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We present a set of numerical-relativity binary neutron star merger simulations incorporating muons and
muonic reactions for two baseline baryonic equations-of-state. In order to investigate the possible impact of
muons and muonic weak reactions, we treat neutrinos with a gray (energy-independent) truncated moments
scheme and an implicit-explicit time integrator. Newly computed neutrino rates are employed within the
full kinematics approach for a set of relevant reactions, and pair-processes are modeled via opacities
computed using reaction kernels, that allow a consistent treatment of neutrino interaction rates. We find that
equilibration between matter and radiation is successfully captured by a novel two timescales approach. Of
astrophysical interest is the general agreement between our muonic and nonmuonic results regarding the
remnant evolution, disk and outflow properties. Average electron fractions, asymptotic velocities and
temperatures are different by less than ∼6%, while the main impact of muons is a reduction in ejecta masses
by at most ∼17%. Therefore, based on our findings, accounting for the presence of muons and muonic
reactions might result much less severe consequences regarding nucleosynthetic yields and electromagnetic
counterparts than previously reported in the literature.
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I. INTRODUCTION

Thermodynamical properties of ejected material in binary
neutron star (BNS) mergers play a crucial role in the
interpretation of electromagnetic counterparts of such events,
e.g., the kilonova AT2017gfo [1–7], follow-up of the gravi-
tational-wave (GW) event GW170817 [8]. The current
understanding is that kilonovae are powered by radioactive
decay of heavy elements formed by r-process nucleosynthesis
in the ejecta [9–12], while the multiple components of a
kilonova signal are strongly correlated to the electron fraction
Ye of the outflows [13–16]. In neutron-rich environments
Ye ≲ 0.25, lanthanides are abundant and the medium is
highly opaque [17–19], leading to a “red” kilonova compo-
nent. Conversely, in neutron-poor media Ye ≳ 0.25, lantha-
nides are less abundant and the “blue” component emerges.
From the theoretical point, assessment of the ejecta

properties is only possible via numerical-relativity simula-
tions of merging BNSs including relevant physics, such as

general relativistic hydrodynamics [20–29], general relativ-
istic ideal magnetohydrodynamics [30–38], and neutrino
transport [39–45], the latter being vital for the compositional
and thermal dynamics of matter. However, most of the
existing BNS simulations rely on the assumption that matter
contains only electrons (e−) and positrons (eþ) as charged
leptons. Consequently, neutrino transport is restricted to 3
neutrino species (hereafter, 3-ν), namely, electron (anti)
neutrinos νe ðν̄eÞ and heavy lepton neutrinos νx, collectively
representing muon (anti)neutrinos νμ ðν̄μÞ and taon (anti)
neutrinos ντ ðν̄τÞ. Such an approximation is, nonetheless,
inaccurate, as in dense media the chemical potential of
electrons μe may exceed the rest-mass of muons mμ ≈
105.7 MeV, marking the onset of (anti)muons μ− (μþ). In
this case, the thermodynamical state of matter is determined
by the temperature T, baryon number density nb, net electron
fraction Ye and, additionally, by the net muon fraction Yμ.
Most importantly, in this scenario, neutrinos transport must
address the evolution of (anti)muon neutrinos, demanding
at least a 5 species (5-ν) treatment, where, due to the
substantially higher mass of taons, taon (anti)neutrinos may
still be treated as a single representative species νx.
Much more recently, the possible astrophysical impli-

cations of a consistent treatment of charged leptons in
matter and its neutrino counterparts has been considered,
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first in the context of core-collapse supernovae simulations,
showing that the production of muons is significant for the
dynamics of the collapse, via softening of the equation of
state (EOS) and for the neutrino heating efficiency [46,47].
In BNS simulations, Ref. [48] evaluated the impact of muons
in the postmerger remnant via postprocessing of 3-ν sim-
ulation data. Then, in Ref. [49], we performed the first BNS
merger simulations with muons and muonic weak inter-
actions, albeit with a simplified transport (neutrinos leakage
scheme) and neutrino rates (within the elastic approxima-
tion), showing that demuonization of low density, cold
material is a natural consequence of muonic β-reactions.
Furthermore, ejecta masses from 3-ν simulations may be
overestimated by a factor of 2, and that the softening of the
EOS induced by muons lead to enhanced stabilization of
the postmerger remnant by rotational support. Still, due to
limitations of the approximate transport scheme, no strong
imprints in the composition and entropy of the ejecta could
be verified. Finally, substantial advances were presented in
Ref. [50], where 3- and 5-ν simulations were performed
with a truncated moments transport scheme (M1 scheme)
for neutrinos and a more realistic set of neutrinos rates.
There, the authors show a similar factor of 2 smaller ejecta
mass for the muonic simulations and, most notably, that
muonic reactions noticeably cool the remnant, leading to
dramatically smaller Ye in the ejecta over the simulation
time, with consequences for the nucleosynthetic yields.
However, some technical improvements for the treatment
of pair-processes are necessary, given their fundamental
importance for the dynamics of muonic leptons.
In this work we present a set of numerical-relativity

simulations of BNS mergers in the 3- and 5-ν case with a
gray M1 scheme and realistic neutrino rates, including pair-
processes via reaction kernels, allowing the construction of
finite and well-behaved energy-integrated opacities, and,
for the first time in the BNS context, the inclusion of
(inverse) muon decay.

II. METHODS AND SETUPS

We present a set of four numerical-relativity BNS
merger simulations using the BAM code [51,52], including
a gray (energy-integrated) M1 moment scheme for neu-
trinos (see, e.g., [42] for details of our implementation),
extended to account for 5-ν species. The time evolution of
stiff radiation fields and the coupling with matter is
performed via an implicit-explicit (IMEX) scheme [53],
using the explicit RK(4, 4) (4 stages, fourth-order accu-
rate) and the associated implicit I42L (4 stages, second-
order accurate, L-stable) method. Implementation details
for the IMEX scheme are left for an upcoming article [54].
The geometry is evolved explicitly via the Z4c formal-

ism [55], while matter is evolved explicitly as an ideal
fluid, whose conserved variables are governed by the
general-relativistic hydrodynamics (GRHD) equations in
the Valencia formulation [56]. For the 5-ν simulations, we

evolve separately the net electron fraction Ye and the net
muon fraction Yμ according to

∂0ð ffiffiffi
γ

p
WρYlÞ þ ∂ið ffiffiffi

γ
p

WρYluiÞ ¼ mbSYl
; ð1Þ

l∈ fe; μg, γ is the determinant of the spatial metric, W is
the Lorentz factor of a fluid element, ui, i ¼ 1, 2, 3, is the
spatial component of the 4-velocity, ρ ¼ mbnb the rest-
mass density, mb the baryon mass constant, nb the baryon
number density, and SYl

is the number source-term for the
lepton l, given by the difference of net emissions of
antineutrinos and neutrinos of flavor l.
The GRHD system is closed by an EOS, whose

construction is described in Ref. [49]. In this work we
choose to parametrize the EOS and neutrino rates in terms
of the rest-mass density ρ, temperature T, net electron
fraction Ye ∈ ½0.01; 0.5� with 50 points and linear uniform
stride, and the net muon fraction Yμ ∈ ½1 × 10−4; 0.1� with
61 points and log10 uniform stride. Whenever necessary,
the proton fraction Yp parametrizing the baryonic sector
is obtained by enforcing local charge neutrality, i.e.,
Yp ¼ Ye þ Yμ. For the high-resolution shock-capturing
scheme employed in the hydrodynamics code, we adopt
the WENOZ reconstruction [57], and the HLLE Riemann
solver [58,59].
Our four simulated setups are equal-mass systems with

total massM ¼ 2.5M⊙ modeled by the SFHo [60] and DD2
[61] baryonic baselines “dressed” with photons, electrons
and positrons for the 3-ν case, and additionally with muons
and antimuons for 5-ν case. The numerical domain consists
of eight nested Cartesian boxes (levels), with a 2∶1 spacing
refinement from coarser to finer. Moving levels track the
motion of the stars, and the grid spacing in the finest level is
Δx ≈ 185 m. Our CFL (Courant-Friedrichs-Lewy) number
is set to 0.25. To focus on the neutrinos physics, we neglect
magnetic fields. The neutrino processes employed in this
work are listed in Table I. Absorption opacities (corrected for
stimulated absorption) of the β-reactions (a)–(f) follow the
full kinematics approach of Ref. [62], isoenergetic scattering
opacities on free nucleons (g) and nuclear clusters (h) receive
all relevant energy-dependent corrections [63–66]. The
isotropic annihilation kernels for pair-processes opacities

TABLE I. Neutrino reactions considered in this work. Note that
pair processes (i) and (j) are only considered for νx; νμ; ν̄μ. N is a
free nucleon, while A represents a heavy nuclear cluster or an
alpha particle. All neutrino species participate on elastic scatter-
ings (g) and (h).

