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The geometry of center vortices is studied in the novel lattice-artefact phase that appears with staggered
fermions to elucidate any insight provided by the center-vortex degrees of freedom. For various numbers of
fermion flavors, the single-site shift symmetry of the staggered-fermion action is broken in a finite region of
the ðβ; mÞ phase space. Simulations are performed with six degenerate fermion flavors and a range of β values
that span the phase boundary. Center vortices are demonstrated to capture the broken shift symmetry that
manifests in the unphysical phase. This persists at the level of each individual plaquette orientation, where it is
revealed that only the plaquettes that span the broken dimension are affected. Several bulk center-vortex
quantities, including the vortex and branching point densities, are considered to highlight other aspects of
vortex geometry sensitive to the unphysical phase. A slight preference for the plaquettes affected by the
broken shift symmetry to be pierced by a vortex is observed. This translates also to a greater branching point
density in three-dimensional slices that span the broken dimension. Combined, these findings provide a novel
characterization of the unphysical phase in terms of the fundamental center degrees of freedom.
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I. INTRODUCTION

Staggered fermion discretization on the lattice is advan-
tageous due to its low computational cost and because it
maintains a subset of chiral symmetry. Physical results,
as with any other fermion formulation, are obtained in
the continuum limit β → ∞, where β ∼ 1=g20 is the bare
coupling on the lattice. In the simplest cases at zero
temperature, simulations are performed on some lattice
volume, with bare masses mi and coupling β.
The possibility of an unphysical lattice-artefact phase in

the ðβ; mÞ phase diagram was noted in Refs. [1,2]. Such a
phase should naturally be avoided in taking the continuum
limit. Concrete simulation results demonstrating the pres-
ence of the unphysical phase were reported in Refs. [3–5]
with various flavor content, all with gauge group SU(3) and
some amount of Dirac operator improvement in the form
of smearing. Taking all quark flavors as degenerate, the
unphysical phase corresponds to a finite region in the
ðβ; mÞ plane as illustrated in Fig. 1 for various flavor
numbers. The unphysical phase has also been studied

within the framework of chiral perturbation theory in
Ref. [6]. Interestingly, there is currently no convincing
evidence for the presence of the unphysical phase with
unimproved, unsmeared staggered fermions.
There is a symmetry breaking associated with the phase

transition. In the unphysical phase the following single-site
shift symmetry of the staggered fermion discretization [7] is
broken:

χðxÞ → ξμðxÞχðxþ μ̂Þ;
χ̄ðxÞ → χ̄ðxþ μ̂ÞξμðxÞ;

UμðxÞ → Uμðxþ μ̂Þ; ð1Þ

while it is intact in the physical phase connected to the
continuum limit. Here, χðxÞ is the staggered fermion field

on the lattice with signs ξμðxÞ ¼ ð−1Þ
P

ν>μ
xν , and UμðxÞ

are the usual link variables.
In this work, we examine this unphysical phase from the

viewpoint of center vortices [8–11]. We aim to determine if
center vortices can capture this physics and, if so, learn the
insight provided through the relatively simple description
of nonperturbative phenomena in quantum chromodynam-
ics (QCD).
Extensive studies have demonstrated that the center-

vortex degrees of freedom underpin many nonperturbative
phenomena of lattice gauge theory, including confinement
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and chiral symmetry breaking [12–44]. In recent work, the
dependence of center vortices on the number of flavors was
analyzed in relation to the conformal window [45], where
care had to be taken to avoid the unphysical phase. It is thus
of interest to investigate to what extent the vortex degrees of
freedom capture the broken-shift-symmetry phase. If suc-
cessful, significant insight into the unphysical phase may
be obtained.
Thispaper is structuredas follows. InSec. II,we summarize

the center-vortex approach and our lattice simulation details
utilized for the study.Theunphysical phase is demonstrated in
Sec. III, initially for the untouched configurations before
demonstrating that the broken shift symmetry is captured by
the vortex-only fields. Section IV presents a deep dive into
several vortex properties that are sensitive to the phase
transition. Finally, we summarize our findings in Sec. V.

