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Conformal field theory (CFT) can be placed on disparate space-time manifolds to facilitate
investigations of their properties. For (2þ 1)-dimensional [ð2þ 1ÞD] theories, one useful choice is the
real projective space RP3 obtained by identifying antipodal points on the boundary sphere of a three-
dimensional ball. One-point functions of scalar primary fields on this manifold generally do not vanish and
encode the so-called crosscap coefficients. These coefficients also manifest on the sphere as the overlaps
between certain crosscap states and CFT primary states. Taking the ð2þ 1ÞD Ising CFT as a concrete
example, we demonstrate that crosscap coefficients can be extracted from microscopic models. We
construct crosscap states in both lattice models defined on polyhedrons and continuum models in Landau
levels, where the degrees of freedom at antipodal points are entangled in Bell-type states. By computing
their overlaps with the eigenstates of many-body Hamiltonians, we obtain results consistent with those
from conformal bootstrap. Importantly, our approach directly reveals the absolute values of crosscap
overlaps, whereas bootstrap calculations typically yield only their ratios. Furthermore, we investigate the
finite-size scaling of these overlaps and their evolution under perturbations away from criticality.
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Introduction. Phase transitions are intriguing phenomena
that arise from the interplay of a large number of constitu-
ents in many-body systems. At the critical points in many
continuous transitions, conformal symmetry may emerge
even if it does not exist at the microscopic level [1].
Building upon this feature, the powerful framework of
conformal field theory (CFT) was established [2]. Besides
critical phenomena, CFTs have also been applied to study
particle physics and quantum gravity. From a mathematical
perspective, CFTs can be defined rigorously unlike general
quantum field theory. In two-dimensional classical systems
or (1þ 1)-dimensional [ð1þ 1ÞD] quantum systems, local
conformal transformations are described by an infinite-
dimensional algebra, so they place tight constraints on
physical properties. This allows for nonperturbative ana-
lytical calculations of many interesting quantities.

As we turn to higher spatial dimensions, CFTs become
much more difficult because the associated algebra is finite
dimensional [3]. One successful approach is conformal
bootstrap in which correlation functions are analyzed by
imposing suitable constraints derived from conformal
symmetry [4,5]. Another approach is the direct numerical
simulations of microscopic models, which have also played
a crucial role in studying CFTs. This method faces
challenges about how to design suitable models, how to
determine if there are continuous transitions, and how to
extract the CFT data at critical points [6,7]. In the past three
years, an important progress has been made in quantum
critical model design and extraction of CFT data [8]. Its
essence is to put electrons on a sphere with a magnetic
monopole at its center [9–11]. The single-particle eigen-
states on the sphere are organized into Landau levels (LLs)
each having a finite degeneracy. If the cyclotron gap is
sufficiently large, the electrons can be restricted to the
lowest LL, which makes numerical calculations feasible.
More importantly, spherical symmetry is preserved exactly
so energy spectra can be analyzed using the state-operator
correspondence [12,13]. This idea has been employed and
further developed in subsequent works [14–35]. For the
three-dimensional (3D) Ising CFT, numerical results
obtained by this approach, and conformal bootstrap are
remarkably close to each other (when both are available).
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Another related progress is the identification of the Gross-
Neveu-Yukawa criticality in interacting Dirac fermions on
the sphere without magnetic monopole [36].
Shortly after the inception of CFT, it was recognized that

global topological features, such as boundary conditions or
nontrivial manifolds, can lead to rich and universal phenom-
ena in finite-size systems [37–41]. One way to explore their
effects is through the study of conformal boundary states. In
this work, we focus on one special class of conformal
boundary states, known as crosscap states [42–61]. The
name stems from their analogy with the geometric object
crosscap and is most easily visualized in one spatial
dimension. A crosscap is obtained from a circle by gluing
together both ends of each diameter. For one-dimensional
(1D) lattice or continuum models, crosscap states are
constructed by putting each pair of antipodal points into
entangled states [see Fig. 1(a)]. This definition extends to
integrable models that are not described by CFTs. In some
cases, they are called entangled antipodal states [53,54].
An intriguing feature of the crosscap states is that their
overlaps with some CFT eigenstates are universal. In this
paper, we construct crosscap states for (2þ 1)-dimensional
[ð2þ 1ÞD] CFT and perform numerical calculations to
obtain their overlaps in finite-size systems. We mainly
focus on the spherical geometry but shall also consider
polyhedrons [62].

