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We explore the idea of quark-lepton unification at low energies. In particular, we discuss the minimal
framework for matter unification at the multi-TeV scale, in which neutrino masses are necessarily generated
via the inverse seesaw mechanism. To assess the testability of this theory for physics beyond the Standard
Model, we analyze current experimental constraints and derive the corresponding lower bound on the
symmetry breaking scale. We reexamine the impact of existing limits from lepton number violating meson
decays, taking into account the freedom associated with unknown quark-lepton mixing angles.
Furthermore, we study the correlation between bounds from meson decays and μ → e conversion. We
demonstrate that the upcoming μ → e conversion experiment at Fermilab can play a crucial role in probing
quark-lepton unification at the multi-TeV scale.
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I. INTRODUCTION

The StandardModel (SM) of particle physics is one of the
most successful theories for fundamental interactions.
Nevertheless, it must be extended to account for the origin
of neutrino masses and the observed matter-antimatter
asymmetry of the Universe. The idea of unification is among
themost compelling frameworks for physics beyond the SM.
In unified theories, neutrinomasses can naturally arisevia the
seesaw mechanism, while the baryon asymmetry can be
explained through leptogenesis. However, conventional
unification is realized at an extremely high energy scale,
MGUT ∼ 1015−16 GeV, far beyond the reach of current or
foreseeable collider experiments, making direct experimen-
tal tests impossible.
The idea of quark-lepton unification, originally proposed

by Pati and Salam in Refs. [1,2], provides an elegant
theoretical framework for physics beyond the Standard
Model. In this framework, quarks and leptons are placed
within the samemultiplets, and the gauge symmetry SUð3ÞC
is unified with Uð1ÞB−L into a larger SUð4ÞC gauge group,
where B and L denote baryon and lepton number, respec-
tively. A remarkable feature of this theory is that it predicted
massive neutrinos well before their experimental confirma-
tion. However, in its minimal realization, the model implies

that neutrinos have masses comparable to those of the up-
type quarks. Small neutrino masses can be obtained by
implementing the seesawmechanism [3–6], but this typically
requires the theory to be realized at the canonical seesaw
scale, MR ∼ 1014 GeV.
The possibility of achieving low-scale matter unifica-

tion was investigated in Ref. [7]. In this minimal frame-
work, the gauge symmetry is the simplest one required for
matter unification, namely SUð4ÞC ⊗ SUð2ÞL ⊗ Uð1ÞR.
In order to unify quarks and leptons one needs the gauge
symmetry SUð4ÞC, but one cannot reproduce the SM
without the SUð2ÞL and Uð1ÞR gauge groups. Therefore,
the gauge symmetry: SUð4ÞC ⊗ SUð2ÞL ⊗ Uð1ÞR is truly
the minimal gauge symmetry to achieve quark-lepton
unification. As the authors explained in Ref. [7], this
theory can be obtained from SOð10Þ or SUð6Þ. However, it
is always a good idea to understand deeply the predictions
in the minimal theory without assuming a particular UV
completion. Now, the minimal theory predicts MD

ν ¼ Mu
andME ¼ MD. One can easily achieve a realistic scenario
with ME ≠ MD adding a new Higgs, but if we want a
realistic theory for neutrino masses and to break the gauge
symmetry at the low scale, one needs to use the inverse
seesaw mechanism. This is one of the main results
of Ref. [7].
To obtain a realistic theory, neutrino masses are generated

via the inverse seesaw mechanism. However, the symmetry-
breaking scale is constrained from below by experimental
limits on rare meson decays. In the simplest scenarios, these
bounds require the SUð4ÞC breaking scale to lie above
103 TeV. As we will discuss in detail, this lower bound
can be relaxed once one accounts for the freedom associated
with the presently unknown quark-lepton mixing angles.
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This minimal theory for matter unification has been studied
in detail in Refs. [8–16].
In this article, we perform a detailed study of the

predictions for lepton flavor-violating (LFV) meson decays
in order to determine the lower bound on the symmetry-
breaking scale. We analyze the most general effective
interactions relevant for meson decays, fully accounting
for the unknown quark-lepton mixing angles. In particular,
we show that the effective Hamiltonian for K0

