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Relativistic quantum mechanics of massive neutrinos in a rotating frame
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We study the evolution of neutrinos electroweakly interacting with a rotating matter. The description of
neutrinos is based on the Dirac equation in the corotating noninertial frame where matter is at rest. We find
the solution of this Dirac equation, where the matter angular velocity is accounted for exactly, for massless
neutrinos. In case of massive particles, this solution is obtained for a slowly rotating matter. Our findings are
compared with previous research. We consider two applications of our results. First, we compute the
electroweak contribution to the vector current of neutrinos along the rotation axis, which is analogous to
the chiral vortical effect. This current is shown to be nonzero for both massless and massive particles. Then,
we take into account the nonzero mixing between different mass eigenstates. It allows us to study neutrino
flavor oscillations in rotating matter and account for noninertial effects. We derive the transition probability
which reveals the resonance. These findings generalize the description of neutrino oscillations in a
nonmoving matter. Some astrophysical applications are briefly discussed.
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I. INTRODUCTION

Neutrinos were experimentally established, e.g., in
Refs. [1,2] to have nonzero masses and mixing between
different neutrino flavors. These neutrino properties lead to
transitions between the neutrino flavor states called neu-
trino flavor oscillations. Despite the fact that neutrino flavor
oscillations can happen in vacuum, the neutrino interaction
with an external fields significantly modifies the dynamics
of oscillations. The electroweak interaction of neutrinos
with background matter is one of the most important from
the phenomenological point of view. Under certain circum-
stances, it can result in the significant amplification of the
transition probability of neutrino oscillations called the
Mikheyev-Smirnov-Wolfenstein (MSW) effect [3,4]. The
MSW effect is likely to be the solution of the solar neutrino
problem [5].

The impact of external fields on oscillations is manifested
more clearly for astrophysical neutrinos. Supernovae (SN)
are known to be among the brightest neutrino sources in the
Universe. A core collapsing SN is believed to emit almost all
its gravitational energy in the form of neutrinos (see, e.g.,
Ref. [6]). Besides neutrino oscillations, various interesting
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phenomena can take place in such dense neutrino fluxes. If
one has even a small asymmetry in the neutrino emission in a
certain direction, then a protoneutron star receives a kick in
the opposite direction because of the total momentum
conservation. Such an effect can explain great linear veloc-
ities of some pulsars [7]. Moreover, the correlation between
the pulsar velocity and its spin was reported in Ref. [8].

The mechanism of the asymmetric neutrino emission by
pulsars possessing a strong magnetic field was considered,
e.g., in Refs. [9,10]. Recently, the asymmetry in the fluxes
of astrophysical neutrinos was studied in the context of
various chiral phenomena. Here, we mention the chiral
magnetic effect [11,12], which is the generation of a vector
current along an external magnetic field. The chiral vortical
effect (CVE) is more important for neutrinos since they are
electrically neutral particles. The CVE is the generation of a
vector or an axial current along the matter vorticity [13].
The application of chiral phenomena for SN neutrinos was
considered in Refs. [14,15].

Formally, chiral phenomena disappear if particles are
massive [16—18]. It is interesting to track the dependence of
the current generation on the particle masses. We studied
the chiral effects of astrophysical neutrinos in Ref. [19].
The main tool in our previous works [19,20] was the exact
solution of the Dirac equation in a rotating background
matter. Solving this wave equation for massive neutrinos is
quite challenging. Nevertheless, if one is interested in the
study of the neutrino mass impact on, e.g., the CVE, such a
solution is extremely useful. We also mention that this kind
of Dirac equation was analyzed in Refs. [21,22]. The
description of spinning particles in noninertial frames,
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based on the Dirac equation method, was reviewed
in Ref. [23].

In the present work, we revisit our previous achieve-
ments in solving the Dirac equation for massive neutrinos
in rotating matter. We notice that the neutrino mass was
accounted for in Refs. [20,21] perturbatively. Now, we look
for the solution of the Dirac equation in a systematic way
by considering both massless and massive particles.

The reason for revisiting the Dirac equation in a rotating
frame is the following. While solving the Dirac equation in
an field, one usually “squares” it to get rid of the Dirac
matrices (see, e.g., Ref. [24]). The electroweak interaction
with matter involves the y matrix, see Sec. II. It makes the
squaring peculiar. Moreover, the Dirac equation in question
turns out to possess the nontrivial integral of motion which
is found in our work.

Besides chiral phenomena, the exact solution of the Dirac
equation is of importance for the description of neutrino
flavor oscillations. Neutrino oscillations are known to dis-
appear for massless particles. In Ref. [25], we developed an
approach, based on the relativistic quantum mechanics, for
neutrino oscillations in various external fields, which
involved exact solutions of the Dirac equations. There-
fore, we apply the results of the present work to the
description of neutrino flavor oscillations in rotating matter.

Our work is organized in the following way. First, in
Sec. II, we recall some basic issues of the neutrino masses
and mixing, as well as how flavor neutrinos can interact
with background matter. We write down the Dirac equation
for a neutrino interacting with background matter in a
corotating frame in Sec. III. In Sec. III, a new method is
proposed for squaring the Dirac equation for massless
neutrinos, enabling the construction of a complete set of
solutions without assuming a small rotation speed. The
results of Sec. III are applied in Sec. IV to calculate the
induced vector current along the matter vorticity.

In Sec. VA, using the transformation in Eq. (5.1), we
derive the effective Dirac equation (5.3) for neutrinos in a
slowly rotating matter. We identify a nontrivial second-order
symmetry operator, enabling the construction of a complete
set of exact solutions for massive neutrinos therein. We
are mainly interested in the description of neutrino flavor
oscillations in rotating matter in Sec. V B. However, we also
consider the contribution to the current for massive particles
in Sec. VA 1. Finally, we conclude in Sec. VL

Some details for writing down the Dirac equation in a
noninertial frame are provided in Appendix A. The useful
properties the Laguerre functions are summarized in
Appendix B. The mathematical details for the energy spectrum
of a massive neutrino obtaining can be found in Appendix C.

II. NEUTRINO INTERACTION WITH
BACKGROUND MATTER

In this section, we remind the reader how neutrinos can
interact with background matter in Minkowski space. Here,

the Dirac matrices have values corresponding to the flat
space-time.

We consider the system of active flavor neutrinos,
V) = Ve, Uy, .... These particles interact with other fer-
mions in the standard model. However, flavor neutrinos do
not have definite masses. The most general Lagrangian for
the neutrino flavor eigenstates involves both Dirac and
Majorana mass terms. Here, we assume that only the Dirac
mass term is present

L, = ZmM/DmuLﬂ +Hec, (2.1)

AN

where (m,; ) is the nondiagonal mass matrix and vy, ; are
the chiral projections.

The mass term in Eq. (2.3) can be diagonalized with the
help of the matrix transformation

v, = zUllal//av
a

where the fields y,, a = 1, 2, ... are called mass eigenstates
since they possess definite masses m,. The Lagrangian for
v, written in flat space-time, takes the form,

(2.2)

L= Wiy, — m)y,. (2.3)

where y* = (y°,y) are the Dirac matrices. The mass
eigenstates y, are Dirac particles.

To describe the interaction of flavor neutrinos with
background matter we use the Fermi model in the forward
scattering approximation. In this case, the matter interac-
tion Lagrangian has the form

1 _
Lin = B lefl;{ylyy(l - 75)’% (2-4)

where y° = iy%!'y?y?. The effective potential f% in back-

ground matter, consisting of electrons, protons, and neu-
trons, reads

1) . 2
fi=> (g +qP ),

f=e.p.n

(2.5)

where j? is the hydrodynamic current and /1;- is the four

(12)

vector of polarization. The constants qr for different

neutrino flavors can be found in the explicit form
in Ref. [26].

One can see in Eq. (2.4) that the matter interaction
potential is diagonal in the neutrino flavors. It is the feature
of the standard model. However, if we use Eq. (2.2) to
transform Eq. (2.4) to the mass basis, the total Lagrangian
reads
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L= Z l/_/a |:5ab(iy#a/4 - ma) _%d(:b(l _75):| Yps (26)

a,b=1,2
where

Jab = Z Ul fiUu (2.7)

A=e.u

is the nondiagonal matter potential in the mass basis. In
Egs. (2.6) and (2.7), we consider the situation of two mass
eigenstates.

III. DIRAC EQUATION FOR NEUTRINO
IN A NONINERTIAL FRAME

In this section, we find the solution of the Dirac equation
for a single mass eigenstate interacting with matter moving
with an acceleration. For the sake of brevity, we replace
doy — ¢ in Eq. (2.7). We consider the evolution of a
neutrino in a comoving frame.

Let us study the situation when the background matter
rotates with the constant angular velocity w. For simplicity,
we take that one has no differential rotation between
background fermions of the different type. Moreover, we
assume that the background matter is unpolarized.

We describe the dynamics of the system in the corotating
frame. In this situation, one has the only nonzero compo-
nent of the vector ¢#, ¢ #0. In the general case,
g « j* = nou*, where ny is the invariant number density
and u* is the four velocity. Thus, ¢° « ng % = n, where n is
the number density measured by an observer at rest. We
assume that both n and ¢° are constant.

The local coordinates of a nonrotating observer in a four-
dimensional Minkowski space .# are (x°,x!, x', x*). The
metric tensor on .# is (n,,) = diag(1,—1,—1,—1), with
a,b=0,...,3. The interval of .# in cylindrical coordi-
nates {¢,7,¢'.z’} has the form (x° =7#,x' = ¥ cos¢’,

x> =7rsing/ . x> =7)

ds* = dt? — dr* — r?*d¢”* — d7. (3.1)
We denote the new rotating cylindrical coordinates as
x = (x*) = (t,r, ¢, z) and assume that the axis of rotation
is along z and 7’:
=t v =r, 7=z P =¢-wt, (3.2)
where o is the angular velocity of the reference frame.
Then, the interval ds? in this coordinate system takes the
form

ds* = g, (x)dx"dx*
= (1 — w?r?)dt* — dr* = 2wr*dtd¢

— P2dg? — dz2, (3.3)

The Dirac equation for a neutrino mass eigenstate in a
curved space-time can be obtained on the basis of Eq. (2.3)
if we replace y* — y*(x) and 9, = V, +T,, where y#(x)
are the coordinate-dependent Dirac matrices, V, is the
covariant derivative, and I', is the spin connection. (For
detailed information on the Dirac equation in curved
spacetime, we refer the reader to Refs. [24,27-29]).
Using the results of Appendix A, we get the Dirac operator
9 = iy*(x)(V, +T,), which acts on the wave function
w(t,r,¢,z), in the metric in Eq. (3.3) as

1 1
PD(x,0,) = iy°0, + iy <6r + 2—) - i(a)yo - —y2> 0y
r r

+iy’a,. (3.4)

We will consider the motion of a single massive neutrino
in matter rotating with a constant angular velocity @ in the
rotating frame. Thus, we replace m, — m. In this case, the
Dirac equation takes the form

1

(P(x,0,) = mly(x) = 57/0()5)90[1 - (0)y(x).

(3.5)
where yo(x) = y° —wry?, (x) = 7.

Equation (3.3) admits three commuting integrals of
motion,

po=id,  p,=-id., J.=-idy. (3.6)
Let us consider the eigenvalue problem,
pow=Ey. py=pw. Jy=Jy. (3.7)

Accounting for Eq. (3.7), one gets the spinor wave function
in the form

w =y, (x) = w,(r)exp (=iEt + iJ . + ip,z),

w= {E’Jmpz}' (3'8)
Based on the periodic boundary conditions,
l//w(x>|(/):(7)+27r = _l//w(x) |(/):$7 (7) € [O’ 2”)7 (39)
one gets that
1
Jzzi—f, ’e”, w={E. 2, p.},
Z={0,£1,£2,...}. (3.10)

Substituting Eq. (3.8) into Eq. (3.5), we obtain the
reduced Dirac equation for the spinor v, (r):
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| e 0 E _Jd Yy .22z _J _ 3 _ J (.0 _ 2\.,5 i —_ 11
|:17/ (dr+2r> +vy ( + wl, 2) % (r Sor) =py m -+ 7 Y’ —ory??)y? |y, (r) =0,  (3.11)

which depends on the radial coordinate only.
First, we look for the complete set of solutions of Eq. (3.11) for ultrarelativistic neutrinos if we neglect the particle mass.
For this purpose, we represent these solutions in the form

(41 0 g’ (1o s 9o 2,5
wu(r) = [W <E + ;) +7 (E +ol, - 3) —7 (7 - Ewr> —pr =5 (P o)y ]wa(r), (3.12)
where ®,,(r) is the new auxiliary spinor. Unlike the traditional method of squaring the Dirac equation (see, e.g.,
Refs. [24,29,30]), in Eq. (3.12), we change the sign of the terms containing the matrix y°. This approach is justified by the
fact that, as a result of squaring, namely, the substituting Eq. (3.12) into Eq. (3.11), we obtain an equation for the spinor
®@,,(r) that does not contain matrix coefficients at the derivatives,

Z*(r)®,(r) =0

& 1d J. wg® g’ q°
2y @14 (L P9 P s - ol 1~ w2 |y
7°4) dr2+rdr+l<r2+ 2) T g[ 7 “’r)}y
AT 2 4 (O)2 LPEAN. 02 _ 2] _ 2
— JZ+Z ﬁ-l-(E—FwJZ) + (") l—zwr —E[(E—l—g) — E*| - pz. (3.13)

One can see that Hermitian matrices,
0i1=0{=ir'  0=0]=r, [0.0]=0, 0i=1,

commute with the operator 22 Thus, they are the symmetry operators of Eq. (3.13).
We look for the solutions of Eq. (3.13) in the class of functions that are eigenfunctions of the matrices Q; and correspond
to the eigenvalues y> = 1 and ¢® = 1. Then

(I)w(r) = q)w,o‘,)((r) = gow,a,)(<r) Um)(’ Ql Ua.)( :)(UU,)ﬂ Q2 Uo‘,)( = GUD',)(’ (314)

where ¢, ,,(r) are scalar functions; U,, , are constant spinors, with respect to the representation in Eq. (A7) having the form

1 0 0 0
v ’ u : U=l U= " (3.15)
1,1 — 0 B 1,-1 — 0 5 -1,1 — _1 5 —1-1= 0 s .
0 0 0 -1
U;)(Urr,’;/ = 5){.}(’56.0" (316)

Substituting Eq. (3.14) into Eq. (3.13), we have an ordinary differential equation for the function ¢,, ,,(r):

1 1 AR
gf,a.}((r)(pw,a,)((r) = f/’i@,a.;{(”) + ;(p{V.U,X(r) + {(E + w‘]z)z - p? - p <‘IZ - E)

+ TR D0 =28 4 1 = 0P ) =0
2 r r
=00 = ) (317)

First, we consider the case ¢ = 1. It corresponds to active neutrinos. We denote E for 6 = 1 as E,, and the solution of
Eq. 3.17) as ¢, ,(r) = @y, £ 5—1,,(r). With respect to the new independent variable p = w|¢°|r?, Eq. (3.17) is reduced to a
differential equation on the Laguerre function I, ,(p):
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4p*I5 () +4pll () = [p* = 2p(u + v + 1)
+ (D - M)Z]Iu,v<p) =0,

(3.18)

where

! [(EA +wl,)? - (EA —@)2

I=—
4lg”| 2
_x0_ 5\?
7o) ]

- pi+ (E
The general solution of Eq. (3.17) is represented as

(pw,)((r) = Cllu.v(a)|go|r2) + C2Iv.u(a)|go|r2)’

C = const, (3.19)
where [, , is the Laguerre function. We provide some of the
properties of Laguerre functions in Appendix B. In
Eq. (3.18), the integer parameter |a| > 1, or a = 0:

-y

la| = ‘K—T >1, f#E—=,

a=0, (3.20)

We define the complete set of solutions of Eq. (3.17) as
follows:

0

Iuv(p)’ g >0,
wr(r) = 2Pl "
sl =2 0 0 o

Since |u — v| = |a|€Z,, the quadratic integrability con-
dition

(3.21)

[ 10nsto)Pdp < o (3.22)
can be ensured if
v=s€eZ,,
u:v+a:s+a:s+f—l¥:nez+, if g >0,
(3.23)
u=se”z,,
v:u—a:s—a:s—f+1;:nel+, if ¢° <0.
(3.24)

Then, instead of the quantum number #, we consider the
new quantum number
s =n—sign(g®)¢ + (1 -y)/2, (3.25)

and number the bounded solutions (decreasing at infinity)
of Eq. (3.21) using the set of quantum numbers n and s:

(pw.)((r) = (pn,s(r) =V 2|go|a)1n,s(w|go|r2)’

,1:,1’1:,14_%’

n!
_p(n—S)/2 e—/’/zL?—S (p).