Crosscap overlap in ð2þ 1ÞD CFT. We consider a ð2þ
1ÞD CFT with the quantum Hamiltonian defined on the
surface of a sphere with radius R. The space-time manifold
is R × S2, with coordinate ðvτ; x⃗Þ, where v is the velocity
and x⃗ denotes the spatial coordinate constrained to the
spherical surface jx⃗j ¼ R. The spherical surface can be
parametrized as x⃗ ¼ Rω⃗, where ω⃗ ¼ ðsin θ cos ϕ;
sin θ sin ϕ; cos θÞ is a unit vector specified by the angular
coordinates θ and ϕ. The radial quantization scheme is
realized via the conformal transformation r⃗ ¼ evτ=Rω⃗ [13],
which maps the space-time manifold to the flat Euclidean
spaceR3. Under this transformation, the spatial manifold at
the τ ¼ 0 time slice becomes a unit sphere. In this scheme,
there is a state-operator correspondence: each CFT primary
state jOii is associated with a scalar primary field Oiðr⃗Þ
with r⃗ being the space-time coordinate [12]. We aim to
construct crosscap states jCi on the sphere and compute the
crosscap overlaps between them and the CFT eigenstates.
The physical picture for 1D crosscap states shall provide
valuable guidance for this quest. For the primary states,
state-operator correspondence tells us that

hCjOii ¼ lim
jr⃗j→0

hCjOiðr⃗Þj0i; ð1Þ

where the CFT vacuum is denoted as j0i. In the path
integral formalism, the crosscap state is associated with a
boundary condition that identifies antipodal points on
the surface of a unit ball. This identification converts the

space-time manifold to the 3D real projective space RP3.
Many properties about CFTs on RP3 have been studied
before [63–65]. The crosscap overlap in Eq. (1) can be
reinterpreted as the one-point function

hCjOii ¼ hOiðr⃗ ¼ 0⃗ÞiRP3 ð2Þ

on the RP3 manifold, with primary field Oiðr⃗Þ inserted at
the origin.
Since translation symmetry is explicitly broken, the one-

point functions of primary fields generally do not vanish on
RP3. In fact, their forms are fully constrained by conformal
transformations generated by P⃗þ K⃗ as they preserve the
geometry of RP3. Here, P⃗ and K⃗, respectively, denote the
generators of translations and special conformal trans-
formations, whose explicit expressions are given by

P⃗ ¼ −i
∂

∂r⃗
;

K⃗ ¼ −i
�
2r⃗
�
r⃗ ·

∂

∂r⃗

�
− jr⃗j2 ∂

∂r⃗

�
: ð3Þ

It is helpful to study the following finite conformal trans-
formation:

f⃗ðr⃗Þ ¼ eia⃗·ðP⃗þK⃗Þðr⃗Þ

¼ 1þ ðtan ja⃗jÞ2
1þ ðjr⃗j tan ja⃗jÞ2 − 2 tan ja⃗j ðr⃗·a⃗Þja⃗j

r⃗

þ
ð1 − jr⃗j2Þ tan ja⃗j − 2tan2ja⃗j ðr⃗·a⃗Þja⃗j
1þ ðjr⃗j tan ja⃗jÞ2 − 2 tan ja⃗j ðr⃗·a⃗Þja⃗j

a⃗
ja⃗j : ð4Þ

Under this conformal transformation, the origin is mapped
to r⃗≡ f⃗ð0⃗Þ ¼ tan ja⃗j a⃗

ja⃗j, and a scalar primary field trans-

forms asOiðr⃗Þ ¼ jf⃗0ð0⃗Þj−Δi=3Oið0⃗Þ, whereΔi is the scaling
dimension of this field and jf⃗0ð0⃗Þj ¼ ð1þ tan2 ja⃗jÞ3 is the
Jacobian determinant of the conformal transformation. One
thus concludes that one-point functions on RP3 must take
the form

hOiðr⃗ÞiRP3 ¼ Ai

ð1þ jr⃗j2ÞΔi
ð5Þ

with Ai being a universal coefficient that is identified with
the crosscap overlap