L → e∓μ�
mediated by vector leptoquarks contains eight independent
Wilson coefficients, each determined by the unknown
quark-lepton mixing parameters. We examine in detail
how current experimental limits on LFV meson decays
constrain the symmetry breaking scale. To illustrate the
dependence on the mixing structure, we present four simple
benchmark scenarios that clearly exhibit how the decay
rates vary with the mixing angles. In three of these cases,
the LFV meson decays are highly suppressed and vanish at
tree level. Such processes have been studied previously in
Refs. [11,13,15,17,18]. However, our analysis is more
general. By considering the full flavor structure of the
theory, we derive robust lower bounds on the symmetry-
breaking scale.
The new generation of charged lepton flavor violation

experiments has the potential to probe physics at the multi-
TeV scale [19–22]. In particular, the Mu2e experiment [23]
at Fermilab is expected to improve the experimental
sensitivity to μ to e conversion by several orders of
magnitude. In this work, we present a detailed analysis
of the tree-level contributions to μ to e conversion mediated
by vector and scalar leptoquarks. We show that the current
experimental bounds in gold provide the most stringent
constraints in scenarios where LFV meson decays are
suppressed. We further explore the correlation between
LFV meson decays and μ to e conversion, demonstrating
that the projected sensitivity of the Mu2e experiment will
surpass the constraints from LFV meson decays and probe
symmetry breaking scales as high as 104 TeV. These
results highlight the crucial role of the Mu2e experiment
in testing one of the most compelling frameworks for
physics beyond the Standard Model—namely, the unifica-
tion of matter.
This article is organized as follows. In Sec. II, we briefly

review the minimal framework for quark–lepton unification
at low scales. Section III presents a detailed analysis of
lepton flavor violating Kaon decays. In Sec. IV, we
investigate the predictions for μ → e conversion mediated
by vector leptoquarks, while the corresponding contribu-
tions from scalar leptoquarks are examined in Sec. V. Our
main findings are summarized in Sec. VI.

II. MATTER UNIFICATION

The minimal theory for matter unification is based on the
gauge symmetry [7]

SUð4ÞC ⊗ SUð2ÞL ⊗ Uð1ÞR;

while the SM matter fields are unified as follows

FqL ¼
�
ur ug ub ν

dr dg db e

�
L

∼ ð4; 2; 0Þ; ð1Þ

FuR ¼ ð ur ug ub ν ÞR ∼ ð4; 1; 1=2Þ; ð2Þ

FdR ¼ ð dr dg db e ÞR ∼ ð4; 1;−1=2Þ: ð3Þ

Here ui and di (with i ¼ r, g, b) are the quarks with
different colors. The kinetic terms for our fermionic fields
are given by

L ⊃ iF̄qLDFqL þ iF̄uRDFuR þ iF̄dRDFdR: ð4Þ

In our notation, the SUð4ÞC gauge fields are,
Vμ ∼ ð15; 1; 0Þ, the SUð2ÞL gauge field is, Wμ ∼ ð1; 3; 0Þ,
while the Uð1ÞR gauge field is, BRμ ∼ ð1; 1; 0Þ. The
covariant derivatives for the fermionic fields are written as

DFqL ¼ γμð∂μ þ ig4Vμ þ ig2WμÞFqL; ð5Þ

DFuR ¼ γμ
�
∂μ þ ig4Vμ þ

i
2
gRBRμ

�
FuR; ð6Þ

DFdR ¼ γμ
�
∂μ þ ig4Vμ −

i
2
gRBRμ

�
FdR; ð7Þ

while the Yukawa interactions are given by

−LY ¼ Y1F̄qLiσ2H
�
1FuR þ Y2F̄uRΦ

αFβ
qLϵαβ

þ Y3F̄qLH1FdR þ Y4F̄qLΦFdR þ H:c:; ð8Þ

with H1 ∼ ð1; 2; 1=2Þ and Φ ∼ ð15; 2; 1=2Þ. Notice that
both Higgs fields are needed to generate realistic fermion
masses in a consistent manner [7]. In the above equation, α
and β are SUð2ÞL indices. The SUð4ÞC gauge fields can be
written as

Vμ ¼
 

Gμ Xμ=
ffiffiffi
2

p

ðXμÞ�= ffiffiffi
2

p
0

!
þ T15V

μ
15 ∼ ð15; 1; 0Þ; ð9Þ

where Gμ ∼ ð8; 1; 0ÞSM are the SM gluons, Xμ ∼
ð3; 1; 2=3ÞSM are vector leptoquark (LQ), and Vμ

15∼
ð1; 1; 0ÞSM. Here T15 ¼ diagð1; 1; 1;−3Þ=2 ffiffiffi

6
p

. Once the
scalar field, χ ¼ ðχr χg χb χ0Þ ∼ ð4; 1; 1=2Þ, acquires a vac-
uum expectation value, vχ , the new massive vectors asso-
ciated with the broken generators of SUð4ÞC acquire mass.
The mass of the vector leptoquarks, Xμ ∼ ð3; 1; 2=3ÞSM, is
given by
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M2
X ¼ 1