Ls(p) =1/

(3.26)

Using the properties of the Laguerre functions in Appendix B,
one gets that the set of solutions in Eq. (3.26) satisfies the
normalization and completeness conditions:

/oo |@ns(r)Prdr =1, (3.27)
0

S onaPons) = Lar-r). 328
s=0

Substituting Eq. (3.18) into Eq. (3.26), we obtain a
condition on A that is equivalent to satisfying the condition
of quadratic integrability:

(Ea—9°) + (Es+ w],)* - E}

J
= p? +4wd’ [n){ + sign(g%) f} , (3.29)

1 —si 0
n, = n—i—%@)}(. (3.30)
From Eq. (3.29) we obtain an expression for the neutrino
spectrum:

Ex=E, = ¢ —al.+(6,.

En, = \/4d |wn, + p2,

where the parameter { = +1 corresponds to particles, and
¢ = —1 to antiparticles.

The condition in Eq. (3.23) can be satisfied if and only if
the quantum number ¢ satisfies the inequality,

c=4+1, (331

—o0 < sign(g?) (f = 1%) <n. (332

Indeed, assume that Eq. (3.32) holds true. Then, s = n —
sign(¢°)[¢ — (1 — x)/2] > 0 and Eq. (3.23) is valid. Note
that, if the condition in Eq. (3.32) is violated, then bounded
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solutions of Eq. (3.18) can be given in the form

(pw,)((r) = (pN.zf’(r) =V 2|go|wIN+\a\.N(a)|go|r2)v
1+ |

A=Ay =N ,
N + 5

Nez,. (3.33)

In this case, the spectrum has the form in Eq. (3.31), where

n){ = Nst){
- 0
1 ¥ . ¥ 1— 1+sign(g' ))(
:=N+§ J, _5‘ - <51gn(gO)JZ —§> ++ :
(3.34)
Now we consider the case 0 = —1, which corresponds

to the absence of interaction, since the operator of
Eq. (3.17) does not depend on ¢°. We denote E for
o0 =—1 as Eg. We define the solution of Eq. (3.17)
as (pu.f.)((r) = (pw,f,o':—l,)((r)'

Equation (3.17) in this case is reduced to an equation for
the Bessel function:

PO (1) + 10,0, (r) + (K12 = @)y, (r) =0,

X -y
JZ—E f—T

(Es + w],)* = k* + pz.

a= = ez,

u>0. (3.35)

Equation (3.35) has a general solution

§0k.zf’,)((r) = Clja(kr) + CZNa(kr>7
|

0 @
eri(r)ngi( ) 4!//+=4H< +>,
4758 0

where J,(kr) is the Bessel function of integer index a,
0 1
/ Ja(kr)Ja(k’r)rdr:Eé(k—k’). (3.36)
0

Since the Neumann function N, (kr) is not bounded at zero,
we set C, = 0.

Thus, in the case ¢ = —1, we have a continuous
spectrum,

Eg=0\/K+p*—wl,, (==+1, (3.37)

which is numbered by the parameter k.

IV. INDUCED CURRENT ALONG
THE ROTATION AXIS

In this section, we compute the current of neutrinos
along the rotation axis. The computation is based on the
solution of the Dirac equation found in Sec. III.

The phenomenon described is analogous to the CVE, i.e.
the generation of the vector current J along the vorticity of
matter @ [31], J x . Note that we do not consider the
generation of the axial current Js in rotating medium,
which is also called the CVE [31].

A. Complete set of solutions for the massless case

The calculation of the current is based on the complete
set of solutions of the Dirac equation for a neutrino in the
rotating matter. Using Eq. (3.12), we construct a set of
solutions of the reduced Dirac equation (3.11) for m =0
for o = +1:

c 0
Y_ = I1 ® ’ PL = (pn,x,)(:i-l(r)’

-8, YwR_ d _
T = (Pz . ’ g , Ri:—i\/ﬁ[zd—isign(go)<n S—i—l)},
V3 COR+ _(pz_z:gn,) P P
gCi = [4|go|wni + (pz + C@@ni)z]_l/z’ @(oni =V 4|go|wni + Pg,
, 0 >0, +1, >0,
n+_{" g=" n__{" g (4.1)
n+1 ¢°<0. n ¢ <0.
Considering that
+ 2i\/ n:tln l.s(p)’ g() > 07
Riln,s(p) = { . i 0 (42)
:l:2l\/ n:tlnil,s(p) g < O’

we obtain the set of solutions for g0 > 0,

113001-6
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/ (pz_é:gn>1n.s(p)
§W+ = Cl//n,s.j(zl (,0) = 2‘g0|wéc+ (_ . ' ) )

2 |golwnln—1.s</))

2iv/|¢°l(n + 1)1,41.4(p)
Sy =%, 1(p) = \/2|Q|0"C_ ’ , 0> 0, 4.3
W= Wusy—1(p) 19| ( oo 4 LEN (p) g (4.3)

and for the case ¢° < 0,

(pz _é:gn)ln,x(p)
§W+ = Cl/’n,s.)(zl (,0) = \/ 2|g()|a)¢’c+ ( >1

2i |g0|a)(n + I)In+1,s(p)
/ =2i\/|g°|onl,_ «(p)
4 — ¢ — 0. n—1,s 0
W_ = Wys,—1(p) =1\/2|g° |0 C_ , g’ <0. 4.4
=1 0) 7l (—(pﬁ&fn)ln,s(p) +4

As a result, we have the orthonormal set of solutions to the Dirac equation,

fpit(x) = \/%7 < 0 ) ) exp {—iéEnit + z% + sign(¢%) (s — n)] o+ ipzz}. (4.5)

égl/’rm,)(=:|:1 (w|go | },.2

The set of solutions in Eq. (4.5) satisfies the orthogonality condition

/ G E T (2) rdr = 8y = 0,065.45(p- — PL). (4.6)

where w = {n,s,p.}, w = {n', s, p.}.
The matrix Q; = iy'?, although commuting with the operator %> (r), does not correspond to the integral of motion of the
Dirac equation. Therefore, the set of solutions y;}(x) and y;,;(x) is linearly dependent. For ¢° > 0 we have

VAl lonldlglon + (p. = CE,) Wik, (¥) + i(p. = CENHPlon + (p. +CE, ¥y, (1) = 0. (47)

For ¢° < 0 the identity is held:

\/4|9°|w(n + D lo(n + 1) + (P = L8 Wis.p. (%)

- l(pz - Céan+1)\/4|go|w(n + 1) + (pz + C@@nJrl)zgl//;Jrl.s,pZ(x) =0. (48)

For this reason, the parameter y = %1 is not included in the set of quantum numbers w. Without loss of generality, we can
fix this parameter. For convenience, we set y = sign(g°) and consider the set of solutions,

1 0 ) . :
G (x) =y (x) = \/—2_71 (éllfn,s(a’go’"z)> exp{—iE 1 + iJ ¢ + ip.z},

)= .. 050

—2i gownln—l,s (,0

—2iv/¢Pwnl,_, ((p
o) =21 SN g <o

_(pz + Z.:(garz)ln,s ,0)

. _ . 1
s = (Al lan + .= Lsienl)E,PY 2, =sien(s) s+ 3. (49)

P >0,

113001-7
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One can see in Eq. (4.9) that the solutions with n = 0 exist only if

P = _é’Sign(go) |pz|'

In this case, one gets that

sl = Gotns)( o) {7

P:

Yo.4(p) = Colo(p) ( (1) ) ’ { p.

p:

Inalp) = et

1)* ] 0

<0,

> 0,

(4.10)
€:+17 0
> 0, J. >0,
>0, c=-1, 7 2
{=+1,
<0, J. <0,
<0, ¢=-1, g ¢
(4.11)

Note that it is also possible to construct the set of solutions of the Dirac equation using the set in Eq. (3.33). For

x = sign(g”), we obtain the following:

1 £>0 .
IN+|a\.N(p):In.S(p) (_l)f f<0’ n:N./l,leezv s:n—fGZ, g >0’
(D)1 £>1
Inyian(p) = In,s(p){ X L =N €Z0 s=nil-lez P <0, (4.12)

where the spectrum is defined by Eq. (3.31), and the parameter
s results from Eq. (3.25). Moreover, these parameters are
positive integers, n, s €N, and the condition in Eq. (3.32) is
satisfied automatically. Thus, we arrive at the same set of
solutions in Eq. (4.9) since the phase factors (—1) and
(=1)7"! can be discarded without loss of generality.

