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We investigate the restoration patterns of chiral and U(1) axial symmetries at finite temperature using a soft-
wall holographic QCD model. The study employs two distinct parameter sets (cases I and II), both calibrated to
reproduce a pseudocritical temperature T ~ 155 MeV and the physical pion mass. The temperature
dependence of the light and strange quark condensates confirms a smooth chiral crossover transition, with
pseudocritical temperatures of 7, = 0.157 and T, = 0.154 GeV for cases I and I1, respectively. The screening

masses of chiral partner mesons (7 — ¢ and n — a,) become degenerate near T, providing a clear signature of

pe»
chiral symmetry restoration. Analysis of the corresponding meson susceptibilities further supports this
conclusion. However, the effective restoration of the U(1) , symmetry—probed via the susceptibility difference
Xz — Xa,—o0ccurs more slowly than that of chiral symmetry. This indicates a separation between the chiral and

axial symmetry restoration scales within the present holographic framework. The temperature-dependent
topological susceptibility )(3()/;,4 is also computed, showing a sharp drop near 7', and a subsequent slight decrease.

While the model qualitatively captures established features of the chiral transition, the results highlight a
limitation in the quantitative description of the U(1) axial anomaly compared to lattice QCD in our work.

DOI: 10.1103/qfmp-b7y3

I. INTRODUCTION

In the study of quantum chromodynamics (QCD), there
is significant interest in understanding the restoration of
chiral symmetry and the U(1) axial [U(1) ,] anomaly under
extreme conditions such as high temperature or density. In
the massless quark limit (chiral limit), the QCD Lagrangian
exhibits chiral symmetry; however, this symmetry is
spontaneously broken in the vacuum, giving rise to the
hadron mass spectrum and other key properties [1]. The
U(1), symmetry, explicitly broken by the quantum
anomaly, is equally vital for understanding nonperturbative
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QCD phenomena, such as the large mass of the ' meson
[2]. The restoration of these symmetries during the tran-
sition from hadronic matter to the quark-gluon plasma
provides critical insights into the phase structure of QCD
and the properties of matter in the early Universe.

A powerful framework for probing these symmetry
restorations is provided by meson and topological suscep-
tibilities. The symmetry breakings in QCD are directly
reflected in meson susceptibility functions, which are
defined as the two-point functions of quark bilinear
operators in the low-energy limit [3-14]. At high
temperatures, as chiral symmetry is restored, the masses
and susceptibilities of mesons related by chiral trans-
formations become degenerate. This degeneracy allows
meson susceptibilities to serve as a quantitative measure of
chiral symmetry breaking and its restoration. Similarly, the
effective restoration of the U(1), symmetry can be quan-
tified by the degeneracies between meson susceptibility
functions connected by the U(1), transformation.

The role of the U(1), anomaly can be further quantified
through the topological susceptibility, which is sensitive to
fluctuations of the topological charge in the QCD vacuum. By
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making use of the Ward-Takahashi identity associated with
chiral symmetry, one can show that the topological suscep-
tibility is correlated with the chiral and U(1), partner struc-
tures in the meson susceptibility functions [10-12,15-17].
This establishes the topological susceptibility as a key
indicator for the breaking strength of the U(1), symmetry
through the chiral phase transition. Lattice QCD simulations at
physical quark masses confirm that the magnitude of the
topological susceptibility smoothly decreases at high temper-
atures [18-21], providing direct evidence of the persistence
anomaly and its subsequent suppression.

The restoration of chiral symmetry and the U(1), sym-
metry are suggested to be connected, although the precise
nature of this connection, especially its dependence on the
number of quark flavors, is still not fully understood. A strong
correlation between the topological susceptibility and chiral
restoration has been extensively studied through meson sus-
ceptibility functions, both within two-flavor QCD [3.,4,22,23]
and 2 + 1-flavor QCD [5,6,24]. Furthermore, the U(1),
anomaly contribution remains manifest in meson susceptibil-
ity functions at high temperatures even when the light quarks
are tuned to be massless, highlighting its fundamental and
nontrivial impact on the phase structure of QCD [25].

Calculating the low-energy two-point correlation func-
tions requires a nonperturbative technique that lies beyond
the reach of conventional perturbative QCD. One powerful
nonperturbative approach is the AdS/CFT correspondence,
or gauge/gravity duality [26,27]. Holographic QCD models
built on this duality are broadly categorized into two
approaches. The top-down approach starts from a consistent
string theory in higher dimensions and derives a lower-
dimensional theory with QCD-like properties [28,29]. In
contrast, the bottom-up approach begins with established
QCD phenomenology and constructs a higher-dimensional
gravitational dual that reproduces these features [30-37]. A
significant development in the bottom-up approach is the
soft-wall anti—de Sitter (AdS)/QCD model [32], where a
specific dilaton configuration is introduced, which success-
fully generates the linear Regge trajectory of meson spectra
and describes the spontaneous breaking of chiral symmetry
in the chiral limit. In the soft-wall model, the phase structure
has been studied at finite temperature and/or finite chemical
potentials for different flavor systems [38—47]. Moreover,
the thermal properties and dynamics of light-flavor mesons
have been investigated via the two-point correlation func-
tion, with particular emphasis on the pseudo-Goldstone
bosons emerging from the chiral phase transition [48,49].
In this paper, we employ a holographic framework to
calculate meson and topological susceptibilities, intending
to investigate the restoration patterns of chiral and U(1),
symmetries at finite temperatures. Our work aims to provide
a qualitative understanding of these critical QCD phenomena
from a gravitational dual perspective.

The paper is organized as follows. First, we will provide a
brief introduction to the soft-wall AdS/QCD models for a

three-flavor system and present the equations of motion in
Sec. II. Then, in Sec. III, we will derive the meson suscep-
tibilities from the two-point correlation functions for scalar and
pseudoscalar sectors. Additionally, we will obtain the topo-
logical susceptibilities in Sec. IV. Referring to the results in
Sec. V, we will show the results of the order parameter (chiral
condensate), screening mass, mesons, and topological sus-
ceptibilities. Finally, we will conclude the results in Sec. VI.

II. SOFT-WALL MODEL AT FINITE
TEMPERATURE

We begin with a brief review of the soft-wall holographic
model. The model is defined in a five-dimensional anti—de
Sitter (AdSs) spacetime [32]. Temperature is incorporated
via a black hole geometry, described by a static background
metric. Specifically, we adopt the AdS-Schwarzschild
black hole solution [41,42],

1
f(z)
where z is the holographic (fifth) coordinate. The scale
function is given by A,(z) = —log(z/L), scaled by the AdS

curvature radius L (set to L =1 for simplicity). The
blackening factor is

ds? = A ( F(2)df? ———dz* — dx,»dx‘), (1)

fe)=1-=, (2)

with z, denoting the horizon location, defined by
f(z,) = 0. The Hawking temperature, identified as the
temperature of the dual QCD system, is given by

df (z)
dz

T—l
 4rx

- ()

=zh  TZh

A. The 5D holographic action

Following the bottom-up approach to holographic QCD,
we employ a five-dimensional gauge theory with
U(Ny), x U(Ny)r symmetry, where N is the number
of quark flavors [30-32]. The model includes bulk left-
(L)) and right- (Ry;) handed gauge fields. To incorporate
the chiral condensation operator, a bulk scalar field X is
introduced; it transforms in the bifundamental representa-
tion under the chiral symmetry. To break the conformal
invariance, a dilaton background field @(z) is included,
acting as a soft infrared (IR) cutoff [32].

