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The standard parity-doublet model with its mass-mixing mechanism fails to describe the axial charge gA
of the nucleon. While gA ¼ 1 in the original Gell-Mann–Levy model, which reproduces the Adler-Bell-
Jackiw anomaly of QCD, in the presence of a chirally invariant baryon mass the mass mixing leads to
gA < 1, whereas phenomenologically it is about 1.28. We propose to remedy this problem by introducing
kinetic-mixing terms corresponding to meson-baryon derivative couplings, similar in spirit to the two-
mixing-angle scenario of the η − η0 mixing. This extended parity-doublet model contains five parameters in
the effective baryonic Lagrangian. Three of them can be determined by using the empirical results for the
axial charge of the nucleon together with the masses of the nucleon and its parity partner, the N�ð1535Þ
resonance. We discuss various options of how to determine the remaining parameters, touching upon the
mass of both parity partners if the chiral condensate is put to zero, the mass of the nucleon in the chiral limit,
and the values of meson-baryon coupling constants related to the decays of the resonance to pion-nucleon
and sigma-nucleon.
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I. INTRODUCTION

The minor part of the mass of the visible Universe is
dynamically generated by the Higgs mechanism. The major
part is dynamically generated by QCD [1]. An interesting
aspect about dynamical mass generation is the fact that the
mechanism can be quantitatively influenced by changing
from the vacuum to a medium with finite energy density
and/or finite net particle densities. In thermal equilibrium,
those systems might be characterized by finite temperature
and/or chemical potential(s). For the Higgs mechanism, one
needs huge energy densities/temperatures on the scale of
electroweak symmetry breaking [2]. This relates to the
physics of the early Universe. But for QCD, one needs
“only” energy densities that can be reached in laboratory
experiments with relativistic nucleus-nucleus collisions [3].
In addition, already the particle density inside of atomic
nuclei might be large enough to cause changes in the
masses of hadrons [4].
One interesting question is the relation between mass

generation and chiral symmetry breaking [5–16]. In a world

without spontaneous chiral symmetry breaking, there
would be nearly degenerate chiral partners of opposite
parity, i.e., with mass differences on the order of isospin-
breaking effects, like the mass difference between proton
and neutron. Clearly, nature (the vacuum) is not like that.
The mass differences between hadrons of opposite parity
are comparable to the hadron masses themselves [17].
Thus, the quark condensate has a large influence on the
spectrum of hadrons. Of course, the values of condensates
are going to change in a medium. If all the mass of say the
nucleon, and hence the visible Universe, was generated by
the effect of spontaneous chiral symmetry breaking, then
the nucleon could be nearly massless in a dense enough
environment, leading to an abnormal state of Lee-Wick
matter [18].
On the other hand, the traditional success of QCD sum

rules to relate the masses of charmonium states to the gluon
condensate [19] suggests that it is not only the quark
condensate that influences the hadron masses. Yet, one
should not view this as two entirely unrelated mechanisms.
There are gluon configurations that cause chiral symmetry
breaking and, therefore, a nonvanishing quark condensate.
However, there are also gluon configurations that can cause
a nonvanishing gluon condensate for systems that are so
dense that chiral symmetry is restored.
If one wants to study how the properties of hadrons are

modified when changing from vacuum to a dense, strongly
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interacting medium, then such a formalism must naturally
satisfy two requirements: first, a good account of the
physics of the starting point, the vacuum, and second, a
nonperturbative quantum field theory that can reliably deal
with the strong many-body aspects of the medium. The
present paper has a focus on the first aspect, the vacuum
situation. But we will formulate the framework such that it
can be applied for in-medium situations.
TheGell-Mann–Levymodel [20] highlights the impact of

spontaneous chiral symmetry breaking on the mass of the
nucleon. Here, the entire mass of the nucleon is caused by a
nonvanishing expectation value of the field of the sigma
meson. In view of the previous discussion about the
importance of a gluonic contribution that does not vanish
at chiral restoration, the Gell-Mann–Levy model is too
simple. In addition, the aspect of chiral partners with
opposite parity appears only for the pion and sigma meson,
but the model does not include a parity partner for the
nucleon. Concerning its vacuum phenomenology, the axial
charge gA of the nucleon is exactly 1which, on the one hand,
matches the Adler-Bell-Jackiw triangle anomaly [21,22] for
π0 → 2γ [23,24] but, on the other, requires radiative cor-
rections to agree with measurements of the beta decay of the
neutron, yielding a value of gA ≈ 1.28 [17].
The parity-doublet model (PDM) [8,10] is an extension

of the Gell-Mann–Levy model that allows a distinction
between a mass contribution caused by chiral symmetry
breaking and a purely gluonic contribution that is formally
untouched by chiral restoration. It also includes the nucleon
N together with a parity partner. For the present work we
assume that this partner is the N�ð1535Þ resonance. The
original two baryon states have opposite parity, are degen-
erate at chiral restoration, but transform oppositely with
respect to chiral transformations and hence have different
couplings to the sigma-pion multiplet. When chiral sym-
metry is spontaneously broken, the two baryon states mix
and form the nondegenerate states of N and N�ð1535Þ. The
mixing angle θ can be related to the original parameters of
the model, which reduces to a Gell-Mann–Levy model with
two independent isospin doublets N and N� for θ ¼ 0
without mixing. As wewill review below, in the presence of
the mass mixing of the standard PDM, the axial charges gA
and g�A of both baryons remain equal and are given by
gA ¼ g�A ¼ cos 2θ [10]. Although the PDM allows for
appealing in-medium studies, this particular aspect of
vacuum phenomenology is thus worse than in the original
Gell-Mann–Levy model. In fact, the larger the fraction of
the chirally invariant gluonic mass of the baryons is, the
smaller their axial charges in the standard PDM.
In general, how to overcome this problem is clear—one

needs extra terms in the Lagrangian. The problem is not to
invent new terms. The problem is then rather to arguewhy to
include a specific term and not another one. In view of the
Lagrangian of the original version of the model with baryon
terms that have either none or one derivative,weproposehere

to keep this restriction and abandon higher-derivative terms.
The strategy is to regard the model as a low-energy proxy to
QCD, for which it certainly makes sense to ignore inter-
actions with too many derivatives. In doing so, we apply the
spirit of effective field theories and include all terms allowed
by symmetry with either zero or one derivative in the baryon
sector. We also will not follow the suggestion to add axial-
vector fields to the theory and mix their longitudinal
components with the pion fields [25,26], because such a
mixing is absent when describing (axial-)vector mesons as
resonance poles in conserved current correlators by anti-
symmetric rank-two tensors in the Joos-Weinberg represen-
tation for massive spin-1 fields [27,28].
Inclusion of extra terms with one derivative implies a

