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We study the evolution of neutrinos electroweakly interacting with a rotating matter. The description of
neutrinos is based on the Dirac equation in the corotating noninertial frame where matter is at rest. We find
the solution of this Dirac equation, where the matter angular velocity is accounted for exactly, for massless
neutrinos. In case of massive particles, this solution is obtained for a slowly rotating matter. Our findings are
compared with previous research. We consider two applications of our results. First, we compute the
electroweak contribution to the vector current of neutrinos along the rotation axis, which is analogous to
the chiral vortical effect. This current is shown to be nonzero for both massless and massive particles. Then,
we take into account the nonzero mixing between different mass eigenstates. It allows us to study neutrino
flavor oscillations in rotating matter and account for noninertial effects. We derive the transition probability
which reveals the resonance. These findings generalize the description of neutrino oscillations in a
nonmoving matter. Some astrophysical applications are briefly discussed.
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I. INTRODUCTION

Neutrinos were experimentally established, e.g., in
Refs. [1,2] to have nonzero masses and mixing between
different neutrino flavors. These neutrino properties lead to
transitions between the neutrino flavor states called neu-
trino flavor oscillations. Despite the fact that neutrino flavor
oscillations can happen in vacuum, the neutrino interaction
with an external fields significantly modifies the dynamics
of oscillations. The electroweak interaction of neutrinos
with background matter is one of the most important from
the phenomenological point of view. Under certain circum-
stances, it can result in the significant amplification of the
transition probability of neutrino oscillations called the
Mikheyev-Smirnov-Wolfenstein (MSW) effect [3,4]. The
MSWeffect is likely to be the solution of the solar neutrino
problem [5].
The impact of external fields on oscillations is manifested

more clearly for astrophysical neutrinos. Supernovae (SN)
are known to be among the brightest neutrino sources in the
Universe. A core collapsing SN is believed to emit almost all
its gravitational energy in the form of neutrinos (see, e.g.,
Ref. [6]). Besides neutrino oscillations, various interesting

phenomena can take place in such dense neutrino fluxes. If
one has even a small asymmetry in the neutrino emission in a
certain direction, then a protoneutron star receives a kick in
the opposite direction because of the total momentum
conservation. Such an effect can explain great linear veloc-
ities of some pulsars [7]. Moreover, the correlation between
the pulsar velocity and its spin was reported in Ref. [8].
The mechanism of the asymmetric neutrino emission by

pulsars possessing a strong magnetic field was considered,
e.g., in Refs. [9,10]. Recently, the asymmetry in the fluxes
of astrophysical neutrinos was studied in the context of
various chiral phenomena. Here, we mention the chiral
magnetic effect [11,12], which is the generation of a vector
current along an external magnetic field. The chiral vortical
effect (CVE) is more important for neutrinos since they are
electrically neutral particles. The CVE is the generation of a
vector or an axial current along the matter vorticity [13].
The application of chiral phenomena for SN neutrinos was
considered in Refs. [14,15].
Formally, chiral phenomena disappear if particles are

massive [16–18]. It is interesting to track the dependence of
the current generation on the particle masses. We studied
the chiral effects of astrophysical neutrinos in Ref. [19].
The main tool in our previous works [19,20] was the exact
solution of the Dirac equation in a rotating background
matter. Solving this wave equation for massive neutrinos is
quite challenging. Nevertheless, if one is interested in the
study of the neutrino mass impact on, e.g., the CVE, such a
solution is extremely useful. We also mention that this kind
of Dirac equation was analyzed in Refs. [21,22]. The
description of spinning particles in noninertial frames,
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based on the Dirac equation method, was reviewed
in Ref. [23].
In the present work, we revisit our previous achieve-

ments in solving the Dirac equation for massive neutrinos
in rotating matter. We notice that the neutrino mass was
accounted for in Refs. [20,21] perturbatively. Now, we look
for the solution of the Dirac equation in a systematic way
by considering both massless and massive particles.
The reason for revisiting the Dirac equation in a rotating

frame is the following. While solving the Dirac equation in
an field, one usually “squares” it to get rid of the Dirac
matrices (see, e.g., Ref. [24]). The electroweak interaction
with matter involves the γ5 matrix, see Sec. II. It makes the
squaring peculiar. Moreover, the Dirac equation in question
turns out to possess the nontrivial integral of motion which
is found in our work.
Besides chiral phenomena, the exact solution of the Dirac

equation is of importance for the description of neutrino
flavor oscillations. Neutrino oscillations are known to dis-
appear for massless particles. In Ref. [25], we developed an
approach, based on the relativistic quantum mechanics, for
neutrino oscillations in various external fields, which
involved exact solutions of the Dirac equations. There-
fore, we apply the results of the present work to the
description of neutrino flavor oscillations in rotating matter.
Our work is organized in the following way. First, in

Sec. II, we recall some basic issues of the neutrino masses
and mixing, as well as how flavor neutrinos can interact
with background matter. We write down the Dirac equation
for a neutrino interacting with background matter in a
corotating frame in Sec. III. In Sec. III, a new method is
proposed for squaring the Dirac equation for massless
neutrinos, enabling the construction of a complete set of
solutions without assuming a small rotation speed. The
results of Sec. III are applied in Sec. IV to calculate the
induced vector current along the matter vorticity.
In Sec. VA, using the transformation in Eq. (5.1), we

derive the effective Dirac equation (5.3) for neutrinos in a
slowly rotating matter. We identify a nontrivial second-order
symmetry operator, enabling the construction of a complete
set of exact solutions for massive neutrinos therein. We
are mainly interested in the description of neutrino flavor
oscillations in rotating matter in Sec. V B. However, we also
consider the contribution to the current for massive particles
in Sec. VA 1. Finally, we conclude in Sec. VI.
Some details for writing down the Dirac equation in a

noninertial frame are provided in Appendix A. The useful
properties the Laguerre functions are summarized in
AppendixB.Themathematical details for the energy spectrum
of a massive neutrino obtaining can be found in Appendix C.

II. NEUTRINO INTERACTION WITH
BACKGROUND MATTER

In this section, we remind the reader how neutrinos can
interact with background matter in Minkowski space. Here,

the Dirac matrices have values corresponding to the flat
space-time.
We consider the system of active flavor neutrinos,

νλ ¼ νe; νμ;…. These particles interact with other fer-
mions in the standard model. However, flavor neutrinos do
not have definite masses. The most general Lagrangian for
the neutrino flavor eigenstates involves both Dirac and
Majorana mass terms. Here, we assume that only the Dirac
mass term is present

−Lm ¼
X
λλ0

mλλ0 ν̄RλνLλ þ H:c:; ð2:1Þ

where ðmλλ0 Þ is the nondiagonal mass matrix and νRλ;Lλ are
the chiral projections.
The mass term in Eq. (2.3) can be diagonalized with the

help of the matrix transformation

νλ ¼
X
a

Uλaψa; ð2:2Þ

where the fields ψa, a ¼ 1; 2;… are called mass eigenstates
since they possess definite masses ma. The Lagrangian for
ψa, written in flat space-time, takes the form,

L ¼
X
a

ψ̄aðiγμ∂μ −maÞψa; ð2:3Þ

where γμ ¼ ðγ0; γÞ are the Dirac matrices. The mass
eigenstates ψa are Dirac particles.
To describe the interaction of flavor neutrinos with

background matter we use the Fermi model in the forward
scattering approximation. In this case, the matter interac-
tion Lagrangian has the form

Lint ¼
1

2

X
λ

fμλ ν̄λγμð1 − γ5Þνλ; ð2:4Þ

where γ5 ¼ iγ0γ1γ2γ3. The effective potential fμλ in back-
ground matter, consisting of electrons, protons, and neu-
trons, reads

fμλ ¼
X

f¼e;p;n

ðqð1Þf jμf þ qð2Þf λμfÞ; ð2:5Þ

where jμf is the hydrodynamic current and λμf is the four

vector of polarization. The constants qð1;2Þf for different
neutrino flavors can be found in the explicit form
in Ref. [26].
One can see in Eq. (2.4) that the matter interaction

potential is diagonal in the neutrino flavors. It is the feature
of the standard model. However, if we use Eq. (2.2) to
transform Eq. (2.4) to the mass basis, the total Lagrangian
reads
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L¼
X

a;b¼1;2

ψ̄a

�
δabðiγμ∂μ−maÞ−

1

2
gμabð1− γ5Þ

�
ψb; ð2:6Þ

where

gμab ¼
X
λ¼e;μ

U†
λaf

μ
λUλb ð2:7Þ

is the nondiagonal matter potential in the mass basis. In
Eqs. (2.6) and (2.7), we consider the situation of two mass
eigenstates.

