + x3) is the energy fraction carried by the lighter
quark in the diquark system. For the X, baryon, four
popular models of ¢?(w,u) up to twist four exist in
literature™:

(i) The exponential model [64],

2 1 _
(0, 1) = M—
W

_w

w
i (0, u) = 2038

0
oQu-1) _o
‘/’ga(w’ u) = 27(036 “0,
Pl (0, u) = Le—ﬁ, (7)
o

where wy, = 0.4 + 0.1 GeV measures the average of
the two light quarks inside the =, baryon.

“Note that the exponential, QCDSR, and free parton models
are only used to study the LCDAs of A, baryons. Since A, and
&, belong to the same antitriplet, it is reasonable to believe that
these models can describe the E, one as well.
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(i) The QCD sum rule (QCDSR) model [59],

15 5o ®
b _ 2 _ s/t g2
D5 (w, u) N u(l1 u)l dse (s 2),

2
15 o W\ 2
b _ s/t ¢
P35 (@, u) 4/\/60/% dse (s 2) ,
5

1 o
¢§a(w’ I/t) :Ww(zu— 1)[ dse_S/T(s_g)z7

where N = [(°dse™/"s> with the continuum
threshold s; = 1.2 GeV and the Borel parameter
7=0.6£0.2 GeV. Note that the variable @ is
restricted to a range of 0 < w < 25, when perform-
ing a integration [59].

(iii) The Gegenbauer model [61],

2 1/2
ox—~a ¢, Qu—-1) _o
Piaa(@u) =2 > — b
" 22 T
2 1/2
ac;” Qu-1) _o
¢i(w.u) = 26_2 BEE : ©)
! !

where the shape parameters a; and ¢; depend on a
free parameter, A = 0.5 + 0.2, whose definite forms
can be found in [61].

(iv) The free parton model [64],

~ 150%u(1 —u)(2A - )

P5(w, u) = e O2A - ),
o) =22 005 )
Hralo) = DU DEAZO 655 )
Hlou) =222 008 — o), (10)

where 2A = M —m, and ©(x) denotes a step

function.
It is worth emphasizing that the parameter A in the free
parton model vanishes under the assumption M ~ m,, as
previously stated. Hence, we will discard the free parton
model and focus on the other three models for the
numerical analysis and discussion hereafter. The qualitative
behaviors of the twist-two LCDAs for the exponential,
QCDSR, and Gegenbauer models are visualized in Fig. 2.
Here x; = 1—w/M is the b quark momentum fraction
inside the =, baryon, and x; dependence indicates the
dynamic distributions of the b quark and the light diquark.
It can be seen that the maximums of the distribution for all
the three models are shifted toward the b quark, such that
the b quark momentum squared k7 is roughly equal to M>.
This behavior is consistent with our previous assumption of
neglecting the mass difference between heavy quarks and
heavy baryons. The u dependence denotes dynamic dis-
tributions of the light quarks in the diquark system. We
observe that the curves of both the exponential model and
QCDSR model are symmetric under the interchange u <>
I —u and the axis of symmetry is located at u = 0.5.
However, this symmetry is broken for the Gegenbauer
model since the SU(3) breaking correction is taken into
account. It means that the position of the peak will deviate
u = 0.5 because the s quark is heavier, as shown in the last
diagram of Fig. 2.

The LCDAs of the =, baryon are still poorly known at
the moment. Based on heavy-quark symmetry, we can use
the same forms and parameters as the LCDAs of &, with
obvious mass replacement,

5 (0. u) = ¢} (@. 1) |y - (11)

This results in the E.-baryon LCDAs behaving differently,
as displayed in Fig. 3. These functions for . decrease more
slowly in the small x; region than those for the E, ones.
Moreover, it is unexpected that the peaks for the expo-
nential model and QCDSR model are located at smaller
x1(~0.5) with broader width. To ensure that the valence
charm quark is close to the mass shell, following the
practice in the literature [68,71], we modify the = .-baryon

i
RZLAZALT
AL AZT AL
.\‘\\7*”’. L
SRR

FIG. 2. The twist-two LCDAs of E, for the exponential model (left), QCDSR model (middle), and Gegenbauer model (right).
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FIG. 3.

FIG. 4. The modified twist-two LCDAs of E. for the exponential model (left), QCDSR model (middle), and Gegenbauer model

(right).

LCDAs by multiplying by an exponential factor

2 "% m2

g
(@, u) = NS (w, u)e »x1 #n 2, (12)
with N; being the normalization constants. Several model
parameters, such as the constituent quark masses m,, ;4
and the confinement scale parameter f, are introduced.
Presently, we do not have enough experimental information
to determine them unambiguously. Here, we comply with
the isospin symmetry and use the values m, = m, = 0.22
and my; = 0.419 GeV from the semirelativistic potential
model [73]. Notice that the SU(3) breaking effect is
reflected in this factor because mg; > m, . The shape
parameter S is adopted as 1.0 £0.2 GeV according to
Refs. [71,74] to make the A, — p, A, form factors domi-
nated by the perturbative contributions. The plots of the
modified twist-two LCDAs of the E. in the x; and u
distributions are presented in Fig. 4. It is obvious that the
falloff for all three functions becomes strong in the low x;
region, and the behaviors in the high x; region are closer to
the counterparts in Fig. 2. This improvement also increases
peak positions to around x; ~ 0.7, such that the charm
quark, carrying the momentum squared k'3 ~ m?, is almost
on shell. Furthermore, the modified LCDAs with three
different models show similar x; and u distributions, which
greatly reduce the model dependence of our predictions, as
can be seen in the numerical computations. For conven-
ience, in the following numerical calculations, we assume

that the exponential factor in Eq. (12) is universal for all
other higher-twist LCDAs of E,.