4
g24v

2
χ : ð10Þ

This mass defines for us the SUð4ÞC symmetry breaking
scale. In the next section,wewill discuss the differentways to
find the lower bound on the symmetry breaking scale using
the experimental bounds from rare decays. This theory has
been studied in detail in Refs. [8–15]. It is very important to
emphasize that this theory [7] can be realized at the multi-
TeV scale thanks to the fact that Majorana neutrino masses
are generated via the inverse seesaw mechanism [24]. It is
important to mention that if one studies the running of the
gauge couplings, one finds that theUð1ÞR gauge coupling is
perturbative up to the Planck scale. This theory provides a
concrete example for matter unification at the low scale and
one can hope to test this idea at current or future collider
experiments. A similar model can be found in Refs. [17,25],
but without the needed mechanism for neutrino masses that
allow us to have a realistic theory at the low scale. For other
models for quark-lepton unification at the low scale, see for
example Ref. [26].
Before we discuss the bounds from lepton number

violating processes, we would like to mention that there
are strong collider bounds on leptoquarks. When the vector
leptoquark decays to bτ with 100% branching ratio, the
ATLAS collaboration excludes masses up to 1.9 TeV [27].
However, in the scenario where the leptoquark decays
exclusively to a muon and a bottom quark pair, the CMS

collaboration set a lower limit around 2 TeV on the
leptoquark mass [28]. The nonresonant production of
SM dileptons via t-channel LQ exchange provides the
most stringent bound on the LQ mass. Depending on the
coupling strength, the nonresonant dilepton production
excludes vector LQ masses up to 5 TeV [29,30]. See also
our recent article in Ref. [8] for a detailed study of collider
bounds on scalar leptoquarks.

III. LEPTON FLAVOR VIOLATING
MESON DECAYS

In order to find the lower bound on the SUð4ÞC breaking
scale, we need to revisit the predictions for rare meson
decays and use the current experimental bounds. The
constraints from Kaon decays have been investigated from
a long time, see, for example, the studies in Refs. [11,17].
The relevant interactions for the vector leptoquark can be

written as

d̄iejXμ∶ i
g4ffiffiffi
2

p γμ½Vij
LPL þ Vij

RPR�; ð11Þ

where VL ¼ D†
LEL and VR ¼ D†

RER are the unknown
mixing matrices between quarks and leptons appearing
when we diagonalize all fermion masses following the
following convention:

uL → ULuL; dL → DLdL; eL → ELeL; ð12Þ

uR → URuR; dR → DRdR; eR → EReR; ð13Þ

with

U†
LMUUR ¼ Mdiag

U ; D†
LMDDR ¼ Mdiag

D ; and E†
LMEER ¼ Mdiag

E : ð14Þ

In Fig. 1 we show the vector leptoquark contributions to KL → μþe− decay. KL is written as

KL ¼ ð1þ ϵÞK0 þ ð1 − ϵÞK̄0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ jϵj2Þ

p ; ð15Þ

where ϵ ≈Oð10−3Þ, K0 ¼ ðds̄Þ and K̄0 ¼ ðsd̄Þ. Integrating out the vector leptoquark one finds the following effective
Hamiltonian for K0

L → μþe−:

FIG. 1. Feynman graphs for KL → μþe− decay. In the left panel we show the contribution to K̄0 → e−μþ, while in the right panel we
show K0 → e−μþ.
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H ⊃
g24

2M2
X
d̄γνðVdμ

L PL þ Vdμ
R PRÞμēγνððVse

L Þ�PL þ ðVse
R Þ�PRÞs

þ g24
2M2

X
s̄γνðVsμ

L PL þ Vsμ
R PRÞμēγνððVde

L Þ�PL þ ðVde
R Þ�PRÞd: ð16Þ

To rearrange the effective Hamiltonian for these decays, we use the following Fierz identities:

ðψ̄1γμPL;Rψ2Þðψ̄3γ
μPL;Rψ4Þ ¼ ðψ̄1γμPL;Rψ4Þðψ̄3γ

μPL;Rψ2Þ;
ðψ̄1γμPL;Rψ2Þðψ̄3γ

μPR;Lψ4Þ ¼ −2ðψ̄1PR;Lψ4Þðψ̄3PL;Rψ2Þ: ð17Þ

Therefore, for the KL → μþe− decay, the effective Hamiltonian reads as

H ⊃ ½Cð1Þ
V ðs̄γμPLdÞ þ Cð2Þ

V ðs̄γμPRdÞ þ Cð3Þ
V ðd̄γμPLsÞ þ Cð4Þ

V ðd̄γμPRsÞ�ðēγμμÞ
þ ½Cð1Þ

S ðs̄PLdÞ þ Cð2Þ
S ðs̄PRdÞ þ Cð3Þ

S ðd̄PLsÞ þ Cð4Þ
S ðd̄PRsÞ�ðēμÞ

þ ½Cð1Þ
A ðs̄γμPLdÞ þ Cð2Þ

A ðs̄γμPRdÞ þ Cð3Þ
A ðd̄γμPLsÞ þ Cð4Þ

A ðd̄γμPRsÞ�ðēγμγ5μÞ
þ ½Cð1Þ

P ðs̄PLdÞ þ Cð2Þ
P ðs̄PRdÞ þ Cð3Þ

P ðd̄PLsÞ þ Cð4Þ
P ðd̄PRsÞ�ðēγ5μÞ; ð18Þ

where the Wilson coefficients are given by

Cð1Þ
V ¼ −Cð1Þ

A ¼ g24
4M2

X
ðVde

L Þ�Vsμ
L ; Cð2Þ

V ¼ Cð2Þ
A ¼ g24

4M2
X
ðVde

R Þ�Vsμ
R ;