modification of the kinetic terms of the baryons. In the most
general case (considered here) this leads to an additional
mixing between the parity partners. One mixing appears
now in the “mass” sector, the terms without derivatives, and
one in the kinetic sector. The corresponding mixing
scenario can be formulated with two mixing angles. It
resembles the situation in the boson sector, discussed in the
literature, for instance, for the mixing of the two pseudo-
scalar mesons η and η0, which leads to a significantly
improved phenomenology [29]. For renormalization
aspects in the context of kinetic mixing, see Ref. [30].
The paper is structured in the following way. To set the

stage, we discuss the standard version of the PDM in
Sec. II. In Sec. III, we present our extended version of the
model. Two mixing angles are introduced to decouple the
baryon fields. We relate the model parameters to the mixing
angles and baryon masses. The formulae derived in
Sec. III A are manifestly Lorentz invariant. For a discussion
of vacuum properties this formalism is sufficient. However,
it is illuminating to discuss the mixing scenario also from
the point of view of a Dirac Hamiltonian instead of just a
Lagrangian. We present this alternative derivation in
Sec. III B. With this subsection we prepare the ground
for a future generalization to an in-medium situation. In
Sec. IV we make contact between the PDM parameters and
the three-point interactions that couple mesons to baryons.
In addition, we cross-check the extended Goldberger-
Treiman relations. In Sec. V, we discuss the determination
of the parameters of our model. In the standard PDM one
has three parameters. They cannot be determined by the
masses of the two baryons alone. One parameter remains
undetermined, i.e., must be taken from some other source
of information. One might use the mass m0 of the parity
partners in the absence of chiral symmetry breaking as this
undetermined parameter. Correspondingly, we have five
parameters in our extended model but only four clear-cut
phenomenological values: the two baryon masses, the axial
charge of the nucleon, and the coupling of the N�ð1535Þ
to the pion-nucleon system. We explore the conse-
quences of reasonable choices of the mass parameter m0.
We summarize our results in Sec. VI. Appendices are added
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to cover additional aspects that would interrupt the flow of
the main text.

II. STANDARD VERSION OF THE
PARITY-DOUBLET MODEL

The PDM provides an effective hadronic description of
chiral symmetry breaking in the presence of a chirally
invariant baryon mass m0, common to nucleons N and the
negative-parity baryon doublet N�ð1535Þ as their natural
parity partners. This is possible with the so-called mirror
assignment of two sets of spin-1=2 baryons in two-flavor
chiral ð1

2
; 0Þ ⊕ ð0; 1

2
Þ representations N1 and N2 [8,10]. The

baryon-meson interactions are chirally invariant, but spon-
taneous chiral symmetry breaking introduces additional
Dirac mass terms m1 and m2 in the chiral representations
and hence a nontrivial mixing between those and the mass
eigenstates of N and N�. In a more modern language, the
rationale for such a contribution to the mass of the visible
Universe are the so-called gravitational form factors of the
nucleon, i.e., the matrix elements of the QCD energy-
momentum tensor between nucleon states, whose purely
gluonic contributions from the QCD-scale anomaly do not
rely on chiral symmetry breaking [31,32].
In terms of the chiral representations N1 and N2, the

baryon Lagrangian of the PDM with its Oð4Þ-invariant
Yukawa couplings to the scalar σmesonand the pseudoscalar
pions, analogous to those in theGell-Mann–Levymodel, and
an off-diagonal mass term proportional to m0 is given by

L¼ N̄1½i∂− g1ðσþ iγ5τ⃗ π⃗Þ�N1 þ N̄2½i∂− g2ðσ − iγ5τ⃗ π⃗Þ�N2

−m0ðN̄1γ5N2 − N̄2γ5N1Þ: ð1Þ

The relative minus sign in the pion-baryon couplings
reflects the mirror assignment. In the presence of sponta-
neous symmetry breaking, the σ field receives a non-
vanishing vacuum expectation value hσi ¼ fπ ≈ 92 MeV,
leading to Dirac mass contributions m1 ¼ g1hσi and m2 ¼
g2hσi to N1 and N2. The physical positive Nþ ¼ N and
negative N− ¼ N� parity baryon fields are obtained from
diagonalizing the mass matrix in the Nambu-Gorkov space
of parity partner baryons using a simple rotation, with

�
Nþ
N−

�
¼

�
cos θ γ5 sin θ

−γ5 sin θ cos θ

��
N1

N2

�
: ð2Þ

The mixing angle θ is obtained from the condition that the
off-diagonal elements contain only interaction terms
between baryons, pions, and the fluctuating σ meson field
σ̃ ¼ σ − hσi. It turns out to simply be determined by the ratio
of the chirally invariant (gluonic mass) m0 and the average
mass from chiral symmetry breaking, m̄χ ¼ ðm1 þm2Þ=2,

tan 2θ ¼ m0

m̄χ
: ð3Þ

The Lagrangian in Eq. (1) then becomes

L ¼ N̄þði∂ −mþÞNþ þ N̄−ði∂ −m−ÞN− þ Lint; ð4Þ

where the physical masses mþ ¼ mN and m− ¼ mN� of the
positive- and negative-parity baryons are given by

mþ ¼ m0 sin 2θ þm1 cos2 θ −m2 sin2 θ;

m− ¼ m0 sin 2θ þm2 cos2 θ −m1 sin2 θ: ð5Þ
These masses will later frequently also be expressed as
m� ¼ m̄� Δm, in terms of their average m̄ ¼ ðmþ þ
m−Þ=2 and Δm ¼ ðmþ −m−Þ=2, with

m̄ ¼ m0 sin 2θ þ m̄χ cos 2θ; Δm ¼ ðm1 −m2Þ=2: ð6Þ

Form0 ¼ 0 ⇔ θ ¼ 0 (restricting θ to the principal branch of
the arctangent), this reduces tomþ ¼ m1 andm− ¼ m2, and
for hσi ¼ 0 ⇔ θ ¼ π=4 (restricting to positive masses m0,
m̄χ ≥ 0), we recover mþ ¼ m− ¼ m0. On the other hand,
with positive hσi ¼ fπ, and m1, m2 ≥ 0, but for Δm ¼
ðmN −mN� Þ=2 < 0 this immediately implies that we are
looking for solutions with 0 < g1 < g2. In fact, the second
relation in (6) implies, in the vacuum,