Ai ¼ hCjOii: ð6Þ

Here, Ai is the so-called crosscap coefficient.
For ð1þ 1ÞD rational CFTs, the crosscap coefficients

encode conformal data on flat space and can be computed
analytically [43,45,66]. Their values have also been
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extracted via crosscap overlaps in a variety of microscopic
models [55,56,67–76]. In contrast, analytical results about
crosscap coefficients in ð2þ 1ÞD CFTs are generally
unavailable. Nevertheless, the ratios between crosscap
coefficients of some primary fields and that of the identity
primary field have been obtained by numerical calculations
based on the conformal bootstrap approach [63]. Instead,
absolute values of the crosscap coefficients—not just
their ratios—can be extracted directly from the crosscap
overlaps in Eq. (6). The feasibility of this approach is
demonstrated below using concrete microscopic models
that realize the ð2þ 1ÞD Ising CFT. For quantum many-
body Hamiltonians that are defined on the sphere or its
discrete counterpart, low-lying eigenstates can be obtained
by exact diagonalization. It is not a priori clear how to
construct crosscap states in these models. According to the
intuitive picture mentioned above, the degrees of freedom
on the two ends of each diameter of the sphere should form
a maximally entangled state.

Lattice models on icosahedron. We begin with a two-
dimensional quantum Ising model defined on discrete
lattice sites. The intuition accumulated during the past
about 1D crosscap states can be extended easily to these
cases. However, the usual planar lattice models with or
without periodic boundary conditions are not suitable for
studying crosscap states. Instead, highly symmetric poly-
hedrons may be considered [62]. As shown in Fig. 1(b), the
transverse-field Ising (TFI) model

HTFI ¼ −
X
hiji

σxi σ
x
j − h

X
i

σzi ð7Þ

is defined on the 12 vertices of icosahedron. An inspection
of the excited-state energy levels suggests that h ¼ 4.375 is
the critical point and several primary states can be pin-
pointed [62]. We are interested in crosscap overlaps of the
ground state, the ϵ primary state, and the ϵ0 primary state,
which are denoted as AI, Aϵ, and Aϵ0 , respectively. It is
possible to define a point as the center of icosahedron that
has the same distance to all vertices. This allows one to
construct a fictitious sphere such that the vertices can be
divided into six groups, each having two vertices on a
diameter of the fictitious sphere. For each group with two
vertices denoted as i and ī, the Bell state j↑iij↑iī þ j↓iij↓iī

is imposed. It is natural to accept that

jCICi ¼
Y

i∈ half

ðj↑iij↑iī þ j↓iij↓iīÞ ð8Þ

is a crosscap state for the whole system. This expression
gives rise to AI ¼ 1.133, Aϵ ¼ 0.782, and Aϵ0 ¼ 1.293 at
the critical point. Using the bootstrap method, Ref. [63]
found that Aϵ=AI ¼ 0.667 and Aϵ0=AI ¼ 0.896. The
former value is not far from ours, but the latter value is
quite different. We summarize the results in Table I for
comparison.

Continuum models in landau levels. The results on icosa-
hedron are quite impressive given the small number of sites.
In this section, we turn to the main topic of this paper. We
employ the model constructed in Ref. [8] to study Ising
phase transitions on the sphere [see Fig. 1(c)]. The single-
particle eigenstates are monopole harmonics [9,10]. If the
magnetic fluxes through the sphere is 2Q, explicit expres-
sions for the lowest LL are

YQ;mðΩÞ ¼
�
2Qþ 1

4π

�
2Q

Q −m

��1
2ð−1ÞQ−m exp ðimϕÞ

× cosQþmðθ=2ÞsinQ−mðθ=2Þ; ð9Þ

where θ is the azimuthal angle, ϕ is the radial angle, Ω ¼
ðθ;ϕÞ is the solid angle, and m is the z component of
angular momentum. There are 2Qþ 1 Landau orbitals with
m∈ ½−Q;−Qþ 1;…; Q − 1; Q�. In units of the magnetic
length, the radius of the sphere is R ¼ ffiffiffiffi

