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In the Kerr-Schild double copy, static and spherically symmetric black hole solutions of general
relativity are mapped to purely electric solutions of Maxwell’s theory in flat spacetime. We demonstrate
that, for these configurations, the thermodynamic Smarr formula is structurally identical to the single-copy
Gauss’s law. Extending this to asymptotically anti–de Sitter spacetimes, we prove that the thermodynamic
pressure-volume term naturally emerges from a gauge-theoretic background subtraction. This relationship
establishes a novel connection between the classical double copy and black hole thermodynamics.
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I. INTRODUCTION

In light of the findings on perturbative scattering ampli-
tudes, revealing a Gravity ¼ Yang‐Mills2 type relationship
[1–3], it is unsurprising that perturbative solutions of gravity
and Yang-Mills theories are related [4]. This inspired the
study of exact solutions, and remarkably, it has been shown
that one can map certain exact solutions of general relativity
(GR) to solutions of Maxwell’s theory [5–12]. This corre-
spondence has been extensively investigated under the name
of the classical double copy, where the associated gauge
theory solution is referred to as the single copy.
As the linearity of Maxwell’s equations suggests, such a

map requires the linearization of the Einstein equations for
the gravitational solution under consideration. There are two
main ways to achieve this.1 In the metric formulation,
known as the Kerr-Schild double copy [5–7], one takes
advantage of the fact that the trace-reversed Einstein
equations are linear in the perturbation for spacetimes
admitting Kerr-Schild coordinates [16]. In the spinor for-
mulation, the Weyl spinor of the gravitational solution,
which has a linear character in the perturbation, is related to
the field strength spinor of a solution of Maxwell’s theory
defined on a suitable background spacetime [8–12]. When
both are applicable to a given solution, they have been
shown to be consistent, even for certain exotic cases [12,17].
Fortunately, the classical double copy is applicable to

many physically relevant solutions of GR, demonstrating

that it is not merely an interesting mathematical correspon-
dence but that it possesses the potential to provide physical
insight. One of the most important classes of solutions is
undoubtedly black holes. While their metrics can generally
be expressed in Kerr-Schild coordinates to obtain the
corresponding gauge theory solutions, a direct mapping
between the physical properties of the two systems has
remained elusive. For example, key thermodynamic proper-
ties of a black hole, such as its temperature and entropy, are
fundamentally defined by the presence of an event horizon.
Conversely, on the gauge theory side, this surface is simply a
submanifold in the flat background with no inherent
physical significance. This disparity raises a natural ques-
tion: how, then, can the intrinsic thermodynamic features of
a black hole be reflected in its single-copy gauge field?
Here, we tackle this problem by revisiting a result of

central importance in black hole physics: the Smarr formula
[18]. As famously stated by Wheeler, a black hole has “no
hair” [19], that is, it is uniquely characterized by its global
charges, such as mass, angular momentum, and electric
charge. The Smarr formula relates these elegantly in a form
where the total energy, the mass, is expressed as the sum of
a “surface energy” and other forms of energy. While the
surface energy is proportional to the product of the temper-
ature and the entropy, the remaining terms are typically
formed by the products of global charges (other than the
mass) and their corresponding conjugate potentials. This
formula is a cornerstone of gravitational thermodynamics;
however, its potential manifestation on the gauge theory
side has remained unexplored. Although previous studies
have observed a local correspondence between the gravi-
tational matter distribution and the electric charge density
for horizonless Kerr-Schild geometries [20], the implica-
tions for global surface integrals and the resulting black
hole thermodynamics have not been addressed.
In this work, we bridge this conceptual gap by demon-

strating that the surface energy of a black hole has a precise
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counterpart in its single copy. To establish this framework,
we focus strictly on static, spherically symmetric black hole
solutions. Because they lack the complications arising due
to rotation, these spacetimes provide the cleanest environ-
ment to expose the fundamental structural equivalence
between the black hole Smarr formula and single-copy
Gauss’s law. Specifically, we show that the surface energy,
which is originally a purely gravitational quantity associ-
ated with the event horizon, is directly proportional to the
electric flux of the gauge field calculated over the corre-
sponding surface in the flat background spacetime. This
relationship allows us to interpret the black hole’s thermo-
dynamic Smarr formula as a gauge-theoretic identity. The
“missing” physical information is encoded in a set of flux-
charge relations; while the total energy is captured by the
electric flux at infinity, the remaining terms in the Smarr
formula are identified with the charge distributions inte-
grated over the spatial region extending from the surface
corresponding to the event horizon to infinity. This result
provides a natural complement to recent developments in
the quantum regime, where it has been shown that Hawking
radiation and its associated thermality emerge from the
double copy of particle production in background gauge
fields [21,22] (see also [23]).
The remainder of this paper is organized as follows. In