B. Calculating the current along the axis of rotation

Let us calculate the average hydrodynamic current of
neutrinos and antineutrinos in a rotating frame of reference
in local coordinates (x*) along the axis of rotation,
|

%= i/ ap [ P Oy (W (EL). (413)

where the measure of integration dp, follows from Eq. (4.6),
pe(E) = {exp(B[E — {ua]) + 137" is the Fermi-Dirac dis-
tribution for active neutrinos, f = 1/T is the inverse
temperature, and u, is the chemical potential of active
neutrinos, °E,{ = &, + ¢(¢° — wJ.,).

Using the complete set of solutions in Eq. (4.9), we
obtain that

I () (x) = Cign(p.) o= {(1 oz 02 (9)

2

0
8 [_w|g2|n+3<
|p.|

= L+ Csien(d’po)
2

wlg’|

)+ e}

(4.14)

Note that °E,{ = &, + {(¢° — wJ.) is an even function of p.. Thus, when integrating over p. in Eq. (4.13) from —co to
400, only the first term in Eq. (4.14) will make a nontrivial contribution to Eq. (4.13):

0
FPw
Jg‘ = g?/ dpz(l - 5n~05é’,sign(g“pz)) ZPQ(CEOC)I(Z),X(:O)

Taking into account Eq. (4.11) we have that

0 © 5
do profe :
Jg = —TCXp (=p) Z;F/o Pg(gEOC)dPZ, ‘Eo¢ = |p.| + C[QO —sign(¢”)w <s + —)]

0

(4.15)

s=0
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We integrate over p, in Eq. (4.16) and obtain

0

S
Ji= ——eXP = 27
=0

1 +exp (A + Byw)],

(4.17)

A= =) 8= cpsignld)(s+3). (@18)

The series in s in Eq. (4.17) converges for all p, which can
easily be shown by applying d’ Alembert’s convergence test
to this expression.

It follows from Eq. (4.17) that

J3

3
J S

=1

&) s . 1
:——exp —p Zs' [ A—go+S1gn(gO)w<s+2>}
s=0
0

0) ) ®
=2 s sien@) (5 10 )| @9

The series in Eq. (4.17) can be calculated in the approxi-
mation of small @ by expanding the logarithm over the
small parameter B w:

In[l +exp (A + Byw)]
et (B,w)?
—In(l+ e B :
n(l+e >+1+eA Sw+4(1+coshA)

coshA —2
192cosh*(%)

_ sinh? %)
3sinh’A

(B;w)® + (B;w)* + O(a”).

(4.20)

Substituting Eq. (4.20) into Eq. (4.17) and summing over s,
we obtain that

g Bluatsign(s)w/2-g"(1-0r)]
J(: 1 = —E 1n[ + erira - - ]

: (s
+ﬂ2w2 1 - Bwsign(g°) tanh[’ Uk ) |go|wr2}
B(ua—9"
8 cosh? [/(ﬂTf/)]

+ O(w®). (4.21)
The expression for J3 - follows directly from Egs. (4.19)
and (4.21).

Now, we consider the situation of electron neutrinos
propagating in dense matter of a neutron star. In this
situation, one gets that ¢° = —Ggn,,/v/2 (see Ref. [19]).
Then, we keep the leading term in w in Eq. (4.21), as well
as in the analogous expression for J3 ——;- Eventually, we
get that

T
i I2ns = G5 F(3) + 0(@?)
F(y)=2In(1+¢") -
0
Ha— 9
_HAT Y 4.22
y e (4.22)

which reproduces the result in Ref. [19].

The expression for the current in Eq. (4.21) contains both
the leading term, linear in w, and nonlinear contributions.
These additional terms result from the exact accounting for
the noninertial effects and the neutrino matter interaction in
solving the Dirac equation in Sec. III. It is the advantage of
the present work with respect to Ref. [19].

Let us estimate the typical recoil velocity v, acquired by a
neutron star by the asymmetric neutrino emission given by
Eq. (4.22). One has that v = P/M, where P is the total
momentum carried away by neutrinos and M is the neutron
star mass. We estimate P as P ~ JESAt, where E is the
mean neutrino energy, S = 7R? is the equatorial cross
section of a star, R is the stellar radius, and At is the time of
the neutrino emission. Finally, using Eq. (4.22), we get that

3EGeaTF
p = SECe0TFR) (4.23)
4Jr\/§Rmn

where m,, is the neutron mass.

We assume that E~T ~pu, ~10 MeV, R~ 10 km,
@~ 10° s7', and Ar ~ 10° yr, i.e. we consider a quite old
neutron star. In this case, y~ 1 and F(1) ~ 1.6. Based on
Eq. (4.23), we obtain that v ~ 6 cm - s~'. One can see that
the electroweak contribution to the linear pulsar velocity is

quite small.

V. NEUTRINO OSCILLATIONS IN SLOWLY
ROTATING MATTER

In this section, we study neutrino flavor oscillations in
rotating matter. Neutrino oscillations are known to happen
only for massive particles. Hence, unlike Sec. IV, where we
considered massless neutrinos, we take into account the
particle masses here.

A. Dirac equation for massive neutrinos
in slowly rotating matter

The solution of the Dirac equation for a massive neutrino
interacting with matter in the noninertial frame is possible if
we assume that the angular velocity is small. Luckily, it is
the case for the majority of realistic neutrinos. Indeed, if we
consider the neutrino propagation inside a millisecond
pulsar having the rotation period 7 = 1073 s and the radius

= 10 km, the linear velocity on the stellar equator is
v=2r/t=02<1. It is the maximal possible matter
velocity for astrophysical neutrinos. In practice, the con-
tribution of the matter vorticity is smaller.
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Analogously to Sec. I, here we consider a single neutrino mass eigenstate. The mixing between different neutrino types is
accounted for shortly in Sec. V B.
In the limit of small @, we look for solutions of Dirac equation (3.11) in the form

1. [1-aw?r 1 —iy®?
=S , S = —ZIn|—————|y92 %, ST = 5T, lim S = ,
l//w(r) l//(l") exp { 4 n |:(1 + wr)2:| Y } wrll,noo \/E

§— e},OZH)r/Z’ w — 0. (5.1)

Then, we obtain the equation for the function y (r)

d 1 E 1 — @?r?
a4 B 0 ny_ g YITOT
{W <dr+2r>+ l—a)zrz(y o) = 7

) 1
—Py _2(1——w2r2)y3y5 —590 L—?ry’(1-7) - m}y/(r) =0. (5.2)

We will assume that the rotation of matter is slow and neglect the terms ~(wr)? at wr — 0 in Eq. (5.2):
() =0, Zu) = [ir (ot ) =2 (Lmorg) + 2 (£-L) = ot Lo =L =m). 53)
¢ ’ v dr  2r r 2 © 2 2 ' '

Note that Eq. (5.1) is the Dirac equation for the following tetrad:

]_
Blx) = 0, Pl (x) =82, P(x) = 0 Yl g2 ) =0%  (54)

1 —w?r? V1 —@?r? r

The nontrivial fact is the existence of the second-order symmetry operator for Eq. (5.3):

R 1d (] 1 1 &
M_W+;E+l<r_§+wE>ylz_ <J§—|—Z> ((1)2 +ﬁ> — (wEr)? + (E—wJZ)Z—g()(E—E) - p}—m? (5.5)

This fact is true only for slow rotation and will allow us to find a complete set of solutions of Eq. (5.3).
We look for solutions of Eq. (5.3) in the class of functions that are eigenfunctions of the integral of motion in Eq. (5.5),

By (r) = k(7). (5.6)

Using Eq. (5.3), we express the derivative . (r) and substitute it into in Eq. (5.6). As a result, we obtain the algebraic
equation

0

Qu(r) =xy(r), Q= { [wpz -4 (E - %)] — m(wy® + goyoys)}- (5.7)

Based on the fact that detQ = 0, one gets the compatibility condition,

€40l -0 = {5~ |op. + <QZ)2] b (58)

We can rewrite Eq. (5.8) in the form

9 (9°)?