II. CENTER VORTICES

Center vortices [8–11] are regions of the gauge field
that carry magnetic flux quantized according to the center
of SU(3),

Z3 ¼
�
exp

�
2πi
3

n
�
I j n ¼ −1; 0; 1

�
: ð2Þ

Physical vortices in theQCDground-state fields have a finite
thickness. On the lattice, “thin” center vortices are extracted
through a gauge-fixing procedure that seeks to bring each
link variableUμðxÞ as close as possible to an element ofZ3,
known as maximal center gauge (MCG). These thin vortices
form closed surfaces in four-dimensional Euclidean space-
time, and thus one-dimensional structures in a three-dimen-
sional slice of the four-dimensional spacetime.
Fixing to MCG is performed by finding the gauge

transformation ΩðxÞ to maximize the functional [46]

R ¼
X
x;μ

jTrUΩ
μ ðxÞj2: ð3Þ

The links are subsequently projected onto the center,

UΩ
μ ðxÞ ⟶ ZμðxÞ ¼ exp

�
2πi
3

nμðxÞ
�
I∈Z3; ð4Þ

with nμðxÞ∈ f−1; 0; 1g identified as the center phase
nearest to arg TrUμðxÞ for each link. Finally, the locations
of vortices are identified by nontrivial plaquettes in the
center-projected field,

PμνðxÞ ¼
Y
□

ZμðxÞ ¼ exp

�
2πi
3

mμνðxÞ
�
I; ð5Þ

withmμνðxÞ ¼ �1. The value ofmμνðxÞ is referred to as the
center charge of the vortex, and we say the plaquette is
pierced by a vortex.

Although gauge dependent, numerical evidence indi-
cates that the projected vortex locations correspond to the
physical “guiding centers” of thick vortices in the original
fields [15,29,46,47]. This allows one to investigate the
significance of center vortices through the vortex-only
field ZμðxÞ.
To investigate center vortices in the unphysical phase, six

degenerate flavors of staggered fermions are employed
with a bare mass m ¼ 0.015 and β values ranging from
2.5–2.9. These parameters are seen from Fig. 1 to span the
boundary of the broken-shift-symmetry phase for Nf ¼ 6.
Symmetric 164 lattice volumes are utilized over the full β
range, with 244 volumes also considered for a subset of β
values to demonstrate that our results are not afflicted by
finite volume effects.
The ensembles are generated using the HMC [48] and

RHMC [49] algorithms, with two steps of stout-smeared
links [50,51] at smearing parameter ρ ¼ 0.12 in the fermion
sector and the tree-level Symanzik-improved action
[52,53] in the gauge sector. This setup is identical to
Refs. [5,54,55].

III. UNPHYSICAL PHASE

The first point of consideration is to demonstrate the
broken shift symmetry on our untouched ensembles, and
whether this carries down to the projected vortex-only
fields. The typical order parameter used to quantify the
unphysical phase is [3]

ΔμP ¼ hPðxÞ − Pðxþ μ̂Þixμ even; ð6Þ

PðxÞ ¼
X
μ<ν

1

3
ReTrPμνðxÞ; ð7Þ

FIG. 1. Adapted from Fig. 2 in Ref. [5]. Approximate locations
of the broken-shift-symmetry phase boundaries in the ðβ; mÞ
plane for various numbers of fermion flavors Nf. The phase is
located under the curves and extends down to a bare quark mass
m ¼ 0. The thickness of the curves reflects an uncertainty in the
precise boundary locations. A transition does exist for Nf ¼ 3,
but cannot be properly resolved at the shown scale.
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where PμνðxÞ ¼ UμðxÞUνðxþ μ̂ÞU†
μðxþ ν̂ÞU†