g2 − g1 ¼
mN� −mN

fπ
≈ 6.21; ð7Þ

with mN ¼ 939 MeV, mN� ¼ 1510 MeV, and fπ ¼
92 MeV [17]. Two important auxiliary relations for later,
which are easily derived from Eqs. (3), (5), and (6), are

m1 cos2 θ þm2 sin2 θ ¼ mþ cos 2θ;

m2 cos2 θ þm1 sin2 θ ¼ m− cos 2θ: ð8Þ
Before we move on with our discussion of this standard

version of the PDM, we would like to point out that certain
parameter choices would lead to a different physical
situation in the Nambu-Goldstone phase of spontaneous
chiral symmetry breaking. Actually, one can obtain two
nondegenerate baryons that both have the same parity
instead of opposite parities. This case is further discussed in
Appendix A. We do not regard it as likely that this situation
is realized in nature. Still we find it interesting enough to
discuss this possibility. In the main text we will stick to the
standard scenario of two baryons with opposite parity.
The interaction terms of the baryons and the fluctuating

(pseudo-)scalar meson fields σ̃ and π are best collected in a
matrix notation. For later convenience we first represent the
Oð4Þ-vector of ðσ̃; π⃗Þ by a meson matrix M̃, which is
quaternion-block diagonal in the chiral representation,

M̃ ¼ σ̃ þ iγ5τ⃗ π⃗ : ð9Þ
Furthermore, using the abbreviations c ¼ cos θ and
s ¼ sin θ, the interaction Lagrangian can then be written as
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Lint ¼ −
�
N̄þ; N̄−

��
c2g1M̃ − s2g2M̃† −γ5csðg1M̃ þ g2M̃†Þ
γ5csðg1M̃ þ g2M̃†Þ −s2g1M̃ þ c2g2M̃†

��
Nþ
N−

�
: ð10Þ

This defines the corresponding physical baryon-meson couplings,

Lint ¼ −
�
N̄þ; N̄−

��
gσNN σ̃ þ gπNNiγ5τ⃗ π⃗ −gσNN�γ5σ̃ þ gπNN�iτ⃗ π⃗

gσNN�γ5σ̃ − gπNN�iτ⃗ π⃗ gσN�N� σ̃ − gπN�N�iγ5τ⃗ π⃗

��
Nþ
N−

�
: ð11Þ

Note that the signs of the couplings on the diagonal have
been chosen to correspond to those in the original
Lagrangian in (1), without mixing, whereas the off-diago-
nal interactions have been chosen arbitrarily here to fix our
notations. We can then read off the baryon-meson cou-
plings by comparison. For the σ resonance this yields

gσNN ¼ g1 cos2 θ − g2 sin2 θ;

gσNN� ¼ ðg1 þ g2Þ sin θ cos θ;
gσN�N� ¼ g2 cos2 θ − g1 sin2 θ; ð12Þ

and for the pion,

gπNN ¼ g1 cos2 θ þ g2 sin2 θ;

gπNN� ¼ ðg2 − g1Þ sin θ cos θ;
gπN�N� ¼ g2 cos2 θ þ g1 sin2 θ: ð13Þ

With the auxiliary relations in (8), we can express the latter,
with hσi ¼ fπ in the vacuum, in the form

fπgπNN ¼ mN cos 2θ;

fπgπNN� ¼ −Δm sin 2θ;

fπgπN�N� ¼ mN� cos 2θ: ð14Þ

So far, the same was essentially derived already in
Ref. [10]. From the Goldberger-Treiman relations [33,34],
mNgA ¼ fπgπNN and mN�g�A ¼ fπgπN�N� , one then con-
cludes for the axial charges gA ≡ gþþ

A and g�A ≡ g−−A of
the nucleon and the N�ð1535Þ, respectively, in the
standard PDM,

gA ¼ g�A ¼ cos 2θ; ð15Þ

and one can analogously define the transition coupling

gþ−
A ¼ fπgπNN�

mN� −mN
¼ sin 2θ: ð16Þ

This has several problems. First of all, from neutron and
nuclear beta decays the experimental value of the axial
charge of the nucleon is gA ≃ 1.28 [17,35]. In fact,
including the Goldberger-Treiman discrepancy, here one

should probably rather use an even larger value of gA ≃ 1.3,
from a corresponding (isospin-averaged) pion-nucleon
coupling gπNN ≃ 13.3. For a recent determination of
pion-nucleon couplings from effective field theory, see
Ref. [36]. The standard PDM result with gA < 1 in (15) is
certainly phenomenologically unacceptable. The good old
result gA ¼ 1 of the Gell-Mann–Levy model, which
matches the Adler-Bell-Jackiw (ABJ) triangle anomaly
of QCD for π0 → 2γ in this case, here only follows for
m0 ¼ 0, i.e., without any contribution to the nucleon mass
from the gluonic parts of its gravitational form factors.
Because the rationale for the PDM as an effective hadronic
theory for chiral symmetry breaking is to describe just that,
this is very unsatisfying, especially when it comes to
including weak interactions.
Second, the axial charge g�A of the N�ð1535Þ is not at all

equal or even comparable in size to gA, as the standard
PDM predicts at this level from (15) as well. By all
evidence, from what we know, one rather has
g�A ≪ gA [37,38]. In the standard PDM, on the other hand,
they result to be exactly the same, g�A ¼ gA, so that the
respective triangle contributions to the ABJ anomaly of
proton and N� exactly cancel each other, due to the mirror
assignment being proportional to gA − g�A with our sign
conventions, here. With the phenomenological observation
that g�A ≪ gA, where g�A may even still be consistent with
zero within errors [37], the solution to this problem is not as
simple as to add a Wess-Zumino-Witten term in order to
account for the ABJ anomaly (as proposed at the time in
Ref. [10]). Instead of their perfect cancellation, within the
present accuracy of g�A it is phenomenologically quite
viable that the sum of the parity-partner baryon triangles
does in fact match the ABJ anomaly of QCD with
gA − g�A ¼ 1. We will see below that with kinetic mixing
in the extended PDM it is now possible, in principle, to
have a sizable chirally invariant baryon massm0, and hence
a sizable gluonic contribution to the mass of the visible
Universe, together with gA ¼ 1.28 and g�A small at the same
time, e.g., also with matching the ABJ anomaly of QCD as
in the Gell-Mann–Levy model, but here with gA − g�A ¼ 1.
We close this section with a brief remark on the expected

