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Within the symmetric mass generation (SMG) approach to the construction of lattice chiral gauge
theories, one attempts to use interactions to render mirror fermions massive without symmetry breaking,
thus obtaining the desired chiral massless spectrum. If successful, the gauge field can be turned on, and thus
a chiral gauge theory can be constructed in the phase in which SMG takes place. In this paper we argue that
the zeros that often replace the mirror poles of fermion two-point functions in an SMG phase should be
“kinematical” singularities. We conjecture that the SMG interactions generate opposite-chirality bound
states, which combine with the gapped elementary mirror states to form massive Dirac fermions. The
propagator zeros can then be avoided by choosing an appropriate set of interpolating fields that contains
both elementary and composite fields. This allows us to apply general constraints on the existence of a
chiral fermion spectrum which are valid in the presence of (nongauge) interactions of arbitrary strength,
including in any SMG phase. Using a suitably constructed one-particle lattice Hamiltonian describing
the fermion spectrum, we formulate a generalized no-go theorem which establishes the conditions for the
applicability of the Nielsen-Ninomiya theorem to this Hamiltonian. If these conditions are satisfied, the
massless fermion spectrum must be vectorlike. We add some general observations on the strong coupling
limit of SMG models. We also elaborate on the qualitative differences between four-dimensional and two-
dimensional theories that limit the lessons that can be drawn from two-dimensional models. Finally, we
compile a list of open questions which must be addressed in any SMG model in order to determine whether
or not it is subject to the generalized no-go theorem.
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I. INTRODUCTION

Because of the fermion species-doubling problem, the
nonperturbative construction of chiral gauge theories on the
lattice is a long-standing challenge.1 The physical origin of
species doubling was first addressed by Karsten and Smit
[4], tying the phenomenon to the chiral anomaly, and then
generalized by Nielsen and Ninomiya [5]. Since then, the
program of putting chiral gauge theories on the lattice has
gained partial successes, but no completely worked-out
method for doing so exists at present.
Building on earlier work by Ginsparg and Wilson [6], by

Kaplan [7], and by Narayanan and Neuberger [8–11],
Lüscher successfully constructed anomaly-free Abelian

chiral gauge theories, while requiring one new algebraic
constraint on the fermion spectrum beyond the familiar
anomaly-cancellation condition [12]. As for non-Abelian
chiral gauge theories, he was able to define them to all
orders in lattice perturbation theory [13,14].
A second approach is being pursued by Kaplan and

collaborators. In this approach, the chiral fermions reside
on a four-dimensional boundary of a five-dimensional
space, with massive fermion degrees of freedom inside the
five-dimensional bulk. The dynamical gauge field lives on
the same boundary as the chiral fermions, and is extended
into the five-dimensional bulk via a classical differential
equation, for which the dynamical four-dimensional
gauge field provides the boundary values. The goal is
to dampen the gauge field inside the five-dimensional bulk
such that, when the fermion spectrum is anomaly free, the
long-distance physics would originate exclusively from
the coupling of the dynamical gauge field to the chiral
fermions at the boundary. Concrete realizations of
this approach were proposed in a domain-wall fermion
setup [15,16], and more recently in a disk setup [17,18].
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The scope of this approach is presently under investiga-
tion [19,20].
A third approach, which we have pursued, is the gauge-

fixing approach. The chiral gauge invariance is explicitly
broken on the lattice. Gauge invariance and (conjecturally)
unitarity are restored only in the continuum limit, provided
that the fermion spectrum is anomaly free. The inclusion of
a suitable gauge-fixing lattice action, as well as, in the non-
Abelian case, ghost fields, ensures the existence of a novel
critical point where the target chiral gauge theory can be
defined [21–27]. The current challenges of this approach
have to do primarily with the dynamics of the gauge-fixing
sector in the non-Abelian case [28,29].
The fourth, and historically the first, approach has a long

history. It has evolved into what nowadays is usually called
the symmetric mass generation (SMG) approach.2 One
starts from a lattice gauge theory with massless Dirac
fermions. The (anomaly-free) fermion spectrum of the
target chiral gauge theory would be obtained by selectively
retaining only one of the two chiralities of each Dirac
fermion; this is the physical fermion, while the unwanted
opposite-chirality component is the “doubler,” or “mirror,”
fermion. In order to recover the target chiral gauge theory in
the continuum limit one must therefore find a way to
decouple all the mirror fermions. The SMG paradigm
envisages that this goal can be achieved by adding to
the lattice action judicially chosen strong interactions that
do not involve the gauge field. They can be multifermion
interactions and/or depend on additional scalar fields
introduced especially for this purpose.
Let the gauge symmetry be a compact Lie groupG. If we

turn off the gauge field, we obtain a so-called reduced
model in whichG is an exact global symmetry. The fermion
content of the original gauge theory can be read off by
assigning the fermion states of the reduced model to
representations of G, if G is non-Abelian, or by specifying
the (integer valued) charge of each fermion state, if G is
Abelian. The reduced model will typically have a nontrivial
phase diagram, and different phases may in principle have a
different massless fermion spectrum. The goal of the SMG
framework is thus to achieve a novel “SMG phase”with the
following features: the global G symmetry is not broken
spontaneously; the physical chiral spectrum remains mass-
less; all the unwanted mirror fermions have become
massive; and no other undesired massless states have
emerged in the process. The continuum limit of the reduced
model in the SMG phase should be a theory of free
massless chiral fermions, because, if in a continuum chiral
gauge theory we turn off the gauge field, we are left with a
set of free massless chiral fermions. Turning the gauge field
back on will then result in a lattice regularization of the
desired chiral gauge theory.

The reduced model has a phase diagram spanned by the
coupling constants g1; g2;…, of the interactions that we
introduce with the aim of decoupling the doublers. In the
free theory limit ðg1; g2;…Þ ¼ ð0; 0;…Þ, the reduced
model must have a spectrum of Dirac fermions. Why?
The Hamiltonian (or Lagrangian) of a free lattice fermion
has a conserved fermion number symmetry, and associated
with it a conserved current.3 The divergence of this current
is zero on the lattice, and will remain so in the continuum
limit; the current cannot develop an anomalous divergence
in any correlation function. The straightforward way for the
lattice regularization to guarantee the absence of an
anomalous divergence in the continuum limit is to assemble
all the fermion states into Dirac fermions with respect to the
fermion number symmetry. The same argument applies to
the conserved current of any other continuous global
symmetry of the theory. These observations were first
made by Karsten and Smit, who also derived the simplest
no-go theorem in one spatial dimension [4].
A little later, a much more powerful no-go theorem was

proved by Nielsen and Ninomiya [5]. One considers a free
lattice Hamiltonian with a compact global symmetry.
Under this symmetry, every fermion field is endowed with
a set of discrete-valued quantum numbers, and the
Hamiltonian can be diagonalized in each charge sector
separately. The other requirements of the Nielsen-
Ninomiya (NN) theorem are the following: lattice trans-
lation invariance, which implies that the momentum takes
values in a periodic Brillouin zone; a relativistic low-energy
spectrum, which implies that every massless fermion is
unambiguously either right-handed (RH) or left-handed
(LH);4 and finally, as a function of the momentum, the
Hamiltonian must have a continuous first derivative. Under
these assumptions, the NN theorem asserts that there is an
equal number of RH and LH massless fermions in every
charge sector.5

The SMG paradigm envisages that strong-enough inter-
actions have been turned on to achieve an SMG phase with
the properties described above. At face value, the presence
of these interactions ensures that the NN theorem—which
is a theorem about free Hamiltonians—is safely inappli-
cable. Hence, the massless spectrum in an SMG phase
might, in principle, escape the conclusion of the NN
theorem and be chiral.
However, a closer look reveals another facet of the

reduced model which comes very close to satisfying the
assumptions of the NN theorem. The continuum limit of
the reduced model is required to be a theory of free

2For a review of the more recent work on SMG, see Ref. [30].

3The exception is Majorana fermions. However, these can
belong only to real representations of any compact Lie group G,
hence they do not play any role in chiral gauge theories.

4See Sec. III for the definition of the handedness.
5For no-go theorems in Euclidean space see Refs. [31,32]. For

a no-go theorem that applies for a more general notion of
conserved charges see Ref. [33].
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massless fermions, reproducing the fermion spectrum of
the target chiral gauge theory, so that the latter will be
recovered when the gauge interactions are turned back on.
But this means that close to the continuum limit of the
reduced model, its fermionic massless states must be almost
free. They can only interact weakly, via irrelevant inter-
actions, that will automatically die out in the continuum
limit. This state of affairs takes us almost all the way back
to the arena of free bilinear Hamiltonians, to which the NN
theorem applies. It is thus quite natural that some gener-
alization of the NN theorem would be applicable in the
interacting reduced model as well. Whether or not such a
generalized no-go theorem is powerful enough to exclude a
chiral fermion spectrum at a particular point in the phase
diagram of the reduced model will then depend on the
precise conditions of the theorem.
Such a generalization of the NN theorem was derived by

one of us in Refs. [34,35]. The key step is to identify a one-
particle lattice Hamiltonian Heffðp⃗Þ as the inverse of a
suitable Hermitian fermion two-point function Rðp⃗Þ at
zero frequency,

Heffðp⃗Þ ¼ R−1ðp⃗Þ; ð1:1Þ

defined for all momenta p⃗ in the Brillouin zone. The
precise definition of Rðp⃗Þ will be given later. If the
Hamiltonian (or Euclidean action) of the underlying
reduced model is local, one expects that Rðp⃗Þ will be
an analytic function of the momentum everywhere in the
Brillouin zone, except at degeneracy points. A degeneracy
point p⃗c is a point in the Brillouin zone where Rðp⃗Þ
receives a contribution from intermediate states with
Eðp⃗Þ → 0 for p⃗ → p⃗c. In this paper, we will prove the
analyticity ofRðp⃗Þ away from the degeneracy points under
certain assumptions about the field content and interactions
of the reduced model.6 We further distinguish between two
types of degeneracy points, whichwewill refer to as primary
singularities and secondary singularities. A primary singu-
larity pc is defined as a point whereRðp⃗Þ → ∞ for p⃗ → p⃗c,
which implies that Heffðp⃗cÞ has a zero eigenvalue.7 Any
other degeneracy point is a secondary singularity. By
definition, at a secondary singularity Rðp⃗Þ is finite for
p⃗ → p⃗c, hence Heffðp⃗Þ does not have any zero eigenvalues
in the vicinity of p⃗c. A primary singularity requires the
presence of a massless single-particle intermediate state,
whereas for a secondary singularity any single-particle
intermediate state must be gapped. The nonanalyticity at a
secondary singularity arises from intermediate states con-
taining three or more massless fermions.

How does Heffðp⃗Þ fare with the assumptions of the NN
theorem? First, obviously, Heffðp⃗Þ is defined over the same
Brillouin zone as the reduced model. As in the free case, it
is also subject to similar symmetry constraints, since we
assume that we are in a phase where the (to be gauged)
exact global symmetry G is not broken spontaneously.8

Next, as explained above, we require that the massless
fermionic asymptotic states are relativistic, and subject to
irrelevant interactions only, and that there are no massless
bosons. These assumptions will allow us to establish that
Heffðp⃗Þ has a continuous first derivative at all degeneracy
points, both primary (see Sec. III) and secondary (see
Appendix B 4). This, in turn, implies a one-to-one corre-
spondence between the primary singularities and the mass-
less fermion asymptotic states.9 Everywhere else in the
Brillouin zone, Heffðp⃗Þ will be an analytic function of the
momentum, just like Rðp⃗Þ, with one important exception.
Let us introduce the notion of a zero ofRðp⃗Þ. A point p⃗0

in the Brillouin zone is a zero ofRðp⃗Þ if the latter has a zero
eigenvalue for p ¼ p0. By Eq. (1.1), a zero of Rðp⃗Þ turns
into a pole of Heffðp⃗Þ. Thus, ifRðp⃗Þ has a nonempty set of
zeros, then Heffðp⃗Þ will not have a continuous first
derivative at the same points. As a result, a crucial condition
of the NN theorem will be violated, and the theorem will
not apply.
The applicability of the NN theorem thus relies on the

ability to construct fermion two-point functions that do not
have any zeros. This brings us to the following issue: the
identification of a suitable set of lattice operators that will
serve as interpolating fields for the fermionic asymptotic
states of the reduced model at a given point of its phase
diagram. It is convenient to define a complete set of
interpolating fields in a given charge sector by the follow-
ing two requirements: (1) The massless fermion asymptotic
states are in one-to-one correspondence with the primary
singularities of Rðp⃗Þ for this set of interpolating fields;
(2) Rðp⃗Þ is free of zeros.
In practice, building a complete set of interpolating fields

can be a trial and error process, which could be helped by
hints about the dynamics. First, it is quite natural for a
lattice fermion field to interpolate more than one massless
state, or, equivalently, to have several primary singularities.
The simplest example is a naive fermion on a one-
dimensional spatial lattice. This is a single-component
field with the dispersion relation E ¼ 1

a sinðapÞ, where a
is the lattice spacing. The massless spectrum10 then consists

6The term “degeneracy point” reflects the fact that any state
with vanishing energy is degenerate with the second-quantized
vacuum.

7We define Heffðp⃗Þ at the primary singularities by demanding
continuity (see Sec. III).