The five-dimensional action for the soft-wall model is

Sy = / dx ge“l’{Tr{(DMX)“’(DMX)—V(X)

—é(LMNLMN —I—RMNRMN):| _yRe(det[X])}, (4)
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where g = det(gyy) = ¢4 = 773 is the determinant of
the metricc and D™ is the covariant derivative
which is DMX = o™X — iLMX + iXRM. The field strength
tensors are  Lyy = 0y Ly —0yLy —i[Ly,Ly] and
Ryv = OyRy — OyRy — i[Ryr, Ry|]. The gauge coupling
gs is fixed by matching the vector current correlator to
its QCD asymptotic form: g2 = 122%/N,. The parameter y
controls the strength of the determinant term Re(det[X]),
which is anomalous under U(1), but invariant under
The scalar potential V(X) is taken to be

V(X) = m2Tr(XTX) + ATr(|X]*), (5)

where the five- dimensional mass parameter, from the AdS/
CFT dictionary, is m2 = (A—p)(A+p—4)=-3 for

=3 and p = 0. The positive dimensionless coupling A
is introduced to ensure a nonvanishing quark condensate in
the chiral limit (mq — 0); without this term, the condensate
would accidentally vanish [50].

In the soft-wall model, there are different ways to get a
consistent meson spectrum with the experimental data and
a good description of the chiral phase transition. Here we
consider the following two cases:

(1) Case I: The specific profile of the dilaton field,

which respects both the IR and UV behavior with a
standard 5D mass [41,42],

®(z) = —piz’ + (ui + pug)2* tanh(u3z*) & m3 = =3.
(6)
(2) Case II: An IR-modified soft-wall AdS/QCD

model with a modified 5D mass and quadratic
dilaton field [44],"

O(z) = 22> & m? = =3 — 222 (7)

We analyze both variants of the model (cases I and IT). To
study chiral symmetry breaking, we consider the static,
homogeneous expectation value of the scalar field X, which
takes the form

m;¢
4

cro(=2¢iph+12 —yeyy)
16Zh

xi(z = 0) =mz —%mlm 32 +—=

)(1(2 - Zh) =C0—

<_4,ﬁ -

(zh = 2) + Ol(z4 = 2)°],

X(2) = X, (2) _diag<)m§1) ’;(z§1) ’J(SQZ))’ (8)

where we impose isospin symmetry (m, = m, = m;). This
implies the light quark components are equal:
xu(2) = xa(2) = yi(z), while y,(z) corresponds to the
strange quark sector.

To isolate the dynamics of the chiral condensate, we set
the bulk gauge fields to zero (L, = Ry, = 0). With this
simplification, the full action (4) reduces to an effective
action for the scalar vacuum expectation values y; and y,

1 1
St = [ @xvaet{ (32432
1 2,,2 1 2,2 A 4 A
<2m5)(l+4m5}(s+8)(1+16)(s+ ){l)(s )
)

where g = —e~24:(3) f(z) is the relevant component of the
inverse metric.

B. Equations of motion

Varying the effective action (9) yields the following
equations of motion (EOM) for the fields y,(z) (f = L, s):

f/ eZAA. Y y
H+(3A/s_ 7 )(1—7 m%"‘zlﬁ‘iﬁ x1=0,
U 2A;
e et )
(10

where the prime () denotes a derivative with respect to the
holographic coordinate z.

The asymptotic behavior of the fields y;(z) and y,(z) in
the ultraviolet (UV, z —» 0) and infrared (IR, z — z;)
regions is derived for the two model variants, characterized
by their distinct dilaton profiles ®(z) and five-dimensional
mass terms m3. The expansions are as follows:

Case I:

2

% (m3&* + m?Cz)) ¥ log(z) + %f,

(11)

'While other modifications that likewise introduce an additional scale to characterize chiral dynamics are conceivable (see, e.g.,
Refs. [51,52]), the present discussion is restricted to the two classes outlined above.
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2
GY
Xs(z = 0) = myz —%m R ( ApimsE -+ miCA = mim SC’> 2’ log(z) +f‘z37
(=2¢3 A+ 12¢,9 — yc3,)
1o(z = 21) = ¢ — 0 62, % (2= 2) + Ol(z = 2))- (12)
Case II:
2
xi(z = 0) =mlz - gmzmsézzz + mTIC (4M§ = 2p¢ + mjl*h - % (mic* + m?CZ)) 2’ log(z) + %Z3,
cro(4uzzy = 2cioh + 12 = yey )
1z = z) =co— e (21— 2) + Ol(z5 — 2)7). (13)
h
2
2s(z=0) =mz— —ml 24— A <4ﬂg ml = 2uim + miSA - 4 —mim SC3> 3log(z) + %z3,
dey, 222 263 A+ 12¢c,0—yc?
262 = 24) = g = (x0T T 2600t ¥ 200 7 1h0) oy ore oy, (14)

16Zh

where m; and m are the light and strange quark masses,
respectively, 6; and o are the chiral condensate of light and
strange quarks, { = @? is a normalization factor that is
fixed by matching the two-point correlation function of the
scalar operator with the 4D results [53], and ¢ is an
integration constant.

III. MESON SUSCEPTIBILITY IN SOFT-WALL
MODEL

We consider two models in our work, for which the mass
spectra of the mesons are given in Ref. [40] for case I and
Refs. [44,54] for case II. Here, we focus on the chiral and
U(1), symmetry partners of the scalar and pseudoscalar
mesons.

A. Scalar sector
For the scalar and pseudoscalar mesons, the perturba-
tions on the background have the following form:
X = (Xo + S)e?n, (15)
with § representing scalar field fluctuation and z pseudo-

scalar field fluctuation. The scalar field is defined by a
3 x 3 matrix,

4 | 05 | 0y + +
AT RTS a K
S=84 NG a /2 \/“"\(7‘ K’ .
- 0 208 4 0o
. K Ve T3

(16)

where 1 =1,/2(a =0,1,...
U(3), where A,_,

,8) are the generators of
/2 are the Gell-Mann matrices with

Ao = \/2/315,3. The oy and oy are referred to as the
admixtures of the f(500) and f(980).