(a) νe þ n ↔ pþ e− (g) νþ N → νþ N
(b) ν̄e þ p ↔ nþ eþ (h) νþ A → νþ A
(c) νμ þ n ↔ pþ μ− (i) e− þ eþ ↔ νþ ν̄
(d) ν̄μ þ p ↔ nþ μþ (j) N þ N ↔ N þ N þ νþ ν̄
(e) e− þ pþ ν̄e ↔ n (k) μ− ↔ e− þ νμ þ ν̄e
(f) μ− þ pþ ν̄μ ↔ n (l) μþ ↔ eþ þ ν̄μ þ νe
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of electron-positron pair annihilation (i) [67,68], nucleon-
nucleon bremsstrahlung (j) [69], and inverse (anti)muon
decay (k) and (l) [62] are used to tabulate absorption
opacities with the approximation that pairing neutrinos are
in local thermodynamical equilibrium (LTE) with matter. A
detailed description of our methods to obtain well-behaved
gray opacities and the associated emission rates are found in
Appendix A. We remark that, although our proposed pair-
processes treatment could be extended to electron (anti)
neutrinos, those reactions are most relevant at high densities
and temperatures, hence regions where neutrinos are sup-
posedly trapped. There electronic β-reactions are expected to
dominate, such that in comparison, pair-processes may be
unimportant. This, on the other hand, is not the case for
muon (anti)neutrinos, as muonic β-reactions are strongly
suppressed due to the large muon rest-mass. Therefore, pair-
processes are crucial for an accurate description of the
dynamics governing muonic species, as those reactions
provide important mechanisms for emission and absorption
of low energy muon (anti)neutrinos. Finally, we extend the
neutrino equilibration prescription of Ref. [70] to the 5-ν
case, henceforth called the two timescales approach, which
is described in Appendix B.

III. RESULTS

The initial data for our simulations, constructed using the
SGRID code [71], represent mass-symmetric systems with

individual masses in isolation ofM ¼ 1.25M⊙ employing a
cold T ¼ 0.1 MeV and in neutrinoless β-equilibrium slice
of the electronic/muonic EOSs. The initial coordinate
distance is d0 ≈ 41.4 km, yielding ∼4 (∼5) full orbits
before merger for the DD2 (SFHo) setups, regardless of
the presence of muons. For convenience, we present results
shifted in time with respect to the merger time tmrg, by the
moment when the dominant (2, 2) mode of the GW signal
reaches its maximum amplitude. Evolution of diagnostic
quantities are shown for our SFHo and DD2 runs in Fig. 1.
In the left column we see larger maximum densities for the
5-ν (thick black lines) compared to the 3-ν case (red dashed
lines), both before and after merger, caused by the softening
of the EOS in the presence of muons. At later times
t − tmrg ≳ 10 ms, when the internal motions are dampened
by emission of GWs, the 5-ν remnants and their 3-ν
counterparts become similarly dense, with differences of
∼1% (∼3%) for SFHo (DD2). In fact, the larger softening
seen in DD2 5-ν is due to the ∼15% higher central Yμ (and
hence smaller neutron fraction) compared to SFHo 5-ν,
which is set by the initial data. Shortly after the merger,
comparable muonization in both baselines drives Yμ higher
for DD2, which reduces pressure support from degenerate
neutrons, as will become clearer in the following. In the
middle column we observe moderately smaller maximum
temperatures for SFHo 5-ν during the merger aftermath,
attributed to additional cooling mechanisms via muonic

FIG. 1. Evolution of diagnostic quantities for the SFHo (upper panels) and DD2 (lower panels) runs. For a better visualization, a
moving-average with window size of 0.2 ms is applied. Left column: maximum rest-mass density for the 5-ν (black thick line) and 3-ν
(red dashed line). Middle column: maximum temperature. Right column: neutrino luminosities of all species for the 3 (dashed lines) and
5-ν (thick lines) cases. Luminosities are computed as in Ref. [42] on a coordinate sphere of fixed radius r ≈ 300 km. For a clearer
comparison, the luminosity of heavy-lepton neutrinos νx is divided by 2 (4) for 5-ν (3-ν).
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reactions, while for DD2 5-ν, temperatures are much closer
to its 3-ν counterpart. Then, in the right column we depict
the neutrino luminosities, where similar evolutions are
reported for νe, ν̄e, and νx in all cases, while contributions
from ν̄μ and νμ are such that, for 5-ν cases, the combined
luminosity 2Lνx þ Lνμ þ Lν̄μ is larger than 4Lνx in the 3-ν
case. By the end of our simulations (not shown), combined
luminosities of fνμ; ν̄μ; νxg indeed converge to the same
value as νx in the 3-ν counterparts. Furthermore, Lν̄e > Lνe
in all scenarios indicates electronization of matter.
As shown in Fig. 2, we note qualitatively similar Ye

distributions throughout the postmerger. For instance, early

electronization of matter (left column) at densities smaller
than 1012 g cm−3 is caused by excess free emission of ν̄e
compared to νe, as the former decouples frommatter deeper
in the remnant than the latter. Early electronization is
marked by Ye ≳ 0.25 at low densities both in the disk
(lower portion of the snapshots), where matter obstructs the
propagation of neutrinos coming from the remnant, and in
the polar cap (upper portion of the snapshots), where
further electronization is promoted by a dominant absorp-
tion of νe. This effect is better observed in the middle and
right columns as a gradual increase in Ye along a funnel
centered at the remnant.

FIG. 2. Snapshots of the electron fraction for the SFHo (upper panels) and DD2 (lower panels) in the polar plane and orbital plane. The
left (right) half represents 5-ν (3-ν) runs at t − tmrg ¼ f2.5; 10; 20g ms from left to right columns. Black lines are isodensity contours
from f1011; 1012; 1013; 1014g g cm−3. Regardless of the baryonic baseline, in both the muonic and electronic runs we note early
electronizaton of matter at low densities (left and middle columns), as well as the beginning of the secular ejection of highly electronized
material around the pole (right column) via neutrino winds.
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Next, we address the evolution of the muonic content for
our 5-ν simulations via a few diagnostic quantities. First is
the total muon number,

Nμ ¼
1

mb

Z
V
d3x

ffiffiffi
γ

p
WρYμ; ð2Þ

where the integration volume V hereafter will be the box
corresponding to the second coarsest grid level. Second,
useful to analyze the evolution of leptonic species l in the
remnant is the total lepton number fraction. For muons, it is
given by

YLμ ¼ Yμ þ Yνμ − Y ν̄μ ; ð3Þ

and encompasses the net muon fraction in matter Yμ and the
fraction of muon (anti)neutrinos (Y ν̄μ) Yνμ , given by

Yν=ν̄ ¼
nν=ν̄
nb

: ð4Þ

Equation (3) is useful because in BNS merger remnants,
neutrinos are expected to be trapped and achieve chemical/
thermal equilibrium with the fluid, at least in sufficiently
hot matter [72]. Such a mixture of matter and radiation in
equilibrium is described by an EOS parametrized by
ðnb; T; Yp ¼ Ye þ Yμ; YLμÞ, such that the chemical poten-
tial of muons can be determined by solving Eq. (C4) for
each thermodynamic point of the baryonic baseline over a
range of YLμ. As a result, simulation data can be used to
infer the expected muon fraction Ỹμ ¼ Ỹμðnb; T; Yp; YLμÞ
when matter and radiation equilibrate. With this construc-
tion, the connection between leptonic composition of
matter and microscopic properties of the baryonic baseline
is more evident, since the difference μn − μp entering the
equilibrium chemical potential of neutrinos correlates to the
baryonic symmetry energy [73,74].
Lastly, we define the relative deviation of net muon

fraction from equilibrium as

δYμ

Yμ
¼ 1 −

Ỹμðnb; T; Yp; YLμÞ
Yμ

; ð5Þ

and its mass-average in the orbital plane as

�
δYμ

Yμ

�
xy

¼
R
dxdy

ffiffiffi
γ

p
Wρ

δYμ

YμR
dxdy

ffiffiffi
γ

p
Wρ

; ð6Þ

where the integration is carried out in the second finest
level, containing the remnant and a small portion of the
disk. Note that the definition Eq. (5) could be ill-defined for
Yμ → 0, following the muonic EOS parametrization, but
the simulated Yμ is bounded from below to a minimum
of 10−4.