8For the situation in one spatial dimension see Sec. III.
9Physically, a continuous first derivative at a primary singu-

larity means that the velocity of the particle is well-defined for
p⃗ → p⃗c.10In one spatial dimension, with no concept of helicity,
massless fermions can be right-moving or left-moving. The
abbreviations RH and LH when used in the context of models
in one spatial dimension will be taken to refer to right-movers and
left-movers, respectively, throughout this paper.
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of a RH state at pc ¼ 0 and a LH state at pc ¼ π=a. As
shown in Appendix B of Ref. [35], attempting to build a
one-to-one correspondence between these massless fer-
mion asymptotic states and the interpolating fields results
in an “over-complete” set of interpolating fields that suffers
from the presence of zeros.
Notice that our definition of a complete set of interpolat-

ing fields does not refer explicitly to any gapped fermion
asymptotic states. The reason is that gapped states (whether
relativistic or not) do not generate singularities at zero
frequency. The primary singularities of Rðp⃗Þ, and thus the
zeros of Heffðp⃗Þ, correspond to massless fermions only. As
a result, both the original NN theorem and its generalization
discussed here are “oblivious” to the presence of any
gapped fermion states.
This state of affairs is convenient, in that it means that it

does not matter if our set of interpolating fields generates
any gapped fermion states (in addition to the massless
fermion states), so long as it satisfies the requirements of a
complete set defined above. However, the requirement that
Rðp⃗Þ should have no zeros indirectly constrains how Dirac
fermions can be interpolated. A massive Dirac fermion
consists of a RH and a LH component which are coupled
via the mass term. As we will explain in detail below, if
both chiralities are interpolated, this should not lead to
propagator zeros. However, if only one of the two chir-
alities is interpolated, while the other is not, this leads to the
unwanted appearance of a kinematical zero inRðp⃗Þ. These
kinematical zeros can be avoided by simply adding to the
set of interpolating fields new fields that will interpolate the
missing chirality component of the relevant Dirac fermions.
A case where a propagator zero is unavoidable is when

our starting point is a bilinear Hamiltonian or action that
has a built-in pole. Such a (Euclidean) action was proposed
long ago by Rebbi [36] in an early effort to put chiral gauge
theories on the lattice. However, it was soon realized that a
pole in the action acts as a ghost state [32,37]. In particular,
in four dimensions it contributes to the one-loop beta
function with the same magnitude as a fermion field, but
with an opposite sign. We have recently generalized this
conclusion using an effective low-energy framework [38].
As the example of Rebbi’s proposal shows, generating a

pole in the action requires a highly nonlocal kinetic term. If,
on the other hand, the underlying theory is local, it is
unlikely that the severe nonlocality needed for generating
such ghost states would emerge at the level of the low-
energy effective theory [39]. Turned around, this observa-
tion suggests that any propagator zeros encountered in the
SMG phase of a local reduced model should be kinematical
zeros, which are removable by a judicious choice of the
interpolating fields.
Our current understanding of the issue of propagator

zeros, which has evolved considerably since our earlier
paper [38], is the following. We conjecture that the same
SMG interactions that gap the mirrors also generate

opposite-chirality bound states. These bound states pair
up with the elementary mirror fermions, thereby forming
massive Dirac fermions. Hence, in order to obtain a
complete set of interpolating field free of propagator zeros,
one should add to the set of elementary fields, which
interpolate the mirror fermions, a suitable set of composite
fields that will interpolate the opposite-chirality bound
states.
A popular testbed of the SMG paradigm is the so-called

3450 model [40–44]. The target chiral gauge theory is an
Abelian theory in one spatial dimension, with two (say) LH
fields with charges 3 and 4, and one RH field with charge 5.
Since 32 þ 42 ¼ 52, this fermion content satisfies the
anomaly cancellation condition in two spacetime dimen-
sions. When the SMG paradigm is applied to the 3450
model, the starting point is an Abelian lattice theory with
massless Dirac fermions with charges 3, 4, and 5, repre-
senting a doubled spectrum. One then aims to find an SMG
phase where the mirrors have become massive, while the
fermion spectrum of the target chiral gauge theory remains
massless. The reason for the name “3450 model” is that a
neutral “spectator” Dirac fermion is added to the lattice
theory. Having a zero charge, this fermion field does not
interact with the gauge field. But it is employed in the
construction of the interaction terms that, one hopes, would
generate the SMG phase in which all the doublers become
massive, and one is left with a massless fermion spectrum
consisting of LH states with charges 3 and 4, and RH states
with charges 5 and 0.
An attempt to decouple the mirrors was made in

Ref. [40], where a concrete reduced-model realization of
the 3450 model was proposed. The goal of Ref. [40] was to
obtain an SMG phase by introducing additional scalar
fields that interact strongly with the fermion fields via
Yukawa couplings. As a probe of the fermion spectrum, the
vacuum polarization diagram was calculated in the reduced
model, i.e., the two-point function of the conserved current
of the global U(1) symmetry to be gauged in the full model.
In two space-time dimensions, a massless fermion inter-
mediate state generates a directional discontinuity at zero
momentum. In units of the discontinuity created by a single
chiral fermion of unit charge, the strength of the total
discontinuity is

P
i q

2
i , where the sum runs over the U(1)

charges qi of all the massless chiral fermions, both RH and
LH. An undoubled massless spectrum would thus exhibit a
discontinuity of total relative strength 32 þ 42 þ 52 ¼ 50,
coming from the massless LH fermions with charges 3 and
4, and the RH fermion with charges 5.
In Ref. [40] the discontinuity of the vacuum polarization

diagram was calculated numerically in the mirror sector at a
single point inside the would-be SMG phase. Instead of the
desired result, which is a vanishing discontinuity in the
mirror sector, the actual result was consistent with a
discontinuity of total relative strength of 50. Clearly, the
simplest interpretation of this result is that the mirror
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fermions remained massless, and thus that the spectrum
remained doubled, and not chiral.11 As pointed out in
Ref. [40], an alternative interpretation would be the
appearance of a new massless Dirac fermion of charge
5, whose LH component is the original mirror state of the
fermion field with charge 5, while its RH component is a
bound state of the fermion and scalar fields of the model.
Such a situation would imply that the total fermion
spectrum in each charge sector remains chiral. We com-
ment that while this situation cannot be ruled out based on
the result of Ref. [40] alone, it is unlikely in our opinion,
even if we set aside the generalized no-go theorem which is
the main topic of the present paper. The reason is that the
model of Ref. [40] contains no symmetry that would
protect the masslessness of such a Dirac fermion, and so
it would be a remarkably fine-tuned situation if its mass
happened to be zero (within the uncertainties of the
calculation) right at the point in the phase diagram where
the numerical calculations were carried out.
Recently, building on heuristic arguments presented in

Refs. [42,43], a different reduced-model realization of the
3450 model was put forward in Ref. [44], which we will
refer to as the ZZWY model. Introducing two judicially
chosen six-fermion interactions, the successful develop-
ment of an SMG phase with gapped mirror fermions was
announced. Since this result is in apparent conflict with the
generalization of the NN theorem to interacting (reduced)
models, our goal in this paper is to revisit the considerations
of the generalized theorem [34,35], using the ZZWYmodel
as a laboratory whenever possible.
This paper is organized as follows. We begin in Sec. II

with a fresh examination of the issue of propagator zeros,
revisiting our discussion in Ref. [38]. We first explain why
propagator zeros tend to arise when mirror fermions are
gapped. Because the underlying reduced model is local by
assumption, we now realize that the propagator zeros are
unlikely to represent ghost states [39], and are thus more
likely to be kinematical in nature. We then introduce the
(conjectured) bound-state formation mechanism: The same
SMG interactions that gap the mirrors also generate
opposite-chirality bound states, which, in turn, pair up
with the elementary mirror fermions to form massive Dirac
fermions free of propagator zeros.12 We give explicit
formulas for the composite operators that would create
the bound states in the ZZWY model, and should thus be
added to the set of interpolating fields.
In Sec. III we turn to the generalized no-go theorem. In

contrast with Refs. [34,35] where analyticity properties
were essentially postulated, in this paper we prove the

analyticity of Rðp⃗Þ for reduced models defined by a local
Hamiltonian that depends on fermion fields only (as is the
case for the ZZWY model). We discuss the remaining
conditions of the generalized theorem, which include the
absence of zeros in Rðp⃗Þ, and the assumption that the
continuum limit of the reduced model is a theory of
relativistic free massless fermions, with no additional mass-
less bosonic states. Technical details are mostly relegated to
Appendix B. Finally, we briefly explain how the gauge-
fixing approach to the construction of four-dimensional
lattice chiral gauge theories evades the generalized no-go
theorem.
In Sec. IV we prove an independent, but related, simple

theorem. We consider a reduced model in which a subset of
the fermion degrees of freedom participates in some strong
interactions. We then show that when the (uniform) strong-
coupling limit is taken, the fermion fields split into two
decoupled sectors. In particular, the fermion degrees of
freedom that do not participate in the strong interactions
then form a decoupled free (or weakly coupled) theory,
which is thus subject to the NN theorem. We list several
examples, including in particular the application of this
theorem to the ZZWY model.
In Sec. V we turn to the implications of the generalized

no-go theorem for two-dimensional theories. Two-
dimensional theories are, in a sense, more complicated
than four-dimensional theories, because many more rel-
evant or marginal operators exist in two dimensions, and
their role needs to be understood. We confront the
generalized no-go theorem with the properties of two-
dimensional SMG reduced models in general, and with the
known features of the ZZWY model in particular. While
the SMG interactions themselves are always chosen to be
irrelevant, they can induce four-fermion interactions with-
out derivatives that respect all the symmetries of the SMG
reduced model. In two dimensions, such induced four-
fermion interactions are renormalizable, hence they can
have a profound impact on the resulting continuum theory.
Our work can only have tentative implications for any

specific SMG model; for the generalized no-go theorem to
apply, all of its assumptions need to be satisfied, and this
must be checked on a case by case basis. In Sec. VI we use
our analysis to compile a list of open questions. We focus
on the fate of propagator zeros and on the applicability of
each assumption of the generalized no-go theorem. These
key questions will have to be sorted out in the ZZWY
model, as well as in any other SMG model, in order to
determine whether or not it succeeds in recovering a chiral
gauge theory in the continuum limit.
We end with some concluding remarks in Sec. VII.

Appendix A provides details on the ZZWY Hamiltonian,
focusing mainly on its bilinear part, including the impact of
the strong-coupling limit of Sec. IV, as well as a few details
on the interaction Hamiltonian and the symmetries. Proofs
of most of the properties of Rðp⃗Þ needed for the gener-
alized no-go theorem are relegated to Appendix B.

11See Ref. [40] for the systematic uncertainties involved in the
calculation. See also Ref. [41] for an attempt to explain the failure
of Ref. [40].

12While in Ref. [38] we noted that the presence of bound states
could in principle affect our conclusions, we did not appreciate
that bound-state formation would turn out to play a key role.

CONSTRAINTS ON THE SYMMETRIC MASS GENERATION … PHYS. REV. D 113, 014503 (2026)

014503-5



II. SMG, PROPAGATOR ZEROS, AND BOUND-
STATE FORMATION

The goal of the SMG paradigm is to gap the mirror chiral
component of a Dirac fermion while leaving massless the
other chirality, as it is part of the chiral spectrum of the
target chiral gauge theory. In order to see why the gapping
of the mirror component tends to lead to the appearance of a
propagator zero, consider the example of a continuum
massless Dirac fermion, with propagator13

=p
p2

: ð2:1Þ

Chiral symmetry follows from the fact that this propagator
anticommutes with γ5. If, for example, the RH component
has been gapped somehow, while the LH component
remains massless, then the RH pole must have moved
away from zero, so that the same two-point function would
now take the new form

PL
=p
p2

PR þ PR
=p

p2 −m2
PL; ð2:2Þ

where PL;R are the chiral projectors. While the last term
indicates the presence of a massive state, this propagator
now has a RH zero instead of the original massless pole.14

Assuming that propagator zeros develop in an SMG
phase, what is their physical significance? The dynamics of
an SMG phase might not be easily tractable because SMG
requires strong interactions. Before we turn to this question,
let us consider another example taken from a free con-
tinuum theory. This time we start from the massive Dirac
propagator

G ¼ =p −m
p2 −m2

; ð2:3Þ

which has a pole at p2 ¼ m2, and no zeros. Let us now pick
out the RH chirality of this Dirac fermion by applying
suitable projectors on the two sides of G. The result,
PRGPL, readily coincides with the rightmost term in
Eq. (2.2). This shows that a propagator zero can be a
“mundane” kinematical singularity resulting from the
application of a projection to an ordinary massive Dirac
propagator.

As we have discussed in the Introduction, the alternative
is an “irremovable” propagator zero that arises from a
nonlocal action with a pole in its bilinear part, which in turn
represents a ghost state. However, the idea is that the SMG
phase develops in a theory where, as a rule, the underlying
Lagrangian (or Hamiltonian) is local by construction.
Hence, it is unlikely that the kind of nonlocality needed
for ghost states would develop at the level of the effective
theory that controls the long-distance behavior [39].
The propagator zeros found in an SMG phase are thus

more likely to be kinematical singularities. This means that
it must be possible to reproduce each propagator zero by
applying chiral projectors to a pertinent, massive Dirac
propagator, as in the simple example we have just consid-
ered. But this conclusion immediately raises another
question. If the propagator zero can be reproduced by
projecting out the RH component of a massive Dirac
fermion found in the spectrum of the theory, then, evi-
dently, the corresponding Dirac field must have a LH
component as well. However, the LH component of this
massive Dirac field must be different from the LH compo-
nent of the original massless Dirac fermion. The reason is
that, first, the SMG interactions are constructed to involve
only the RH component of the original massless Dirac
fermion (any residual coupling to the LH component is
suppressed by design). Second, if the goal of the SMG
program is to be achieved, then the LH component of the
original massless fermion has to remain massless. The LH
component of the massive Dirac fermion should thus be
supplied by the SMG dynamics itself, in other words, it
must arise as a bound state in the SMG phase! A constraint
is that this bound state transforms in the same representa-
tion ofG as the gapped RH component of the original Dirac
fermion, in order to avoid spontaneous breaking of the
symmetry group G.
We will now argue that, for each Weyl fermion that has

been gapped in an SMG phase, the SMG dynamics can in
principle generate an opposite-chirality bound state.
Ultimately, the massive spectrum in the SMG phase would
thus consist of “hybrid” Dirac fermions, each of which has
one chirality component which is elementary, while the
other chirality component is a bound state. The full
propagator of each massive Dirac fermion is free of zeros.
As we will see, the mechanism of bound-state formation

is very general. Nevertheless, to make the discussion more
concrete we will consider here the ZZWY lattice con-
struction for the 3450 model [44]. We thus pause to
describe the main features of this model. More details
may be found in Appendix A.
The ZZWY model is defined by a lattice Hamiltonian.

The time coordinate remains continuous while space is
discretized. The Hamiltonian consists of a free part H0 and
an interacting part Hint. There are four single-component
fermion fields ψ I , where the “species” index I ¼ 1; 2; 3; 4
corresponds to charges 3, 4, 5 and 0 under the U(1)

13Our conventions are as follows. We use d for the number of
spatial dimensions. We denote d-vectors as, e.g., x⃗, p⃗, and their
inner product as x⃗ · p⃗. For quantities that carry spacetime indices
we use Minkowski space conventions with ημν ¼ diagð1;−1;
−1;−1Þ. For example, p2 ¼ pμpμ ¼ ω2 − p⃗2 where ω ¼ p0.