Sec. II, we briefly review the essential features of the Kerr-
Schild double copy. We then use the Schwarzschild solution
to demonstrate the fundamental mapping between the Smarr
formula and Gauss’s law in Sec. III, before extending this
analysis to the Reissner-Nordström black hole in Sec. IV.
The inclusion of a cosmological constant is discussed in
Sec. V. In Sec. VI, we apply our framework to regular black
holes by analyzing the Bardeen spacetime with nonlinear
matter sources. Finally, we offer concluding remarks and
discuss future directions in Sec. VII.

II. THE KERR-SCHILD DOUBLE COPY

We consider a general action of the form

I ¼ Ig þ Im; ð2:1Þ

where the gravitational and matter parts, respectively, read

Ig ¼
1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2ΛÞ;

Im ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p
Lm: ð2:2Þ

We set G ¼ 1 for simplicity. Λ is the cosmological
constant, and Lm is the matter Lagrangian. Einstein
equations for the metric following from the action (2.1) are

Gμν þ Λgμν ¼ 8πTμν; ð2:3Þ

where the energy-momentum tensor Tμν is defined as

Tμν ¼ −
2ffiffiffiffiffiffi−gp δIm

δgμν
: ð2:4Þ

If a metric can be written in the Kerr-Schild (KS)
coordinates as follows:

gμν ¼ ημν þ ϕkμkν; ð2:5Þ

where ημν is the flat background metric, ϕ is the KS scalar,
and the vector kμ is null and geodesic with respect to the full
and the background metric, then Einstein equations (2.3) are
linear in the perturbation [16]. A direct calculation of the
Ricci tensor with mixed indices for a metric in (2.5) yields
[24]

Rμ
ν ¼

1

2
½∂α∂μðϕkνkαÞ þ ∂

α
∂νðϕkμkαÞ − ∂

2ðϕkμkνÞ�: ð2:6Þ

Using this in the trace-reversed Einstein equations, which
are given by

Rμ
ν ¼ 8π

�
T̃μ

ν þ
Λ
8π

δμν

�
; ð2:7Þ

where

T̃μ
ν ¼ Tμ

ν −
1

2
δμνTα

α; ð2:8Þ

one obtains a linear equation for the KS scalar ϕ, which is
the only unknown in the metric in (2.5).
For a stationary metric (∂0gμν ¼ 0), by identifying ϕkμ ≡

Aμ and choosing k0 ¼ þ1, one finds

Rμ
0 ¼ −

1

2
∂αFαμ; Fμν ¼ 2∂½μAν�: ð2:9Þ

Therefore, from the μ0-components of the trace-reversed
Einstein equations (2.7), we obtain the Maxwell equations
for the single-copy field Aμ defined on a flat spacetime
background [5],

∂αFαμ ¼ 4πJμ; ð2:10Þ

where the gauge theory source Jμ is related to the trace-
reversed energy momentum tensor via

Jμ ¼ −4
�
T̃μ

0 þ
Λ
8π

δμ0

�
: ð2:11Þ

The time component of (2.10) reduces to the Poisson
equation on flat spacetime,

∇2ϕ ¼ −4πρ; ð2:12Þ

where ρ is the charge density.
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We now proceed to apply this formalism to specific
gravitational solutions. In the following section, we provide
a general treatment of the Kerr-Schild double copy for
static, spherically symmetric black hole metrics and ana-
lyze the Schwarzschild solution, establishing the equiva-
lence of the Smarr formula to Gauss’s law.