B. The baryonic form factors
and hadronic helicity amplitudes

The amplitude for the semileptonic decay E, — E.£7 0,
can be written as

G _
M =72Vcb<3c(p’)|%(1 —75)bIEy(p)) 7" (1=7s)ve,

(13)
where Gy is the Fermi coupling constant and V., is one of
the elements of the CKM matrix. The hadronic matrix
elements of the vector and axial-vector currents, containing

all QCD dynamics, can be parametrized in terms of six
invariant form factors as

M) = (B |¢y,b|E,) = uz (p'. X)) [nfl(qz)
. q q
i 0 o) + T ), ().
M = (B Jer,rsb|Es) = iz, (9. 7) {yﬂgmqﬂ

g q
- i B :() + () s (). (19
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where 6,, = £[y,.7,]. s (p’. /') and us,(p,A) are Dirac
spinors of the Z, and Z, baryons, and the involved
variables p() and A() are the corresponding momentum
and helicity, respectively. f; and g; with i = 1, 2, 3 are three
form factors describing the vector and axial transitions,
respectively. Another popular parametrization considering
the Lorentz invariance and parity reads

i p

MY = 1, (1) [ () + Fala?) e
F 2 p///l_ )

+F3(q7) 5| uz, (p.2)

i p
My =iz (p'. ) |:y/4Gl(q2) + GZ(qz)Mﬂ

P
+Gs(q) |15z, (p.4). (15)

which are convenient to compute in PQCD. The pertinent
relation between the two sets of form factors can be
expressed as follows:

1 1
fi :F1+§(F2+F3)(1+r), fZZ_E(F2+F3)’

1 1
f3=§(F2—F3), 91=G1—§(G2+G3)(1—7),
1

93=5(G,—Gy). (16)

1
92:—§(G2+G3)’ 5

The factorization formula F;/G; in the PQCD formalism
can be written as

X Z/Dpr“%(tk)e_sgb_sg‘ Q(b;, b)
K
X HIO (3, ), (17)

where k runs from a to g as shown in Fig. 1. The integration
measures are given by

Dx = dx1dx,dx36(1 — x| — x5 — x3)
x dxydxhdxi6(1 — x| — x5 — x5),

Db = d?b,d*b;d*b}d2D);. (18)

The § functions enforce momentum conservation. H is the
numerator of the hard amplitude depending on the spin
structure of final state. Q, is the Fourier transformation of
the denominator of the hard amplitude from the k; space to

its conjugate b space. The involved variables are bgl)

conjugate to the parton transverse momenta ka) The hard
scale #; for each diagram is chosen as the maximal

virtuality of internal particles, including the factorization
scales in a hard amplitude,

Iy = max(\/ ltal. VItgl. V/ |tcls

where w() is chosen to be the smallest inverse of a typical
transverse distance among three valence quarks in the
baryon [74]. t4 p are relevant to the two hard gluons, while
tcp are associated with the two virtual quarks. Those
quantities associated with a specific diagram, such as H
and t;, are collected in the Appendix.

The Sudakov exponents associated with the initial and
final states in Eq. (17) are written as [54,75]

|tD|,w,w’), (19)

t

3 -

(20)

with the quark anomalous dimension y(, () = —a, (i) /7.
The integral containing y(a,(f)), corresponding to the
single logarithm RG evolution, describes the evolution
from ¢ to the factorization scales. The functions s and s,
correspond to the double-logarithm evolution for an ener-
getic light quark and charm quark, respectively. Their
expressions at the next-to-leading-logarithm accuracy
can be found in Refs. [54,74,76,77]. For consistency, we
also adopt a two-loop running coupling constant and
the involved scale Agcp = 0.225 GeV for the flavors
ny =35, which is determined by the experimental value
of a (M) = 0.1179 [78]. The parameter c is introduced to
mimic theoretical uncertainties in resummation, whose
values had been determined as ¢ = 1.05 for the charmed
baryon [79].

The relation between the hadronic matrix elements and
the helicity amplitudes is defined as [48,80,81]

H = M (e (), (21)
where A and Ay denote the respective helicities of the
daughter baryon and off-shell W boson. Angular momen-
tum conservation fixes the helicity 1 of the parent baryon
such that 1 = A’ — /1W.3 € is the polarization vector of the
virtual W boson. There are four helicities for the off-shell
W boson, namely, 1y, = 0, &=1 for the vector case and Ay, =
0 for the scalar case. To distinguish the two Ay, = O states,
the scalar one, which does not contribute to the semi-
leptonic decay in the lepton massless limit, is usually

Here, the z axis is chosen in the g, rest frame such that the =,
travels in the positive z direction and the W boson in the negative
7z direction.

113006-6
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written as Ay = ¢ with ¢ meaning temporal. Since we will also discuss lepton mass effects, it is necessary to include the
scalar form factors f5 and g;. After lengthy calculations according to the standard prescriptions in Refs. [§2-84], we obtain

the helicity amplitudes, which are expressed through the decay form factors by the following relations:

02 — & 2
H%K:\/*q—zq[Q_fﬁqua}

02— 2
H%‘E): \/Tq[Q+f1 +qﬁf2}

1y =20 - )| -2 ]

where O, = M + m. The helicity-flipped amplitudes can be derived using the relations H Yi,_ = HY
H), ~[85]. The total amplitude is thus expressed by Hy,, = H), — Hj,

Hg =1/2(01 - ¢%) {—91 + %gz]’ (22)

A _
ay A HZ, ) =

Y for the V — A current.

For the convenience of describing the angular distribution, we can define some interesting helicity structure functions
with definite parity properties in terms of bilinear combinations of helicity amplitudes. The relevant parity-conserving

helicity structures are expressed as [86]

Hy(q%) = [Hy + [H_ H.(¢) =
Hg(q*) = [Hy|* + |H—%z|2» Hg (4 Re[HﬁH, +H_ M)H ]
Hgr(q%) = Re[HngT_%, + H—%—IH;L Hpr(q*) = Re[H%lH_%o + H—%—lH_IO]’ (23)
and the parity-violating helicity structures as
Hrp(q?) = [Hy |* = [H_y_ %, Hip(q?) = [Hyl* = [H_y |,
Hgp(q®) = |H 1t A7 = |H -z| Hgp(q%) = RC[H%OH; - H—goHT_%,L
Hgrp(q®) = Re[H wh_, —H_, 1HT] Hyrp(q?) = Re[HngT_%O - H—%—1H;0]- (24)

We will use these helicity amplitudes to calculate the
desired physical quantities in terms of hadronic form
factors in the next subsection.