size of the chirally invariant nucleon mass m0. A naive
estimate could be obtained from the scalar gravitational
form factor, which is defined as the matrix elements of the
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trace of the energy-momentum tensor, measuring the
nonconservation of the QCD dilatation current, in nucleon
states at vanishing momentum transfer [31,32]. This leads
to a nucleon-mass decomposition mN ¼ mm þmA, where
mm contains the classical contribution that vanishes along
with the nucleon-sigma term in the chiral limit. If the
gluonic contribution in mA was totally unaffected by chiral
symmetry breaking, this would imply that m0 agrees with
the nucleon mass in the chiral limit, which is about
880 MeV [39–41]. Because this is a drastic assumption,
as the nucleon states are certainly expected to react to chiral
symmetry breaking, it can at best serve as an upper bound.
As another estimate, according to the QCD sum rule
analysis of Ref. [16], the masses of nucleons and
N�ð1535Þ should converge to a common mass value of
m0 between 500 MeVand 550 MeV in the chirally restored
vacuum.

III. KINETIC MIXING

A. Effective Lagrangian with derivative couplings

A way to remedy the shortcoming of jgAj ≤ 1 is the
inclusion of kinetic mixing instead of pure mass mixing.
Kinetic mixing brings along derivative couplings. Besides
the pseudoscalar pion-nucleon interaction, which is stan-
dard for linear sigma models, one obtains also the well-
known pseudovector interaction [42,43]. For the inter-
actions of pions, nucleons, and baryon resonances, one
obtains even derivative couplings that cannot immediately
be rewritten into pseudoscalar or standard pseudovector
type. Of course, by using free equations of motion for the
baryon fields, i.e., by dropping interaction terms beyond
three-point interactions, one is able to relate all three-point
interactions to each other.
In addition, kinetic mixing brings along modifications of

the interaction of nucleons and left-handed currents. This
is, of course, the desired aspect that allows for a modifi-
cation of the axial charge. We will see that jgAj > 1
becomes possible. Given all these aspects, we have
dedicated Appendix B to a detailed motivation and deri-
vation of our extended PDM.
The final result of our considerations is the following

Lagrangian with five parameters:

Lext ¼ N̄1ði∂ − g1MÞN1 þ N̄2ði∂ − g2M†ÞN2

−m0ðN̄1γ5N2 − N̄2γ5N1Þ
þ h1ðN̄1Mγ5i∂N2 þ N̄2i⃖∂γ5MN1Þ
þ h2ðN̄1 i⃖∂γ5M†N2 þ N̄2γ5M†i∂N1Þ: ð17Þ

Here, we have introduced the full meson field matrix
M ¼ σ þ iγ5τ⃗ π⃗, including the vacuum expectation value.1

The terms ∼h1; h2 have been constructed such that they
are manifestly Hermitian. To make contact with standard
kinetic terms we pull all derivatives to the right by partial
integration (and compensate the sign change by anticom-
muting i∂ and γ5). If we furthermore split the couplings h1;2
into sums and differences of the corresponding interaction
terms, according to h1;2 ≡ h� Δh, the extended PDM
Lagrangian with kinetic mixing becomes

Lext ¼ Lþ Lh þ LΔh; ð18Þ

where L is the standard PDM Lagrangian in (1), coinciding
with the h1- and h2-independent terms in (17). The kinetic
mixing terms are collected in

Lh ¼ hðN̄1γ52Mi∂N2 þ N̄1γ5ði∂M†ÞN2

þ N̄2γ52M†i∂N1 þ N̄2γ5ði∂MÞN1Þ;
LΔh ¼ ΔhðN̄2γ5ði∂MÞN1 − N̄1γ5ði∂M†ÞN2Þ: ð19Þ

In this form, one observes that the interaction terms in LΔh

do not affect the mixing of the baryon fields for spacetime-
independent meson field expectation values, but only
introduce additional (pseudo-)vector couplings.
For the mixing of the chiral mirror representations N1

and N2 in the vacuum, we can thus focus on Lþ Lh and
use M ¼ M† ¼ hσi ¼ fπ. This leads to the baryonic
Lagrangian in the vacuum,

Lvac

¼
�
N̄1;N̄2

�� i∂−g1fπ γ5ð2hfπi∂−m0Þ
γ5ð2hfπi∂þm0Þ i∂−g2fπ

��
N1

N2

�
:

ð20Þ

This quadratic form defines the Nambu-Gorkov-Dirac oper-
ator, S−1ðpÞ in momentum space, of the two-flavor parity-
partner baryons ðN1; N2Þ for constant σ and/or pion fields.
Since γ0S−1ðpÞ is Hermitian, it can of course be diagonalized
by a unitary transformation, which here, for h ≠ 0, neces-
sarily depends on the four-momentum p of the baryon,
however, in addition to the meson field expectation value,
hσi ¼ fπ (and the constantsm0, g1, g2, andh). In order to find
the propagating normal modes corresponding to the physical
mass and parity eigenstates, it turns out to be sufficient to
apply a nonunitary but momentum-independent baryon field
transformation of a form, generalizing that in (2),

�
Nþ
N−

�
¼ F

�
N1

N2

�
; with F≡

�
cosθ1 γ5 sinθ2

−γ5 sinθ1 cosθ2

�
:

ð21Þ

This transformation is not measure preserving, but one
has detF ¼ cosðθ1 − θ2Þ, which introduces a meson

1Note that in Appendix B we use a slightly different meson
matrix together with the left- and right-handed fermion fields.
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field–dependent Jacobian, as we will see below. Moreover,
we will need

F†F ¼
�

1 −γ5 sinðθ1 − θ2Þ
−γ5 sinðθ1 − θ2Þ 1

�
; ð22Þ

and

F̄≡ γ0F†γ0 ¼ F†jγ5→−γ5 : ð23Þ

With these definitions, we express the vacuumLagrangian in
terms of the physical baryon fields as

Lvac ¼
�
N̄þ; N̄−

�� i∂ −mþ 0

0 i∂ −m−

��
Nþ
N−

�

¼
�
N̄1; N̄2

�
i∂F†F

�
N1

N2

�

−
�
N̄1; N̄2

�
F̄

�
mþ 0

0 m−

�
F

�
N1

N2

�
: ð24Þ

Comparing this with (20), and using (22), we can first
identify

sinðθ1 − θ2Þ ¼ 2hfπ: ð25Þ

To diagonalize the mass matrix, we furthermore need

F̄

�
mþ 0

0 m−

�
F¼!