III. SCHWARZSCHILD BLACK HOLE:
SURFACE ENERGY AND GAUSS’S LAW

The line element of a general static, spherically sym-
metric black hole solution in the Boyer-Lindquist coor-
dinates is given by

ds2 ¼ −fðrÞdt2 þ 1

fðrÞ dr
2 þ r2dΩ2; ð3:1Þ

where dΩ2 is the metric of a two-dimensional unit sphere.
Applying the transformation

dt → dt −
1 − fðrÞ
fðrÞ dr; ð3:2Þ

one obtains the metric in the KS coordinates (2.5) with a
flat background metric expressed in spherical coordinates.
The KS scalar ϕ and the vector kμ are given by

ϕ ¼ 1 − f; kμdxμ ¼ dtþ dr: ð3:3Þ

For such a solution, the only nonvanishing components of
the single-copy field strength tensor Fμν correspond to a
radial electric field,

E ¼ Er̂; E ¼ F0r ¼ −ϕ0; ð3:4Þ

where the prime denotes differentiation with respect to r.
Maxwell’s equations (2.10) reduce to

∇ ·E ¼ 4πρ; ð3:5Þ

which is just the differential form of Gauss’s law. To relate
this to the global charges of the black hole solution, we
consider the integral form of Gauss’s law, whose most
familiar form reads

I
∂Σ
E · dA ¼ 4πQin; Qin ¼

Z
Σ
ρdV; ð3:6Þ

which states that the flux of the electric field E over the
closed surface ∂Σ is proportional to the charge contained in
the volume Σ enclosed by the surface ∂Σ.
The Schwarzschild solution is characterized by the

metric function

f ¼ 1 −
2m
r

; ð3:7Þ

where m denotes the mass. It is a vacuum solution
(Lm ¼ 0) with no cosmological constant (Λ ¼ 0).
Applying the KS prescription, we find the single-copy
electric field and the corresponding charge density as

E ¼ 2m
r2

; ρ ¼ 2mδðrÞ: ð3:8Þ

This corresponds to the Coulomb solution for a point
charge 2m, directly satisfying Gauss’s law in (3.6).
As is well known, the temperature T and the entropy S of

a black hole are proportional to the surface gravity and the
area of the event horizon, respectively [25,26]. For a black
hole solution with the line element (3.1), they read

T ¼ f0ðrþÞ
4π

¼−
ϕ0ðrþÞ
4π

¼EðrþÞ
4π

; S¼ AðrþÞ
4

; ð3:9Þ

where rþ is the location of the outer event horizon and
AðrþÞ ¼ 4πr2þ is the area of the event horizon. They satisfy
the first law of black hole thermodynamics [27],

δm ¼ TδS: ð3:10Þ

The product 2TS, which corresponds to the surface
energy of the black hole, is determined by the value of
the single-copy electric field EðrþÞ and the area AðrþÞ.
Consequently, the surface energy is directly proportional to
the electric flux evaluated at the surface r ¼ rþ. We
emphasize that while this integration is performed over an
ordinary two-sphere within the flat Minkowski background,
the area remains AðrþÞ ¼ 4πr2þ, as in the original curved
spacetime. Using Gauss’s law in (3.6), we can write

2TS ¼ 1

8π

I
r¼rþ

E · dA ¼ 1

2
Qin; ð3:11Þ

which yields

2TS ¼ m: ð3:12Þ

This is the Smarr formula for the Schwarzschild black hole.
Its usual derivation follows from Euler’s theorem for
homogeneous functions [18]. Observing that the mass is a
homogeneous function of entropy with degree 1=2, and
using T ¼ ∂m

∂S from the first law (3.10), one obtains
Eq. (3.12). Here, we obtain it on the gauge theory side
from the integral form of Gauss’s law. While the
Schwarzschild black hole might seem too simple to draw
a general conclusion, we will demonstrate that this precise
structural equivalence persists for more general spacetimes.
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IV. REISSNER-NORDSTRÖM BLACK HOLE:
DIVERGENCES, GENERALIZED GAUSS’S LAW