The effective action of the scalar fluctuation up to the
second order is given by

1
Ss=5 / Pxy/Ge [ 9,5°0,5" + g(9,5%)(0.5")

— m289SP — M@P(z)$9SP), (17)
where
M@ (2) = IM$P (2) + 2rM52 (2),
M¥P(2) = 2Tr({r*, Xo b X} + 20" X, X,).  (18)

The nonzero values of the M%(z) and M4 (z) are given in
the Appendix. For the sake of convenience, one can
transform the system from the coordinate space (x) to
the momentum space (p) by taking the Fourier trans-
formation S%(x, z) peP*S(p,z). Here, we
investigate the two- pomt correlauon function and suscep-
tibility of the a((980) and f,(500) (¢) mesons in the scalar
sector. First, let us consider the case of the a,(980) meson,
where the flavor index a = b = 1, 2, or 3. Then, one can
obtain the EOM as follows:

/ 2 2 a.a
+f7—d>’> - (p?+7m5 HJ{ (Z)A’2> $7=0.
(19)

It is worth mentioning that this equation cannot be solved
analytically. Therefore, we need a numerical technique,
such as the shooting method, to solve the EOM with the
constraints from the boundary and horizon. Substituting the
value of M33(z), the equation of motion reduces to”

Sd//+ <3A/

*We omitted the flavor index for simplicity.
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/ 2 4m? - 4 652
S”+<3A’+];—<I>’>S’—(I}+ ™ ”f}J“ ’“A’2>S:o. (20)

The asymptotic solution of the scalar field S(p, z) near the UV boundary z — 0 is obtained as

1
S(z—=0)=s1z+ %Cm‘yslf + 85320 — > [51(16(=p? 4 p2 — 242) — 24%am7) + 5172 m?| 2 log(z) + O(z*),  (21)

where s; and s; are the integration constants. According to the holographic dictionary, s; corresponds to the external source
Jg, and s3 corresponds to the operator gg. Near the horizon z = z;, one can also get the nonsingular solution as

12 — 66%01 +ycso— 4p2z%, + 4,u%z,21
s
16Zh

S(z = zp) = Spo — w(zn = 2) + Ol(z; = 2)7], (22)

where s, is another integration constant. The parameters ¢, and c are the integration constants of the y; and y; at the
horizon, which can be achieved by solving Eq. (10) numerically for different temperatures or z;,. Substituting the EOM into
the action, one can get the corresponding on-shell action as

=y

1
S0 =73 / d'pf(2)S(=p.2)e*PES (p.2)| (23)
=€

where ¢ is an UV cutoff regularizing the on-shell action. Finally, one can derive the two-point Green’s function of the scalar
meson by taking the second-order derivative of the on-shell action S§" with respect to the external source Jg,

4sy 3 3 1
_ __3_—7’(ng)2—chz/lm%+5(u%—2u§—p2)- (24)

52 Son
Goy(p) = =5
w(P) 5T% 6,

=€

The scalar susceptibility is defined by the two-point Green’s function at zero momentum transfer,

88 4sy 3y 3 1
=—-limG =—1 % :_3 - '2 _/12 2 _ = 2.—22, 25
Hay = = 1M 2(P) i STl s + 35 (Em)? + 728%m} =5 (u = 247) (25)
|
We did the analysis for case II; however, to extend the The value of M%*(z) for the singlet and octet states with

following analysis to case I, remove . and make the  their mixing are
substitution ,uf] - —y% in Egs. (22)—(26). This same trans-

formation applies to all subsequent results. 00 0.0 00 Ana o 7

The masslike parameter M®’(z) in Eq. (18) is non- M~ = AMy" +yMe = 5(2)(1 +23) +6(2)(l +25),
diagonal, and there is a mixing between the singlet and 2 v
octet states. In order to find the equation of motion for the ~ M®® =AM R ) i*j =3 (7 +223) - P 4y —x5)

physical states ¢ and f((980), we need to diagonalize the
mass term M®?(z) by applying an orthogonal transforma- M08 = 2M%8 + y M
tion in the following way [16]:

A Y
0.8:_ 2 _ .2 ——' _(4y, —
det 20(1 x:) 3\@(11 Xs)-

o (27)
Sl — OIQSII’
MY = 0 (M*?)0"". (26) The corresponding masslike parameter for the physical
states o and f,(980) are obtained as
|
M,(z) = M®0(z) cos?® 05 + M33(z) sin® Og + 2M"3(z) cos O sin b,
M, 930)(z) = M*0(z) sin® 05 + M®¥(z) cos® O5 — 2M%#(z) cos O sin O, (28)
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where g represents the scalar mixing angle,

tan 204(z) =

2M°3(z)

MOO( )

TIEE (29)

The difference between the mixing angle here with the conventional linear sigma model is that the €y is a function of the
holographic coordinate z. Now, we can obtain the equation of motion for ¢ from the action

1
So =3 / x5\ /ge®[¢" 9,59, + g%(0.5)> — m2S2 — M,(2)S?], (30)

1" ! f/ />/ (
S"+ (34 +4 - ) -
+< 7

p? . ms+ Mo(2)

; A’2>S:0. 31)

Similar to the a, state, we can obtain the asymptotic solution for ¢ near the boundary and the horizon. The solution near

boundary is obtained as

1
S(z—0) = s]z—l—slsyzz—isl

where

Sr = J/C( : (4m; — m,)(sin O(e)) - % (2m; + my)(cos Os(€))* + —= (m,

5, = /ICQ( (m? +2m?)(sin O5(¢€))* + (2m, + m?)(cos Os(€))? 4+ V2(m?

Near to the horizon, the solution is

3—M,(zh)
4z,
X spo(zp —2) + Ol(zp, — 2)*. (34)

_ p2zh2

S(z = z) = spo —

The two-point correlation function and the o suscep-
tibility obtained from the second-order functional deriva-
tive of the on-shell action for ¢ with respect to the source
are as follows:

52S()n
G - c
{F(p) 6-]:;6]0—Zz€
_4S322122222 35
__5_1_ S}/+E(:uc_ :ug_p +S},+S}L), ( )
— —limG 4S3 242 2l + 52
Xo 7_pn—r>10 ( ) + __(:uc ﬂg+sy +S/1)'
(36)
|
S, =-— 20 —

i=1

+g0,n'0,x" + g=(0.x")?

(w2 = 2u5

— P>+ 52+ 5;)22 log(z) + 5320 + O(2%), (32)

3\1/5 — my) sin Bg(€) cos Og(€)

— m?2) sin Og(e) cos Og(€) (33)

)
)

B. Pseudoscalar channel

In this section, we investigate the two-point correlation
function and susceptibilities of the pion and # particles. The
pseudoscalar field is defined through the perturbation on
the background as given by Eq. (15), where z is the
pseudoscalar field and is given by

At K*
1
n=pt=sl T —EtRYE K
- K0 —2s 4 My
K K At

where #° and 7y are singlet and octet components of the
pseudoscalar field and referred to as the mixing of the
physical # and 7' particles. It is worth mentioning that
the axial-vector field contributes to the pseudoscalar sectors
and couples to the pion field.

The pion field and the longitudinal part (¢) of the axial-
vector field are coupled in the pseudoscalar channel. The
pion fluctuation becomes

dx\/Ge™® Z {9 570.0,0'0.0," — g5°x} (90,90,

- 2¢"0,9'0,7')}. (38)
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From the action, one can derive the EOM for the pion  where ¢, @, 7y, and 7, are the integration constants. 7 is

field and the axial-vector field as identified as the external source J .. It has been pointed out
by the work of Ref. [55] that ¢y is a redundant free
f A 2y? o
o (Al o)y - sX1 (p—7)=0 parameter and can be set to zero for simplicity. On the other
! f hand, we can also derive the boundary conditions at the
/ / 2 horizon, which take the following forms:
71’”—1—(3AI+L—®/+%)ﬂ'+p—((p—ﬂ):0. (39)
f Xl f
The asymptotic solutions of the EOM for the pion field at Cioﬂz

__ _ 2
the boundary can be easily derived as [48] ¢(z—24)= Z w0(2n=2) +Ol(z=2)7];

2

r(z=z) =m0+ Mmo(2-2) = Ol (41)

1
@(z—0)=cs— §C2g§m?ﬂozz log(z) + @22% + O(2%),

1
7(z—>0) =m0 +cp+ iﬂopzzz log(z) + mz> + O(2%),
Here, 7;, is another integration constant. The on-shell

(40) action of the pion part is
|
! 4 A-O[ 24 20 2 / 2 / o
53 = =5z | d'pet [ Gfxin(=p. )7 (p.2) + P*fo(-p.2)¢ (p.2)]| - (42)
5 =€
From Eq. (39), we can find a first-order differential equation for 7 and ¢ fields as
p?0.¢p + e gyto.n = (43)

Keeping in mind that one can write the fields in holographic QCD as the source and the bulk-to-boundary propagator, we
can write both 7z and ¢ near the boundary as

1
p(z = 0) = myp, = 7, (—E&ggm% log(z) + %zz + (’)(13)>,
0
1
7(z = 0) = mom, = 7, <1 + Epzz2 log(z) + ;sz + (’)(Z3)>, (44)
0

where b refers to the bulk-to-boundary propagator. We may construct a solution of the pion field perturbatively in m, by
letting ¢, (z) = a,(0,z) — 1 [30], where a, is the bulk-to-boundary propagator of the axial-vector field for the a; meson
with p? = 0. Now, the on-shell action for the pion becomes

=y

1
=30 / d*pet~Cmomy [ fmimy(—p. 2)d, (0.2) + PP (—p. )y (p.2)]| (45)
5 =€
where m2 = —p? is the screening mass of the pion. Now, before going to find the two-point correlation function, we need to

find the solution of the a; field. Considering the gauge field in the action (4), we can obtain the axial-vector fluctuation of
the a; particle as

1

Sa]: 22

3
de @{Z{gzzguuazali,”azali’b + gﬂygmnaﬂaﬁ,mavali,n} - ggxz ngnal mal n} (46)
i—1 i-
With the equation of motion derived from the action

, 24,22 2
a/1/+< /—l-J%—(I)/)all—Mal_o' (47)
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Similarly, we obtain the UV boundary conditions for the
bulk-to-boundary propagator of the axial vector,

1
@(0.2=0) = 1+ 122 4 2 log ) ] + O,
1

(48)

where a; (corresponds to the source of the axial-vector
field) and a,, are the integration constants. Inserting the
asymptotic value of a; field into Eq. (45), one can obtain
the two-point correlation function of the pion

|:2a12
295 aro

Then, following the standard definition of the suscep-
tibility, we can obtain the pion susceptibility as

|:2a|2
aio

Galp) o« 2 Liag sm,ﬁ (49)

= —1limG,(p )oc——
p*=0 295

Lo m} (50)

By using the definition of the pion decay constant in
holographic QCD, f2 = —g—za 1(0,2)|.—., we can see that
the pion susceptibility is

1
Kr 2% (51)
Generally, following Ref. [53], when the source J, and
the operator O, = gyst“q are defined through the boun-
dary coefficients of the bulk fields z and ¢, there exists a
freedom to redefine them as

J, = Kkn,

with a rescaling factor k, which preserves the coupling form
J O, in the partition function. This redefinition is typically
neglected when analyzing the pole structure of Green’s
functions. However, in a quantitative study of the suscep-
tibility, such a redefinition introduces an overall factor of x>
in the definition of the Green’s function, which must be
fixed by four-dimensional general relations. This is pre-
cisely why proportional signs are used in the above
equations.

To determine the precise prefactor of the susceptibility,
we invoke the Ward-Takahashi identity (WTI). As shown in
Ref. [17], the pion susceptibility y, derived from the QCD
Lagrangian is given by

Xe = i%. (52)

By wusing the Gell-Mann—Oakes—Renner relation
2m;(qq), = m2f%, we can match Eq. (51) with the one
found from the WTI in Eq. (52) and conclude that we need
to normalize Eq. (51) with 1/(m?),

1

242
Xr =5 Mif5 (53)
2’"12

Similar to the scalar channel, there is a mixing between
the singlet and octet channels of the pseudoscalar field. The
action for the singlet and octet channels is given by

1 o . o
Se==5,7 dx\/ge” {Z {9 ¢70.0,9'0.0,¢' — g5* M (2) (90, 9'0, 90’

ij=0.8

. . . . . . 3
+ ¢ 0,7'0,n + g¥0, w0, n) — 29" 0,9 0,n)} — gs5> Zy)(lz)(sﬂoﬂo}, (54)

where i and j take the values of 0 and 8, and M"/(z) is
defined by

M5 (z) = 2Te({#, Xo}.{t. Xo}). (55)

The mixing between M3°(z) and M5®(z) can be encoun-
tered by applying the orthogonal rotation such as

7l = Oiaﬂa
My = oMy 0" (56)

M) = %(%()w%(z)),
My =L (3 + 2600
W =20 4@, )

The mass term for the physical 7 and 7’ states become
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M,y (z) = M§°(z) cos? 0, + M5*(z) sin? 0, + 2M3®(2) cos 0, sin 6,
M,(z) = M5 (z) sin? 0,+ M33(z) cos? 0,— 2M%3(z) cos 0,sin@,, (58)
where 6,(z) is the pseudoscalar mixing angle given by

2M5%(2)
M (2) = M3 (2)

tan26,(z) = (59)

It is worth noting that, in Eq. (54), only the singlet state contributes to the determinant term, and after applying the
orthogonal transformation, there is a mixing term between 7 and # states that results in a coupled equation of motion for
them. The equation of motion for # and 7/,

/ eZA 2M z
o+ (4 Lm0 ) - B g, - 0

f
1" ! ﬂ / (M”)/(Z) / P_2 362Ay 2 102 : —
7+ (SA 7 @+ W) o+ (@y —m,) + .0 fx,;m(ﬂn sin® 0, (z) — my sin6,(z) cos0,(z)) =0,  (60)
! 2A ZM ,
(PZ/ + <A’+L_Q)’> (ﬂ;/ S e © ((Pn’ _ﬂn’) =0,
f f
1" 1 Ji/ ! (M’?/)/(Z) ! p_2 362Ay 2 2 : —
)+ <3A +f P+ M, 7+ 7 (o ””/)+4M,1/(z)f)(’%(”"lcos 0,(z)—m,sinf,(z)cosb,(z))=0.  (61)

The expansion of the pseudoscalar field and the longitudinal part of the axial-vector field near the boundary is obtained as
follows:

1
@, (2= 0) =cf— EggMW(e)zr,,,oz2 log(z) + @,22* + O(2?).
1 3ySBmim, ) )
7, (z = 0) =m0 + ¢+ my 2+ 5 <7zop2 - (%) (m,.151n%0,(€) — 7,y 1 cos B, (e) sin Qp(e))> 7*log(z)
n

T 02+ O(), (62)