Cð3Þ
V ¼ −Cð3Þ

A ¼ g24
4M2

X
ðVse

L Þ�Vdμ
L ; Cð4Þ

V ¼ Cð4Þ
A ¼ g24

4M2
X
ðVse

R Þ�Vdμ
R ;

Cð3Þ
S ¼ Cð3Þ

P ¼ −
g24

2M2
X
ðVse

L Þ�Vdμ
R ; Cð4Þ

P ¼ −Cð4Þ
S ¼ g24

2M2
X
ðVse

R Þ�Vdμ
L ;

Cð1Þ
S ¼ Cð1Þ

P ¼ −
g24

2M2
X
ðVde

L Þ�Vsμ
R ; Cð2Þ

P ¼ −Cð2Þ
S ¼ g24

2M2
X
ðVde

R Þ�Vsμ
L : ð19Þ

To compute the amplitude for this process, the relevant matrix elements are given by

h0jd̄γ5sjKLðpÞi ¼ h0js̄γ5djKLðpÞi ¼ −i
m2

KL

md þms

FKffiffiffi
2

p ;

h0jd̄γνγ5sjKLðpÞi ¼ h0js̄γνγ5djKLðpÞi ¼ i
FKffiffiffi
2

p pν; ð20Þ

with FK ¼ 155.72 MeV and the Kaon mass,mKL
¼ 497.6 MeV. Here pμ is the four-momentum of the Kaon meson. Now,

neglecting the electron mass and keeping only the nonzero matrix elements, the amplitude for this process reads

iM ¼ iFK

2
ffiffiffi
2

p
�
CV pνðūeγνvμÞ þ CS

m2
KL

md þms
ðūevμÞ þ CA pνðūeγνγ5vμÞ þ CP

m2
KL

md þms
ðūeγ5vμÞ

�
; ð21Þ

with the following combination of Wilson coefficients

CV ¼ Cð2Þ
V − Cð1Þ

V þ Cð4Þ
V − Cð3Þ

V ; ð22Þ

CS ¼ Cð1Þ
S − Cð2Þ

S þ Cð3Þ
S − Cð4Þ

S ; ð23Þ

CA ¼ Cð2Þ
A − Cð1Þ

A þ Cð4Þ
A − Cð3Þ

A ; ð24Þ
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CP ¼ Cð1Þ
P − Cð2Þ

P þ Cð3Þ
P − Cð4Þ

P : ð25Þ

Therefore, the decay width can be written as

ΓðK0
L → μþe−Þ ¼ F2

KmKL

64π

�����CS

m2
KL

md þms
−mμCV

����
2

þ
����CP

m2
KL

md þms
þmμCA

����
2��

1 −
m2

μ

m2
KL

�
2

: ð26Þ

Finally, the total decay width is written as

ΓðK0
L → μ�e∓Þ ¼ ΓðK0

L → μ−eþÞ þ ΓðK0
L → μþe−Þ ¼ 2ΓðK0

L → μþe−Þ: ð27Þ

Notice that this theory does not predict the mixing matrices
between quarks and leptons. Then, in general, one cannot
predict the relevant Wilson coefficients for computing the
Kaon decays. Therefore, the lower bound on the SUð4ÞC
symmetry-breaking scale can be predicted only assuming
some values for the mixing angles. As we show below, the
lower bound can change dramatically when we assume
different values for the VL and VR matrices. It is important
to mention that the Wilson coefficients appearing in the
effective Hamiltonian are defined at the leptoquark mass
(MLQ) scale. However, in order to compare theoretical

predictions with experimental results, these coefficients
must be evolved down to the relevant low-energy scale
using renormalization group running. As the electroweak
correction is small compared to the QCD correction,
neglecting the electroweak corrections, at 1 loop level,
the coefficient evolves as [31]

CðμÞ ¼ Uðμ;MLQÞCðMLQÞ; ð28Þ

where

Uðμ;MLQÞ ¼
�

gsðμÞ
gsðmcÞ

�
8=βðnf¼3Þ�gsðmcÞ

gsðmbÞ
�

8=βðnf¼4Þ�gsðmbÞ
gsðmtÞ

�
8=βðnf¼5Þ� gsðmtÞ

gsðMLQÞ
�

8=βðnf¼6Þ
; ð29Þ

with βðnfÞ ¼ 11 − ð2=3Þnf. Note that the vector and the axial currents do not run because of the Ward identity and,
therefore, do not have an enhancement factor for the relevant Wilson coefficients. However, the scalar and pseudoscalar
operators would require a running factor to match the low-energy predictions.
One can simplify the decay width formula in Eq. (26) by assuming that the unknown mixing matrices are equal,