AND KOMAR INTEGRALS

To test the generality of our result for the Schwarzschild
black hole, we now consider a solution possessing an
additional global charge. The Reissner-Nordström (RN)
black hole solution is characterized by the metric function

f ¼ 1 −
2m
r

þ q2

r2
; ð4:1Þ

where m and q are the mass and the electric charge of the
black hole, respectively. The solution arises from coupling
general relativity with zero cosmological constant (Λ ¼ 0)
to Maxwell’s theory with the Lagrangian2

Lm ¼ −fμνfμν; fμν ¼ 2∂½μaν�; ð4:2Þ

and the gauge field aμ for this solution takes the form

aμ dxμ ¼
q
r
dt: ð4:3Þ

From the metric function (4.1), the corresponding electric
field and the charge density can be easily found as

E ¼ 2m
r2

−
2q2

r3
; ρ ¼ 2mδðrÞ þ q2

2πr4
; ð4:4Þ

which satisfy the differential form of Gauss’s law (3.5).
As we see, the “Schwarzschild term” in the metric

function (4.1) yields the Coulomb solution with electric
charge 2m. In contrast, the term proportional to 1=r2, which
arises from the electric charge q of the black hole, is
sourced by a nontrivial charge distribution. When we
naively check the integral form of Gauss’s law in (3.6)
for the surface r ¼ rþ, the flux term reads

I
r¼rþ

E · dA ¼ 4π

�
2m −

2q2

rþ

�
: ð4:5Þ

However, the total charge inside the surface r ¼ rþ
diverges as follows:

Qin ¼ 4π

Z
rþ

ε
ρr2dr ¼ 2m −

2q2

rþ
þ 2q2

ε
as ε → 0:

ð4:6Þ

Evidently, the integral form of Gauss’s law in (3.6) does not
hold. However, this discrepancy does not present a formal

issue, as the integral form remains valid provided the
integrals on both sides are well-defined.
For a general form of Gauss’s law applicable to more

general charge distributions, let us consider the integral of
the source vector Jμ over the spatial volume Σμ and apply
Stokes’ theorem,

Z
Σ
JμdΣμ ¼

1

4π

Z
Σ
∂νFνμdΣμ ¼

1

8π

I
∂Σ
FμνdΣμν; ð4:7Þ

where ∂Σ is the surface enclosing the volume Σ. The volume
and the surface elements are given respectively as dΣμ ¼
nμdV ¼ nμ

ffiffiffi
h

p
dx3 and dΣμν ¼ 2n½μrν�dS ¼ 2n½μrν�

ffiffiffi
γ

p
dx2.

nμ ¼ ∂μt and rμ ¼ ∂μr are unit normal vectors, and h and γ
are the determinant of induced metrics. We work in a
spacetime covariant form since this will turn out to be
convenient later. Choosing Σ to be the spatial region between
the surfaces r ¼ rþ and r → ∞, we find

1

8π

I
r¼rþ

FμνdΣμν ¼
1

8π

I
r→∞

FμνdΣμν −
Z
Σ
JμdΣμ; ð4:8Þ

1

4π

I
r¼rþ

E · dA ¼ 1

4π

I
r→∞

E · dA −
Z
Σ
ρdV: ð4:9Þ

Now, the charge integral computes the total charge between
the surfaces r ¼ rþ and r → ∞ and there is no divergence.
The Dirac delta source does not contribute to the integral,
and the effect of the Schwarzschild/Coulomb term is
accounted for via the flux at infinity. Calculating the surface
energy from the flux at r ¼ rþ gives

2TS ¼ 1

8π

I
r¼rþ

E · dA ¼ 1

8π

I
r→∞

E · dA −
1

2

Z
Σ
ρdV;

ð4:10Þ

¼ m −
q2

rþ
: ð4:11Þ

This is the Smarr formula for the RN black hole [18]

m ¼ 2TSþΦq; ð4:12Þ

where

Φ ¼ ∂m
∂q

¼ q
rþ

ð4:13Þ

is the chemical potential corresponding to the electric charge
q, and the first law is now [27]

δm ¼ TδSþΦδq: ð4:14Þ

The Smarr formula (4.12) can again be obtained from Euler’s
theorem of homogeneous functions by taking into account

