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We compute the coefficients ¢, (7, B) and ¢4 (T, B) of the Taylor expansion for the pressure in powers of
ug/T in the presence of a large magnetic field within perturbative quantum chromodynamics (QCD) at
finite temperature and baryon density up to two-loops for Ny = 3 flavors with physical quark masses. We

also present results for the excess of pressure, baryon density, and baryon number susceptibility as
functions of yp, as well as susceptibilities as functions of the temperature in the {yp, g, ps} basis. Our
results can be directly compared to recent lattice QCD data. Even though current lattice results do not
overlap with its region of validity, perturbative results seem to be compatible with those obtained on the

lattice for large temperatures.
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I. INTRODUCTION

The phase diagram of strong interactions is ultimately to
be constructed from in-medium quantum chromodynamics
(QCD), the fundamental theory for hadronic matter. Besides
temperature and different chemical potentials, the inclusion
of an external magnetic field as one of the control parameters
has proven to be phenomenologically relevant in different
scenarios [1], from the astrophysics of compact stars [2—4]
and binary neutron star mergers [5,6] to noncentral, high-
energy heavy ion collisions [7-13], as well as in the early
Universe [14-16].

First-principle calculations within magnetic QCD can be
performed using lattice QCD simulations [17-28] (see
Ref. [29] for a recent review), perturbation theory [30-35],
hard thermal loop perturbation theory [36—40], and in certain
limits of QCD such as for a large number of colors N, [41]
and within chiral perturbation theory [42—45]. Of course, one
can also adopt holographic models [46-50] and a variety of
effective models [1,51-55].
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Recently, the QCD equation of state in the presence of an
external magnetic field B and nonzero baryon density yp,
besides the temperature 7, was investigated via lattice
simulations with 2 4+ 1 dynamical staggered quarks at their
physical masses [56]. The simulations were performed
using the method of the imaginary baryon chemical
potential to circumvent the sign problem [57]. Their results
indicate considerable enhancement of the coefficients for
the expansion of the pressure in powers of pg/T by the
presence of the magnetic field, considering values up to
eB = 1.2 GeV?. The presence of the magnetic field also
shifts their characteristic temperature dependence to lower
values, which is consistent with the reduction of the critical
temperature for the chiral transition and a strengthening of
the transition as the magnetic field is increased [29].

In this paper we compute the coefficients ¢, (7, B) and
¢4(T, B) for the expansion of the pressure in powers of
ug/T in the presence of a large magnetic field from first
principles within perturbative QCD (pQCD) at finite tem-
perature and baryon density up to two-loops for Ny =3
flavors with physical quark masses. Since we use perturba-
tive QCD within the lowest-Landau level (LLL) approxi-
mation, the region of validity for our framework is given by
m, < T < +/eB, where m; is the strange quark mass, e is
the fundamental electric charge, and B is the magnetic field
strength. We include the effects of the renormalization scale
in the running coupling, a,(7,v/eB), and running quark
masses, since these effects have proven to be relevant for the
resulting thermodynamics [58-62].
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We also present results for the excess of pressure,
baryon density and baryon number susceptibility as
functions of up, as well as susceptibilities as functions
of the temperature in the {up. g, us} basis. Here, these
are the chemical potentials for baryon number, charge and
strangeness, respectively. These results, obtained from
pQCD, can be directly compared to those obtained within
lattice QCD, keeping in mind that the ranges of temper-
ature and magnetic field strength in current lattice sim-
ulations are still below the region of validity of the
perturbative calculations in the LLL approximation.
Nevertheless, the agreement seems to be very satisfactory.
Even though one cannot address within the pQCD
framework the region that lies close to the chiral transition,
where the coefficients ¢;(7, B) exhibit a much richer
structure, our perturbative results seem to be compatible
with those obtained on the lattice for large temperatures
and a magnetic field of eB = 1.2 GeV>. Finally, we
provide predictions for the behavior of the coefficient
¢»(T, B) as a function of eB for fixed (high) temperatures,
which could be compared to the lattice once higher
magnetic fields for this physical setup are attained in
|

the future. The coefficient ¢4(7, B), on the other hand, is
vanishingly small for large magnetic fields.

