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We show that it is possible to simulate realistic inhomogeneities during cosmological inflation with high
precision using numerical relativity. Stochastic initial conditions are set in line with the Bunch-Davies
vacuum and satisfy the Hamiltonian and Momentum constraints of general relativity to leading order in
perturbation theory. The subsequent fully nonlinear dynamical evolution is formulated within a family of
geodesic gauges but can, in principle, be adapted to any choice of coordinates. We present three examples
of inflationary dynamics: a simple quadratic potential, a potential with an inflection point, and a strong
resonance model. When perturbations are small, we recover standard predictions of cosmological
perturbation theory, and we quantify strongly nonlinear inhomogeneities when nonperturbative configu-
rations emerge, such as in the strong resonance model. Our results pave the way toward the first realistic
nonperturbative and fully nonlinear numerical relativity simulations of the early inflationary universe.
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I. INTRODUCTION

The theory of inflation is arguably the best contemporary
model available to explain the observed inhomogeneities in
the temperature of the cosmic microwave background
(CMB) [1]. It describes a period in the history of the
universe before any of today’s fields and particles existed,
including those present at CMB times. Instead, the pro-
posed inflaton field played the leading role, being subject to
quantum fluctuations that grow and freeze into the space-
time geometry during the fastest known epoch of accel-
erating expansion. Similarly to the achievements in flat
space for particle physics, cosmologists have developed a
framework for quantum field theory on curved spacetime
(QFTCS) to predict spacetime correlators [2]. Small space-
time inhomogeneities in spacetime carry correlations as a
result of the shared vacuum initial condition in the far past,
and their subsequent interactions and such correlations may
be observable today.

Within the inflationary paradigm, analytical predictions
for different models and, more recently, classes of models
have been calculated for higher-order correlators over the
past two decades [3–7]. They all share a key restriction: the
assumption of perturbativity. Model-independent tech-
niques often rely on simplifications afforded by assumed
symmetries. In particular, loop computations in cosmo-
logically relevant spacetimes are far less comprehensive
than those of flat spacetime due to the analytical challenges
they pose [8,9].
To move beyond simple models and symmetries,

numerical methods must be employed. The leading
Fourier amplitude of quantum fluctuations can be obtained
from the Mukhanov-Sasaki equations for the perturbations
[10,11] given (numerical) solutions of the background
Friedmann equations for inflation. For the computation
of higher-order correlation functions of quantum cosmo-
logical perturbations, several methods have been devel-
oped, among which are the in-in formalism computations
[3,12,13] together with transport equations [14,15]. So far,
these have been implemented numerically mostly up to the
bispectrum and for cubic-order interactions, though in
theory they are not limited to these. However, as mentioned
above, the absence of a general treatment of quantum loops
on a curved spacetime implies, despite the existence of
some analytical examples and methods [8,9,16,17], that
none of the mentioned numerical techniques seem to tackle
generic loop computations. In principle, some hope can be
found using flow equations up to a certain order [15,18],
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but the computational resources needed would increase
drastically together with the difficulty of the task.
However, for many interesting and realistic models,

these effects are suppressed in the long-wavelength limit
when crossing the Hubble radius [19–21]. This is note-
worthy because it makes it feasible to study the evolution of
the relativistic and classical equations of motion alongside
nonperturbative scenarios. In general, these equations can
fully account for classical nonlinearity but also for all
orders in perturbation theory up to numerical precision, the
studied range of scales, and simplifying assumptions. From
this context emerged the separate universe approach [22–
25] and the δN approach [22,26] but also the stochastic
inflation community from great analytical use of the super-
Hubble limit [27–30] together with multiple recent codes
[31–35]. Recent advances [31,32,36] have demonstrated
that this limit and the accompanying analytical simplifi-
cations do not, however, describe all scenarios because the
long-wavelength approximation neglects gradient terms
and associated key phenomena.
Cosmological computations on a lattice have recently

emerged as an alternative computational approach that can
include spatial gradients [37–40], which in return neglect
the spacetime geometry, and the stochastic noise at each
time step, and thus unable to provide a rigorous coarse-
graining of quantum diffusion. Recent work [41] has
presented the first nonperturbative nonseparate universe
simulations of a field from a box initialized with full
Gaussian initial conditions. Although these recent advances
incorporate nonperturbative global backreaction regimes or
local perturbative ones [42,43], the full geometric dynamics
and associated subtleties (full backreaction, coordinate
choice, etc.) are not accessible.
This indicates that numerical relativity (NR), or full

general relativity (GR) on a lattice, is necessary. It is worth
noting that inflationary spacetimes have recently been
successfully simulated using such technologies, building
on the expertise and challenges encountered in black hole
simulations, see, e.g. [44] for a review of cosmology using
NR. The focus has been on postinflationary evolution and
preheating dynamics, but also on inflationary spacetimes,
focusing on the study of the robustness of inflation given
generic initial conditions [45–51].
As in other physical setups, the primary difficulty in

employing NR for cosmology has been the construction of
initial conditions which must satisfy the highly nonlinear
constraints of general relativity. Starting from simplified
analytical solutions [52], this community made great use of
numerical solvers for the constraints to provide initial
inhomogeneities in the inflaton and its momentum together
with a 3D geometry [53,54]. Because of its assumptions
such as conformal flatness, these methods are only good if
the exact form of the perturbations does not matter [44].
Previous applications include the study of inflationary exit
scenarios, such as recent preheating studies [55,56].

Beyond exploring the more exotic scenarios of inflation
and deepening our understanding of inflationary space-
times, the next step for these simulations seems to be
moving from qualitative and convenient simplifications to
quantitative analysis that provides high-precision predic-
tions for direct comparison against observation, including
present and future CMB and large-scale structure surveys.
To achieve this, NR still needs to start from the exact initial
conditions provided by QFTCS, such as those sourced by
the Bunch-Davies (BD) vacuum, which involve a complete
spectrum. By doing so, we can move beyond previous
studies, accounting for all nonlinearities, nonperturbative
effects, and a broader range of models, as we explore here.
This article’s main results are presented in the three

following sections. Section II introduces the initial value
problem and, in particular, a linear solution for the entire
initial slice for scalar perturbations for a chosen numerical
gauge, adapting previous work to the NR problem [36].
Section III showcases the full numerics pipeline and applies
it on a vanilla slow-roll type of inflation, using the
stochastic initial conditions introduced in the previous
section as the starting point of a full GR simulation. As
perturbations remain small in this case, linear perturbation
theory results are fully recovered from our simulations,
thereby offering a useful validation check. Section IV is a
proof of concept that fully nonperturbative dynamics of
the scalar field and the geometry can be probed. We
showcase this by studying inhomogeneous inflation with
an inflection point potential that exhibits ultra slow roll and
a strong resonance model leading to spatial regions of
eternal inflation. We conclude in Sec. V. Appendixes A
and B provide useful conversions between cosmological
perturbation theory and evolved NR quantities, the evolu-
tion equations of which are provided in Appendix E.
Appendix C explains our stochastic generation method
on the initial lattice, while Appendix D defines the non-
perturbative generalization of the curvature perturbation on
comoving hypersurfaces. Appendix F shows why deep UV
modes cannot be investigated in this framework.
The notations used are as follows. Δ ¼ ∂i∂

i. Bold
symbols are random variables, and hats designate quantum
operators. MPl is the reduced Planck mass. The inflaton
rolls from left to right as a convention.

II. STARTING A SPACETIME

In this section, we lay the foundations behind our new
Python code STOchastic Inflation Initial Conditions for GR
(STOIIC-GR), soon to be made open access.

A. The initial value problem

In this subsection, we introduce useful notations while
reminding of some basics of general relativity not com-
monly emphasized in a cosmology context, pointing out
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where the difficulty arises in solving. An expert reader
might wish to proceed to the next subsection.
In general relativity, a 3þ 1 spacetime is described by a

metric of the form,

ds2 ¼ −α2dt2 þ γijðdxi − βidtÞðdxj − βjdtÞ: ð1Þ

When coupled to a scalar field ϕ with conjugate
momentum Π,

Π ¼ 1

α
ðϕ̇þ βi∂iϕÞ; ð2Þ

the system evolves according to a set of partial differ-
ential equations such as the ADM equations [57],

1

α
ðΠ̇þ βiΠjiÞ − KΠ −

αji

α
ϕji − ϕji

ji þ
dV
dϕ

¼ 0;

K̇ þ βiK;i þ αjiji − αð3Rþ K2Þ

−M−2
Pl α

�
1

2
S −

3

2
ρ

�
¼ 0;

˙̃Kij þ 2αK̃ilK̃l
j þ βkK̃ijjk − 2βi

jkK̃jk þ αjijj

−
1

3
αjkjkδij − α

�
3R̃ij þ

1

3
KK̃il

�
þM−2

Pl αS̃ij ¼ 0; ð3Þ

where we have defined the Ricci tensor 3Rij of the spatial
metric γij, decomposed into the Ricci scalar 3R and the
traceless 3R̃ij, and the extrinsic curvature Kij with respect
to γij,

Kij ≡ −
1

2α
ðγij;0 þ βijj þ βjjiÞ; ð4Þ

withK and K̃ij being its trace and traceless parts accordingly,
and the components of the energy-momentum tensor, the
energy, and momentum densities,

ρ ¼ 1

2
Π2 þ 1

2
∂iϕ∂

iϕþ VðϕÞ;
J i ¼ −Π∂iϕ; ð5Þ

and the stress tensor Sij ¼ Tij, decomposed as

S ¼ 3

2
Π2 −

1

2
∂kϕ∂

kϕ − 3VðϕÞ;