VL ¼ VR ¼ V, and one finds

ΓðKL → μ�e∓Þ ¼ 1

2M4
X
πα2s F2

K mKL
jCKj2

�
1 −

m2
μ

m2
KL

�
2
�

m2
KL

md þms
−
mμ

2

�2

; ð30Þ

with only one effective Wilson coefficient

CK ¼ V�
de Vsμ þ V�

se Vdμ: ð31Þ

In Fig. 2 we show the lower bound on the vector-leptoquark
mass as a function of the coefficient CK . In the conservative
scenario, with VL; VR ∼ 1, the coefficient CK ¼ 1 and one
finds the lower bound: MX > 2.4 × 105 GeV. Here we use
the current experimental value BRðKL → e�μ∓Þ < 4.7 ×
10−12 [32]. However, in the general case, the value of CK is

unknown, and the allowed value forMX could be close to the
collider bounds. Then, one can hope to discover this theory at
the Large Hadron Collider or any future collider.
As we have discussed above, in general we do not know

the value of the mixing matrices VL and VR, but we can
consider some scenarios that can tell us howone can relax the
most conservative lower bound on the symmetry breaking
scale. For simplicity, assuming that the mixing matrices VL,
VR are real, one can use the following parametrization:
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VL;R ¼ V ¼

0
B@

c12c13 s12c13 s13
−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13
s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c13

1
CA; ð32Þ

where sij ¼ sin θij and cij ¼ cos θij. Here the angles can be
chosen between 0 and π=2.
In order to discuss the impact of the unknown mixing

angles between quarks and leptons on the value of the lower
bound on the vector-leptoquark mass we study four simple
scenarios:

(i) Case I: When θ13 ¼ θ23 ¼ 0, the V matrix reads as

V ¼

0
B@

c12 s12 0

−s12 c12 0

0 0 1

1
CA: ð33Þ

In this scenario, one can satisfy the experimental
bounds from KL → μ�e∓ and KL → eþe− decays,

if MX is above 1800 TeV. We show in Fig. 3 the
excluded colored regions using the experimental
bounds. In red we show the excluded area by
BRðKL → μ�e∓Þ < 4.7 × 10−12 [32], while in the
light cyan, one shows the excluded region by
ΔKðeþe−Þ < 5 × 10−12 [33]. Notice that the bound
from KL → μ�e∓ is weaker around cos θ12 ∼ 0.7
because CK goes to zero. In the next section, we will
show one could test this theory using the Mu2e
experiment at Fermilab, even if the symmetry
breaking scale is above 1.8 × 103 TeV.

(ii) Case II: In this scenario, θ13 ¼ π=2; θ23 ¼ 0, and the
V matrix is given by

V ¼

0
B@

0 0 1

−s12 c12 0

−c12 −s12 0

1
CA: ð34Þ

In this scenario, BRðKL → μ�e∓Þ ¼ BRðKL →
eþe−Þ ¼ BRðKL → μþμ−Þ ¼ 0 at tree level. How-
ever, the μ → e conversion experiments can provide
strong bounds. We will discuss these bounds in the
next section.

(iii) Case III: When θ13 ¼ 0; θ23 ¼ π=2, the V matrix
becomes

V ¼

0
B@

c12 s12 0

0 0 1

s12 −c12 0

1
CA: ð35Þ

In this scenario, BRðKL → μ�e∓Þ ¼ BRðKL →
eþe−Þ ¼ BRðKL → μþμ−Þ ¼ 0 at tree level. As in
Case II, μ → e provides strong bounds in this
scenario, see discussion in the next section.

(iv) Case IV: In this scenario, θ13 ¼ π=2; θ23 ¼ π=2, the
V is given by

V ¼

0
B@

0 0 1

−c12 −s12 0

s12 −c12 0

1
CA: ð36Þ

As in the previous two cases, BRðKL → μ�e∓Þ ¼
BRðKL → eþe−Þ ¼ BRðKL → μþμ−Þ ¼ 0 at tree
level. However, the μ → e bounds discussed in
the next section are quite important.

As one can appreciate, using the freedom in the unknown
mixing angles between quarks and leptons, one can suppress
or even avoid the strong constraints from the experimental

FIG. 2. Red shaded region is excluded by the experiment bound
BRðKL → e�μ∓Þ < 4.7 × 10−12 [32].

FIG. 3. Shaded regions are excluded by the experimental bound
BRðKL → μ�e∓Þ < 4.7 × 10−12 [32] (region in red) and
ΔKðeþe−Þ < 5 × 10−12 [33] (region in light cyan).
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bounds on the lepton flavor number violating KL decays.
However, as wewill discuss, the μ → e bounds play a crucial
role in constraining the SUð4ÞC breaking scale. This inter-
play between themeson decay bounds and μ → e, helps us to
understand the possibility to test this theory in the near future.