C. Angular distribution and observables

We now consider the three-body cascade decay B, (p) —
E(P )W (q)(= £ (p1)Pe(p2))  with g = p; + p,,
p? =m2, and p3 = 0. After summing over the helicities
of all particles, the angular decay distribution can be
described in terms of the invariant variable ¢ and the
polar angle 6 with @ being the angle of the lepton in the W
rest frame with respect to the W momentum. The twofold
angular differential distribution reads [85-87]

d°’T Gi|Ve2q?|P 2\?
> 2 — F| Lh|2q3| | 1 _m_g’ W(Q), (25)
dqg°dcos@ 192M-% q
> N2 2
where |P| = W is the momentum of the out-

going baryon and m, is the lepton mass with £ = e, u, ©

Moreover, we adopt m, = 1.777 GeV and neglect the
masses of muons and electrons. The #-dependent term
W(6) takes the form [86]

W(0) = [ + cos (9)]HT—§COS(6)HTP+i sin? (0)H,,

m2 [3 3 3
+2 Ifz’ |: HS+ZSIH (Q)HT+§COSZ(9)HL

—3cos QHSL] , (26)

where the structure functions H; have been specified
in Egs. (23) and (24). After integrating Eq. (26) over
the angular variable, one can obtain the total helicity
amplitude

2

H:/dCOSQW(G) HT+HL+2 (Hr+H; +3Hjy),
q’

(27)
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where the first two terms are non-spin-flip, while the last
three terms proportional to m, are lepton helicity flip
contributions. Then we can write the differential decay rate
in the following forms:

2 2.2 2\ 2
£§:GF|Vcb|2q3|P| < _m_2f> H, (28)
dq 192M~ % q

and the branching ratio can be further obtained by integrat-
ing with respect to g2,

(M—m)? dl’
Bo=ss, [ a9, (29)
m(/ﬂ

with 7z, denoting the lifetime of the E, baryon. Also, the
differential and integrated ratios are defined as

dr,/dq?
Re,(4%) = T, /dg" (30)
B
" = = . 1
Re, B, (31)

The forward-backward asymmetry of the charged lepton,
which denotes the difference between the number of
particles produced in the forward and backward directions,
can be defined as

_ J&dcosOW(0) — [°, dcos OW(0)
Ja-dcosOW(0) + [, dcos OW(0)

3 2m?>
:_E<HTP+L]—;HSL>- (32)

AFB(‘IZ)

The term quadratic in cos @ in the distribution equation (26)
is the convexity parameter defined by

- 1J2W(0)_3<1 m§,>HT—2HL

" H dcos’0 4 H ’

)

CF(‘IZ) 4

(33)

which gives the angular decay distribution over cosé
dependence. The polarization components of the final
baryon E. can be obtained from the spin density matrix
of the daughter baryon. One has [86]

2
N Hrp+Hpp +%2(HTP + Hpp+3Hgp)

Pil b

‘o) y (34
my;

Pf(qz) _ 3z Hir _FHSTP (35)

42 H

The longitudinal and transverse polarization components of
the charged lepton read,

2
Hr +Hy, 55 (Hy + Hy + 3Hs)
H b

Pl(¢?) = - (36)

_ RV 4 m_%HTp—2HSL
42 \ 24* H ’

respectively. Note that when calculating the ¢ averages,
one has to remember to include the g>-dependent factor

Pi(q?) = (37)

2
q*|P|(1 - %)2 in the numerator and denominator of the
relevant asymmetry expressions. Both the numerator and
denominator should be integrated separately over the
permissible phase space, ¢° € [m2, (M — m)?].

III. NUMERICAL RESULTS

We first present all the inputs that are relevant for our
numerical computation. The default values are quoted from
the Particle Data Group [78],

Mz =5797GeV. mz, =2.47GeV,
m,=1.777GeV, 1z =1.572ps,
1=022650, A=0.790, p=0.141, 7=0.357.
(38)

A. Form factors

As is known, the PQCD calculations for the form factors
are reliable in the low g> range. We need to extrapolate
these form factors into the whole physically accessible
region for studying their ¢ dependencies.* For this
purpose, we use the z-series parametrization that is pro-
posed in [89],

e erve-q Y

with Q3 = 0% (1 — /1 —Q%*/0%). Keeping the series
expansion of the form factors to the first power of the z
parameter, the parametrization of the form factors in the
whole physical region has the following form:

~ag+a12(q?)

2

, (40)

ole

It was pointed out in Ref. [88] that the Omnes dispersion
relation of the form factors can be used to combine predictions
from various methods in different ¢ regions, which considerably
diminishes the form factor dependence on the nonperturbative
strong-interaction effects at high energies. It would be advanta-
geous to combine the reliable result for the high ¢* regions from
the lattice computations using the Omnes dispersion relation to
improve the accuracy of the form factors in the future.
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TABLEI. The fitted parameters for the 5, — E,. transition form factors with different models of baryonic LCDAs.
Model Parameter fi fa f3 g1 9 g3
Exponential ag 0.611 0.018 0.017 0.624 —0.017 —-0.017
a, -3.159 -0.312 —-0.266 -3.873 0.265 0.289
QCDSR ay 0.623 0.019 0.018 0.635 —0.018 —0.018
a; -3.051 —0.345 -0.277 -3.641 0.276 0.316
Gegenbauer ag 0.671 0.042 0.007 0.671 —0.007 —0.040
a; -5.152 -0.816 -0.074 —-5.050 0.052 0.790

where the pole masses are given as [90]

6.333 GeV, for f;,
6.743 GeV, for
Mpole = 912 (41)
6.699 GeV, for f;
6.275 GeV, for gs,

and a,; are free parameters needed to be fitted.

To access the g> dependence of the form factors, we first
numerically evaluate each form factor in Eq. (17) at ten g*
values from 0 to the m? region. Then we performed a ten-
point fit using Eq. (40) to determine the parameters a, and
a;. The fitted central values of a, and a; with three
different LCDA models are given separately in Table I.
The g? behaviors of the form factors in the allowed region
are illustrated in Fig. 5. As is expected from weak decays,
the form factors demonstrate a good behavior that their
magnitudes grow gradually with increasing ¢°. f,(¢?) and
91(q*) show similar ¢*> dependence and dominate over
another four form factors, while f,3(g?) and ¢,3(¢?)
exhibit relatively low sensitivity to variations in g. The
results of f,(¢?) and g,(¢*) from all three models of
LCDAs are highly consistent. We also observe that f5 3(¢?)
and g,5(q*) from the exponential model and QCDSR
model of baryonic LCDAs are of similar sizes but opposite
in signs across the entire ¢> range. f5(¢*) and g,(g?) from
the Gegenbauer model are nearly flat and smallest, which

are expected to be vanishing in the exact SU(3) symmetry
limit [91]. In general, the predicted form factors follow
the relations postulated in HQET f,(q?)~ g,(¢*) and
f23(q?) ~ g23(¢*) ~0 [92]. The fit functions of form
factors will be employed as the primary input parameters
to evaluate the physical observables at different lepton
channels in the subsequent subsection.