III. DIRAC EQUATION FOR NEUTRINO
IN A NONINERTIAL FRAME

In this section, we find the solution of the Dirac equation
for a single mass eigenstate interacting with matter moving
with an acceleration. For the sake of brevity, we replace
gμab → gμ in Eq. (2.7). We consider the evolution of a
neutrino in a comoving frame.
Let us study the situation when the background matter

rotates with the constant angular velocity ω. For simplicity,
we take that one has no differential rotation between
background fermions of the different type. Moreover, we
assume that the background matter is unpolarized.
We describe the dynamics of the system in the corotating

frame. In this situation, one has the only nonzero compo-
nent of the vector gμ, g0 ≠ 0. In the general case,
gμ ∝ jμ ¼ n0uμ, where n0 is the invariant number density
and uμ is the four velocity. Thus, g0 ∝ n0

dt
ds ¼ n, where n is

the number density measured by an observer at rest. We
assume that both n and g0 are constant.
The local coordinates of a nonrotating observer in a four-

dimensional Minkowski space M are ðx0; x1; x1; x3Þ. The
metric tensor on M is ðηabÞ ¼ diagð1;−1;−1;−1Þ, with
a; b ¼ 0;…; 3. The interval of M in cylindrical coordi-
nates ft0; r0;ϕ0; z0g has the form (x0 ¼ t0; x1 ¼ r0 cosϕ0;
x2 ¼ r0 sinϕ0; x3 ¼ z0)

ds2 ¼ dt02 − dr02 − r02dφ02 − dz02: ð3:1Þ

We denote the new rotating cylindrical coordinates as
x ¼ ðxμÞ ¼ ðt; r;ϕ; zÞ and assume that the axis of rotation
is along z and z0:

t0 ¼ t; r0 ¼ r; z0 ¼ z; ϕ0 ¼ ϕ − ωt; ð3:2Þ

where ω is the angular velocity of the reference frame.
Then, the interval ds2 in this coordinate system takes the
form

ds2 ¼ gμνðxÞdxμdxν
¼ ð1 − ω2r2Þdt2 − dr2 − 2ωr2dtdϕ

− r2dϕ2 − dz2; ð3:3Þ

The Dirac equation for a neutrino mass eigenstate in a
curved space-time can be obtained on the basis of Eq. (2.3)
if we replace γμ → γμðxÞ and ∂μ → ∇μ þ Γμ, where γμðxÞ
are the coordinate-dependent Dirac matrices, ∇μ is the
covariant derivative, and Γμ is the spin connection. (For
detailed information on the Dirac equation in curved
spacetime, we refer the reader to Refs. [24,27–29]).
Using the results of Appendix A, we get the Dirac operator
D ¼ iγμðxÞð∇μ þ ΓμÞ, which acts on the wave function
ψðt; r;ϕ; zÞ, in the metric in Eq. (3.3) as

Dðx; ∂xÞ ¼ iγ0∂t þ iγ1
�
∂r þ

1

2r

�
− i
�
ωγ0 −

1

r
γ2
�
∂ϕ

þ iγ3∂z: ð3:4Þ

We will consider the motion of a single massive neutrino
in matter rotating with a constant angular velocity ω in the
rotating frame. Thus, we replace ma → m. In this case, the
Dirac equation takes the form

½Dðx; ∂xÞ −m�ψðxÞ ¼ 1

2
γ0ðxÞg0½1 − γ5ðxÞ�ψðxÞ; ð3:5Þ

where γ0ðxÞ ¼ γ0 − ωrγ2, γ5ðxÞ ¼ γ5.
Equation (3.3) admits three commuting integrals of

motion,

p̂0 ¼ i∂t; p̂z ¼ −i∂z; Ĵz ¼ −i∂ϕ: ð3:6Þ

Let us consider the eigenvalue problem,

p̂0ψ ¼ Eψ ; p̂zψ ¼ pzψ ; Ĵzψ ¼ Jzψ : ð3:7Þ

Accounting for Eq. (3.7), one gets the spinor wave function
in the form

ψ ¼ ψwðxÞ ¼ ψwðrÞ exp ð−iEtþ iJzϕþ ipzzÞ;
w ¼ fE; Jz; pzg: ð3:8Þ

Based on the periodic boundary conditions,

ψwðxÞjϕ¼ϕ̃þ2π ¼ −ψwðxÞjϕ¼ϕ̃; ϕ̃∈ ½0; 2πÞ; ð3:9Þ

one gets that

Jz ¼
1

2
− l; l∈Z; w ¼ fE;l; pzg;

Z ¼ f0;�1;�2;…g: ð3:10Þ

Substituting Eq. (3.8) into Eq. (3.5), we obtain the
reduced Dirac equation for the spinor ψnðrÞ:
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�
iγ1
�
d
dr

þ 1

2r

�
þ γ0

�
Eþ ωJz −

g0

2

�
− γ2

�
Jz
r
−
g0

2
ωr

�
− pzγ

3 −mþ g0

2
ðγ0 − ωrγ2Þγ5

�
ψwðrÞ ¼ 0; ð3:11Þ

which depends on the radial coordinate only.
First, we look for the complete set of solutions of Eq. (3.11) for ultrarelativistic neutrinos if we neglect the particle mass.

For this purpose, we represent these solutions in the form

ψwðrÞ ¼
�
iγ1
�
d
dr

þ 1

2r

�
þ γ0

�
Eþ ωJz −

g0

2

�
− γ2

�
Jz
r
−
g0

2
ωr

�
− pzγ

3 −
g0

2
ðγ0 − ωrγ2Þγ5

�
ΦwðrÞ; ð3:12Þ

where ΦwðrÞ is the new auxiliary spinor. Unlike the traditional method of squaring the Dirac equation (see, e.g.,
Refs. [24,29,30]), in Eq. (3.12), we change the sign of the terms containing the matrix γ5. This approach is justified by the
fact that, as a result of squaring, namely, the substituting Eq. (3.12) into Eq. (3.11), we obtain an equation for the spinor
ΦwðrÞ that does not contain matrix coefficients at the derivatives,

D2ðrÞΦwðrÞ ¼ 0;

D2ðrÞ ¼ d2

dr2
þ 1

r
d
dr

þ i

�
Jz
r2

þ ωg0

2

�
γ12 þ ωg0

2
γ03 − g0

�
E −

g0

2
ð1 − ω2r2Þ

�
γ5

−
�
J2z þ

1

4

�
1

r2
þ ðEþ ωJzÞ2 þ ðg0Þ2

�
1 −

1

2
ω2r2

�
−
1

2
½ðEþ g0Þ2 − E2� − p2

z : ð3:13Þ

One can see that Hermitian matrices,

Q1 ¼ Q†
1 ¼ iγ12; Q2 ¼ Q†

2 ¼ γ5; ½Q1; Q2� ¼ 0; Q2
k ¼ 1;

commute with the operator D2. Thus, they are the symmetry operators of Eq. (3.13).
We look for the solutions of Eq. (3.13) in the class of functions that are eigenfunctions of the matricesQk and correspond

to the eigenvalues χ2 ¼ 1 and σ2 ¼ 1. Then

ΦwðrÞ ¼ Φw;σ;χðrÞ ¼ φw;σ;χðrÞUσ;χ ; Q1Uσ;χ ¼ χUσ;χ ; Q2Uσ;χ ¼ σUσ;χ ; ð3:14Þ

where φw;σ;χðrÞ are scalar functions;Uσ;χ are constant spinors, with respect to the representation in Eq. (A7) having the form

U1;1 ¼

0
BBB@

1

0

0

0

1
CCCA; U1;−1 ¼

0
BBB@

0

1

0

0

1
CCCA; U−1;1 ¼

0
BBB@

0

0

−1
0

1
CCCA; U−1;−1 ¼

0
BBB@

0

0

0

−1

1
CCCA; ð3:15Þ

U†
σ;χUσ;0χ0 ¼ δχ;χ0δσ;σ0 : ð3:16Þ

Substituting Eq. (3.14) into Eq. (3.13), we have an ordinary differential equation for the function φw;σ;χðrÞ:

L l;σ;χðrÞφw;σ;χðrÞ ¼ φ00
w;σ;χðrÞ þ

1

r
φ0
w;σ;χðrÞ þ

�
ðEþ ωJzÞ2 − p2

z −
1

r2

�
Jz −

χ

2

�
2

þ σ þ 1

2
g0½χω − 2Eþ g0ð1 − ω2r2Þ�

�
φw;σ;χðrÞ ¼ 0;

φ00ðrÞ ≔ d2φðrÞ
dr2

; φ0ðrÞ ≔ dφðrÞ
dr

: ð3:17Þ

First, we consider the case σ ¼ 1. It corresponds to active neutrinos. We denote E for σ ¼ 1 as EA, and the solution of
Eq. (3.17) as φw;χðrÞ ≔ φw;l;σ¼1;χðrÞ. With respect to the new independent variable ρ ¼ ωjg0jr2, Eq. (3.17) is reduced to a
differential equation on the Laguerre function Iu;vðρÞ:
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4ρ2I00u;vðρÞ þ 4ρI0u;vðρÞ − ½ρ2 − 2ρðuþ vþ 1Þ
þ ðv − uÞ2�Iu;vðρÞ ¼ 0;

α ¼ u − v ¼ −
�
Jz −

χ

2

�
¼ l −

1 − χ

2
∈Z;

u ¼ λ −
1

2

�
Jz −

χ

2

�
−
1

2
; ð3:18Þ

where

λ ¼ 1

4ωjg0j
�
ðEA þ ωJzÞ2 −

�
EA −

χω

2

�
2

− p2
z þ

�
E −

χω

2
− g0

�
2
�
:

The general solution of Eq. (3.17) is represented as

φw;χðrÞ ¼ C1Iu;vðωjg0jr2Þ þ C2Iv;uðωjg0jr2Þ;
Ck ¼ const; ð3:19Þ

where Iu;v is the Laguerre function. We provide some of the
properties of Laguerre functions in Appendix B. In
Eq. (3.18), the integer parameter jαj ≥ 1, or α ¼ 0:

jαj ¼
����l −

1 − χ

2

���� ≥ 1; l ≠
1 − χ

2
;

α ¼ 0; l ¼ 1 − χ

2
: ð3:20Þ

We define the complete set of solutions of Eq. (3.17) as
follows:

φw;χðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q �
Iu;vðρÞ; g0 > 0;

Iv;uðρÞ g0 < 0:
ð3:21Þ

Since ju − vj ¼ jαj∈Zþ, the quadratic integrability con-
dition Z þ∞

0

jφw;χðρÞj2dρ < ∞ ð3:22Þ

can be ensured if

v ¼ s∈Zþ;

u ¼ vþ α ¼ sþ α ¼ sþ l−
1− χ

2
¼ n∈Zþ; if g0 > 0;

ð3:23Þ

u ¼ s∈Zþ;

v ¼ u − α ¼ s − α ¼ s − lþ 1− χ

2
¼ n∈Zþ; if g0 < 0:

ð3:24Þ

Then, instead of the quantum number l, we consider the
new quantum number

s ¼ n − signðg0Þlþ ð1 − χÞ=2; ð3:25Þ

and number the bounded solutions (decreasing at infinity)
of Eq. (3.21) using the set of quantum numbers n and s:

φw;χðrÞ ¼ φn;sðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
In;sðωjg0jr2Þ;

λ ¼ λn ¼ nþ 1 − signðg0Þα
2

;

In;sðρÞ ¼
ffiffiffiffiffi
n!
s!

r
ρðn−sÞ=2e−ρ=2Ln−s

s ðρÞ: ð3:26Þ

Using the properties of the Laguerre functions in Appendix B,
one gets that the set of solutions in Eq. (3.26) satisfies the
normalization and completeness conditions:Z

∞

0

jφn;sðrÞj2rdr ¼ 1; ð3:27Þ

X∞
s¼0

φn;sðrÞφn;sðr0Þ ¼
1

r
δðr − r0Þ: ð3:28Þ

Substituting Eq. (3.18) into Eq. (3.26), we obtain a
condition on λ that is equivalent to satisfying the condition
of quadratic integrability:

ðEA − g0Þ2 þ ðEA þ ωJzÞ2 − E2
A

¼ p2
z þ 4ωg0

�
nχ þ signðg0Þ Jz

2

�
; ð3:29Þ

nχ ≔ nþ 1 − signðg0Þχ
2

: ð3:30Þ

From Eq. (3.29) we obtain an expression for the neutrino
spectrum:

EA ¼ Enχ ¼ g0 − ωJz þ ζE nχ ;

E nχ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jg0jωnχ þ p2

z

q
; ζ ¼ �1; ð3:31Þ

where the parameter ζ ¼ þ1 corresponds to particles, and
ζ ¼ −1 to antiparticles.
The condition in Eq. (3.23) can be satisfied if and only if

the quantum number l satisfies the inequality,

−∞ < signðg0Þ
�
l −

1 − χ

2

�
≤ n: ð3:32Þ

Indeed, assume that Eq. (3.32) holds true. Then, s ¼ n −
signðg0Þ½l − ð1 − χÞ=2� ≥ 0 and Eq. (3.23) is valid. Note
that, if the condition in Eq. (3.32) is violated, then bounded
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solutions of Eq. (3.18) can be given in the form

φw;χðrÞ ¼ φN;lðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
INþjαj;Nðωjg0jr2Þ;

λ ¼ λN ¼ N þ 1þ jαj
2

; N ∈Zþ: ð3:33Þ

In this case, the spectrum has the form in Eq. (3.31), where

nχ ¼NJz;χ

≔Nþ1

2

"����Jz− χ

2

����−
�
signðg0ÞJz−

χ

2

�
þ1− 1þsignðg0Þ

2
χ

2

#
:

ð3:34Þ

Now we consider the case σ ¼ −1, which corresponds
to the absence of interaction, since the operator of
Eq. (3.17) does not depend on g0. We denote E for
σ ¼ −1 as ES. We define the solution of Eq. (3.17)
as φμ;l;χðrÞ ≔ φw;l;σ¼−1;χðrÞ.
Equation (3.17) in this case is reduced to an equation for

the Bessel function:

r2φ00
μ;l;χðrÞ þ rφ0

μ;l;χðrÞ þ ðk2r2 − α2Þφμ;l;χðrÞ ¼ 0;

α ¼
����Jz − χ

2

���� ¼
����l −

1 − χ

2

����∈Zþ;

ðES þ ωJzÞ2 ¼ k2 þ p2
z ; μ > 0: ð3:35Þ

Equation (3.35) has a general solution

φk;l;χðrÞ ¼ C1JαðkrÞ þ C2NαðkrÞ;

where JαðkrÞ is the Bessel function of integer index α,

Z
∞

0

JαðkrÞJαðk0rÞrdr ¼
1

k
δðk − k0Þ: ð3:36Þ

Since the Neumann functionNνðkrÞ is not bounded at zero,
we set C2 ¼ 0.
Thus, in the case σ ¼ −1, we have a continuous

spectrum,

ES ¼ ζ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ p2

z

q
− ωJz; ζ ¼ �1; ð3:37Þ

which is numbered by the parameter k.

IV. INDUCED CURRENT ALONG
THE ROTATION AXIS

In this section, we compute the current of neutrinos
along the rotation axis. The computation is based on the
solution of the Dirac equation found in Sec. III.
The phenomenon described is analogous to the CVE, i.e.

the generation of the vector current J along the vorticity of
matter ω [31], J ∝ ω. Note that we do not consider the
generation of the axial current J5 in rotating medium,
which is also called the CVE [31].

A. Complete set of solutions for the massless case

The calculation of the current is based on the complete
set of solutions of the Dirac equation for a neutrino in the
rotating matter. Using Eq. (3.12), we construct a set of
solutions of the reduced Dirac equation (3.11) for m ¼ 0
for σ ¼ þ1:

ζψ�
r ðrÞ ¼ ζC�

�
0

ζψ�

�
; ζψþ ¼ ζΠ

�
φþ
0

�
; ψ− ¼ ζΠ

�
0

φ−

�
; φ� ¼ φn;s;χ¼�1ðrÞ;

ζΠ ¼
 
pz − ζE nþ

ffiffiffiffiffiffiffiffi
g0ω

p
R−ffiffiffiffiffiffiffiffi

g0ω
p

Rþ −ðpz − ζE n−Þ

!
; R� ¼ −i

ffiffiffi
ρ

p �
2
d
dρ

� signðg0Þ
�
n − s
ρ

þ 1

��
;

ζC� ¼ ½4jg0jωn� þ ðpz ∓ ζE n�Þ2�−1=2; E n� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jg0jωn� þ p2

z

q
;

nþ ¼
�
n; g0 > 0;

nþ 1 g0 < 0:
; n− ¼

�
nþ 1; g0 > 0;

n g0 < 0:
ð4:1Þ

Considering that

R�In;sðρÞ ¼
�∓ 2i

ffiffiffiffiffiffi
n�

p
In∓1;sðρÞ; g0 > 0;

�2i
ffiffiffiffiffiffi
n�

p
In�1;sðρÞ g0 < 0;

ð4:2Þ

we obtain the set of solutions for g0 > 0,
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ζψþ ¼ ζψn;s;χ¼1ðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
ζCþ

 ðpz − ζE nÞIn;sðρÞ
−2i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jg0jωn

p
In−1;sðρÞ

!
;

ζψ− ¼ ζψn;s;χ¼−1ðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
ζC−

 
2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jg0jωðnþ 1Þ

p
Inþ1;sðρÞ

−ðpz þ ζE nÞIn;sðρÞ

!
; g0 > 0; ð4:3Þ

and for the case g0 < 0,

ζψþ ¼ ζψn;s;χ¼1ðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
ζCþ

 ðpz − ζE nÞIn;sðρÞ
2i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jg0jωðnþ 1Þ

p
Inþ1;sðρÞ

!
;

ζψ− ¼ ζψn;s;χ¼−1ðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
ζC−

 
−2i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
jg0jωn

p
In−1;sðρÞ

−ðpz þ ζE nÞIn;sðρÞ

!
; g0 < 0: ð4:4Þ

As a result, we have the orthonormal set of solutions to the Dirac equation,

ζψ�
w ðxÞ ¼

1ffiffiffiffiffiffi
2π

p
�

0

ζψn;s;χ¼�1ðωjg0jr2Þ
�
exp

�
−iζEn�tþ i

�
χ

2
þ signðg0Þðs − nÞ

�
ϕþ ipzz

�
: ð4:5Þ

The set of solutions in Eq. (4.5) satisfies the orthogonality condition

Z
½ζψ�

w ðxÞ�†ζψ�
w0 ðxÞrdr ¼ δw;w0 ¼ δn;n0δs;s0δðpz − p0

zÞ; ð4:6Þ

where w ¼ fn; s; pzg, w0 ¼ fn0; s0; p0
zg.