14A propagator zero occurs if mixed-chirality regular terms are
added to Eq. (2.2) as well.
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symmetry to be gauged.15 The fermion fields live on the
lattice shown in Fig. 1, which consists of two intercon-
nected one-dimensional chains. The free Hamiltonian is
given by

H0 ¼ ψ̄1Hðτ1; t2Þψ1 þ ψ̄2Hðτ1; t2Þψ2

þ ψ̄3Hðτ�1; t2Þψ3 þ ψ̄4Hðτ�1; t2Þψ4; ð2:4Þ

where τ1 is a complex parameter while t2 is real [for the
precise form ofHðτ1; t2Þ and the actual values of τ1 and t2,
see Appendix A]. Hðτ1; t2Þ supports one LH chiral mode
on edge A, and one RH chiral mode on edge B. For
Hðτ�1; t2Þ the chiralities are reversed. The spectrum of the
target 3450 chiral gauge theory consists of LH fermions
with charges 3 and 4, and RH fermions with charges 5 and
0. The physical chiral mode of each lattice species thus
always lives on edge A, while the opposite chirality mode
on edge B is always the doubler, or mirror fermion. The
goal of the SMG program is to gap all the edge-B chiral
modes, without breaking spontaneously the U(1) sym-
metry. Below, it will often be convenient to distinguish
between the fermion fields on the two edges using a
separate notation: ξI for the edge-A fields, and χI for the
edge-B fields.
We next consider the interaction Hamiltonian, which

takes the form

Hint ¼ g1H1 þ g2H2: ð2:5Þ

Here g1, g2 are coupling constants, while H1, H2 are
(lattice sums of) local six-fermion operators. The inter-
action Hamiltonian couples the edge-B fermions only,

Hint ¼ HintðχIÞ. Notice that the bilinear Hamiltonian H0

has a separate U(1) fermion number symmetry for every
fermion species. Two linear combinations of these U(1)
transformations are broken explicitly by Hint, while two
other linear combinations remain as exact global sym-
metries of the full Hamiltonian. One of them, of course,
corresponds to the gauge symmetry of the 3450 model. For
more details on the symmetries, as well as on the inter-
action terms, see Appendix A 4 or Ref. [44].
Introducing interpolating fields for the (anticipated)

bound states,

BI;aðxÞ ¼
1

6

δHa

δχ†I ðxÞ
; a ¼ 1; 2; ð2:6Þ

where the coordinate x labels the edge-B sites, and their
sum

BIðxÞ ¼ g1BI;1ðxÞ þ g2BI;2ðxÞ; ð2:7Þ

we can reexpress the interaction Hamiltonian as

Hint ¼
X
x

X4
I¼1

ðχ†I ðxÞBIðxÞ þ H:c:Þ: ð2:8Þ

Next, introducing two-component fermion fields

ηI ¼
�
χI

BI

�
; ð2:9Þ

η̄I ¼ ðB†
I χ†I Þ; ð2:10Þ

it follows that the interaction Hamiltonian takes the form of
a mass term for the (two-dimensional) Dirac fermions
ηIðxÞ, explicitly,

Hint ¼
X
x

X4
I¼1

η̄IðxÞηIðxÞ: ð2:11Þ

The Hamiltonian does not contain explicit kinetic terms for
the bound-state fields BIðxÞ, but these may be generated
dynamically.
Finally let us return to the issue of propagator zeros. Let

us assume that near some critical momentum p0, the
propagator of the ηI field behaves like a massive Dirac
propagator,

hηI η̄Ii ¼
ωγ0 − ðp − p0Þγ1 −mI

ω2 − ðp − p0Þ2 −m2
I

þ � � � ; ð2:12Þ

where the ellipsis stand for terms suppressed by the lattice
spacing, which we will disregard in this section. Here γ0, γ1
satisfy the two-dimensional Dirac algebra and, moreover,
we assume that the chirality matrix γ0γ1 is equal to the third

2

4

1 1

3

2

43

FIG. 1. The lattice of the 3450 model of Ref. [44]. The lattice
shown in Fig. 1(a) of that paper is here rotated by 900 clockwise,
so that the physical space direction is horizontal. The lattice
consists of two interconnected one-dimensional chains. Edge A
(on the left in Fig. 1(c) of Ref. [44]) is here the upper chain, while
edge B is the lower chain. The directional links have complex
coupling τ1 ¼ t1ei

π
4, while the undirectional links have real

coupling t2 (solid line) or −t2 (dashed line). The unit cell of
this lattice is a 2 × 1 rectangle (in lattice units), and the numbers
inside the circles represent different sublattices. To avoid con-
fusion, note that the sublattice index is different from the species
index I in Eq. (2.4). For more details, see Appendix A.

15The gauge field is turned off in the ZZWY model, i.e., the
reduced model is considered in Ref. [44].
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Pauli matrix σ3 in the basis where ηI is given by Eq. (2.9).
The two-dimensional chiral projectors are thus
PR;L ¼ 1

2
ð1� σ3Þ. If we now consider only the χI compo-

nent, we obtain the projected propagator

hχIχ†I i ¼ PRhηI η̄IiPL ¼ PR
ωγ0 − ðp − p0Þγ1

ω2 − ðp − p0Þ2 −m2
I
PL:

ð2:13Þ

Focusing on ω ¼ 0, which will be the relevant case for the
discussion in the next section, this projected propagator has
a zero eigenvalue for p − p0 ¼ 0. This demonstrates how
the mechanism of bound-state formation can turn the
propagator zero of Eq. (2.13), anticipated in the SMG
phase, into a component of the propagator of a normal,
massive Dirac field, Eq. (2.12). As a result, the ghost states
associated with an “irremovable” propagator zero are
avoided, and the effective theory associated with the
long-distance degrees of freedom can be local.
We comment that one can allow for independent

renormalization factors, Zt and Zs, for the temporal and
spatial components in Eq. (2.12). Any deviation of the ratio
Zs=Zt from unity can be absorbed into a rescaling of the
lattice spacing, while a common Zs ¼ Zt represents as
usual an overall wave-function renormalization factor for
the fermion field occurring in the two-point function.
Starting from the explicit form of the interaction

Hamiltonian of the ZZWY model, we have identified
candidate composite fields which can serve as interpolating
fields for the opposite-chirality bound states, that, in turn,
should pair up with the gapped elementary chiral fermions
in order to form massive Dirac fermions in the SMG phase.
Clearly, this construction is very general, and could be
applied to a wide range of SMG models. In contrast,
proving that the said bound states actually exist is a more
difficult task that must be addressed on a case-by-case
basis. As a rule, we expect that the existence of the bound
states can be proved when a strong-coupling expansion is
available. Relevant examples include the strong-coupling
phase of the Eichten-Preskill model [45], analyzed in
Ref. [46], as well as the qualitatively similar example
presented in Ref. [39]. Additional examples of propagator
zeros were discussed in Refs. [47,48]. In particular, Ref. [47]
employed a strong-coupling expansion similar to that of
Refs. [39,46]. The formation of bound states within the
strong-coupling expansion was proved in Ref. [46], but was
not explicitly considered in Refs. [39,47,48].
As for the ZZWY model itself, no such strong-coupling

expansion is available. The technical reason why such an
expansion is not feasible is that the multi-fermion inter-
actions contain hopping terms. In order to study whether or
not the conjectured bound states exist one must therefore
resort to numerical methods.

Let us recap the (conjectural) situation with regard to
zeros of RðpÞ in the ZZWY model. The mechanism of
bound-state formation offers a natural escape route from the
ghost states that would otherwise be associated with
propagator zeros in the SMG phase. We conjecture that
the set fξI; χI;BIg forms a complete set of interpolating
fields. Apart from the original elementary fermion fields of
the model: the edge-A fields ξI and the edge-B fields χI ,
this set includes composite fields BI. The fields fχI;BIg
can pair up to form massive Dirac fermions in the SMG
phase. The addition of the composite fields BI thus
eliminates the propagator zeros found if we use only the
edge-A and edge-B elementary fields.
Once the two-point functions of the set fξI; χI;BIg are

free of propagator zeros, and provided that the additional
conditions stated in the next section are satisfied, the
generalized no-go theorem applies. Then the spectrum in
each charge channel must be vectorlike, and thus new
doublers must appear. Notice that the theorem does not
provide any information about which interpolating fields
from our complete set generate massless states, nor on the
location of any new degeneracy points that might occur in
the Brillouin zone. One possibility that is clearly compat-
ible with the mechanism of bound-state formation is that
the elementary edge-B fields χI together with the composite
fields BI generate massive states only, and the new doublers
are generated by the edge-A fields ξI . In this case it may
turn out that the smaller set that consists of the edge-A
fields ξI only already comprises a complete set of inter-
polating fieds free of propagator zeros in the SMG phase.
Such a behavior would in fact resemble the spectrum of the
edge-A fields in the strong-coupling limit discussed in
Sec. IV and Appendix A 3 below.
We stress, however, that we have no concrete knowledge

about the actual situation, and that other scenarios might be
possible as well. One such alternative scenario is that the
new massless doublers of the edge-A massless fermions
arise in the SMG phase as bound states interpolated by yet
another set of composite fields, denotedAI. In this case, the
complete set of interpolating fields would take the form of
fξI; χI;BI;AIg. The rest of the argument is unchanged:
once we have succeeded in constructing a complete set of
interpolating fields with two-point functions free of propa-
gator zeros, the no-go theorem can be applied.
What if it turns out to be impossible to build any

complete set of interpolating fields, whose two-point
functions are free of propagator zeros? While we cannot
rule out this option, we have given in Ref. [38] strong
arguments that such irremovable zeros are ghost states, that
render the SMG phase of the theory inconsistent. But as we
have already stressed in this paper, it is unlikely that the
kind of nonlocality needed for ghost states would develop
in the SMG phase of any reduced model with a local action
[39]. We thus expect that it should always be possible to
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find a complete set of interpolating fields whose associated
Heff is free of poles.

III. APPLICABILITY OF THE NIELSEN-
NINOMIYA THEOREM

The previous section suggests the following conjectural
physical picture. In an SMG phase of a local reduced
model, propagator zeros are likely to be kinematical
singularities. They arise because the gapped mirror com-
ponents of the elementary fermion fields combine with
opposite-chirality bound states to form massive Dirac
fermions. As a result, using the elementary fermion fields
only as the set of interpolating fields effectively projects
onto a single chirality of these massive Dirac fermions, and
the projection generates the propagator zeros. The addition
of the bound-state composite fields to the set of interpolat-
ing fields then provides us with a complete set, with two-
point functions that are free of propagator zeros while their
primary singularities are in one-to-one correspondence with
the massless fermion asymptotic states.
In this section we present a new proof of the generalized

no-go theorem [34,35], making certain assumptions about
the field content and the Hamiltonian of the reduced model.
With these assumptions, the theorem is valid in both d ¼ 1
and d ¼ 3 spatial dimensions, and the basic framework
applies anywhere in the phase diagram of a given reduced
model. However, as we discuss later on, some important
elements depend on the properties of the SMG phase in
question, and, more generally, on whether we are in two or
four dimensions.
We assume that a complete set of fermion interpolating

fields has been constructed at the point in the phase diagram
under consideration. We will use the notation Ψa, with a as
a generic index, for all the interpolating fields that belong to
this complete set, both elementary and composite. For
reasons that will become clear in the proof of analyticity, it
is advantageous to consider the retarded and advanced
two-point functions (and not the time-ordered functions
common in the path-integral framework). The retarded
anticommutator is defined by

Rabðx⃗; tÞ ¼ iθðtÞh0jfΨaðx⃗; tÞ;Ψ†
bð0⃗; 0Þgj0i: ð3:1Þ

The space and space-time Fourier transforms are (from now
on we omit the indices)

R̂ðp⃗; tÞ ¼
X
x⃗

e−ip⃗·x⃗Rðx⃗; tÞ; ð3:2Þ

R̃ðp⃗;ωÞ ¼
Z

∞

0

dteiωtR̂ðp⃗; tÞ; Imω > 0: ð3:3Þ

Excluding the degeneracy points, we also define (ϵ > 0)

Rðp⃗Þ ¼ lim
ϵ→0

R̃ðp⃗;ω ¼ iϵÞ: ð3:4Þ

Finally, Heffðp⃗Þ is defined by Eq. (1.1).
For the advanced anticommutator Aðx⃗; tÞ, one replaces

θðtÞ by −θð−tÞ in Eq. (3.1). The corresponding Fourier
transforms are denoted Âðp⃗; tÞ and Ãðp⃗;ωÞ, with now
Imω < 0. The definition of Aðp⃗Þ is similar to Eq. (3.4),
with ω ¼ −iϵ replacing ω ¼ þiϵ.
The functions Rðp⃗Þ and Aðp⃗Þ defined above have the

following properties:
(1) Equality of Rðp⃗Þ ¼ Aðp⃗Þ. Except at degeneracy

points, where there are intermediate states with
vanishing energy, when ω tends to zero from the
relevant half-space of the complex plane the
common boundary value of the retarded and ad-
vanced correlators, R̃ðp⃗;ωÞ and Ãðp⃗;ωÞ, is equally
given by Rðp⃗Þ or Aðp⃗Þ.
This property follows immediately by introducing

a complete set of intermediate states, and noting that
the momentum dependence always takes the form of
the familiar energy denominators,

1

ω� Eðp⃗Þ ; ð3:5Þ

where Eðp⃗Þ is the energy of an intermediate state
with momentum p⃗ (cf. Appendix B 1). Hence, the
limit ω → 0 exists, except at the degeneracy points.

(2) Rðp⃗Þ is Hermitian. The proof is given in
Appendix B 1. By Eq. (1.1), Heffðp⃗Þ is Hermitian
as well. Strictly speaking, Rðp⃗Þ is undefined at the
primary singularities, where it diverges. We define
Heffðp⃗Þ at the primary singularities by requiring
continuity, hence it is Hermitian everywhere in the
Brillouin zone. Continuity at a primary singularity is
a corollary of Eq. (3.7) below, which, as discussed
later on, follows from the requirement that the
continuum limit of the reduced model is a theory
of free massless fermions.

(3) Analyticity.Rðp⃗Þ is an analytic function of p⃗ except
at the degeneracy points. The proof is given in
Appendix B 3. It assumes that the reduced model
contains fermion fields only, as well as a strong form
of locality of the Hamiltonian, and it makes use of
the edge-of-the-wedge theorem.

Assuming thatRðp⃗Þ has no zeros, it follows that Heffðp⃗Þ
is also an analytic function of p⃗ except at the degeneracy
points. What remains to be discussed is the behavior of
Heffðp⃗Þ near these degeneracy points. We will be interested
mainly in the primary singularities, which is where Heffðp⃗Þ
can have zero-energy eigenstates that correspond to the
massless fermion asymptotic states. Secondary singularities
were discussed in detail in Refs. [34,35], and we will not
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repeat this discussion here. Instead, we give in Appendix B 4
an example of a secondary singularity that highlights the role
of such points.
We require that the massless fermion excitations are

relativistic. This means that the leading behavior near a
primary singularity pc is

E ¼ �ðp − pcÞ þ � � � ; d ¼ 1; ð3:6aÞ

H2×2 ¼ �σ⃗ · ðp⃗ − p⃗cÞ þ � � � ; d ¼ 3; ð3:6bÞ

where the ellipsis stand for terms suppressed by powers of
the lattice spacing.16 The � signs define the chirality of the
massless state, with a plus (minus) sign for a RH (LH) state.
In words, for d ¼ 1 the Hamiltonian must have an
eigenvalue that behaves like ∼� ðp − pcÞ. In d ¼ 3 it must
be possible to choose a basis for theHamiltonian such that all
the eigenvectors with near-zero energy are assembled into
diagonal 2 × 2 blocks of the form ∼� σ⃗ · ðp⃗ − p⃗cÞ.
Analytic corrections to the relativistic behavior (3.6),

which come in powers of aðp − pcÞ, will not violate the
conditions of the NN theorem. For example, as already
mentioned in the Introduction, a naive fermion in 1þ 1

dimensions has E ¼ 1
a sinðapÞ. This dispersion relation is

analytic in the whole Brillouin zone, which is topologically
a circle; and indeed, in addition to the RH massless state at
pc ¼ 0 there is a LH doubler at pc ¼ π=a, consistent with
the no-go theorems [4,5].
The remaining condition of the NN theorem that needs to

be established is that HeffðpÞ has a continuous first
derivative at each degeneracy point. In order to determine
the form of the leading logarithmic corrections wewill adopt
a low-energy effective field theory (EFT) approach, appli-
cable near p⃗c. Here we will discuss the leading logarithmic
corrections near the primary singularities. For the secondary
singularities, see Appendix B 4 and Refs. [34,35].
Disregarding any massive states, we require that the

continuum limit of the reduced model is a theory of
relativistic free massless fermions. This means that there
are nomassless bosonic states, and that themassless fermions
interact via irrelevant interactions only, i.e., interactions
which vanish in the continuum limit ap⃗ → 0. These inter-
actions must moreover be consistent with the symmetries of
the underlying reduced model. The leading logarithmic
correction near a given primary singularity will arise from
a self-energy diagramwith two vertices of the least-irrelevant
interactionOirr in the EFT that couples to the corresponding
massless fermion state. Nonanalytic self-energy corrections
can arise only if all the intermediate states are massless. This
is why we can ignore all massive asymptotic states in this

discussion.17 Since we deal with an EFT, the scaling
dimension n of Oirr is just its canonical mass dimension,
which is integer. Being irrelevant means that n > dþ 1, or
equivalently, since n is integer, n ≥ dþ 2. The coupling
constant of Oirr can be written as Gan−d−1 where G is
dimensionless. The self-energy diagram with two Oirr
vertices thus gives rise to the generic logarithmic corrections