S̃ij ¼
1

2
ð∂iϕ∂jϕ −

1

3
∂kϕ∂

kϕδijÞ: ð6Þ

Avertical bar denotes a covariant derivative associated with
γij. Given this system, evolution could be naively started
from initial data for the quantities ðγij; Kij;ϕ;ΠÞ on a spatial
hypersurface Σ.
However, such a system is underdetermined because of

the gauge freedom left: each or most of the previous
quantities involve a 3þ 1 split of tensor components and so

basis-dependent objects. For that reason, the coordinates
need to be specified by four algebraic constraints in a four-
dimensional spacetime. As an example, one could impose
the reference frame of a stationary observer with respect to
a source. Writing the evolution equations in the ADM form
(3) is more convenient in such scenarios as the non-
dynamical lapse α and the shift βi can be evolved to
impose the coordinate system we want.
In any case, the physical result also needs to be

independent of the coordinate system, which is why the
tensor fields need to be solutions of the so-called
Hamiltonian and Momentum constraints,

H≡ 3Rþ 2

3
K2 − K̃ijK̃ij − 2M−2

Pl ρ ¼ 0;

Mi ≡ K̃j
ijj −

2

3
Kji −M−2

Pl J i ¼ 0: ð7Þ

Indeed, if these are satisfied, any coordinate change will
leave the action invariant (H and Mi are the generators of
these transformations). In doing so, we are also making
sure that our spacetime is physical by ensuring the balance
between the curvature’s and the contents’ energy and
momentum densities.
These equations are highly nonlinear and must be

satisfied at all times over the entire spatial hypersurfaces.
In particular, they crucially need to be satisfied at the initial
spatial slice. Both analytical and numerical solutions usually
require assumptions on the fields’ symmetries for feasibility
[58], especially for generic distributions of the spacetime’s
energy-momentumcontent. For these reasons, it is often said
that the real problem to solve in GR is the initial value
problem. Once initially satisfied, the constraints are then
preserved by the evolution equations, although this property
sometimes needs to be enforced in numerical evolution
schemes (see constraints damping [59,60]), to counter
numerical error building up at each time step.

B. Satisfying the inhomogeneous constraints

The constraints have been studied in the case of
inhomogeneous and inflationary spacetimes. A first ana-
lytical solution utilized simplified and hypothetical pertur-
bations in the scalar field [61,62]. Given the heuristics of
the methods, it became quickly urgent to solve for more
complex perturbations, hence the need for numerical
solvers [54,63], building from the knowledge of the black
hole numerics community. In these most recent numerical
works, initial inhomogeneous perturbations of the extrinsic
curvature are solved for given perturbations of the field and
its momentum on an initially flat metric (conformal flatness
together with a ¼ 1 at the start). The constraints are
satisfied up to a very good accuracy and are not limited
to perturbative regimes.
It is however important to remember that an admissible

solution with respect to the constraints is not necessarily
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a physical one. In particular, any of these works could
encounter opposition regarding the physical relevance of
the assumptions and approximations made. For instance, it
is not obvious how much of the simplifications are part of
the gauge freedom and thus authorized.
As suggested in [55], it is however possible to solve the

constraints perturbatively, trading the initial nonlinearity for
a more physically motivated and analytically controlled
starting point. This was studied more extensively in [36] for
any gauge but in another context. We use some of the
derivations below. Note that the present work differs at least
in using a time-independent window function of the spectra.
Indeed, a reasonable assumption that can be made for an

inflationary spacetime is that of a metric close to the
Friedmann-Lemaître-Robertson-Walker (FLRW) metric,

ds2 ¼ −α2bð1þ 2ΨÞdt2 þ 2a2B;idtdxi

þ a2½ð1 − 2ΦÞδij þ 2E;ij�dxidxj; ð8Þ

where the four functions Φ, Ψ, B, and E define the scalar
perturbations and a the usual background scale factor. One
can verify that at 0th-order, noted with subscript b, the
Hamiltonian constraint and the evolution equations for the
extrinsic curvature and the field yield the homogeneous and
isotropic Friedmann and field equations of inflation,

6H2 − 2M−2
Pl

�
VðϕbÞ þ

1

2

ϕ̇b
2

α2b

�
¼ 0;

3M−2
Pl VðϕbÞ − 9H2 − 3

Ḣ
αb

¼ 0;

ϕ̈b

α2b
þ
�
3H −

α̇b
α2b

� ϕ̇b

αb
þ dV

dϕ
ðϕbÞ ¼ 0; ð9Þ

where the Hubble rate is

H ≡ −
1

3
Kb ¼

1

αb

ȧ
a
: ð10Þ

The background constraint equations are satisfied by
definition when designing a model of inflation.
In this formalism, and before any gauge choice is made,

the constraints (7) linearize as

4ΔΦ − 4Hκ − 2M−2
Pl δρ ¼ 0;

−2∂i
h
Δχ þ κ þ −

3

2
M−2

Pl
ϕ̇b

αb
δϕ

i
¼ 0; ð11Þ

where the first-order perturbation of the extrinsic curvature
trace is

κ ≡ 3

�
Φ̇
αb

þHΨ
�
− Δχ ð12Þ

with

χ ≡ −
a2

αb
ðB − ĖÞ; ð13Þ

and the energy density perturbation is

δρ ¼ ϕ̇b

αb

δϕ̇

αb
þ dV

dϕ

����
b
δϕ −

ϕ̇b
2

α2b
Ψ: ð14Þ

Tomake further progress, a gaugemust be chosen, and the
constraints must be solved in that gauge to define physically
admissible initial data for the dynamical variables. In certain
gauges, the linearized constraints can be straightforwardly
solved in terms of a linear gauge-invariant perturbation
variable [36]. For instance, given the solution to the
Mukhanov-Sasaski equation for the curvature perturbation
on comoving hypersurfaces in Fourier space,

R̈k þHð3 − ε2ÞṘk þ
k2

a2
Rk ¼ 0;

R ¼ Φþ H

ϕ̇b
δϕ; ð15Þ

where the slow-roll parameters are εiþ1 ¼ −ðαbHÞ−1dt ln εi
and ε0 ¼ H, one infers from (11) that in the comoving gauge
(δϕco ¼ Eco ¼ 0)

Φco ¼ R;

Ψco ¼ −H−1Ṙ;

Bco ¼ k−2ε1Ṙþ ða2HÞ−1R: ð16Þ

However, the geodesic gauge (equivalent to synchronous
gauge in a perturbative framework), or more generally a NR
gauge choice which imposes Ψ ¼ ΨG and B ¼ BG, for
arbitrary chosen functions ΨG and BG, is the easiest to
evolve numerically. Therefore, despite not being the most
widely used in cosmology in the past couple of decades, we
opt for a geodesic gauge. Solving the constraints directly in
this gauge is algebraically more involved than in the
comoving gauge. An easier route is to use the comoving
gauge relations Eqs. (15) and (16) as well as the gauge
invariant Bardeen potentials. In the comoving gauge, those
are (anisotropic stress is zero)

ΦB ¼ Φco þHχco ¼ −ε1Ha2k−2Ṙ;

ΨB ¼ Ψco − χ̇co ¼ −ε1Ha2k−2Ṙ: ð17Þ

On the other hand, in a NR gauge,

ΦB ¼ ΦNR þHχNR;

ΨB ¼ ΨG − χ̇NR; ð18Þ

from which we can directly find, in such a gauge,
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χNR ¼
Z

t

t⊛
ðΨG −ΨBÞdt0 þ χNR0 ;

ENR ¼
Z

t

t⊛
½BG þ a−2χNR�dt0 þ ENR

0 ;

ΦNR ¼ ΦB −HχNR;

δϕNR ¼
ffiffiffiffiffiffiffi
2ε1

p
MPl½R −ΦNR�; ð19Þ

where ΦB and ΨB are given in terms of Ṙ, see Eq. (17).
Therefore, all relevant quantities in this gauge have been
expressed in terms of the single dynamical gauge-invariant
scalar degree of freedom R and its time derivative Ṙ. The
fields χ0ðxÞ and E0ðxÞ are arbitrary initial space-dependent
fields, and their existence reflects the fact that the family of
geodesic gauges is famously underdetermined [64]. In this
work, we set χ0 ¼ E0 ¼ 0 at the start of the GR simulation
t⊛, which will greatly simplify our initial conditions.
As we explicitly see, these relations and the associated

time derivatives provide everything required to generate
data for ðγNRij ; KNR

ij ;ϕNR;ΠNRÞ as the sum of background
inflation and these perturbations. Note that although ΨG
and BG are free to choose analytically or dynamically, they
still need to be within perturbation theory initially to satisfy
the constraints, which is why it is referred to as a small
gauge choice. The numerical evolution in this work
assumes such a gauge choice.

C. Numerical relativity dictionary for cosmology

To solve partial differential equations, it is necessary
to reformulate them into a well-posed system with first-
order-in-time partial differential equations, ensuring a unique
solution. Baumgarte-Shapiro-Shibata-Nakamura (BSSN)
equations are now the common GR equations for these
purposes [65,66]. These arewritten explicitly inAppendix E.
In this formalism, the metric is written as in Eq. (1) up to

a minus sign convention for the shift βi. The spatial metric
is decomposed into a conformal factor X and a conformal
metric γ̃ij,

γij ¼
1

X
γ̃ij;

X ¼ ðdet γijÞ−1
3; ð20Þ

so that the conformal metric has unit determinant
det γ̃ij ¼ 1. The extrinsic curvature is decomposed into
its trace K ¼ γijKij and its conformally rescaled traceless
part (γ̃ijÃij ¼ 0 and XK̃ij ¼ Ãij) as

Kij ¼
1

X

�
Ãij þ

1

3
Kγ̃ij

�
: ð21Þ

Finally, an intermediary quantity is defined: the conformal
contracted connections defined as Γ̃i ¼ γ̃jkΓ̃i

jk where Γ̃i
jk

are the Christoffel symbols of the conformal metric γ̃ij.

This means that the initial hypersurface needs to specify
the dynamical quantities X, γ̃ij, K, Ãij, and ϕ, Π.