2Note that aμ and fμν are the gauge field and the field strength
on the gravity side. The single-copy gauge field and field strength
are distinguished by capital letters and denoted by Aμ and Fμν.
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that the degree of q is 1. However, here, it follows from
the calculation of the electric flux at the surface r ¼ rþ as
long as the integral form of Gauss’s law is employed
appropriately.
To understand why this derivation works, let us recall

the derivation of the Smarr formula from Komar integrals
[28–31]. For any Killing vector ξμ, we can define a Komar
two-form as Kμν ¼ 2∇½μξν�. Using the identity ∇νKνμ ¼
−2Rμ

νξ
ν ¼ −16πT̃μ

νξ
ν (when Λ ¼ 0), we can write

1

16π

I
r¼rþ

KμνdΣμν ¼
1

16π

I
r→∞

KμνdΣμν þ 2

Z
Σ
T̃μ

νξ
νdΣμ;

ð4:15Þ
where we have used Stokes’ theorem. Note that this is now
a calculation in curved spacetime, and we work in the
Boyer-Lindquist coordinates. Unit normals are nμ ¼

ffiffiffi
f

p
∂μt

and rμ ¼ 1ffiffi
f

p ∂μr. Explicit calculation of each term in this

equation by choosing the time-like Killing vector ξðtÞ ¼ ∂t

yields the Smarr formula for a given solution. For the RN
black hole, it yields

2TS ¼ m −
q2

rþ
: ð4:16Þ

This also leads to the definition of the Komar mass as

M ¼ 1

16π

I
r→∞

Kμν
ðtÞdΣμν ¼ m; ð4:17Þ

where KðtÞ
μν ¼ 2∇½μξ

ðtÞ
ν� is the Komar two-form correspond-

ing to the time-like Killing vector ξðtÞ ¼ ∂t. Here, we have
chosen the overall constant such that it is consistent with
the single-copy calculation.
Equation (4.15) with the time-like Killing vector ξðtÞ ¼ ∂t

and Eq. (4.8) are indeed equivalent to each other not only for
the RN black hole but also more generally. First of all, the
volume element dΣμ is the same in curved spacetime and in
flat background spacetime because dΣðcurvedÞ ¼ 1ffiffi

f
p dΣðflatÞ.

As a result, the volume integrals in both equations are
identical since Jμ ¼ −4T̃μ

0. The surface elements dΣμν also
take the same form since dSðcurvedÞ ¼ dSðflatÞ and

ffiffiffi
f

p
terms

in unit normals nμ and rμ cancel each other. For the Komar
two-form Kμν, let us first find the covariant components of
the time-like Killing vector ξðtÞ ¼ ∂t as follows:

ξðtÞμ ¼ gμνξνðtÞ ¼ ð−1þ ϕ; 0; 0; 0Þ; ð4:18Þ

where we have used f ¼ 1 − ϕ. It differs from the single-
copy gauge field Aμ ¼ ðϕ;ϕ=f; 0; 0Þ only by a pure gauge

[Aμ ¼ ξðtÞμ þ ∂μλ; λ ¼ tþ R ϕðrÞ
fðrÞ dr]. Therefore, their field

strength tensors are equal, which implies

KðtÞ
μν ¼ Fμν ð4:19Þ

since KðtÞ
μν ¼ 2∇½μξ

ðtÞ
ν� ¼ 2∂½μξ

ðtÞ
ν� . This equality also holds for

the contravariant components because g00g11 ¼ η00η11 ¼
−1 for metrics that we study. As a result, we have also shown
that the surface integrals in Eqs. (4.8) and (4.15) are also
equal, completing the proof of the full equivalence.
We note that the equivalence between the single-copy

gauge field and spacetime Killing vectors, leading to the
relationKðtÞ

μν ¼ Fμν, was observed in [32] while investigating
the geometric unification of Kerr-Schild and Weyl double
copies and gravito-electromagnetism. However, the physical
focus in that work is restricted to asymptotic charges and
tidal tensors. Here, we uncover the thermodynamic signifi-
cance of this identity: by applying Stokes’ theorem across
the exterior spatial domain bounded by the event horizon
and spatial infinity, the geometric Komar identity directly
translates into single-copy Gauss’s law, with the horizon flux
encapsulating the black hole surface energy 2TS.