In Table II, we compare our results of the form factors at the
g*> = 0 and ¢*> = g2, end points of the E, — E, transition
with the other theoretical predictions [37,47,90,93-97]. Note
that the definitions of the form factors in the literature are
different. To compare these results directly, we have rescaled
them according to the definitions in Eq. (14). The first
theoretical error of our results comes from the variations
of the relevant parameters in the =, LCDAs. The second error
arises from the same parameters, but for 2. LCDAs and S
parameters have been added in quadrature. The last one
corresponds to the hard scale ¢ varying from 0.8 to 1.2¢. It can
be seen apparently that the predicted form factors with the
exponential model show greater sensitivity to variations due
to uncertainties corresponding to the model parameters. The
uncertainties in the parameters from the QCDSR model and
Gegenbauer model are relatively smaller, leading to the
changes in form factors being roughly less than 10%. In
general, the main errors belong to the uncertainties of the
parameters in the LCDAs. Our predictions are more sensitive
to the b-baryon LCDAs than the charmed ones. From
Table II, we see most of the theoretical calculations predict
comparable values for the form factors f(0) and g,(0)

T T
Exponential model

o
o
T

Form factors
Form factors

o °
9 =
°
N

°
o
M
!
!I
|
1
[}
i
i
i

T T
QCDSR model

Form factors

FIG. 5.

q* dependencies of the form factors with three different models of baryonic LCDAs.
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TABLEIL. Comparisons of the form factors f;(¢?) and g;(¢?) at ¢*> = 0 and ¢> = g2, from three different LCDA models obtained in

this work and previous studies in different literature.

Model Form factor i=1 i=2 i=3
. : (2 +0.292+0.066-+0.012 +0.005+0.001-0.001 40.004+0.001+0.001
This work (exponential model) filg®=0) 0.5457760"0.046-0.037 0.011Z5 503 0.000-0.002 0.011Z5 502 0001-0.001
2 _ +0.310+0.073+0.011 +0.003+0.001+0.001 40.002+0.000--0.001
gi(q> =0) 0.5427765"0.040-0.031 —0.011Z5 60420.001-0.001 —0.010Z50520.002—0.002

This work (QCDSR model)

This work (Gegenbauer model)

[i(@® = Gmax)
9:(4* = dhax)
fi(q2 =0)
gi(‘f =0)
Fi(@® = qnax)
9:(4* = dhax)
fi(q2 =0)
gi(q2 =0)
Fi(@ = qhan)
9:(4* = diax)

+0.501+0.1244-0.007
0'940—0.283—0.049—0.042

+0.414+0.0754-0.005
0'938—0.279—0.084—0.063

+0.038+0.040+-0.006
0'554—0.012—04010—0.037

+0.041+0.0354+0.019
0'552—0.012—04018—0.034

+0.066+0.033+4-0.067
0'954—0.024—0.034—0.037

+0.054+0.041+0.022
0'946—0.020—0.0 12-0.041

+0.039+0.041+4-0.028
0'560—0.000—0.000—0.038

+0.034+0.0294-0.010
0'567—0.000—0.006—0.039

+0.109+0.088+4-0.071
1 '084—0.000—04024—0.073

+0.067+0.10740.079
1 '034—0.000—0.000—0.060

+0.01740.003+0.004
0'034—0.009—0.001—0.002

-0 O30+0‘006+0'002+0'003

—0.010-0.003-0.003

+-0.000+0.001+4-0.001
0.01 2—04001—0.001—0.001

-0 012+0.000+0.001+0.001

—0.001-0.001-0.001

0 037+0.0018+0.000+0.003

—0.001-0.001-0.003

-0 032+0‘001+0‘000+0‘003

—0.001-0.000—-0.004

-+0.0014-0.001+4-0.003
O'024—0.00 1-0.000-0.002

—0.005 +0.002+0.0014-0.000

—0.002—-0.002—0.001

+0.0084-0.00740.011
0'082—04002—0.001—0.007

-0 010+0.005+0.005+0.001

~0.005-0.006—0.001
0.124
0.019
0.127
0.026
0.312
0.068
0.185
0.052
0.143
0.015
0.123
—0.059
0.206
—0.099
0.150
—0.030
0.426
—0.104
0.141
—0.035
0.346
—0.125
0.271
0.050

+0.011+0.004+0.001
0.030Z50050.002—0.002

-0 032+0.007+0.002+0.002

—-0.015-0.002—0.004

+0.001+0.000+-0.002
0.01 2—0.000—04000—0.001

—0.011 -+0.001+0.000+4-0.001

—0.001-0.001-0.001

+0.003+0.002+0.004
0'032—()‘000—0.000—0.002

-0 O34+0.001 +0.000+-0.003

—0.001-0.000-0.003

+0.002+0.002+-0.000
0'006—0.002—0.00 1-0.001

-0 023-#0‘000-%—0‘000-%—0‘001

—0.002—-0.001-0.003

+0.005+0.006+-0.001
0.01 2—0.007—0.007—0.000

-0 080+0‘002+0‘000+0'008

0.006-0.005-0.010
—0.018
-0.135
—0.046
—0.154
—0.097
-0.377

0.057
—-0.145
0.102
-0.214
0.081
—-0.285
0.161
-0.752
0.016
—-0.191
0.070
-0.519
—-0.050
-0.271

NRQM [37] filg> =0) 0.533
9i(q? =0) 0.580

LFQM [93] fi(g*> =0) 0.481
gi(q*> = 0) 0.471

Fild® = dnax) 1015

9(4* = Ginar) 0.978

LFQM [47] filg> =0) 0.467
9i(q? = 0) 0.448

LF [95] filg> =0) 0.654
9:i(a> =0) 0.640

LFQM [94] filg> =0) 0.437
9:i(q* =0) 0.429

fi(q2 = qzmax) 0.714

i(4* = Gar) 0.693

RQM [90] filg* =0) 0.474
9i(q* = 0) 0.449

Fi@® = Giax) 0.945

9:(4* = Giax) 0.962

QCDSR [96] filg> =0) 0.500
9i(q? = 0) 0.500

fi(q2 = Q%ax) 0.971

) 1.107

HQET [97] Fil@ = ) 1.029
9(4° = qimar) 1.029

ranging from 0.43 to 0.65. Our results are more close to the
predictions from the QCDSR [96] and nonrelativistic quark
model (NRQM) [37], but slightly larger than the values from
the light-front quark model (LFQM) [47,93,94] and relativ-
istic quark-diquark model (RQM) [90]. The results from the
light-front approach (LF) [95] are somewhat large. All of
these approaches predict the small values of f3(0) and g,(0)
but there exists an uncertainty about their sign. We obtain
positive f,3(¢*) and negative g,3(g?) values that are the

same as those obtained by LFQM [94], the RQM [90], and the
QCDSR [96], but different from NRQM [37] and those
derived by the LFQM method in Refs. [47,93,95]. A similar
situation also exists in the corresponding values at zero recoil.
The PQCD predictions on the magnitudes of f,3(¢*) and
923(q*) are generally within few percent, which are much
smaller than other predictions but closer to the expectations in
the heavy-quark limit. In addition, most of the theoretical
calculations on the f,(q2.) and g,(gx.) are in nice
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agreement with the expectation in the heavy-quark limit with
F1(Ghax) = 91(qhax) = 1 [94]. Nevertheless, the corre-
sponding numbers from LFQM [94] are somewhat lower
than the expectation by roughly 30%. We expect more
theoretical works on these form factors to further enrich
our knowledge on these weak decays.