E ¼ �qð1þ c1G2ðaqÞ2ðn−d−1Þ logðq2ÞÞ þ � � � ; d ¼ 1;

ð3:7aÞ

H2×2¼�σ⃗ · q⃗ð1þc3G2ðaqÞ2ðn−d−1Þ logðq2ÞÞþ �� � ; d¼ 3;

ð3:7bÞ

where q⃗ ¼ p⃗ − p⃗c and c1, c3 are numerical constants. Since
n − d − 1 ≥ 1, it follows that Heff has at least a continuous
second derivative at each primary singularity. In
Appendix B 4 we establish that the same is true at the
secondary singularities.
At this point we have established that all the conditions

of the NN theorem are satisfied byHeff, thereby proving the
following generalized no-go theorem:
Consider a reduced model defined on a regular spatial

lattice, with a compact global symmetry G that is not
broken spontaneously. The G generators are thus discrete-
valued conserved charges. Assume also that (i) the
Hamiltonian has a finite range, and depends on fermion
fields only; (ii) the continuum limit is a theory of relativistic
free massless fermions and with no massless bosons; (iii) in
any charge sector which supports at least one massless
fermion, one can find a complete set of interpolating fields
(as defined in the Introduction) so that the corresponding
Rðp⃗Þ is free of zeros. Then Heffðp⃗Þ satisfies all the
assumptions of the Nielsen-Ninomiya theorem, and as a
result, the massless fermion spectrum in this charge sector
is vectorlike.
Before we continue, we digress to briefly explain how the

generalized theoremworks in the case of a freeHamiltonian.
We require translation invariance, so that theHamiltonian has
the general form Ĥ ¼ P

x⃗;y⃗

P
ab ψ

†
aðx⃗ÞHabðx⃗ − y⃗Þψbðy⃗Þ. It

can then be shown that, as expected, Heffðp⃗Þ is equal to
Hðp⃗Þ, whereHðp⃗Þ is the Fourier transform ofHðx⃗ − y⃗Þ. A
caveat is that the set of interpolating fields used in the
construction of the retarded and advanced two-point func-
tions must include all the fermion fields occurring in the
Hamiltonian. Omitting some of these fields will result in
Heffðp⃗Þ which is different from Hðp⃗Þ. Moreover, this can
lead to the appearance of zeros inRðp⃗Þ, and thus to spurious
poles inHeffðp⃗Þ. For an example of this phenomenon in the
context of the ZZWY model, see Appendix A 2.

16As in Sec. II, in Eq. (3.6) one can allow for a general ratio
Zt=Zs of renormalization factors, or equivalently, a renormaliza-
tion of the speed of light. Compare also Eq. (A6a).

17Gapped states of the lattice Hamiltonian do play a role,
however, for the secondary singularities. See Appendix B 4.
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In a strict technical sense, many attempts to construct
lattice chiral gauge theories will not be subject to the
generalized no-go theorem as stated above, if some of its
assumptions are not satisfied. At the technical level, the
theory could for example be defined in Euclidean space
instead of by a lattice Hamiltonian; or the theory may
contain massless scalar fields besides the fermion fields. In
two dimensions the situation gets further complicated
because four-fermion operators without derivatives are
marginal, as we discuss in Sec. V below. However, one
expects that the generalized theorem is still relevant,
because in many cases one can still construct from the
fermion two-point functions of the reduced model at ω ¼ 0
an object with properties similar to those of Rðp⃗Þ,
including in particular the analyticity properties if the
underlying theory is local. Letting this object play the role
of Rðp⃗Þ can again give rise to an Heffðp⃗Þ that satisfies all
the requirements of the NN theorem.
Generally speaking, if massless bosons emerge in an

SMG phase, their role in the physics of the continuum limit
would have to be understood. In four dimensions, the
presence of a massless scalar usually signals the sponta-
neous breaking of a global symmetry, for which this
massless scalar is a Nambu-Goldstone boson. This is a
situation we would like to avoid in the SMG framework. In
two dimensions continuous global symmetries cannot be
broken spontaneously [49,50], and long-range order is
replaced by quasi-long-range order. Again, this is a
situation we would normally like to avoid. The reason is
simply that reduced models obtained by turning off the
gauge field in a continuum chiral gauge theory have a
massless spectrum that consists of fermions only.
In the rest of this section we discuss the implications of

the generalized no-go theorem in four dimensions. The
implications for two-dimensional theories, and for the
ZZWY model in particular, are deferred to Secs. V and VI.
Our first comment is that, in four dimensions, the

effective theory that describes the long-distance behavior
of a set of massless fermions is automatically a theory
containing irrelevant interactions only. This is because the
interaction with the lowest possible mass dimension,
namely a four-fermion interaction, is irrelevant.
An important exception is the gauge-fixing approach to

the construction of four-dimensional lattice chiral gauge
theories, in which one couples, say, the left-handed
fermions to the gauge field, while the right-handed fer-
mions are spectators.18 This construction allows for a
Wilson term to remove the doublers at the nonzero corners
of the Brillouin zone. The gauge symmetry is broken on the
lattice, but with gauge fixing and counterterms restoring
Slavnov-Taylor identities, it is recovered in the continuum
limit [27]. In the corresponding reduced model one can

construct an object that satisfies most of the properties of
Heffðp⃗Þ. In particular, it is Hermitian, and analytic away
from the (only) degeneracy point at p⃗ ¼ 0, which is
a primary singularity.19 However, this would-be Heffðp⃗Þ
does not have a continuous first derivative at the primary
singularity in some channels. The origin of this behavior is
the presence of a higher-derivative scalar field in the
reduced model of the gauge fixing approach, which
exhibits a coupling-constant dependent critical exponent.
In each charge sector, for one handedness the primary
singularity is created by the two-point function of a
composite operator, which in turn factorizes as the product
of decoupled scalar and massless fermion two-point func-
tions. The corresponding sector of Heffðp⃗Þ does not have a
continuous first derivative [24,25].
This works as follows. The group-valued scalar field

ϕðxÞ∈G arises in the reduced model of the gauge-fixing
approach as the longitudinal gauge degree of freedom. Its
higher derivative kinetic term originates from a covariant
gauge-fixing term which is part of the lattice action in this
approach. For G ¼ Uð1Þ, one has ð∂μAμÞ2 → ð□ϕÞ2 when
we project Aμ onto its longitudinal part, Aμ → ∂μϕ. The
higher-derivative kinetic term is present in the non-Abelian
case as well. The price to pay is an enlarged Hilbert space,
that needs to be projected onto a unitary subspace in the
continuum limit. This teaches us that there might exist valid
dynamical scenarios in which Heffðp⃗Þ will not have a
continuous first derivative at its degeneracy points, but also
that such dynamics has got to be rather nontrivial. In the
gauge-fixing approach the ultimate result is that, in the
continuum limit, the fermion spectrum is free, massless,
and chiral with respect to the (unbroken) symmetries of the
reduced model. In addition, there is a decoupled unphysical
sector associated with the higher-derivative scalar field
which, as explained above, represents the longitudinal
gauge degree of freedom. In the non-Abelian case, the
unphysical sector contains the ghost fields as well.

IV. DECOUPLING IN THE STRONG
COUPLING LIMIT

In this section we turn to a different, but related, topic.
We consider reduced models in which the fermion fields
can be divided into two sets. The first set, denote χ, includes
all the fermion degrees of freedom that participate in some
strong interaction. The other set, denoted ξ, includes the
remaining fermion degrees of freedom, that do not directly
participate in any strong interaction. We will then show that
in the (uniform) strong-coupling limit the ξ and χ sectors
decouple. The relevance of this result is that the decoupled
ξ sector is by assumption either free or weakly coupled.

18The right-handed fermions decouple because of a shift
symmetry [51].

19The gauge-fixing approach is defined in Euclidean space. In
this context we define the degeneracy points as the points where
the would-beHeffðp⃗Þ is not analytic, and the primary singularities
as the points where moreover this Heffðp⃗Þ has a zero eigenvalue.
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Therefore, the NN theorem applies to the ξ sector, and its
spectrum must be vectorlike in this limit.
To avoid unnecessary technicalities we will present the

main result while considering a reduced model that
depends on fermion fields only, which are subject to strong
interactions only. We will later comment on generalizations
that broaden the scope of the result. The total Hamiltonian
thus has the form20

H ¼ H0ðξ; χÞ þHintðχ; g1; g2; g3; � � �Þ: ð4:1Þ

Here g1; g2; g3;… are the coupling constants of the various
interactions terms, all strong, that couple the χ degrees of
freedom. By assumption, the ξ degrees of freedom occur
only in the bilinear part H0 of the Hamiltonian, where they
can mix with the χ degrees of freedom.
We now consider the uniform strong-coupling limit

defined by writing

H ¼ H0ðψ ; χÞ þHintðχ; g1; g1λ2; g1λ3; � � �Þ; ð4:2Þ

where λi ¼ gi=g1, i ¼ 2; 3;…, and then taking the limit
g1 → ∞ while holding all the λi fixed. We first assume that
all the interaction terms have the same degree of homo-
geneity n. We can then rescale the interacting degrees of
freedom,

χ → g−1=n1 χ; ð4:3Þ

and the Hamiltonian will take the form

H ¼ H0ðψ ; g−1=n1 χÞ þHintðχ; 1; λ2; λ3; � � �Þ: ð4:4Þ

Note that now g1 occurs explicitly only in H0. Finally
taking the limit g1 → ∞ at fixed λi, the Hamiltonian
becomes

H ¼ H0ðξ; 0Þ þHintðχ; 1; λ2; λ3; � � �Þ: ð4:5Þ

The χ and ξ sets have now decoupled: the χ’s occur only in
Hint, while the ξ’s occur only in H0. Since H0 is bilinear, it
is subject to the NN theorem, and thus the spectrum of the
ξ’s must be vectorlike in this limit, if H0ðξ; 0Þ satisfies the
conditions of the theorem. This is the main result of this
section.
If the degree of the interaction term with coupling gi is

ni, with not all ni equal, we can consider the following
strong-coupling limit. We choose g1 as the coupling (or,
one of the couplings) whose degree of homogeneity n1 has
the smallest value. After rescaling χ → g−1=n11 χ, the
Hamiltonian becomes

H0ðψ ; g−1=n11 χÞ þHintðχ; 1; g1−n2=n11 λ2; g
1−n3=n1
1 λ3; � � �Þ;

ð4:6Þ

and after taking the limit g1 → ∞ with the λi’s fixed as
before, we obtain

H ¼ H0ðξ; 0Þ þHintðχ; 1; λ2; λ3;…; 0; 0;…Þ; ð4:7Þ

where λ2; λ3; � � �, correspond to any additional interaction
terms with the same degree of homogeneity n1, whereas the
following zeros correspond to all other interaction terms,
whose degree of homogeneity is larger than n1. Once again,
the ξ’s decouple from the χ’s.
These results easily generalize to the case that the

reduced model contains also scalar fields, as well as to
the case that the ξ’s interact weakly via additional couplings
y1; y2;…, that are kept fixed (and small) when the uniform
strong-coupling limit is taken. In all of these more general
cases, the end result is again that the ξ’s decouple from the
χ’s, and, since the ξ sector is either free or weakly coupled,
the ξ’s are subject to the NN theorem.
A similar result was previously derived in the so-called

waveguidemodel [52]. That result is now seen to be a special
case of the more general phenomenon considered here.
Another model where a similar strong-coupling limit

was considered is the Eichten-Preskill (EP) model [45],
analyzed in detail in Ref. [46]. The model has a strong-
coupling symmetric (PMS) phase. In that phase, however,
all the fermion degrees of freedom participate in the strong
interaction. In other words, the ξ set is empty. As for the χ
set (which includes all the fermion degrees of freedom), a
strong-coupling expansion can be used to show that the
spectrum in the PMS phase is vectorlike, with the fermion
mass tending to infinity in the strong-coupling limit.21 The
massive Dirac fermions have one chirality component
which is elementary in terms of the lattice fields, while
the other chirality component is composite. This follows
the scenario of bound-state formation we have discussed
in Sec. II.
As for the ZZWY model, the interaction Hamiltonian

couples only the edge-B fermions, the χ’s, whereas the
edge-A fermions, the ξ’s, occur only in the bilinear
Hamiltonian. By the theorem derived in this section, in
the strong-coupling limit the χ’s and ξ’s decouple. The ξ
sector becomes free, and its massless spectrum consists of a
single Dirac fermion per fermion species. For more details,
see Appendix A 3.
An open question regarding the ZZWYmodel is whether

its phase diagram consists of two phases only (those found
in Ref. [44]), or, alternatively, that three (or more) phases

20Of course, one can alternatively work in a Lagrangian
formalism.

21The PMS phase also has massive composite scalar bound
states, and the boundary of the PMS phase is defined by the their
mass-squared going negative, indicating the onset of a phase with
spontaneous symmetry breaking.

MAARTEN GOLTERMAN and YIGAL SHAMIR PHYS. REV. D 113, 014503 (2026)

014503-12



may exist. In the latter case the SMG phase could be an
intermediate phase, which borders a weak-coupling phase
on one side, and a strong-coupling phase on the other side.
More detailed information on the phase diagram should
help understand to what extent the strong-coupling limit we
studied here is relevant for the properties of the SMG phase.

V. THE GENERALIZED NO-GO THEOREM IN
TWO DIMENSIONS

In this section we turn to the implications of the
generalized no-go theorem for two-dimensional theories,
including in particular the ZZWY model.
The main difference between four dimensions and two

dimensions is the following. Assume that the asymptotic
states of the reduced model consist of massless fermions
only. As we pointed out in Sec. III, in four dimensions this
guarantees that all the interactions of these fermions will be
irrelevant. The reason is simply that the lowest-dimension
interaction is a four-fermion operator, whose mass dimen-
sion is six (or higher; depending on whether or not it
contains derivatives), which is always irrelevant.
In contrast, in two dimensions a fermion field has mass

dimension one half. Derivativeless four-fermion operators
thus have mass dimension two, hence they represent
renormalizable interactions. In the ZZWY model, the
continuous global symmetry of the bilinear part of the
Hamiltonian is Uð2Þ × Uð2Þ. Taking into account Fermi
statistics, there are three linearly independent, local four-
fermion operators which are built from the “physical”
edge-A fields only, and are invariant under the full
symmetry group. They can be taken to be jRjR, jLjL
and jRjL, where

22 jL ¼ P
I¼1;2 ξ̄IξI and jR ¼ P

I¼3;4 ξ̄IξI .
These operators do not require point splitting, and so in the
continuum limit they indeed turn into derivativeless,
renormalizable four-fermion interactions. When the inter-
actions of the ZZWY model are turned on, the global
symmetry reduces to the smaller group Uð1Þ2 (see
Appendix A 4). As a result, more four-fermion operators
are allowed by the symmetry of the full theory. Now there
are altogether six operators made out of the edge-A fields,
which can be taken to be ðξ̄IξIÞðξ̄JξJÞ with I ≠ J.
Induced four-fermion operators in two-dimensional the-

ories have largely been ignored in the SMG literature. In
quantum field theory, “everything that can happen will
happen,” and thus all these four-fermion operators are
expected to be induced. This includes in particular the
SMG phase discussed in Ref. [40], and the SMG phase of
the ZZWY model.
In the face of this situation, what options are available?