�
g1fπ γ5m0

−γ5m0 g2fπ

�
: ð26Þ

Decomposing m� ¼ m̄� Δm, as in the previous section,
this leads to

g1fπ ¼ Δmþ m̄ cos 2θ1;

g2fπ ¼ −Δmþ m̄ cos 2θ2;

m0 ¼ m̄ sinðθ1 þ θ2Þ − Δm sinðθ1 − θ2Þ: ð27Þ

If the parametersm0, g1, g2, and h are determined fromQCD
as the underlying microscopic theory, then one can invert the
four relations in (25) and (27) to determine the two masses
mþ andm− and the twomixing angles θ1 and θ2. In practice,
however, one uses phenomenological input, e.g., for the
masses, and wants to adjust the “original” parameters
accordingly. Therefore, we do not intend to invert the
relations in (25) and (27), but instead express observables

in terms of themixing angles and thephysicalmasses.Below,
we will discuss various ways to determine the values of the
two mixing angles from different observables. Before that,
we will first provide an alternative equivalent Hamiltonian
formulation, which illustrates the role of the normalmodes as
the baryonic quasiparticle excitations from a different and
slightly more general angle.

B. Nambu-Gorkov-Dirac Hamiltonian

The strategy to find the baryonic normal modes is to first
obtain the Nambu-Gorkov-Dirac (single-particle)
Hamiltonian corresponding to the Lagrangian, say in
Eq. (17), with constant meson field expectation value. In
slightly more generality, we can thereby assume an
arbitrary vacuum alignment with a spacetime constant
meson matrix M to represent a general Oð4Þ-vector of
ðσ; π⃗Þ, as in Appendix C, corresponding to the mean-field
Lagrangian in (20). Writing M ¼ ϕU with

U¼ σ̂þ iγ5π̂; σ̂¼ σ=ϕ; π̂¼ τ⃗ π⃗=ϕ; ϕ2¼ σ2þ π⃗2;

where U ¼ 1 in the vacuum with standard alignment, we
first read off the inverse Nambu-Gorkov propagator S−1

from the Lagrangian for constant σ and/or π⃗ meson fields,
which yields in momentum space

ðγ0S−1Þ11 ¼ ω − γ0γ⃗ p⃗−g1ϕγ0U;

ðγ0S−1Þ12 ¼ −2hϕγ5U†ðω − γ0γ⃗ p⃗Þ −m0γ0γ5;

ðγ0S−1Þ21 ¼ −2hϕγ5Uðω − γ0γ⃗ p⃗Þ þm0γ0γ5;

ðγ0S−1Þ22 ¼ ω − γ0γ⃗ p⃗−g2ϕγ0U†: ð28Þ

To find the corresponding Nambu-Gorkov-Dirac
Hamiltonian H, we have to diagonalize the frequency-
dependent part, and rescale the diagonal blocks so that
γ0S−1 → ω −H. This is achieved by first applying the
unitary transformation

G ¼ 1ffiffiffi
2

p
�

1 −γ5U†

γ5U 1

�
;

G† ¼ 1ffiffiffi
2

p
�

1 γ5U†

−γ5U 1

�
; ð29Þ

which yields

Gðγ0S−1ÞG†

¼
� ð1þ 2hϕÞðω− γ0γ⃗ p⃗Þ− 1

2
ðg1 − g2Þϕγ0Uþm0γ0U −γ0γ5 1

2
ðg1 þ g2Þϕ

γ0γ5
1
2
ðg1 þ g2Þϕ ð1− 2hϕÞðω− γ0γ⃗ p⃗Þ þ 1

2
ðg1 − g2Þϕγ0U† þm0γ0U†

�
: ð30Þ
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The second step is rescaling

Gðγ0S−1ÞG† → D−1=2Gðγ0S−1ÞG†D−1=2

with the block-diagonal matrix

D ¼
�
1þ 2hϕ 0

0 1 − 2hϕ

�
; ð31Þ

so that D−1=2Gðγ0S−1ÞG†D−1=2 ≡ ω −H, which defines
the Nambu-Gorkov-Dirac Hamiltonian whose blocks are
then given by

H11 ¼ γ0γ⃗ p⃗þ 1

1þ 2hϕ

�
1

2
ðg1 − g2Þϕγ0U −m0γ0U

�
;

H12 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4h2ϕ2
p γ0γ5

1

2
ðg1 þ g2Þϕ;

H21 ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4h2ϕ2
p γ0γ5

1

2
ðg1 þ g2Þϕ;

H22 ¼ γ0γ⃗ p⃗

þ 1

1 − 2hϕ

�
−
1

2
ðg1 − g2Þϕγ0U† −m0γ0U†

�
: ð32Þ

Because γ0U ¼ U†γ0 the Nambu-Gorkov HamiltonianH is
Hermitian, with

H†
11 ¼ H11; H†

22 ¼ H22; and H†
12 ¼ H21:

The block-diagonal kinetic term γ0γ⃗ p⃗ is of the standard
form now, and the mass matrix can be brought into block-
diagonal form as well, with a momentum-independent
unitary transformation H → VHV†, which leaves the
kinetic term invariant, using

V ¼
�

cosφ γ5 sinφU†

−γ5 sinφ cosφU†

�
: ð33Þ

The condition that the off-diagonal blocks vanish after-
wards then leads to

ð−γ5H11 þ U†H22γ5UÞ cosφ sinφ

¼ γ5H12γ5U sin2 φ − U†H21 cos2 φ: ð34Þ

Working this all out, we obtain here

tan 2φ ¼ −
ðg1 þ g2Þϕ

2m0 þ 2hϕðg1 − g2Þϕ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

q
: ð35Þ

For h ¼ 0, i.e., without the kinetic mixing, this agrees with
Eq. (3) above. To see this, remember that we have
implicitly already rotated by an angle θ0 ¼ π=4 in the
opposite direction with G in step one, which we have to

undo to compare with the h ¼ 0 case above. Thus, using
φ ¼ θ þ π=4 for the rotation remaining in the last step, we
can write tan 2φ ¼ tanð2θ þ π=2Þ ¼ − cot 2θ and hence

tan 2θ ¼ 2m0 þ 2hϕðg1 − g2Þϕ
ðg1 þ g2Þϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p : ð36Þ