1 Previous
Eq. (19) can thus be translated into its (linear) BSSN
version (see Appendix A for conversions) in a NR gauge as

δΠNR ¼ δϕ̇NR − ϕ̇bΨG;

δXNR ¼ a−2
h
2ΦNR −

2

3
∇2ENR

i
;

δγ̃NRij ¼ 2
�
∂i∂j −

1

3
δij∇2

�
ENR;

δKNR ¼ 3ðΦ̇NR þHΨNRÞ − ΔχNR;

δÃNR
ij ¼

�
∂i∂j −

1

3
δij∇2

�
ðBG − ĖNRÞ: ð22Þ

Substituting the previous perturbations Eq. (19) and evalu-
ating at t⊛ yields

δϕNR;⊛
k⃗

¼
ffiffiffiffiffiffiffiffi
2ϵ⊛1

q
MPlðR⊛

k −Φ⊛
BkÞ;

δΠNR;⊛
k⃗

¼−
ffiffiffiffiffiffiffiffi
2ϵ⊛1

q
H⊛MPlΨ⊛

G þ
ffiffiffiffiffiffiffiffi
2ϵ⊛1

q
MPlðṘ⊛

k −Φ̇⊛
BkÞ

−
1ffiffiffi
2

p ϵ⊛2
ffiffiffiffiffiffi
ϵ⊛1

q
H⊛MPlðR⊛

k −Φ⊛
BkÞ;δXNR;⊛

k⃗

¼2Φ⊛
Bk;

ðδγ̃ijÞNR;⊛k⃗
¼0;

δKNR;⊛
k⃗

¼3ðΦ̇⊛
BkþH⊛Ψ⊛

BkÞ;
ðδÃijÞNR;⊛k⃗

¼0; ð23Þ

where the Bardeen potentials are expressed in terms of Ṙ
via Eq. (17). In conjunction with that, the backgrounds are
set as X⊛

b ¼ a−2ðt⊛Þ ¼ 1, ðγ̃bÞ⊛ij ¼ δij, K
⊛
b ¼ −3H⊛, and

ðÃbÞ⊛ij ¼ 0. We just proved that initial conformal flatness
(γ̃ ¼ δ) is valid in this gauge at first order. However,
looking at Eq. (22) suggests that δX cannot be 0 initially
simultaneously and vice versa.
In summary, we have solved the linear constraints of GR

by expressing all quantities on the initial hypersurface in
terms of a variable very well known to cosmologists, the
linear, gauge-invariant curvature perturbation R and its
time derivative Ṙ, see Eq. (23).

D. Classical simulation

In most inflationary scenarios, it is assumed that scalar
perturbations are sourced by quantum initial conditions
coming from the vacuum energy on small scales. Quanti-
zation is usually written down explicitly as an expansion in
the Fourier modes of an operator such as

Ô ¼ F−1fOk⃗âk⃗g þ H:c:; ð24Þ

1Γ̃i is an intermediary quantity, function of the others.
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using each mode’s harmonic annihilation and creation oper-
ators such that ½âk⃗; â†k⃗0 � ¼ δð3Þðk⃗ − k⃗0Þ and any other commu-

tator being 0. The operators, the Fourier amplitudes of which
are written in Eq. (23) or that ofR, are constructed this way.
However, we do not (and cannot) input a quantumoperator

to a classical simulation. Fortunately, it is common to assume
that the operators become random variables (by dropping the
noncommutating parts) above a certain scale called the
comoving Hubble radius: k ≤ aH [27]. More recently
[67], it was also argued that inputting slightly sub-Hubble
scales could also be used for examining the signatures of
(cubic) interactions. In that case, Eq. (24) can be summarized
by its spacetime correlation functions from which random
realizations can be drawn. The statistics of such a harmonic
mix are Gaussian and thus are completely described by the
two-point functions. This is equivalent to writing an expan-
sion of stochastic modes for each operator i,

Oi ¼ F−1fOi;k⃗αk⃗g þ H:c:; ð25Þ
where αk⃗ are random variables such that

hαk⃗α
�
k⃗0
iP ¼ Cδð3Þðk⃗ − k⃗0Þ; ð26Þ

where C is a normalization constant (see Sec. III B 3 and
Appendix C for determination). It is important to remember
that there is only one dynamical scalar degree of freedom, as
seen from theMukhanov-Sasaki equation (15).This iswhyall
quantities on the initial hypersurface can be fully expressed in
terms ofRk and Ṙk as inEq. (23) inFourier amplitudes space,
but also in operator space in terms ofR: there is only one set
of fαk⃗g for all operators.
This analytical material is essentially all that is needed to

start a full GR simulation and learn about full nonlinearities
and nonperturbative features during inflation. Note that
completely equivalent reasoning can be made on graviton
perturbations (tensor modes) sourced by the vacuum and
has been used in parallel work [68], although it is two
additional degrees of freedom and the constraints are
trivially satisfied at first order, which does not necessitate
the reasoning of the present paper.

III. NUMERICAL METHODS

In this section, we detail our numerical methods and
pipeline, represented in Fig. 1. Here is a summary for the
busy reader who wants to skip the technical aspects of our
numerical work:

(i) Friedmann and Mukhanov-Sasaki equations are
evolved from the imposition of the Bunch-Davies
vacuum to the start of the GR simulation.

(ii) A single 3D random box is drawn and given the right
spectrum for each of the BSSN quantities of Eq. (23).
The constraints are accurately satisfied at first order in
perturbation theory (violation only at second order
and beyond). The included wave numbers go from
slightly sub-Hubble to a few times the Hubble radius.

(iii) This stochastic box is then evolved using a full
GR simulation. The main software used is
GRChombo [69], but the results have been successfully
recovered using the GPU-enabled ported software
GRTeclyn [70].

(iv) Quantities of interest are extracted after a few
e-folds.

A. Designing an inflationary patch (STOIIC-GR)

The parameter space for a simulation with fixed evolu-
tion mostly boils down to dimensionless physical initial
conditions and resolutions in space and time. However,
these choices can influence or constrain each other,
especially when studying inhomogeneous inflation.
Our goal is to observe the inflaton’s self-interaction in

GR. In a perturbative framework, which is what we always
start from, these interactions are key for the scales crossing
the Hubble radius defined previously because the horizon
crossing entails a spectral turnover from a sub-Hubble to a
super-Hubble slope. This means that our simulation needs
to showcase at least one mode crossing this horizon: the
box resolution and the input analytical spectrum need to be
such that kboxmax; kRmax ≥ ðaHÞ⊛ but also such that gradients
can resolve the perturbations kboxmax > kRmax. Written that
way, wave numbers k will always be taken in comoving
Fourier space and so will our spatial coordinates be in the

FIG. 1. Full numerical pipeline. The user specifies in chosen units a potentialV either entirely or as a functional of parameters, a Hubble
constantH0 to start with or an initial field value ϕ0 (see III B 1), a number of background e-foldsΔN between the Bunch-Davies vacuum
initial conditions and the starting time of theGR simulation,N the number of pixels per dimension to generate and get simulated, the length
LH⊛, or the Fourier range kmax;min=H⊛ of the simulated box in terms of the Hubble radius at t⊛. The user can also specify parameters
related to NR evolution (stepping, damping, adaptive mesh refinement, etc.) or plotting requests from the final extractions.
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GR simulation, those of Eq. (8). Our simulations will thus
always see the Hubble radius R ¼ ðaHÞ−1 shrinking in the
box until it disappears beyond the discrete resolution.
For a fixed kRmax and the gradient-friendly choice of kboxmax,

the computational resources will determine the maximal
size of the box (or kmin) through the maximum numberN of
pixels per dimension we can run the code with. Beyond that
size, we assume that the simulated universe is made of
periodic patches such as this one. This is equivalent to
giving a null spectrum to that range of superscales or a
known spectrum decorrelated from those smaller scales.
This is a very good approximation in the case of inflation if
the patch is of size a few times R⊛ because of the separate
universe behavior, where separate patches barely influence
each other and can be looked at as different random draws
of the same stochastic box of finite size [23,29].
IfN is big enough to have both a super-Hubble-sized box

and sub-Hubble scales, it is tempting to take kboxmax; kRmax ≫
ðaHÞ⊛ similarly to what was achieved in the Friedmann
lattice code of [41]. From a numerical point of view, nothing
hampers the treatment of that regime. From a physical point
of view, we claim that it is not possible to go too deep sub-
Hubble without encountering well-known UV divergences
of the Mukhanov solutions. We believe that the choice of
gauge can also change how sub-Hubble one can go. The key
differencewith [41] is that of the fullGR treatment versus the
Friedmann local one, which, in practice, translates to using
the Mukhanov-Sasaki linear equation of the Fourier modes.
It is fine to leave perturbation theory (and these lattice
Friedman approaches certainly do so) and use the
Mukhanov-Sasaki evolution to recover the right late-time
perturbations, as long as no backreaction is investigated. In
our case, going too deep would probably drive the evolution
equations away from the background and linear solutions
when using the full GR action and equations, but, most
importantly, perturbation theory breaks downand sodoes our
initialization, see Appendix F. This problem is fundamental
and links to the debate on UV renormalization (see [71] for a
recent treatment); the vacuum energy might need to be
removed as only its late products are gravity friendly. Until
this topic is completely addressed with a satisfactory treat-
ment of the gravitational effects of deepUVmodes, thiswork
will simply be cautious by applying a simple momentum
cutoff (see σmax below), to stay within perturbation theory
and negligible backreaction at the initial time.
We summarize all our recommendations as

kRmax ¼ σ=R⊛;

dx ≤
2πR⊛
nσ

;

1 ≤ σ ≤ σmax; ð27Þ
where n is the number of pixels to cover the associated
smallest wavelength (n ≥ 4 in our work, using Runge-
Kutta 4 and its stencils) and ensure that initial data are

smooth enough. σmax is the scenario-dependent perturba-
tivity bound above which we cannot guarantee that our
simulation will handle the corresponding modes perturba-
tively. We also assumed that the IR sector is such that
kRmin ¼ kboxmin ¼ 2π

Ndx. This setup also automatically imposes
at least a Hubble-sized initial box as it only takes
N ≥ 2π

dx R
⊛ ≥ 1 to have kmin ≤ 1=R⊛.

B. Perturbative dynamics

1. Background solutions

The first choice to make is that of the background
quantities of inflation and, in particular, of the background
initial conditions. There is not always a unique way to
impose certain constraints on the background dynamics.
In this work and unless stated differently, we usually
choose an initial H0 and a potential VmðϕÞ parametrized
by an unknown parameterm first; then, we determine ϕ0; m
to match certain values of a slow-roll attractor. For instance,
in a VðϕÞ ¼ λϕp inflation (p ≥ 0 even), one can use the
Friedmann equations to set

ϕ0 ¼ −
��� ð3 − ε1ÞpMPlffiffiffiffiffiffiffi

2ε1
p ðε2=2þ ε1 − 3Þ

���;
λ ¼

���
ffiffiffiffiffiffiffi
2ε1

p ðε2=2þ ε1 − 3Þ
ð3 − ε1ÞpMPl

���pM2
PlH

2
0ð3 − ε1Þ; ð28Þ

for a given set of slow-roll parameters ϵ1;2, notably ε2 ¼
−2ε1 for the attractor.
Another method we employed was to fix entirely VðϕÞ

and pick ϕ0 at a point of interest (for instance, before a
feature). The field’s velocity would then be fixed using the

slow-roll limit expression ϕ̇0 ¼ − V;ϕ

V jϕ0
M2

Pl, thus fixingH0

through the Friedmann constraint, the last quantity required
for solving. Both methods guarantee a slow-roll evolution.
We refer to these two methods as potential-position

fixing andH0 fixing, respectively. The former though might
be the most appropriate to relate to observational con-
straints, usually made on the shape of the potential, the
e-folding duration, and the spectral index. Note that we do
not claim that any of our models are appropriately scaled to
match e.g., Planck data [1]. The potentials of Sec. IV
though should still have portions consistent with data.
As nicely expressed in [72], our pipeline evolves then the

Friedmann equation (9) rewritten as

d lnΩk

dN
¼ 4 − 2a2ΩkVðϕÞ;

� dϕ
dN

�
2 ¼ 6 − 2a2ΩkVðϕÞ; ð29Þ

where Ωk ¼ ðaHÞ−2 ¼ R2 is the curvature density in a flat
universe. This is evolved for an arbitrary number of e-folds
ΔN from the ICs described above.
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2. Linear solutions (PYOSCODE)

Once the background dynamics have been solved, it is
possible to solve Eq. (15), the solution of which might be
highly oscillatory at high wave numbers. This can be
numerically problematic and requires an adequate solver
such as PYOSCODE introduced in [72,73]. The code was
primarily developed for the Mukhanov-Sasaki equation,
and this part of our pipeline adapts some of the example
codes to our needs.
The evolution of Eq. (29) for ΔN e-folds lands on

realistic values of the Hubble parameter, scale factor, field,
and its momentum at t⊛, the GR simulation starting time:
ðH⊛; a⊛;ϕ⊛; ϕ̇⊛Þ. From that, our choice for the range of
modes with respect to the Hubble radius at that time can be
made explicit. In particular, if following the previous
recommendations of Eq. (27) and if ΔN is big enough,
these should all be deep sub-Hubble back at t0 when the
Bunch-Davies vacuum will be imposed. This is why we
recommend ΔN ≥ 2.
The discrete set of fkRminðR⊛Þ;…; kRmaxðR⊛Þg gives as

many Mukhanov-Sasaki equations to solve using this code.
After that, we have all the values needed for Rk to impose
the associated spectrum to our grid.

3. Random hypersurface

One way to impose a spectrum Pk ¼ jfkj2 (fk being the
Fourier amplitude) to a Gaussian and independent random
3D draw in real space is to multiply the Fourier amplitude
of the latter by

ffiffiffiffiffiffi
Pk

p ¼ jfkj. Equivalently in the large N
limit, the random draw part can be done directly in Fourier
space using complex normal drawsCN ð0; 1Þ and imposing
Hermitian symmetry. In this work, the former method is
adopted.
This work imposes several Fourier amplitudes fk,

defined in Eq. (23), all functions of Rk, and its time
derivative. To reach the perfect satisfaction of the linear
constraints (11), an adaptation of the usual method is
needed because the sign of perturbations for every quantity
matters against others. Hence, our amplitudes are fk as
opposed to jfkj, which does not impact the validity of the
method. In this sense, we are literally applying for-
mula (25). It is also worth recalling from Sec. II D that
there is only one 3D random draw and degree of freedom
despite having multiple stochastic quantities, and so all
these quantities are cross-correlated accordingly.
When working with discrete Fourier transforms, power

spectra, and different conventions, reaching the right
normalizations and units invariance can quickly become
challenging. Appendix C makes transparent the numerical
construction of our perturbations using the method
described above and the link with QFT. In particular,
one should remember that cosmological power spectra
from QFT have surprising units because of the ones
implicitly carried by annihilation and creation operators.

Our generator of perturbation has been tested successfully
with respect to the linear and full GR constraints and
showed on multiple occasions that switching a sign or any
slight modification of the constraint formulas would show a
violation of these (see constraints plot in applications). The
satisfaction of the constraints is the result of a highly
precise and cautious method.
The transition to the GR simulation is the next step, once

constraints and spectra have been checked. This is usually
done by producing an input parameters file for the GR
simulation, together with a grid file it can start from. Before
switching to NR, our pipeline also performs a rescaling of
the scale factor, the Planck mass, and their dependencies to
reach a range of numbers within double precision, valid for
the entire duration of the simulation. Typical choices
include a⊛ ¼ 1 and MPl ¼ 100 (equivalent to having
quantities in 0.01MPl units of masses). The latter choice
reveals as particularly useful to get second-order perturba-
tive violations of the constraints above the numerical
accuracy (see applications in Sec. IV).

C. Numerical relativity

GRChombo and more recently GRTeclyn are two open-
source codes from the GRTL Collaboration [74] for
evolving the BSSN and CCZ4 equations of numerical
relativity [69,75]. Both were built to make use of hybrid
MPI/OpenMP parallelism and vector intrinsics to achieve
the best performances on the latest computing architec-
tures while offering adaptive mesh refinement (AMR)
technology. The latest software was motivated to enable
the use of GPUs thanks to the AMReXlibrary [76] and has
thus allowed consequent speedups. In this work, the
pipeline can use either of them and lead to the same
results. Though, as more established so far and as
GRTeclyn is still under development, GRChombo is behind
every simulation plot of this article.
Evolving full nonlinear inhomogeneous inflation seems

challenging in cosmology, but it is a rather light problem
for NR (up to complications before and after evolving
mentioned in [44]). From this full NR library, we do not
make use of the AMR or the CCZ4 damping to eliminate
gauge artifacts [59,60] but simply the BSSN equations
[65,66] (see Appendix E) with our initial conditions and
periodic boundary conditions.
In BSSN codes, the numerical gauge is usually a 1þ log

slicing evolving together with gamma drivers [58,75], but
our work only uses the subcase of a geodesic observer,
which, in the cosmological language, is the synchronous
gauge presented earlier in Sec. II B, with ΨG ¼ BG ¼ 0.
We see that this gauge comes with some caveats.
Regarding the time resolution in these coordinates, this

work sets the Courant factor value as dt=dx ¼ 0.025
while only extracting 15 to 50 checkpoints. The typical
size of our box is 2563. This size usually requires less
than a few hours to run on 64 to 152 processors and still
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provides insightful results.2 Convergence tests are avail-
able in Sec. III E.

D. The final values problem

The previous software provides three-dimensional raw
fields at multiple time slices and requires efficient and
careful extraction. We made the choice of using the Python

YT library [77]. Plotting was made flexible to some extent
through our project VIZualizer for Inflationary Relativity
(VIZIR) which will also be made open access in the future.
Typical operations of this package include calculations

of means, contrasts, and NR diagnostics but also power
spectra, PDFs, and other statistical measures. In particular,
one will find it useful to use BSSN to Scalar-Vector-Tensor
(SVT) formalism conversions such as in Appendix A or
vice versa in Appendix B.
One of the key problems in physical extractions from

numerical relativity is that of the impeded interpretation
due to gauge ambiguities. If one is interested in a specific
observer’s point of view, it is not always guaranteed to be
simulation friendly given previous considerations on well-
behaved numerical gauges. The usual gauges of NR are
also rarely any close to observational ones. For these
reasons, it is essential to extract gauge-invariant quantities
such as ones built in perturbation theory (R, Bardeen
quantities, etc.). However, that is only valid if the simu-
lation stays perturbative and is not our purpose. In previous
studies of nonperturbative cosmological frameworks, the
key diagnostic extraction was that of the gauge-invariant
matter energy density ρ or more recently theWeyl curvature
[51,78] to include geometric contributions. We want to
emphasize in our work the existence of a generalization for
the usual linear gauge-invariants such as R.
The full GR comoving curvature on comoving hyper-

surfaces is defined as [79]

Ri ¼ −
1

6
∂i ln jγj þ

1

6

∂0 ln jγj
∂0ϕ

∂iϕ; ð30Þ

and constitutes a gauge-invariant quantity, even beyond the
long-wavelength approximation [80].3 Its link with R
becomes apparent when linearized,

Rð1Þ
i ¼ R;i −ΦBðt0Þ;i −

1

3
∇2E;i; ð31Þ

which is the case in the geodesic gauge we work in (see
Appendix D for derivations). When running simulations so
that all modes cross the horizon, terms other than R;i are

gradient suppressed. This means that we now have a good
probe for nonperturbativity and nonlinearity by comparing
RNL

k ¼ i
P

a
ka
k2 ðRa þΦBðt0Þ − 1

3
∇2EÞ and R.

E. Perturbative correctness and convergence

To evaluate the correctness of our simulations, a refer-
ence case or regime is required. For comparison, theoretical
results from QFTCS are mostly available in slow-rolling
perturbative scenarios of inflation.
In that respect, the background solution to the Friedmann

equations and the linear prediction for the power spectrum
from Eq. (15) will constitute a good diagnostic of correct-
ness, especially because they can be solved using STOIIC,
for the entire duration of the GR simulation.
Our vanilla case of inflation is the fully perturbative

quadratic potential one VðϕÞ ¼ 1
2
m2ϕ2 with ϕ0 and m set

using the potential-position fixing method described by
Eq. (28) and by imposing a slow roll ε1 ¼ −0.5ε2 ¼ 0.01
and an initial Hubble constant of H0 ¼ 10−5MPl.

FIG. 2. Comparison of the Friedmann solution (solid red)
and the mean inflaton (top), conjugate momentum (middle),
and extrinsic curvature (bottom) fields extracted from the
GR simulation (blue dots) for the quadratic inflation case.
MPl ¼ 100 units.

2Note that tests have also been successfully run with 10243 in
GRTeclyn but are computationally and memorywise more demand-
ing to run and postprocess (see in situ visualization solutions of
the GRTL Collaboration and future work).

3This was proved in [80] using the fluid 4-velocity as time
direction instead of the normal observer’s.
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These values correspond to the BD vacuum fixing time and
then are evolved for ΔN ¼ 5 e-folds until the start of the
GR simulation.
Figure 2 shows the background fields of interest from

both the Friedmann equations and the GR simulation.
The energy density is rendered at different times in
Figs. 3(c). Figure 4 shows the initial and final dimension-
less power spectra. The plots are cut at the value of kRmax
which is also where the initial spectrum is windowed
with a Heaviside function. For this simulation, σ ¼ 3 and

L ¼ 64=H⊛, hence a box satisfying our requirements of
Eq. (27): slightly sub-Hubble and super-Hubble scales
dynamics.
The fit for the background quantities is perfect and

suggests that inflation is proceeding correctly. On the
inhomogeneous side, the super-Hubble freeze is visible
for the density from Figs. 3(b) and 3(c) and for the contrast
of R in Fig. 5. The extracted power spectra provide a very
good fit to the linear prediction and affirm thatRNL is very
close to R in a very perturbative case such as this one.
The spectral turnover is also visible by eye from Figs. 3(a)
and 3(b), where the clustering switches to smaller scales.
These observations are, of course, all up to both cosmic and
the estimator’s variance, but also to higher-order inter-
actions, which, in this vanilla and barely sub-Hubble case,
are very much negligible.

FIG. 4. Linear (dashed, RMS) and extracted (solid, R) binned
dimensionless spectra (Δ½R� ¼ k3

2π2
jRkj2) compared to extracted

RNL, scalar built from the fully nonlinear generalizationRi in the
quadratic inflation case: perfect superimposition at initial (upper
half) and final (lower half) times (light greenþ purple ¼
dark green, pinkþ brown ¼ red). Contours account for the 1σ
range of points in each bin. Displayed Fourier bins are those of
the simulation mesh which have more than 10 realisations
and which are smaller than the spectral cutoff of the input
(kRmax ¼ 3 × 10−3). MPl ¼ 100 units.

FIG. 3. Energy densities evolution (left to right) of the simulated patches for quadratic inflation. 2D boundary heat maps and volumic
isosurfaces share the same color bar, but not across plots. Isosurfaces are at �2.5std. MPl ¼ 100 units. (a) hN i ¼ 0, (b) hN i ¼ 3.91,
(c) hN i ¼ 7.64.

FIG. 5. Contrast of R during quadratic inflation using 68, 95,
99, and 100 percentile contours (dense red to transparent red).
MPl ¼ 100 units.
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From a full GR point of view, and as Sec. II emphasized,
the constraints also need to be perfectly satisfied as a key
achievement in the construction of realistic initial con-
ditions for NR. We define the absolute constraint magni-
tudes ½H� and ½M�, calculated by summing the absolute
value of the terms in the BSSN version of the constraints in
Eq. (7),

½H�≡ j3Rjþ
���� 23K2

����þ jÃijAijj þ j2M−2
Pl ρj;

½Mi�≡ jγ̃kl∂kÃil þ 2γ̃klΓ̃m
lðiÃkÞmj

þ
����3γ̃klÃik

∂lχ

2χ

����þ
���� 23K∣i

����þ jM−2
PlJ ij;

½M�≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
i

½Mi�2
r

: ð32Þ

These typically show the magnitude of the different
individual terms before cancellation, and we require our
simulations to have jHj=½H� ≪ 1 and jHj=½H� ≪ 1 as a
measure of how well the constraints are satisfied. Note that
these magnitudes are different in the case of inhomo-
geneous inflation: ½H� is usually of order H2 coming from
the background, while ½M� has a leading term at linear
order of the perturbations since the Friedmann homo-
geneous universe trivially satisfies the momentum con-
straint. This implies that if our constraints are satisfied at
linear order, jHj=½H� should show the ratio of two orders
of perturbation theory while only one for jMj=½M�. Note
that it is still possible to look at the gap between our
Hamiltonian violation and the first-order magnitude by
computing ½Hð1Þ�=½H�.
Figure 6 shows the box distribution of these two ratios at

each time step. We observe a satisfaction much below the
linear magnitude, hence a violation at second order in
perturbation theory initially. However, a natural damping of
this violation occurs, mostly likely thanks to the expansion
scaling. This means that the higher-order interactions
within our box, here at second order, can be safely
investigated. We see that these conclusions can be different
when reaching nonperturbative regimes.
Finally, to check that the error built during the evolution

is numerical and that it reduces appropriately when
increasing resolution, one performs convergence tests. In
NR, the constraints are once again useful here because of
their direct link to the physicality of the solution. In this
case, the scaling one should observe for the constraint CðNÞ
from a 3D discrete simulation with N ≫ 1 is [75]

CðN1Þ
CðN2Þ

¼
�
N2

N1

�
n
; ð33Þ

where n is the spatial order of convergence of the stencils
used, n ¼ 4 in our GRChombo example.

Figure 7 gives the right scaling (≃ð128
256

Þ4 ≃ 0.06) in the
evolution for the N ¼ 128 to N ¼ 256 transition. Initial
constraints can be overlooked as they are built from our
linear solutions and so will have higher-order violations in

FIG. 6. Distribution of the relative constraint violations over the
box at each time step for quadratic inflation, using 68, 95, 99, and
100 percentile contours (dense red to transparent red). ½H� and
½M� are the usual sums of absolute respective terms in the
constraints, see (32). The dash-dotted line displays the average
first-order Hamiltonian and Momentum constraint magnitudes
h½Hð1Þ�i=h½H�i and h½Mð1Þ�i=h½M�i ¼ 1.

FIG. 7. Convergence tests for the mean Hamiltonian (blue) and
momentum (red) relative constraints (hjCj=½C�i, C ¼ H;M)
across multiple runs with N ¼ 64 (dash dotted), N ¼ 128
(dashed), and N ¼ 256 (solid). Note that the stochastic initial
conditions are the same (σ ¼ 3).
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perturbation theory, mixed with some of the negligible
numerical errors we are studying the scaling of. Final
scalings can become uninformative too as the violation
reaches the bottom of numerical accuracy and stagnates.

IV. NONPERTURBATIVE EXAMPLES

In the following, we study models known for their
nonperturbative properties using full GR, providing tests
of our pipeline against more extreme scenarios compared to
the slow-roll case studied above.

A. Inflection point inflation

We study a single field rolling on the following potential:

VðϕÞ ¼ Λv4
ϕ2

3
·
3ϕ2 þ 2

ffiffiffi
2

p
ϕvþ 6v2

ð3ϕ2 þ 2v2Þ2 ; ð34Þ

inspired by Higgs inflation [81,82] and intended to be tuned
for the production of primordial black holes (PBHs) in
[83,84]. It produces three phases around the inflection point
at ϕinf ≃ 0.28MPl: ultra slow-roll (USR) sandwiched by
slow-roll phases. The USR phase is interesting because it
provokes a resonant enhancement of the adiabatic power
spectrum. In [84], parameters are tuned to have that peak on
sub-CMB scales, but we slightly change v to see interesting
dynamics within 10 e-folds.
Our parameters are Λ ¼ 1.86 × 10−6, v ¼ 0.198MPl,

and we start slow rolling before the feature with ϕ0 ¼
−1.2MPl using the H0-fixing method described in Sec. II.
These parameters give a decent duration of USR (ε1 ≃ 0,
ε2 ≃ 6, yielding a field that almost stops) as Figs. 8 and 9
showcase.

FIG. 8. Comparison of the Friedmann solution (solid red) and
the mean inflaton (top), conjugate momentum (middle), and
extrinsic curvature (bottom) fields extracted from the GR sim-
ulation (blue dots) in inflection inflation. MPl ¼ 100 units.

FIG. 9. First (left) and second (right) slow-roll parameters for
the inflection inflation example.

FIG. 10. Contrast of ϕ and R during inflection inflation using
68, 95, 99, and 100 percentile contours (dense red to transparent
red). MPl ¼ 100 units.
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The box is designed as follows: modes up to σ ¼ 4 are
drawn and accounted for in a patch of size L ¼ 32=H⊛.
The resulting background of the simulation in Fig. 8
matches the Friedmann prediction perfectly.
This example is the first to showcase a nonperturba-

tive solution. The contrasts can be summarized in that of
R, showing a departure from perturbativity in Fig. 10:
up to a 30% difference from the background. One would
thus expect a consequent departure from linear theory
and perturbation theory, in general. The spectrum is
plotted in Fig. 11. The simulation shows indeed a small
deviation from linear theory compared to the quadratic
case at low k. However, it shows no visible difference
between R and RNL, despite the complicated and less
perturbative interactions occurring at the inflection’s
phase transition.
Interestingly, the field contrasts shrink greatly during

the USR phase but benefit that of R through the
geometry, see Fig. 10. The drop in δϕ appears analogous
to what the long wavelength and separate universe
Hamilton-Jacobi theory predicts for motion on a plateau
]85 ], showing consistency with that idealized scenario, as

well as the similar decay shown in [86]. The evolution of
the energy density is also illustrated in Figs. 12(d) shows
that the clustering has been altered during the phase
transition as opposed to the quadratic case.
Most importantly, such scenarios are of interest to those

studying primordial non-Gaussianity. In Fig. 13, we report
a consequent influence of the transition dynamics on the
skewness and kurtosis. Leaving a more thorough study for

future work, we refer to [68] for another example in the
tensorial sector.

B. Strong resonance

Resonance models have received significant attention as
inflationary models with nontrivial features [87,88]. They
often consist of a usual vanilla potential, on top of which an
oscillatory feature is added. Some models were tested
against Planck [1,89,90] without decisive conclusions.
These were still perturbative as, once again, it is our only
way to make predictions using QFTCS.
More recently, nonperturbative simulations of infla-

tion gave their first results using lattice cosmology [41],
building up from reheating studies [37]. In this original
study, the nonperturbative regime was reached using a
strong resonance of the perturbations with the oscillatory
feature, inspired by axion monodromy models [91].
Despite offering important insights, these simulations
remain not fully relativistic and, for instance, approximate
backreaction and geometry, although some recent improve-
ments clarified some regimes [42,43]. We believe that our
framework can illuminate a complete relativistic picture of
these processes.
We use a potential similar to that of [41], which is a

standard vanilla inflation supplemented by a monodromic
feature of width Δϕ,

VðϕÞ ¼ 1

2
m2ϕ2 þ Λ4Wðϕ − ϕcÞ

�
cos

�ϕ − ϕc

f

�
− 1

�
;

WðϕÞ ¼ 1

4

�
1þ tanh

�ϕ
f

���
1þ tanh

�Δϕ − ϕ

f

��
; ð35Þ

the only difference being that our choice of slow-rolling
background is taken to be the same as our vanilla example.4

The oscillatory feature is located such that ϕc is the value
of ϕ⊛ in the quadratic example. Finally, we set our
parameters to α ¼ ϕ̇c=fHc ¼ 10, b ¼ 2Λ4=ϕ̇2

c ¼ 1.32,
and β ¼ Δϕ=αf ¼ 2, respectively, fixing frequency, ampli-
tude, and duration of the oscillations. The resulting
potential is shown in Fig. 14.
We start with a range of scales up to σ ¼ 4.5 in a box

of physical size L ¼ 16=H⊛, necessary to probe slightly
sub-Hubble scales to observe the resonance with this
choice of parameters. In this highly nonperturbative
scenario, the background loses its meaning as shown
in Fig. 15: compared to the two previous examples,
measurable deviations from the Friedmann solution occur
after a few e-folds in the oscillating features, with those
of Π particularly pronounced. In particular, looking at the
evolution of the energy density contrasts in Figs. 12(f) or
at the PDFs in the Joy plot of Fig. 16 provides a very

FIG. 11. Linear (dashed, RMS) and extracted (solid, R) binned
dimensionless spectra (Δ½R� ¼ k3

2π2
jRkj2) compared to extracted

RNL, scalar built from the fully nonlinear generalization Ri in
the inflection inflation case: perfect superimposition at initial
(lower half) and final (upper half) times (light greenþ purple ¼
dark green, pinkþ brown ¼ red). Contours account for the 3σ
range of points in each bin. Displayed Fourier bins are those
of the simulation mesh which have more than 10 realizations
and which are smaller than the spectral cutoff of the input
(kRmax ¼ 4 × 10−3). MPl ¼ 100 units.

4We thank the authors for clarifying their initialization meth-
ods. Here, we have chosen a different set of initial conditions
instead, easier to implement within our framework.
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good grasp of the dynamics. It shows that the perturba-
tions become bimodal and nonperturbative in the gap
between the two groups. A more acute look at the values
of the fields shows that some perturbations stay stuck in

some of the bumps of the potential: these will undergo
eternal inflation in a false vacuum while others make it
through en route for successful inflation. These are the
same qualitative conclusions as in [41].

FIG. 12. Energy densities evolution (left to right) of the simulated patches for the two nonperturbative studied models (top to bottom).
2D boundary heat maps and volumic isosurfaces share the same color bar, but not across plots. Isosurfaces are at �2.5std for the
inflection example. Note that the resonance is not shown with any isosurface for better visibility. MPl ¼ 100 units. (a) Inflection at
hN i ¼ 0, (b) Inflection at hN i ¼ 4.82, (c) Inflection at hN i ¼ 9.58, (d) Strong resonance at hN i ¼ 0, (e) Strong resonance at
hN i ¼ 3.83, (f) Strong resonance at hN i ¼ 6.98.

FIG. 13. Cumulants of R from the GR simulation of the
inflection inflation: sample skewness (κ3, solid blue) and kurtosis
(3þ κ4, dashed blue).

FIG. 14. Strong resonance potential: monodromic feature on
the quadratic potential. The range in ϕ is the one explored during
the simulations. MPl ¼ 100 units.
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Moreover, we also found an encouraging resemblance
between the cited study and our spectra in Fig. 17. The
departure from linear theory is extreme and likewise, but
mostly motivates one to stop looking at a perturbative
quantity such asR.RNL shows indeed great independence
from the former.

C. Numerical discussion

The two nonperturbative examples studied in Secs. IVA
and IV B should be of great interest not only to cosmol-
ogists but also to the numerical relativity community. In
one case, the field slows down to a barely resolvable speed
(ultra slow-roll reached during inflection), and in the other
case, domain walls form during the strong resonance of
monodromy inflation. These nonlinear multiscale effects
provided challenging tests of the present implementation of

our methods, at the same time demonstrating their robust-
ness, while defining some outer limits.
The degree of accuracy of the numerical evolution can be

observed from the full HamiltonianH=½H� and momentum
M=½M� constraints shown in Fig. 18. Both ratios H=½H�
and M=½M� should remain much smaller than 1 for
correctness, whether the simulation is perturbative or
not. Both scenarios show good constraint preservation at
the initial linear level during at least the first half of the
simulations, that is, for over 7 e-folds and 3 e-folds,
respectively, for ultraslow-roll and monodromy inflation.

FIG. 15. Comparison of the Friedmann solution (solid red)
and the mean inflaton (top), conjugate momentum (middle),
and extrinsic curvature (bottom) fields extracted from the GR
simulation (blue dots) in a strong resonance inflation.
MPl ¼ 100 units.

FIG. 16. PDFs of R during the strong resonance evolution:
from Gaussianity to bimodal fluctuations.

FIG. 17. Linear (dashed, RMS) and extracted (solid, R) binned
dimensionless spectra (Δ½R� ¼ k3

2π2
jRkj2) compared to extracted

RNL, scalar built from the fully nonlinear generalizationRi in the
strong resonance case: perfect superimposition at initial (lower
half) time only (light greenþ purple ¼ dark green). Contours
account for the 3σ range of points in each bin. Displayed Fourier
bins are those of the simulation mesh which have more than 10
realizations and which are smaller than the spectral cutoff of the
input (kRmax ¼ 4.5 × 10−3). MPl ¼ 100 units.
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However, a problem develops in the momentum constraint,
while the Hamiltonian constraint [upper panels of
Figs. 18(a) and 18(b)] remains satisfied within a margin
≲10−3 ≪ 1 at all times and grid points. One could think
that increasing the resolution would help reduce the relative
momentum constraints to values smaller than 1, but as
might be guessed from the convergence test provided in
Fig. 19, increasing the resolution with the same input does
not however improve the momentum constraint at late
nonperturbative times.
It is useful to understand which scales are responsible for

such constraint violation using the Fourier transform of the
constraints. This is highlighted in Fig. 20: with initial UV
mode cutoffs at k ¼ 4 × 10−3 and 4.5 × 10−3 for inflection
and resonance cases, respectively, it is very clear that the
constraints and their absolute magnitudes only overlap at
late times for modes on scales smaller than the ones
included in the initial spectrum, which are scales where
gradient computations fail. This momentum constraint
breakdown in the axion monodromy case is primarily
due to numerical resolution effects after the formation of
domain walls, which is a well known problem for the
numerical evolution of topological defects in an expanding
universe. This is evidenced by the fact that there is only
localized breakdown of the constraints along the domain
walls (about 15% of the grid points), rather than a generic
problem throughout the simulation (e.g., it is not due to
nonperturbative effects from strong gravity in this case).

When these later emerging, constraint violating UV scales
(we choose conservatively k > 10−2) are filtered out from
the Fourier transform of the various fields, the deviations
from the FLRW background shown in Fig. 15 are not
affected. Furthermore, we note that if the simulation of the

FIG. 18. Evolution of the rescaled constraint violationpercentiles for our nonperturbativemodels. For each time step’s box, 68, 95, 99, and
100 percentile contours are represented (dense red to transparent red). The dash-dotted line displays the average first-order Hamiltonian and
Momentum constraint magnitudes h½Hð1Þ�i=h½H�i and h½Mð1Þ�i=h½M�i ¼ 1. (a) Inflection inflation, (b) Strong resonance.

FIG. 19. Strong resonance convergence test for the mean
Hamiltonian (blue) and momentum (red) relative constraints
(hjCj=½C�i, C ¼ H;M) across multiple runs with N ¼ 64 (dash
dotted), N ¼ 128 (dashed), and N ¼ 256 (solid). With the same
range of scales initially, the perturbative phase gets smaller
constraints with better resolution, as opposed to the nonpertur-
bative last time steps of the momentum constraint.
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monodromy potential is stopped at 3.8 e-folds, just as the
bimodal distribution starts forming and while the majority
of points still respect the momentum constraint, the for-
mation of bubbles of trapped fields is still observed. Hence,
the nonperturbative effects of the monodromy potential
observed in our simulations are robust against brute force
removal of constraint violating Fourier modes.5

Accurate numerical resolution of the emerging domain
walls on which the momentum constraint currently fails in
our simulations is a challenging endeavor: such domain
walls have a fixed physical width δdw that is determined by
the inverse mass associated with symmetry breaking in the

potential, δdw ∼m−1
dw. On the other hand, the physical length

scale related with the comoving grid scale △x expands
rapidly as△rðtÞ ¼ aðtÞ△x (especially during inflation). So
this soon exceeds the defect width △rðtÞ > δdw meaning
that there is insufficient numerical resolution to evolve the
domain walls accurately. This is a problem for which there
have been a number of alternative solutions developed,6 the
best of which appears to be the use of adaptive mesh

FIG. 20. Initial and final spectra of the Hamiltonian (left) and momentum (right) constraint violations (blue and orange) and absolute
constraint magnitudes (green and red) for our nonperturbative examples. The constraints are well satisfied if the orange line lies below
the red. The spectral input was cut at kRmax ¼ 4 × 10−3 and kRmax ¼ 4.5 × 10−3, respectively, visible through spectral drops. MPl ¼ 100
units. (a) Inflection inflation, (b) Strong resonance.