V. COSMOLOGICAL CONSTANT AND
BLACK HOLE ENTHALPY

We now extend our analysis to include a negative
cosmological constant Λ ¼ −3=l2, where l is the anti–
de Sitter (AdS) radius. Following our analysis of the RN
black hole, the metric function is modified as

f ¼ 1 −
2m
r

þ q2

r2
þ r2

l2
; ð5:1Þ

giving rise to the following electric field and charge density

E ¼ 2m
r2

−
2q2

r3
þ 2r
l2

;

ρ ¼ 2mδðrÞ þ q2

2πr4
þ 3

2πl2
: ð5:2Þ

We see that the effect of a negative cosmological constant is
an electric field linearly increasing with the radial coordinate
r sourced by a constant charge density filling all space.
Let us calculate the surface energy by using the pre-

scription in (4.10). The terms on the right-hand side are
found as

1

8π

I
r→∞

E · dA ¼ mþ R3

l2
as R → ∞;

1

2

Z
Σ
ρdV ¼ q2

rþ
þ R3 − r3þ

l2
as R → ∞: ð5:3Þ

Both are divergent but in an identical fashion. Hence, their
difference, the surface energy, is finite and reads
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2TS ¼ m −
q2

rþ
þ r3þ

l2
: ð5:4Þ

It is customary to define the thermodynamic pressure as

P ¼ −
Λ
8π

ð5:5Þ

and write the Smarr relation as

m ¼ 2TSþΦq − 2PV; ð5:6Þ

where V is the conjugate thermodynamic volume
defined by

V ¼ ∂m
∂P

¼ 4πr3þ
3

: ð5:7Þ

Motivated by this, one can extend the first law with a
variable cosmological constant as follows:

δm ¼ TδSþΦδqþ VδP; ð5:8Þ

which suggests that the mass m can now be interpreted as
the enthalpy of the black hole [33] (see [34,35] for other
pioneering works). From these identifications, entirely new
phase transitions emerge, resulting in the so-called “black
hole chemistry” (see [36] for a recent review).
Remarkably, these divergences do not preclude the

derivation of the Smarr formula. However, a naive cancella-
tion of the divergences is somewhat misleading. To establish
a rigorous one-to-one identification of the thermodynamic
variables, the massmmust emerge exclusively from the flux
integral at spatial infinity, while the other forms of energy
should follow from the charge integral in the bulk.
In the standard Komar formalism, the inclusion of the

cosmological constant is accounted for by the shift T̃μ
ν →

T̃μ
ν þ Λ=8π δμν. Due to this background contribution, the

standard mass defined in (4.17) becomes ill-defined because
of the nonasymptotic flatness of the spacetime. One solves
this issue by modifying the Komar two-form as Kμν →
Kμν þ 2Λwμν, where wμν is the Killing potential satisfying
ξμ ¼ ∇νwνμ [37,38].
In our gauge theory formalism, this geometric modifica-

tion corresponds to subtracting the cosmological constant
contributions from both the flux term and the charge integral.
Effectively, this is a background subtraction. The cosmo-
logical constant manifests as a constant background charge
density ρbg sourcing a background electric field Ebg.
Applying Gauss’s law to the regularized field Ereg ¼ E −
Ebg and the regularized source ρreg ¼ ρ − ρbg over the
volume Σ (from r ¼ rþ to r → ∞), we can express the
flux at the horizon as

1

8π

I
r¼rþ

Ereg · dA ¼ 1

8π

I
r→∞

Ereg · dA −
1

2

Z
Σ
ρregdV:

ð5:9Þ

The terms on the right-hand side can now be identified
precisely. At spatial infinity, the flux of the regularized field
isolates the finite mass, directly yielding m. In the bulk
integral over Σ, the subtraction of the background charge ρbg
ensures that the volume integral strictly isolates the chemical
potential term, q2=rþ ¼ Φq. On the left-hand side, the
thermodynamic volume term emerges from the boundary
condition at the horizon. The physical temperature T of
the AdS black hole is determined by the full, unregularized
field E at rþ, meaning the total surface energy is 2TS ¼
1
8π

H
rþ
E · dA. Therefore, the flux of the regularized field at

the horizon is the total surface energy minus the background
flux. Evaluating this background flux at rþ yields exactly
1
8π

H
rþ
Ebg · dA ¼ r3þ=l2 ¼ 2PV. Consequently, the regular-

ized flux at the horizon evaluates to 2TS − 2PV.
Equation (5.9) thus yields

2TS − 2PV ¼ m −Φq; ð5:10Þ

perfectly reproducing the rearranged Smarr formula (5.6)
and demonstrating a precise, term-by-term structural equiv-
alence with the modified Komar prescription.