Q
p

. The electrons
are endowed with an internal degree of freedom called spin
with two possible values ↑ and ↓. For the Landau orbital
with spin index σ and angular momentum m, the annihi-
lation (creation) operator is denoted as Cσ;m (C†

σ;m). In real
space, their counterparts are ΨσðΩÞ ¼ P

m YQ;mðΩÞCσ;m

and Ψ†
σðΩÞ ¼ P

m ½YQ;mðΩÞ��C†
σ;m. The system has Ne ¼

2Qþ 1 electrons that interact with each other via the two-
body potential VστðΩ1;Ω2Þ. It should satisfy the criterion:
when this is the only term in the many-body Hamiltonian,
the system has two degenerate ground states in which all
electrons have the same spin index. This is the ferromag-
netic side of the Ising transition. We choose V↑↑ ¼ V↓↓ ¼
0 and V↑↓ðΩ1;Ω2Þ ¼ g0δðΩ1 −Ω2Þ þ g1∇2δðΩ1 −Ω2Þ as

TABLE I. Comparison between the crosscap coefficient results
for the 3D Ising CFT in conformal bootstrap calculations and
microscopic lattice and continuum models. NA means not
available.

Method AI Aϵ=AI Aϵ0=AI

Bootstrap NA 0.667 0.896
Icosahedron 1.133 0.690 1.141
Sphere (extrapolated) 1.129 0.674 0.898

(a) (b) (c))

FIG. 1. Schematics of crosscap states in (a) one-dimensional
systems, (b) the icosahedron, and (c) LLs on the sphere.
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in Ref. [8]. The second-quantized form of this potential is [77]

Ha ¼ 4
X
fmig

Vm1m2m3m4
C†
↑;m1

C†
↓;m2

C↓;m4
C↑;m3

; ð10Þ

where the two-body matrix elements are expressed in terms of the Haldane pseudopotentials V0, V1 [11] and Clebsch-
Gordon coefficients

Vm1m2m3m4
¼

Z
dΩ1

Z
dΩ2½YQ;m1

ðΩ1Þ��½YQ;m2
ðΩ2Þ��V↑↓ðΩ1;Ω2ÞYQ;m3

ðΩ2ÞYQ;m4
ðΩ1Þ

¼ δm1þm2;m3þm4
V0hQ;m1;Q;m2j2Q;m1 þm2ih2Q;m3 þm4jQ;m3;Q;m4i

þ δm1þm2;m3þm4
V1hQ;m1;Q;m2j2Q − 1; m1 þm2ih2Q − 1; m3 þm4jQ;m3;Q;m4i: ð11Þ

To induce a phase transition, we introduce a tunneling term,

Hb ¼ −h
X
m

ðC†
↑;mC↓;m þ C†

↓;mC↑;mÞ; ð12Þ

between spin-up and spin-down orbitals at the same angular
momentum. The full Hamiltonian H ¼ Ha þHb respects
SO(3) rotational symmetry so its eigenstates can be labeled
by total angular momentum LðLþ 1Þ. In the limit of
h → ∞, each electron is driven into an equal superposition
of spin-up and spin-down. This is the paramagnetic side of
the Ising transition. The critical point with minimal finite-
size effects was located at V0 ¼ 4.75, V1 ¼ 1, and hc ¼
3.16 [8]. Exact diagonalization has been performed in
multiple systems with up to Ne ¼ 18 electrons. The energy
spectrum of the largest system at the critical point is
displayed in Fig. 2(a). We have identified three primary
states σ, ϵ, and ϵ0 following the procedure described
in Ref. [8].
It is not immediately clear how to define crosscap states

on the sphere at the microscopic level. We conjecture that

jCLLi ¼ exp

�Z
upper

dΩ ½Ψ†
↑ðθ;ϕÞΨ†

↑ðπ − θ; π þ ϕÞ

þΨ†
↓ðθ;ϕÞΨ†

↓ðπ − θ; π þ ϕÞ�
�
j∅i ð13Þ

is a crosscap state, where the integral is restricted to the
upper half-sphere and j∅i is the vacuum state. While ϕþ π
could be larger than 2π, periodicity of the monopole
harmonics ensures that they are still well defined. To
mimic a 1D circle that is split as two semicircles, we
divide the sphere into the upper and lower halves. It is
possible to consider other bipartitions, but the present
choice is the most convenient one. For the point with
coordinates ðθ;ϕÞ in the upper half, a diameter of the
sphere connects it with another point ðπ − θ; π þ ϕÞ on the
lower half. Inside the square bracket, the combination of
operators indicates that electrons are created at these two
points with their spins forming a Bell state. We cannot