5A more sophisticated dynamical investigation of such mode
filtering is beyond the scope of this paper.

6One frequently used approach is the “fat defect” algorithm,
pioneered to study axion domain walls in an expanding universe
[92]; this essentially makes the mass dynamical mdw ∝ aðtÞ, so
the domain walls have a fixed comoving width. However, despite
the simplicity of this approach, it modifies the underlying physics
of the defect network, notably its gravitational effects.
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refinement (AMR) (see, for example, Ref. [93]). We note
that STOIIC is compatible with GRTeclyn, which is built on the
AMReX libraries, so it has AMR as a core capability.
However, we have not yet deployed this to push further
forward and maximize dynamical range, because complex
topological defect evolution is not the primary focus of this
paper. Nevertheless, we highlight this additional AMR
capability which should also improve the evolution of any
large perturbations, also in the ultraslow-roll scenario. In
any case, despite the emergence of numerical inaccuracies
late in the evolution, we note that they do not cause a more
serious numerical breakdown beyond the momentum con-
straint because the small-scale perturbations become super-
horizon and their evolution essentially freezes.
We would like to comment further on the importance of

independently monitoring the accuracy of constraint evo-
lution during cosmological simulations. Satisfying the
momentum constraint often proves to offer an extra layer
of challenge in numerical relativity due to the spatial
gradients involved. To our knowledge, this has not often
been explicitly diagnosed in previous inhomogeneous
inflationary simulations, sometimes unmentioned, some-
times relying on an initial trivial satisfaction [46] or the
long wavelength approximation [41]. However, it is known
that the momentum constraint is a key connector of the
Hubble-sized universe patches [85] and should not be
overlooked on those scales. In our own simulations, we
have implemented a self-consistent methodology for the
initial conditions to ensure that the constraints are satisfied
at linear order (i.e., effectively with violations only appear-
ing at second order). In the present simulation, we have
stress tested this approach by setting the whole grid initially
inside one Hubble volume L⊛ ≲ ðH⊛Þ−1. This UV depth of
our modes is especially large for axion monodromy where
the most subhorizon simulations are necessary to observe
large resonances. In general, Bunch-Davies fluctuations
deep inside the horizon rise in amplitude and become less
and less perturbative (leaving aside the question of whether
it is a good approximation to neglect subhorizon quantum
effects (see, e.g., Ref. [67])). Most of our simulations, such
as the previous quadratic case, satisfy the constraints
accurately and will thus allow us to look more closely
into these issues. The two nonperturbative examples
presented here are certainly some of the most extreme
cases, where the satisfaction of the momentum constraint
does not improve over time, but at least the regimes of
validity of the resulting predictions are well defined.
Another point of debate, mentioned in [44], is that of

gauge choice. In principle, the geodesic gauge will end up
ill posed when gravitational collapse becomes possible,
because of the crossing of free-falling observers on the grid
[58]. In this case, the spatial coordinates can converge,
intersect, and so leave a coordinates singularity that
prevents further simulation evolution. This is not as visible
in inflationary simulations as in strong gravity scenarios,

such as black hole simulations, but it is there, especially if we
continue beyond reheating. There is some evidence of this in
the gradual growth of the spatial metric determinant contrast:
the ratio δX=Xb increases slowly with time according to
Eq. (19) and Appendix A, notably because of the growing E
and χ contributions. This is shown in Fig. 21, even for the

FIG. 21. 68, 95, 99, and 100 percentile contours for the contrast
of X. (a) Quadratic, (b) Inflection, (c) Strong resonance.

LAUNAY, RIGOPOULOS, and SHELLARD PHYS. REV. D 112, 043518 (2025)

043518-18



simple slow-rolling phases, while staying fully perturba-
tive for the whole duration of our simulations, so we
conclude that using the geodesic gauge is not problematic.
In the future, we plan to compare this evolution with
another successful gauge, adapted from the integrated
moving puncture gauge to the case of inhomogeneous
inflation [55,56,94].
Our study of higher-order interactions and correlation

functions is reserved for future work. A consequent study
will indeed be needed to prove that these simulations can
reach very high orders of perturbation theory that have not
been achieved analytically (at least quantitatively). The
manner in which the inflationary initial data are input and
windowed might significantly impact the predictions. In
our present simulations, we are essentially setting a cutoff,
and while this should not impact the dynamics, it does
mean that modes are not treated equally as they do not enter
the horizon at the same stage of their interactions [67].
Stochastic inflation might prove a better answer because of
the time-dependent cutoff, improving the accuracy of the
constraints; a forthcoming study in full numerical relativity
will describe the implementation of the stochastic approach
described in [36].

V. CONCLUSIONS AND FUTURE CHALLENGES

In this work, we pioneered the full evolution of the
Bunch-Davies vacuum initial conditions for inflation in
numerical general relativity. We first solved the generic
initial conditions problem for inhomogeneous inflation at
linear order in scalar perturbations (including the metric)
for a common gauge: the geodesic (or synchronous) gauge.
We emphasize that the method itself is not restricted to this
particular gauge choice and could be adapted to other
choices also. The rest of the paper then adapted numerical
relativity techniques to cosmology, building up from
previous works [44]. Three examples were studied, ranging
in the level of emerging nonlinearity: a very perturbative
and linear case of quadratic inflation, a potential with an
inflection point, and a strongly nonperturbative and non-
linear resonance monodromy model. All evolutions includ-
ing the most exotic ones satisfy the constraints for our
scales of interest. We proved that looking at nonperturba-
tive scenarios is possible and showcases new phenomena
such as highly inhomogeneous geometries and fields one
can find from a monodromy model. We also commented on
the general need to use observer-independent, nonlinear
variables (like Ri) in order to extract measures of the
fluctuations from our numerical boxes.
This work demonstrates that it is possible to sidestep

perturbation theory in making (numerical) predictions for
postinflation states involving fully general relativistic
dynamics. In future work, we aim to make more refined
predictions with bigger simulations and better estimators
for the fluctuations and corresponding observables.
Important improvements might further involve setting up

the initial conditions beyond first order by combining our
approach with a numerical solver like [54,63], studying the
evolution in different coordinates [55,56,94], incorporating
recent work to include gravitons [68], implementing
multiple fields, etc. In particular, we hope to focus on
model-specific studies, for instance, to gain more accurate
insights on ultra slow roll and primordial black hole
production.
Most importantly, as advocated previously in [36,67], the

key extension of this work is the incorporation of stochastic
inflation. In this framework, the modes do not all enter the
simulation at the same initial time but at a given elapsed
time relative to their Hubble horizon crossing, thus better
accounting for quantum diffusion. As recently announced
in [36], we will soon report on the possibility of running
stochastic inflation in full numerical relativity and thus
allowing comparison with the present work that initializes
the evolution from a single time slice, as in a standard initial
value numerical set up, similarly to lattice cosmology.
Hopefully, the numerical implementation of the prescrip-
tion described in [67] will pave the way for nonperturbative
precision predictions from inflation, for instance, on
primordial non-Gaussianities or nonlinear sub-CMB scales,
where constraints on gravitational waves and primordial
black holes could be enhanced.
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APPENDIX A: LINEARIZED BSSN DICTIONARY

Using ADM and scalar SVT notations introduced in
Secs. II A and II B, we derive

(i) X¼ a−2½1þ 2Φ− 2
3
∇2E�.

proof. ð3Þg ¼ detðð3ÞgijÞ ¼ a6½1 − 6Φ þ 2ðE;11þ
E;22 þ E;33Þ� ¼ a6½1 − 6Φ þ 2∇2E�
Hence, ½ð3Þg�−1=3 ¼ a−2½1þ 2Φ − 2

3
∇2E�.

(ii) γ̃ij ¼ δij þ 2ð∂i∂j − 1
3
δij∇2ÞE, and γ̃ij ¼ δij −

2δimδjnð∂m∂n − 1
3
δmn∇2ÞE.

proof. Xð3Þgij¼a−2½1þ2Φ−2
3
∇2E�a2½ð1−2ΦÞδij þ

∂ijE�¼δijþ2E;ij−2
3
δij∇2E. The inverse metric is

obtained at first order with γ̃ikγ̃kj ¼ δij.
(iii) K ¼ −3H þ κ. Using the definition of K from

Eq. (4): κ ¼ 3ðΦ̇
N
þHΨÞ − Δχ and χ ¼ − a2

N̄ ðB − ĖÞ.
(iv) Ãij ¼ 1

N̄ ð∂i∂j − 1
3
δij∇2ÞðB − ĖÞ.

proof. Similarly KTF
ij ¼ −ð∂i∂j − 1

3
δij∇2Þχ so

XKTF
ij ¼a−2½1þ2Φ−2

3
∇2E�a2N̄ ð∂i∂j−1

3
δij∇2ÞðB−ĖÞ¼

1
N̄ð∂i∂j−1

3
δij∇2ÞðB−ĖÞ.

(v) α ¼ N̄ð1þ ΨÞ.
(vi) βi ¼ a2B;i.
(vii) Γ̃i

jk ¼ δilE;lkj− 1
3
∇2½E;jδ

i
kþE;kδ

i
j−E;lδ

ilδjk�.
proof. Γ̃i

jk¼ 1
2
½δij−2δimδjnð∂m∂n− 1

3
δmn∇2ÞE�×

½2∂jð∂l∂k− 1
3
δlk∇2Þþ2∂kð∂j∂l− 1

3
δjl∇2Þ−2∂lð∂j∂k−

1
3
δjk∇2Þ�E¼δij½∂jð∂l∂k−1

3
δlk∇2Þþ∂kð∂j∂l−1

3
δjl∇2Þ−

∂lð∂j∂k− 1
3
δjk∇2Þ�E¼E;lkjδ

il− 1
3
∇2½E;jδ

i
k þ E;kδ

i
j −

E;lδ
ilδjk�þoðEÞ.

(viii) Γ̃i ¼ 4
3
δij∇2E;j.

proof. Computing γ̃jkΓ̃i
jk ¼ δjkΓ̃i

jk, as previous ex-
pression is a first order.

(ix) Rij¼ð∇2δijþ∂i∂jÞΦ, and RTF
ij ¼ ð∂i∂j − 1

3
δij∇2ÞΦ.

proof. One can show that ð3ÞRi
j ¼ ΔΦδkj þΦ;k

;j

and lower the index.

APPENDIX B: COSMOLOGICAL
EXTRACTIONS

VIZIR’s postprocessing makes use of diverse relations to
extract diagnostics and observables. Here are the most
important relations, hi□ denoting a box averaging,

hN i□ ¼ −
1

2
lnhXi□;

Φk ¼
1

2
ða2Xk − 1Þ − 1

48

X3
i;j¼1

kikj
k2

ðγ̃ij − 1Þ;

Ek ¼ −
1

16

X3
i;j¼1

kikj
k4

ðγ̃ij − 1Þ;

R ¼ Φ −
hKi□

hαi□hΠi□
ðϕ − hϕi□Þ: ðB1Þ

APPENDIX C: RANDOMNESS WITH A
POWER SPECTRUM

As a reminder, the Fourier transform F and its inverse
are defined with a backward normalization in QFT.
We define RFFTN (resp. IRFFTN) as a discrete Fourier

transform (resp. its inverse) on a positive 3D hemisphere
with no normalizations (RFFTNfIRFFTNg ¼ N3).
We want to draw a random 3D process with power

spectrum jfk⃗j2 defined from QFT as

f̂ðxÞ ¼ F−1ffk⃗âk⃗g þ H:c:; ðC1Þ

There are a few subtleties one needs to account for.
(i) Assuming that units are such that ½f̂ðxÞ� ¼ M0, we

understand from the consequently unitless two-point
function

hf̂ðxÞ2i ¼ F−1fjfk⃗j2g; ðC2Þ

that annihilation and creation operators hide units
and that fk⃗ is not a simple Fourier density
(½fk⃗� ≠ M−3) but such that ½fk⃗� ¼ M−3=2.

(ii) Building a real stochastic Fourier expansion does not
require the addition of the Hermitian conjugate7

because we are dealing with numbers (we can find
α such that α−k⃗ ¼ α�

k⃗
while â−k⃗ ≠ â†

k⃗
),

f ðxÞ ¼ F−1ff̃k⃗αk⃗g ðC3Þ

where f̃k⃗ ¼ fk (resp. f�k) if k⃗ is in the kz > 0

hemisphere (resp. kz < 0 hemisphere). This is es-
sentially saying that we impose a Hermitian sym-
metry as (I)RFFTN does. We can compute the
coincident two-point function,

hf ðxÞ2i¼
Z

d3k⃗1
ð2πÞ3

d3k⃗2
ð2πÞ3 f̃k⃗1 f̃k⃗2hαk⃗1

αk⃗2
i

¼
Z

d3k⃗1
ð2πÞ3

d3k⃗2
ð2πÞ3 f̃k⃗1 f̃−k⃗2hαk⃗1

α�
k⃗2
i

¼ C2

ð2πÞ3
Z

d3k⃗
ð2πÞ3 jfkj

2 ¼ C2

ð2πÞ3 hf̂ðxÞ
2i; ðC4Þ

where the integral in k⃗2 has been reversed and the
Hermitian symmetry of k⃗ assumed, before applying
Eq. (26). The right normalization is the one that
matches the stochastic and quantum correlations
functions, thus C ¼ ð2πÞ3=2.

7If we were doing so, the stochastic approach would require a
factor

ffiffiffi
2

p
due to the commutativity of the latter and not of QFT.
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(iii) To generate the αk⃗s, it is possible to use

αk⃗=C ¼ sk⃗ ¼
1ffiffiffiffi
N

p
3
RFFTNfΔðx⃗Þgðk⃗Þ; ðC5Þ

when N is big enough and taking each Δðx⃗Þ as
independent random normal variables on the grid.
This will indeed imply the statistics of Eq. (26) and
their Hermitian symmetry.

This leads to the final strategy,

f ðxÞ ¼
�dk
2π

�3
× IRFFTN

n�dk
2π

�−3
2

fk⃗ × ð2πÞ3=2sk⃗
o

¼
� dkffiffiffiffiffiffi

2π
p

�3
2

× IRFFTNffk⃗sk⃗g: ðC6Þ

APPENDIX D: NONPERTURBATIVE COMOVING
CURVATURE

The nonperturbative comoving curvature is defined as
[79,80]

Ri ¼ −
1

6
∂i ln jγj þ

1

6

∂0 ln jγj
∂0ϕ

∂iϕ; ðD1Þ

and constitutes a gauge-invariant quantity.
In particular, its linearization writes

Rð1Þ
i ¼ R;i −Φðt0Þ;i −

1

3
∇2½E − Eðt0Þ�;i þ

1

3

Z
t0

∇2B;i

¼ R;i −ΦBðt0Þ;i −
1

3
∇2E;i: ðD2Þ

Note that the two last terms are usually very suppressed. This
expression explains why defining RNL

k ¼ i
P

a
ka
k2 ðRa þ

ΦBðt0Þ − 1
3
∇2EÞ is a good way to compare Ri and R.

APPENDIX E: BSSN EQUATIONS

∂tX −
2

3
XαK þ 2

3
X∂kβk − βk∂kX ¼ 0;

∂tγ̃ij þ 2αÃij − γ̃ik∂jβ
k − γ̃jk∂iβ

k

þ 2

3
γ̃ij∂kβ

k − βk∂kγ̃ij ¼ 0;

∂tK þ γijDiDjα − α
�
ÃijAij þ 1

3
K2

�

− βi∂iK − 4παðρþ SÞ ¼ 0;

∂tÃij − X½−DiDjαþ αðRij −M−2
Pl αSijÞ�TF

− αðKÃij − 2ÃilÃ
l
jÞ − Ãik∂jβ

k − Ãjk∂iβ
k

þ 2

3
Ãij∂kβ

k − βk∂kÃij ¼ 0;

∂tΓ̃i − 2α
�
Γ̃i
jkA

jk −
2

3
γ̃ij∂jK −

3

2
Aij ∂jX

X

�

þ 2Aij
∂jα − βk∂kΓ̃i − γ̃jk∂j∂kβ

i −
1

3
γ̃ij∂j∂kβ

k

−
2

3
Γ̃i
∂kβ

k þ Γ̃k
∂kβ

i þ 2M−2
Pl αγ̃

ijSj ¼ 0;

∂tϕ − αΠ − βi∂iϕ ¼ 0;

∂tΠ − βi∂iΠ − α∂i∂
iϕ − ∂iϕ∂

iα

− α
�
KΠ − γijΓk

ij∂kϕ −
dV
dϕ

�
¼ 0;

H ¼ Rþ 2

3
K2 − ÃijAij − 2M−2

Pl ρ ¼ 0;

Mi ¼ γ̃kl
�
∂kÃli − 2Γ̃m

lðiÃkÞm − 3Ãik
∂lX
2X

�

−
2

3
∂iK −M−2

Pl Si ¼ 0: ðE1Þ

APPENDIX F: WARNING ON LOOKING
TO DEEP IN THE UV

We demonstrate here the breakdown of our methods
when including modes that are too sub-Hubble. When
varying σ, one can study the scaling of the simulation
independently from the resolution by rescaling the
resolution accordingly, for instance, by rescaling L.
Thanks to this, gradients remain perfectly accurate and
cannot violate the constraints with amplitude greater than
second order in perturbation theory. Figure 22 showcases
such an experiment with the case of quadratic inflation. It
shows the ratio of the constraints violation and the typical

FIG. 22. Mean constraint violation to mean first-order magni-
tude ratio (hjCj=½Cð1Þ�i, C ¼ H;M) for quadratic inflation with
different UV cutoffs. For σ ¼ 1, we set L ¼ 128=H⊛ and adapt L
when changing σ to keep their product a constant. [Note that the
Hamiltonian σ ¼ 2 final ratio flattens because of the constraint
violation reaching numerical accuracy (smaller σ means smaller
perturbations and so violation.)].

BUNCH-DAVIES INITIAL CONDITIONS AND … PHYS. REV. D 112, 043518 (2025)

043518-21



amplitude of a first-order violation of the constraints
jHj=½Hð1Þ� and jMj=½M�. Given that our method pro-
vides violation at second order in perturbation theory,
this ratio is a direct comparison of the second and first
orders.
Cutting more of the UV makes the contrasts in the box

decrease, which explains why the constraints do too.
Inversely, the contrasts and so the constraints increase
when including more and more UV modes, which diverge
in this limit. In particular, the momentum’s contrast in the
geodesic gauge has usually been the first to break pertur-
bation theory in the UV in this work.
When increasing σ, one has to stop before exiting the

perturbative regime. Indeed, the second-order perturbations

increase in amplitude, and the further you move in the UV
the bigger the effect. Our constraints are still satisfied to
first order but with a smaller gap between each order of
perturbation theory. As this gap decreases by including
more UVmodes, satisfying the constraints at linear order as
we do here is no longer sufficient and another approach
must be used. However, this does not seem to be the real
problem as there is no certainty on the physicality of those
deep sub-Hubble modes. While some of us argue that a
regularization should be performed, for instance, using the
adiabatic method [71,95], we simply state that plugging
those diverging modes in Einstein’s equations and so
evolving them in NR would probably lead to unphysical
nonperturbative nonlinearities.
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