The diagonal blocks in the Nambu-Gorkov-Dirac Hamil-
tonian are then obtained from

Hþ ¼ H11 cos2 φþ U†γ5H22γ5U sin2 φ

þ ðH12γ5U þ U†γ5H21Þ cosφ sinφ; ð37Þ

H− ¼ γ5H11γ5 sin2 φþ U†H22U cos2 φ

− ðγ5H12U þU†H21γ5Þ cosφ sinφ: ð38Þ

Both blocks are of the form

H� ¼ γ0γ⃗ p⃗þm�γ0U; ð39Þ

where the masses are worked out in Appendix C as

mþ ¼ 1

2
ðg1 − g2Þϕþ 1

2
ðg1 þ g2Þϕ

1 − 2hϕ cos 2φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p
sin 2φ

;

ð40Þ

m− ¼ −
1

2
ðg1 − g2Þϕþ 1

2
ðg1 þ g2Þϕ

1þ 2hϕ cos 2φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p
sin 2φ

:

ð41Þ

This in turn implies

mþ −m− ¼ ðg1 − g2Þϕ

−
2hϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 4h2ϕ2
p ðg1 þ g2Þϕ cot 2φ ð42Þ

mþ þm− ¼ ðg1 þ g2Þϕffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p
sin 2φ

: ð43Þ

We can use these to find the relatively simple relation

m0 ¼ −m̄ cos 2φ − 2hϕΔm ¼ m̄ sin 2θ − 2hϕΔm; ð44Þ

where m̄ ¼ ðmþ þm−Þ=2 and Δm ¼ ðmþ −m−Þ=2, as in
Sec. II above. Comparing this relation with Eq. (27),
for ϕ ¼ hσi ¼ fπ, we can hence identify φ − π=4 ¼ θ≡
ðθ1 þ θ2Þ=2 and 2hϕ≡ sinðθ1 − θ2Þ, in agreement with
Eq. (25). The latter then also implies

g1ϕ ¼ Δmþ m̄ cos 2θ1; ð45Þ

g2ϕ ¼ −Δmþ m̄ cos 2θ2; ð46Þ
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which completes the map of our Hamiltonian formulation,
generalized for arbitrary vacuum alignment here, to all four
relations in (25) and (27). In particular, this map also
implies that j2hϕj ≤ 1. This restriction is reasonable
because the Nambu-Gorkov-Dirac operator in the presence
of the kinetic mixing implicitly contains (field-dependent)
wave function renormalization factors ð1� 2hϕÞ, which
must remain positive in a stable ground state with con-
stant ϕ.

IV. BARYON-MESON COUPLINGS

The diagonalization procedure, applied in the previous
section to find the masses of the physical states, can also be
used for the determination of the meson-baryon three-point
coupling constants. Details can be found in Appendix B
where we distinguish between the (pseudo-)scalar cou-
plings caused by the g1 and g2 terms in Eq. (17) and the
derivative couplings caused by the terms ∝ h and Δh in
(19). In Sec. V, we discuss the prospects to determine part
of our model parameters by comparison to experimental
data on baryon decays (beta decay of the neutron for gA and
strong decays of the resonance N� for gπNN� and gσNN�).
When addressing these decays by a tree-level calculation,
all baryons are treated as on-shell states. One can thus use
free equations of motion to rewrite derivative couplings
(e.g., the standard pseudovector coupling) into (pseudo-)
scalar couplings.
After this process, we obtain from the results of

Appendix B the following three-point interaction terms
for the pions:

Lπ ¼ −
mþ
fπ

gþþ
A N̄þiτ⃗ · π⃗γ5Nþ

þm−

fπ
g−−A N̄−iτ⃗ · π⃗γ5N−

−
m− −mþ

2fπ
gþ−
A ðN̄þiτ⃗ · π⃗N− − N̄−iτ⃗ · π⃗NþÞ; ð47Þ

with the axial charges

gA ≡ gþþ
A ¼ cosðθ1 þ θ2Þ

cosðθ1 − θ2Þ
þ 4Δhfπ

sin θ1 cos θ2
cos2ðθ1 − θ2Þ

;

g�A ≡ g−−A ¼ cosðθ1 þ θ2Þ
cosðθ1 − θ2Þ

þ 4Δhfπ
cos θ1 sin θ2
cos2ðθ1 − θ2Þ

;

gþ−
A ¼ sinðθ1 þ θ2Þ

cosðθ1 − θ2Þ
− 2Δhfπ

cosðθ1 þ θ2Þ
cos2ðθ1 − θ2Þ

; ð48Þ

generalizing Eqs. (15) and (16) of the standard PDM in
Sec. II, which are recovered upon setting θ1 ¼ θ2 ¼ θ with
Δh ¼ 0. As shown in Appendix B, these axial charges are
the pertinent coupling strengths with which the baryons
couple to the weak left-handed currents. Equation (47)
demonstrates then that the Goldberger-Treiman relations
are indeed satisfied, i.e.,

gπNN ¼ mþ
fπ

gA;

gπN�N� ¼ m−

fπ
g�A;

gπNN� ¼ m− −mþ
2fπ

gþ−
A : ð49Þ

The corresponding interaction Lagrangian for the σ
meson reads

Lσ ¼ −gσNNN̄þσ̃Nþ − gσN�N�N̄−σ̃N−

þ gσNN� ðN̄þγ5σ̃N− − N̄−γ5σ̃NþÞ; ð50Þ

with the σ meson-baryon couplings

gσNN ¼mþ
fπ

cos2ðθ1þθ2Þþ2sin2 θ1 cos2 θ2
cos2ðθ1−θ2Þ

−
m−

fπ

2sin2 θ1 cos2 θ2
cos2ðθ1−θ2Þ

;

gσN�N� ¼m−

fπ

cos2ðθ1þθ2Þþ2sin2 θ2 cos2 θ1
cos2ðθ1−θ2Þ

−
mþ
fπ

2sin2 θ2 cos2 θ1
cos2ðθ1−θ2Þ

;

gσNN� ¼mþ
fπ

cosðθ1þθ2Þðsinðθ1þθ2Þ−2sinðθ1−θ2ÞÞ
2cos2ðθ1−θ2Þ

þm−

fπ

cosðθ1þθ2Þðsinðθ1þθ2Þþ2sinðθ1−θ2ÞÞ
2cos2ðθ1−θ2Þ

þΔhðmþþm−Þ
cosðθ1−θ2Þ

: ð51Þ

Again, using Eqs. (6) and (8), one can verify that these
couplings reduce to those in Eq. (12) when setting θ1 ¼
θ2 ¼ θ and Δh ¼ 0 in the standard PDM.