This work is organized as follows. In Sec. II we present
the perturbative framework and a few details on the
calculation of the pressure to two-loops, including the
running of the coupling and strange quark mass, as well
as the expressions for the coefficients ¢, (7, B) and ¢4 (T, B).
In Sec. IIT we discuss our results for the coefficients ¢, (7', B)
and ¢4(T,B), as well as the excess of pressure, baryon
density, and baryon number susceptibility as functions of i,
and susceptibilities as functions of the temperature in the
{up.1o.pus} basis, comparing them to the ones obtained
using lattice QCD simulations. Section IV contains our
summary and outlook.

II. THEORETICAL FRAMEWORK

Let us start with the pressure of thermal QCD in the
presence of high magnetic fields, which has been computed
to two-loop order [30,33,34]. The one-loop (free), contri-
bution from the quark sector is given by the following
renormalized expression (subtracting the pure vacuum
term) [51-54]:

P?ree_z( B)’ (=1, xp) = '(~1 O)+1( —x3)1 +X§-
N 4o ¢ R R A e )
d
+ TZ qf 1 _ n0/2) /zin-z{ln(l + e_ﬁ[E<n*pZ>_”f]) +1n(1 + e_/))[E<nvpz)+ﬂf])}’ (1)
n,f

where E?(n, p.) = p? + m2 +2qsBn,x; =m ;/quB T = 1/p is the temperature, 4, is the quark chemical potential, N,

is the number of colors, f labels quark flavors, g, is the quark electric charge, and n =0, 1,2, .

stands for the Landau

levels. In this expression, Matsubara sums have already been performed in the medium contnbutlon
Taking the limit of very high magnetic fields (m; < T < v/eB), one ends up with the lowest Landau level (LLL)

expression

N, 272

P ——zf:( /By’ [x/In  /x7] —I—Tz /dpz{l (1 4 e PEOP)=#) 1 1n (1 4 e PEOP) 1YL (2)

The one-loop contribution from the gluons has the usual Stefan-Boltzmann form [72]

PG

free

2T4

=2(N2 = 1) T (3)

The two-loop (exchange) contribution from the quark sector can be written as

P L)% % 1 qr B dmk zmis 2
N, 2 ( 2 ) / o "Glmg. mp). )

'One should notice that there is an inherent arbitrariness in the renormalization procedure in the presence of a magnetic background
(see Refs. [63—71] for a discussion). In Eq. (1), all mass-independent terms were neglected and the pure magnetic term goes to zero in the
limit m — 0. There are renormalization procedures where other terms survive and the pure magnetic expression diverges as m — 0. This
discrepancy in the renormalized expression leads to differences in some physical quantities, e.g., the magnetization [66]. It is important
to note however, that the susceptibilities and the expansion coefficients calculated below are independent of the renormalization
procedure, since the pure magnetic terms do not contribute.

014014-2



SUSCEPTIBILITIES AND TAYLOR COEFFICIENTS OF ...

PHYS. REV. D 113, 014014 (2026)

where

G m?) e

Here k;, = (i, k,), py = (io}, + ps. p,). 41 =

N2 -1 dk.dp.dq
(M) [ anap. -

4m}
millpt — millgr —m3]’

T3 Z ﬂ5n1 Mo+ [kz (5)

£.ny,ny

(iwh, + ps.q,), where w2 = 2T for bosons and w} = (2n; + 1)aT

for fermions are Matsubara frequencies, with # and n; integers.

Evaluating the momentum integrations yields2

Glm. m2) =~V ( Ne

where

Er=1/ wp + m, (7)

En = \/(a),,2 + wp + ips)* + m; (8)

Ery =\ (@, + it + i (9)

As remarked long ago [30], the chiral limit for perturbative
QCD at very high magnetic fields is extremely simple: the
exchange contribution vanishes identically for m; = 0 (see
also Ref. [33]).

The two-loop contribution from the gluons is given by
the well-known formula [72]

g1

P§ = =N.(N2= 1) .

(10)
so that the total pressure to two-loop order can be written as

Py = P{, + P§ + PRl + P (11)

free free exch

This expression can be used to compute the coefficients
of the Taylor expansion for the pressure in powers of jip =
up/T in the presence of a large magnetic field, such that

P

73 =co(T.B) + oo(T, B)jig + ca(T. B)itg + O(f3).  (12)

where the coefficients are

10"P
Cn(T’B> -

n! ougl, —o

(13)

*In this expression, the UV limit is controlled by the Gaussian

/nz

k
weight e >/, while the IR sector is controlled by the m7 overall
factor. As a result, the two-loop pressure in the presence of an
extremely strong magnetic background vanishes in the chiral
limit [30,34].