The algebraic Eq. (5.7) implies that the solution of Egs. (5.3)-(5.6) can be represented as a linear combination,

0 2 200 0N2 _ 2
E_%+“’pz+c\/’<+m[<g) ol s (5.9)
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wi(r) = @_(NU_+@.(r)U,,

where ¢ (r) are some functions, and U are orthonormal eigenvectors of the matrix Q,

A
1 0 1
U.=—— . S
Vi+ci| 1 V1I+C
0
A KT Po—g(E=¢"/2)
+ = 0
m(g’ + )

vlu, =1, (5.10)
0
A, k—wp. - (E-1)
b} C;t - 0 bl
0 m(g’ + w)
1
(5.11)

Substituting Eq. (5.10) into Eq. (5.6), we obtain a linear differential equation of the following form for the functions ¢, (r):

£ 1d_ (g2
dr*  rdr r

3 + E*(1 = 0?r?)

oE ?
+ Uetu/2) =

0
g
A <E— 3> -pi- mz}(/’z(’”) =Kk, (r).  x==%L

(5.12)

As a result of substituting Eq. (5.10) into Eq. (5.3), we obtain two sets of solutions of the Dirac equation (5.3):

l//)((}") = (p)((rﬂ];( + Q)((r)U—;ﬂ

2i(g° +yw) [1+CoT J.—x/2
,(r) B, T, Oy (r) x| == —wkr)e,(r)|.  x==*

B, =2k + yo(2E + yo) — ¢°(¢° + yo + 2¢p.).

(5.13)

where the functions ¢, (r) are solutions of Eq. (5.12). Solutions with different y are linearly dependent. To derive Eq. (5.13),

we take into account Eq. (5.12)

By replacing p = w|E|r?, Eq. (5.12) becomes identical to Eq. (3.18) with Laguerre polynomials, in which

1

A= |:K—E2—2a)E<JZ+

4|E|w

Bounded solutions of Eq. (5.12) have the form

@y(r) = @ns(r) = V2|Elol, ((w|E|r?),  nse€Z.,
(5.15)
| — sign(E
2=, = n 4 osiEnEa (5.16)

. 1 1 —sign(yE
JZ:s1gn(E)<§—s—nX>, n, ::n—|—+()(),

(5.17)

where, from the requirement the 1 =41,, one gets the
expression for x:

(5.14)

0)2 90
—l—T—l—go(E—E) +p§+m2].

|
0\ 2 0y2 _ 2
K:—4a)|E|nX—|—<E—g—> +(g)4w—m2—p%.
(5.18)

Substituting Eq. (5.18) into Eq. (5.8), we obtain the
algebraic equation for the determination of the energy
spectrum,

- 2

0 2 2

2 0y2 _
—~ [4a)E|n){— (E—%) —(‘(])Tw+m2+p§

=m*[(¢°)? - o?]. (5.19)

If we set the mass equal to zero, m = 0, then we immediately
obtain the following solutions:
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2
|Es] :Za)nx—l—\/(Za)nX)z—i- (pz—i—g) . E¢=¢ =,
w2
Eal = Lo + 20m, + \/ € +20m 2+ (=) - (PEN=CIEA. (5.20)

The result (5.20) matches the results of Ref. [20].
In case of a nonzero mass m # 0, under the approximation of small w, we obtain, based on Eq. (5.19),

0_, 0 0 0N 2 0 2
E = 972 1w+§<2—|—81 Ii)a)nx-l-é‘z\/(l’z +§%wnx +é& 92> - (gam;(> + 0(?), (5.21)
Z

z P

where the signs of &, = & and &, = =+ are chosen such that { = signE. Note that the approximate solution in Eq. (5.21) is
singular in p, and becomes meaningless when p_ = 0.
Using the results of Appendix C, one gets four roots of Eq. (5.19),

2
:3+2§nxw+ e1vV28 + & P+§1)—81q\/; ; & = %1, (5.22)

where the signs of &, = + and &, = pm are chosen such that { = signE. For convenience, we set y = sign(E) and n, = n.
Then for E < 0 the solution set (5.13) takes the form

w(r) = Nod [0, (NU_ + Filg, 1 (NUL, E <0,

- 1+C2 O —w)\/|E
Fl(lys) :41 + .2A,_ (g CU) |O |£:))n ’ an _ {1 + |an| } 1/2 (523)
1+ C22k+ w2E|+ o) — ¢°(¢° — 0 —2p,)

and for E > 0 it will be determined by the expression

w(r) = N, (DU, + Filp,_1(nU_),  E>0,

. 1+ C (6" + w)\/|Elwn +) _ (+)124-1/2
Fny = —4i 5 070 s Nny_y = {1 + |Fn.s | } . (524)
1+Ci2k+w2E|+ o) - ¢’ (¢ + o+ 2p,)

In this case, states with minimum energy, which correspond to n = 0, exist for any value of the quantum number p_, in
contrast to the massless case.

1. Induced current of massive neutrinos

It is interesting to provide the expression for the induced current, which was studied in Sec. IV B for m = 0, in the
massive case. Based on the results of Sec. VA, one gets for small @ that

3 xX) 73 () (x) = —a)(|pz|+go/2) 1- g/
> i =R

Then states with n > 0 also contribute to the current:

] + 0(w?). (5.25)

5= 3 [ dp B (e,

oy 0 &2 . .
= Z:/dpz |pz| +g /2)|: \/(|p2‘ +go/2)2 :|p§( E,C) + O(0?). (5.26)
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We do not provide the explicit expression for the current
since one can see that J? # 0 in Eq. (5.26). This fact can be
illustrated as follows. Equation (5.26) can be approximately
estimated by setting ¢° =0, and we obtain a nonzero
expression,

3
]2|go:0 N;fﬂwz [coth (wf) — 1] exp [ﬁ(zw + Cpg — m)}

+ O(w?), p— 0. (5.27)

The current in Eq. (5.27) depends on the chemical
potential of active neutrinos, which are left particles in
the standard model. Thus, this current, in fact, should be
attributed to left chiral projection of neutrino states. The
axial currents generation in frames of the CVE for massive
particles was studied, e.g., in Ref. [32]. We also mention
that, in our case, the noninertial effects can also contribute to
the magnitude of the current.

B. Neutrino oscillations in rotating matter

In this section, we apply the results of Sec. VA to
describe neutrino flavor oscillations in rotating matter. We
restrict ourselves to the case of the small angular velocity.
However, we exactly take into account the neutrino masses.
The neutrino mixing and the interaction with matter in flat
space-time were studied in Sec. II. Now, we generalize
these concepts to a curved space-time.

We consider the evolution of a system of two types of
neutrinos v = (v,,v4). The generalization of Eqs. (2.3)
and (2.4) reads

L= GirV, + T,
A=a.p

- Z Uy (muy + f300)vas

AN =ap

(5.28)

where m; ; and f% are defined in Sec. IL
The flavor neutrino eigenstates y,, a = 1, 2, are intro-
duced analogously to Eq. (2.2). In the case when only two
types of neutrinos are present in the system, the mixing
matrix has the form
—sind
cosf )’

(U,0) ( cos
47 7 \ sing
where 6 is the vacuum mixing angle.
Next, we will assume that v, corresponds to the index
a =1, and v, corresponds to the index f = 2. The gener-
alization of Eq. (2.6) has the form,

£= 3 T lir ()(V, +T,) = mw,

a=1.2

1 _
-3 > g1 =7y,

a,b=1,2

(5.29)

(5.30)

where ¢, is given in Eq. (2.7). Choosing the corotating
frame we get that only ggb is nonvanishing.

One gets the wave equations for the mass eigenstates
form the Lagrangian in Eq. (5.4),

T, + ) = = ()1 =) )

= (1= ().
b#a

(5.31)

One can see in Eq. (5.31) that the wave equations for
different mass eigenstates are coupled.

Following Ref. [25], we will look for the solutions of
Eq. (5.31) in the form,

1 & +o0 a y
v =52 > [ vl owi,

n,s=0
% (r)eipzeriJZ(/)e—iEat,

(5.32)

where yfﬁfs),pz(r) is the complete set of solutions of

Egs. (5.23) and (5.24), in which m=m,, ¢ :=d.
Since we use the relativistic quantum mechanics to describe

the evolution of neutrinos, the coefficients Afﬁz,pz(t) are

c-number functions of time.
We choose the initial conditions:

I 0, 40
_ O ztid
o Z 1(0),5'(").p§0)(r)elp~ T 4)’ (533)
which correspond to a situation when one has only v, and
no v, initially.