V. RESULTS

A. PDM baryon masses in the chiral limit

Explicit chiral symmetry breaking is introduced in the
PDM as in the original Gell-Mann–Levy model by adding
an extra symmetry-breaking term ∼cσ to the otherwise
Oð4Þ-invariant mesonic effective potential Vðϕ2Þ. Keeping
the parameters in the baryon Lagrangian fixed, the effect of
the explicit breaking is to change the pion decay constant
from its value in the chiral limit, for c ¼ 0, to hσi ¼ fπ ¼
92 MeV at the physical pion mass. In the other direction,
the only effect on the baryon masses is then due to the
small reduction in the σ vacuum expectation value from fπ
down to

f0π ¼ fπ=1.061 ≈ 87 MeV ð52Þ
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when going to the chiral limit [44]. In the Gell-Mann–Levy
model with mN ¼ m1 ¼ g1hσi, and analogously mN� ¼
m2 ¼ g2hσi (for m0 ¼ 0 in the standard PDM), this then
immediately implies a corresponding reduction of the
nucleon and N� masses in the chiral limit,

m0
N ¼ mN=1.061 ≈ 885 MeV; and

m0
N� ¼ mN�=1.061 ≈ 1423 MeV: ð53Þ

For the chiral-limit nucleon mass this is at the upper end of
current error estimates around m0

N ≈ 880 MeV [39–41]. At
the same time, the Gell-Mann–Levy model estimate in (53)
provides lower bounds on m0

N and m0
N� , in the standard

PDM without kinetic mixing. Increasing the chirally
invariant baryon mass m0 inevitably also increases the
chiral-limit baryon masses and hence introduces some
tension when comparing the standard PDM result to chiral
expansions in this way. This is demonstrated in Fig. 1,
where we plot the masses of the nucleon and the N�ð1535Þ
in the standard PDM (with h ¼ 0), for exemplary choices
of the chirally invariant baryon massm0, as functions of the
σ-field expectation value, fixing g1 and g2 so that mN ¼
939 MeV and mN� ¼ 1510 MeV at the physical point,
where hσi ¼ fπ ¼ 92 MeV. The straight lines withm0 ¼ 0
correspond to the Gell-Mann–Levy model results and
provide the lower bounds for comparison. The nonvanish-
ing values of m0 are thereby adjusted to yield chiral-limit
nucleon masses of m0

N ¼ 890, 900, 910 , and 920 MeV,
respectively. Since h ¼ 0, the axial charges of nucleon
and N�ð1535Þ are bound to be identical, gA ¼ g�A, in
all these results. What we can do, however, without
affecting the baryon mass mixing of the standard PDM,
is to fix the axial charge of the nucleon, for θ1 ¼ θ2 ¼ θ but
Δh ≠ 0,

gA ¼ g�A ¼ cos 2θ þ 2Δhfπ sin 2θ; ð54Þ

by adjusting the derivative coupling Δh to obtain
gA ¼ 1.28, where the two terms here represent the separate
contributions from pseudoscalar and pseudovector pion-
baryon couplings, individually. Therefore, note that in this
case, the pseudoscalar pion-nucleon coupling of the stan-
dard PDM remains unchanged in its form,

gsπNN ¼ mN

fπ
cos 2θ; ð55Þ

and the total pion-nucleon coupling is fixed to gπNN ¼
gAmN=fπ ≈ 13.1 here simply by adding a pseudovector
pion-nucleon coupling fπNN of suitable strength.
Conventionally expressed in units of the pion mass the
latter is here identified as

fπNN ¼ Δhmπ sin 2θ: ð56Þ

Moreover, the N� ↔ πN transition coupling gπNN� then
follows from gþ−

A via the generalized Goldberger-Treiman
relation in (49), which with (48) for h ¼ 0 reduces to

gπNN� ¼ mN� −mN

2fπ
ðsin 2θ − 2Δhfπ cos 2θÞ: ð57Þ

Analogously, theN� ↔ σN transition coupling gσNN� in the
last equation of (51) for h ¼ 0 here with the auxiliary
equations in (8) is shown to reduce to

gσNN� ¼ mN� þmN

fπ
ðsin θ cos θ þ ΔhfπÞ: ð58Þ

The values of Δh, gsπNN , fπNN , and gπNN� , gσNN� obtained
in this subsection without kinetic mass mixing (h ¼ 0)
but with pseudovector pion-baryon couplings adjusted to

FIG. 1. Masses of nucleon (blue) andN�ð1535Þ (orange) in the standard PDM (with h ¼ 0) over the σ-field expectation value. Left: for
chirally invariant baryon masses m0 ¼ f0; 321; 558; 722; 857g MeV, corresponding to nucleon masses in the chiral limit, where
hσi ¼ f0π , of m0

N ¼ f885; 890; 900; 910; 920g MeV (from bottom up). Right: for m0 ¼ f618; 920g MeV, such that jgπNN� j ¼ 0.64 is
adjusted to the N� → πN decay, as discussed in Sec. V B, leading to the special parameter sets in gray with m0

N ¼ f903; 925g MeV in
Table I.
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gA¼1.28 are summarized in Table I. The phenomenologi-
cal estimates of the magnitudes of gπNN� and gσNN� are
discussed next.
One final aspect of potential interest regarding the chiral

limit is the reduction of the axial charge of the nucleon
predicted by this model description. In the chiral limit, we
use f0π tan 2θ0 ¼ 2m0=ðg1 þ g2Þ and

g0A ¼ cos 2θ0 þ 2Δhf0π sin 2θ0; ð59Þ

instead of Eq. (54) to demonstrate the small effect of
reducing fπ → f0π in our calculations. This implies that
for m0 ¼ 0 in the Gell-Mann–Levy model limit,
θ; θ0 → 0, and f0π sin 2θ0 → fπ sin 2θ, so that g0A → gA with
2Δhfπ sin 2θ → 0.28 by definition in this limit. With
increasing chirally invariant baryon massm0 > 0, however,
we obtain a small but increasing amount of quenching of
the axial charge of the nucleon toward the chiral limit, as
shown in the column after the chiral-limit baryon masses of
Table I.
Note that by the same argument, chiral symmetry

restoration, with hσi → 0 at any finite m0 > 0, on the
other hand, requires θ → π=4, and hence necessarily a
complete quenching of the axial charges of both baryons,
gA ¼ g�A → 0. This complete quenching with chiral sym-
metry restoration remains valid also in the presence of
kinetic mixing, when h ≠ 0 and gA ≠ g�A, as can be inferred
from the more general equations in (48). With 2hhσi ¼
sinðθ1 − θ2Þ → 0 in the chirally restored phase, these
predict

gA; g�A → 0; but gþ−
A → 1: ð60Þ

B. Matching to meson couplings

As another approach to determine the parameters of our
extended PDM, including kinetic mixing with h ≠ 0, in this
subsection we fit coupling constants to the decay data of the
N� resonance, i.e., to the partial decay widths ΓN�→πN and