νðxÞ, and for
each μ the average in Eq. (6) is taken only over even lattice
sites in the μ direction. The quantity PðxÞ is a sum over all
plaquette orientations at x. In the physical phase, we expect
ΔμP ¼ 0 for each μ, with the understanding that there is no
preferred sign for the difference PðxÞ − Pðxþ μ̂Þ between
adjacent plaquettes. In the unphysical phase, however, ΔμP
develops a nonzero value along one or more dimensions.
To start, we collapse the dimensional information into a

single quantity by calculating the square ðΔμPÞðΔμPÞ for
each of our ensembles. Its evolution with β is shown in
Figs. 2 and 3 for the untouched and vortex-only configu-
rations, respectively.
Looking first at the untouched configurations, we find

that ðΔμPÞ2 attains near-zero values in the upper end of our
β range (β ¼ 2.9) and gradually increases as β decreases.
This is the expected outcome. The fact that ΔμP is not
perfectly zero at our largest β, in the physical phase, is a
byproduct of the finite volume. One would expect this to
approach zero as the infinite volume limit is taken.
Indeed, a comparison of our lattice volumes reveals
that ΔμP tends to be smaller on the larger 244 volume,
particularly for higher β. However, the smaller 164 volume
is sufficient to highlight the transition into the broken-shift-
symmetry phase.
Turning to the vortex-only fields (Fig. 3), we observe

similar qualitative behavior in ðΔμPÞ2. Namely, it starts off
small at large β and increases towards the left. This
immediately indicates that the center-vortex degrees of
freedom are sufficient to capture the broken shift symmetry.
It is interesting to note that the value of ðΔμPÞ2 is
approximately an order of magnitude larger on the vor-
tex-only fields compared to the untouched configurations.

This has a simple explanation. In the vortex fields, the
difference between adjacent plaquettes is only nonzero
when one plaquette is pierced by a vortex while the other is
trivial. Owing to the discrete nature of the center, the
smallest possible such difference is therefore �1.5. This is
in contrast to the untouched configurations where the
plaquette takes a continuous spectrum, and as such the
difference PðxÞ − Pðxþ μ̂Þ tends to be smaller.
Having shown at a high level that center vortices are

sensitive to the unphysical phase, we now wish to consider
the broken symmetry in greater detail. It was mentioned
that ΔμP can be nonzero in one or more dimensions at a
time, and additionally this dimension can vary as a function
of simulation time (i.e. on a configuration-to-configura-
tion basis).
To examine this, we select one 244 ensemble in the

unphysical phase at β ¼ 2.675, and calculate ΔμP for each
μ under a moving average of 30 configurations in the HMC
trajectory. This window size is chosen to be sufficiently
large to produce a smooth curve as the window is shifted,
while also being sufficiently small to demonstrate the
variation in ΔμP with simulation time. To be precise, the
value associated with the ith window of 30 configurations
is calculated by averaging over configurations i through
iþ 29 in simulation time, with ten HMC trajectories
between each sampled configuration. The resulting evolu-
tion is presented for the untouched configurations in Fig. 4,
and again for the vortex-only fields in Fig. 5.
Initially, the symmetry breaking is most pronounced in

the temporal dimension (μ ¼ t), for which the difference
ΔμP is negative. This is seen to weaken as the 30-
configuration window is shifted, while simultaneously
becoming stronger in the y dimension where the difference

FIG. 2. The square ðΔμPÞ2 ¼ ðΔμPÞðΔμPÞ of the order param-
eter defined in Eq. (6) for our untouched configurations. It starts
off close to zero at high β near the boundary of the unphysical
phase, and steadily increases as β is decreased and we enter the
broken phase proper.

FIG. 3. Same as Fig. 2 but for our vortex-only configurations,
after fixing to maximal center gauge and projecting. A similar
trend is observed as for the untouched configurations, though the
order parameter is nearly an order of magnitude larger. Crucially,
center vortices are seen to capture the broken shift symmetry.
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is positive. This illustrates how the symmetry breaking can
move between the dimensions, and is not locked into a
single sign. Furthermore, there is a mild breaking observed
in the x and z dimensions over a majority of the analyzed
range. Nearly identical behavior is exhibited on both the
untouched and vortex-only configurations, though the
value of ΔμP is again considerably larger on the latter.
The gradual change in direction of the order parameter

throughout the simulation is typical of spontaneous sym-
metry breaking in a finite volume, such as is also observed
with the chiral condensate. This is in contrast to explicit
symmetry breaking, which would fix the direction of the
order parameter, though since no explicit breaking is
present ΔμP is found to slowly rotate around the various
dimensions μ.