IV. μ → e CONVERSION

In Fig. 4 we show the Feynman graph for μ → e
conversion mediated by the vector leptoquark in this theory.
After integrating out the vector leptoquark, the effective

interacting Hamiltonian relevant for μ → e conversion, can
be written as

H ⊃ CðqÞ
VL ðēγμPLμÞ ðq̄γμPLqÞ þ CðqÞ

VR ðēγμPRμÞ ðq̄γμPRqÞ þ CðqÞ
SR ðēPLμÞ ðq̄PRqÞ þ CðqÞ

SL ðēPRμÞ ðq̄PLqÞ: ð37Þ

Here the Wilson coefficients for q ¼ d; s are given by

CðqÞ
VL ¼ g24

2M2
X
ðVqe

L Þ� Vqμ
L ; CðqÞ

VR ¼ g24
2M2

X
ðVqe

R Þ� Vqμ
R ;

CðqÞ
SR ¼ −

g24
M2

X
ðVqe

R Þ� Vqμ
L ; CðqÞ

SL ¼ −
g24
M2

X
ðVqe

L Þ� Vqμ
R : ð38Þ

Notice that to derive the effective Hamiltonian in Eq. (37), we have used the Fierz identities in Eq. (17). Following
Refs. [34–36], the decay width for the coherent muon conversion in a nucleus can be written as

Γμ→e ¼
m5

μ

16
½j4ðC̃ðpÞ

VR V
ðpÞ þ C̃ðnÞ

VR V
ðnÞ þ C̃ðpÞ

SR SðpÞ þ C̃ðnÞ
SR SðnÞÞj2

þ j4ðC̃ðpÞ
VL V

ðpÞ þ C̃ðnÞ
VL V

ðnÞ þ C̃ðpÞ
SL SðpÞ þ C̃ðnÞ

SL SðnÞÞj2�; ð39Þ

where we defined

C̃ðpÞ
VR ¼

X
q¼u;d;s

CðqÞ
VR f

ðqÞ
Vp; C̃ðpÞ

VL ¼
X

q¼u;d;s

CðqÞ
VL f

ðqÞ
Vp;

C̃ðnÞ
VR ¼

X
q¼u;d;s

CðqÞ
VR f

ðqÞ
Vn; C̃ðnÞ

VL ¼
X

q¼u;d;s

CðqÞ
VL f

ðqÞ
Vn;

C̃ðpÞ
SR ¼

X
q¼u;d;s

mp

mq
CðqÞ
SR fðqÞSp ; C̃ðpÞ

SL ¼
X

q¼u;d;s

mp

mq
CðqÞ
SL fðqÞSp ;

C̃ðnÞ
SR ¼

X
q¼u;d;s

mN

mq
CðqÞ
SR fðqÞSn ; C̃ðnÞ

SL ¼
X

q¼u;d;s

mN

mq
CðqÞ
SL fðqÞSn : ð40Þ

The form factors for the vector operators are given by

fðdÞVp ¼ 1; fðsÞVp ¼ 0; fðdÞVn ¼ 2; fðsÞVn ¼ 0; ð41Þ

and the form factors for the scalar operators are given by [37,38]

fðuÞSp ¼ ð20.8� 1.5Þ × 10−3; fðdÞSp ¼ ð41.1� 2.8Þ × 10−3; fðsÞSp ¼ ð53� 27Þ × 10−3;

fðuÞSn ¼ ð18.9� 1.4Þ × 10−3; fðdÞSn ¼ ð45.1� 2.7Þ × 10−3; fðsÞSn : ¼ ð53� 27Þ × 10−3: ð42Þ

FIG. 4. Feynman graph for μ → e conversion mediated by the
vector leptoquark.
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Here, for convenience, we list the values of the overlap
integrals and capture rates for muons for different nuclei in
Table I. In Fig. 5 we show the predictions for μ → e
conversion in the different scenarios discussed in the
previous section. In Fig. 5(a), we show the predictions
in Case I, where the colored region is excluded by the
experimental bounds on μ → e in Gold. In this case, one
has the contribution of the d and s quarks to μ → e and
therefore the bounds are strong. In this case, the vector-
leptoquark mass has to be larger than approximately
103 TeV when cos θ12 ∼ 1. The expected exclusion regions
by the Mu2e experiment are shown as dashed lines. In blue
(orange), one has the expected bound after Run I (II).
Clearly, the Mu2e experiment can test the predictions for
μ → e in this theory or set stronger bounds on the SUð4ÞC
symmetry breaking scale, MX ≥ 104 TeV. Notice that
these bounds are much stronger than any collider bound
for leptoquarks.