ΓN�→σN . At least, for the decay with the σ meson in the final
state, this has to be taken with a grain of salt. The σ meson
is so broad that it can hardly be taken as a Breit-Wigner
resonance [45,46]. The data, based on coupled-channel
partial-wave analyses, come with large uncertainties. In the
following, we use the central values from the Particle Data
Group [17] for mass and total width of the N�ð1535Þ
(mN� ≈ 1.510 GeV, ΓN�;tot ≈ 0.11 GeV). The branching
ratios for the two channels of interest are taken from [47],
leading to BrðN� → πNÞ ≈ 52% and BrðN� → σNÞ ≈ 6%.
The πN decay width of an N� is given by

ΓN�→πN ¼ 3ΓN�þ→π0p

¼ 3

8π

pcm

m2
N�

jgπNN� j2½ðmN� þmNÞ2 −m2
π�; ð61Þ

where the momentum of the pion and nucleon in the rest
frame of the decaying resonance is obtained as

pcm ¼ 1

2mN�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ðmN� þmNÞ2 −m2

π�½ðmN� −mNÞ2 −m2
π�

q
:

ð62Þ

The discussion of the more complicated case of the
N� → σN decay can be found in Appendix D. In particular,
the partial decay width is provided in (D5),

ΓN�→ðππÞσN ¼ 1

8π
jgσNN� j2

Z ðmN�−mNÞ2

4m2
π

ds
1

N
AðsÞ

×
½ðmN� þmNÞ2− s�1=2

2m3
N�

½ðmN� −mNÞ2− s�3=2;

where AðsÞ is the broad spectral function of the σ meson
with normalization N . In Appendix D we also provide
a simple model description of its two-pion resonance
contribution, which describes the corresponding pole

TABLE I. Parameters for the standard PDM without kinetic mass mixing (h ¼ 0), all formN ¼ 939 MeV andmN� ¼ 1510 MeV, and
with derivative coupling Δh adjusted to fix the axial charge of the nucleon to gA ¼ 1.28 (left), resulting baryon masses and axial charge
in the chiral limit (middle), and baryon-meson couplings at the physical point with fπ ¼ 92 MeV (right): pseudoscalar and
pseudovector pion-nucleon couplings gsπNN and fπNN , and resulting transition couplings gπNN� and gσNN� . The results shown in the left
panel of Fig. 1 correspond to those with m0

N ¼ f885; 890; 900; 910; 920g MeV, and the two rows in bold correspond to the special
parameter sets used in the right panel of Fig. 1, where the magnitude of gπNN� is adjusted to the N� → πN decay, as discussed in
Sec. V B.

m0 [GeV] g1 g2 Δh [GeV−1] m0
N [GeV] m0

N� [GeV] g0A gsπNN fπNN gπNN� gσNN�

0 10.21 16.41 ∞ 0.885 1.423 1.28 10.21 0.212 −∞ ∞
0.321 9.74 15.95 6.524 0.890 1.428 1.27 9.85 0.239 −2.78 19.4
0.558 8.74 14.95 4.649 0.900 1.438 1.26 9.08 0.296 −0.947 16.8
0.618 8.38 14.59 4.479 0.903 1.442 1.26 8.81 0.316 −0.640 16.8
0.722 7.64 13.85 4.353 0.910 1.448 1.25 8.24 0.359 −0.176 17.0
0.857 6.41 12.61 4.393 0.920 1.458 1.24 7.29 0.429 0.379 17.4
0.920 5.68 11.89 4.485 0.925 1.463 1.24 6.74 0.470 0.640 17.6
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parameters and the low-energy pion phase shift reasonably
well, as shown in Fig. 4.
With these definitions, we obtain the following estimates

for the corresponding coupling constants:

jgπNN� j ≈ 0.64 ð63Þ
and

jgσNN� j ≈ 5.24: ð64Þ
Of course, these are very rough estimates, especially for
gσNN� where the branching ratio comes with a sizable
uncertainty of about 50% [48], and our estimate in Eq. (D5)
introduces some additional systematic uncertainty. The
situation is better for gπNN� in (63) where the branching
ratio is known on the 10% level [47].
It might, therefore, be reasonable to relax (64) for now,

and only implement (63) in our parameter fixing. This can
in fact be done as a first exercise without kinetic mixing,
i.e., for h ¼ 0 as in Fig. 1, where we see from Table I that
the family of curves on the left covers both possible signs in
gπNN� ¼ �0.64. We have, therefore, used these two pos-
sibilities to fix the chirally invariant baryon mass m0 as the
only adjustable parameter in this case, which leads to m0 ≈
620 MeV for one sign and m0 ≈ 920 MeV for the other,
cf. the rows of Table I highlighted in bold. These two
solutions for the baryon masses m�ðσÞ are shown

separately in the right panel of Fig. 1. Especially for m0 ≈
620 MeV the chiral-limit nucleon mass of m0

N ≈ 900 MeV
is not absurd, but perhaps still acceptable at this level of
accuracy.
Including the kinetic mixing introduces the coupling

h ≠ 0 as one further parameter to adjust. Remembering that
we always fix the two physical baryon masses and the axial
charge of the nucleon gA ¼ 1.28 we are then left with two
additional parameters (which we can think of as m0 and h).
From the discussions above, we can choose from four
candidates of observables to adjust these. We will explore
three representative possibilities:
(a) Fix the chiral-limit nucleon mass to m0

N ¼ 880 MeV
together with the N� → πN transition coupling to
gπNN� ¼ �0.64.

(b) Fix m0
N ¼ 880 MeV as above, but use g�A ¼ 0.28 for

the axial charge of the N�ð1535Þ.
(c) