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We present a data-driven inverse construction of the dilaton field in a bottom-up AdS/QCD description
of heavy vector quarkonia. Instead of adopting an ad hoc analytic ansatz, we use a multilayer perceptron to
learn Φ0ðzÞ as a smooth function of the holographic coordinate, with Φð0Þ ¼ 0 imposed to ensure
ultraviolet consistency. The dilaton and its derivatives obtained by automatic differentiation generate the
holographic potential UðzÞ, and the associated Schrödinger-like equation is discretized and diagonalized to
extract the low-lying eigenmodes. Masses and decay constants are then evaluated from the eigenvalues and
the near-boundary behavior of the bulk-to-boundary modes. Training on PDG data for charmonium and
bottomonium yields a nonquadratic dilaton profile that resolves the long-standing difficulty of simulta-
neously reproducing both the heavy quarkonium spectrum and the monotonic suppression of leptonic
decay constants with radial excitation. The combined fit achieves rms deviations of 1.26% (charmonium)
and 3.32% (bottomonium). This work establishes neural-network reconstruction as a flexible tool for
holographic modeling and provides a basis for future extensions incorporating additional channels, lattice
constraints, or finite-temperature backgrounds.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
theory that describes the strong interaction. However, in the
low-energy and strongly coupled regime, analytical sol-
utions to QCD become extremely difficult to obtain, and
traditional perturbative methods are no longer effective.
This limitation has motivated the development of various
nonperturbative approaches, among which the AdS/QCD
model [1–4] based on the holographic principle has
attracted considerable attention in recent years. The idea
of AdS/QCD originates from the AdS/CFT correspon-
dence, which reveals a profound connection between
strongly coupled gauge theories and weakly coupled
gravity theories [5–7]. Depending on the construction
scheme, AdS/QCD models can be classified into top-down
and bottom-up approaches: the former are derived from

string theory,where probe branes are introduced into the bulk
geometry to set the energy scale and break conformal
symmetry [8–10]; the latter directly implement deformations
in the five-dimensional spacetime to reproduce hadronic
properties observed in experiments. Within the bottom-up
framework, the hard-wall [1,2,11] and soft-wall [12] models
are themost widely used. In particular, the soft-wall model is
well suited for studying meson radial excitations, as it
naturally reproduces the linear Regge trajectories of hadron
masses. These models have been extensively applied to the
study of meson spectroscopy [12–21] and heavy quarkonia
[22–25]. The latter have introduced quadraticlike dilaton
fields to fit heavy vector quarkonia with linear radial Regge
trajectories. In addition, Regge trajectory methods have
recently been extended to more exotic hadronic systems,
such as doubly heavy triquarks [ðQqÞQ̄0], providing new
spectroscopic predictions for these states [26].
However, for heavy quarkonium systems, the linear radial

Regge trajectory hypothesis breaks down, according to
Bethe-Salpeter theory [27–29], implying Regge trajectories
can be parametrized as M2

n ¼ aðnþ bÞν. This nonlinearity,
at the holographic level, can be translated into the dilaton
field ΦðzÞ if a nonquadratic version is considered, as it was
introduced in [30]. Recently, this dilaton phenomenological
ansatz was derived from WKB analysis [31].
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On the purely phenomenological side, heavy quarkonia,
including charmonium (cc̄) and bottomonium (bb̄), play a
central role in hadron physics due to their large quark
masses, which simplify their internal dynamics. These
systems provide an effective framework for investigating
the nonperturbative regime of QCD. Heavy quarkonia
connect perturbative calculations with strong-coupling
phenomena, enabling rigorous tests of fundamental QCD
concepts such as confinement and mass generation.
Systematic analyses of their mass spectra and decay
constants yield valuable information about the quark-
antiquark potential. Furthermore, the well-characterized
properties of heavy quarkonia serve as essential bench-
marks for theoretical models, including lattice QCD and
holographic methods, that seek to describe the strong
interaction. Experimentally, the decay constants of char-
monium and bottomonium can be extracted from the heavy
vector to dileptons (V → ll̄) decay width. These constants
display a monotonic decrease with increasing excitation
level [32].
This trend indicates that higher excited states are pro-

gressively less stable [33,34], a defining feature of heavy
quarkonium spectroscopy. In contrast, the decay constants
of light mesons, such as the ρ, ϕ, and ω mesons, are only
known experimentally for their ground states [32].
However, from theoretical approaches such as relativistic
Hamiltonian dynamics [35], light-front dynamics [36,37],
or the Nambu-Jona-Lasinio model [38], one can infer the
decay constants of excited states. These theoretical esti-
mates suggest a decrease in decay constants with increasing
radial excitation level, suggesting that this pattern may be
universal in meson spectroscopy. It should be emphasized
that, for heavy-light mesons such as D and B, the decay
constants are extracted from electroweak processes rather
than electromagnetic ones. Consequently, the underlying
mechanism differs from that of heavy quarkonia, where
decay constants are obtained from electromagnetic decays
into dileptons.
However, existing holographic models still have limi-

tations in describing heavy quarkonium spectroscopy, as
they cannot simultaneously reproduce the mass spectrum
and decay constants with high accuracy. For example,
Ref. [23] improved the masses and decay constants of J=ψ
and ψ 0 by modifying the holographic potential but failed to
reproduce the experimental observation that the decay
constants decrease with increasing excitation level.
References [25,39–41] introduced a finite zuv cutoff in
the AdS slice to set the ultraviolet scale, which led to a
decreasing trend of decay constants with higher excitation
levels. However, the slope of this decrease was much
smaller than that observed in the experimental results,
providing only qualitative agreement. Another class of
holographic models proposed in Ref. [42] successfully
addressed the slope problem of the decay constants and
accurately reproduced the spectra of charmonium and

bottomonium decay constants. However, they could not
simultaneously provide a precise description of the mass
spectrum. In Refs. [43,44], the authors inferred the role
played by the ultraviolet (UV) limit of the dilaton fieldΦðzÞ
in determining decay constants. Therefore, modifying this
limit allows us to induce the expected decrease in decay
constants. Thus, transformations like isospectrality [45] or
geometric deformations (as UV cutoffs) also modify decay
constants.
Recently, machine learning techniques, particularly mul-

tilayer perceptrons (MLPs), have shown significant prom-
ise in addressing complex scientific challenges [46–56].
The universal approximation theorem [57] establishes that
an MLP can approximate any continuous function, pro-
vided a sufficient number of hidden neurons are present.
This capability renders MLPs highly effective for solving
partial differential equations [58–61] and modeling inverse
problems. Compared to traditional polynomial fitting or
parametrization approaches, MLPs offer greater expressive
power and enhance predictive accuracy while maintaining
physical constraints. Beyond MLPs, other deep learning
architectures such as transformers have also been success-
fully applied to hadron physics [62] and have also been
employed to extract the effective masses of chromoelectric
and chromomagnetic gluons from lattice QCD thermody-
namic data [63].
To the best of our knowledge, this work represents the

first application of MLPs to reconstruct the dilaton field
directly ΦðzÞ within a bottom-up AdS/QCD model. Unlike
previous approaches that rely on ad hoc parametrizations,
our method uses experimental data on heavy quarkonium
masses and decay constants to determine ΦðzÞ in a data-
driven manner. This allows for a unified and highly
accurate description of both spectroscopic and decay
properties, addressing a long-standing challenge in holo-
graphic QCD.
In recent years, the rapid advancement of machine

learning techniques [64–73] has facilitated the introduction
of deep learning into the study of holographic QCD,
offering novel perspectives for model construction [74–
84]. In contrast to traditional bottom-up models that depend
on ad hoc specified potentials or dilaton profiles, data-
driven approaches leverage experimental or lattice QCD
data to determine model parameters, thereby enhancing
both reliability and interpretability. Recent studies demon-
strate that holographic models integrated with neural net-
works can effectively address inverse problems and achieve
superior performance in the nonperturbative regime of the
strong interaction [74,75,80]. In this manuscript, deep
learning techniques were employed to reconstruct the
dilaton field using an MLP. The reconstructed dilaton
not only improves the fitting accuracy, but also reveals
clear physical mechanisms: in the ultraviolet region, the
nonquadratic corrections through the background function
dominate the decrease of the decay constants, while in the
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infrared region, the accelerated growth enhances the holo-
graphic potential UðzÞ and produces nonlinear radial Regge
trajectories.Themodel predictions show excellent agreement
with experimental data, with root-mean-square errors of
approximately 1.26% for charmonium and 3.32% for botto-
monium, thereby providing an effective tool for investigating
heavy quarkonium spectroscopy at zero temperature.
The structure of this paper is as follows. Section II

introduces the motivation and construction of the holo-
graphic model, with particular emphasis on reconstructing
the dilaton field using an MLP. Section III presents the
spectroscopy of charmonium and bottomonium at zero
temperature, including both mass spectra and decay con-
stants, and systematically compares predictions with exper-
imental data to assess the model validity. Section IV
summarizes the main results and innovations of this work
and discusses potential applications of the model in future
studies of heavy quarkonia.

II. HOLOGRAPHIC MODEL

Reference [44] proposed a forward-direction construc-
tion within the bottom-up AdS/QCD framework, introduc-
ing an appropriate dilaton profile to simultaneously
describe the mass spectra and decay constants of heavy
quarkonia. Although the model is phenomenological, it
demonstrates strong agreement with experimental data.
This approach has also been applied and refined in various
holographic models to investigate the spectral properties of
heavy quarkonia at finite temperature. Building on this
forward framework, the corresponding vector-field action
and equations of motion are presented below as the
foundation for the subsequent inverse analysis.
At zero temperature, the background geometry is taken

to be the five-dimensional anti–de Sitter (AdS5) spacetime,
whose metric in the Poincaré patch is

ds2 ¼ R2

z2
ðημνdxμdxν − dz2Þ; ð1Þ

where z is the holographic coordinate, with z → 0 corre-
sponding to the UV boundary and z → ∞ to the infrared
(IR) region. Here ημν ¼ diagð1;−1;−1;−1Þ is the four-
dimensional Minkowski metric, and R is the AdS radius.
The action for the gauge field is written as

SVectorQQ̄ ¼ −
1

4g25

Z
d5x

ffiffiffiffiffiffi
−g

p
e−ΦðzÞgmpgnrFmnFpr; ð2Þ

where Fmn ¼ ∂mVn − ∂nVm is the field strength tensor of
the five-dimensional gauge field Vm; g denotes the deter-
minant of the five-dimensional metric; gmp and gnr are the
inverse metric components used to raise covariant indices
to contravariant ones and perform contractions; andΦðzÞ is
the dilaton field, whose exponential factor e−ΦðzÞ encodes
the nonperturbative effects of QCD.

By varying the action with respect to Vm, the equation of
motion is obtained as

∂mð
ffiffiffiffiffiffi
−g

p
e−ΦðzÞgnpgmrFprÞ ¼ 0; ð3Þ

where Fmn ≡ ∂mVn − ∂nVm.
In the bottom-up AdS/QCD framework, heavy vector

quarkonia can be described by a five-dimensional Abelian
massless gauge field. This setting follows from the standard
field-operator correspondence [6], where the bulk mass is
related to the scaling dimensionΔ of the boundary operator
creating hadrons by

M2
5R

2 ¼ ðΔ − 1ÞðΔ − 3Þ; ð4Þ

and for the vector current Q̄γμQ operator with Δ ¼ 3, one
obtains

M2
5R

2 ¼ 0: ð5Þ

In the axial gauge Vz ¼ 0 and with the transverse
condition ∂

μVμ ¼ 0, we take the plane-wave ansatz

Vμðx; zÞ ¼ ϵμvðzÞeip·x; ð6Þ

where ϵμ is the polarization vector and p2 ¼ m2
n is the on-

shell mass condition for vector mesons. Substituting this
ansatz into the equation of motion leads to the Sturm-
Liouville equation for the vector bulk modes:

∂zðe−BðzÞ∂zvnðzÞÞ þm2
ne−BðzÞvnðzÞ ¼ 0; ð7Þ

where the background function BðzÞ is defined as

BðzÞ ¼ ΦðzÞ − log

�
R
z

�
: ð8Þ

One of the main consequences of confinement is the
emergence of bound states of quarks, i.e., hadrons. At the
holographic level, confinement is achieved by breaking
bulk conformal invariance. To do so, it is customary to use a
hard cutoff in AdS space [3,85] (hard-wall model) or a
dilaton fieldΦðzÞ, static [12] or dynamically [86] generated
soft-wall model. Analogously to quantum mechanics, the
hard-wall model is like solving the square-well potential,
and the soft-wall model is like solving a two-dimensional
harmonic oscillator. It is in this context that in bottom-up
models, confinement is realized with the emergence of
bound states in the AdS bulk, dual to hadrons at the
boundary.
In the particular case of the soft-wall model, the dilaton is

defined by a static quadratic form ΦðzÞ ¼ κ2z2, with κ the
energy scale that sets hadron masses. The emerging radial
Regge trajectories M2

n are linear, and the decay constant
spectrum fn is degenerate:
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M2
n ¼ 4κ2ðnþ 1Þ; ð9Þ

f2n ¼
2κ2

g25
; ð10Þ

where n is the radial excitation number.
However, the linearity observed in the mass spectrum

does not satisfy the phenomenological constraints imposed
by the Bethe-Salpeter theory [27], since the heavy quark
mass becomes relevant in this case. On the pure phenom-
enological side, from nonrelativistic QCD, the one-gluon
exchange term, which is Coulomb-like, has a stronger
inertial effect on the heavy meson ground state than the
linear confinement term [87]. Thus, for heavy vector
mesons, a nonquadratic dilaton is expected [31]. When
high radial excitations are considered, the confinement term
in the Cornell potential becomes relevant, still nonlinear,
since in this limit the mass squared grows as n2=3. Linear
Regge trajectories observed in light meson systems arise
from relativistic effects. Therefore, it is consistent to expect
a nonlinear parametrization for Regge trajectories.
Regarding the decay constants for vector mesons, neither

the hard-wall nor the soft-wall model describes them
properly. In the former case, decay constants increase with
radial excitations [88]. In the latter, the decay constants are
degenerate. Although this outcome may seem counterin-
tuitive, it is expected in the context of large-Nc QCD. At
large Q2, the asymptotics of the vector meson correlation
functions are given by [89,90]

ΠðQ2Þ ∼ Nc

12π2

�
ln

�
Q2

m2
Q

�
−
6m2

Q

Q2
þO

�
m4

Q

Q4

��

∼
X
n

f2n
Q2 −M2

n
: ð11Þ

When the sum is approximated using the Euler-
Maclaurin summation formula [91], the decay constants,
as residues of Πðq2Þ, can be written as

f2n ∝
dM2

n

dn
∝ const; ð12Þ

which holds at least for n → ∞ and linearM2
n. This picture

is consistent with the string picture of mesons. Notice that,
since the meson size is given by the string length l ∼Mn,
for the leptonic decay width one gets ΓVn→eþe−∼
1=l ∼ 1=Mn. However, on the other hand, ΓVn→eþe−∼
f2n=Mn. Thus, fn∼ const, in agreement with the soft-wall
holographic counterpart.
Nevertheless, this particular scaling behavior is expected

for light mesons, for which the relativistic string picture
applies. In the heavy case, the nonrelativistic kinematics,
the mass dominance Mn ∼ 2mQ, different size scaling
(heavy mesons do not scale linearly with the mass), and

the wave-function suppression at the origin (as described
by the Van Royen–Weisskopf formula) break this ideal
picture [92].
Therefore, this phenomenological analysis motivates

moving beyond the quadratic static dilaton ansatz to
describe both the electromagnetic decay constants and
the radial Regge trajectories of heavy vector mesons.
In this work, we do not assume an explicit analytic form

for ΦðzÞ; instead, we determine it through an inverse
method based on experimental data, ensuring that the
resulting ΦðzÞ satisfies both IR and UV constraints for
the potential defined as

UðzÞjz→0 ¼
A
z2
; ð13Þ

UðzÞjz→∞ ¼ Bz2 þ fðzÞ; ð14Þ

where the condition (13) corresponds to the UV constraint,
defined by the field or operator itself, since the parameter A
carries the information about the conformal dimension Δ.
In bottom-up models, this parameter is fixed to be 3=4 for
vector states. The second condition (14) controls variations
from the standard quadratic dilaton form observed in the
soft-wall model. Any nonlinearities expected in the spec-
trum will be encoded in the function fðzÞ. These conditions
provide a suitable background for subsequent calculations
of the mass spectrum and decay constants.
By redefining the bulk field with the Bogoliubov trans-

formation as vnðzÞ ¼ eBðzÞ=2ψnðzÞ using the background
function, the Sturm-Liouville equation (7) can be cast into a
Schrödinger-like form:

−ψ 00
nðzÞ þUðzÞψðzÞ ¼ m2

nψðzÞ; ð15Þ

where the holographic bottom-up confining potential for
vector mesons is written as

UðzÞ ¼ 1

4
B0ðzÞ2 − 1

2
B00ðzÞ: ð16Þ

For numerical implementation, the effective potential
function UðzÞ is directly expanded in terms of the deriv-
atives of the dilaton field ΦðzÞ as follows:

UðzÞ ¼ 3

4z2
þΦ0ðzÞ

2z
þΦ0ðzÞ2

4
−
Φ00ðzÞ
2

: ð17Þ

In the framework of holographic QCD, the decay
constant fn of a vector meson is determined by the behavior
of the five-dimensional gauge field near the UV boundary.
For the nth eigenstate, with mass denoted byMn and radial
wave function vnðzÞ, one has

fn ¼
1

g5Mn
lim
z→0

½e−BðzÞ∂zvnðzÞ�; ð18Þ
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whereg5 is the five-dimensional gauge coupling constant and
BðzÞ is the background function defined earlier. The limit
z → 0 corresponds to the UV boundary of the AdS space,
where the five-dimensional field is matched to the external
source of QCD in four dimensions, thereby relating the
boundary current to the four-dimensional vector current
matrix element by the holographic dictionary.

III. MODELING HOLOGRAPHIC QCD WITH MLP

Based on the MLPs, we reconstruct the dilaton fieldΦðzÞ
within the AdS/QCD framework. The background profile is
directly inferred from experimental data, specifically the
mass spectrum and decay constants of charmonium and
bottomoniumstates. The architecture of the neural network is
illustrated in Fig. 1, consisting of five hidden layers with 128
neurons each. Trainable parameters include the weights and

biases of all hidden layers, denoted as wð1Þ
n ; wð2Þ

n ;…; wð5Þ
n , as

well as the output layer parametersvn, all optimized using the
Adamgradient descent algorithm. The training objective is to
minimize themean squared error between the predictedmass
spectrum and the experimental data. To provide a unified
quantitative measure of the overall fitting accuracy, we
introduce the root-mean-square (rms) deviation, defined as

rms ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN
i¼1

�
Opre

i −Oexp
i

Oexp
i

�
2

vuut × 100%; ð19Þ

where N denotes the total number of observables, including
both masses and decay constants, and Opre

i and Oexp
i

represent the predicted and experimental values of the ith
observable, respectively. This definition provides a single
indicator that simultaneously reflects themodel performance
across both spectroscopic and dynamical quantities, offering
a clear, intuitive measure of overall agreement with exper-
imental data.

The key idea is as follows: the function Φ0ðzÞ is repre-
sented by a deep neural network that takes the holographic
coordinate z as input. During training, the network outputs
Φ0ðzÞ and its exact derivative dΦ0ðzÞ=dz are computed by
automatic differentiation. These quantities are combined
according to Eq. (17) to reconstruct the potential UðzÞ.
The loss function, defined as theSmoothL1Loss between this
reconstructed potential and the target potential from a
pretrained model, is minimized using the Adam optimizer
with a cosine-annealing learning rate schedule. Training
converges within 104 iterations, with automatic gradient
clipping preventing instability. The entire procedure operates
in a mesh-free manner without explicit discretization or
Hamiltonian matrix construction.
A tanh activation function follows each hidden layer,

while the output layer uses no activation. To enforce UV
boundary regularity, the network output is structurally
transformed to satisfy the condition Φð0Þ ¼ 0, thereby
ensuring consistency with the theoretical requirements of
the AdS/QCD model.
Once the dilaton field is obtained, its first and second

derivatives are computed by automatic differentiation and
substituted into Eq. (17) to construct the effective potential
UðzÞ. The Schrödinger-like equation, Eq. (15), is discre-
tized on a finite grid and solved by Hamiltonian diagonal-
ization to extract the mass eigenvalues mn and
corresponding wave functions ψnðzÞ. The decay constants
fn are computed using Eq. (18), which depends on the
near-boundary behavior of both ΦðzÞ and ψnðzÞ.
The reconstructed dilaton field exhibits a nonquadratic

expansion near the UV boundary, while its rapid growth in
the IR reflects the confining nature of QCD. This non-
quadratic IR behavior is crucial for reproducing the non-
linear Regge trajectories and decreasing decay constants
observed in heavy quarkonia. The deviation from a purely
quadratic form underscores the importance of heavy-quark

FIG. 1. A neural network flowchart for reconstructing the dilaton field ΦðzÞ.
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mass effects, which break the relativistic string picture
applicable to light mesons.
In the final implementation, we adopted a more rigorous

training strategy. Instead of directly fitting the effective
potentialUðzÞ, we employed a neural network to reconstruct
the dilaton field ΦðzÞ, with the ultraviolet boundary con-
dition Φð0Þ ¼ 0 explicitly imposed to ensure compatibility
with the AdS/QCD framework. Once the dilaton profile was
obtained, the effective potential UðzÞ was analytically
derived from ΦðzÞ and its first and second derivatives.
This procedure guarantees that the definition of the potential
strictly follows the holographic construction while avoiding
the introduction of an ad hoc base-plus-correction structure.
As a result, themodel successfully reproduces the decreasing
trend in decay constants and predicts the masses of higher-
excited states (see detailed code [93]).
After the training converges, the reconstructed dilaton

field is shown in Fig. 2. In the UV region, ΦðzÞ exhibits an
approximate nonquadratic expansion, different from the
expected quadratic one, characteristic of the soft-wall
model, lifting the degeneracy of the decay constants. In
contrast, in the IR region, it grows rapidly, reflecting the
confinement effect. These corrections are essential for
reproducing the experimental spectrum. Compared to the
conventional analytical soft-wall ansatz, our data-driven
reconstruction yields IR growth that is more consistent with
experimental requirements, thereby improving the descrip-
tion of higher-excited states.
To further highlight the advantages of this work, Fig. 2

presents a comparison of the MLP reconstruction results for

the dilaton ΦðzÞ with three existing models: the traditional
soft-wall model [12], the WKB analysis [31], and the
results for a nonquadratic dilaton [44], which we call
MCVD (Martin-Contreras, Vega, and Diles).
In the soft-wall model, the quadratic dilaton leads to

degenerate decay constants, tracing back the phenomenology
expected from the large-N limit, inherent to this model. In the
UV region, the WKB and soft-wall model dilatons behave
similarly. However, they differ in the infrared limit, since they
reproduce different concavities in the Regge trajectories: the
WKB is intended for nonlinearwhile the soft-wall reproduces
linear ones. The MCVD dilaton imposes a different UV
behavior to break the soft-wall model degeneracy [42] but
conserves the nonquadratic behavior required for heavy
quarkonium spectrum. The dilaton reconstructed by the
MLP naturally exhibits a nonquadratic expansion in a
data-driven manner, and through the background function
BðzÞ ¼ ΦðzÞ − logðz=RÞ, it breaks the degeneracy of fn and
reproduces the experimentally observed monotonic decrease
of decay constants with radial excitation.
In contrast, the MLP reconstruction results are more

consistent with the experimental data overall, particularly
in reproducing both the mass spectrum and the decay
constants with higher accuracy. This comparison further
confirms the effectiveness of data-driven approaches in the
study of nonperturbative QCD.
For completeness, Fig. 3 presents the effective potentials

UðzÞ reconstructed for charmonium and bottomonium. In
the ultraviolet region, the potentials exhibit near-harmonic-
oscillator behavior. In contrast, in the infrared, they develop

FIG. 2. Dilaton fields ΦðzÞ for charmonium (left) and bottomonium (right) obtained from different approaches: nonlinear approach
MCVD [44] (blue), machine learning perceptron (MLP) in orange, soft-wall model [12], and WKB approach [31].
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nonlinear corrections that are crucial for reproducing the
experimental mass spectra and decay constants. The
comparison highlights that the neural network reconstruc-
tion not only captures the dilaton profile, but also provides
a consistent effective potential, thereby reinforcing the
reliability of the approach.
From Tables I and II, it is clear that the neural network

demonstrates good fitting performance on the training
dataset. The predicted mass spectrum and decay constants
for the ground state and the first excited state are in
excellent agreement with the experimental values, with
relative errors remaining within acceptable ranges. As the
excitation level increases, the deviations become larger, but
the overall trend remains consistent with the experimental
spectrum. These results indicate that the neural network not
only satisfies the boundary condition Φð0Þ ¼ 0, but also
effectively captures the systematic behavior of the spec-
trum. The comparison in the tables further supports the

model’s validity and verifies the neural network’s reliability
in reconstructing the dilaton field.
To test the accuracy and efficiency of the reconstruction

mechanism using data-driven techniques, we change the
activation function while keeping the epochs, neurons, and
initialization strategy identical. This kind of test is relevant
since the dataset is small in size and some of the data lie
close to the boundary of the input domain. To do so, we
consider three different activation functions: tanh, SiLU,
and ReLU. As an accuracy test, we define a 5% error band.
The results for this analysis are depicted in Fig. 4.
Following Fig. 4, all three activation functions inter-

polate the lower-n points accurately, although the ReLU
activation diverges for the bottomonium fit. The tanh
activation function yields a prediction that matches
experimental data (PDG) within 0.5% relative error,
whereas ReLU and SiLU overestimate the mass for the
higher excited states by more than 5% and 8%,

FIG. 3. Potentials UðzÞ for charmonium (left) and bottomonium (right) obtained from different approaches: nonlinear approach
MCVD [44] (blue), MLP in orange, soft-wall model [12], and WKB approach [45].

TABLE I. Summary of results for charmonium states. Theoretical predictions based on neural network reconstruction results are listed
in the MMLP and fMLP columns. The corresponding relative errors are shown in the %M and %f columns. Experimental data are taken
from PDG [94] and the total root-mean-square (rms) error is δrms ¼ 1.26%.

Charmonium states IGðJPCÞ ¼ 0þð1−−Þ
n State MExp (MeV) MMLP (MeV) %M fExp (MeV) fMLP (MeV) %f

1 J=ψ 3096.900� 0.006 3097.2 0.01 416.16� 5.25 416.2 0.01
2 ψð2SÞ 3686.097� 0.010 3686.5 0.01 296.08� 2.51 296.1 0.01
3 ψð4040Þ 4040� 4 4040.4 0.01 187.13� 7.61 186.9 0.1
4 ψð4415Þ 4415� 5 4416.5 0.03 160.78� 9.70 157.6 2.0
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respectively. This is not a statistical fluctuation. Recall
that tanh and SiLU are bounded, while ReLU is piece-
wise-defined functions that grow unbounded, causing
that near the domain boundary (n ¼ 4 for charmonium
and n ¼ 6 for bottomonium, the fit develops higher
masses. Therefore, this feature is a deterministic conse-
quence of the mathematical properties of the activation
functions and of how they implicitly regularize the
network [95].
The origin of this uncontrolled extrapolation is under-

stood by looking at how the activation function works. A
neural network with ReLU activation σðxÞ ¼ maxð0; xÞ is
piecewise linear and unbounded for X > 0. For large

inputs, a single ReLU unit behaves as a linear function
whose slope is given by the incoming weight. As shown by
Ziyin, Hartwig, and Ueda [96] and Xu et al. [95], the
extrapolation of a ReLU network outside the training
domain is therefore a linear function with a slope that
can be arbitrarily large. When only five points are available,
the optimizer finds it advantageous to assign a large
positive weight to a neuron that becomes active just beyond
n ¼ 4. This allows the network to fit the interior points with
a small curvature while satisfying the outermost point with
a steep final segment, a configuration that minimizes the
mean squared error on the four low-n points at the expense
of a large error on the boundary point. Because no penalty

TABLE II. Summary of results for bottomonium states. Theoretical predictions based on neural network reconstruction results are
listed in the MMLP and fMLP columns. The corresponding relative errors are shown in the %M and %f columns. Experimental data are
taken from PDG [94] and the total root-mean-square (rms) error is δrms ¼ 3.32%.

Bottomonium states IGðJPCÞ ¼ 0þð1−−Þ
n State MExp (MeV) MMLP (MeV) %M fExp (MeV) fMLP (MeV) %f

1 ϒð1SÞ 9460.4� 0.1 9460.42 0.0002 714.99� 2.40 715.1 0.01
2 ϒð2SÞ 10023.4� 0.5 10023.42 0.0002 497.37� 2.23 497.4 0.009
3 ϒð3SÞ 10355.1� 0.5 10355.08 0.0002 430.11� 1.94 430.2 0.2
4 ϒð4SÞ 10579.4� 1.2 10579.41 0.0001 340.65� 9.08 340.9 0.4
5 ϒð10860Þ 10885.2þ2.6

−1.6 10863.27 0.2 310.91� 60.80 316.66 1.8
6 ϒð11020Þ 11000� 4 11149.99 1.3 240.13� 27.70 267.33 11.3

FIG. 4. Chew-Frautschi plot for radial nonlinear Regge trajectories for charmonium (left) and bottomonium states (right) adjusted
using different activation functions: tanh (red dotted line), ReLU (orange dot-dashed line), and SiLU (blue dashed line). The purple-
shaded region represents an ad hoc error band corresponding to a relative error of 5% for the experimental data. The experimental fit,
based on data from PDG [32], is shown as the black line. For reference, we plot the experimental linear fit M2

n ¼ aðnþ bÞ in brown to
make contrast with the nonlinear parametrization.
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is placed on the magnitude of the weights, the network
exhibits what we may call unrestrained extrapolation.
In the case of SiLU activation, σðxÞ ¼ x · sigmoidðxÞ is

asymptotically linear for z → þ∞. Hence, it suffers from
the same deficiency, albeit with a somewhat smoother
transition around the origin. This fact is noticeable in the
charmonium case.
In contrast, the hyperbolic tangent tanhðxÞ∈ ð−1; 1Þ is

bounded and saturating. For large jxj, its derivative decays as
4e−2jxj, so the output of a neuron cannot grow indefinitely.
The decay of the derivative forces the function to flattenwhen
the input moves far from the training data. The optimization
procedure, driven solely by the empirical risk without
explicit weight decay, must then strike a balance: increasing
the outgoing weights to push the tail upward also shifts the
entire function, including the interior points, thereby increas-
ing the overall loss. This self-limiting mechanism acts as an
implicit regularizer, favoring solutions with moderate
extrapolation slopes [97]. Furthermore, tanh is infinitely
differentiable,which prevents the network fromdeveloping a
kink at n ¼ 4 for charmonium and n ¼ 6 for bottomonium.
TheReLUnetwork can freely place a change of slope exactly
at the penultimate training point; the tanh activation function
cannot, because any rapid changemust be smoothed out over
a finite interval, coupling the last two points and thereby
transferring gradient information that defends the boun-
dary point.
The main conclusion of this test is that, when recon-

structing or fitting hadron spectra from very sparse data
(e.g., five radial excitations), bounded and saturating
activation functions such as tanh effectively tame the
extrapolation instability that plagues unbounded activa-
tions. In particular, tanh consistently yields the lowest
relative error at the largest quantum number, acting as an
implicit regularizer that prevents the network from devel-
oping unrealistically steep slopes outside the training
support. The unbounded functions ReLU and SiLU, by
contrast, suffer from uncontrolled growth at the boundary,
compromising the prediction of the highest state unless
explicit regularization (weight decay, dropout) is applied.
This finding stresses that the activation function is not
merely a technical hyperparameter but a decisive compo-
nent of the model’s inductive bias, especially in data-scarce
hadron spectroscopy problems.

IV. SUMMARY

In this study, we employ an MLP to reconstruct the
dilaton field ΦðzÞ within the AdS/QCD framework directly
from experimental data. The neural network is used to
parametrize Φ0ðzÞ, and its derivative Φ00ðzÞ is obtained by
automatic differentiation. These quantities are combined
according to Eq. (17) to construct the effective poten-
tial UðzÞ.
The Schrödinger-like equation is discretized on a finite

grid using a second-order finite-difference scheme, and the

corresponding Hamiltonian matrix is explicitly constructed
and diagonalized to obtain the low-lying eigenvalues. The
Adam optimizer is then used to minimize the discrepancy
between the predicted spectrum and the experimental data,
with training typically converging within 104 iterations.
To verify the validity of the reconstruction, we apply the

obtained dilaton profile to the calculation of the heavy-
quark spectrum and compare the results with experimental
data. The results show that MLPs are highly effective at
solving inverse problems and provide accurate numerical
solutions. This demonstrates that neural networks can serve
as a reliable tool for data-driven holographic modeling.
We acknowledge that reconstructing the dilaton field is an

inverse problem, and, in principle, multiple dilaton profiles
may reproduce the same spectrum and decay constants
within the error margins. To examine the robustness of
our approach, we tested different activation functions (SiLU,
ReLU, and tanh) combined with error-band analysis; see
Fig. 4. This small-scale experiment exposes a subtle but
important caveat: when using neural networks as interpo-
lators for sparse hadron spectroscopy data, the choice of
activation function is not merely a technical detail but
encodes a strong inductive bias. Bounded, saturating acti-
vations such as tanh introduce a natural safeguard against
unphysical extrapolation, an insight that aligns with recent
theoretical work on the extrapolation behavior of deep
networks. For larger datasets, the difference may wash
out, but in the common case of a handful of excited states,
selecting a function with built-in regularity is a simple and
effective alternative to hand-tuned explicit regularization.
These findings encourage the consideration of activation
design as an integral part of model regularisation in physics-
informed neural networks.
The physical significance of this work is that the dilaton

profile reconstructed by the MLP provides a unified, data-
driven holographic framework that can simultaneously
reproduce the mass spectrum and decay constants of heavy
quarkonia. This achievement is not merely a numerical fit
but reveals the underlying dynamical structure of heavy-
quark systems: on the one hand, the confinement mecha-
nism of the strong interaction naturally emerges within the
holographic description; on the other hand, the suppression
of the wave function at the origin governs the systematic
decrease of decay constants with radial excitation. In other
words, the MLP profile unifies these seemingly indepen-
dent physical phenomena into a single holographic poten-
tial, highlighting the ability of holographic QCD to capture
the essential dynamics of heavy quarkonia.
The findings not only provide an effective paradigm for

applying neural networks to holographic QCD, but also
point to new directions for subsequent research. These
directions include a more systematic exploration of the
relation between the reconstructed background fields and
various hadronic observables, as well as the integration of
data-driven methods with analytical holographic models,

HEAVY QUARKONIUM SPECTRUM AND DECAY CONSTANTS … PHYS. REV. D 113, 126029 (2026)

126029-9



aiming to achieve a more comprehensive understanding of
the nonperturbative dynamics of QCD.
It should be emphasized that the present results mainly

focus on the zero-temperature spectrum. On the one hand,
the framework can be naturally extended to finite-temper-
ature backgrounds to investigate spectral functions and
melting phenomena. On the other hand, this work may
inspire future efforts to incorporate additional experimental
inputs, such as meson spectra in other channels, decay
widths, or the equation of state, into the holographic
reconstruction. Ultimately, such developments may enable
the construction of a unified data-driven holographic
framework capable of describing broader aspects of
strong-interaction physics.
While the model achieves excellent agreement with

existing data, its predictive power for higher radial exci-
tations (n > 6) remains untested due to limited experimen-
tal inputs. Furthermore, the current framework does not
incorporate open-flavor thresholds or coupled-channel
effects, which may influence higher-lying states. Future
extensions could integrate lattice QCD data, finite-temper-
ature backgrounds, or external magnetic fields to explore

thermal spectral functions and magnetized quarkonia.
Incorporating additional observables such as decay widths
and form factors could further constrain the dilaton profile
and enhance the universality of data-driven dilaton-based
models.
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