In fact, it is possible to further decompose ΔμP down to
the individual-plaquette level. So far, all plaquette orienta-
tions have been summed over in calculating ΔμP, as
described by Eq. (7). We are now interested in ascertaining
whether all plaquette orientations are affected if the shift
symmetry is broken along a specific dimension μ, or only a
subset. For instance, one might hypothesize that it is only
those plaquettes that include the broken dimension μ that
are affected. This is the first time that the broken symmetry
has been studied at this level.
To conduct this investigation, it is beneficial to choose an

ensemble on which the symmetry is broken along one
dimension over an extended simulation time. We are
fortunate that such an example is provided by our ensemble
at β ¼ 2.55, which is seen from Figs. 2 and 3 to be our β
value with near-maximal symmetry breaking for both the
untouched and vortex-only configurations. On this ensem-
ble, the symmetry is strongly broken along the z dimension
(i.e. μ ¼ z) for 100 configurations. Instead of summing
over all distinct plaquette orientations, we therefore pro-
ceed to calculate ΔzPμν separately for every μ < ν. The
results are shown in Figs. 6 and 7, with the average over all
orientations displayed for reference.
Here, we discover that it is in fact only the plaquettes that

include the dimension under consideration for which the
shift symmetry is broken. The individual order parameters
for xy, xt, and yt plaquettes, none of which include the z
dimension, are consistent with zero over the entire con-
sidered range. On the other hand, the equivalent compu-
tations for xz, yz, and zt plaquettes, all of which cover
the z dimension, reveal persistently nonzero values of
ΔzPμν, indicating breaking of the shift symmetry. The

FIG. 4. A moving average of ΔμP over a window of 30
configurations in simulation time for each dimension μ, calcu-
lated on the untouched fields. This demonstrates how the shift
symmetry can be broken along multiple dimensions simulta-
neously, and additionally that the strength of the symmetry
breaking can vary with simulation time.

FIG. 5. Same as Fig. 4 but for our vortex-only configurations.

FIG. 6. The order parameter ΔzPμν for each distinct plaquette
orientation μ < ν on our ensemble at β ¼ 2.55. A moving
average is again utilized to show constancy with simulation
time. This shows that it is only those plaquettes that include the
shifted dimension (here, the z dimension) for which the symmetry
is broken.
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order parameter obtained from averaging over all plaquette
orientation unsurprisingly lies halfway between the two
groups.
Aswith the previous quantities, this decomposition is valid

on both the untouched and vortex-only configurations. This
soundly establishes that center vortices capture the essential
aspects of the unphysical broken-shift-symmetry phase.
It is prescient to discuss the explicit interpretation of the

broken symmetry on vortex configurations. As previously
mentioned, the difference between adjacent plaquettes is
only nonzero when one plaquette of the pair is pierced by a
vortex. As such, if the order parameter in Eq. (6) is nonzero
after averaging over all lattice sites, this indicates a preferred
parity for nontrivial plaquettes. To be precise, if a plaquette
PμνðxÞ is pierced, then its real part Re TrPμνðxÞ is negative.
As such, a negative value for the order parameter ΔμP
indicates a preference for even plaquettes in the μ dimension
to be pierced by a vortex, while a positive value implies a
preference for odd plaquettes to be pierced.
Ideally, we would like this preference to be discernible in

visualizations of center-vortex structure. Prior work [56]
has developed the tools necessary to visualize center
vortices. A three-dimensional cross section of the full
four-dimensional lattice is taken by holding one of the
coordinates fixed. For each plaquette in the three-dimen-
sional slice, this leaves one orthogonal direction that is used
to identify the plaquette. A vortex is then rendered as an
arrow existing on the dual lattice and piercing the asso-
ciated nontrivial plaquette.
It would be fascinating to observe the asymmetry

between even and odd plaquettes in such a visualization,
though for this to be possible the preference needs to be
sufficiently strong. As such, we first seek to explicitly
quantify the asymmetry between even and odd plaquettes.
This is conducted as follows. On a given configuration, for
each dimension μ we count the number of even NevenðμÞ
and odd NoddðμÞ plaquettes in the μ dimension that are

pierced by a vortex. This is equivalent to counting the
number of times that the difference between adjacent
plaquettes in Eq. (6) is negative or positive, though it
has a more precise meaning for the vortex fields. We then
compute the ratios