The original goal of the SMG paradigm is to construct
lattice chiral gauge theories which are not “contaminated”

by any other interactions or massless states not present in
the target continuum theory. In two dimensions, this means
that the coefficients of all the induced four-fermion
interactions without derivatives must be tuned to zero by
adding suitable “counterterms” to the lattice theory. Doing
so would clearly be a formidable task, given the large
number of the expected four-fermion interactions and the
technical challenge of determining the induced coupling of
every one of them. Nevertheless, let us assume that this has
been done in a given two-dimensional reduced model.23

The continuum limit would then be a theory of free
massless fermions, which is therefore subject to the
generalized no-go theorem of Sec. III, just like in the
four-dimensional case. The massless fermion spectrum in
the continuum limit will therefore be vectorlike.
In the actual ZZWY model no effort was made to trace

the induced four-fermion interactions, and certainly not to
tune them to zero. It must therefore be assumed that all
four-fermion interactions consistent with the symmetries of
the model are present withOð1Þ couplings.24 This raises the
next question: Is it possible to evade the generalized no-go
theorem and build a two-dimensional lattice chiral gauge
theory at the price of inducing additional four-fermion
interactions? Technically, the presence of marginal (equiv-
alently, renormalizable) interactions in the reduced model
invalidates the requirement that HeffðpÞ has a continuous
first derivative at all the degeneracy points. Indeed, if the
self-energy correction in Eq. (3.7a) comes from a marginal
operator, we will have n − d − 1 ¼ 0. Hence, while EðpÞ
remains a continuous function of p, its derivative is not. A
similar conclusion applies if the reduced model has massless
bosonic states in addition to the massless fermions, which
allows for additional relevant and marginal operators.
Nevertheless, closer scrutiny reveals that doublers may

still be present. Our strategy at this point is to appeal to the
simplest form of the no-go theorem put forward by Karsten
and Smit [4], and apply it to HeffðpÞ. We consider an
eigenvalueEðpÞ ofHeffðpÞ, assuming only that the dispersion
curve EðpÞ is continuous. Then, as p traverses the periodic
Brillouin zone, every crossing of EðpÞ from negative to
positive values must be followed by a crossing in the opposite
direction, from positive to negative values.25

22We suppress the Dirac matrices, since for two-dimensional
Weyl fields they are purely phase factors.

23Notice that it is a nontrivial dynamical question whether an
SMG phase would survive such tuning or not.

24The actual point splittings of the six-fermion interaction
terms of the ZZWY model were not specified in Ref. [44].
Assuming concrete point splittings for definiteness, we have
checked that (derivativeless) four-fermion interactions built
from the edge-A fields are induced naturally within the
strong-coupling expansion discussed in Sec. IV.

25In general the dispersion curve EðpÞ can wrap around the
Brillouin more than once. In that case, crossings from both
negative to positive and from positive to negative values can
happen at the same value of p. Notice also that a discontinuous
derivative of the form EðpÞ ∼ jpj is not consistent with relativistic
invariance.
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If, at a zero crossing of EðpÞ from negative to positive
(positive to negative) values, the first derivative is con-
tinuous as well, then this zero crossing is a primary
singularity associated with a RH (LH) massless fermion.
When the first derivative is not continuous at the crossing,
the physical nature of the crossing point may not be easy to
understand, and it requires a detailed investigation within
the model under consideration. Without such a detailed
investigation it may not be possible to determine whether or
not an independent massless fermion state can be asso-
ciated with each crossing point. In Appendix B 4 we
present a few examples of weakly coupled two-dimensional
theories with renormalizable four-fermion interactions, in
which the zero eigenvalues of HeffðpÞ in the relevant
channels can be identified straightforwardly as massless
RH or LH fermions, and thus the spectrum is vectorlike.
Nontrivial examples include the strong-coupling sym-

metric phase of the Smit-Swift model in two dimensions
[53], and the gauge-fixing approach to the construction of
four-dimensional lattice chiral gauge theories, already
discussed in Sec. III. In the latter case the essential feature
is the presence of a higher-derivative scalar with a 1=ðp2Þ2
propagator, and thus a similar behavior might be found in
two dimensions in the presence of an ordinary massless
scalar with a 1=p2 propagator. Of course, in both cases
some mechanism must be present to tame the infrared
divergence associated with the scalar field.26 We stress that
in all of these cases, after turning the gauge field back on
and taking the continuum limit, additional massless fields
and/or additional relevant or marginal interactions will
necessarily be present, on top of the physical fields and
interactions of the target chiral gauge theory. However, in
the case of the gauge-fixing approach all the additional
degrees of freedom are unphysical: they include the
longitudinal degrees of freedom of the gauge field and
ghost fields, that can be shown to decouple from the
physical sector in the usual way (provided that the fermion
spectrum is anomaly free), at least to all orders in
perturbation theory.

VI. ZZWY MODEL—THE OPEN QUESTIONS

We have discussed the conditions for the applicability of
the generalized no-go theorem in Sec. III, and the special
properties of two-dimensional theories in Sec. V. It should
be clear from these discussions that at this point we have
not reached a final verdict concerning the ZZWY model. In
this section we will summarize the current situation, and
offer a “road map” consisting of the open questions that
would have to be sorted out before it can be firmly
established whether or not the SMG phase of the ZZWY
model successfully reproduces the chiral massless spec-
trum of the 3450 model in the continuum limit. While this

section is tied to the ZZWY model, the questions we
formulate will need to be considered for any other SMG
model as well.
Our starting point is the following observation. Let us

consider the retarded anticommutator Rðx⃗; tÞ ¼ Relmðx⃗; tÞ,
where the subscript “elm” indicates that the set of lattice
fields used in the definition (3.1) consists of the elementary
fields of the model only. In the notation of Sec. II this set is
fξI; χIg, where ξI are the edge-A fields and χI the edge-B
fields. We similarly attach the same subscript to the
associated correlators defined by Eqs. (3.2)–(3.4) as
well as to the corresponding one-particle Hamiltonian
Heff;elmðpÞ ¼ R−1

elmðpÞ defined via Eq. (1.1). The properties
of these correlators were not studied in Ref. [44] in
sufficient detail, yet the general considerations found in
the condensed matter literature [30,39,47,48], and reviewed
in Sec. II, strongly suggest that RelmðpÞ develops zeros in
the SMG phase, and thus Heff;elmðpÞ develops poles.
Naively, the presence of poles inHeff;elmðpÞ appears to be

good news, as it suggests that the NN theorem does not apply
and thus themassless fermion spectrummight yet be chiral in
the SMG phase. However, as we showed in Ref. [38], if the
effective low-energy theory contains poles in (the bilinear
part of) its Hamiltonian, this implies the existence of ghost
states which make the model inconsistent.
The next development came with Ref. [39]. This paper

discussed a model whereHeff;elmðpÞ indeed has poles in the
SMG phase. Nevertheless, much like in the EP model [45],
a strong coupling expansion can be used to prove that there
are no ghost states in the SMG phase [46]. This leads us to
the following conjecture, that we now believe is valid very
generally, including in the SMG phase of the ZZWY
model, even though no strong-coupling expansion exists
in this case. The conjecture consists of two parts. The first
part is that if the underlying theory is local then the effective
low-energy theory cannot contain ghost states anywhere in
the phase diagram. The second part is that, as a corollary, it
should always be possible to construct a complete set of
interpolating fields, and thus RðpÞ for this set of inter-
polating fields has no zeros. To recall, a complete set of
interpolating fields was defined in the Introduction section
by the two requirements that RðpÞ is free of propagator
zeros, while the zeros of HeffðpÞ are in one-to-one
correspondence with the massless fermion asymptotic
states in the given channel.
According to this conjecture any propagator zeros found

in an SMG phase must be kinematical zeros. What this
means is that in the SMG phase there exist additional
asymptotic states (apart from those accounted for by the
elementary fermion fields), and the propagator zeros arise
because of missing interpolating fields for these new
asymptotic states. As we proposed in Sec. II, the physical
mechanism at work is bound-state formation. That mecha-
nism was established in the EP model using its strong-
coupling expansion [46]; we similarly expect that it can be26For the gauge-fixing approach, see Refs. [23–25].
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established in the model of Ref. [39], again using the
strong-coupling expansion.
Addressing the ZZWY model, which lacks a strong-

coupling expansion in the SMG phase, we proposed in
Sec. II a general procedure for identifying the bound states
that combine with the gapped elementary mirror fermions
to form massive Dirac fermions. We stress that while these
massive Dirac fermions are expected to decouple in the
continuum limit, in order to avoid propagator zeros one
should nevertheless add to the set of interpolating fields
suitable composite fields to generate the bound-state com-
ponent of each massive Dirac fermion.27 It goes without
saying that further (numerical) investigations of the ZZWY
model are required in order to establish whether the scenario
of bound-state formation is indeed atwork in theSMGphase.
If true, a complete set of interpolating fields can be
constructed in the SMG phase of the ZZWY model in every
charge sector which supports (single) massless fermion
asymptotic states (as discussed in detail in Sec. II), and
one could proceed to examine the conditions for the
applicability of the generalized no-go theorem.
The conditions of the generalized no-go theorem were

listed in Sec. III. Condition (i) is satisfied by construction
for the ZZWY model: the model depends on fermion fields
only, and has a finite-range Hamiltonian. Next, following
the preceding discussion, we expect condition (iii) to be
satisfied because of our conjecture: there exists a complete
set of interpolating fields at every point in the phase
diagram and in every charge sector which admits single-
particle massless fermion states.
The remaining condition of the theorem is condition (ii),

which asserts that the continuum limit is a theory of free
massless fermions. However, as we have discussed in
Sec. V it is practically certain that this condition is not
satisfied by the ZZWY model, because all the renormaliz-
able four-fermion interactions consistent with the sym-
metries of the interacting theory must have been induced in
the SMG phase. This particular concern is, of course,
limited to models in two dimensions.
As we then explained in Sec. V, at this point there are two

basic alternatives. The first is to stick to the goal of
obtaining in the continuum limit a chiral gauge theory
(once the gauge field has been turned back on), without any
additional four-fermion interactions. This would require the
modification of the ZZWY model by new four-fermion
counterterms, whose couplings would be tuned so as to
eliminate the renormalizable four-fermion interactions that
will be induced in the ZZWY model in its present form.
Once this—technically challenging—task would have been
completed, it is an open question whether or not the SMG
phase will survive. In any case, once all the renormalizable

four-fermion interactions have been tuned away by the
counterterms, condition (ii) of the generalized no-go
theorem will also be satisfied. As a result, the spectrum
will be vectorlike.
The only alternative would be to opt for a different goal,

by allowing the target continuum chiral gauge theory to
depend on the additional, induced four-fermion inter-
actions. We believe this is the best one can hope for in
the ZZWY model in its present form, given that no attempt
was made to track and subtract the induced four-fermion
interactions in this model. As we have further discussed in
Sec. V, while the generalized no-go theorem is technically
no longer applicable, also in this case it is far from obvious
that the massless spectrum will be chiral. We also remark
that allowing for four-fermion interactions carries with it the
risk of drastically altering the dynamics of the (chiral) gauge
theory. Indeed it is well known that in two dimensions, four-
fermion interactions can by themselves give rise to fermion
mass generation without symmetry breaking [54].
Finally, we mention the direct test of the massless

fermion spectrum carried out in Ref. [40] within their
attempt to put on the lattice the same target theory, the two-
dimensional 3–4–5 Abelian chiral gauge theory. In the
reduced model, one considers the two-point function of the
conserved current of the global U(1) symmetry to be
gauged, and calculates (numerically, if necessary) its
zero-momentum discontinuity. As we explained in the
Introduction, the magnitude of this discontinuity provides
a direct test whether or not the massless fermion spectrum
can coincide with the chiral spectrum of the target 3–4–5
Abelian chiral gauge theory.

VII. CONCLUSION

The symmetric mass generation, or SMG, paradigm aims
to construct lattice chiral gauge theories by finding an SMG
phase in the reduced model (where the gauge field has been
turned off) in which the to-be-gauged exact global sym-
metry is not broken spontaneously, while the massless
fermion spectrum is chiral with respect to that symmetry,
and yields the (anomaly-free) spectrum of the target chiral
gauge theory. To accomplish this, interactions are intro-
duced in the reduced model whose sole purpose is to gap
the unwanted mirror fermions predicted by the Nielsen-
Ninomiya theorem.
The SMG literature stresses that a necessary condition

for the success of the SMG approach is that all symmetries
(continuous or discrete) which are anomalous in the target
chiral gauge theory must be broken explicitly in the lattice
theory. But since the fermion spectrum is determined at the
level of the reduced model, this condition must apply
already in the reduced model, even though the gauge field
has been turned off. In other words, this condition translates
into the requirement that all the exact (global) symmetries
of the reduced model in the relevant SMG phase must not

27See Sec. II for further discussion of scenarios for the
construction of a complete set of interpolating fields in the
SMG phase of ZZWY model.
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have an anomaly in the target chiral gauge theory.28 We will
refer to this requirement as the SMG anomaly paradigm.
While it seems easy to motivate the SMG anomaly

paradigm at an intuitive level, it has remained at odds with
numerous lattice studies. The paradigm goes back to the
Eichten-Preskill model [45]. However, it was shown long
ago that the SMG phase of the Eichten-Preskill model
(known in the relevant literature as a PMS phase) fails to
support a chiral massless spectrum [46] for essentially the
same dynamical reasons as the corresponding phase of the
Smit-Swift model [55–58], even though the Eichten-
Preskill model adhered to the SMG anomaly paradigm,
whereas the Smit-Swift model did not. The Nielsen-
Ninomiya theorem, and its generalization discussed in this
paper, are also oblivious to the SMG anomaly paradigm. It
is thus a logical possibility that the underlying reason for
the potential failure of the SMG approach is the remarkably
wide scope of the Nielsen-Ninomiya theorem, as reflected
by the generalized no-go theorem, while the SMG anomaly
paradigm does not play an important role.
The original Nielsen-Ninomiya theorem does not apply

in an SMG phase, because it is a theorem about free lattice
theories. However, the generalization of this theorem to the
case that interactions of arbitrary strength are present
applies in principle everywhere in the phase diagram of
any reduced model, including in an SMG phase. Physically,
what allows for the generalized theorem is the requirement
that the continuum limit of the reduced model will be a
theory of free massless fermions. Of course, for the SMG
paradigm to succeed, the spectrum of these massless
fermions must be chiral. These requirements, if satisfied,
ensure that after the gauge field is turned on one recovers a
chiral gauge theory without any additional “contaminating”
interactions. But, basically because the continuum limit of
the reduced model has to be a free theory, starting from the
fermion two-point functions of the reduced model it is often
possible to construct a one-particle lattice HamiltonianHeff
that will satisfy all the conditions of the Nielsen-Ninomiya
theorem. Once the Nielsen-Ninomiya theorem applies, the
spectrum must be vectorlike.
In this paper, the required properties of Heff were estab-

lished in a fairly specific setting: a latticeHamiltonian defined
on a spatial lattice, which depends on fermion fields only, and
has a finite range.However, experience teaches us that objects
with essentially the sameproperties as this paper’sHeff can be
constructed in a much more general setting. This includes
lattice models formulated within the Euclidean path-integral
framework, where two-point functions with similar features
as Rðp⃗Þ can be constructed for ω ¼ 0, including similar
analyticity properties if the underlying theory is local.
Whenever such a construction is possible, the Nielsen-
Ninomiya theorem eventually applies.