The matrixQ1 ¼ iγ12, although commuting with the operatorD2ðrÞ, does not correspond to the integral of motion of the
Dirac equation. Therefore, the set of solutions ψþ

w ðxÞ and ψ−
wðxÞ is linearly dependent. For g0 > 0 we have

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jg0jωn½4jg0jωnþ ðpz − ζE nÞ2�

q
ζψþ

n;s;pz
ðxÞ þ iðpz − ζE nÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jg0jωnþ ðpz þ ζE nÞ2

q
ζψ−

n−1;s;pz
ðxÞ ¼ 0: ð4:7Þ

For g0 < 0 the identity is held:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jg0jωðnþ 1Þ½4jg0jωðnþ 1Þ þ ðpz − ζE nþ1Þ2�

q
ζψþ

n;s;pz
ðxÞ

− iðpz − ζE nþ1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4jg0jωðnþ 1Þ þ ðpz þ ζE nþ1Þ2

q
ζψ−

nþ1;s;pz
ðxÞ ¼ 0: ð4:8Þ

For this reason, the parameter χ ¼ �1 is not included in the set of quantum numbers w. Without loss of generality, we can
fix this parameter. For convenience, we set χ ¼ signðg0Þ and consider the set of solutions,

ζψwðxÞ ¼ ζψþ
w ðxÞ ¼

1ffiffiffiffiffiffi
2π

p
�

0

ζψn;sðωg0r2Þ
�
exp f−iζEntþ iJzϕþ ipzzg;

ζψn;sðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
ζCn;s

� ðpz − ζE nÞIn;sðρÞ
−2i

ffiffiffiffiffiffiffiffiffiffiffi
g0ωn

p
In−1;sðρÞ

�
; g0 > 0;

ζψn;sðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2jg0jω

q
ζCn;s

�
−2i

ffiffiffiffiffiffiffiffiffiffiffi
g0ωn

p
In−1;sðρÞ

−ðpz þ ζE nÞIn;sðρÞ

�
; g0 < 0;

ζCn;s ¼ f4jg0jωnþ ½pz − ζsignðg0ÞE n�2g−1=2; Jz ¼ signðg0Þ
�
s − nþ 1

2

�
: ð4:9Þ

RELATIVISTIC QUANTUM MECHANICS OF MASSIVE … PHYS. REV. D 113, 113001 (2026)

113001-7



One can see in Eq. (4.9) that the solutions with n ¼ 0 exist only if

pz ¼ −ζsignðg0Þjpzj: ð4:10Þ

In this case, one gets that

ζψ0;sðρÞ ¼ C0I0;sðρÞ
�
1

0

�
;

�
pz < 0; ζ ¼ þ1;

pz > 0; ζ ¼ −1;
g0 > 0; Jz > 0;

ζψ0;sðρÞ ¼ C0I0;sðρÞ
�
0

1

�
;

�
pz > 0; ζ ¼ þ1;

pz < 0; ζ ¼ −1;
g0 < 0; Jz < 0;

I0;sðρÞ ¼
ð−1Þsffiffiffiffi

s!
p ρs=2e−ρ=2; C0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ωjg0j

q
: ð4:11Þ

Note that it is also possible to construct the set of solutions of the Dirac equation using the set in Eq. (3.33). For
χ ¼ signðg0Þ, we obtain the following:

INþjαj;NðρÞ ¼ In;sðρÞ
�
1 l ≥ 0

ð−1Þl l < 0
; n ¼ NJz;χ¼1 ∈Z; s ¼ n − l∈Z; g0 > 0;

INþjαj;NðρÞ ¼ In;sðρÞ
� ð−1Þl−1 l ≥ 1

1 l < 1
; n ¼ NJz;χ¼−1 ∈Z; s ¼ nþ l − 1∈Z; g0 < 0; ð4:12Þ

where the spectrum is defined byEq. (3.31), and the parameter
s results from Eq. (3.25). Moreover, these parameters are
positive integers, n; s∈N, and the condition in Eq. (3.32) is
satisfied automatically. Thus, we arrive at the same set of
solutions in Eq. (4.9) since the phase factors ð−1Þl and
ð−1Þl−1 can be discarded without loss of generality.

B. Calculating the current along the axis of rotation

Let us calculate the average hydrodynamic current of
neutrinos and antineutrinos in a rotating frame of reference
in local coordinates ðxμÞ along the axis of rotation,

J3ζ ¼
X∞
n;s¼0

Z
dpz½ζψwðxÞγ3ðxÞζψwðxÞρζðζEnζÞ�; ð4:13Þ

where the measure of integration dpz follows from Eq. (4.6),
ρζðEÞ ¼ fexpðβ½E − ζμA�Þ þ 1g−1 is the Fermi-Dirac dis-
tribution for active neutrinos, β ¼ 1=T is the inverse
temperature, and μA is the chemical potential of active
neutrinos, ζEnζ ¼ E n þ ζðg0 − ωJzÞ.
Using the complete set of solutions in Eq. (4.9), we

obtain that

ζψwðxÞγ3ðxÞζψwðxÞ ¼ ζsignðpzÞ
1

2π

�
ð1 − δn;0δζ;signðg0pzÞÞφ2

n0;sðρÞ

×

�
−
ωjg0j
jpzj2

nþ 3

�
ωjg0j
jpzj2

�
2

n2 þ…

�
ðφ2

n;sðρÞ þ φ2
n−1;sðρÞÞ

�
;

n0 ¼ n −
1þ ζsignðg0pzÞ

2
: ð4:14Þ

Note that ζEnζ ¼ E n þ ζðg0 − ωJzÞ is an even function of pz. Thus, when integrating over pz in Eq. (4.13) from −∞ to
þ∞, only the first term in Eq. (4.14) will make a nontrivial contribution to Eq. (4.13):

J3ζ ¼ ζ
g0ω
π

Z
dpzð1 − δn;0δζ;signðg0pzÞÞ

X∞
s¼0

ρζðζE0ζÞI20;sðρÞ: ð4:15Þ

Taking into account Eq. (4.11) we have that

J3ζ ¼ −
g0ω
π

exp ð−ρÞ
X∞
s¼0

ρs

s!

Z
∞

0

ρζðζE0ζÞdpz; ζE0ζ ¼ jpzj þ ζ

�
g0 − signðg0Þω

�
sþ 1

2

��
: ð4:16Þ
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We integrate over pz in Eq. (4.16) and obtain

J3ζ ¼ −
g0ω
πβ

exp ð−ρÞ
X∞
s¼0

ρs

s!
ln ½1þ exp ðAþ BsωÞ�;

ð4:17Þ

A ¼ ζβðμA − g0Þ; Bs ¼ ζβsignðg0Þ
�
sþ 1

2

�
: ð4:18Þ

The series in s in Eq. (4.17) converges for all ρ, which can
easily be shown by applying d’Alembert’s convergence test
to this expression.
It follows from Eq. (4.17) that

J3ζ¼1 − J3ζ¼−1

¼ −
g0ω
π

exp ð−ρÞ
X∞
s¼0

ρs

s!

�
μA − g0 þ signðg0Þω

�
sþ 1

2

��

¼ −
g0ω
π

�
μA − g0 þ signðg0Þ

�
ω

2
þ jg0jω2r2

��
: ð4:19Þ

The series in Eq. (4.17) can be calculated in the approxi-
mation of small ω by expanding the logarithm over the
small parameter Bsω:

ln ½1þ exp ðAþ BsωÞ�

¼ ln ð1þ eAÞ þ eA

1þ eA
Bsωþ ðBsωÞ2

4ð1þ coshAÞ

−
sinh4ðA

2
Þ

3sinh3A
ðBsωÞ3 þ

coshA − 2

192cosh4ðA
2
Þ ðBsωÞ4 þOðω5Þ:

ð4:20Þ

Substituting Eq. (4.20) into Eq. (4.17) and summing over s,
we obtain that

J3ζ¼1 ¼ −
g0ω
πβ

�
ln ½1þ eβ½μAþsignðg0Þω=2−g0ð1−ω2r2Þ��

þ β2ω2

8

1 − 5
6
βωsignðg0Þ tanh½βðμA−g0Þ

2
�

cosh2½βðμA−g0Þ
2

�
jg0jωr2

�

þOðω6Þ: ð4:21Þ

The expression for J3ζ¼−1 follows directly from Eqs. (4.19)
and (4.21).
Now, we consider the situation of electron neutrinos

propagating in dense matter of a neutron star. In this
situation, one gets that g0 ¼ −GFnn=

ffiffiffi
2

p
(see Ref. [19]).

Then, we keep the leading term in ω in Eq. (4.21), as well
as in the analogous expression for J3ζ¼−1. Eventually, we
get that

J3ζ¼1 þ J3ζ¼−1 ¼ GFnn
ωT

π
ffiffiffi
2

p FðyÞ þOðω2Þ;

FðyÞ ¼ 2 ln ð1þ eyÞ − y;

y ¼ μA − g0

T
; ð4:22Þ

which reproduces the result in Ref. [19].
The expression for the current in Eq. (4.21) contains both

the leading term, linear in ω, and nonlinear contributions.
These additional terms result from the exact accounting for
the noninertial effects and the neutrino matter interaction in
solving the Dirac equation in Sec. III. It is the advantage of
the present work with respect to Ref. [19].
Let us estimate the typical recoil velocity v, acquired by a

neutron star by the asymmetric neutrino emission given by
Eq. (4.22). One has that v ¼ P=M, where P is the total
momentum carried away by neutrinos andM is the neutron
star mass. We estimate P as P ∼ JĒSΔt, where Ē is the
mean neutrino energy, S ¼ πR2 is the equatorial cross
section of a star, R is the stellar radius, and Δt is the time of
the neutrino emission. Finally, using Eq. (4.22), we get that

v ¼ 3ĒGFωTFðyÞ
4π

ffiffiffi
2

p
Rmn

Δt; ð4:23Þ

where mn is the neutron mass.
We assume that Ē ∼ T ∼ μA ∼ 10 MeV, R ∼ 10 km,

ω ∼ 103 s−1, and Δt ∼ 109 yr, i.e. we consider a quite old
neutron star. In this case, y ≈ 1 and Fð1Þ ≈ 1.6. Based on
Eq. (4.23), we obtain that v ≈ 6 cm · s−1. One can see that
the electroweak contribution to the linear pulsar velocity is
quite small.

V. NEUTRINO OSCILLATIONS IN SLOWLY
ROTATING MATTER

In this section, we study neutrino flavor oscillations in
rotating matter. Neutrino oscillations are known to happen
only for massive particles. Hence, unlike Sec. IV, where we
considered massless neutrinos, we take into account the
particle masses here.

A. Dirac equation for massive neutrinos
in slowly rotating matter

The solution of the Dirac equation for a massive neutrino
interacting with matter in the noninertial frame is possible if
we assume that the angular velocity is small. Luckily, it is
the case for the majority of realistic neutrinos. Indeed, if we
consider the neutrino propagation inside a millisecond
pulsar having the rotation period τ ¼ 10−3 s and the radius
R ¼ 10 km, the linear velocity on the stellar equator is
v ¼ 2π=τ ¼ 0.2 ≪ 1. It is the maximal possible matter
velocity for astrophysical neutrinos. In practice, the con-
tribution of the matter vorticity is smaller.
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Analogously to Sec. III, here we consider a single neutrino mass eigenstate. The mixing between different neutrino types is
accounted for shortly in Sec. V B.
In the limit of small ω, we look for solutions of Dirac equation (3.11) in the form

ψwðrÞ ¼ SψðrÞ; S ¼ exp

�
−
1

4
ln

�
1 − ω2r2

ð1þ ωrÞ2
�
γ02
�
; S† ¼ ST; lim

ωr→∞
S ¼ 1 − iγ02ffiffiffi

2
p ;

S ¼ eγ
02ωr=2; ω → 0: ð5:1Þ

Then, we obtain the equation for the function ψðrÞ
�
iγ1
�
d
dr

þ 1

2r

�
þ Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ω2r2
p ðγ0 þ ωrγ2Þ − Jz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ω2r2

p

r
γ2

−pzγ
3 −

ω

2ð1 − ω2r2Þ γ
3γ5 −

1

2
g0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ω2r2

p
γ0ð1 − γ5Þ −m

�
ψðrÞ ¼ 0: ð5:2Þ

We will assume that the rotation of matter is slow and neglect the terms ∼ðωrÞ2 at ωr → 0 in Eq. (5.2):

DωðrÞψðrÞ ¼ 0; DωðrÞ ¼
�
iγ1
�
d
dr

þ 1

2r

�
− γ2

�
Jz
r
− ωrE

�
þ γ0

�
E −

g0

2

�
− γ3pzþ

g0

2
γ0γ5 −

ω

2
γ3γ5 −m

�
: ð5:3Þ

Note that Eq. (5.1) is the Dirac equation for the following tetrad:

ẽ:μ0 ðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ω2r2
p δμ0; ẽ:μ1 ðxÞ ¼ δμ2; ẽ:μ2 ðxÞ ¼

ωrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ω2r2

p δμ0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ω2r2

p

r
δμ2; ẽ:μ3 ðxÞ ¼ δμ3: ð5:4Þ

The nontrivial fact is the existence of the second-order symmetry operator for Eq. (5.3):

M̂ ¼ d2

dr2
þ 1

r
d
dr

þ i

�
Jz
r2

þ ωE

�
γ12 −

�
J2z þ

1

4

��
ω2 þ 1

r2

�
− ðωErÞ2 þ ðE − ωJzÞ2 − g0

�
E −

g0

2

�
− p2

z −m2: ð5:5Þ

This fact is true only for slow rotation and will allow us to find a complete set of solutions of Eq. (5.3).
We look for solutions of Eq. (5.3) in the class of functions that are eigenfunctions of the integral of motion in Eq. (5.5),

M̂ψκðrÞ ¼ κψκðrÞ: ð5:6Þ

Using Eq. (5.3), we express the derivative ψ 0
κðrÞ and substitute it into in Eq. (5.6). As a result, we obtain the algebraic

equation

ΩψκðrÞ ¼ κψκðrÞ; Ω ¼
��

ωpz − g0
�
E −

g0

2

��
−mðωγ03 þ g0γ0γ5Þ

�
: ð5:7Þ

Based on the fact that detΩ ¼ 0, one gets the compatibility condition,

κ2 þm2½ðg0Þ2 − ω2� ¼
�
g0E −

�
ωpz þ

ðg0Þ2
2

��
2

: ð5:8Þ

We can rewrite Eq. (5.8) in the form

E ¼ g0

2
þ ωpz

g0
þ ζ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2 þm2½ðg0Þ2 − ω2�

ðg0Þ2

s
; ζ ¼ �1: ð5:9Þ

The algebraic Eq. (5.7) implies that the solution of Eqs. (5.3)–(5.6) can be represented as a linear combination,
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ψκðrÞ ¼ φ−ðrÞU− þ φþðrÞUþ; U†
�U� ¼ 1; ð5:10Þ

where φ�ðrÞ are some functions, and U� are orthonormal eigenvectors of the matrix Ω,

U− ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

−
p

0
BBB@

A−

0

1

0

1
CCCA; Uþ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ C2þ
p

0
BBB@

0

Aþ
0

1

1
CCCA; C� ¼

κ − ωpz − g0


E − g0

2

�
mðg0 � ωÞ ;

A� ¼ κ þ pzω − g0ðE − g0=2Þ
mðg0 � ωÞ : ð5:11Þ

Substituting Eq. (5.10) into Eq. (5.6), we obtain a linear differential equation of the following form for the functions φ�ðrÞ:�
d2

dr2
þ 1

r
d
dr

−
ðJz − χ=2Þ2

r2
þ E2ð1 − ω2r2Þ

þωE
2

ðJz þ χ=2Þ − ω2

4
− g0

�
E −

g0

2

�
− p2

z −m2

�
φχðrÞ ¼ κφχðrÞ; χ ¼ �1: ð5:12Þ

As a result of substituting Eq. (5.10) into Eq. (5.3), we obtain two sets of solutions of the Dirac equation (5.3):

ψχðrÞ ¼ φχðrÞUχ þ ϱχðrÞU−χ ;

ϱχðrÞ ¼
2iðg0 þ χωÞ

Bχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

χ

1þ C2
−χ

s �
φ0
χðrÞ − χ

�
Jz − χ=2

r
− ωEr

�
φχðrÞ

�
; χ ¼ �;

Bχ ¼ 2κ þ χωð2Eþ χωÞ − g0ðg0 þ χωþ 2χpzÞ; ð5:13Þ

where the functions φχðrÞ are solutions of Eq. (5.12). Solutions with different χ are linearly dependent. To derive Eq. (5.13),
we take into account Eq. (5.12)
By replacing ρ ¼ ωjEjr2, Eq. (5.12) becomes identical to Eq. (3.18) with Laguerre polynomials, in which

λ ¼ −
1

4jEjω
�
κ − E2 − 2ωE

�
Jz þ

χ

2

�
þ ω2

4
þ g0

�
E −

g0

2

�
þ p2

z þm2

�
: ð5:14Þ

Bounded solutions of Eq. (5.12) have the form

φχðrÞ ¼ φn;sðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2jEjω

p
In;sðωjEjr2Þ; n; s∈Zþ;

ð5:15Þ

λ ¼ λn ¼ nþ 1 − signðEÞα
2

; ð5:16Þ

Jz ¼ signðEÞ
�
1

2
− s − nχ

�
; nχ ≔ nþ 1 − signðχEÞ

2
;

ð5:17Þ

where, from the requirement the λ ¼ λn, one gets the
expression for κ:

κ ¼ −4ωjEjnχ þ
�
E −

g0

2

�
2

þ ðg0Þ2 − ω2

4
−m2 − p2

z :

ð5:18Þ

Substituting Eq. (5.18) into Eq. (5.8), we obtain the
algebraic equation for the determination of the energy
spectrum,