Rμ ¼
NoddðμÞ
NevenðμÞ

; ð8Þ

with the ratio defined to be > 1 when ΔμP is positive.
As with ΔμP, these ratios can be calculated individually

for each plaquette orientation. We exploit this to reproduce
Fig. 7, but for the ratio Rz instead of the difference ΔzP.
This is shown in Fig. 8. Similar qualitative features are
exhibited as in Fig. 7. Namely, for the plaquette orientations
that do not span the broken z dimension (xy, xt, yt), the
ratio is approximately unity. This indicates there is no
preference for even or odd plaquettes, and that the shift
symmetry is intact. For the other plaquettes that do contain
the z dimension, the ratio is notably greater than 1, a clear
signal of the asymmetry.
However, the primary purpose of computing these ratios

is to quantify the extent of the even-odd asymmetry. We see
from Fig. 8 that the maximum value attained within
one window of configurations is ≃1.1, signifying a 10%
asymmetry. That is to say, for every 10 even plaquettes
pierced by a vortex, there are 11 odd plaquettes pierced.
Unfortunately, it does not seem likely that such adiscrepancy
will be identifiable in visualizations. The maximum ratio on
any single configurationwas≃1.15,which, althoughslightly
larger, still seems insufficient. Recalling that the ensemble
used to produce these plots was chosen due to its maximal

FIG. 7. Same as Fig. 6 but for our vortex-only configurations. FIG. 8. The ratios Rz defined in Eq. (8) for each distinct
plaquette orientation on our ensemble at β ¼ 2.55. A moving
average is utilized as in previous figures. The ratio is approx-
imately unity for the plaquettes that exclude the z dimension, and
considerably greater than unity for those that include the z
dimension.
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symmetry breaking, we therefore concede that the broken
shift symmetry isnot likely tobegleaned fromvisualizations.

IV. VORTEX STATISTICS

Having verified that center vortices capture the essential
broken shift symmetry, we now proceed to scrutinize
whether any other aspects of vortex geometry are sensitive
to the unphysical phase. This will include a consideration
of bulk quantities such as the vortex and branching point
densities, along with the local internal distribution of
branching points throughout the vortex cluster.

A. Vortex density

The first quantity we examine is the vortex density,
defined simply as the total proportion of plaquettes pierced
by a vortex,

ρvortex ¼
Number of nontrivial plaquettes

6Nsites
; ð9Þ

whereNsites is the dimensionless lattice volume and ð4
2
Þ ¼ 6

counts the number of distinct plaquette orientations. As it
stands in Eq. (9), ρvortex is dimensionless; it is typically
converted to a physical quantity through dividing by a2, the
area of a single plaquette. However, the relevance of
physical quantities such as the lattice spacing in the
unphysical phase are doubtful, and as such we leave the
vortex density dimensionless for all β values. Its behavior
as a function of β is presented in Fig. 9.
We note that the values obtained on 164 and 244 volumes

are coincident with each other, corroborating the absence of
finite volume artefacts. A soft increase in vortex density as
β decreases is revealed. At first glance this may seem a
product of entering the unphysical phase, though we
believe the same shift in value would be observed irre-
spective of the phase’s existence. Intuitively, smaller β
values correspond to a “rougher” gauge field, for which the
natural consequence would be an increase in vortex matter.
It appears likely that the trend in Fig. 9 is nothing but a
reflection of this fact, and that ρvortex would continue to
climb even as one exits the unphysical phase again.
Certainly, there is no rapid change to ρvortex as the phase
boundary is crossed. This contrasts the order parameter in
Figs. 2 and 3 that indicates we have entered a new phase.
Nevertheless, we discovered in Sec. III that the defining

property of the unphysical phase, the broken shift sym-
metry, only impacts the plaquettes that span the broken
dimension. Instead of considering a net density that
incorporates all plaquettes, as in Eq. (9), it is thus prudent
to decompose the vortex density into individual plaquette
orientations. That is to say, we define a ρvortexðμ; νÞ for each
μ, ν as the proportion of μ–ν plaquettes pierced. In the
physical phase these are all equal, though it is possible
a discrepancy will form in the unphysical phase. To