The starting point of this paper was the role of propagator
zeros in anSMGphase, previouslydiscussed inRefs. [38,39].
Our renewed examination of this issue strongly suggests that
a complete set of interpolating fields whose two-point
functions are free of propagator zeros should exist every-
where in the phase diagram of any local reduced model built
along the lines of the SMG paradigm (see Sec. VI for a
summary). While finding the desired complete set in any
particular model might require a trial-and-error process, we
stress that the inability to build such a complete set would
likely imply that the propagator zeros represent “irremov-
able” ghost states. This situation is not only highly unlikely
given that the underlying theory is local [39], butmoreover, if
realized, would render the theory inconsistent [38].
As we have extensively discussed in this paper, a key

assumption of the generalized no-go theorem is that the
continuum limit of the reduced model is a theory of free
massless fermions. This requirement leads to a major
difference between four-dimensional and two-dimensional
theories. In four dimensions, once the massless spectrum
consists of fermions only, the continuum limit is automati-
cally a free theory, because all multifermion interactions are
irrelevant in four dimensions. This makes it easier to satisfy
the conditions of the generalized no-go theorem. In con-
trast, four-fermion interactions without derivatives are
renormalizable in two dimensions. This not only makes
the situation in two dimensions much more complicated
than in four dimensions, it also significantly limits any
lessons that might be drawn from two-dimensional models
for the physically interesting case of four dimensions.
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APPENDIX A: THE ZZWY HAMILTONIAN

In this appendix we provide some technical details about
the Hamiltonian of the ZZWYmodel [44]. In Appendix A 128See, for example, Ref. [30] and references therein.
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we discuss the bilinear part of the Hamiltonian H0 and its
spectrum. In Appendix A 2 we discuss the inverse of the free
Hamiltonian, and give another example of a propagator zero.
In Appendix A 3 we discuss the effect of the decoupling of
the edge-A and edge-B fermions in the strong-coupling limit
of Sec. IV. InAppendixA 4we briefly discuss the interaction
Hamiltonian Hint and its symmetries.

1. The bilinear Hamiltonian

Here we discuss the bilinear part of the Hamiltonian,
defined in Eq. (2.4). For I ¼ 1; 2, namely for the fermion
species with charges 3 and 4 under the U(1) symmetry to be
gauged, the Hamiltonian matrix is Hðτ1; t2Þ; whereas for
I ¼ 3; 4, or the fermion species with charges 5 and 0, it is
Hðτ�1; t2Þ. The actual values of the parameters in the ZZWY
model are

τ1 ¼ t1ei
π
4 ¼ ei

π
4;

t2 ¼ 1=2: ðA1Þ

Here we will focus on the bilinear Hamiltonian for one of
the first two species, Ĥ ¼ ψ̄Hðτ1; t2Þψ , omitting the
index I.
The fermion fields reside on the lattice shown in Fig. 1,

which constitutes two interconnected one-dimensional
chains. The unit cell of this lattice is a 2 × 1 rectangle
in units of the lattice spacing a. The (one-dimensional)
momentum p thus lives in a Brillouin zone 0 ≤ p ≤
2π=ð2aÞ ¼ π=a. Henceforth we will set a ¼ 1.
The unit cell has four independent degrees of freedom,

which are associated with the four sublattices indicated by
the numbers inside the circles in Fig. 1, which start at the
upper-left corner of the unit cell and go clockwise.
Consistent with Fig. 1(c) of Ref. [44], we will also refer
to the upper chain in our figure as edge A, and to the lower
chain as edge B. Hence edge A consists of sublattices 1 and
2, while edge B consists of sublattices 3 and 4.
Labeling the degrees of freedom of the four sublattices as

ψk, k ¼ 1; 2; 3; 4, one has29

Ĥ ¼
X
x

t1ðeiπ=4ψ†
1ð2xÞðψ2ð2xþ 1Þ þ ψ2ð2x − 1ÞÞ þ e−iπ=4ψ†

4ðxÞðψ3ð2xþ 1Þ þ ψ3ð2x − 1ÞÞ

þ e−iπ=4ψ†
1ð2xÞψ4ð2xÞ þ eiπ=4ψ†

2ð2xþ 1Þψ3ð2xþ 1Þ þ H:c:Þ þ
X
x

t2ðψ†
1ð2xÞðψ3ð2x − 1Þ − ψ3ð2xþ 1ÞÞ

þ ψ†
4ð2xÞðψ2ð2x − 1Þ − ψ2ð2xþ 1ÞÞ þ H:c:Þ: ðA2Þ

In this expression we have kept the parameters t1, t2 free, to make it easier to trace the origin of the various terms. In terms of
the degrees of freedom associated with the four sublattices, the Hamiltonian matrix in momentum space is

H ¼

0
BBBBB@

0 2t1ei
π
4 cosðpÞ −2it2 sinðpÞ t1e−i

π
4

2t1e−i
π
4 cosðpÞ 0 t1ei

π
4 2it2 sinðpÞ

2it2 sinðpÞ t1e−i
π
4 0 2t1ei

π
4 cosðpÞ

t1ei
π
4 −2it2 sinðpÞ 2t1e−i

π
4 cosðpÞ 0

1
CCCCCA
: ðA3Þ

The spectrum of this Hamiltonian is shown in Fig. 2, using the values of the parameters from Eq. (A1). This reproduces
Fig. 1(b) of Ref. [44].
As can be seen in Fig. 2, the spectrum consists of two massless and two massive branches,30 and the critical momentum

where the energy of the two chiral modes vanishes is p ¼ π
2
. Expanding to quadratic order in the relative momentum

k ¼ p − pc ¼ p − π
2
, and solving the eigenvalue equation, we find that the eigenvectors of the two chiral modes are (in an

arbitrary normalization)

vþ ¼

0
BBBBB@

e−i
π
4
k
8

− ik
8

e−i
3π
4

1

1
CCCCCA
; v− ¼

0
BBBBB@

e−i
3π
4

−1
e−i

π
4
k
8

ik
8

1
CCCCCA
; ðA4Þ

29We arbitrarily place sublattices 1 and 4 on the even sites, and thus sublattices 2 and 3 on the odd sites. We thank YiZhuang You for
some clarifications about the structure of the lattice.

30Notice that the spectrum consists of a single continuous curve that wraps around the Brillouin zone four times.

CONSTRAINTS ON THE SYMMETRIC MASS GENERATION … PHYS. REV. D 113, 014503 (2026)

014503-17



while the eigenvectors of the two massive modes are

uþ ¼

0
BBBBBB@

e−i
π
4

�
1þkþ k2

2

�

i
�
1þkþ k2

2

�

ei
π
4

1

1
CCCCCCA
; u−¼

0
BBBBBB@

ei
π
4

−1

e−i
π
4

�
1þkþ k2

2

�

−i
�
1þkþ k2

2

�

1
CCCCCCA
:

ðA5Þ

The energies are

Eðv�Þ ¼ �2k; ðA6aÞ

Eðu�Þ ¼ �
�
2þ k2

2

�
: ðA6bÞ

For the chiral mode vþ, the relative momentum k and energy
E have the same sign, making it the RH mode by definition.
For v− they have opposite signs, and thus it is the LH mode.
As can be seen in Eq. (A4), the RH mode vþ is supported
mainly on sublattices 3 and4, that is, on edgeB,while theLH
mode v− is supportedmainly on sublattices 1 and 2, hence on
edge A.31

Appealing to the tensor-product matrix notation intro-
duced in Appendix A 2 below, the matrix ½σ1 ⊗ σ3�
anticommutes with HðpÞ. Hence, the application of ½σ1 ⊗
σ3� to an eigenvector with eigenvalue E gives rise to an

eigenvector with eigenvalue −E, as can be verified using
the explicit form of the eigenvectors in Eqs. (A4) and (A5).
Notice that the factor of σ1 in this tensor product inter-
changes the two edges, consistent with the fact that the RH
and LH modes live on opposite edges.
Turning to the last two species in Eq. (2.4), it is

straightforward to check that if vþðpÞ is an eigenmode
of Hðτ1; t2Þ with relative momentum k ¼ p − pc, then
v�þðpÞ is an eigenmode of Hðτ�1; t2Þ with the same energy
EðpÞ but with an opposite relative momentum. The
behavior of v−ðpÞ is similar. It follows that the roles of
the RH and LH modes are interchanged for Hðτ�1; t2Þ.
Recall that in Ref. [44] the chiral modes on edge A of the

four fermion species are identified with the fields of the
target 3450 model, and the goal is to gap the mirror modes
on edge B. It follows that the chiral modes with charges 3
and 4 of the target 3450 model are LH, while the chiral
modes with charges 5 and 0 are RH.

2. Inverse of the bilinear Hamiltonian
and propagator zeros

Here we construct the inverse of the momentum-space
Hamiltonian matrix HðpÞ, Eq. (A3), and examine its
behavior near the primary singularity pc ¼ π=2. This allows
us to give an example of a propagator zero, obtained by
projecting H−1ðpÞ on the fermion fields of one edge only.
We begin by introducing a convenient representation of

HðpÞ in terms of tensor products of Pauli matrices,

HðpÞ ¼ −2 cosðpÞ½I ⊗ σ̃2� þ ½σ1 ⊗ σ̃1� þ sinðpÞ½σ2 ⊗ σ3�;
ðA7Þ

where we have used the values of τ1 and t2 in Eq. (A1). The
tensor products correspond to the splitting of HðpÞ into
2 × 2 blocks. In each tensor product, the first factor
corresponds to the block structure, and as a basis for it
we take the usual Pauli matrices together with the identity
matrix I. The second factor corresponds to the internal
structure of the blocks, and as a basis we use a rotated set of
Pauli matrices, again together with the identity matrix. The
rotated matrices are

σ̃1 ¼ e−
iπ
8
σ3σ1eþ

iπ
8
σ3 ¼ 2−1=2ðσ1 þ σ2Þ;

σ̃2 ¼ e−
iπ
8
σ3σ2eþ

iπ
8
σ3 ¼ 2−1=2ðσ2 − σ1Þ;

σ̃3 ¼ σ3: ðA8Þ

We start by noting that

H2ðpÞ ¼ 2þ 3 cos2ðpÞ þ 2 sinðpÞ½σ3 ⊗ σ̃2�: ðA9Þ

The tensor-product matrix ½σ3 ⊗ σ̃2� commutes withHðpÞ.
Using Eq. (A9) it is straightforward to check that

FIG. 2. Spectrum of the bilinear Hamiltonian Ĥ, reproducing
Fig. 1(b) of Ref. [44]. The horizontal axis runs from 0 to π. The
green (blue) branch corresponds to the LH (RH) chiral mode
supported mainly on edge A (edge B). The plot shows that the
spectrum has the correct mod π periodicity. Also seen is that the
eigenvalues spectrum forms a single smooth curve that winds
around the Brillouin zone four times.

31For any k ≠ 0, the support of the chiral mode has a small
component on the opposite edge.
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H−1ðpÞ ¼ HðpÞð2þ 3cos2ðpÞ − 2 sinðpÞ½σ3 ⊗ σ̃2�Þ
× ð16cos2ðpÞ þ 9cos4ðpÞÞ−1: ðA10Þ

Again considering small k ¼ p − π=2 near the primary
singularity pc ¼ π=2, and introducing projectors
P� ¼ 1

2
ð1� ½σ3 ⊗ σ̃2�Þ, we find

H−1ðkÞ ¼ P−½I ⊗ σ̃2�
1

2k
þ Pþ½σ1 ⊗ σ̃1�

1

2
þ � � � ; ðA11Þ

which is consistent with the eigenvalue spectrum (A6).
Notice that the first term on the right-hand side captures
the two massless chiral modes of opposite chiralities,
Eq. (A6a).
We next turn to another example of a propagator zero.

We recall that in the free case RðpÞ ¼ H−1ðpÞ (see
Sec. III). H−1ðpÞ has a LH pole on edge A, and a RH
pole on edge B. We thus expect that a propagator zero will
appear if we project H−1ðpÞ onto the fields of one edge
only, since in this case the pole originating from the other
edge will be missing.
The projectors on the edge-A and edge-B fields are

PA;B ¼ 1
2
ð1� ½σ3 ⊗ I�Þ. Let us check what happens if we

project the propagator on (say) the edge-A fields. First, if
we sandwichHðpÞ itself betweenPA projectors the result is

PAHðpÞPA ¼ −2 cosðpÞPA½I ⊗ σ̃2�PA: ðA12Þ

We next use that PA;B commute with P�, as well as with
½I ⊗ σ̃2�. Again considering small k ¼ p − π=2 we find

PAH−1ðkÞPA ¼ PA½I ⊗ σ̃2�
�
P−

1

2k
þ Pþ

k
2

�
þ � � � :

ðA13Þ

In order to understand the physical content of this result,
notice that within the matrix block form we are using, the
two PA projectors on the left-hand side of Eq. (A13) pick
out the upper-left 2-by-2 block of H−1, which is the
diagonal block with σ3 ¼ þ1. Making the substitution
σ3 ¼ þ1, the 4 × 4 projectors P� reduce to 2 × 2 projec-
tors P̃2� ¼ 1

2
ð1� σ̃2Þ. Hence

ðPAH−1ðkÞPAÞ2×2 ¼ σ̃2

�
P̃2−

1

2k
þ P̃2þ

k
2

�
þ � � �

¼
�
−P̃2−

1

2k
þ P̃2þ

k
2

�
þ � � � : ðA14Þ

While the first term on the right-hand side is the familiar
LH pole of edge A, the missing RH pole of edge B got
replaced by a propagator zero. (This is a RH zero in the
sense that the corresponding eigenvalue of the propagator
has the same sign as k.) The eigenvalues of the 2 × 2matrix
(A14) form a single curve with the following properties: the
curve covers the Brillouin zone twice, it is continuous
everywhere except at the LH pole, and it has no additional
zeros except for the RH zero we have found at p ¼ π=2.
We show the eigenvalues of the complete H−1ðpÞ in the

left panel of Fig. 3. The poles of the LH and RH chiral
modes, which are supported on edge A and edge B
respectively, are clearly seen. In the right panel, we show
the eigenvalues of the upper-left 2-by-2 block of H−1ðpÞ.
This corresponds to a two-point function in which we retain
only the edge-A degrees of freedom. The LH pole, which is
supported mainly on edge A, is affected only in a minor
way. But the RH pole, which is supported mainly on the
missing edge-B degrees of freedom, is absent. In its place,
there is now a—kinematical—propagator zero.
Finally, to avoid confusion we would like to stress the

difference between what we have discussed here, and the

FIG. 3. Eigenvalues of H−1ðpÞ. Left: eigenvalues of the full H−1ðpÞ. Colors match those in Fig. 2. In particular, the poles of the LH
(RH) chiral modes are shown in green (blue). Right: eigenvalues of the upper-left 2-by-2 block of H−1ðpÞ. While the LH pole (green)
supported near edge A is reproduced, the RH pole got replaced by a propagator zero.

CONSTRAINTS ON THE SYMMETRIC MASS GENERATION … PHYS. REV. D 113, 014503 (2026)

014503-19



situation described in Appendix A 3 below. Here we are
interested in the effect of applying a projection to the
inverse, PAH−1ðpÞPA, and, in particular, the propagator
zero that this projection generates. By contrast, in
Appendix A 3 the question is what is the physical effect
of applying a projection to the Hamiltonian itself,
PAHðpÞPA [already given in Eq. (A12)], as we will be
considering a strong-coupling limit that turns the edge-A
fermions into a free theory, decoupled from the edge-B
fermions.
The appearance of a zero in the projected inverse

PAH−1ðpÞPA is yet another example of a general phe-
nomenon we have discussed in this paper: if our set of
interpolating fields is under-complete, and the poles of
some components of the fermion asymptotic states are
missing from its two-point function, this is bound to lead to
zeros in the same two-point function. Specifically, the case
we have considered here corresponds to constructing32 the
(retarded) two-point function of the edge-A fields only,
while leaving out the edge-B fields, even though the fields
of both edges are coupled in the bilinear Hamiltonian.
Of course, when we deal with a bilinear Hamiltonian

there is no difficulty to identify an appropriate set of
interpolating fields. As already pointed out in Sec. III, in
this case Heffðp⃗Þ becomes equal to the momentum-space
Hamiltonian matrix Hðp⃗Þ, provided that our set of inter-
polating fields includes all the fields appearing in the
Hamiltonian. Assuming that the original free Hamiltonian
is short ranged,Hðp⃗Þ is an analytic function of p⃗, and thus
so is Heffðp⃗Þ. This is true regardless of the precise relation
between the lattice fermion fields and the massless fermion
states of the Hamiltonian. In particular, it is possible that a
particular lattice field generates more than one massless
fermion state, as in the case of naive fermions; or that
certain linear combinations of the lattice fields do not
generate any massless states near a particular primary
singularity, as in the case of the massive modes of the
ZZWY Hamiltonian [Eq. (A6b)].
By contrast, in the presence of potentially strong

interactions, such as in an SMG phase, the presence of
propagator zeros in the two-point function of all the
elementary fermion fields may signal that in this phase
the fermion asymptotic states contain new degrees of
freedom which can be generated by composite fields only.

3. Massless spectrum in the strong-coupling limit

Following the theorem of Sec. IV, when the coupling
constants of the interaction Hamiltonian tend to infinity
simultaneously, the edge-B fermions decouple from the
edge-A fermions. For each of the four species, the edge-A
fermions then form a decoupled free theory. Since edge A
consists of sublattices 1 and 2, it follows that their (free)

Hamiltonian is the upper-left 2 × 2 block of the full
Hamiltonian matrix (A3), given in Eq. (A12). The spectrum
of this “left-over” Hamiltonian is shown in Fig. 4. As
expected, it shows doubling.
A comparison of Fig. 4 with Fig. 2 reveals some

interesting facts. First, the critical momentum remains at
pc ¼ π=2. Also, at a qualitative level, the effect of the
strong coupling limit is to eliminate the two massive
branches from the spectrum of the bilinear Hamiltonian,
while the two massless branches remain qualitatively the
same as before.
As for the edge-B degrees of freedom of the four fermion

species, they form a single strongly coupled system, for
which no strong-coupling expansion is available. As
mentioned in Sec. II, this is because of the presence of
hopping terms in the interactions (see also Appendix A 4).

4. Hint and symmetries

Here we briefly review the algebraic structure underlying
the construction of the interaction Hamiltonian Hint of the
ZZWY model and its symmetries. Both the operator
content and the symmetries of Hint are encoded in the
following set of orthogonal vectors,

q̃1 ¼ ð3; 4; 5; 0Þ; ðA15aÞ

q̃2 ¼ ð4;−3; 0;−5Þ; ðA15bÞ

l̃1 ¼ ð1;−2; 1; 2Þ; ðA15cÞ

l̃2 ¼ ð2; 1;−2; 1Þ: ðA15dÞ

This set plays a key role in the formal arguments for the
decoupling of the mirrors in the SMG phase, which we will
not repeat here. For the full details, see Refs. [42–44].

FIG. 4. Spectrum of the “left-over” Hamiltonian—the upper-
left 2 × 2 block of the Hamiltonian matrix (A3).

32In the free limit where all the interactions are turned off, of
course.
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Consider first the two q̃ vectors. The first vector, q̃1, is
recognized as the set of charge assignments of the four
fermion species under the U(1) symmetry to be gauged. Its
first two entries provide the charges of the LH fields of the
target theory, and its last two entries provide the charges of
the RH fields. The second vector, q̃2, defines a linearly
independent set of charge assignments, which is also
anomaly free. By construction, the two U(1) transforma-
tions defined by both q̃1 and q̃2 will be respected by Hint.
The l̃ vectors encode the two six-fermion operators

introduced in Hint, which are consistent with the U(1)
symmetries associated with the two q̃ vectors. Recalling
that the interaction Hamiltonian involves only the edge-B
fermions, l̃1 corresponds to a six-fermion operator with the
schematic structure χ1ðχ†2Þ2χ3χ24, while l̃2 corresponds to
χ21χ2ðχ†3Þ2χ4. The orthogonality of the four vectors in
Eq. (A15) implies that these six-fermion operators are
invariant under the two U(1) symmetries associated with
the q̃ vectors. Since the elementary fermions have a single
degree of freedom per lattice site, same-field products (for
example, χ21) must be point-split. The corresponding hop-
ping terms turn into derivatives in the (classical) continuum
limit. We note that Refs. [42–44] did not discuss the four-
fermion operators consistent with the same U(1) sym-
metries (see Sec. V).

APPENDIX B: PROPERTIES OF TWO-POINT
FUNCTIONS

In this appendix we establish some properties of the two-
point functions used in the proof of the generalized no-go
theorem in Sec. III. In Appendix B 1 we establish the
Hermiticity of the relevant two-point functions for ω → 0.
In Appendix B 2 we prove under certain assumptions that
Rðp⃗Þ is infinitely differentiable except at the degeneracy
points. In Appendix B 3 we prove the stronger result that
Rðp⃗Þ is analytic except at the degeneracy points. We recall
that Aðp⃗Þ ¼ Rðp⃗Þ away from degeneracy points (see
Sec. III). Finally, in Appendix B 4 we explain the role
of secondary singularities.

1. Hermiticity

Here we establish the Hermiticity properties of the
retarded anticommutator. Specifically, we will consider
the Fourier transform of one of the two terms that make
it up [see Eqs. (3.1)–(3.4)],

Sabðp⃗;ωÞ ¼ i
Z

∞

0

dteiωt
X
x⃗

e−ip⃗·x⃗h0jΨaðx⃗; tÞΨ†
bð0⃗; 0Þj0i;

ðB1Þ

and prove that it is Hermitian for Imω → 0. The proof for
the other term works in the same way, as it does for the

advanced function. As we will see below the field Ψaðx⃗; tÞ
can be both elementary or composite.
We begin by noting that

Ψaðx⃗; tÞ ¼ eiðHt−P⃗·x⃗ÞΨað0⃗; 0Þe−iðHt−P⃗·x⃗Þ; ðB2Þ

hence

h0jΨaðx⃗; tÞjp⃗; ni ¼ e−iðEnðp⃗Þt−p⃗·x⃗Þh0jΨað0⃗; 0Þjp⃗; ni
≡ e−iðEnðp⃗Þt−p⃗·x⃗Þvaðp⃗; nÞ: ðB3Þ

Here and below, the index n labels all the states with
momentum p⃗. We next introduce a complete set of
intermediate states and perform the x⃗ summation in
Eq. (B1), which projects out the intermediate states with
momentum p⃗,

X
x⃗

e−ip⃗·x⃗h0jΨaðx⃗; tÞΨ†
bð0⃗; 0Þj0i

¼
X
n

e−iEnðp⃗Þtvaðp⃗; nÞv�bðp⃗; nÞ: ðB4Þ

The matrix elements product vaðp⃗; nÞv�bðp⃗; nÞ is manifestly
Hermitian. It remains to perform the time integral.
Assuming that ω has a positive imaginary part, for a
particular intermediate state this integral is

i
Z

∞

0

dteiðω−Enðp⃗ÞÞt ¼ −
1

ω − Enðp⃗Þ
: ðB5Þ

Finally sending Imω → 0 this factor becomes real. This
establishes the Hermiticity of Sabðp⃗;ωÞ provided that Reω
is not equal to Enðp⃗Þ for any intermediate state, so that
Sabðp⃗;ωÞ is well defined. In particular, it follows thatRðp⃗Þ
is Hermitian except at the degeneracy points. As explained
in Sec. III, the inverse Heffðp⃗Þ is well defined and
Hermitian everywhere in the Brillouin zone.

2. Smoothness

We will consider a Hamiltonian H satisfying the follow-
ing conditions:

(i) H depends on fermion fields only.
(ii) It is possible to express H as a sum H ¼ P

x⃗ Hðx⃗Þ,
where the Hamiltonian density Hðx⃗Þ is a local
composite operator.

We define a local composite operator Bðx⃗Þ by the
following requirements. First, Bðx⃗Þ is translationally covar-
iant. Second, Bðx⃗Þ is the sum of a finite number of terms,
where each term is the product of a finite number of
elementary (fermion) fields with its own (finite) coupling
constant. Finally, the support of Bðx⃗Þ is limited to lattice
sites y⃗ whose distance from x⃗ is bounded. The smallest
0 ≤ RB < ∞ such that ky⃗ − x⃗k ≤ RB for all y⃗ in the support
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of Bðx⃗Þ is the range of Bðx⃗Þ. We will denote the range RH
of the Hamiltonian density as R0 for short.33

For simplicity we will consider here two-point functions
of the elementary fermion fields, which in turn satisfy the
canonical anticommutation relations. The generalization to
the case that some fermion fields are local composite
operators is straightforward, and is left for the reader.
We start with some preliminaries. The canonical anti-

commutation relations imply that, as an operator acting on
the Fock space, the norm of an elementary fermion field is
bounded by kψaðx⃗Þk ¼ 1 (in lattice units). It follows from
our assumptions that the norm of the Hamiltonian density
N ¼ kHðx⃗Þk is finite, 0 < N < ∞.
We next turn to the time-dependent field,

ψaðx⃗; tÞ ¼ eiHtψaðx⃗Þe−iHt: ðB6Þ

The norm of the time-dependent anticommutator satisfies
the trivial bound

kfψaðx⃗; tÞ;ψ†
bð0⃗; 0Þgk ≤ 2: ðB7Þ

Introducing multicommutators of the Hamiltonian H with
an elementary fermion field

⟦H;ψa⟧0 ¼ ψa;

⟦H;ψa⟧1 ¼ ½H;ψa�;
⟦H;ψa⟧2 ¼ ½H; ⟦H;ψa⟧1� ¼ ½H; ½H;ψa��;
⟦H;ψa⟧n ¼ ½H; ⟦H;ψa⟧n−1�; ðB8Þ

the time-dependent field can be expressed in terms of the
canonical field at t ¼ 0 as

ψaðx⃗; tÞ ¼
X∞
n¼0

ðitÞn
n!

⟦H;ψaðx⃗Þ⟧n: ðB9Þ

This Taylor series controls the locality properties of
correlation functions, as we will see.
We will now prove that the retarded function R̂ðp⃗; tÞ is

infinitely differentiable for all p⃗ in the Brillouin zone.
Provided Imω > 0, the same is true for R̃ðp⃗;ωÞ, which is
also an analytic function of ω. The advanced functions
Âðp⃗; tÞ and Ãðp⃗;ωÞ have similar properties, except the
support of Ãðp⃗;ωÞ is the lower half-plane Imω < 0.
We begin by introducing the function nðx⃗Þ, defined as

the smallest integer such that nðx⃗Þ ≥ kx⃗k=R0. This means
that the term with n ¼ nðx⃗Þ in the Taylor series (B9) is the
first term where the support of ⟦H;ψaðx⃗Þ⟧n may include
the origin. It follows that the first term in Eq. (B9) that

contributes to the anticommutator fψaðx⃗; tÞ;ψ†
bð0⃗; 0Þg

must have n ≥ nðx⃗Þ. Estimating the norm of the anticom-
mutator using the norm of the n ¼ nðx⃗Þ term we arrive at

kfψaðx⃗; tÞ;ψ†
bð0⃗; 0Þgk ∼

ð2N tÞnðx⃗Þ
nðx⃗Þ! ∼

�
2eR0N t
kx⃗k

�kx⃗k
R0 :

ðB10Þ

The rightmost expression becomes smaller than one for

kx⃗k > 2eR0N t: ðB11Þ

For fixed t, the estimate (B10) vanishes faster than
exponentially for x⃗ → ∞.
We now use the bounds (B7) and (B10) to establish the

analyticity properties of the Fourier transform R̂ðp⃗; tÞ. In
this subsection we consider the case that p⃗ is real. In
Appendix B 3 we will extend the discussion to complex p⃗.
In the “cone”

kx⃗k ≤ 2eR0N t; ðB12Þ

the norm kfψðx⃗; tÞ;ψ†ð0⃗; 0Þgk can only be bounded by 2, a
bound which is always valid. For kx⃗k ≫ 2eR0N t we may
use Eq. (B10), and the norm of the anticommutator
vanishes faster than exponentially. Since R̂ðp⃗; tÞ involves
a spatial sum, it follows that this sum is dominated by the
region defined by inequality (B12). This implies that the
norm of R̂ðp⃗; tÞ behaves like

∼Cð2eR0N tÞd; ðB13Þ

where again d is the number of spatial dimensions, and C is
a geometrical factor.34 Similarly, the kth derivative of
R̂ðp⃗; tÞ with respect to p⃗ behaves like ∼Cð2eR0N tÞdþk,
since each p⃗-derivative adds one power of x⃗. It follows that
R̂ðp⃗; tÞ and all its p⃗ derivatives exist. Thus, R̂ðp⃗; tÞ is
infinitely differentiable for any p⃗ in the Brillouin zone, for
any fixed t ≥ 0.
We next perform the time Fourier transform. Allowing

for k derivatives of R̂ðp⃗; tÞ with respect to p⃗, together with
m additional ω derivatives, the integrand in Eq. (3.3)
behaves like

∼Cð2eR0N tÞdþktme−t Imω: ðB14Þ

Hence, the t-integral converges for any Imω > 0.35 It thus
follows that R̃ðp⃗;ωÞ is an analytic function of ω in the

33The norm kz⃗k can be for instance the usual L2 norm
ðPd

i¼1 z
2
i Þ1=2 or the taxi-driver’s distance

P
d
i¼1 jzij. We note that

the Hamiltonian must contain hopping terms, and thus R0 ≥ 1.

34In this appendix we use the notation C for all the geometrical
factors we encounter, but it should be noted that they are in
general different from each other.

35This is where the use of the retarded (or advanced) two-point
function is crucial.
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upper half plane, Imω > 0, as well as an infinitely differ-
entiable function of p⃗ everywhere in the Brillouin zone.
The advanced function Ãðp⃗;ωÞ has similar properties,
except that it is analytic in the lower half plane,
Imω < 0. Finally, by the arguments of Sec. III it follows
that the common ω → 0 boundary value Rðp⃗Þ ¼ Aðp⃗Þ is
infinitely differentiable with respect to p⃗, except at the
degeneracy points.

3. Analyticity

The results of Appendix B 2 are sufficient for the no-go
theorem, which only requires a continuous first derivative.
Nevertheless, for completeness we will use here the edge-
of-the-wedge theorem to obtain the stronger result that
Rðp⃗Þ is an analytic function of p⃗ except at the degeneracy
points.36

In order to apply the edge-of-the-wedge theorem we
need to specify the “edge” and the two “wedges.” We start
with the edge E, which will be an open subset of the real
ðp⃗;ωÞ space, where p⃗ belongs to the Brillouin zone. For
each p⃗, let Eminðp⃗Þ ≥ 0 be the infimum (greatest lower
bound) of the energy of the states of the second-quantized
Hamiltonian with this total momentum. We then define an
interval Ωðp⃗Þ as the open subset of the (real) ω axis with
jωj < Eminðp⃗Þ. The edge E is defined as the union of Ωðp⃗Þ
for all p⃗ in the Brillouin zone. Note that the degeneracy
points are not included in E, because if p⃗ is a degeneracy
point then Eminðp⃗Þ ¼ 0 and thus Ωðp⃗cÞ is an empty set. For
any other p⃗, the edge E contains the open interval Ωðp⃗Þ
which, in particular, includes the point ω ¼ 0. It follows
that for real ω∈Ωðp⃗Þ the (common) limit

lim
ϵ→0

R̃ðp⃗;ωþ iϵÞ ¼ lim
ϵ→0

Ãðp⃗;ω − iϵÞ ðB15Þ

exists, and is continuous in E.
The two wedges are defined as W� ¼ E � iU, where U

is the intersection of an open cone in Rdþ1 ¼ ðIm p⃗; ImωÞ
with a ball of radius r > 0. (An open cone U is an open set
such that if u∈U then su∈U for any s > 0.) We next
discuss the choice of U. In Appendix B 2 we already
allowed ω to have an imaginary part, and now we seek a
generalization to the case that p⃗ has an imaginary part as
well. First, using Eq. (B10), for kx⃗k ≫ 2eR0N t the
summand in Eq. (3.2) is bounded by

∼ek Im p⃗kkx⃗k
�
2eR0N t
kx⃗k

�kx⃗k
R0 ¼

�
2R0N teR0k Im p⃗kþ1

kx⃗k
�kx⃗k

R0
:

ðB16Þ
This still vanishes faster than exponentially for asymptoti-
cally large kx⃗k. Hence R̂ðp⃗; tÞ exists and is continuous as

before, and the same is true for all of its derivatives with
respect to p⃗, where now p⃗ can take complex values. It
follows that R̂ðp⃗; tÞ is an analytic function of p⃗.
Estimating the norm of R̂ðp⃗; tÞ requires more care. We

begin by noting that Eq. (B16) becomes smaller than one
when kx⃗k becomes larger than s0ðIm p⃗Þt, where [compare
Eq. (B11)]

s0ðIm p⃗Þ ¼ 2R0N eR0k Im p⃗kþ1: ðB17Þ

It follows that we can neglect the region kx⃗k > s0ðIm p⃗Þt.
We need to perform the x⃗-summation over the complement
region kx⃗k ≤ s0ðIm p⃗Þt and, as before, in that region we
will use the trivial bound (B7) on the anticommutator,
which is applicable everywhere. The summand is then
bounded by

2ek Im p⃗kkx⃗k ≤ 2ek Im p⃗ks0ðIm p⃗Þt ≤ 2ek Im p⃗ksmax
0

t; ðB18Þ

where smax
0 is the maximum of s0ðIm p⃗Þ for k Im p⃗k ≤ r.

Using the right-hand side as a uniform bound for kx⃗k ≤
s0ðIm p⃗Þt leads to the following (over-)estimate37 of the
norm of R̂ðp⃗; tÞ

∼Cðs0ðIm p⃗ÞtÞdek Im p⃗ksmax
0

t: ðB19Þ

In order for the t-integral to converge, we thus impose

k Im p⃗ksmax
0 < Imω: ðB20Þ

This condition defines the open cone, and thus the open set
U as its intersection with the ball of radius r, for all
Imω > 0. It then follows that R̃ðp⃗;ωÞ is an analytic
function of both p⃗ and ω in the wedge E þ iU. The same
is true for Ãðp⃗;ωÞ in the wedge E − iU.
Having defined an edge and two wedges that satisfy the

assumptions of the edge-of-the-wedge theorem, the theo-
rem asserts that there exists an open setD ⊂ Cdþ1 such that
(a) D contains the union of Wþ, W− and E; (b) there is an
analytic function Fðp⃗;ωÞ defined onDwhose restriction to
Wþ (W−) is R̃ðp⃗;ωÞ [Ãðp⃗;ωÞ], and whose restriction to the
edge E is given by Eq. (B15). In particular, for ω ¼ 0 we
have Fðp⃗; 0Þ ¼ Rðp⃗Þ, provided that p⃗ is not a degeneracy
point.38 This completes the proof that Rðp⃗Þ is an analytic
function of p⃗ everywhere in the Brillouin zone except at the
degeneracy points.

36For the precise statement and a proof of the edge-of-the-
wedge theorem, see for example Ref. [59].

37The generalization to the case that derivatives with respect to
p⃗ and ω are taken works as before [compare Eqs. (B13) and
(B14)].

38On physical grounds we expect that for general real p⃗, the
analytic function Fðp⃗;ωÞ will have two cuts in the complex ω
plane along the real ω axis: one starts at ω ¼ Eminðp⃗Þ and goes toþ∞, and the other starts at ω ¼ −Eminðp⃗Þ and goes to−∞. At the
degeneracy points, the end points of the two cuts meet at ω ¼ 0.
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4. Secondary singularities

Here we explain the role of secondary singularities via
several examples involving four-fermion interactions. We
first consider an example of a self-energy correction near a
primary singularity, of the kind already discussed in
Sec. III. We then consider an example of a self-energy
correction near a secondary singularity, and discuss the
similarities and differences between the two cases. As both
examples are somewhat abstract, we give a further example
how they can be realized in the context of weakly coupled
theories.
To keep things as simple as possible we will consider a

Brillouin zone extending over the standard interval
½0; 2π=a� for every momentum component. In d ¼ 1, we
will assume that primary singularities exist at p ¼ 0 and
p ¼ π=ð2aÞ. In d ¼ 3 we will assume the same situation
for px, while the py and pz components of the primary
singularities under consideration are always zero. Below,
we will focus on the massless states associated with the
primary singularity for which p (or px) equals π=ð2aÞ,
which we will eventually use in our example of a secondary
singularity.
We begin with the self-energy correction for a massless

fermion at the primary singularity pc ¼ π=ð2aÞ for d ¼ 1,
or p⃗c ¼ ðπ=ð2aÞ; 0; 0Þ for d ¼ 3. To avoid cumbersome
notation we will mostly omit the vector symbol below, but
the discussion applies to both d ¼ 1 and d ¼ 3. We assume
that the collection of massless states associated with
primary singularities at pc is described by a set of lattice
interpolating fields ψ i, i ¼ 1;…; N, with conserved
charges Qiðψ jÞ ¼ δij under the corresponding U(1) sym-
metries.39 As explained in Sec. III, self-energy corrections
can be calculated using an EFT approach, and the leading
(momentum dependent) self-energy correction is a two-
loop diagram with two four-fermion vertices. We will also
make contact with the discussion in Sec. V by presenting
examples in which the four-fermion interactions are renor-
malizable in d ¼ 1. For this to be the case, the four-fermion
interactions have to exist already at the lattice level without
the need of point splitting (which turns into additional
derivatives in the continuum limit). In the case at hand we
assume N ¼ 2, and then take the four-fermion interaction
to be the local operator ðψ†

1ψ1Þðψ†
2ψ2Þ. The resulting self-

energy is given in Eq. (3.7a) for d ¼ 1 and Eq. (3.7b) for
d ¼ 3. This self-energy diagram corresponds to a process
in which an initial state of a single ψ particle with small
q ¼ p − pc splits into a virtual state consisting of two
particles and one antiparticle, which then recombine. To
produce the singularities in Eq. (3.7), the lattice momenta
of the two particles have to be close to pc, whereas the
lattice momentum of the antiparticle is close to −pc. This

allows the process to occur while preserving the lattice
momentum.40

We next turn to an example of a self-energy diagram near
a secondary singularity. In our example there is a secondary
singularity at ps ¼ 3π=ð2aÞ, associated with an intermedi-
ate state of three ψ fermions. Now the single-particle state
on the external legs will in general be a different fermion
species, which wewill denote as χ. We again avoid the need
of point splitting (or equivalently, derivatives) by assuming
N ¼ 3, and then taking the local four-fermion interaction to
be ðχ†ψ1ψ2ψ3 þ H:c:Þ. This interaction preserves in par-
ticular the U(1) symmetry associated with a common
rotation of all the ψ fermions, with charge Q ¼
Q1 þQ2 þQ3 ¼ 3, under which QðχÞ ¼ 3. The four-
fermion interaction now enables the process of a single
χ particle splitting (or decaying) into three ψ particles.
Since a single χ intermediate state also contributes in the
same channel, by the definition of a secondary singularity it
should be gapped near ps, in other words, its energy for
p ¼ ps should be jE0j > 0. Let us introduce qi ¼ pi − pc
for the three ψ virtual particles, as well as q ¼ q1 þ q2 þ
q3 and p ¼ p1 þ p2 þ p3, so that q ¼ p − ps. A straight-
forward diagrammatic calculation of the self-energy cor-
rection for the χ particle, coming from the three massless ψ
intermediate states, gives rise for small q to the schematic
form [compare Eq. (3.7)],

E ¼ E0 � c1G2qðaqÞ2ðn−d−1Þ logðq2Þ þ � � � ; d ¼ 1;

ðB21aÞ

H2×2¼E0�c3G2σ⃗ · q⃗ðaqÞ2ðn−d−1Þ logðq2Þþ �� � ; d¼ 3;

ðB21bÞ

where again n is the mass dimension of the interaction, and
the ellipsis indicate subleading and/or analytic corrections.
As in Eq. (3.7), G is a dimensionless coupling constant.
Our discussion implies that Heff has a finite value at the
secondary singularity, but it is not analytic there, in
agreement with the general considerations of Sec. III. In
the example we have considered here, for d ¼ 3 the four-
fermion interaction is irrelevant: one has n − d − 1 ¼ 2,
hence expression (B21b) has four continuous derivatives.
In contrast, for d ¼ 1 the four-fermion interaction is
marginal: n − d − 1 ¼ 0. As a result, expression (B21a)
is continuous, but does not have a continuous derivative at
ps, as discussed in Sec. V.
In summary, we see that the nonanalytic behavior near

secondary singularities is similar to that near the primary
ones. The main difference is that at the primary singularities
Heff has zero eigenvalues, which are required to be

39Handedness plays little role in the argument, and is therefore
suppressed.

40Since an antiparticle is associated with a hole in the Dirac
sea, in the charge Q ¼ −1 sector the primary singularity ofRðp⃗Þ
is at −π=ð2aÞ.

MAARTEN GOLTERMAN and YIGAL SHAMIR PHYS. REV. D 113, 014503 (2026)

014503-24



relativistic, whereas at the secondary singularities it does
not. In fact, at a generic point in the phase diagram any
secondary singularity is inherently nonrelativistic, because
the gapped single-particle state in the relevant channel has
energy E0 which is Oð1Þ in lattice units. Nevertheless, the
behavior of Heff near the secondary singularities must be
understood, because the NN theorem requires a continuous
first derivative throughout the entire Brillouin zone.
Primary and secondary singularities occur in the two-

point functions of both weakly interacting and strongly
interacting theories. The latter case includes SMG models,
which are difficult to study. We can make the discussion
more concrete by demonstrating how the primary and
secondary singularities arise in the appropriate two-point
functions of weakly coupled lattice theories, which can be
studied systematically using perturbation theory. Of course,
in our weakly coupled examples, the massless fermions can
always be combined into Dirac fermions, and the theory is
vectorlike; the goal is mainly to illustrate the nature of
primary and secondary singularities.
For the example of the primary singularity, all we need to

do is specify a bilinear Hamiltonian for the ψ i fields, which,
specializing to d ¼ 1, can be taken to be

Hi ¼
ffiffiffi
2

p

a

Z
2π=a

0

dp
2π

ψ†
i ð−pÞ½cosðap − π=4Þ

− cosðπ=4Þ�ψ iðpÞ; ðB22Þ

in momentum space. It is easy to check that this
Hamiltonian supports one RH and one LH massless states,
at p ¼ 0 and p ¼ pc ¼ π=ð2aÞ respectively, each leading
to a primary singularity in the two-point function hψ iψ

†
i i.

Once the (by assumption, weak) four-fermion interaction
ðψ†

1ψ1Þðψ†
2ψ2Þ is added, we recover the analytic structure

discussed above near both of these primary singularities.
For the example of the secondary singularity, we need a

bilinear Hamiltonian for the additional χ field, which we
simply take to be

Hχ ¼
1

a

Z
2π=a

0

dp
2π

χ†ð−pÞ sinðapÞχðpÞ: ðB23Þ

When the interaction ðχ†ψ1ψ2ψ3 þ H:c:Þ is added, the χ
field couples to three-particle states of the ψ fields, and
some of these states will have vanishing energy near
ps ¼ 3π=ð2aÞ. The single χ state with momentum p ∼
3π=ð2aÞ is gapped with energy jE0j ¼ a−1 þOðG2Þ for
p ¼ ps, hence we will indeed recover the secondary
singularity discussed above in the two-point function hχχ†i.
The presence of the renormalizable four-fermion inter-

action in d ¼ 1 implies that, in certain channels, the
resulting Heff will not have a continuous first derivative
[for primary singularities, see Eq. (3.7a), for secondary
singularities, see Eq. (B21a) above]. As a result, one of the
main assumptions of the generalized no-go theorem is not
satisfied. As we have explained in Sec. V, under these
circumstances one can tentatively still identify RH (LH)
massless states with a branch EðpÞ ofHeff that crosses zero
from negative to positive (positive to negative) energy. The
weakly coupled lattice Hamiltonians presented here are
examples where this identification is valid. For more subtle
situations where this is not (or not necessarily) the case,
see Sec. V.
Notice that we have assumed that the primary singularity

is at π=ð2aÞ, which is equal to 2π=a times 1=4, a rational
number. It was shown in Refs. [34,35] that this is a
completely general feature: every momentum component
of a primary singularity must be equal to 2π=a times a
rational number. The same is then also true for all the
secondary singularities. This implies that one can define a
reduced d-dimensional Brillouin zone in which all the
(finitely many) primary and secondary singularities col-
lapse to k⃗ ¼ 0. The momentum k⃗ in this reduced Brillouin
zone can then be identified with the physical momentum,
which transforms homogeneously under Lorentz trans-
formations in the continuum limit. For the full discussion,
see Refs. [34,35].
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