1
oy (2= 0) = ¢f =5 G5M, (€)my 02 log(2) + gy 22* + O(2Y),
1 3yCmim, .
my(z—=0) =m0+ cp+my z+= | mop? - e mim, (m,y 1c08%0,,(€) — m, 1 cos @, (e)sin b, (¢)) | z* log(z)
2 4M”/<€)
+ my 022 + O(2), (63)

where

-1 3yé_,’3m12ms
Tpa =
TP+ 2uy AM(e)

(7,2 8i0%0,(€) — my 2 cos 0, (€) sinf,(€)). (64)

-1 37/C3m12ms
TT /1 =
d P>+ 2u; 4My(e)

(my2cos?0,(e) — m,,cos0,(e)sinb,(¢)). (65)
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Meanwhile, the nonsingular solutions near the horizon are

M, (zh
op(z—=2;) = _%”n.ho(zh —2) + Ol(z—z)%.
n(z—>z,) =7 w0k (5 3r€ioCo sin? 0, (zh) — " sin 0, (zh) cos 0, (zh) ) ) (z4 = 2) + Ol(z = 24)*]
n h) — %3,h0 4 4M,7(zh)zh2 ”n,hO p h h) 1>
(66)
2M/ Zh)
(2= z) = —— ( Ty m0(zn = 2) + Ol(z = z4)°),

)

Ty (2= 24) = Ty o — 4 T aM /(zh)zh?
p (2

<cos 0,(zh) - % sin 6 ,(zh) cos Qp(zh)>) (zn —2) + Ol(z — z1)?].

(67)

ﬂn ho

After finding the on-shell action and taking the second-order functional derivative with respect to the source, one can
obtain the two-point Green’s function. Finally, the 5 susceptibility is given by the two-point Green’s function at zero
momentum transfer as mentioned earlier,

M, (¢) 3yCmim :
=-1limG e LA iy A sin’8 () — m,y 1 cos @, (€) sin O +2 . (68
10, (p) = =53 |y () 00, ) . con ) sin ) + 2,0 (69
Remark. The y, includes the contribution of both light / (uit + dd)
and strange quarks. However, only the light quark compo- T
nent contributes to the study of SU(2) chiral symmetry S (70)

restoration and U(1), symmetry restoration. Therefore, we
can decompose the singlet and octet states of the pseudo-

scalar field in terms of the quark states as follows: We can express this decomposition in the language of
orthogonal transformation as

1 f 1
0o_ N R |

i \/g(uu+dd+ss) N \/§ﬂ ’ n® cos¢p —sing\ [ x

1 1 V2 ) singg  cos¢ ) )
78 = —(uit + dd — 2s5) = —=n' — —=7n’, (69)

V6 VY
where ¢ = 54.7°. Now one can write the mass term for the
where light and strange quark components as

M ,i(z) = M33(2) cos® ¢p + MS°(z) sin? ¢p 4+ 2MS3(z) cos ¢ sin ¢,
M, (z) = Mi’g(z) sin® ¢ + Mg’o(z) cos®¢p — ZMg'S(z) cos ¢ sin ¢h. (72)

The steps of deriving the #; susceptibility are similar to y,. The y, is given by

M,i(e) 3yCmim ) .
=—-1limG =—_—_" 7 |z 26 MM sin? s 1 COS ¢ sin 2 , (73
Xn, 171—>0 n(P) 29%”?//.0”171,0 [”11,1 T ( 4M i (€) (7, 1510°¢ + 7. psing) + 2m,, o7y, (73)
with
—1 3y¢3
yCmjm > (w0 8in% p + 7, 5 cos psing), (74)

T 2 aM i (e)

-1 3y§3m12ms

M= %W (my, 208> p + 7, 5 cos psinh), (75)
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keeping in mind that the normalization factor we have
found for the pion susceptibility must be added to all
pseudoscalar channels, including the #; susceptibility.

IV. TOPOLOGICAL SUSCEPTIBILITY

The topological susceptibility is a quantity measuring the
topological charge fluctuation of the QCD-0 vacuum,
which is defined as the curvature of the #-dependent
QCD vacuum energy V() at € = 0 [15],

52V (6)
op =~ /T dx 50(x)50/(0)

V(0) represents the effective potential of QCD, which
includes the QCD-0-term represented by the flavor-singlet
gluonic operator. Since adding the V(6) in holographic
QCD (hQCD) is not straightforward, we will use the final
form of the topological susceptibility expressed by fer-
mionic operators as [17]

(76)

6=0

1 _ .
Xtop = _Z [m1<llﬂlf> + lmlz)(m]' (77)

By using Eq. (52), the topological susceptibility is
written in terms of the pion susceptibility and light quark
components of the # susceptibility, and it is proportional to
the square of light quark mass,

+ 02
m
Xtop :Tlh/ﬂ_)(i’][]' (78)

To facilitate an understanding of the role of topological
susceptibility, we insert the scalar meson susceptibilities y,
and y,, in Eq. (78),

im?
Xop = TZ [()(7[ _)((7) - ()(11 _)((7)]’

im

T[(){n _Zag)_()(n _)(ag)]' (79)

~n

Xop =

Writing the y,, in this form, one can realize that the
topological susceptibility is described by the combinations
of the chiral partner y, <> v, (v, < x,) and the U(1),
partner y, <>y, (1, <> Xo)- After the chiral restoration,

the topological susceptibility is dominated by the U(1),
partner: Yo, ~ Xy, — Xo Wiop ~ Xz — Xa,)» SO that yo, acts as
the indicator for the breaking strength of U(1), symmetry.
It should be noted that y,, trivially vanishes in the chiral
limit (m; = 0). Similarly, the dilute instanton gas approxi-
mation predicted the vanishing of the indicator of the
breaking of U(1), symmetry, y, — ¥, for N; > 3, such

that the y, — yq, & m) '~ [56].

V. RESULTS

The objective of this work is to examine the restoration of
chiral symmetry and U(1) , symmetry at finite temperature by
analyzing the screening mass and meson susceptibility using
the soft-wall holographic QCD model. As mentioned earlier,
we consider two cases with different forms for the 5D mass
and dilaton field. The parameters for cases I and II can be
found in Tables I and II, respectively. These parameters are
chosen to achieve a physical pion mass and a pseudocritical
temperature of approximately 155 MeV for both cases.

First, we discuss the chiral phase transition at physical
quark masses with three-quark flavors. In Fig. 1, we present
the light quark condensate ¢, and o, as functions of
temperature for the three-quark flavor system with physical
quark masses in case I. The left panel demonstrates that the
light chiral condensate ¢; decreases smoothly with increas-
ing temperature. Because the finite quark mass (m; # 0)
breaks chiral symmetry explicitly, the transition is a smooth
crossover rather than a sharp drop. Above the pseudocrit-
ical temperature, o; retains a small, finite value, but it
continues to melt away steadily toward zero at higher
temperatures. This confirms that chiral symmetry is effec-
tively restored in the high-temperature phase, consistent
with standard lattice QCD and effective model results. The
chiral crossover is characterized by the pseudocritical
temperature, which is determined by the inflection point
of the quark condensate, d’c;/d’T|;_y =0, and is
evident as a peak in —do;/dT as shown in the right panel
of Fig. 1. The strange quark condensate exhibits similar
behavior, with a higher value at high temperatures com-
pared to the light quark condensate. For the three-quark
flavor system with physical masses of light and strange
quarks, the pseudocritical temperature is determined to be

TABLE I. The values of the free parameters for case I.

m; =17.5 MeV (m, = 132.5 MeV) m; = 13 MeV (m, = 174.4 MeV) my =95 MeV ug = 0.44 (GeV)
up = 0.81 (GeV) Uy = 0.176 (GeV) A =80 y=-10
TABLE II. The values of the free parameters for case II.

m; = 3.22 MeV (m, = 141.6 MeV) m; =6 MeV (m, = 193 MeV) my; =95 MeV uy = 0.44 (GeV)
u. = 1.27 (GeV) A=280 y=-23
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Left: the light quark condensate o; and the strange quark condensate o, as functions of temperature 7. Right: evaluating the

pseudocritical temperature at T, = 0.157 GeV from the peak of —do;/dT. These results are for case I with m; = 7.5 MeV.
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FIG. 2. The light quark condensate o, and the strange quark condensate o, as functions of temperature 7 (left), and the derivative of the
light quark condensate with respect to temperature —do,;/dT (right). The evaluated pseudocritical temperature is 7, = 0.154 GeV with

the case Il parameter setup.

Toelnoep = 0.157 GeV. A similar result for case II is
shown in Fig. 2, where the pseudocritical temperature is
determined to be Tc|pocp = 0.154 GeV.

A. Screening mass

In a vacuum, mesons are characterized by their masses and
decay widths in different channels. At finite temperature, the
concept of mass is replaced by screening mass and pole mass
due to the breaking of Lorentz symmetry. Both of these masses
carry information about the correlation function of the meson
field in a hot medium. The screening mass, which can be
evaluated as the pole of the spatial component of the two-point
correlation function, serves as an indication of chiral symmetry
restoration. This is because the mass difference of chiral
symmetry partners (7, o, #, and a,) originates from the
spontaneous chiral symmetry breaking of QCD. After the
chiral symmetry restoration, the masses of chiral partners
should be degenerate.

In our work, we calculated the two-point Green’s
function for a0, o, #, and 7 fields. The screening mass
of the a, meson is obtained as the pole of G, in Eq. (24),
similar to the condition of s, (p?) = 0, which corresponds
to the pole of G, . The smallest spatial value of p?

satisfying the condition s,(p?) = 0 is equal to the screen-
ing mass of ay, M3, ., = —p*. Similarly, we can find the
screening mass of the ¢ meson.

For the pseudoscalar sector, we need to follow the same
method and find the pole of the two-point Green’s functions,
which correspond to the conditions 7y(p?) =0 and
my0(p?) = 0 for the screening mass of the pion and 7,
respectively. The results of the screening masses of the chiral
partners are shown in Figs. 3 and 4 for cases I and II,
respectively. From these figures, we can see that near the
pseudocritical temperature, the masses of chiral partners
become degenerate, providing a signal of the chiral sym-
metry restoration. Quantitatively, these results are consistent
with the ones present from lattice QCD (LQCD) [57] and the
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FIG. 3. Screening mass of the chiral symmetry partners (z, o, 1, and ;) as a function of temperature for case 1.
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FIG. 4. Screening mass of the chiral symmetry partners (z, o, 1, and ag) as a function of temperature for case II.

Nambu-Jona-Lasinio (NJL) model [58] and confirm that the
temperature-dependent behavior of screening masses of the
chiral partner mesons is strongly coupled with the chiral
phase transition.

B. Meson susceptibility

In the study of symmetry restoration [chiral symmetry
and U(1), symmetry], an important indicator is the
meson susceptibility, which measures the response of the
system to the addition of a field. As demonstrated in the
previous section, the pion susceptibility requires a nor-
malization factor to align with the one obtained from the
WTI. Similarly, for the ¢ susceptibility, a direct method can
be used to determine y, by taking the derivative of the
chiral condensate with respect to the light quark mass,

_ % (80)

o = G

To relate the present definition of the susceptibility to the
one given in Eq. (36), note that the two expressions differ

only by an overall normalization factor {?/4. A small
deviation to the quark mass m; + ém; will cause a small
deviation dy; to y,;. Obviously, the linearized fluctuation &y
obeys the same equation of motion as Eq. (31) evaluated at
zero four-momentum, p? = 0. Therefore, the UV expan-
sion of 8y, should be 8y, = s,z + - -+ + s32° + - --. On the
other hand, the dual field-theory interpretation identifies the
leading and subleading coefficients with the quark mass
and condensate variations: s; = ém;{ and s3 = 606/, and
the susceptibility defined in Eq. (36) is there-
fore y, ~4s3/s) = 4(56/5)/(5’"15:) = %;70'

In Fig. 5, we compare the numerical results of y, in
Eq. (80) with the normalized y, in Eq. (36). The normali-
zation factor, found by equating Egs. (80) and (36), is
N, = £?/4, which aligned with the normalization factor we
obtained analytically.

Similar to the concept of screening mass, when two mesons
are symmetry partners, their susceptibilities should be
equal after symmetry restoration. The sign of chiral
symmetry restoration can be observed in the following
conditions:
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Comparison of y, in Eq. (80) with the normalized y, in

Eq. (36), with the normalization factor N, = {2 /4.

)('71 _)(ao - 0.

Xn = Xo = 0’

(81)

Similarly, the indication of U(1), symmetry restoration

can be read from

250F T T

200

150

Xr = Xa
7'2

100

501

0,

g

013 014

015

Xn = Xay = 0,

)(11,_)(0_)0- (82)

The results of the y, — x, and y,, — x,, as a function of
temperature are shown in Figs. 6 and 7 for cases I and I,
respectively. As shown in the top-left panel of Fig. 6, the
indicator (y, — y,) for the isoscalar partners (o, 7) drops
sharply near the crossover temperature, signaling the rapid
restoration of chiral symmetry. This behavior is observed
for both light quark masses m; = 7.5 and m; = 13 MeV in
our model and is consistent with the observation in LQCD
data at physical quark masses [6]. The pseudocritical
temperature estimated, from the top-right panel of
Fig. 6, is similar to the one found from Fig. 1, confirming
the restoration of the chiral symmetry from the meson
susceptibility.