investigate this, we again return to our β ¼ 2.55 ensemble
on which we expect any difference to be maximal, and
compute a moving average of the individual-plaquette
densities. The result is shown in Fig. 10.
Remarkably, there is a suggestion of a discrepancy

between the different plaquette orientations. That is, the
xz, yz, and zt densities appear to sit above the xy, xt,
and yt densities over the entire range. Recalling it is the
z dimension along which the symmetry is broken, this is
precisely the manner in which a difference might appear.

FIG. 9. The dimensionless vortex density ρvortex defined inEq. (9)
for each β value and volume. Bootstrap statistical uncertainties are
displayed, though are too small (∼Oð10−4Þ) to be resolved at this
scale. There is a gentle increase in density towards lower β values, in
linewith an increasing “roughness” in thegauge field asβ decreases.
No finite volume effects are seen to be present.

FIG. 10. The density of plaquettes pierced by a vortex for each
plaquette orientation under a moving average for β ¼ 2.55. This
hints at a subtle discrepancy in plaquettes pierced between those
that span or do not span the broken dimension (in this case, the z
dimension).
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To aid in verifying whether this is genuine, we reproduce
the plot in Fig. 11 averaging over the three plaquette
orientations within each group. This smooths out some of
the noise present in Fig. 10, and reveals clearly a greater
density of pierced plaquettes containing the broken z
dimension. Furthermore, the split persists over all 100
configurations; this is the purpose of continuing to utilize a
moving average.
We have performed tests at other β values and verified

that this statement holds true when the shift symmetry is
broken along other dimensions, and also when the order
parameter ΔμP is negative instead of positive. We have
therefore discovered that there is a slight preference for the
plaquettes that include the broken dimension to be pierced
by a vortex. It is not immediately clear why the plaquettes
that exhibit the broken shift symmetry should be pierced
slightly more often, though we note the effect is small
enough that it is unlikely to compromise any conclusions
drawn from studying the total vortex density.

B. Branching point density

Another feature of center-vortex clusters present in
SUðNÞ gauge theories for any N ≥ 3 is that of vortex
branching. In SU(3), this involves an m ¼ �1 vortex
splitting into two m ¼∓ 1 vortices. This is allowed due
to the conservation of center charge modulo N in SUðNÞ.
Since m ¼ �1 center charges simply correspond to oppo-
site orientations in spacetime, branching points can equiv-
alently be interpreted as monopoles in which three vortices
of the same center charge emerge from, or converge to, a
single point. Branching points and their equivalence to
monopoles are illustrated in Fig. 12.
Branching points are inherently three-dimensional

objects, and as such are quantified as follows. A three-
dimensional slice of the full four-dimensional lattice is
taken by holding one dimension μ fixed. The branching

point density in a given three-dimensional slice is then
defined as the proportion of elementary cubes in the slice
that contain a branching point,

ρbranchðμÞ ¼
Number of branchings in slice

NsliceðμÞ
; ð10Þ

where NsliceðμÞ is the three-dimensional volume of the
associated slice. This can be averaged over all slices along a
given dimension. Similar to the vortex density, ρbranch is
usually converted to a physical quantity through dividing
by the volume a3 of an elementary cube, though we again
leave it dimensionless.
In Fig. 13, the evolution of a dimensionally averaged

branching point density,

FIG. 11. Same as Fig. 10 but averaged over the three plaquette
orientations in each group.

FIG. 12. Schematic of a monopole vertex (left) versus a
branching point (right). The monopole shows the directed flow
of m ¼ þ1 center charge. Reversal of the left-hand arrow
indicates the flow of m ¼ −1 charge, as seen on the right.
Due to periodicity in the center charge, m ¼ −1 is equivalent to
m ¼ þ2. Thus, the right-hand diagram depicts the branching of
center charge.