In Fig. 5(b) we show the predictions for Case II. In this
scenario, only the s quark contributes to the amplitude and
one can expect weaker bounds. One can see in Fig. 5(b) that
the vector leptoquark mass can be much smaller. For
example, MX ∼ 60 TeV when cos θ12 ∼ 0.01. The Case
III predictions are shown in Fig. 5(c). In this case one has
only the d quark contribution to μ → e, and then the bounds
are similar to Case I. The predictions for Case IV are given
in Fig. 5(d). This case is similar to Case II because one has
only the s quark contribution, and then the bounds obtained
are much weaker. In any of these scenarios the Mu2e
experiment could test the predictions or set very strong
bounds.
In Fig. 6 we show the correlation between the current

μ → e constraints and the bounds from K0
L → e�μ∓

decays. For illustration, we show in Fig. 6(a) the results
when θ13 ¼ θ23 ¼ 0, while in Fig. 6(b) one assumes
θ13 ¼ θ23 ¼ π=4. In both cases, one can see that currently
the bounds from lepton number violatingKL decays give us
the strongest lower bound on the SUð4ÞC symmetry
breaking scale. However, the projected Mu2e bounds
shown by the dashed lines will exclude a larger region
and can give us the most important bounds. Hopefully, the
Mu2e can test the predictions for μ → e conversion in this
theory, providing a new path for physics beyond the

TABLE I. Values of the overlap integrals for different nuclei.

Nucleus Sp [34] Sn [34] Vp [34] Vn [34] Γμ
captð106s−1Þ [40]

Al 0.0155 0.0167 0.0161 0.0173 0.69
Au 0.0614 0.0918 0.0974 0.1460 13.07

FIG. 5. Predictions for μ → e conversion for different scenarios. In (a) we show the predictions in Case I, where the colored region is
excluded by the experimental bounds on μ → e in Gold [39]. The blue and orange dashed lines show the possible reach of the Mu2e
experiment [23] for run I ðBRμ→e ∼ 6 × 10−16Þ and run II ðBRμ→e ∼ 10−17Þ, respectively. In (b) we show the predictions for Case II,
while the Case III predictions are shown in (c). The predictions for Case IV are given in (d).
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Standard Model. In Table II we list the main bounds to
appreciate the correlation between the KL constraints and
the potential reach at μ → e conversion experiments.

V. μ → e CONVERSION AND SCALAR
LEPTOQUARKS

In the minimal theory for quark-lepton unification
discussed in this article, one can have extra contributions
to lepton flavor violating processes. In Refs. [11,13] we
studied some of the main LFV processes but not the
constraints from μ → e conversion. In this theory, one
can have extra constributions to μ → emediated by the new
Higgses and scalar leptoquarks. However, only the scalar
leptoquarks could have potential large contributions. The
Yukawa interactions for the Φ3 scalar leptoquark can be
written as

−L ⊃ Y2ν̄RΦα
3q

β
Lϵαβ þ Y4lLΦ3dR þ H:c: ð43Þ

The Φ3 field can be written in SUð2ÞL components as,

Φ3 ¼
 

ϕ1=3
3

ϕ−2=3
3

!
; ð44Þ

where the upper numbers denote the electric charge. The
above interactions can be written explicitly as

−L ⊃ Y2ν̄Rϕ
1=3
3 dL − Y2ν̄Rϕ

−2=3
3 uL þ Y4ν̄Lϕ

1=3
3 dR

þ Y4ēLϕ
−2=3
3 dR þ H:c: ð45Þ

Clearly, both leptoquarks in Φ3 can mediate μ → e at tree
level and the relevant coupling here is Y4. As we have
discussed in Ref. [8], the Yukawa Y4 is proportional to
MD −ME, then generically these contributions are not
large. The Φ4 field has the following interactions with the
SM fermions:

−L ⊃ Y2ūRΦα
4l

β
Lϵαβ þ Y4q̄L Φ4eR þ H:c: ð46Þ

with

Φ4 ¼
 
ϕ5=3
4

ϕ2=3
4

!
: ð47Þ

One can write these Yukawa interactions explicitly as

−L ⊃ Y2ūRϕ
5=3
4 eL − Y2ūRϕ

2=3
4 νL þ Y4ūLϕ

5=3
4 eR

þ Y4d̄Lϕ
2=3
4 eR þ H:c: ð48Þ

As one can appreciate in Fig. 7, the Φ5=3
4 can give us a

contribution at tree level to μ → e that is proportional to Y2.
The theory does not predict this Yukawa coupling, but in
general, it could be large. Notice that the last term in the
above equation is proportional to Y4 and both Y2 and Y4

terms can contribute to the μ → e conversion. However, Y4

is proportional to the mass differences of the down quark
and charged lepton, and it is naturally suppressed.
Considering only the contribution from the Y2 term, the
effective Hamiltonian can be written as

H ⊃
1

M2
Φ4

yuμ2 yue2
�ðēPLuÞðūPLμÞ; ð49Þ

FIG. 6. Limits on the vector leptoquark mass. In (a) one has the limits fromKL decays and μ → ewhen θ13 ¼ θ23 ¼ 0. The red-shaded
region is excluded by the μ → e conversion in Gold [39], and the rare Kaon decay excludes the yellow-shaded region. The dashed lines
show the projected limits form the Mu2e experiment for μ → e conversion in Al at Fermilab. (b) Same as in (a) but here we assume
θ13 ¼ θ23 ¼ π=4. The cyan-shaded region is excluded by the μ → e conversion in Gold [39].