�
g0E −

�
ωpz þ

ðg0Þ2
2

��
2

−
�
4ωjEjnχ −

�
E −

g0

2

�
2

−
ðg0Þ2 − ω2

4
þm2 þ p2

z

�
2

¼ m2½ðg0Þ2 − ω2�: ð5:19Þ

If we set the mass equal to zero,m ¼ 0, then we immediately
obtain the following solutions:
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jESj ¼ 2ωnχ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ωnχÞ2 þ

�
pz þ

ω

2

�
2

s
; ES ¼ ζjESj; ζ ¼ �;

jEAj ¼ ζg0 þ 2ωnχ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðζg0 þ 2ωnχÞ2 þ

�
pz −

ω

2

�
2

− ðg0Þ2
s

EA ¼ ζjEAj: ð5:20Þ

The result (5.20) matches the results of Ref. [20].
In case of a nonzero mass m ≠ 0, under the approximation of small ω, we obtain, based on Eq. (5.19),

E ¼ g0 − ε1ω

2
þ ζ

�
2þ ε1

g0

pz

�
ωnχ þ ε2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
pz þ ζ

g0

pz
ωnχ þ ε1

g0

2

�
2

−
�
g0

pz
ωnχ

�
2

s
þOðω2Þ; ð5:21Þ

where the signs of ε1 ¼ � and ε2 ¼ � are chosen such that ζ ¼ signE. Note that the approximate solution in Eq. (5.21) is
singular in pz and becomes meaningless when pz ¼ 0.
Using the results of Appendix C, one gets four roots of Eq. (5.19),

E ¼ g0

2
þ 2ζnχωþ 1

2

0
B@ε1

ffiffiffiffiffiffiffi
2ξ1

p
þ ε2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2ðpþ ξ1Þ − ε1q

ffiffiffiffiffi
2

ξ1

svuut
1
CA; ε2 ¼ �1; ð5:22Þ

where the signs of ε1 ¼ � and ε2 ¼ pm are chosen such that ζ ¼ signE. For convenience, we set χ ¼ signðEÞ and nχ ¼ n.
Then for E < 0 the solution set (5.13) takes the form

ψðrÞ ¼ N ð−Þ
n;s ½φn;sðrÞU− þ Fð−Þ

n;s φn−1;sðrÞUþ�; E < 0;

Fð−Þ
n;s ¼ 4i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2þ
1þ C2

−

s
ðg0 − ωÞ ffiffiffiffiffiffiffiffiffiffiffiffijEjωnp

2κ þ ωð2jEj þ ωÞ − g0ðg0 − ω − 2pzÞ
; N ð−Þ

n;s ¼ f1þ jFð−Þ
n;s j2g−1=2; ð5:23Þ

and for E > 0 it will be determined by the expression

ψðrÞ ¼ N ðþÞ
n;s ½φn;sðrÞUþ þ FðþÞ

n;s φn−1;sðrÞU−�; E > 0;

FðþÞ
n;s ¼ −4i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

−

1þ C2þ

s
ðg0 þ ωÞ ffiffiffiffiffiffiffiffiffiffiffiffijEjωnp

2κ þ ωð2jEj þ ωÞ − g0ðg0 þ ωþ 2pzÞ
; N ðþÞ

n;s ¼ f1þ jFðþÞ
n;s j2g−1=2: ð5:24Þ

In this case, states with minimum energy, which correspond to n ¼ 0, exist for any value of the quantum number pz, in
contrast to the massless case.

1. Induced current of massive neutrinos

It is interesting to provide the expression for the induced current, which was studied in Sec. IV B for m ¼ 0, in the
massive case. Based on the results of Sec. VA, one gets for small ω that

X∞
s¼0

ζψðxÞ γ3ðxÞζψðxÞ ¼ ζ
ωðjpzj þ g0=2Þ

π

�
1 − ζ

g0=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjpzj þ g0=2Þ2 þm2

p �
þOðω2Þ: ð5:25Þ

Then states with n > 0 also contribute to the current:

J3ζ ¼
X∞
n;s¼0

Z
dpz½ζψðxÞγ3ðxÞζψðxÞρζðζEnζÞ�

¼ ζω

π

X∞
n¼0

Z
dpzðjpzj þ g0=2Þ

�
1 − ζ

g0=2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjpzj þ g0=2Þ2 þm2

p �
ρζðζEnζÞ þOðω2Þ: ð5:26Þ
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We do not provide the explicit expression for the current
since one can see that J3ζ ≠ 0 in Eq. (5.26). This fact can be
illustrated as follows. Equation (5.26) can be approximately
estimated by setting g0 ¼ 0, and we obtain a nonzero
expression,

J3ζ jg0¼0 ∼
ζω

πβ2
½coth ðωβÞ − 1� exp

�
β

�
3

2
ωþ ζμA −m

��
þOðω2Þ; β → 0: ð5:27Þ

The current in Eq. (5.27) depends on the chemical
potential of active neutrinos, which are left particles in
the standard model. Thus, this current, in fact, should be
attributed to left chiral projection of neutrino states. The
axial currents generation in frames of the CVE for massive
particles was studied, e.g., in Ref. [32]. We also mention
that, in our case, the noninertial effects can also contribute to
the magnitude of the current.

B. Neutrino oscillations in rotating matter

In this section, we apply the results of Sec. VA to
describe neutrino flavor oscillations in rotating matter. We
restrict ourselves to the case of the small angular velocity.
However, we exactly take into account the neutrino masses.
The neutrino mixing and the interaction with matter in flat
space-time were studied in Sec. II. Now, we generalize
these concepts to a curved space-time.
We consider the evolution of a system of two types of

neutrinos ν ¼ ðνα; νβÞ. The generalization of Eqs. (2.3)
and (2.4) reads

L ¼
X
λ¼α;β

νλ iγμðxÞð∇μ þ ΓμÞνλ

−
X

λ;λ0¼α;β

νλ ðmλλ0 þ fμλδλλ0 Þνλ0 ; ð5:28Þ

where mλ;λ0 and fμλ are defined in Sec. II.
The flavor neutrino eigenstates ψa, a ¼ 1, 2, are intro-

duced analogously to Eq. (2.2). In the case when only two
types of neutrinos are present in the system, the mixing
matrix has the form

ðUλaÞ ¼
�
cos θ − sin θ

sin θ cos θ

�
; ð5:29Þ

where θ is the vacuum mixing angle.
Next, we will assume that νμ corresponds to the index

α ¼ 1, and νe corresponds to the index β ¼ 2. The gener-
alization of Eq. (2.6) has the form,

L ¼
X
a¼1;2

ψa ½iγμðxÞð∇μ þ ΓμÞ −ma�ψa

−
1

2

X
a;b¼1;2

gμabψað1 − γ5Þψb; ð5:30Þ

where gμab is given in Eq. (2.7). Choosing the corotating
frame we get that only g0ab is nonvanishing.
One gets the wave equations for the mass eigenstates

form the Lagrangian in Eq. (5.4),

�
iγμðxÞð∇μ þ ΓμÞ −ma −

1

2
g0aγ0ðxÞð1 − γ5Þ

�
ψaðxÞ

¼ 1

2
γ0ðxÞ

X
b≠a

g0abð1 − γ5ÞψbðxÞ: ð5:31Þ

One can see in Eq. (5.31) that the wave equations for
different mass eigenstates are coupled.
Following Ref. [25], we will look for the solutions of

Eq. (5.31) in the form,

ψaðxÞ ¼
1

2π

X∞
n;s¼0

Z þ∞

−∞
dpzA

ðaÞ
n;s;pzðtÞψ ðaÞ

n;s;pz

× ðrÞeipzzþiJzϕe−iEat; ð5:32Þ

where ψ ðaÞ
n;s;pzðrÞ is the complete set of solutions of

Eqs. (5.23) and (5.24), in which m ≔ ma, g0 ≔ g0a.
Since we use the relativistic quantummechanics to describe

the evolution of neutrinos, the coefficients AðaÞ
n;s;pzðtÞ are

c-number functions of time.
We choose the initial conditions:

νμðr; t ¼ 0Þ ¼ 0;

νeðr; t ¼ 0Þ ¼ 1

2π
ψ ðaÞ
nð0Þ;sð0Þ;pð0Þ

z
ðrÞeipð0Þ

z zþiJð0Þz ϕ; ð5:33Þ

which correspond to a situation when one has only νe and
no νμ initially.
Since we will not take into account neutrino-antineutrino

transitions, one has that Ea ≥ 0. Then, for small ω we have

Ea ¼
g0a þ ω

2
þ
�
2 −

g0a
pz

�
ωn

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
pz þ

g0a
pz

ωn −
g0a
2

�
2

−
�
g0a
pz

ωn

�
2

s
þOðω2Þ:

ð5:34Þ

Using the approximations,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðωrÞ2

q
¼ 1þOðωrÞ2;

ðγ0 þ γ2ωrÞ2 ¼ I4 þOðω2Þ; ð5:35Þ

on the basis of Eq. (5.31) we get the Schrödinger equation
for the effective wave function,
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ΦT ¼