FIG. 13. The dimensionless branching point density ρbranch
defined in Eqs. (10) and (11) for each β value and volume.
Bootstrap statistical uncertainties are displayed, though are too
small to be resolved at this scale. Similar overall behavior to the
total vortex density (Fig. 9) is observed.
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ρbranch ¼
1

4

X
μ

ρbranchðμÞ; ð11Þ

is displayed. Here, the same qualitative features are
revealed as with the total vortex density in Fig. 9.
Namely, it exhibits a constant steady rise to the left,
attributed to the decreasing β value and growing “rough-
ness” in the vortex field. As the quantity of center-vortex
matter increases, leading to more branching opportunities,
one naturally expects to find a greater abundance of
branching points in the three-dimensional volume.
We wish to determine whether a similar divergence

as in the densities of plaquettes pierced exists for
branching points. In this case, the necessary division is
into the three-dimensional slices that contain the broken
dimension μ and the one slice that does not, obtained
from slicing through the broken dimension itself (i.e.
holding the μ coordinate fixed). The branching point
densities for these two cases are presented as a moving
average in Fig. 14. We use the terminology “μ slice”
for the three-dimensional slice obtaining by fixing the μ
coordinate.
Figure 14 reveals that there is also a persistent dis-

crepancy between branching points in fixed-z slices and
three-dimensional slices that span the broken z dimension,
with the latter being larger. This follows directly from the
greater proportion of pierced plaquettes that span the z
dimension seen in Fig. 11. Even so, the three-dimensional
slices that contain the z dimension are also comprised of
plaquettes that do not (e.g. fixed-t slices still contain xy
plaquettes), causing the split in branching point densities
to appear even smaller than the corresponding split in
vortex densities.

C. Chain lengths

So far, the center-vortex properties analyzed have been
bulk quantities that average over the entire vortex structure,
or three-dimensional slices thereof. We now turn to con-
sider a local aspect of center-vortex geometry, the intrinsic
distribution of branching points throughout the vortex
cluster. It will be interesting to see whether there is a more
substantial difference in such a local quantity compared to
the tiny discrepancies identified in the bulk quantities.
This analysis is performed following Ref. [57]. We count

the number of vortices between successive branching
points along the vortex chain in a three-dimensional slice;
we refer to this as the “chain length” between branching
points. A histogram of these chain lengths can then be
created, with the nth bin representing the probability for a
vortex to branch after n steps.
An example of such a histogram in the physical phase, at

our highest β value of β ¼ 2.90, is provided on a loga-
rithmic scale in Fig. 15. The histogram is seen to be
strongly linear,meaning the chain lengths followageometric
distribution. This has an important consequence, implying
there is a constant probability for a vortex to branch at any
point along the chain. If this probability is p, then the
probability to branch at the nth step along the chain is

PðnÞ ¼ ð1 − pÞn−1p: ð12Þ

The geometric distribution can be modelled via an expo-
nential fit of the form

PðnÞ ¼ ζe−βn; ð13Þ

with the probability p related to β via [43,57]

FIG. 14. The branching point densities for fixed-z and com-
bined fixed-x, y, t slices under a moving average for β ¼ 2.55.
We find that the branching point density in three-dimensional
slices that span the broken z dimension is persistently larger, in
line with the greater density of xz, yz, and zt plaquettes pierced.

FIG. 15. A histogram of branching point chain lengths,
accumulated over all four slice dimensions, in the physical phase
at β ¼ 2.90. The histogram is strongly linear on a logarithmic
scale, implying the chain lengths are exponentially distributed.
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p ¼ 1 − e−β: ð14Þ

This can be easily seen by equating the ratios of con-
secutive probabilities Pðnþ 1Þ=PðnÞ in Eqs. (12) and
(13). These fits have been performed in past work
[43,44,57], though we forgo them here for now as our
primary purpose is to identify any change to the chain
lengths in the unphysical phase that arises from the
asymmetry between plaquettes.
To this end, we now produce a chain-length histogram

for our example β ¼ 2.55 ensemble. As with the branching
point density, this is divided into two categories: fixed-z
slices and all other three-dimensional slices, the latter of
which span the z dimension. If a discrepancy were to form,
it seems likely that it is the shorter vortex chains that would
be impacted. As the chain increases in length, it would
become increasingly insensitive to the broken single-site
shift symmetry. The histograms for these two cases are
presented side-by-side in Fig. 16.
Barring small statistical fluctuations at larger chain