B. g*-dependent observables

Taking the obtained form factors as input, we now
calculate several g>-dependent observables defined in the
previous section for the semileptonic decays under con-
sideration. Because the results based on the three models of
baryonic LCDAs are similar, we will take the Gegenbauer
model as an example to discuss the g*> dependencies of
physical quantities. The g variation of differential branch-
ing ratios [dB(g?)/dq*], the leptonic forward-backward
asymmetries [A;5(g?)], the convexity parameter [Cr(g?)],
the final hadron polarizations [P"(g?)], and the lepton
polarizations [P!(g?)] for the 7 and e modes are plotted in

dB,/dq?x10%(GeV?)

9*(GeV?)

Figs. 6-10, respectively. Since the electron and muon are
very light compared with the heavy 7 lepton, we neglect
their masses in the calculations. In this case, the results for
the muon mode are almost identical to those of the electron
mode and will not be displayed separately. We list our
major findings as follows:

(i) In Fig. 6, we display the ¢* distributions of longi-
tudinal, transverse, and scalar differential branching
ratios as well as their total contribution. It is easy to
see that each of the curves increases initially with the
increasing of the ¢” and after reaching a maximum it
starts to decrease. For both the e and 7 channels, we
observe that the longitudinal component dominates
in the low g> region, while the transverse one
dominates in the high ¢> region. At the point
g*> = 7.23 GeV?, the longitudinal and transverse
polarizations are equal. The scalar helicity compo-
nent is suppressed by the lepton mass with respect to
the other two components; its contribution vanishes
for the e mode but contributes significantly to the

6 T T T T
— =T
—- =L
-S
- Total
> 4rF )
[0
9
B
o
x
o
S
~ - T~
%FZ_ 1_/ N ]
’/_// \_\ \
s .
P, NN
Lo *
e \
L
0 | 1 1 1
4 6 8 10 12
9°(GeV?)

FIG. 6. The differential decay branching ratios of the semileptonic Z;, — Z.e~ 7, (left) and Z, — Z,777, (right) decays in the full ¢>
kinematic region. The longitudinal, transverse, and scalar partial decay distributions are shown in dot-dashed, dashed, and dotted lines,

respectively. The solid curves are their sum.
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FIG. 7. The dependence of the leptonic forward-backward asymmetries on ¢> for the E;, — E.e"7, (left) and E, — .77, (right)

transitions.
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total rate in the 7 mode. Compared to the e mode, the

differential branching ratios involved 7 have lower

peaks due to the smaller phase space available.
From Fig. 7, we observe that the forward-backward

(i)

asymmetry Agg for the e mode approaches to zero
both at zero recoil and maximum recoil. Beyond
that, it is positive for other kinematic ranges, which
reflect the dominance of the parity-violating helicity
structure function, H7p, with a substantial contri-
bution from H_;_; amplitude. However, the tauonic

mode receives an additional contribution from the

scalar-longitudinal interference (Hg; ), which affects

the asymmetry significantly in the small g> region
as shown in Fig. 7. This leads to Af; having a
negative value at the low ¢ region and it becomes
positive at large recoil, and zero crossing occurs at
q*> = 8.9 GeV2. We also observe the asymmetry

takes the value ALz = —0.366 at ¢*> = m?

and

Afg =0 at ¢*> = ¢,y The obtained behaviors of

the forward-backward asymmetries for both e and =

modes are quite close to the results in [90].
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(iii) It is interesting to note that C(g?) stays negative

for both the e and 7 channels throughout the
available ¢ indicating a predominance of H,.
Again, the convexity parameter has zero value
for both the decay modes at zero recoil point.
However, at maximum recoil, Cr(g?) becomes a
large and negative value, —1.5, for the ¢ mode. We
also observe the convexity parameter for the
tauonic mode remains very small in magnitude
throughout the whole g? region and reaches its
minimum value, —0.14 at ¢*> = 6.35 GeV?2.

(iv) We observe in Fig. 9 that the longitudinal polar-

izations for both the e and 7 modes increase as g’
rise, while the transverse polarizations show an
opposite variation tendency. Furthermore, the longi-
tudinal polarizations for both the two Ileptonic
channels nearly overlap with each other. It is
expected as the longitudinal hadronic polarization
is independent of the lepton flavor.

As can be seen in Eq. (36), the longitudinal and
transverse polarizations of the charged lepton are

q*(GeV?)

The dependence of the convexity parameter on ¢> for the Z, — E.e" D, (left) and 5, — Z.777, (right) transitions.

— =P I
_PXI

9’ (GeV?)

FIG. 9. The dependence of the longitudinal and transverse polarizations of the final baryon on ¢ for the 2, — E.e"7, (left) and

&, — E.70, (right) transitions.
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practically constant values —1 and 0, respectively, in
the entire g* region for the e mode. It is apprehen-
sible that the charged lepton should be 100%
polarized opposite to its momentum direction in
the zero lepton mass limit. However, lepton mass
effects bring in helicity flip contributions, which can
considerably change the magnitude of the polariza-
tion and its orientation. In Fig. 10, we depict the
variations of the polarizations with respect to ¢ for
the tauonic mode. It is found that both of the two
curves steadily decrease with increasing g>. More-
over, the transverse polarization is positive for all of
the kinematic range due to the important scalar-
longitudinal interference contribution as mentioned
before; whereas for the longitudinal one, we observe
a zero crossing occurs at g> = 4.6 GeV? and high
which it becomes negative. The minimum value,
—0.54, occurs at the zero recoil.

Pl(Z,—Ev,)

9*(GeV?)

FIG. 10. ¢? distributions of the longitudinal and transverse
polarizations of the charged lepton in the E, — Z.77 7, decay.

0.8 T T T T

00 'l 'l 'l 'l
4 6 8 10 12
q*(GeV?)
FIG. 11. g* shapes of the LFU ratio R(g?).

(vi) The rising tendency of numerical results of the LFU
ratio R(g?) with the increase of g¢® is shown in
Fig. 11. It is expected that the ratio should differ
from unity due to the large z-lepton mass effect. It
can be seen that the deviation is more pronounced at
g* close to m?2.

In general, except for the longitudinal polarizations of
the final baryon, we observe that the ¢* distributions of the
quantities for the 7 mode are quite different from those for e
mode due to the large z-lepton mass effect. They, therefore,
are crucial indicators for investigating the impact of lepton
masses. The ¢ distributions of the above asymmetries
qualitatively agree with the shapes of the SM results as
reported in [48]. Any significant deviations from these
results, if observed, can be interpreted as a signal of the NP
contributions.

C. Integrated observables

We now proceed to calculate the integrated quantities
over the available phase space g* € [m2, (M —m)?]. Our
predictions for the branching ratios of the 7 and e channels
and their relative ratio are listed in Table III in comparison
with the previous calculations [48,49,90,96]. The three
theoretical errors of our results are the same as for form
factors in Table II. Similar to the case of form factors, the
calculated branching ratios based on the three models of
LCDAs yield similar values. The predictions on the
branching ratio for the v mode are consistent with the
previous estimates from Refs. [48,49,90,96]. Our numbers
for the e mode lie between the results from [48,96,90].
Considering the theoretical uncertainties, our results still
agree with them. In general, the predicted branching ratio
can reach up to the magnitude of 1072, which is accessible
at LHCb in the near future.

Since the rate of the channel involving the 7z lepton
undergoes kinematic suppression due to its heavier mass,
the LFU ratio Rz, must be smaller than 1. The PQCD
predictions on the ratio Rz _are not sensitive to the different
models of baryonic LCDAs as shown in Table III. Our
central value is around 0.3, which is lower than the
estimations of Refs. [49,90], but slightly higher than the
value reported in Ref. [48]. Recently, LHCb measured the
LFU ratio for the A;, - A.£7, decays and obtained R =
0.242 £ 0.026 £ 0.040 £ 0.059 [29], where the first uncer-
tainty is statistical, the second is systematic, and the third is
due to external branching fraction measurements. This
result is slightly lower than the most precise SM prediction
Ry, = 0.324 £0.004 [31] by combining the lattice infor-
mation with the measured spectrum. This deviation implies
a potential violation of LFU in semileptonic A, — A.£7,
decays. However, the current precision of experimental
data is insufficient to justify such a judgment. A more
compelling argument could be constructed by combining
Rz, and R, both theoretically and experimentally. As the
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TABLE III. Comparison of theoretical predictions for the =, — E_ semileptonic decay branching ratios and the LFU ratio.
Model B, B, Rz,

This wark (exponental model) Q1) x 107 (IR <102 0205 o
This work (QCDSR model) 213 x 107 (EUTIE) <107 0293
This work (Gegenbaer model) (25305155 x 10° BABPEIN <102 0304 gL
[90] 2.0x 1072 6.15x 1072 0.325

(48] 2.35x 1072 9.22 x 1072 0.255

[96] e (9.02 £0.79) x 1072 e

[49] (2.811]29) x 1072 (8.181539) x 1072 0.34 £0.15

TABLE IV. Comparison of theoretical predictions for the Z;, — E_. semileptonic decay branching fractions and LFU ratio. The upper
and lower rows are the values for the lepton type 7 or e, respectively.

Model ! (Arg) (Cr) (P) (P) (P) (P)
This work (exponential model) 7 —0.1401050;  —0.0980%  —0.74875%2  —0.17010037  —0.1811052)  0.589 057
e 01395505 —0.623%55, 0750150  —0.4761500 -1 0
This work (QCDSR model) T —0.14150%  —0.0980%  —0.750730%  —0.1681055  —0.17810%%  0.5901 090
e 01398 0627 0753 047302 -l 0
This work (Gegenbauer model) 7 —0.13570%07  —0.0997000;  —0.76270518  —0.15970%7  —0.17775%%  0.599730%
e 0MBLRR 0SISRE -076afR —odenfly - 0
[90] T -0.018 —0.087 —0.703 . —0.324
e 0.199 —0.540 —0.794 - -1
(48] T —0.042 -0.103 - - -0.317
e 0.163 -0.697 -1

measurement of Rz _is not yet available at the moment, our
predictions can give an additional hint for exploring LFU in
the b — c¢fv, transition.

In Table IV, we give predictions for the average values of
the forward-backward asymmetry of the charged lepton
(Apg), the lepton-side convexity parameter (Cg), the
hadronic polarization components <P§,x>, and the leptonic
polarization components (P%.), which are calculated by
individually integrating the numerators and denominators

2
over ¢* inclusive of the kinematical factor ¢*|P|(1 — %)2.

Note that these quantities are less sensitive to the uncer-
tainties in the model parameters since the errors partially
cancel in the ratios of the helicity structures. All the
considered theoretical errors have been added in quad-
rature. Similar to the prediction on the form factors, we list
the results from three different LCDA models for com-
parison. It is found that the predicted asymmetries are also
less sensitive to the LCDA models apparently, and the
results from different LCDA models are consistent within
the uncertainties. We notice that there are considerable
changes while going from the e to the 7 mode because of
the sizable lepton mass effect, including even a sign change
in the forward-backward asymmetry parameter (Agg). We

also compare our results for the integrated observables with
the predictions of other theoretical approaches [48,90] in
Table IV. It is found that all existing theoretical predictions
for these observables agree well, which could be tested by
future experimental measurements.

IV. CONCLUSION

In this work, we explore the semileptonic weak decays of
the E, — E.£77, in terms of the PQCD. We construct three
models for the charmed baryon LCDAs from the corre-
sponding ones for the b-baryon LCDAs based on the light-
front formalism and the heavy-quark symmetry, which
maintain approximate on-shell conditions of the partonic
charm quark and obey the parton kinetic constraints. Six
independent transition form factors are calculated in the
low ¢> region and extrapolated to the whole physical
kinematical range by parametrizing the g dependence
using z expansions. The results of the form factors based on
the QCDSR, exponential, and Gegenbauer models of
baryonic LCDAs are consistent with each other. We also
discuss the behavior of these form factors with respect to
g*, which is expected from weak decays that the magnitude
of each form factor gradually increases with respect to ¢.
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The dominant form factors are £, and g, with very similar ¢>
dependencies. The obtained vanishing small values of
f23(¢?) and g,3(q*) over the entire ¢ range are in line
with the expectations of the HQET. Our results at the
maximal and minimal recoil points were compared with
previous theoretical calculations within different approaches,
including various quark models, the QCD sum rule, and the
heavy-quark effective theory.

Utilizing these form factors and the helicity formalism,
we further investigate some interesting experimental
observables, such as the branching ratios, forward-back-
ward asymmetries, and lepton-side convexity parameter, as
well as the final state polarizations, which serve as a highly
sensitive probe of NP and of significant experimental
importance. Both of the differential and integrated observ-
ables across all lepton channels are presented in Sec. III,
which could be tested with future experiments. One can
find that the predicted asymmetries are apparently insensi-
tive to the different LCDA models, and the results from
different LCDA models are consistent within the uncer-
tainties. It is found that the shape of the differential
distributions of these quantities for the 7 mode is different
from those for the ¢ mode due to the large z-lepton mass

effect. These predictions may confirm the SM or give
complimentary information regarding possible new physics
in heavy-baryon decays. In addition, we predict the lepton
flavor-violating ratio Rz~ 0.3 that shows good consis-
tency with existing available predictions. This value is also
comparable with the counterpart in the A, - A7,
decays. Our predictions can give an additional hint for
exploring LFU in the b — ¢fv, transition.
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APPENDIX: FACTORIZATION FORMULAS

The virtualities of internal particles in Eq. (19) are given in Table V. The expressions £; are presented in Table VI, where

the auxiliary functions #; are defined as [69]

hi(b,A,B)= mﬂ/ {

¢i(b)=

Vim0 )"'%[Nl(\/_gl’?l)_ijl(\/ —51'71)]9(—’71)}’

n1(A,B)=Az+ Bz, (A1)
1 Ldz,dz, /&, n
hy(by,bg, A, B,C) = 3 - K (\/Eama)0(my) + 5 IN (v =Comn) = i1 (V/=Cama)]0(=112) ¢
32 0 2131 \/TE 2
212
o(ba.bg) = [by — ziby > + = |bB|2
m(A,B,C) = Az, + E [Bz, + CZJ, (A2)
121
with the Bessel functions K ;, Ny, and J; and the Feynman parameters z; and 7, = 1 — z;.
The formulas of H(x;,x}) for the vector form factors from the Feynman diagrams k = a — g are as follows:
M? :
Hg' (x;,x}) = W((ch +x3)(=f T+ )+ x5)) (295, (65, — 85,) + 9305)
+ (7 = SO (@h95 — 205, (45, + #5,))).
Hi (x;, %)) =0,
F; M? + / / b ¢ ¢ b pc
(xi, x7) = 7 _f+)f (=(x2 +x3)) (x5 + x5) (263, (95, — 95,) + h390%). (A3)
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H

Fs

c

TABLE V. The internal gluon t, 5 and quark 7. for each diagram in Eq. (17).

k s tp te tp

a x_;x&f*Mz (1=x)(1 —x’l)erM2 (1 —xl)ngJer (1 —)c’l)erM2

b xax5 [T M? (1=x))(1 =x))f*M? (1= x))xsf*M? (1=x))fm?

c xaxsf T MP xxbfTM? (X2 + (1= xp)xsfT)M? (1=x))frm?

d XXy f M2 XX f T M? (re +x3(1 = x5) f1)M? (x3 +x5(1 = x3) f ) M?
e XX fTM? (1 =x)(1 = x})fTM? (1= xp)x5f"M? (re 4+ (1=xp)f)m?
f XXy f M2 (I =x)(1 = x})f*M? (1 =x})xsf ™ M? (re 4+ (1 =xp)f)M?
g XXy fTM? X xhfTM? (re + (1 =xp)f)M? (rz + (1= x3)x f7)M?
TABLE VI. The expressions of € in Eq. (17).

k Q

a Ko(y/Taby = b3]) Ko (/153 — b5 + b5|)Ko(1/7c|by — bs + b5 — b5 |)Ko(y/7p|bs + bj|)
b Ko(y/T4]by = b3 |)Ko(\/75|b2]) Ko(y/Tc by — b + by — b3 |) Ko (1/7p|bs + bj|)

c Ko(v/Ta|b3]) ha (bS], [by + b)), 15, 1¢. 1)8% (by — by + b — bf)

d Ko(y/Talbs = by — b5 |) Ko (/75|ba )y ([by + b)), 1¢, 1p) 5 (by — b3 4 b — b3)

e Ko(v/Ta|b2 = b3]) Ko (v/T5|b5]) Ko (v/7c|ba — b3 + by — b3 |) Ko (1/7p|b3 + b5])

S Ko (/145 = b5[)Ko(\/T|by — b3 — bi[) Ko (\/Ic[by — bs + b) — b3 |) Ko (\/7p|b3 + bj|)
g Ko(\/75b5])ha (b3, [by + b, 24, 1¢,1p)8* (by — by + b — bf)

M2
Hy'(x;.x]) = =1 (7 = F)FT (0 + x5) 245, (3, + B5,) — #395)
—x3(=f7 A LTSI )+ x5)) (295, (05, — B5) + 9bs)).,
H}* (x;,x}) =0,
M2

Hy (x;.x}) = oy R+ ) 25,9 — 4R + 605). (A4)
H(x;x)) = % (5L = f7) + xa=f~ + (K + x5) (r+ S+ £5))
=200, = )@S(f~ = [O)#5 + 2rghs ()3 (1) + 205555 (1) + 293,955 (f7)?
— 205,05 x5 (1) + 2 psxhxs (F 1) + 200505 (X3 F = (F 1) + 2055 xx £~ (f1)?
2RSS A+ AL ST + ADS S ST = 205058t — APL S ST — AL s ST — 2rdhsa f
— 20 5oL A+ 2P S ST 2R P XS = 2r R S XS = 2rh i fT = 2rdhh S ST
288 S X 2r gl S XS = 2r B XA = 2R, f T = 298 s xhf ST
28 S XA 2R S XS = 28 S LT — ABLxL T — Al S xh ST
208,55 T 298,05 X5 T = s (T = fOfT
+ o (P5PY + 205,05, — 208,05, (=~ + (X + xX5) (r + £+ £).
H (x;, %)) =0,
MZ
(x;, %)) = — Wf* (xh + X3) (x2 (2008, 95, — 205,955, + P05 + Bi5)
= 2(B3, — D5 (B5, — 5,) + 20505 (f x5 = 1)), (AS)
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HE (x,,) =2(f_L_zf+)<f+<f+ ) (8] ) (=B B ) (B + )+ ) + 1o ((F + £+ 208,
F(FF = ) + B ((FF = )b+ (F+ 7+ 20088 ) + (x5 — Db (F~+7)
B+ D = 1)+ 03 (B (@5, %+ (£ x4 r) + F~(Fr = 1) =)
5 (P ()X, + (P = rs) + £~ (1= £704) 1)+ 8 (50 (F ((FF ),