In Fig. 3, we present the postmerger profiles of net
muon fraction Yμ in the left half and the relative deviation
from equilibrium in the right half of each snapshot for
SFHo 5-ν (upper panels) and DD2 5-ν (lower panels).
Note that the smaller the deviation (yellow to blue), the
better the description of a mixture of matter/radiation in
equilibrium. Hence, there (anti)neutrinos are trapped.
Larger deviations (red), on the other hand, correspond
to states better described by neutrinoless β-equilibrium,
since there muon (anti)neutrinos have much larger mean-
free paths, and cannot be trapped. Regardless of the
baryonic baseline, we note that largest deviations from
equilibrium are located at ρ≲ 1013 g cm−3 in the early
postmerger (left columns), while the smallest deviations
∼10−3 are found in hotter regions, e.g., the shear layer and
the hot outskirts close to ρ ∼ 1014 g cm−3. At t − tmrg ≈
10 ms (middle column), as the remnant cools, larger
portions of the interior ρ≳ 1014 g cm−3 equilibrate with
deviations of a few percent or less, except for DD2 (lower
panels), where deviations of ∼30% persist in a localized
spot around the center. At t − tmrg ≈ 20 ms (right column),
the innermost portions of the remnants achieve equilib-
rium, evidencing that our equilibration prescription accu-
rately captures the formation of a trapped gas of (anti)
neutrinos.
It is interesting to note that the bulk of the net muon

fraction is found at ρ ≥ 1014 g cm−3, while some Yμ ∼
0.010–0.015 is present at smaller densities, but hotter
matter streams, especially notable in the left column for
SFHo due to its higher temperatures. In view of our
deviation from equilibrium argument, we observe that
the trapping of muonic neutrinos require substantial muon
fractions Yμ ∼ 0.020, for which muonic β-reaction rates are
important.
On the contrary, at smaller densities, larger deviations

suggest that muon (anti)neutrinos are on a (partially) free-
streaming regime, where equilibrium states of matter
approach a neutrinoless condition [75]. Therefore, negli-
gible muon fractions are to be expected (see Fig. 14 of
Ref. [49]), because muonic β-reactions drive matter with
ρ ≤ 1014 g cm−3 to neutrinoless β-equilibrated states with
Yμ ≪ 10−3. Higher muon fractions at lower densities are
unlikely, requiring temperatures T ≳ 15 MeV.
For a more quantitative view of the dynamics of the

muonic content, we present in the upper panel of Fig. 4 the
evolution of the conserved muon number, Eq. (2), normal-
ized to its initial value (left axis, thick lines), and the mass-
averaged deviation from equilibrium, Eq. (6), (right axis,
dotted lines) for the muonic SFHo (blue) and DD2 (red)
runs. There we observe a reasonable 1–2% conservation of
total muon number along the inspiral, with a steep increase
during the first millisecond of the postmerger, followed by
a steady increase of Nμ (blue, thick line) for SFHo up to
∼20% at t − tmrg ≈ 20 ms. The average deviation (blue,
marked line) stays at ∼ −1.2% before merger, with larger
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deviation up to ∼ −4% that gradually converges to zero as
the remnant transitions to a compositional equilibrium. For
DD2, Nμ (red, marked line) decreases after the initial burst
up to t − tmrg ¼ 10 ms, and then increases to ∼4– 6% by
the end. In this case, noticeably larger deviations (red,
marked line) compared to SFHo are sustained, only to
converge to ≈0 over a longer timescale. Since both runs
converge towards small deviation, we conclude that the
transition from nonequilibrium to equilibrium state is
captured, although evolution of the muonic content shows
no clear trend besides late time muonization, while details
of the transitional regime depend on the baryonic model in
a nontrivial manner. To avoid confusion, it is important to
clarify that our equilibrium analysis is based on the local
equilibrium states of matter and radiation within an
environment that is dynamically cooling and compacting.

As such, the equilibrium configurations change over time.
That is why we may still have ongoing muonization on the
remnant, while diminishing deviations indicate matter and
radiation achieving local equilibrium. Longer simulations
would be required to observe whether the conserved muon
number stabilizes.
For a complementary view on how matter evolves and

the locations of muonization in the remnant, we present in
the lower panels of Fig. 4, respectively from top to bottom,
averaged radial profiles of rest-mass density, temperature
and muon density at selected instants. Note that we depict
the muon density ρYμ, because this quantity embodies
density variations, making the loci of muonization clearer.
For SFHo (left column), we observe substantial early
(black, dashed line) muonization on a narrow r ≤ 2 km,
coinciding with the high temperatures of the shear layer.

FIG. 3. Snapshots of the muon fraction Yμ (left half) and relative difference with respect to equilibrium jδYμ=Yμj, Eq. (6), (right half) in
the polar plane and orbital plane for the SFHo 5-ν (upper panels) and DD2 5-ν (lower panels) runs at t − tmrg ¼ f2.5; 10; 20g ms from
left to right columns. Green-dotted lines mark constant densities f1012; 1013; 1014g g cm−3.
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At t − tmrg ≈ 10 ms (purple, dotted lines), the remnant
becomes denser and colder at the center, the hot annulus is
formed at 2 ≤ r ≤ 12 km, and the bulk ofmuons redistributes
to a larger radius r ≤ 5 km. Then, at t − tmrg ≈ 20 ms, after
the remnant contracts and cools slightly, a layer 2.5 ≤ r ≤
4.5 km of higher muon density arises. Hence, we identify the
main regions of muonization as the center and within the hot
annulus, not exactly at the temperature peak (where
T ∼ 24 MeV; ρ ∼ 7 × 1014 g cm−3), but at slightly smaller
temperature and higher ρ ∼ 8.5 × 1014 g cm−3. For DD2

(right column), we observe at t − tmrg ≈ 2.5 ms smaller muon
densities in the shear layer r ≤ 3 km. Similar to SFHo, at
t − tmrg ≈ 10 ms we see the formation of a hot annulus at
3 ≤ r ≤ 14 km and muonization of inner layers r ≤ 4 km,
while, in contrast, at t − tmrg ≈ 20 ms, muonization is more
evident within the hot annulus than in the core. Furthermore,
we remark that the reported muonization is dominated by
muon neutrino processes, rather than muon antineutrinos.
We also highlight the good agreement of the Yμ

distributions found at t − tmrg ≈ 20 ms and those reported
in Fig. 8 of the core-collapse supernovae simulations of
Ref. [47], i.e., peaks of Yμ are located preferentially at
high densities (remnant’s center) and high temperatures
(hot annulus).
Finally, we discuss the remnant and ejecta properties. For

that, material is considered ejecta if, at a fixed coordinate
sphere of radius r ≈ 300 km, the matter element satis-
fies the geodesic criterion [Eq. (13) of Ref. [24] ]. On
the contrary, bound matter is considered to be part of the
remnant if ρ ≥ 1013 g cm−3, while parts of the disk have
ρ < 1013 g cm−3. Relevant data is summarized in Table II.
There we note good agreement for the disk and remnant
baryonic masses for the 3-ν runs and their respective 5-ν
counterparts, as well as average thermodynamical proper-
ties of the ejecta, such as average electron fraction hYeiej,
average asymptotic velocity hv∞iej and average temper-
ature hTiej. As anticipated, the addition of muonic reactions
as energy sink for outflowing material results in overall
smaller ejecta for the 5-ν runs, about ∼17% less, instead of
the 50% reported in our previous leakage simulations [49].
This is because here we account for ejection via absorption
of neutrinos. Then, we note that for 5-ν, the average
electron fraction in the remnant gets smaller, but charge
neutrality enforces higher proton fractions than in the 3-ν
case. Hence, muons correspond, on average, to 25–30% of
the total charged leptons in the remnant.
It is also worth pointing out that, resolution effects are in

general important for ejecta masses estimates. However,
due to the high computational costs of the implicit treat-
ment of 5-ν, no higher resolution simulations were per-
formed for these cases, making quantification of resolution
effects difficult. Instead, we resort to error estimates based
on Ref. [42], whose simulations were performed with the

FIG. 4. Diagnostics for the muonic content. Upper panel:
evolution of normalized total muon number (thick lines) and
mass-averaged deviation from equilibrium (thick lines marked
with circles) for our 5-ν runs SFHo (blue) and DD2 (red). Lower
panels: from top to bottom, we present radial averages of rest-mass
density, temperature and muon density at different times along the
postmerger for SFHo (left column) and DD2 (right column).

TABLE II. Summary of remnant, disk and ejecta properties at t − tmrg ≈ 20 ms. From left to right columns read simulation name,
baryonic mass of the disk, baryonic mass of the remnant, mass-averaged electron fraction in the remnant, mass-averaged muon fraction
in the remnant (only for the 5-ν), ejecta mass, average electron fraction of the ejecta, average asymptotic velocity of the ejecta and
average temperature of the ejecta.

Simulation Mdisk ½M⊙� Mrem ½M⊙� hYeirem hYμirem Mej ½10−3M⊙� hYeiej hv∞iej hTiej [MeV]

SFHo 3-ν 0.104 2.59 0.064 � � � 2.16 0.37 0.172 0.64
SFHo 5-ν 0.109 2.58 0.057 0.023 1.85 0.35 0.168 0.63
DD2 3-ν 0.178 2.46 0.066 � � � 1.91 0.32 0.144 0.63
DD2 5-ν 0.197 2.41 0.060 0.020 1.68 0.31 0.139 0.64
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same hydrodynamics module, but a different implicit
treatment (linearization of the collisional source term is
assumed) and neutrino rates (using the NuLib library); there,
discrepancies of ∼10% may be verified for a total ejecta
mass up to 20 ms after merger of an equal-mass SFHo 3-ν
run. More recently, within the same IMEX framework, full
kinematics neutrino rates, and 3-ν setup, Ref. [54] shows
resolution uncertainty of ∼14%, thus smaller than our
reported reduction in ejecta mass comparing 3- to 5-ν
simulations. Therefore, it seems plausible to anticipate such
a reduction to be robust, although future quantification is
needed for firmer statements.
More details about the ejecta properties are provided in

Fig. 5. The ejecta properties for 3 and 5-ν simulations are in
good qualitative agreement. On a quantitative level, from
the left column, upper panel, we observe for SFHo 5-ν
larger amounts of material with Ye ∼ 0.14–0.30 compared
to its 3-ν counterpart. The peak in both cases lies in
Ye ∼ 0.42–0.44, with a larger peak fraction in the 3-ν case,
suggesting stronger neutrino irradiation on the ejecta,
consistent with the higher temperatures for this case. We
also remark that the sharp drop in Ye ¼ 0.5 for the muonic
runs is caused by the EOS limit to this value. Hence, it is
plausible that higher values could be achieved. No signifi-
cant deviations are noted for the asymptotic velocity
(middle column, upper panel) and temperature (right
column, upper panel). For our DD2 runs (lower panels),
we see larger fractions of material with Ye ∼ 0.1–0.2 in the
5-ν run, and the peak is also located at slightly higher Ye

compared to 3-ν. Most of the differences are seen in the
asymptotic velocity, where no material with v∞ ≳ 0.4c is
present, while the 3-ν run steadily extends to v∞ ≈ 0.6c. To
explain this observation, we note that the difference in total
luminosity between 5-ν and 3-ν is larger for DD2 than for
SFHo (see Fig. 1) during the first ∼5 ms of the postmerger.
On the other hand, fast ejecta is produced within this
timescale, mainly arising from the shear layer and in the
first bounces of the merging cores [76]. Thus, we assume
that this ejecta component is subject to stronger radia-
tive losses, leading to smaller fractions of fast outflow.
Interestingly, the shifted peaks of Ye towards higher values
for both muonic runs seems to result from the decay
of muons into electrons at densities ρ ≤ 1012 g cm−3
(not shown).

IV. DISCUSSION

In this section, we comment on the differences between
our results and those of Ref. [50]. There, a key conclusion
is that, due to muonic reactions in the remnant, matter gets
strongly deprived of energy that would be otherwise used
for emission of electron (anti)neutrinos. Hence, with the
suppression of electronic reactions, due to cooler remnants,
substantial fractions of very neutron-rich ejecta, and the
absence of outflows with Ye ≳ 0.3, are observed. To
support this scenario, their analysis is based on extracting
neutrino chemical potentials from the simulations, which is
equivalent to our procedure of verifying equilibration of

FIG. 5. Mass-normalized distributions of ejecta properties up to t − tmrg ≈ 20 ms; electron fraction (left column), asymptotic velocity
(middle column) and temperature (right column) for our SFHo (upper panels) and DD2 (lower panels) runs. Note that at the extraction
sphere (r ≈ 300 km), and there Yμ ¼ 10−4.
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matter and radiation with an auxiliary EOS for an equilib-
rium mixture. Indeed, following the approach of Ref. [75],
we obtain good quantitative agreement with respect to the
neutrino chemical potentials reported in Ref. [50], except
that in our 5-ν runs, neutrino chemical potentials much
closer to zero are reached in the polar region.
On the other hand, important differences regarding the

determination of neutrino interaction rates are to be noted:
in order to avoid divergent opacities for muonic neutrino
pair-processes, the authors rescale neutrino degeneracies
according to the energy optical depth τν, a solution of the
eikonal equation j∇τνj ¼ κa;ν, where κa;ν is the energy-
averaged absorption opacity for the neutrino ν. Provided a
boundary condition, e.g., τν ¼ 0 at the numerical domain
boundary, an iterative solution may be obtained at each grid
point. Furthermore, in order to single out a physical
solution at point x⃗, the iterative method usually incorpo-
rates Fermat’s principle,

τνðx⃗Þ ¼ min

�Z
Γ
κa;νðx⃗0Þds

�
; ð7Þ

where the minimum line integral is taken over all paths Γ
connecting the point x⃗ to the boundary along the invariant
line element ds. This requirement ensures that the optical
depth represents the minimum number of interactions a
neutrino would experience when escaping from its current
position. Intuitively this means that the deeper within a
matter distribution a point is, the higher should be its
optical depth. Equivalently, for the simplified geometry of
an axisymmetric remnant, the optical depth should be a
monotonically decreasing function of the distance to the
center. This is shown, for instance, in Ref. [77] for rotating,
hot NSs, resembling the state of a remnant after a few tens
of milliseconds.
The degeneracy rescaling adopted by Ref. [50] reads

ην ¼ ηeqν ð1 − e−τνÞ, where ηeqν is determined assuming LTE
at the fluid’s thermodynamic state ðnb; T; Ye; YμÞ (or with-
out Yμ for 3-ν). For muon (anti)neutrinos only, the con-
dition is augmented by ηνμ ¼ 0 (ην̄μ ¼ 0) for τνμ < 1

(τν̄μ < 1), and ηνμ ¼ ην̄μ ¼ 0 for Yμ < 5 × 10−3. Whereas,
in the present work, this is not needed, as the opacities are
finite by construction.
Thus, in their approach, the neutrino degeneracy

approaches ην → 0 outside of the neutrinosphere τν < 1,
while corrections become negligible inside, where τν ≥ 1.
But, since opacities for gray schemes are tabulated assuming
LTE, this means that κðnb; T; Ye; YμÞ computed from the
fluid state is averaged with a Fermi-Dirac distribution with
ηeqν that does not necessarily match ην, which possibly
introduces an inconsistency. Then, emissivities would be
obtained by using Kirchhoff’s law with ην, which is
potentially problematic, as we elucidate in the following.

For electron (anti)neutrinos, the ν̄e neutrinosphere is
generally located deeper in the remnant than of νe [78].
This is specially relevant for electronization of matter in, e.g.,
the disk, because it generally amounts to a larger emission of
ν̄e compared to νe. Moreover, in those intermediate density
regions, electron (anti)neutrino degeneracies assume values
ηeqν̄e ¼ −ηeqνe ¼ ½0; 2� [48]. Thus, given the degeneracy asym-
metry between ν̄e and νe, excess emission of ν̄e compared to
νe may be explained, as the number emission rate of the
former, proportional to the second-order Fermi integral
F2ðην̄eÞ, may become larger than the number emission rate
of the latter, proportional to F2ðηνeÞ, even in the typical case
where the number averaged absorption opacities obey
κa;0ðν̄eÞ < κa;0ðνeÞ. This phenomenology is consistent with
early electronization of polar material, reported in a myriad
of works, both with leakage schemes [77,79–85] and M1
schemes [40–45,74] (see also Ref. [86] for a cross-com-
parison study of different neutrino transport prescriptions).
To illustrate our point, we consider typical values

ηeqν̄e ¼ −ηeqνe ¼ f1; 2g encountered in the polar region. In
this case we have, respectively, F2ðηeqν̄e Þ ¼ f4.3; 9.5g and
F2ðηeqνe Þ ¼ f0.71; 0.27g, while F2ð0Þ ≈ 1.8. Now, due to the
aforementioned rescaling of degeneracies, ην̄e (ηνe) would
be rescaled towards values much closer to zero than to ηeqν̄e
(ηeqνe ), since in the polar region both neutrinospheres coincide
and intercept the remnant at ρ ≈ 1011–1012 g cm−3. Thus,
electron antineutrino number emissivities may be under-
estimated by factors of F2ðηeqν̄e Þ=F2ð0Þ in the range 2.4–5.3,
while the ratios F2ðηeqν̄e Þ=F2ðηeqνe Þ, expressing the asymmetry
of number emissivities, would be reduced from 6–34 to
2.5–6.7.
In this scenario, early electronization of polar material is

less notable, as evident in their Figs. 3 and 10, also for the
3-ν case. For their reported 5-ν simulations, the effect is
stronger, as the neutrinospheres are expected to be located
even deeper in cooler remnants. Indeed, the high ν̄e
chemical potential reported in the upper, right panel of
their Fig. 2 corroborates our interpretation that electro-
nization via excess emission of ν̄e seems absent because of
the degeneracy rescaling. Then late time electronization is
reported for their 3-ν runs, consistent with the arise of
neutrino winds, but noticeably weaker in the 5-ν case. It is
important to highlight, however, that our argument does not
apply to the disk regions, where a consistent description of
electronization is further complicated by nonlocal effects,
e.g., advection of moderate Ye material from within the
neutrinospheres, where rescaling is absent, and absorption
of neutrinos coming from the hot remnant. Consequently,
Ye ∼ 0.25–0.35 is reported for their SFHo 3-ν disk, higher
than our Ye ∼ 0.20–0.25, which we attribute to their higher
maximum temperatures Tmax ≳ 40 MeV, compared to
our Tmax ≤ 40 MeV already at t − tmrg ≈ 7 ms. Such
differences are plausibly explained by the different pair
processes treatment.

CONSISTENT TREATMENT OF MUONS IN BINARY NEUTRON … PHYS. REV. D 114, 043036 (2026)

043036-9



A similar effect of the degeneracy rescaling can be seen
in their reported Yμ, where values in excess of 5 × 10−3 are
present in regions with ρ ≤ 1011 g cm−3 and temperatures
T ≲ 10 MeV, where vanishing muon fractions would be
expected on a neutrinoless state driven to equilibrium
predominantly by free emission of νμ, as a consequence
of large degeneracies for muons neutrinos at low muon
fractions. Here we remark that, whether such degeneracies
are physically reasonable (see Ref. [87]) and strategies to
remedy this remain open questions.
Finally, it is also worth noting that Ref. [83] argues that

the degeneracy rescaling at low optical depths is of little
importance for merger simulations, but possibly significant
in other contexts, such as core-collapse supernovae (see
also Ref. [88]). It might be computationally feasible to
retain consistency between averaged neutrino interaction
rates and rescaled degeneracies in a few cases, e.g., if the
elastic rates of Ref. [89] are employed, since the difficulty
in computing opacities and emissivities is the evaluation of
Fermi integrals, which can be efficiently done via accurate
rational approximants. However, for full kinematics, tabu-
lated gray interaction rates, it seems prohibitive for the
current infrastructure of BAM to average spectral rates on-
the-fly with rescaled degeneracies (see Ref. [90] for an
approach along those lines), and, what is more, to do so
iteratively along with the computation of optical depths.
Instead, we opt for the simplest way to preserve con-

sistency between tabulated interaction rates under LTE and
the dynamical evolution of neutrino fields, which is present
in our proposed method by construction. Further quanti-
fication of the uncertainties introduced by LTE treatment of
rates and degeneracies is a topic for future works.

V. CONCLUSIONS

In this work we presented a set of BNS merger
simulations employing state-of-art neutrino interaction
rates, computed within the full kinematics approach, and
a more accurate M1 neutrino transport scheme using an
implicit-explicit time integrator. We assessed the possible
imprints of muons and muonic weak interactions in the
properties of the remnant, disk and ejected material,
the latter closely related to nucleosynthetic yields and
kilonovae signals. Overall, comparing our 3 and 5-ν
simulations for two baryonic baseline EOSs (SFHo and
DD2), we see modest impacts in the equilibrium structure
of the remnant, with slightly denser cores (at most 3%),
slightly cooler core-disk interface (by at most 2 MeV), and
comparable neutrino luminosities. Accordingly, the post-
merger compositional and thermal evolution, respectively
given by Ye and T, is not very sensitive to the presence of
muons. Indeed, we were able to capture the equilibration
process of matter and radiation with our novel two time-
scales approach, and showed that the presence of muons is
restricted to densities in excess of ρ ¼ 1014 g cm−3. On the
macroscopic side, we showed that disk and remnant masses

are broadly consistent in both scenarios (within ∼5%), and
that ejecta masses are smaller by less than ∼17% for
muonic runs, while average electron fraction, asymptotic
velocity and temperature of the outflows are consistent
within ∼5%. Therefore, our main conclusion is that
neglecting the presence of muons has limited impacts in
the outcomes of a BNS merger simulation, at least for small
mass, symmetric systems such as those considered in this
work. Consequently, we expect that nucleosynthetic yields
and the associated kilonova signal to not be significantly
modified by the presence of muons and muonic weak
reactions.
We note, however, important contrasts between our

results and those presented in Ref. [50], where it is reported
much larger fractions (∼20 – 30%) of low Ye ≲ 0.05 ejecta,
with almost absent outflows with Ye ≥ 0.3 in the muonic
case, which leads to larger abundances of lanthanides, but
smaller abundances of lighter elements. This is plausibly
due to their choice of methods for handling large negative
muon (anti)neutrino degeneracies at low densities.
That said, we highlight the importance of a consistent

treatment of neutrino interactions for accurately capturing
the compositional evolution of the system. Our results
suggest that a kernel-based approach for the computation of
pair-processes interaction rates, albeit approximated by the
assumption of LTE for pairing neutrinos, is a suitable
solution to the divergent behavior of pair opacities for (anti)
muon neutrinos, offering the advantage of a unified treat-
ment of weak rates for all neutrino species. Future work
with more elaborate transport schemes, such as spectral M1
or Monte-Carlo based methods [91–94] would quantify the
uncertainties introduced by our present approach. For
future investigations we envision plenty of options, e.g.,
the role of magnetic fields in muonic BNS mergers;
exploration of wider regions of the BNS parameter space
(different mass-asymmetries, higher total masses, spinning
configurations); the impact of 5-ν treatments with neutrino
oscillations [95,96]; or the use of more complete micro-
physics, such as inclusion of pions in the EOS [97] and
their reactions with neutrinos, specially relevant for muon
(anti)neutrinos [98] in hot matter.
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APPENDIX A: NEUTRINO RATES

The weak reactions considered in this work are sum-
marized in Table I. Spectral (energy-dependent) opacities
and annihilation kernels are produced for all thermody-
namical points ðρ, T, Ye, Yμ) in the EOS range at neutrino
energies ϵ ¼ ½0.5; 420� MeV, binned in 18 log10 spaced
intervals. For the β-reactions (a)–(f) in Table I, we follow
Ref. [62] in the full kinematics approach, i.e., considering
self-consistent modifications to relativistic hadronic currents
due to mean-field potentials and effective masses, weak-
magnetism, pseudoscalar terms, and momentum-dependent
nucleon form factors. The integration over the phase-space
of hadrons is split in ϵ. For ϵ ≤ 120 MeV, expansion of
coupling constants at low-momentum exchange are accu-
rate, allowing opacities to be evaluated by two-dimensional
numerical integrals over energies. For ϵ ≥ 120 MeV, such
an expansion is inaccurate and we numerically perform four-
dimensional integrals over energy, momentum exchange
and two angles. The corresponding spectral opacities
(corrected for stimulated absorption) κβðϵÞ are, then, aver-
aged with respect to the equilibrium Fermi-Dirac distribu-
tion to produce gray number (i ¼ 0) and energy (i ¼ 1)
averaged opacities,

κβ;i ¼
R
dϵ ϵ2þiκβðϵÞfeqν ðϵ; T; ηνÞR

dϵ ϵ2þifeqν ðϵ; T; ηνÞ
¼ 4π

ðhcÞ3
1

BiðT; ηνÞ
Z

dϵ ϵ2þiκβðϵÞfeqν ðϵ; T; ηνÞ; ðA1Þ

where the blackbody integral reads

Biðην; TÞ ¼
4π

ðhcÞ3 T
3þiF2þiðηνÞ; ðA2Þ

where F2þiðηνÞ is the (2þ i)th order Fermi integral, and the
neutrino degeneracy ην is set by thermal and chemical
equilibrium with matter. Then, emission rates automatically
follow from the integrated Kirchhoff’s law,

Qβ;i ¼ κβ;i cBiðT; ηνÞ: ðA3Þ

Isoenergetic scattering on free nucleons (g) receives energy-
dependent corrections for weak magnetism/recoil [63] and
nucleon phase-space corrections [64], reducing scattering

opacities in highly degenerate media. Isoenergetic scattering
on nuclear clusters A (h) incorporates ion correlation,
electron polarization and nuclear form factors [65], while
isoenergetic scattering on alpha particles is computed
following Ref. [66]. Similarly, gray scattering opacities
are obtained via averaging with respect to the equilibrium
Fermi-Dirac distribution. As shown by Ref. [99], and argued
in Ref. [50], inelastic neutrino-electron scattering has much
smaller opacity compared to isoenergetic scattering on
nucleons under general BNS merger conditions. Hence,
although important for the thermalization of heavy lepton
neutrinos [90,100], we neglect such processes, and refer to
Ref. [101] for a single, postmerger like neutron star study.
For reactions (i)–(l) in Table I (only considered for νμ; ν̄μ,
and νx) we compute angle-averaged annihilation kernels,
which corresponds, on one hand, to retaining the zeroth
Legendre moment of the kernels, and, on the other hand, to
model those processes as isotropic emission/absorption. The
annihilation kernel of electron-positron pair annihilation
(i) is given by Refs. [68,102], and of nucleon-nucleon
bremsstrahlung (j) from Ref. [69]. Finally, we follow
Ref. [62] to produce isotropic annihilation kernels of inverse
muon decay (k) and inverse antimuon decay (l).
Next, we describe our method for computing gray

number κp;0 and energy κp;1 opacities for the pair processes
(i)–(l). Most of the approaches in the literature rely on
applying Kirchhoff’s law to the unblocked number and
energy pair emission rates Qp;i, i.e.,

κp;i ¼
Qp;i

cBiðην; TÞ
: ðA4Þ

For heavy-lepton neutrinos, ηνx ¼ 0 and the denominator of
Eq. (A4) never vanishes. This, however, is not the case for
muon (anti)neutrinos. In particular, at low Yμ (densities
smaller than nuclear saturation), ηνμ or ην̄μ ¼ −ηνμ often
become a large negative number. In this case, the black-
body integral vanishes and the associated opacity diverges.
To circumvent this, Ref. [50] adopts a number of restric-
tions (see main text).
Instead, we propose an alternative approach, based on

the construction of well-behaved pair opacities. To do so,
we first note that the isotropic collisional integral for the
neutrino ν undergoing a pair process is [39]

Bð0Þ
ν;p ¼ ð1 − fνÞ

Z
dΩ0dϵ0

ϵ02

ðhcÞ3 R
prod
0 ðϵ; ϵ0Þð1 − f 0̄νÞ

− fν

Z
dΩ0dϵ0

ϵ02

ðhcÞ3 R
ann
0 ðϵ; ϵ0Þf 0̄ν; ðA5Þ

where (fν̄) fν is the (anti)neutrino distribution function,
andΩ is a solid angle in spherical coordinates. For a clearer
notation, we omit the functional dependencies of the
distribution functions, but in general, for a spacetime
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coordinate xμ, fν ¼ fνðϵ;Ω; xμÞ and f 0̄ν ¼ f 0̄νðϵ0;Ω0; xμÞ,
i.e., primed variables depend on primed momentum-space
variables. Rann

0 ðϵ; ϵ0Þ (Rprod
0 ðϵ; ϵ0Þ) is the isotropic kernel for

annihilation (production) of neutrino pairs. We note that the
collisional integral has the same form for (anti)muon decay,
but the pairing species are fνμ; ν̄eg (fν̄μ; νeg).
Next, as usual, we neglect neutrino blocking, and

identify the spectral emissivity and opacity, respectively, as

jpðϵÞ ¼
4π

ðhcÞ3
Z

dϵ0ϵ02Rprod
0 ðϵ; ϵ0Þ;

κpðϵÞ ¼
Z

dΩ0dϵ0
ϵ02

ðhcÞ3 R
ann
0 ðϵ; ϵ0Þf 0̄ν;

which allows one to rewrite the collisional integral
Eq. (A5) as

Bð0Þ
ν;p ¼ jpðϵÞ − κpðϵÞfν; ðA6Þ

and detailed-balance as

jpðϵÞ ¼ κpðϵÞfeqν ðϵ; T; ηνÞ; ðA7Þ

where feqν ðϵ; T; ηνÞ is the usual Fermi-Dirac distribution in
local thermodynamical equilibrium (LTE) with matter.
Finally, the strongest approximation we make in order to

produce gray pair opacities is that the pairing neutrino is
in LTE, i.e., f 0̄ν → f0eqν̄ ðϵ0; T; ην̄Þ ([46,87]). We present a
detailed discussion about the limitations of this approxi-
mation at the end of this section.
In this case, the spectral pair opacity becomes

κpðϵÞ ¼
4π

ðhcÞ3
Z

dϵ0ϵ02Rann
0 ðϵ; ϵ0Þf 0̄νeqðϵ0; T; ην̄Þ; ðA8Þ

and the gray number (i ¼ 0) and energy (i ¼ 1) opacity κp;i
for neutrino ν is computed as in Eq. (A1) with κpðϵÞ. Again,
pair emission rates automatically satisfy the Kirchhoff’s
law as

Qp;i ¼
Z

dϵ ϵ2þijpðϵÞ ¼ κp;i cBiðT; ηνÞ; ðA9Þ

when detailed-balance Eq. (A7) is enforced. It is worth
noting that this construction leads to finite pair opacities,
because for very negative neutrino degeneracy

ην ≪ −1 → feqν ≈ expðηνÞ expð−ϵ=TÞ; ðA10Þ

and the expðηνÞ term factors out from the numerator and
denominator of Eq. (A1). It also provides finite emission
rates Eq. (A9) for ην ≫ 1, because the spectral opacity
κpðϵÞ is strongly suppressed by a multiplicative fac-
tor expðην̄Þ ¼ expð−ηνÞ ≪ 1.

In order to avoid over (de)muonization of matter, similar
to Refs. [50,87], we restrict the muonic reactions (c), (d),
(f), (k), and (l) from Table I to thermodynamical conditions
where muons may be found, which is implemented via a
phenomenological cutoff applied to the number and energy
absorption opacities for those processes of the form,

κ →
κ

½1þ ðρthr=ρÞ5�½1þ ðT thr=TÞ6�
; ðA11Þ

where ρthr ¼ 1011 g cm−3 and T thr ¼ 2.5 MeV.
Now we address whether our approach is able to capture

a fundamental feature of pair-processes, namely, that the
number of produced neutrinos and pairing neutrinos is
equal. By our definitions Eqs. (A8) and (A9), the difference
of number emission rates is

ΔQp;0 ¼
ð4πÞ2c
ðhcÞ6

ZZ
dϵdϵ0ϵ2ϵ02Rann

0 ðϵ; ϵ0Þ

× ðf0eqν̄ feqν − feqν̄ f
0eq
ν Þ; ðA12Þ

which vanishes (the number emission rates are equal) if the
integrand vanishes. This is automatically satisfied by heavy-
lepton neutrinos, or more generally when ην ¼ −ην̄ ¼ 0.
Otherwise, the vanishing of the product of distribution
functions is guaranteed if the isotropic kernel is symmetric
on the energies. This is the case for nucleon-nucleon
bremsstrahlung [reaction (j) from Table I], as the kernel
depends on the sum of neutrino energies. For electron-
positron pair annihilation [reaction (i)], the kernel is not
symmetric, but Ref. [91] shows that the symmetric part of
the kernel dominates by a few orders of magnitude under
relevant thermodynamical conditions. Finally, the kernel of
muon and antimuon decay [reactions (k) and (l), respec-
tively] is highly asymmetric. Thus, to ensure ΔQp;0 ¼ 0,
we first compute the opacity for muon (anti)neutrinos using
Eq. (A1) and the corresponding emission rates Qp;i with
Eq. (A9). Then, we equate emission rates of electronic and
muonic (anti)neutrinos Q̄p;i ¼ Qp;i and estimate the elec-
tron (anti)neutrinos opacities using Eq. (A9) with the
corresponding black-body functions. The impact of this
procedure is negligible for electron (anti)neutrinos, since
β-reactions dominate by far the electronic gray rates.
It is worth noting that including neutrino blocking in the

collisional integral and detailed-balance leads to the usual
opacity correction for stimulated-absorption. In this case,
emission rates still follow the integrated Kirchhoff’s law,
but ΔQp;0 does not vanish for nonvanishing neutrino
degeneracy. Hence, under the LTE approximation, inclu-
sion of neutrino blocking leads to different number emis-
sion rates for pairing species, violating the pair nature of
such processes.
The assumption that the pairing neutrino ν̄ is in LTE

allows the computation of finite rates, as well as to recover
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the correct vanishing limit of the collisional integral
should the moments of the distribution function evolve
into equilibrium values. However, as shown in Eq. (4.19) of
Ref. [39], the collisional integral for pair processes couples,
in a rather complicated manner, (energy-dependent)
moments of the distribution function for ν and ν̄, even
in the isotropic case. Therefore, a better treatment would
require the implicit solution of the moments evolution
equations coupling pairs of neutrino species, which is not
the goal of the present work. An alternative approach is
suggested by Ref. [103], where pair rates are evaluated
using the integrated moments J and Hμ of pairing species.
In this form, a coupling between moments of neutrinos and
anti-neutrinos in the emission rates is induced. It is unclear,
however, how the moments are implicitly evolved in a self-
consistent manner. We also point out that a similar LTE
treatment for pair-processes for heavy-lepton neutrinos in
the core-collapse supernovae simulations of Ref. [104]
leads to ∼7% differences in neutrinos luminosities and
average energies compared to an energy-dependent
scheme. Similarly, more recent results [105] suggest an
impact on the 10–15% level, while differences in rest-mass
density and temperature at the late postbounce, where
densities and temperatures are comparable to those of
merger remnants, are very modest. It is more difficult,
however, to estimate the impact for muonic neutrinos, but
the uncertainty introduced by our approximation should be
smaller than neglecting pair processes altogether.
We also remark that, in order to capture the trapping of

a gas of neutrinos in the matter, we extend the widely
adopted equilibration prescription of Ref. [70] to the 5-ν
case, where equilibrium timescales for electronic and
muonic neutrinos are employed to determine the thermo-
dynamical conditions at which trapping occurs. Likewise,
following Refs. [40,94], we correct all gray opacities in
the freely-streaming regime via

κ → κmax f1;min ½10; ðTν=TÞ2�g; ðA13Þ

Tν ¼
J
n
F2ðηνÞ
F3ðηνÞ

; ðA14Þ

where the neutrino temperature Tν is estimated based on
the comoving energy density J and comoving number
density n. For (partially) trapped conditions, we simply
recompute gray opacities at the (partial) equilibrium
thermodynamical state and apply Kirchhoff’s law to obtain
consistent emission rates.
Finally, the interaction rates coupling matter and radi-

ation read

Qi ¼ Qβ;i þQp;i; ðA15Þ

κa;i ¼ κβ;i þ κp;i; ðA16Þ

for energy (i ¼ 1) and number (i ¼ 0) emission rates Qi
and absorption opacities κa;i, while scattering opacities κs
are always averaged with respect to the energy spectrum.

APPENDIX B: EQUILIBRATION: THE TWO
TIMESCALES APPROACH

Given the (possibly) stiff coupling between matter and
radiation fields, the usage of the fluid’s temperature T and
composition Ye (after the explicit substep) to determine
interaction rates may lead to numerical instabilities, spe-
cially in very opaque regions, where radiation and matter
equilibrate on timescales much shorter than an evolution
time step Δt. Hence, long-term stable BNS merger simu-
lations with gray M1 schemes are achieved by means of
equilibration prescriptions, from which the expected fluid’s
temperature T� and composition Y�

e after the interaction are
inferred and employed to compute interaction rates [94].
Crucially, an equilibration prescription is needed in order to
properly capture the thermodynamical state of matter when
a (partially) trapped gas of neutrinos is formed. Thus, in the
following we review the approaches reported in the
literature for the 3-ν case, and present our extension to
the 5-ν case.
The equilibrium timescales for (anti)neutrinos are

defined as [106]

τνl=ν̄l ¼
�
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κa;νl=ν̄lðκa;νl=ν̄l þ κs;νl=ν̄lÞ

q �
−1
; ðB1Þ

and quantifies how quickly (anti)neutrinos reach equilib-
rium via scattering and absorption on the medium. Then,
the formation of a trapped gas of neutrinos and antineu-
trinos of flavor l ¼ fe; μg is dictated by the shortest
equilibrium timescale for the lepton flavor,

τl ¼ min½τνl ; τν̄l �: ðB2Þ

In previous works, only l ¼ e is considered, and the
(partial) trapping of heavy-lepton neutrinos is assumed
whenever electron (anti)neutrinos are (partially) trapped.
Indeed, comparing the evolution time step Δt with the
equilibrium timescale τe, three cases arise, namely, neu-
trinos are considered to be

(i) Freely-streaming (F), if τe ≥ Δt.
(ii) Partially-trapped (PT), if 0.5Δt < τe < Δt.
(iii) Trapped (T), if τe ≤ 0.5Δt.

Note that the factor 0.5Δt is chosen to match the
possibility of trapping in-between the explicit Runge-
Kutta substeps. Then, for the PT and T cases, the fluid’s
equilibrium temperature Teq and equilibrium composition
Ye;eq are found by enforcing energy and lepton number
conservation as solutions of the system [70],

YLe ¼ Ye;eq þ YνeðYe;eq; TeqÞ − Y ν̄eðYe;eq; TeqÞ; ðB3Þ
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εtot ¼ εflðYe;eq; TeqÞ þ
X
i

ενiðYe;eq; TeqÞ; ðB4Þ

where the fluid’s rest-mass density ρ is kept fixed,
εtot ¼ εflðρ; T; YeÞ þ

P
i Jνi , YLe ¼ Ye þ ðnνe − nν̄eÞ=nb,

with Ye the fluid’s net electron fraction, nνeðnν̄eÞ the
evolved comoving (anti)neutrino number densitiy and nb
the baryon number density. Explicit expressions for the
neutrino number fractions Yνi and energy densities ενi are
provided in Appendix C. Once the equilibrium solution is
found, neutrino rates are computed as functions of
ðρ; T�; Y�

eÞ, where for state T, Y�
e ¼ Ye;eq; T� ¼ Teq, for

state F, Y�
e ¼ Ye; T� ¼ T, and for state PT we linearly

interpolate

Y�
e ¼ Ye;eq þ ðYe − Ye;eqÞ

�
τe

0.5Δt
− 1

�
; ðB5Þ

T� ¼ Teq þ ðT − TeqÞ
�

τe
0.5Δt

− 1

�
: ðB6Þ

So far, this is our approach for the 3-species equilibration
scheme.
Next, we want to extend the formalism to the 5-species

case, where a second equilibration timescale τμ describes the
state of muon (anti)neutrinos. For simplicity, we keep the
assumption that heavy-lepton neutrinos become (partially)
trapped with the shortest timescale, i.e., τx ¼ min½τe; τμ�,
leading to a total of 9 possible states (otherwise, one would
have 27 cases considering heavy-lepton neutrinos and
antineutrinos independently). Naturally, the equilibrium
system given by Eqs. (B3) and (B4) has to be modified
in two ways; first, the functional dependencies must also
include the equilibrium muon fraction Yμ;eq, and second, the
system has to be augmented by the muon lepton number

conservation equation,

YLμ ¼ Yμ;eq þ YνμðYe;eq; Yμ;eq; TeqÞ − Y ν̄μðYe;eq; Yμ;eq; TeqÞ;
ðB7Þ

with YLμ ¼ Yμ þ ðnνμ − nν̄μÞ=nb, Yμ being the fluid’s net
muon fraction, nνμðnν̄μÞ the comoving evolved (anti)neutrino
number density. Again, expressions for the full equilibrium
system are in Appendix C.
In the following we give a detailed account of the

different policies employed to determine (partially) trapped
states of the fluid with two independent leptonic species. A
state is hereafter referred by a duplet (X, Y), where
X;Y ¼ fF; PT;Tg, the first entry is for electron-flavored
neutrinos, and the second for muon-flavored neutrinos. As
opposed to the full equilibrium system, we define a partial
equilibrium system as a subsystem containing one lepton
number conservation equation of the form Eq. (B7) (either
for l ¼ e or l ¼ μ), and a corresponding energy conserva-
tion equation of the form Eq. (B4), receiving contributions
only from (anti)neutrinos of flavor l and heavy-lepton
neutrinos. Besides, a partial equilibrium system for l is to
be solved at fixed number fraction of the other flavor. For
example, a partial system for l ¼ e is to be solved for
Teq; Ye;eq at fixed Yμ, while a partial system for l ¼ μ is to
be solved for Teq; Yμ;eq at fixed Ye.
Finally, we reserve the notation IlðZeq; ZÞ for a linear

interpolation of the form Eq. (B5) with τl for any fluid
variable Z with equilibrium value Zeq.
The simplest possible case is (F, F), where no equilibrium

system has to be solved, thus T� ¼ T; Y�
e ¼ Ye; Y�

μ ¼ Yμ.
Next, for state (T, T) we solve the full equilibrium system
and set T� ¼ Teq; Y�

e ¼ Ye;eq; Y�
μ ¼ Yμ;eq. For (T, F)/(F, T),

we solve the partial system for l ¼ e=μ and set T� ¼ Teq;

TABLE III. Summary of the two timescales equilibration scheme. The columns read, from left to right, state of the
neutrino pairs, the first entry corresponding to νe; ν̄e and the second to νμ; ν̄μ (see text for the definitions of T, PTand
F); equilibrium system, fluid electron fraction, fluid muon fraction and fluid temperature after interaction.

State Equilibrium system Y�
e Y�

μ T�

(F, F) � � � Ye Yμ T
(T, T) Full Ye;eq Yμ;eq Teq

(T, PT) Full Ye;eq IμðYμ;eq; YμÞ T�ðY�
e; Y�

μÞ
(PT, PT) Full IeðYe;eq; YeÞ IμðYμ;eq; YμÞ T�ðY�

e; Y�
μÞ

(PT, T) Full IeðYe;eq; YeÞ Yμ;eq T�ðY�
e; Y�

μÞ
(T, F) Partial l ¼ e Ye;eq Yμ Teq

(PT, F) Partial l ¼ e IeðYe;eq; YeÞ Yμ IeðTeq; TÞ
(F, PT) Partial l ¼ μ Ye IμðYμ;eq; YμÞ IμðTeq; TÞ
(F, T) Partial l ¼ μ Ye Yμ;eq Teq
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Y�
e ¼ Ye;eq=Ye; Y�

μ ¼ Yμ=Yμ;eq, with the rationale that a
freely-streaming species will interact with matter that equil-
ibrates with the other species, and that the lepton number
fractions are independent. Likewise, for (PT, F)/(F, PT), we
solve the partial system for l ¼ e=μ and make T� ¼
Ie=μðTeq; TÞ; Y�

e ¼ IeðYe;eq; YeÞ=Ye; Y�
μ ¼ Yμ=IμðYμ;eq; YμÞ.

For (PT, PT) we solve the full system, make
Y�
e ¼ IeðYe;eq; YeÞ, Y�

μ ¼ IμðYμ;eq; YμÞ and solve Eq. (B4)
for T�ðY�

e; Y�
μÞ at fixed Y�

e; Y�
μ. Finally, for (T, PT)/(PT, T),

we solve the full system, set Y�
e ¼ Ye;eq=IeðYe;eq; YeÞ, Y�

μ ¼
IμðYμ;eq; YμÞ=Yμ;eq and, similar to the previous case, solve
Eq. (B4) for T�ðY�

e; Y�
μÞ at fixed Y�

e; Y�
μ. For convenience,

we summarize our scheme in Table III.
Once ðρ; T�; Y�

e; Y�
μÞ are obtained, we recompute opac-

ities in the PT and T states accordingly, while neutrinos in
the F state have opacities corrected as in Eq. (A13). Note
that this correction follows the prescription of Ref. [40], and
is based on the approximate ϵ2 scaling of opacities in the
elastic approach of, e.g., Ref. [89]. In optically thin medium
(i.e., at low densities), where the various corrections from
full kinematics are negligible, the elastic limit is recovered,
and such a correction is reasonable. However, at intermedi-
ate densities and temperatures, where neutrinos are typically
in the PT state, the scaling with energy significantly deviates
from a quadratic, and the usual interpolation based on
equilibrium timescales would be inaccurate.
Finally, from the corrected opacities, we obtain emission

rates from Kirchhoff’s law, therefore constructed to capture
the (partial) trapping of radiation and matter with the
correct equilibrium state of matter.

APPENDIX C: EQUILIBRIUM SYSTEMS

In this section we provide explicit expressions for the
equilibrium equations used in Appendix B. For the 3-species
case, they read (at fixed baryon number density nb) [70]

YLe ¼ Ye;eq þ
4π

3ðhcÞ3nb
T3
eqηνeðπ2 þ η2νeÞ; ðC1Þ

εtot ¼ εflðYe;eq; TeqÞ

þ 4π

ðhcÞ3 T
4
eq

�
21π4

60
þ 1

2
η2νe

�
π2 þ 1

2
η2νe

��
; ðC2Þ

where ηνe ¼ ηνeðYe;eq; TeqÞ is the electron neutrino degen-
eracy. For those expressions, we used (Ref. [107])

Yνe − Y ν̄e ¼
4π

ðhcÞ3nb
T3ðF2ðηνeÞ− F2ð−ηνeÞÞ;

ενe þ εν̄e þ ενx ¼
4π

ðhcÞ3 T
4ðF3ðηνeÞ þ F3ð−ηνeÞ þ 4F3ð0ÞÞ;

F2ðηνeÞ− F2ð−ηνeÞ ¼
1

3
ηνeðπ2 þ η2νeÞ;

F3ðηνeÞ þF3ð−ηνeÞ ¼
7π4

60
þ 1

2
η2νe

�
π2 þ 1

2
η2νe

�
;

F3ð0Þ ¼
7π4

120
:

Now, for the 5-ν case, the expressions for the partial
equilibrium systems are obtained by substituting the numeri-
cal factors 21 → 14, reflecting the fact that heavy-lepton
neutrinos represent two species, instead of four. With this
adaption, the partial l ¼ e equilibrium system is of the form
Eqs. (C1) and (C2), to be evaluated at fixed Yμ. Likewise, the
partial l ¼ μ system is obtained by changing Ye → Yμ,
ηνe → ηνμ , to be evaluated at fixed Ye. It is also worth noting
that in the cases of partial equilibrium, the temperature
T�ðY�

e; Y�
μÞ is obtained by solving Eq. (C2) for Teq at fixed

Y�
e; Y�

μ appropriately set by the radiation state.
Finally, the full equilibrium system reads,

YLe ¼ Ye;eq þ
4π

3ðhcÞ3nb
T3
eqηνeðπ2 þ η2νeÞ; ðC3Þ

YLμ ¼ Yμ;eq þ
4π

3ðhcÞ3nb
T3
eqηνμðπ2 þ η2νμÞ; ðC4Þ

εtot ¼ εflðYe;eq; Yμ;eq; TeqÞ

þ 4π

ðhcÞ3 T
4
eq

�
21π4

120
þ 1

2
η2νe

�
π2 þ 1

2
η2νe

��

þ 4π

ðhcÞ3 T
4
eq

�
21π4

120
þ 1

2
η2νμ

�
π2 þ 1

2
η2νμ

��
; ðC5Þ

where

ηνe ¼ ηνeðYe;eq; Yμ;eq; TeqÞ;
ηνμ ¼ ηνμðYe;eq; Yμ;eq; TeqÞ;

and, for the sake of homogeneity, we absorbed half of the
νx contribution in the second and third lines of Eq. (C5).
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