VI. BARDEEN BLACK HOLE: NONLINEAR
MATTER SOURCES AND MODIFIED SMARR

RELATIONS

Having addressed the inclusion of a cosmological con-
stant, we now test our setup against a more intricate matter
sector: regular black holes. We consider the Bardeen black
hole [39], the first regular black hole solution proposed in
the literature. Remarkably, this spacetime can be dynami-
cally generated as an exact solution of Einstein gravity
coupled to a specific model of nonlinear electrodynamics
described by the matter Lagrangian [40],

Lm ¼ −
6

sg2

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2fμνfμν=2

q

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2fμνfμν=2

q
3
75
5=2

; ð6:1Þ

where s ¼ jgj
2m, while g and m are constants.

Assuming a static magnetic monopole configuration
with magnetic charge g,

aμdxμ ¼ −g cos θ dϕ; ð6:2Þ

the authors of [40] showed that the field equations yield the
regular Bardeen metric function
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f ¼ 1 −
2mr2

ðr2 þ g2Þ3=2 ; ð6:3Þ

where m and g represent the mass and the magnetic charge
of the black hole, respectively.
Because the matter Lagrangian (6.1) explicitly contains

the global chargesm and g, the standard first law and Smarr
formula receive nontrivial modifications. In [41], this
structure was systematically analyzed using the covariant
Komar integral and its variation, leading to

δm ¼ TδSþ Ψδgþ Kgδgþ Kmδm;

m ¼ 2TSþ Δ; Δ ¼ Ψgþ Kggþ Kmm; ð6:4Þ

where Ψ denotes the magnetic potential conjugate to g, and
Kg, Km represent the potentials conjugate to the parameters
g and m appearing explicitly in the matter Lagrangian,

Ψ ¼ 3m
2g

�
1 −

r5þ
ðr2þ þ g2Þ5=2

�
;

Kg ¼
3m
2g

�
r3þðr2þ þ 2g2Þ
ðr2þ þ g2Þ5=2 − 1

�
;

Km ¼ 1 −
r3þ

ðr2þ þ g2Þ3=2 : ð6:5Þ

As we see, the first law and the Smarr formula now possess
additional terms due to the existence of the parameters m
and g in the Lagrangian (6.1).
Let us apply our formalism to check whether the Δ-term,

which accounts for the energy contributions other than the
surface energy 2TS, can be reproduced. Applying the Kerr-
Schild prescription, we find the single-copy electric field
and charge density as

E ¼ 2mrðr2 − 2g2Þ
ðr2 þ g2Þ5=2 ; ρ ¼ 3mg2ð3r2 − 2g2Þ

2πðr2 þ g2Þ7=2 : ð6:6Þ

Using Eq. (4.10), we obtain

2TS ¼ 1

8π

I
r→∞

E · dA −
1

2

Z
Σ
ρdV ¼ m − Δ; ð6:7Þ

where

Δ ¼ m

�
1 −

r3þðr2þ − 2g2Þ
ðr2þ þ g2Þ5=2

�
: ð6:8Þ

The mass m can be expressed in terms of the event horizon
radius rþ via the horizon condition fðrþÞ ¼ 0 as

m ¼ ðr2þ þ g2Þ3=2
2r2þ

: ð6:9Þ

Using this relation, it is straightforward to show that the
Δ-terms in (6.4) and (6.8) are identical. This demonstrates
the robustness of our construction, even in highly nontrivial
settings involving nonlinear matter sources.