-1 E,—€&
T2m2 e , 6
) nggn]gnz|gf gn2|(|£f Enzl +€n1) ( )

[
Those can be directly compared to recent lattice results
[56], as we show in the sequel.

The pressure to two loops for 3 flavors with physical
quark masses depends not only on the temperature, baryon
chemical potential and magnetic field, but also on the
renormalization subtraction point A, an additional mass
scale introduced by the perturbative expansion. This comes
about via the scale dependence of both the strong coupling
a,(A) and strange quark masses m(A).

The running of both @, and m, are known to four-loop
order in the MS scheme [73]. For our O(,) calculation of
the QCD pressure, we adopt for the couphng [60]

4z 26, InL
S (Pt Rt 14
ﬂoL( 7 L> (14)

a;(A)
where po=11-2N,/3, pr=51-19N,/3,
L =21In(A/A5g). It is clear therefore that the running
of a; is a function of Ny, so that fixing the quark mass at
some energy scale also depends on the number of flavors.
For the strange quark mass, we have

my(A) = i, <“;> v [1 +0.895062 <“;>} . (15)

with /71, being the renormalization group invariant strange
quark mass, i.e., A independent. Since Eq. (14) for a; tells us
that different values of N give different values of Ay, by
choosing (A = 1.5 GeV, N, = 3) = 0.3362 )50 [74],
we obtain A2+1 = 3437!3 MeV. Finally, fixing the strange
quark mass at my(2 GeV, Ny = 3) = 92.4(1.5) MeV [75]
gives m2+! ~248.7 MeV when using a2*! in Eq. (15).
Following the detailed analysis of different implementa-
tions of the scale dependence performed in Ref. [33], we
show results only for the most physical case: A =
(22T)* + eB, which corresponds to a natural extension
of whatis done in finite-temperature field theory in the absence
of a magnetic field [72]. Hence, we show results from pQCD
including bands that encode the renormalization-scale
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dependence in the standard range between half the central
scale A and twice its value.

III. RESULTS

In what follows we present our perturbative results for
the first two nonvanishing coefficients of the Taylor
expansion for the pressure in powers of iz = ug/T. One
should keep in mind that, since we adopt the lowest-Landau
level approximation in order to obtain analytic results and
more control on qualitative aspects, the region of validity

for our framework is restricted to m, < T < v/eB, where
my is the strange quark mass, e is the fundamental electric
charge, T is the temperature, and B is the magnetic field
strength. So, we show perturbative bands that, presumably,
lattice results should reach at higher temperatures, as it does
for ¢, and cy.

In Fig. 1 the coefficient ¢, as a function of the temper-
ature is displayed for eB = 1.2 GeV?, comparing our
pQCD results with the lattice data from Ref. [56]. In this
reference, lattice simulations are performed for chemical
potentials such that u,, = p, and p, = 0. In our perturbative
calculations that corresponds to having no contribution
from the s quark to the coefficients c,,. That is precisely the
reason why the one-loop contribution, c%L, has no scale
dependence, whereas the full two-loop coefficient, C%L,
displays a tiny theoretical uncertainty band: for u and d
quarks, only the two-loop contribution has scale depend-
ence and it is very small for small masses, since c, ~ m?, as
can be seen in Eq. (6). Figure 1 clearly shows that the
perturbative results seem to be compatible with those from
lattice QCD for higher temperatures.

Figure 2 displays our results for the coefficient ¢, as a
function of the temperature for eB = 1.2 GeV?, as well as
lattice data from Ref. [56]. One can see that the lattice band
merges quite smoothly onto the (narrow) perturbative band,
so that there is a nice overlap region. The perturbative band
at two-loop order is narrow, and the dislocation between
one- and two-loop contributions is considerably larger3
than in the case of c,. However, it still requires magnifi-
cation of the plot to be visible and remains much smaller
than the typical size of the lattice QCD band.

Our predictions for the behavior of ¢, as function of the
magnetic field for 7 = 500 MeV are shown in Fig. 3, going
to much higher values of the magnetic field strength, up to
10 GeV?2. As the magnetic field increases, ¢, increases in a
linear fashion with a very narrow perturbative band. The
linear trend is in line with lattice data shown in Ref. [56] for
three values of the magnetic field, eB = 1.2 GeV? being
the highest. Our perturbative prediction then states that the
linear behavior should extend also to much higher magnetic

This is highly dependent on the mass value. When there are
contributions from the strange quark, the exchange contribution is
larger, as can be seen in Fig. 7.
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4.0t E
N\ 2
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O
X
35¢
S
\\
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130 140 150 160 170 180 190 200
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FIG. 1. Coefficient ¢, as a function of the temperature for
eB = 1.2 GeV2. Lattice data (lower, red band) from Ref. [56] and
bands on the right from pQCD up to one and two loops. Bands in
the perturbative part represent the renormalization-scale depend-
ence in the standard range between half the central scale A and
twice its value.
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FIG. 2. Coefficient ¢4 as a function of the temperature for
eB = 1.2 GeV?. Lattice data (left band) from Ref. [56] and bands
on the right from pQCD up to one and two loops. Bands in the
perturbative part represent the renormalization-scale dependence
in the standard range between half the central scale A and twice
its value.

field values. The coefficient ¢, for large magnetic fields is,
on the other hand, very small, essentially zero.

The fact that the coefficient ¢, presents a larger contri-
bution from two loops might rise concerns with respect to the
convergence of perturbation theory in this setting. However,
this is misleading. First of all, it is important to notice that in
all cases the coefficient ¢, is always at least an order of
magnitude smaller than c¢,. The convergence happens in the
expansion in the strong coupling, a,, and in the expansion in
(small) fiz, the former being further reassured by smaller
values of the products ¢, (7T, B)ji}, for higher loop contri-
butions. This can be directly seen in Fig. 4, where we plot the
excess in pressure AP = P(T,up) — P(T,upy = 0) and
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FIG. 3. Coefficient ¢, as a function of the magnetic field for

T = 500 MeV. Bands from pQCD up to one and two loops, which
represent the renormalization-scale dependence in the standard
range between half the central scale A and twice its value.
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FIG. 4. The excess of pressure, AP, as function of jip for two
values of temperature, T = 152, 160 MeV. Here, eB = 1.2 GeV?.
Lattice data from Ref. [56]. Bands in the perturbative results
represent the renormalization-scale dependence in the standard
range between half the central scale A and twice its value.

show that it behaves as expected, with the two-loop result
being a small correction with respect to the one-loop
contribution. Moreover, the perturbative results are in very
good agreement with the lattice predictions.

In Figs. 5 and 6 we show the baryon number density and
the baryon number susceptibility, respectively, as functions
of jip for T =152, 160 MeV and eB = 1.2 GeV?. We
include only the contributions from ¢, and ¢, for both the
pQCD expansion and lattice QCD. The perturbative band is
very close to that from the Lattice, as expected from the
results of Fig. 4, yet exhibiting a more distinct deviation as
jipg — 1, where the expansion is less accurate.

Finally, we present results for the susceptibilities in the
{Hp. 1o, pus} basis, which can be compared to the findings

i
8 - 1L
LQCD
----- T =152 MeV
6F === T =160 MeV
[\el
&~ eB =1.2 GeV?
3
S
2 -
0 i 1 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
[iB
FIG. 5. Baryon density as a function of jip for two values of

temperature, 7 = 152, 160 MeV. Here, ¢B = 1.2 GeV?2. Lattice
data from Ref. [56]. Bands in the perturbative results represent the
renormalization-scale dependence in the standard range between
half the central scale A and twice its value.

™ TF -
&~
=
. 6 ]
N 2L )
5E| ==mm- 1L eB =12 GeV j
LQCD
4+ —— T =152 MeV g
— T =160 MeV
0.0 0.2 0.4 0.6 0.8 1.0
KB

FIG. 6. Baryon number susceptibility as a function of jiz for two
values of temperature, T = 152, 160 MeV. Here, eB = 1.2 GeV?.
Lattice data from Ref. [56]. Bands in the perturbative results
represent the renormalization-scale dependence in the standard
range between half the central scale A and twice its value.

of Ref. [76] on the lattice for a smaller value of the
magnetic field. There they are given by the following
relations:

1
XBB = 9 (X200 + X020 + X002 + 2x110 + 2x101 + 2¥011)-
(16)

(4200 + X020 + X002 = 4110 — 41101 + 2X011)-
(17)