(P P = )+ F (1= ) ) b S, (P (P )+ (FF + 1)l + )
(= 1) =) + A=)~ + 1)),
2

W%W«zrc(cb‘;sbs—<¢’3’a—¢§g>(¢§a—¢§s>(x;f+—1))

— (5 + B+ 2085, — 25+ 2 (FR) ()

(-2 —xs (rodhf =25+ ro(FF = )R + rehbS ™+ 288 (¥ x4 ()2

X =) )+ 5, (P (—re 5 (r— £7) + (6] + 5) ) = 7))

248, ((F (re+ (= ) (3 X4 FH) = )b+ 55, (6, +-23) (F)?

X = U ) (e (5= ) = 205088+ 245, (65 2r = £1) —2)

)+ 245, (B (5 —2) = ) + AL (= £ + 25 (= 1))

— 0y ) (G = U 1) = i )P+ r(— s

28 (5 + B (1= 1)) =28 (™ + 1)+ 5

(20— 05) 8 — 285 — 2488+ 280,53

(08 + 5+ 20 b5 — 2085 18 (1 = 20)08 + (50,

20208, ) 20 5) 205, (6] + )+ 1)y + B (6] +65) 1)

25, (¥ X1 = D)y 8B (61 + )+ 1))y = 2 (5 = ) (@ + 8 ) (05, + 5,) — L)

=20 (@G (¥} + rexy + X3)4 + (93, + B5,) (5, + 85,) (¥} +x3)) /7)),

2
u (2 x3 (3, (5o ((r = f )y + (fF =)y + (= r)xh) + 5, ((f = r)xh

T2 S
(5 =P (= P))) + @ (5, ((F~ = Py + (FF = 1)y + (FF = 1)) + 5, (r— )
(5 =) (=) = (FF )2 (6 +35) (r= ) (2B, — 205,05, + 2455)
(S (r— 1) =205 — £ )+ re(F x5 (205, ((r = )l + (F~ = 1))
1205, ((F~ £ =200+ (1= F7)h) + RS (F* =) = (5 = 205) (r = 1)) + x5 (25, ((F = )bl

+ (er _f_)¢gs) +2¢§a((f_ +f+ _zr)¢ga + (f+ _r)¢gs) +¢,27(2¢§ —¢2)(V—f_)

F
H g (x;,x7) =

~

IS = )+ 32— ) 2 2805+ BS) + BB = ) = 205 (= £))). (A6)
Frnat) = 2 (£ 43 (s 05) 2 (5 — 5 + )
[ARdd] 2(f_ _f+) 1 2 3 35\ 3a 3s 274

H o7+ x5 (a5 — 205,(¢5, + 85,)) + x2 (205, (45, — 45,)

+ P305) + x3 (205, (#5, — ¢5,) + D30%)) — (2 + x3)x5 (S

= 2005, (¢50 + #5,)) + 2+ x3) 25, (] + 3y + 2x5)5, — (%) + x)¢b5,)
+ G35 + Xy + x5) — BI5x)) — r(xy + x3)re (295,(45, — 95) + B305)).
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M?
(f f+) f (I‘ (f )C3 (¢4¢2 2¢2s (¢§a + ¢§s>) + X2 (2¢§s(¢%a - ¢§s>

+ Bab5) + x3 25, (5, — 95,) + #595)) — a4 x3) (25, ((x] + xy + 205) @5,
= (¥} +x3)¢5,) + @h5(x) + x5 + x5) — Bidhsxs)),
HY (x;, %)) =0, (A7)

HE (x;,x}) =

2
- ﬁ (re(xs(FF + 1) (245, (8%, — B8, + #105)
P )+ X — 205, (B + BR)) + £+ ) () ) (e — 205, (B, + #1,))
s 2, (B ((F 4 P, + (4 S+ 20) (x4 3)) + B (= F) 0 +33)
(P4 ) + BRI+ )+ xh) + ST+ ),

2
HP(36) = o= M Gy o+ )5, 0% + 94 = 950%)

+ 3 (205, () +2(x) + x3)) @5, — xX100%,) + 3 (=5) (xy + x3) + @ ¢h5))
- rC(f_<x/2 + x’3)(¢12)¢2 - 2¢'cis(¢l37a + ¢§s)> + X3 (2¢§s(¢ga - ¢§s) + ¢4bl¢§)))7
H? (x;,x}) =0, (A8)

F
Hfl(xt xi)

T (A G s+ 2, — 2055, + 085+ )
T2 PR ) F (T ) = (f7 = F5) () +x5)) (245,45,
— 2085, + P35 + PLS) + 23955 (f + 1)) + re(x3(FT 4 1) (205,05,
+ 2005, (3, = 2908,) + P55 + Bb5) + f (@5 (p5(f~ + r)xh +205(f T + r)(x] + x5))
= (f7 + 1) (25, (¥ + x5) g5, + b5,) + 295, (45,
+ B5,) + B3(=h5)Xs)) + 2xa (B35 (f~ + 1) = (f T + 1) (5, — D5 (#5, — #5,)))
F QU T 208,05, + 205 ((F + f1 4208, +2(F7 = f1)é5,)
— (f7 = ) (@505 + Dhgs)) + 23505 (f~ + 1)),
2(f_M_2f+) (FFr(x) +x5) (x3 (295,85, — 205,85, + D585 + #i95)
T 21T PR5) — xo(F T (295,95, — 205,005, + D55 A BLs)
+ 21 (f7@5b5 — fH (B3, — D5 (B5, — 95,)) + 2rxsdhheps)
T (f 5, (¥ + X5) @5, + d5,) + 205,05, + #5,) + B3 (=¢5)x5)
— 32005, 95, + 205, (B3, — 203,) + P55 + Bh5) + 5 (f 3 (—x3)
= 2f TR (x) + X)) = drre(dh, @, + B5a05,) — 2radhes),
Hp (x;, %)) = 0. (A9)

(xl l)

F
Hy? (x;, x) =

The corresponding formulas for the axial-vector ones can be obtained by the following replacement:
G; F;
Hk = :l:Hk |r—>—r,r[—>—rcv (A]O)

where the plus and minus signs refer to i = 1 and i = 2, 3, respectively.
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