VII. CONCLUSION AND FUTURE DIRECTIONS

In this work, we have demonstrated a direct, physical
correspondence between the thermodynamic properties of
black holes and the classical electrodynamics of their Kerr-
Schild single copies. By focusing on static, spherically
symmetric spacetimes, we have shown that the Smarr
formula, a cornerstone of black hole thermodynamics, is
not merely analogous to, but structurally identical to the
generalized Gauss’s law in the single-copy gauge theory.
The most striking realization of this framework is the

strict equality between the Komar two-form of the space-
time and the field strength tensor of the flat-space gauge
theory (Kμν ¼ Fμν). This identity allows us to map purely
geometric surface integrals directly to electromagnetic
fluxes. We summarize the exact dictionary established in
this paper in Table I.
Furthermore, this exact mapping provides a rigorous

resolution to the volume and boundary divergences asso-
ciated with asymptotically anti–de Sitter spacetimes. As
demonstrated in Sec. V, rather than a naive cancellation of
infinite integrals, these divergences are systematically cured
by applying Gauss’s law to a regularized single-copy field.
This gauge-theoretic background subtraction perfectly

TABLE I. The correspondence dictionary between black hole thermodynamics and single-copy electrodynamics.

Gravity Gauge theory

Event horizon surface in curved spacetime Spherical surface r ¼ rþ in flat spacetime

Surface energy (2TS) Flux at rþ: 1
8π

H
r¼rþ

E · dA

Mass / enthalpy (m) Asymptotic flux: 1
8π

H
r→∞ E · dA

Komar two-form (Kμν) Field strength tensor (Fμν)

Cosmological constant (Λ) Background charge (ρbg)

Komar shift Background subtraction

Smarr formula Generalized Gauss’s law
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mirrors the modification of the Komar two-form via a
Killing potential. Crucially, the thermodynamic volume
term (PV) required by black hole chemistry emerges
naturally as the flux of this subtracted background field
evaluated at the event horizon.
Moreover, as demonstrated in Sec. VI for the Bardeen

spacetime, this framework seamlessly accommodates non-
linear matter sectors. Even when the matter Lagrangian
explicitly depends on global parameters and alters the first
law, the resulting nontrivial bulk energy term Δ is faithfully
reproduced by the single-copy charge distribution, provid-
ing a transparent electrostatic interpretation of the geometric
Komar volume integral.
This foundational setup opens several immediate avenues

for future investigation. First, it is crucial to study the effects
of nonminimal matter couplings. When such couplings
produce a black hole with secondary hair, there is no
additional global charge associated with it. It remains an
open question how this specific thermodynamic structure is
reflected in the single-copy flux calculations. Conversely, if
the nonminimal coupling yields a black hole with primary
hair, the standard Smarr formula must be explicitly modified.
Observing how this modification emerges from the gauge
theory source terms will be a highly illuminating exercise.
Second, lower-dimensional gravity provides a unique and

necessary testing ground for our framework. In three
dimensions, the introduction of a negative cosmological
constant is a strict requirement for the existence of black hole
solutions (e.g., the Bañados-Teitelboim-Zanelli black hole
[42]). Furthermore, the thermodynamic structure is highly
distinctive; in the Smarr formula, either the mass term or the
PV term is missing. Moreover, obtaining the Coulomb
electric field in the single-copy gauge theory inherently

requires matter coupling [43–46]. Investigating how these
intricate features manifest within our flux-to-thermodynam-
ics dictionary and accurately reproduce the three-dimen-
sional Smarr relation is an important outstanding problem.
Finally, the most significant extension of this work is the

generalization to stationary, rotating spacetimes, such as the
Kerr and Kerr-Newman black holes. While the introduction
of angular momentum breaks spherical symmetry and
introduces additional complications, this thermodynamic
structure is expected to generalize. Consequently, the rota-
tional work terms (e.g., 2ΩHJ) should naturally emerge from
the magnetic-type fluxes of the rotating single-copy gauge
field. We hope to report on these issues soon elsewhere.
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	IV. REISSNER-NORDSTRÖM BLACK HOLE: DIVERGENCES, GENERALIZED GAUSS'S LAW AND KOMAR INTEGRALS
	V. COSMOLOGICAL CONSTANT AND BLACK HOLE ENTHALPY
	VI. BARDEEN BLACK HOLE: NONLINEAR MATTER SOURCES AND MODIFIED SMARR RELATIONS
	VII. CONCLUSION AND FUTURE DIRECTIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