The bottom panel of Fig. 6 displays the susceptibility
difference of isovector partners a, and #; at light
quark masses m; = 7.5 and m; = 13 MeV. Despite the
higher restoration point compared to the isoscalar part-
ners, the results are compatible with the LQCD data
within the uncertainty. The discrepancy in the restoration
temperatures between the two chiral partner pairs is a

—r T T T ] 200 [ ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' L
— hQCD, m=7.5 MeV — m=7.5MeV
..... WI, m=7.5 MeV 150 ceiee m=13 MeV
‘‘‘‘‘ - hQCD, m=13 MeV 5
_ 1 o
LQCD, m,=135 MeV X 100 ) ]
= LQCD, m,=200 MeV 5
1 %/ ------- '\‘\“
L% 50 - ]
016 017 018 019 0.20 0.14 0.18 0.20
T (GeV)
30' S L B L L B A A A L B L R
255 — hQCD, m=7.5MeV ]
o - hQCD, m=13 MeV 1
20F LQCD, m,=135MeV ]
§ 15t = LQCD, m,=200 MeV ]
= N [ ]
1|~ [ ]
St ]
5F ]
TSI . i S
oF= .
_5' M MR N ST Y YT S + Y P
0.13 0.14 0.15 0.16 0.17 0.18 0.19 0.20
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FIG. 6. The indicator of the chiral symmetry restoration (y, —x,)/T* (top left) and (y,, —x,,)/T* (bottom) as a function of
temperature at m; = 7.5 and m; = 13 MeV for case I. The LQCD data are taken from Ref. [6].
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FIG. 7. The indicator of the chiral symmetry restoration (y, —y,)/T* (top left) and (y, —x,,)/T* (bottom) as a function of
temperature at m; = 3.22 MeV and m; = 6 MeV for case II. The LQCD data is taken from Ref. [6].

direct signature of the influential role played by
the U(1), anomaly. The 1 meson receives a significant
mass contribution from the anomaly, which is reflected
in its susceptibility. Therefore, for the susceptibilities of
the isovector pair to become degenerate, it iS not
sufficient for the chiral condensate to melt; the effects
of the U(1), anomaly must also be sufficiently
suppressed.

For case II (Fig. 7), the behavior of y, — y, qualitatively
agrees with LQCD, and y,, — x,, is compatible with LQCD
for both m; = 3.22 and m; = 6 MeV. The pseudocritical
temperature evaluated for case II is also consistent
with Fig. 2.

In order to identify the breaking of the U(1), sym-
metry, we analyze the difference between the suscep-
tibilities of the U(1), symmetry partners z and a
Xz — Xa,)- Although there is no strict definition for the
exact U(1), restoration, particularly since the estimators
do not strictly vanish for nonzero quark mass [59]. In our
analysis, we evaluate the magnitude of U(1), restoration
via the significant suppression of the susceptibility
difference between the U(1), partners, as displayed in
Figs. 8 and 9 for cases I and II, respectively. Unlike the
results for chiral symmetry restoration, the outcomes in

Fig. 8 do not align with the LQCD data at the low and mid
temperatures. However, the restoration temperature of the
U(1), symmetry is aligned with LQCD and is slower than
the restoration of the chiral symmetry. The degeneracy of

250F ; ; ; ; ; ;
200 — hQCD, m=7.5MeV |
‘‘‘‘‘ - hQCD, m=13 MeV ]
LQCD, m,=135MeV ]
>§ 150+ 1
NS ., = LQCD, m,=200 MeV |
S e, ]
<l q00f T ]
50 1
O‘H‘HH”HHHH”HHH‘:HH;4

013 014 015 0.16 0.17 0.18 019 0.20

T (GeV)
FIG. 8. The indicator of U(1), symmetry breaking as a

function of temperature at m; = 7.5 and m; = 13 MeV. The
susceptibilities difference y, — y,, becomes quark mass inde-
pendent for 7 > 0.165 GeV. These results are for case 1. The
LQCD data are taken from Ref. [6].
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FIG. 9. The indicator of U(1), symmetry breaking as a
function of temperature at m; = 3.22 MeV and m; = 6 MeV
for case II. The LQCD data is taken from Ref. [6].

the results for m; =7.5 and m; =13 MeV for T >
0.165 GeV proves that the nonzero value of the y, —
Xa, comes from the axial anomaly, not the small quark
mass. This indicates that, within our current holographic
construction, the dynamics driving the chiral transition
are different from those controlling the axial anomaly
strength, which signals the emergence of two distinct
energy scales.

The situation described for case I is found to be robust
and is replicated in the alternative parameter set, case II. As
shown in Fig. 9, the U(1), breaking indicator for case II
also undergoes its most rapid change at a temperature that
coincides with the chiral pseudocritical temperature for this
situation. The restoration temperature, similar to case I, is
slower than chiral symmetry. Then, within the holographic
QCD, the restoration of the U(l), axial symmetry is
independent of the specific parameter tuning within the
studied range.

Historically, the exact relationship between the restora-
tion of the chiral symmetry and the anomalous U(1), axial
symmetry at finite temperature has been a subject of intense
debate [60-63]. In this work, our soft-wall holographic
model yields a clear separation of scales, where the
effective restoration of U(1), occurs at a temperature
significantly higher than the pseudocritical chiral crossover
temperature. While earlier conventions frequently assumed
a simultaneous restoration of both symmetries at 7., our
qualitative feature of scale separation aligns remarkably
well with a vast body of recent literature. On the lattice side,
independent formulations using highly anisotropic
lattices by the Fastsum Collaboration [64,65] report
Ty, ~ 320 MeV, well above their computed chiral cross-
over scale (T ~ 154-180 MeV). Similarly, early and
recent highly improved staggered quark and domain-wall
computations by the HotQCD Collaboration [5,6] con-
firm that, while SU(2), x SU(2), is restored swiftly
above T,.~155MeV, anomalous U(1), breaking

observables remain distinctly nonzero and persist
deep into the chirally symmetric phase [25,66]. This
behavior is further supported by functional renormaliza-
tion group [67] and Polyakov-loop quark-meson [68]
frameworks, where a temperature-dependent 't Hooft
determinant coupling drives a distinct lag between the
melting of the light quark condensates and the full
restoration of the axial anomaly. Furthermore, analyses
of symmetry breaking strengths in different channels
suggest a two-stage restoration scenario [69]. In this
picture, chiral symmetry and U(1), symmetry are first
restored in the nonsinglet sector near 7., but full
restoration, including the singlet channels, occurs at a
much higher temperature when topological fluctuations
are largely suppressed.

Regarding the universality class of the chiral transition:
lattice QCD simulations with physical quark masses
indicate a smooth crossover rather than a genuine phase
transition [24]. In the chiral limit, the transition is
expected to belong to the 3D O(4) universality class
for two light flavors, with the strange quark acting as a
heavy spectator that does not alter the critical exponents
[66]. In our holographic framework, as we have shown in
detail in our previous work [47], for the 2 + 1-flavor case,
the order of the chiral phase transition is a smooth
crossover at the physical quark masses. However, moving
to the chiral limit, the order of the phase transition
changes from crossover to first order due to the contri-
bution of U(1), anomaly. Moreover, in a case similar to
the LQCD, with massless light quarks and the physical
strange quark mass, the order of the phase transition
shows a second-order line similar to the 3D O(4)
universality class. However, because classical gravity
duals solve the field theory in the mean-field approxi-
mation, our model yields standard mean-field critical
exponents rather than true 3D O(4) scaling [47].
Incorporating 1/N . loop corrections to the bulk gravita-
tional action would be required to capture the full non-
perturbative thermodynamic fluctuations necessary to
resolve these universality benchmarks cleanly.