lengths, we observe no visible difference between the
chain-length distributions for fixed-z slices and the other
slice dimensions, not even at short chain lengths. One
could imagine that if the probabilities were analyzed
at the same level of detail as the vortex and branching
point densities, a minute discrepancy would reveal itself.
However, the hope by inspecting a local property of vortex
structure was to uncover a more pronounced effect of the
broken shift symmetry on vortex geometry. From the
chain-length histograms in Fig. 16, we conclude that this
is not the case.

V. CONCLUSION

In this work, we have studied center vortices in the
lattice-artefact phase of staggered fermions, in which the
single-site shift symmetry of the staggered-fermion action
is broken in a finite region of the ðβ; mÞ phase space.
Simulations with six degenerate fermion flavors at β values
ranging between 2.5–2.9, and lattice volumes of 164 and
244 were employed for the study.
Center vortices were verified to capture the broken shift

symmetry manifest in the unphysical phase, as quantified
by the order parameter ΔμP in Eq. (6). This indicated there
is a preference for either even or odd plaquettes to be
pierced by a vortex in the unphysical phase. The behavior
of ΔμP along each dimension was examined, demonstrat-
ing that the shift symmetry can be broken along multiple
dimensions simultaneously and, moreover, that the degree
of symmetry breaking along a given dimension can change
with simulation time.
The order parameter was further decomposed down to

the individual plaquette level, revealing for the first time
that only the plaquette orientations spanning the broken
dimension are affected. This was established to hold for
both the untouched and vortex fields, certifying that center
vortices capture the symmetry breaking at the most
granular level. Ratios of the number of odd to even
plaquettes pierced by a vortex revealed a best-case asym-
metry of ≃10% in our ensembles, making direct observa-
tion through visualizations difficult.
Thereafter, various aspects of center-vortex geometry

were studied in the physical and unphysical phases. A
steady rise in both vortex and branching densities was
observed as β decreases. However, no clear transition
between the two phases was apparent. Instead, these gentle
increases were attributed to a growing roughness in the
gauge field as β decreases. This naturally leads to an
increase in the quantity of vortex matter, and by extension
the density of branching points in the lattice.
A thorough investigation into the vortex density at the

individual-plaquette level did reveal a discrepancy that
appears in the unphysical phase. Namely, there is a greater
proportion of plaquettes pierced for which the shift sym-
metry is broken (i.e. that span the broken dimension). This
was seen to extend to the branching point densities, where
the same discrepancy was observed in the three-dimen-
sional slices that contain the broken dimension. Still, the
effect is small and has a negligible impact on the “total”
vortex and branching point densities that incorporate all
plaquettes and slice dimensions, respectively.
Finally, the vortex chain lengths between branching

points were analyzed. It was hoped that by examining a
more local aspect of vortex geometry, a greater difference
arising from the even–odd plaquette asymmetry would
reveal itself. Nonetheless, no visible distinction in the
chain-length distributions was found, signalling that the

FIG. 16. Histograms of branching point chain lengths, accu-
mulated separately over fixed-z slices and the other three slice
dimensions, in the unphysical phase at β ¼ 2.55. The histograms
for these two cases are indistinguishable, such that the broken
shift symmetry does not effect any pronounced shift in the chain
lengths.
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even–odd asymmetry has only minor effects on general
aspects of center-vortex geometry.
For completeness, we have also examined the vortex

correlation measure initially introduced in Ref. [43] along
each dimension in the unphysical phase, for which not even
a small difference similar to the vortex and branching point
densities was observed.
Perhaps the most important discovery is that the physics

of the unphysical broken-shift-symmetry phase is captured
by center vortices. This provides a new and relatively
simple description of the broken symmetry problem. With
further study it holds the promise to reveal a deeper
understanding of the physics driving the unphysical phase.
The dependence of center-vortex structure on the bare
fermion mass m would also be worth investigating to build
up a complete picture of the ðβ; mÞ phase space around the
unphysical phase.
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