Xoo =

O —

Xss = X002> (18)
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FIG. 7. ygp, xgo and yss as functions of the temperature
for eB = 0.8 GeV2. Lattice data from Ref. [76]. Bands in the
perturbative results represent the renormalization-scale depend-
ence in the standard range between half the central scale A and
twice its value.

where y; is given by

o0\i/ o\ /[ o\kP
=) (=) (-=) —=. 19
Xijk <au> (aﬁd) (@) T (19)

Our perturbative two-loop calculation is diagonal in
flavor, since nondiagonal contributions appear only at the
next perturbative order due to the ring resummation [77].
Thus, we have y110 = ¥101 = Yo11 = 0. In Fig. 7 we show
the susceptibilities as functions of the temperature for a
magnetic field eB = 0.8 GeV2. We compare our perturba-
tive results with lattice data from Ref. [76]. Here, we can
notice that the strange contribution has a larger scale
dependence due to the contribution of myg, as discussed
before. Even though the magnetic field is probably too low
for our LLL hierarchy of scales to hold, it is encouraging that
our results are in the same ballpark of lattice QCD
for T > 170 MeV.

It is clear that lattice simulations are not within the ideal
hierarchy of scales to provide a fair comparison to
perturbative QCD yet. In this regard, it would be necessary
to have more values of the magnetic field from the lattice to
compare in the future. Nevertheless, our results are in a
reasonably good agreement, which is encouraging. They, of
course, miss the nonmonotonic behavior of the coefficients
¢, and ¢y, as expected from a perturbative calculation. On
the other hand, the reduction of the contribution from
higher orders in perturbation theory and the narrow
uncertainty bands from the renormalization scale freedom
make the description reasonable.

IV. SUMMARY AND OUTLOOK

In this paper, we computed the coefficients ¢, (7, B) and
c4(T,B) of the Taylor expansion for the pressure in

powers of ug/T within perturbative QCD at finite temper-
ature and density, and in the presence of very high
magnetic fields, up to two loops with physical quark
masses. We also calculated the excess of pressure, baryon
density, and baryon number susceptibility as functions of
i, as well as susceptibilities as functions of the temper-
ature in the {ug, ug, pis} basis. Since we adopt the lowest-
Landau level approximation in order to obtain analytic
results and more control on qualitative aspects, the
region of validity for our framework is restricted to
m, < T < \/eB, where m, is the strange quark mass,
e is the fundamental electric charge, T is the temperature,
and B is the magnetic field strength. Even though current
lattice results do not overlap with its region of validity, we
found that perturbative results are compatible with those
obtained on the lattice for the largest temperatures
probed [56].

The magnetic perturbative series exhibits mostly narrow
error bands, which originate in the truncation of the
perturbative series and the mass scale that emerges as a
consequence, giving more robustness to the overlap in ¢4
and the good tendency in ¢, when compared to lattice data
in their temperature dependence. As for their magnetic field
dependence, we provide predictions to ¢, (7, B) to larger
fields at high temperature, c4(7,B) being vanishingly
small. Those are qualitatively in line with results for three
smaller values of the field shown in Ref. [56]. Our findings
for the excess of pressure, baryon density and baryon
number susceptibility are also in good agreement with
lattice data for small values of jiz. Even for the smaller
intensity of magnetic field considered in the lattice simu-
lations of Ref. [76], our results for the susceptibilities yzp,
Xo0- and ygg are reasonable when compared to their high
end in temperatures.

The overall results reinforce the conjecture that the
perturbative series even in a thermal setting displays a
significantly improved behavior in the presence of an
extreme magnetic background, at least in the (dominant)
quark sector. This is ultimately related to a relative
suppression of quark interactions in this regime. A sys-
tematic study of the convergence of the perturbative series
is certainly required to verify this improvement. In order to
reach conditions closer to phenomenological settings for
the physical scales involved, relaxing the lowest-Landau
level approximation is probably the most important refine-
ment, representing a feasible albeit technical challenge.

To consider moderate magnetic fields, in a region that is
more relevant phenomenologically, one should probably
combine perturbative QCD with a model description for
lower temperatures and densities. Although this is certainly
useful, and a path we plan to follow, one should have in
mind that much lower magnetic fields barely affect the
equation of state and the phase diagram. Moreover, that
would depart from the clean first-principle calculation we
have presented in this paper.
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