C. Topological susceptibility

Using the WTI associated with chiral symmetry, it can
be demonstrated that the topological susceptibility is
linked to the chiral and U(1), partner structures in the
meson susceptibility functions. Therefore, the topologi-
cal susceptibility can also be considered as an indicator of
the strength of U(1), symmetry breaking during the
chiral phase transition. We numerically evaluate y,, in
Eq. (78), with the holographic QCD estimates on the y,
and y,, susceptibilities, as a function of temperature. In
Fig. 10, we illustrate the temperature dependence of the

topological susceptibility ;(tlo/; , where we have taken the
absolute value of y,,, and compare it with LQCD data,
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FIG. 10. The topological susceptibilities as a function of temperature at different light quark masses for cases I (left) and II (right). The

other approaches are LQCD [18], NJL [12], and LSM [Cornwall-

the NJL model, and the linear sigma model (LSM). For
case I (left panel), the value of ;(tlo/s (T =0) at the light
quark mass m; = 7.5 MeV, which corresponds to the
physical pion mass, is larger than the values obtained
using other methods, possibly due to the fact that the
physical quark mass used in other models is m; ~5 MeV.
Therefore, we also consider the case m; =5 MeV
and the ;(tlo/;‘ (T =0) is in agreement with other models.
However, in both cases of two light quark masses, the
temperature behavior is the same, and the )(tlo/; declines
more rapidly than others near the pseudocritical temper-
ature. As we demonstrated in the previous subsection,
in our model, the quantitative behavior of the indicator of
U(1), axial anomaly as a function of temperature
is not consistent with LQCD, and it decreases sharply

near the pseudocritical temperature. This feature causes
1/4

the x5 to decrease more sharply than in other models

Jackiw-Tomboulis (CJT)] [16].

around the pseudocritical temperature. However, at
higher temperatures our results show more persistence
compared to other approaches. This slower suppression in
our model points to specific features of the holographic
gravitational dual. The dynamics of the axial anomaly
and topological sectors are encoded in the structure of the
bulk fields and their interactions. This could stem from
the large-N,. nature underlying holographic construc-
tions, where certain topological effects are enhanced,
or from the specific choice of the gravitational back-
ground that does not fully capture the deconfining
dynamics of the gauge theory. Overall, we can conclude
that the qualitative behavior of our model is similar to

other approaches, as the value of )(tlo/; is almost constant
for T < Ty Then, around the T ~ Tpe, the curve
decreases sharply, and finally, it slowly decreases for
T > T,.. The quantitative behavior of ;(tlo/; for case II

. . . . 100 — . . .
100 siwiu,, — m=7.5MeV, y=-1 E — m;=5MeV, y=-1
----- - m=7.5MeV, y=-20 ieimie m=5 MeV, y=-20
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FIG. 11. The topological susceptibilities as a function of temperature at light quark masses m; = 7.5 (left) and m; = 5 (right) MeV for
different values of the determinant term’s coupling as y = —1 (solid red line) and y = —20 (dot-dashed black line).
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(right panel of Fig. 10) is not better than case I in
comparison with other approaches.

The effect of U(1), symmetry breaking was introduced
through the determinant term in our model. The strength of
the determinant term is controlled by the coupling param-
eter y. To analyze the effect of the determinant term, we
computed the topological susceptibility for different values
of y. As shown in Fig. 11, for a fixed light quark mass
(m; ="7.5 or 5 MeV), a larger negative value of y simply
shifts the entire ;(tlo/; curve to a higher overall magnitude.
Conversely, a smaller magnitude yields a lower curve.
Crucially, the functional shape of the curve remains
unchanged. This result has a significant physical implica-
tion. It demonstrates that, in our model, the determinant
term acts primarily as a static background source for
topological effects, scaling their overall intensity up or
down. However, it fails to modify the underlying dynamical
response of the topological sectors. The gravitational
background, which dictates how the system evolves, still
forces the topological susceptibility to be strongly tied to
the chiral transition scale, regardless of the value of y.

VI. CONCLUSIONS

In this work, we analyzed the finite-temperature restora-
tion of chiral and U(1), symmetries within the framework
of a soft-wall holographic QCD model. Two specific
parametrizations, denoted as cases I and II, were employed,
both tuned to yield a physical pion mass and a chiral
pseudocritical temperature of approximately 155 MeV. The
primary observables were the quark condensates, meson
screening masses, meson susceptibilities, and the topologi-
cal susceptibility.

Our calculations demonstrate that the model robustly
predicts a smooth chiral crossover transition. The temperature
evolution of the light quark condensate ; shows a smooth
decrease, with its inflection point defining a pseudocritical
temperature of T, = 0.157 GeV for case I and T, =
0.154 GeV for case II. This crossover behavior is a key
feature of QCD with physical quark masses. The behavior of
meson screening masses further confirms the restoration of
chiral symmetry. The computed masses for the chiral partners
(m, 0) and (17, ap) become degenerate around T, a direct
signal of the effective restoration of chiral symmetry. This
finding is quantitatively consistent with results from lattice
QCD and effective models, such as the NJL model.

The analysis of meson susceptibilities provides a com-
plementary and rigorous test. The differences y, — y, and
Xn, — Xa,» Which serve as indicators for chiral symmetry
restoration, approach zero sharply around T, for both
model parametrizations. The associated pseudocritical
temperatures extracted from these indicators align with
those obtained from the quark condensate, supporting a
consistent picture of chiral restoration.

A central finding of this study concerns the fate of the
U(1), symmetry. From the indicator y, — y,, which
measures explicit U(1), breaking due to the anomaly,
we can see that the restoration of the U(1), symmetry is
later than the chiral symmetry. This result, which holds for
both cases I and II, indicates that, within our holographic
setup, the restoration scales for chiral and U(1), sym-
metries do not coincide, which suggests a possible sepa-
ration between these scales. Despite the inconsistency of
the indicator of U(1), axial anomaly as a function of
temperature with LQCD for temperatures 7 < 0.175 GeV,
the higher temperature regions match together.

The gravitational dual and the incorporated determinant
term, parametrized by y, tie the dynamics of the axial
anomaly to the chiral order parameter. While varying y
alters the overall magnitude of anomaly-related quantities
like the topological susceptibility, it does not decouple their
temperature evolution from the chiral transition. This
suggests that a more intricate holographic mechanism,
perhaps involving independent bulk dynamics for topo-
logical sectors, is required to capture the potential persist-
ence of U(1), breaking effects above 7.

The topological susceptibility )(tlo/; , calculated via the
Ward-Takahashi identity, exhibits a characteristic temper-
ature dependence: it remains nearly constant for 7' < T,
drops sharply around the transition, and then slowly
decreases at higher temperatures. While this qualitative
trend agrees with other approaches, the detailed comparison
reveals that our model predicts a more pronounced drop near
T, and a slower subsequent suppression. This behavior is a
direct consequence of the effect of the chiral symmetry
restoration on the U(1), axial anomaly in our framework.

In summary, the soft-wall holographic model successfully
describes key aspects of the chiral phase transition, includ-
ing the crossover nature, the degeneracy of chiral partners,
and the associated susceptibility patterns. Moreover, it
provides a separate restoration scale for chiral and U(1),
symmetries. Future improvements of the model should aim
to introduce more independent elements into the gravita-
tional dual, allowing for a better description of the U(1),
anomaly for achieving a closer alignment with the emerging
picture from first-principles lattice QCD studies.
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APPENDIX: THE VALUE OF MASS PARAMETERS
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where the index a, b = 9 corresponds to the singlet state.
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