multiply these entangled states together due to the con-
tinuous nature of the sphere. Instead, putting these oper-
ators in the exponent leads to a well-defined state. For a
crosscap state in continuum field theory, a certain part of
the conformal symmetry should be preserved. However, the
state proposed above does not have this property. This is
not surprising because the spherical microscopic model
does not have exact conformal symmetry. It only emerges
in the thermodynamic limit at the critical point. If a Taylor
expansion is performed on Eq. (13), the Mth-order term
would contain 2M electrons that are decomposed to M
pairs of maximally entangled states. It could have nonzero
overlaps with many-body eigenstates when 2M ¼ Ne.
When the real-space operators are projected to the lowest

Landau level, the proposed state becomes

(a) (b)

(c) (d)

FIG. 2. Numerical results at the critical point. (a) Energy
spectrum of the system with Ne ¼ 18. The ground state I and
three primary states σ; ϵ; ϵ0 are indicated. Eigenstates with even
and odd Z2 parity are represented by magenta and blue colors,
respectively. (b) Ground state crosscap overlaps. (c) Ratios
between the ϵ state crosscap overlaps and the ground state
crosscap overlaps. (d) Ratios between the ϵ0 state crosscap
overlaps and the ground state crosscap overlaps. The solid lines
in panels (b) and (c) are linear fitting versus 1=Ne, and the one in
panel (d) is linear fitting versus 1=N2

e.
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jCLLi ¼ exp

�X
σ

X
m;n

F�
m;nC

†
σ;mC

†
σ;n

�
j∅i: ð14Þ

The coefficient Fm;n can be evaluated as
Z

π=2

0

sinθ dθ
Z

2π

0

dϕYQ;mðθ;ϕÞYQ;nðπ − θ;πþϕÞ

¼ δm;−nð−1Þ2Qe−imπI1=2ðQ−mþ 1;Qþmþ 1Þ ð15Þ
with Ixða; bÞ being the regularized incomplete beta func-
tion. If 2Qþ 1 is even, the crosscap state is

jCLLi ¼ exp

�X
σ

X
m>0

ð−1Þmþ1C†
σ;mC

†
σ;−m

�
j∅i: ð16Þ

Its fermion parity is even, so there could be nonzero overlaps
with the ground state, ϵ state, and ϵ0 state. This is indeed
the case as confirmed by explicit calculations. We show in
Fig. 2(b) the overlaps for the ground states. For the 1D TFI
model at its critical point, there is no finite-size correction to
the crosscap overlaps [56]. In contrast, the crosscap overlaps
on the sphere varies withNe, but they can be fitted very well
using a linear function of 1=Ne. It yields 1.129 in the
thermodynamic limit, which is quite close to the value on
icosahedron. For the ϵ and ϵ0 states, crosscap overlaps for
each Ne divided by the ground-state overlap in the same
system are displayed in Figs. 2(c) and 2(d). These numbers
can be compared directly with the bootstrap results [63].
Finite-size effects for the ϵ state is quite weak, and the result
is already quite close to 0.667 even at the smallest system.
When a linear fitting versus 1=Ne is performed on the data,
we obtain 0.674 in the thermodynamic limit. The ratios for
the ϵ0 state exhibit strong variations as Ne increases. For the
largest system with Ne ¼ 18, its value 0.974 is still quite
different from the bootstrap result. Linear fitting of finite-
size data versus 1=Ne does not work well. Instead, the
coefficient of determination is 0.9996 for linear fitting
versus 1=N2

e, and the extrapolated number is 0.898. We
stress that linear or quadratic fittings for the crosscap
overlaps and ratios are purely empirical without theoretical
underpinning at present.
For a ð1þ 1ÞD CFT perturbed by a relevant operator,

crosscap overlap of the ground state was shown to be a
universal scaling function of the dimensionless coupling
related to this operator [74]. This observation can be
extended to ð2þ 1ÞD systems in a straightforward manner.
Let us consider the Hamiltonian

H ¼ HCFT − vg
Z
jx⃗j¼R

dx⃗φðx⃗Þ ð17Þ

defined on a sphere with radius R. HCFT is the unperturbed
CFT Hamiltonian, φ is an operator with scaling dimension
Δφ < 3 for it to be relevant in renormalization group flow, v
is the velocity (encoded in HCFT), and g is the coupling

constant. It is apparent thatHCFT has dimension ½v=R� andφ
has dimension ½R�−Δφ , so g must have dimension ½R�Δφ−3 to
match the two terms in Eq. (17). We thus conclude that the
whole theory is governed by a singledimensionless coupling
s ¼ gR3−Δφ and its ground state can be written as jGðsÞi.
The crosscap overlap hCjGðsÞi only depends on the dimen-
sionless coupling and can be captured by a universal scaling
function. In the spherical Ising model, the tunneling term
becomes a relevant perturbation when h is tuned away from
the critical point. For many cases with h∈ ½3.14; 3.16�, the
ground-state crosscap overlaps have been evaluated. As one
can see from Fig. 3(a), the values in each system are
remarkably linear versus h − hc. Based on these results,
we conjecture that crosscap coefficients change monoton-
ically when relevant perturbations are turned on to induce a
spontaneous symmetry breaking phase transition. For each
fitting line in Fig. 3(a), its slope is denoted as μðNeÞ≡ μðRÞ.
These values can be fitted very well using the formula
μðRÞ ¼ 0.041R1.467. It is instructive to replot the overlaps
versus ðh − hcÞR1.467 as the fitting lines would become
parallel to each other [see Fig. 3(b)]. From the CFT
perspective, the system in the infrared limit is described
by the Ising CFT perturbed by the ϵ primary field (“thermal
perturbation”). According to our general analysis, the over-
laps should depend on a dimensionless coupling that is
proportional to ðh − hcÞR3−Δϵ . This exponent is 1.587 since
bootstrap calculations found Δϵ ≈ 1.413 [4], which is
reasonably close to our numerical result.

Summary and outlook. To sum up, crosscap states have
been constructed in microscopic models for the ð2þ 1ÞD

(a)

(b)

FIG. 3. Numerical results off the critical point. (a) Ground state
crosscap overlaps for h∈ ½3.14; 3.18�. (b) The same data in panel
(a) plotted versus ðh − hcÞR1.467. The solid lines in both panels
are linear fitting results.
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Ising CFT and extracted crosscap coefficients using their
overlaps. The results are consistent with the ratios between
crosscap coefficients obtained by conformal bootstrap
calculations [63]. We hope that the validity of our crosscap
state can be further substantiated by additional investiga-
tions. Since the numerical values depend on the system
size, it would be useful if larger numbers of electrons can be
accessed by other methods such as density matrix renorm-
alization group [78]. On the analytical side, direct calcu-
lations about the finite-size behaviors of crosscap
coefficients are obviously desirable. In a previous work
by some of the authors, conformal perturbation theory was
developed for ð1þ 1ÞD CFTs to understand finite-size
corrections to crosscap overlaps [74]. It was found that
irrelevant and marginal terms generally lead to different
types of finite-size corrections. If similar results can be
established in ð2þ 1ÞD CFTs, data fitting would be much
more reliable. Besides the crosscap coefficients, one- and
two-point correlation functions associated with the pro-
posed crosscap state should also be studied. The results can
be compared with previous results obtained by conformal
bootstrap [63].

Many other problems about crosscap states and coef-
ficients are largely unclear and deserve further investiga-
tions. It would be interesting to explore if bootstrap or other
methods can also yield the absolute values of the crosscap
overlaps. For several other paradigmatic ð2þ 1ÞD CFTs,
little is known about the crosscap coefficients. In particular,
do they encode certain physical quantities? For the ð1þ
1ÞD compactified boson CFT, which is the low-energy
theory of Tomonaga-Luttinger liquids, crosscap coeffi-
cients are directly related to the compactification radius
and can be used to extract the Luttinger parameter [55].
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