Að1Þ
nð0Þ;sð0ÞðtÞ;pð0Þ

z
expð−iE1tÞ; Að2Þ

nð0Þ;sð0ÞðtÞ;pð0Þ
z
expðiE2tÞ

�
; ð5:36Þ

in the form

i
d
dt

Φ ¼
0
@ E1 V12

nð0Þ;sð0ÞðtÞ;pð0Þ
z

V21

nð0Þ;sð0ÞðtÞ;pð0Þ
z

E2

1
AΦ; ð5:37Þ

where

Vab
n;s;pz

≔
g0ab
2

hψ ðaÞ
n;s;pz jγ0ð1 − γ5Þjψ ðbÞ

n;s;pzi

¼ g0ab

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðka þ g0aÞðkb þ g0bÞ

q
ðka − g0a þ 2pz − 2maÞðkb − g0b þ 2pz þ 2mbÞ

8p2
z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

a þ ð2pz − g0aÞðka − g0a þ 2pzÞ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2
b þ ð2pz − g0bÞðkb − g0b þ 2pzÞ

q ωnþOðω2Þ; ð5:38Þ

ka ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2

a þ ðg0a − 2pzÞ
q

: ð5:39Þ

Then, the transition probability for νe → νμ oscillations has the form

Pνe→νμðtÞ ¼ jhν2ð0Þjν1ðtÞij2 ¼ Pmaxsin2ðϒtÞ; Pmax ¼

h
ðV12

nð0Þ;sð0Þ;pð0Þ
z
cos2θ − V21

nð0Þ;sð0Þ;pð0Þ
z
sin2θÞ þ Ξ sin 2θ

i
2

���Ξ2 þ V12

nð0Þ;sð0Þ;pð0Þ
z
V21

nð0Þ;sð0Þ;pð0Þ
z

��� : ð5:40Þ

For small ω, we obtain the amplitude of the transition probability in Eq. (5.40) in the form

Pmax ¼ sin2ð2θÞ þ
8ωn



V12

nð0Þ;sð0Þ;pð0Þ
z
cos2θ − V21

nð0Þ;sð0Þ;pð0Þ
z
sin2θ

�
kð0Þ1 − kð0Þ2 þ g01 − g02

þOðω2Þ: ð5:41Þ

It is interesting to analyze the resonance condition for neutrino oscillations in rotating matter. The function Pmax in
Eq. (5.41) reaches the unit value when the condition

cos2ð2θÞ − 2ωn

kð0Þ1 − kð0Þ2 þ g01 − g02



V12

nð0Þ;sð0Þ;pð0Þ
z
cos2θ − V21

nð0Þ;sð0Þ;pð0Þ
z
sin2θ

�
sinð2θÞ ¼ 0 ð5:42Þ

is fulfilled.

Equations (5.40)–(5.42) generalize the expressions for
neutrino oscillations in matter. In particular, the resonance
condition in Eq. (5.42) is the analog of the MSWeffect [3,4]
in rotating matter accounting for the noninertial effects.

VI. CONCLUSION

In conclusion, we mention that we have analyzed the
evolution of neutrinos in rotating matter on the basis of the
exact solution of the Dirac equation in the noninertial frame.
We have obtained this solution in two particular situations.
First, in Sec. III, we have analyzed the case of massless

neutrinos in matter rotating with arbitrary angular velocity
using the new approach of squaring the Dirac equation. It
follows from Eq. (4.12) that the obtained set of solutions

can also be described in terms of the Laguerre functions
given in Eq. (3.33). It suggests that the spectrum of
massless neutrinos in rotating matter, which was obtained
in Ref. [20], is reduced to the expression for the neutrino
spectrum obtained in Ref. [33].
In Sec. VA, we have accounted for a nonzero neutrino

mass in a slowly rotating matter taking into account the
nontrivial symmetry of the Dirac equation, which corre-
sponds to the second-order symmetry operator (the use of
symmetry operators to obtain solutions to the Dirac
equation is discussed in Refs. [24,29,30,34,35]).
Using the solutions obtained, we considered several

applications important for astrophysical neutrinos. In
Sec. IV, we have calculated the hydrodynamic current of
neutrinos along the matter vorticity. This phenomenon is
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analogous to the CVE [31]. We have obtained the nonzero
electroweak contribution to this current in the case of
massless neutrinos. Thus our result generalizes the finding
of Ref. [18] where the current was derived in the flat
spacetime. In the present work, we have obtained the
expression for the current in the noninertial frame. We have
reproduced the results of Ref. [18] in the case of slowly
rotating matter; cf. Eqs. (4.20) and (4.21).
In Sec. VA 1, we have calculated the neutrino current for

massive particles. This current turns out to be nonzero for
massive neutrinos. Thus our result has been obtained in the
case of slowly rotating matter. The CVE for massive
particles was studied previously, e.g., in Ref. [32].
However, in our opinion, there is a nontrivial contribution
to the current owing to noninertial effects.
Our result that one has a nonzero current of neutrinos

along the rotation axis could have an implication for the
explanation of great linear velocities of some pulsars.
However, the numerical estimates provided in Sec. IV B
point out that the electroweak contribution to the pulsar
recoil velocity is negligible compared to other mechanisms.
The next application of the obtained solution of the Dirac

equation covers neutrino flavor oscillations in rotating matter.
Since neutrino oscillations can happen only for massive
particles, we had to use the solution corresponding to massive
neutrinos in slowly rotating matter. In Sec. VB, we have
derived that transition probability for νe → νμ oscillations.
We have obtained that the analog of the MSW effect takes
place in rotating matter. We have derived the contribution of
the matter vorticity to the resonance condition.
We consider the applications of the Dirac equation

solutions, found in the present work, mainly in neutrino
physics. We can briefly discuss another application related
to the heavy ion collisions. If a collision is noncentral, the
resulting angular momentum density can be extremely high
reaching ð103–104Þ × 250 fm3 [36]. It leads to a rather high
vorticity. Possible experimental manifestation of the CVE
was studied in Ref. [37]. Nevertheless, the interpretation of
the results of Ref. [37] requires further studies [38]. The
CVE which deals with the generation of the axial current is
strongly related to the polarization of quarks in quark-gluon
plasma (QGP) [23]. The polarization effects were men-
tioned in Ref. [36] to be sensitive to spatial inhomogene-
ities of hydrodynamic quantities.
The behavior of QGP in a heavy ion collision is driven

by mainly strong and electromagnetic interactions. The
electroweak contribution to CVE, studied in our work,
seems to play a subdominant role in an accelerator experi-
ment. Nevertheless, one may expect that this kind of con-
tribution can be important for merging neutron stars (see,
e.g., Ref. [39]).
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authors upon reasonable request.

APPENDIX A: PROPERTIES OF SPINORS
IN A ROTATING FRAME

In this appendix, we represent some differential geom-
etry objects and the components of the Dirac equation in
the noninertial rotating frame.
Based on Eq. (3.3), we rewrite the metric tensor ðgμνðxÞÞ

(μ; ν ¼ 0;…; 3) and the reciprocal as

ðgμνðxÞÞ ¼

0
BBB@

1 − ω2r2 0 −ωr2 0

0 −1 0 0

−ωr2 0 −r2 0

0 0 0 −1

1
CCCA;

ðgμνðxÞÞ ¼ ðgμνðxÞÞ−1 ¼

0
BBB@

1 0 −ω 0

0 −1 0 0

−ω 0 ω2 − 1
r2 0

0 0 0 −1

1
CCCA:

ðA1Þ

The Christoffel symbols of a symmetric connection
compatible with the metric in Eq. (3.3) are defined using
the metric tensor in Eq. (A1):

Γρ
νμðgÞ ¼ 1

2
gρτðxÞ½∂νgτμðxÞ þ ∂μgμτðxÞ − ∂τgνμðxÞ�;

∂μ ≔
∂

∂xμ
: ðA2Þ

The nonzero components of the Christoffel symbols of the
metric in Eq. (3.3) have the form

Γ1
22 ¼ −r; Γ1

02 ¼ ωΓ1
22; Γ1

00 ¼ ω2Γ1
22;