TABLE II. Lower bounds from KL decays and expected reach
from μ → e experiment.

Scenario KL bounds on MXðTeVÞ μ → e reach on MXðTeVÞ
Case I 1800 2 × 104

Case II � � � 5 × 103

Case III � � � 2 × 104

Case IV � � � 5 × 103
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where MΦ4
is the mass of the ϕ5=3

4 scalar leptoquark. Now,
using the Fierz identity

ðψ̄1PLψ2Þðψ̄3PLψ4Þ ¼ −
1

2
ðψ̄1PLψ4Þðψ̄3PLψ2Þ

−
1

8
ðψ̄1σμνPLψ4Þðψ̄3σ

μνPLψ2Þ;
ð50Þ

one can write the effective Hamiltonian as

H⊃
1

M2
Φ4

yuμ2 yue2
�
�
−
1

2
ēPLμ ūPLu−

1

8
ēσμνPLμ ūσμνPLu

�
:

ð51Þ

Here y2 ¼ U†
RY2EL. In the coherent μ → e conversion the

tensor operator does not contribute. Notice that in this
scenario, only the up quark will contribute to this con-
version process. Therefore, keeping only the scalar term,
the conversion rate can be written as

Γμ→e ¼
m5

μ

4

jyuμ2 yue2
�j2

M4
Φ4

����fðuÞSp

mp

mu
SðpÞ þ fðuÞSn

mN

mu
SðnÞ
����
2

: ð52Þ

The values of fðuÞSp and fðuÞSn are given in Eq. (42). In Fig. 8 we
show the excluded region by the current μ → e conversion

experiments when one considers only the contribution
mediated by the Φ4 scalar leptoquark. Notice that when
the y2 Yukawa coupling is large, y2 ∼ 1, these bounds on the
leptoquark mass, MΦ4

> 103 TeV, are much stronger than
the collider bounds studied by us in a recent study in Ref. [8].
The projected bounds from theMu2e experiment at Fermilab
are shownby the blue and orange dashed lines. These bounds
can exclude a large region of the parameter space and could
reach the MΦ4

∼ 104 TeV when the Yukawa coupling is
large. For the study of the μ → eγ and g − 2 contraints in this
theory, see the study in Refs. [11,13].

VI. SUMMARY

The idea of quark-lepton unification remains one of the
most compelling frameworks for physics beyond the
Standard Model. In this article, we have analyzed the
predictions of the minimal theory of matter unification
realized at the multi-TeV scale, where Majorana neutrino
masses are generated through the inverse seesaw mecha-
nism. To assess the testability of this framework, we
examined the impact of the most stringent experimental
constraints and discussed the lower bound on the sym-
metry-breaking scale. A key prediction of this theory is the
existence of both vector and scalar leptoquarks with masses
in the multi-TeV range.
We have analyzed the predictions for lepton flavor

violating meson decays in the minimal theory of quark-
lepton unification, fully incorporating the general flavor
structure and exploiting the freedom associated with the
unknown quark-lepton mixing matrices for different chir-
alities. Our results show that the symmetry-breaking scale
can be much below 103 TeV once the freedom on the
mixing angles is taken into account. To illustrate this point,
we present four simple benchmark scenarios that clearly
identify the conditions under which the lepton flavor
violating KL decays are strongly suppressed.
The predictions for μ to e conversion have been inves-

tigated in detail, including the contributions mediated by
both vector and scalar leptoquarks. We demonstrate that the
Mu2e experiment at Fermilab can play a central role in
testing the idea of quark-lepton unification. We analyze the
correlation between lepton flavor violating kaon decays and
μ to e conversion, showing that even in conservative
scenarios where the matter unification scale lies above
103 TeV, the projected sensitivity of Mu2e can probe
symmetry breaking scales up to 104 TeV. These results
indicate that the observation of μ to e conversion at
Fermilab would provide a powerful avenue to explore
and potentially confirm the idea of matter unification in the
near future.

DATA AVAILABILITY

The data are not publicly available. The data are
available from the authors upon reasonable request.

FIG. 7. Feynman graph for μ → e conversion mediated by the
scalar leptoquark.

FIG. 8. Colored region is excluded by the μ → e conversion in
Au [39], while the dashed lines show the projected bounds from
the Mu2e experiment at Fermilab.
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