Since we will not take into account neutrino-antineutrino
transitions, one has that £, > 0. Then, for small @ we have

0 0
Ea:ga;—w+ (2—%>wn
4

Using the approximations,

\/1=(wr)? =1+ O(wr)?,

Y’ + YPor)? = I, + O(0?), (5.35)

on the basis of Eq. (5.31) we get the Schrodinger equation
for the effective wave function,
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1 2 .
®T — (Ai<3),s(0)(t 0 exp(— t),Ai(g) 000 exp(lEzt)), (5.36)
in the form
E V12
d 1 20 50 (1) 0
i . P ) o, (5.37)
g Vnun 50 (1), p E,
where
Gab [, (@) (b)
Vit = 5" Wusplro(l = r)lwnlsp.)
o ke )+ )k, = g+ 2. = 2m0) (K, = g} + 2p. + 2m)) 2
=9 on + 0(w*), (5.38)
8p2\/Ani; + (2p. — ) (ky — 98 + 2p)/4m} + (2p. — ) (ky — g + 2p:)
k, = \/4m§ + (g9 - 2p.). (5.39)
Then, the transition probability for v, — v, oscillations has the form
. _ . 2
. . [(Viﬁ)),sw),pﬁ‘)) cos?6 — Vi<10>,s(0>.p§°> sin’0) + Esin 29}
Pu -, (t> - |<U2(O)|Ul(t)>| = PmaxSln (Tt)’ Pmax = y - (540)
eV EZ + V12 V21
n0 50 pO 7 50 50 50
For small @, we obtain the amplitude of the transition probability in Eq. (5.40) in the form
8wn <V12 o cos?0 — V2! o sin2«9)
P = sin2(29) + n(0>,s<0(>6,),: = - n(O),S(;O),pI n O(a)z). (5.41)
ki” =ky" + 91— 93

It is interesting to analyze the resonance condition for neutrino oscillations in rotating matter. The function P, in

Eq. (5.41) reaches the unit value when the condition

2
cos*(20) = <o>wn 0 0(V1<2°>
kl _kz +9— 9% !

is fulfilled.

Equations (5.40)—(5.42) generalize the expressions for
neutrino oscillations in matter. In particular, the resonance
condition in Eq. (5.42) is the analog of the MSW effect [3,4]
in rotating matter accounting for the noninertial effects.

VI. CONCLUSION

In conclusion, we mention that we have analyzed the
evolution of neutrinos in rotating matter on the basis of the
exact solution of the Dirac equation in the noninertial frame.
We have obtained this solution in two particular situations.

First, in Sec. 111, we have analyzed the case of massless
neutrinos in matter rotating with arbitrary angular velocity
using the new approach of squaring the Dirac equation. It
follows from Eq. (4.12) that the obtained set of solutions

29 _ 21
) ‘p(o)cos 0 Vn<0>,s<

o sin29) sin(20) = 0 (5.42)

0)p

can also be described in terms of the Laguerre functions
given in Eq. (3.33). It suggests that the spectrum of
massless neutrinos in rotating matter, which was obtained
in Ref. [20], is reduced to the expression for the neutrino
spectrum obtained in Ref. [33].

In Sec. VA, we have accounted for a nonzero neutrino
mass in a slowly rotating matter taking into account the
nontrivial symmetry of the Dirac equation, which corre-
sponds to the second-order symmetry operator (the use of
symmetry operators to obtain solutions to the Dirac
equation is discussed in Refs. [24,29,30,34,35]).

Using the solutions obtained, we considered several
applications important for astrophysical neutrinos. In
Sec. IV, we have calculated the hydrodynamic current of
neutrinos along the matter vorticity. This phenomenon is
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analogous to the CVE [31]. We have obtained the nonzero
electroweak contribution to this current in the case of
massless neutrinos. Thus our result generalizes the finding
of Ref. [18] where the current was derived in the flat
spacetime. In the present work, we have obtained the
expression for the current in the noninertial frame. We have
reproduced the results of Ref. [18] in the case of slowly
rotating matter; cf. Eqs. (4.20) and (4.21).

In Sec. VA 1, we have calculated the neutrino current for
massive particles. This current turns out to be nonzero for
massive neutrinos. Thus our result has been obtained in the
case of slowly rotating matter. The CVE for massive
particles was studied previously, e.g., in Ref. [32].
However, in our opinion, there is a nontrivial contribution
to the current owing to noninertial effects.

Our result that one has a nonzero current of neutrinos
along the rotation axis could have an implication for the
explanation of great linear velocities of some pulsars.
However, the numerical estimates provided in Sec. IV B
point out that the electroweak contribution to the pulsar
recoil velocity is negligible compared to other mechanisms.

The next application of the obtained solution of the Dirac
equation covers neutrino flavor oscillations in rotating matter.
Since neutrino oscillations can happen only for massive
particles, we had to use the solution corresponding to massive
neutrinos in slowly rotating matter. In Sec. V B, we have
derived that transition probability for v, — v, oscillations.
We have obtained that the analog of the MSW effect takes
place in rotating matter. We have derived the contribution of
the matter vorticity to the resonance condition.

We consider the applications of the Dirac equation
solutions, found in the present work, mainly in neutrino
physics. We can briefly discuss another application related
to the heavy ion collisions. If a collision is noncentral, the
resulting angular momentum density can be extremely high
reaching (10°~10%) x 250 fm? [36]. It leads to a rather high
vorticity. Possible experimental manifestation of the CVE
was studied in Ref. [37]. Nevertheless, the interpretation of
the results of Ref. [37] requires further studies [38]. The
CVE which deals with the generation of the axial current is
strongly related to the polarization of quarks in quark-gluon
plasma (QGP) [23]. The polarization effects were men-
tioned in Ref. [36] to be sensitive to spatial inhomogene-
ities of hydrodynamic quantities.

The behavior of QGP in a heavy ion collision is driven
by mainly strong and electromagnetic interactions. The
electroweak contribution to CVE, studied in our work,
seems to play a subdominant role in an accelerator experi-
ment. Nevertheless, one may expect that this kind of con-
tribution can be important for merging neutron stars (see,
e.g., Ref. [39]).

DATA AVAILABILITY

The data that support the findings of this article are
not publicly available upon publication because it is not

technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: PROPERTIES OF SPINORS
IN A ROTATING FRAME

In this appendix, we represent some differential geom-
etry objects and the components of the Dirac equation in
the noninertial rotating frame.

Based on Eq. (3.3), we rewrite the metric tensor (g, (x))
(u,v =20, ...,3) and the reciprocal as

l—-?*? 0 —-wr* 0
0 -1 0 0
l/x ’
Gor=| 0,
0 0 0 -1
1 0 — 0
0 -1 0 0
v — _1:
=G =| 0l
0 0 0 -1

(A1)

The Christoffel symbols of a symmetric connection
compatible with the metric in Eq. (3.3) are defined using
the metric tensor in Eq. (Al):

() = 50 () [0u9(0) + 8,950(0) = (0]
= % (A2)

The nonzero components of the Christoffel symbols of the

metric in Eq. (3.3) have the form

1—%2 = -,

1 _ ! 1 21!
Lo = ol Lo = 0Ty,

1
F%z = ;’ 1%1 = a)l"%z. (A3)

The metric tensor in Eq. (Al) can be diagonalized,
Nap = Gu(X)ed (x)e; (x), using the tetrad (a = 1,...,4):

) = 0

1
ey(x) =—0%  ef(x) =07,

- wd"?, el'(x) =o',

(A4)

where 8 is the Kronecker delta and det (e7'(x)) > 0. Let

us introduce the inverse tetrad (e;(x)) = (e (x))~!, which

obeys e (x)e;l (x) = 87, e (x)ed (x) = 57, as
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(AS)

We note that g(x) = det (g, (x)) = —det (e (x))™* = —r.
The Levi-Civita tensor in the metric in Eq. (3.3) is defined by
the expression,

e;wap(x> - |g(x) Euvop = T€uwop»

eﬂl/ap<x) — Sgn(g(x)) glu/ap — _leﬂl/(ip
l9(x)] ro

where & = ¢,,,, is the Levi-Civita symbol, 1,3 = +1.
The indices, numbering the tetrad, are raised and lowered
using the metric tensor (7,,) and are denoted by Latin
letters. The Greek indices are raised and lowered using the
metric tensor (g, (x)). In both cases, the indices take values
from O to 3.
The Dirac matrices y#(x) are introduced as an arbitrary

but fixed solution of the equation,

(A6)

where [y is the identity matrix of size N x N. We fix the
solution of Eq. (A6) in the form y#(x) = y,e;’(x), where
v, are the standard Dirac matrices which are coordinate
independent. In the chiral representation,

0 -1 0 c
y°=[ 1, ykz{ "}, k=1,..3,

—12 0 —Oy 0
(A7)
where{c|,0,,03} are the Pauli matrices:
B (0 1) B (0 —i)
7“1 o) T\ o)
1 0
= . A8
w=(y ) (a8)
Using Eqgs. (A6)—(AS8), one gets that
i
7 (%) = 77 Cuop (X7 (X7 ()77 ()r” (x) = 1°
1 0
=i’y = [ : ] A9
rerr =1y (A9)

The Fock-Ivanenko coefficients, or the spin connection,
[, (x) are uniquely determined from the conditions
[r(x),V, +T,(x)] =0,

Spl, =0,  (A10)

where [A, B] = AB — BA is the commutator of operators
A and B. The explicit expression for the Fock-Ivanenko
coefficients results from Eq. (A10),

) = = 37 (07 ().

yu;y(x) = yu,u(g) - Ff/”(X)]/T()C). (All)
The action of the covariant derivative V,, on the tensor is
denoted by a semicolon, whereas the action of the ordinary
derivative is denoted by a comma, y,,(x):=V,y,(x)
and 7y,;4(x) = M}/”<)C).

In the metric in Eq. (3.3), the Fock-Ivanenko coefficients
have the form

FO(X)ZZV ; [i(x) =0,

LE=1h0, Ty =0, (A2
ab_l uh._l a,,b b,a Al3
Y _5[},’”'_5(”/ —77r%). (A13)

The coefficients in Eq. (A12) are nonzero, which corresponds
to the fact that the motion of a test particle in a noninertial, in
this case, in the rotating frame of reference is equivalent to the
interaction of this particle with the gravitational field.

APPENDIX B: PROPERTIES OF
LAGUERRE FUNCTIONS

In this appendix, we list some useful properties of
Laguerre functions based on Refs. [24,35].

In general, the Laguerre functions are defined by the
relation,

1 Fu+1)
MNu—v+1)\|T(v+1)

x e P2pu=02®(—p, u — v+ 1;p),

Iu,?) (p) =
(B1)

where @(&,5; p) is a degenerate hypergeometric function.
If the parameter v takes non-negative integer values, then
the Laguerre functions in Eq. (B1) are related to the

Laguerre polynomials L% (p) = (n!)~'d"(e*x"#) /dp",
n!
F(u+1)
7. =1{0,1.2,...}.

e PRLEN ),

Iu,n(ﬂ) = T’lEZ+,

Laguerre functions in Eq. (3.26) form a complete and
orthonormal system,
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=0

85,80

(p)dp (B2)

\/O‘ 1s+as( )Is’+as

ZI\+(1\

For large values of p, the Laguerre functions have the
following asymptotics:

(="
vnls!
It may seem that the functions in Eq. (3.26) forn —s < 0

have a singularity at the point p = 0. However, this is not
the case if we keep in mind the property

)

(T

x+a\ ) (B3)

p("hLS)/Ze_P/Z’

L,5(p) ~ (B4)

p — 0.

|

n: —(n—s
1>n—s _p—(n—s)Ln< )(p)

Ly~ (p) = (1)

Therefore, defining

Ls(p),

(_l)n_sls.n(p)’
0\ 2
_P_ 2a)n)(+é’g— —l—w——l—pg—i—mz
2 4 N
a)_
4

n>s,

(o) = { (85)

n<s,
|

2

r= [(2@@)2 + ( )

+2m2{<2wn +¢ 0>2

oot

The solution of Eq. (C1) can be obtained as follows. Using
the new variable &, we rewrite Eq. (C1) as

wh+pw? +qw+

(w2 ? ? 2
—<w —I—E—l-f) —(2§w

=0.

p2
—qw+Z—r+Pf+§2>

(C3)

In order for the trinomial 2éw? — qw + p?/4 — v + p& + &
to be reduced to a perfect square (w? + p/2 + £)?, its
discriminant should be equal to zero:

2
& +pe + <p )

If £ = &, is some root of the cubic Eq. (C4), then

2

-0 ()

p? 2
2en? —qw+;—r+pf+§2—2§1<w——> (Cs)

4¢,

205

for small values of p. Taking into account Eq. (B5), we have

(=)™ (”_') g/zp\n—s\/Z’
s!

|n—s|!
p — 0.

1,(p) ~

€ = sign(n —s), (B6)
From Egs. (B4) and (B6) it is easy to see that these
functions tend to zero at p — 0 and p — .

APPENDIX C: ENERGY SPECTRUM FOR
MASSIVE NEUTRINOS IN A SLOWLY
ROTATING MATTER

In this appendix, we show how to get the roots of
Eq. (5.19) to determine the energy spectrum of massive
neutrinos in Sec. VA.

In general, Eq. (5.19) is an incomplete quartic equation,

0

w+ pw? +qw +1 =0, w:E—%—ZCn}(a), (C1)
where { = signE. The coefficients in Eq. (C1) are
q =2wg"(p. - 20¢"n,),
w\2 %\ 2
)HM (r3) =(5) -
(C2)
[
Substituting Eq. (C5) into Eq. (C3), we obtain
2 2
2, P q
v -9 __1
<w +2+<§1> & <w 451) (Co)
then
W + — +§1—€1\/ <W——> :il (C7)

We are interested in the real roots of Eq. (C1). Therefore, let
&, be the positive root of cubic Eq. (C4),

E = —%—\/é+\3/—%+\/§,

-+

Using Eq. (C8), one derives Eq. (5.35) for the energy levels.

(C8)

113001-17



ALEXANDER BREEV and MAXIM DVORNIKOV

PHYS. REV. D 113, 113001 (2026)

[1] Y. Fukuda et al. (Super-Kamiokande Collaboration), Evi-
dence for oscillation of atmospheric neutrinos, Phys. Rev.
Lett. 81, 1562 (1998).

[2] Q.R. Ahmad er al. (SNO Collaboration), Direct evidence
for neutrino flavor transformation from neutral-current
interactions in the Sudbury Neutrino Observatory, Phys.
Rev. Lett. 89, 011301 (2002).

[3] L. Wolfenstein, Neutrino oscillations in matter, Phys. Rev. D
17, 2369 (1978).

[4] S.P. Mikheyev and A. Yu. Smirnov, Resonance amplifica-
tion of oscillations in matter and spectroscopy of solar
neutrinos, Sov. J. Nucl. Phys. 42, 913 (1985).

[5] S. Chen and X.-J. Xu, Solar neutrinos, arXiv:2501.09971.

[6] C. Giunti and C.W. Kim, Fundamentals of Neutrino
Physics and Astrophysics (Oxford University Press, Oxford,
2007).

[7] D.R. Lorimer, M. Bailes, and P. A. Harrison, Pulsar
statistics—IV. Pulsar velocities, Mon. Not. R. Astron.
Soc. 289, 592 (1997).

[8] S. Johnston, G. Hobbs, S. Vigeland, M. Kramer, J. M.
Weisberg, and A. G. Lyne, Evidence for alignment of the
rotation and velocity vectors in pulsars, Mon. Not. R.
Astron. Soc. 364, 1397 (2005).

[9] A. Kusenko and G. Segre, Pulsar velocities and neutrino
oscillations, Phys. Rev. Lett. 77, 4872 (1996).

[10] D. Lai and Y.-Z. Qian, Parity violation in neutrino transport
and the origin of pulsar kicks, Astrophys. J. 495, L103
(1998).

[11] A. Vilenkin, Equilibrium parity-violating current in a
magnetic field, Phys. Rev. D 22, 3080 (1980).

[12] H.B. Nielsen and M. Ninomiya, Adler-Bell-Jackiw
anomaly and Weyl fermions in crystal, Phys. Lett. 130B,
389 (1983).

[13] D.T. Son and P. Suréwka, Hydrodynamics with triangle
anomalies, Phys. Rev. Lett. 103, 191601 (2009).

[14] M. Kaminski, C. F. Uhlemann, M. Bleicher, and J. Schaner-
Bielich, Anomalous hydrodynamics kicks neutron stars,
Phys. Lett. B 760, 170 (2016).

[15] N. Yamamoto and D.-L. Yang, Effective chiral magnetic
effect from neutrino radiation, Phys. Rev. Lett. 131, 012701
(2023).

[16] M. Dvornikov, Role of particle masses in the magnetic field
generation driven by the parity violating interaction, Phys.
Lett. B 760, 406 (2016).

[17] M. Dvornikov, Equilibrium electric current of massive
electrons with anomalous magnetic moments induced by
a magnetic field, and the electroweak interaction with
matter, Int. J. Mod. Phys. A 33, 1850154 (2018).

[18] M. Dvornikov, Chiral magnetic effect in the presence of an
external axial-vector field, Phys. Rev. D 98, 036016 (2018).

[19] M. Dvornikov, Galvano-rotational effect induced by electro-
weak interactions in pulsars, J. Cosmol. Astropart. Phys. 05
(2015) 037.

[20] M. Dvornikov, Neutrino interaction with matter in a non-
inertial frame, J. High Energy Phys. 10 (2014) 053.

[21] A. V. Grigoriev, A.M. Savochkin, and A.I. Studenikin,
Quantum states of the neutrino in a nonuniformly moving
medium, Russ. Phys. J. 50, 845 (2007).

[22] I. Balantsev, Yu. Popov, and A. Studenikin, On the problem
of relativistic particles motion in strong magnetic field and
dense matter, J. Phys. A 44, 255301 (2011).

[23] S.N. Vergeles, N.N. Nikolaev, Yu.N. Obukhov, A. Ya.
Silenko, and O. V. Teryaev, General relativity effects in
precision spin experimental tests of fundamental sym-
metries, Phys. Usp. 66, 109 (2023).

[24] V. G. Bagrov and D. M. Gitman, The Dirac Equation and its
Solutions (De Gruyter, Boston, 2014).

[25] M. Dvornikov, Field theory description of neutrino oscil-
lations, in Neutrinos: Properties, Sources and Detection,
edited by J. P. Greene (Nova Science Publishers, New York,
2011), pp. 23-90.

[26] M. Dvornikov and A. Studenikin, Neutrino spin evolution in
presence of general external fields, J. High Energy Phys. 09
(2002) 016.

[27] P. Collas and D. Klein, The Dirac Equation in Curved
Spacetime: A Guide for Calculations (Springer, Berlin,
2019).

[28] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
England, 1984).

[29] V. G. Bagrov and D. M. Gitman, Exact Solutions of Rela-
tivistic Wave Equations (Dordrecht, Kluwer, 1990).

[30] V. G. Bagrov and V. V. Obukhov, New method of integration
for the Dirac equation on a curved space-time, J. Math.
Phys. (N.Y.) 33, 2279 (1992).

[31] D.E. Kharzeev, J. Liao, S.A. Voloshin, and G. Wang,
Chiral magnetic and vortical effects in high-energy nuclear
collisions—A status report, Prog. Part. Nucl. Phys. 88, 1
(2016).

[32] A. Flachi and K. Fukushima, Chiral vortical effect with
finite rotation, temperature, and curvature, Phys. Rev. D 98,
096011 (2018).

[33] R.R.S. Oliveira, Comment on “Neutrino interaction with
matter in a noninertial frame”, J. High Energy Phys. 01
(2025) 085.

[34] A.1 Breev and A. V. Shapovalov, The Dirac equation in an
external electromagnetic field: Algebra and exact integra-
tion, J. Phys. Conf. Ser. 670, 01201 (2016).

[35] S.P. Gavrilov, D. M. Gitman, and A.A. Smirnov, Dirac
equation in magnetic-solenoid field, Eur. Phys. J. C 32, 119
(2004).

[36] F. Becattini and M. A. Lisa, Polarization and vorticity in the
quark-gluon plasma, Annu. Rev. Nucl. Part. Sci. 70, 395
(2020).

[37] S. Acharya et al. (ALICE Collaboration), The ALICE
experiment: A journey through QCD, Eur. Phys. J. C 84,
813 (2024).

[38] C. Wang, J. Wan, J. Liao, Y. Ma, S. Shi, Q. Shou, Z.
Wang, K. Xiong, S. Zhang, and L. Zheng, Assessing
background effects in search of the chiral vortical effect
in relativistic heavy-ion collisions, Phys. Lett. B 874,
140273 (2026).

[39] B.P. Abbott et al. (LIGO Scientific and Virgo Collabora-
tions), GW170817: Observation of gravitational waves from
a binary neutron star inspiral, Phys. Rev. Lett. 119, 161101
(2017).

113001-18


https://doi.org/10.1103/PhysRevLett.81.1562
https://doi.org/10.1103/PhysRevLett.81.1562
https://doi.org/10.1103/PhysRevLett.89.011301
https://doi.org/10.1103/PhysRevLett.89.011301
https://doi.org/10.1103/PhysRevD.17.2369
https://doi.org/10.1103/PhysRevD.17.2369
https://arXiv.org/abs/2501.09971
https://doi.org/10.1093/mnras/289.3.592
https://doi.org/10.1093/mnras/289.3.592
https://doi.org/10.1111/j.1365-2966.2005.09669.x
https://doi.org/10.1111/j.1365-2966.2005.09669.x
https://doi.org/10.1103/PhysRevLett.77.4872
https://doi.org/10.1086/311228
https://doi.org/10.1086/311228
https://doi.org/10.1103/PhysRevD.22.3080
https://doi.org/10.1016/0370-2693(83)91529-0
https://doi.org/10.1016/0370-2693(83)91529-0
https://doi.org/10.1103/PhysRevLett.103.191601
https://doi.org/10.1016/j.physletb.2016.06.054
https://doi.org/10.1103/PhysRevLett.131.012701
https://doi.org/10.1103/PhysRevLett.131.012701
https://doi.org/10.1016/j.physletb.2016.07.020
https://doi.org/10.1016/j.physletb.2016.07.020
https://doi.org/10.1142/S0217751X18501543
https://doi.org/10.1103/PhysRevD.98.036016
https://doi.org/10.1088/1475-7516/2015/05/037
https://doi.org/10.1088/1475-7516/2015/05/037
https://doi.org/10.1007/JHEP10(2014)053
https://doi.org/10.1007/s11182-007-0127-z
https://doi.org/10.1088/1751-8113/44/25/255301
https://doi.org/10.3367/UFNe.2021.09.039074
https://doi.org/10.1088/1126-6708/2002/09/016
https://doi.org/10.1088/1126-6708/2002/09/016
https://doi.org/10.1063/1.529600
https://doi.org/10.1063/1.529600
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1016/j.ppnp.2016.01.001
https://doi.org/10.1103/PhysRevD.98.096011
https://doi.org/10.1103/PhysRevD.98.096011
https://doi.org/10.1007/JHEP01(2025)085
https://doi.org/10.1007/JHEP01(2025)085
https://doi.org/10.1088/1742-6596/670/1/012015
https://doi.org/10.1140/epjcd/s2003-01-009-1
https://doi.org/10.1140/epjcd/s2003-01-009-1
https://doi.org/10.1146/annurev-nucl-021920-095245
https://doi.org/10.1146/annurev-nucl-021920-095245
https://doi.org/10.1140/epjc/s10052-024-12935-y
https://doi.org/10.1140/epjc/s10052-024-12935-y
https://doi.org/10.1016/j.physletb.2026.140273
https://doi.org/10.1016/j.physletb.2026.140273
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.1103/PhysRevLett.119.161101

	Relativistic quantum mechanics of massive neutrinos in a rotating frame
	I. INTRODUCTION
	II. NEUTRINO INTERACTION WITH BACKGROUND MATTER
	III. DIRAC EQUATION FOR NEUTRINO IN A NONINERTIAL FRAME
	IV. INDUCED CURRENT ALONG THE ROTATION AXIS
	A. Complete set of solutions for the massless case
	B. Calculating the current along the axis of rotation

	V. NEUTRINO OSCILLATIONS IN SLOWLY ROTATING MATTER
	A. Dirac equation for massive neutrinos in slowly rotating matter
	1. Induced current of massive neutrinos

	B. Neutrino oscillations in rotating matter

	VI. CONCLUSION
	DATA AVAILABILITY
	APPENDIX A: PROPERTIES OF SPINORS IN A ROTATING FRAME
	APPENDIX B: PROPERTIES OF LAGUERRE FUNCTIONS
	APPENDIX C: ENERGY SPECTRUM FOR MASSIVE NEUTRINOS IN A SLOWLY ROTATING MATTER
	References