Γ2
12 ¼

1

r
; Γ2

01 ¼ ωΓ2
12: ðA3Þ

The metric tensor in Eq. (A1) can be diagonalized,
ηab ¼ gμνðxÞe:μa ðxÞe:νb ðxÞ, using the tetrad (a ¼ 1;…; 4):

e:μ0 ðxÞ ¼ δμ0 − ωδμ2; e:μ1 ðxÞ ¼ δμ1;

e:μ2 ðxÞ ¼
1

r
δμ2; e:μ3 ðxÞ ¼ δμ3; ðA4Þ

where δμν is the Kronecker delta and det ðe:μa ðxÞÞ > 0. Let
us introduce the inverse tetrad ðe:aμ ðxÞÞ ¼ ðe:μa ðxÞÞ−1, which
obeys e:μa ðxÞe:bμ ðxÞ ¼ δ:ba , e:aμ ðxÞe:νa ðxÞ ¼ δ:νμ , as
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e:a0 ðxÞ ¼ δa0 þ ωrδa2; e:a1 ðxÞ ¼ δa1;

e:a2 ðxÞ ¼ rδa2; e:a3 ðxÞ ¼ δa3: ðA5Þ

We note that gðxÞ ¼ det ðgμνðxÞÞ ¼ − det ðe:μa ðxÞÞ−2 ¼ −r2.
The Levi-Civita tensor in the metric in Eq. (3.3) is defined by
the expression,

eμνσρðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
jgðxÞj

p
εμνσρ ¼ rεμνσρ;

eμνσρðxÞ ¼ sgnðgðxÞÞffiffiffiffiffiffiffiffiffiffiffijgðxÞjp εμνσρ ¼ −
1

r
εμνσρ;

where εμνσρ ¼ εμνσρ is the Levi-Civita symbol, ε0123 ¼ þ1.
The indices, numbering the tetrad, are raised and lowered

using the metric tensor ðηabÞ and are denoted by Latin
letters. The Greek indices are raised and lowered using the
metric tensor ðgμνðxÞÞ. In both cases, the indices take values
from 0 to 3.
The Dirac matrices γμðxÞ are introduced as an arbitrary

but fixed solution of the equation,

fγμðxÞ; γνðxÞg ≔ γμðxÞγνðxÞ þ γνðxÞγμðxÞ
¼ 2gμνðxÞI4; ðA6Þ

where IN is the identity matrix of size N × N. We fix the
solution of Eq. (A6) in the form γμðxÞ ¼ γae:aμ ðxÞ, where
γa are the standard Dirac matrices which are coordinate
independent. In the chiral representation,

γ0 ¼
�

0 −I2
−I2 0

�
; γk ¼

�
0 σk

−σk 0

�
; k ¼ 1;…; 3;

ðA7Þ

wherefσ1; σ2; σ3g are the Pauli matrices:

σ1 ¼
�
0 1

1 0

�
; σ2 ¼

�
0 −i
i 0

�
;

σ3 ¼
�
1 0

0 −1

�
: ðA8Þ

Using Eqs. (A6)–(A8), one gets that

γ5ðxÞ ≔ i
4!
eμνσρðxÞγμðxÞγνðxÞγσðxÞγρðxÞ ¼ γ5

¼ iγ0γ1γ2γ3 ¼
�
I2 0

0 −I2

�
: ðA9Þ

The Fock-Ivanenko coefficients, or the spin connection,
ΓμðxÞ are uniquely determined from the conditions

½γμðxÞ;∇ν þ ΓνðxÞ� ¼ 0; SpΓμ ¼ 0; ðA10Þ

where ½A;B� ¼ AB − BA is the commutator of operators
A and B. The explicit expression for the Fock-Ivanenko
coefficients results from Eq. (A10),

ΓμðxÞ ¼ −
1

4
γν;μðxÞγνðxÞ;

γν;μðxÞ ¼ γν;μðgÞ − Γτ
νμðxÞγτðxÞ: ðA11Þ

The action of the covariant derivative ∇μ on the tensor is
denoted by a semicolon, whereas the action of the ordinary
derivative is denoted by a comma, γν;μðxÞ ≔ ∇μγνðxÞ
and γν;μðxÞ ≔ ∂μγμðxÞ.
In the metric in Eq. (3.3), the Fock-Ivanenko coefficients

have the form

Γ0ðxÞ ¼
ω

2
γ12; Γ1ðxÞ ¼ 0;

Γ2ðxÞ ¼
1

ω
Γ0ðxÞ; Γ3ðxÞ ¼ 0; ðA12Þ

γab ¼ 1

2
½γa; γb� ≔ 1

2
ðγaγb − γbγaÞ: ðA13Þ

The coefficients in Eq. (A12) are nonzero, which corresponds
to the fact that the motion of a test particle in a noninertial, in
this case, in the rotating frame of reference is equivalent to the
interaction of this particle with the gravitational field.

APPENDIX B: PROPERTIES OF
LAGUERRE FUNCTIONS

In this appendix, we list some useful properties of
Laguerre functions based on Refs. [24,35].
In general, the Laguerre functions are defined by the

relation,

Iu;vðρÞ ¼
1

Γðu − vþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γðuþ 1Þ
Γðvþ 1Þ

s

× e−ρ=2ρðu−vÞ=2Φð−v; u − vþ 1; ρÞ; ðB1Þ

where Φðξ; η; ρÞ is a degenerate hypergeometric function.
If the parameter v takes non-negative integer values, then
the Laguerre functions in Eq. (B1) are related to the
Laguerre polynomials Lβ

nðρÞ ¼ ðn!Þ−1dnðe−xxnþβÞ=dρn,

Iu;nðρÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!
Γðuþ 1Þ

s
e−ρ=2ρðu−nÞ=2Lu−n

n ðρÞ; n∈Zþ;

Zþ ¼ f0; 1; 2;…g:

Laguerre functions in Eq. (3.26) form a complete and
orthonormal system,
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Z
∞

0

Isþα;sðρÞIs0þα;s0 ðρÞdρ ¼ δs;s0 ; ðB2Þ

X∞
n¼0

Isþα;sðρÞIsþα;sðρ0Þ ¼ δρ;ρ0 : ðB3Þ

For large values of ρ, the Laguerre functions have the
following asymptotics:

In;sðρÞ ∼
ð−1Þsffiffiffiffiffiffiffiffi
n!s!

p ρðmþsÞ=2e−ρ=2; ρ → ∞: ðB4Þ

It may seem that the functions in Eq. (3.26) for n − s < 0
have a singularity at the point ρ ¼ 0. However, this is not
the case if we keep in mind the property

Ln−s
s ðρÞ ¼ ð−1Þn−s n!

s!
ρ−ðn−sÞL−ðn−sÞ

n ðρÞ:

Therefore, defining

In;sðρÞ ¼
�
In;sðρÞ; n ≥ s;

ð−1Þn−sIs;nðρÞ; n < s;
ðB5Þ

for small values of ρ. Taking into account Eq. (B5), we have

In;sðρÞ ∼
ð−1Þn−s
jn − sj!

�
n!
s!

�
ϵ=2

ρjn−sj=2;

ϵ ≔ signðn − sÞ; ρ → 0: ðB6Þ

From Eqs. (B4) and (B6) it is easy to see that these
functions tend to zero at ρ → 0 and ρ → ∞.

APPENDIX C: ENERGY SPECTRUM FOR
MASSIVE NEUTRINOS IN A SLOWLY

ROTATING MATTER

In this appendix, we show how to get the roots of
Eq. (5.19) to determine the energy spectrum of massive
neutrinos in Sec. VA.
In general, Eq. (5.19) is an incomplete quartic equation,

w4 þ pw2 þ qwþ r ¼ 0; w ¼ E −
g0

2
− 2ζnχω; ðC1Þ

where ζ ¼ signE. The coefficients in Eq. (C1) are

−
p
2
¼
�
2ωnχ þ ζ

g0

2

�
2

þ ω2

4
þ p2

z þm2 ≥ 0; q ¼ 2ωg0ðpz − 2ζg0nχÞ;

r ¼
�
ð2nχωÞ2 þ

�
pz þ

ω

2

�
2

−
�
g0

2

�
2
��

ð2nχωÞ2 þ
�
pz þ

ω

2

�
2

−
�
g0

2

�
2

− q

�

þ 2m2

��
2ωnχ þ ζ

g0

2

�
2

−
ω2

4
þ p2

z

�
þm4: ðC2Þ

The solution of Eq. (C1) can be obtained as follows. Using
the new variable ξ, we rewrite Eq. (C1) as

w4 þ pw2 þ qwþ r

¼
�
w2 þ p

2
þ ξ

�
2

−
�
2ξw2 − qwþ p2

4
− rþ pξþ ξ2

�
¼ 0: ðC3Þ

In order for the trinomial 2ξw2 − qwþ p2=4 − rþ pξþ ξ2

to be reduced to a perfect square ðw2 þ p=2þ ξÞ2, its
discriminant should be equal to zero:

ξ3 þ pξ2 þ
�
p2

4
− r

�
ξ −

q2

8
¼ 0: ðC4Þ

If ξ ¼ ξ1 is some root of the cubic Eq. (C4), then

2ξw2 − qwþ p2

4
− rþ pξþ ξ2 ¼ 2ξ1

�
w −

q
4ξ1

�
2

: ðC5Þ

Substituting Eq. (C5) into Eq. (C3), we obtain

�
w2 þ p

2
þ ξ1

�
2

¼ 2ξ1

�
w −

q
4ξ1

�
2

; ðC6Þ

then

w2 þ p
2
þ ξ1 ¼ ε1

ffiffiffiffiffiffiffi
2ξ1

p �
w −

q
4ξ1

�
; ε1 ¼ �1: ðC7Þ

We are interested in the real roots of Eq. (C1). Therefore, let
ξ1 be the positive root of cubic Eq. (C4),

ξ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
q
2
−

ffiffiffiffi
Q

p
3

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
q
2
þ

ffiffiffiffi
Q

p
3

r
;

Q ¼
�
p
3

�
3

þ
�
q
2

�
2

: ðC8Þ

Using Eq. (C8), one derives Eq. (5.35) for the energy levels.
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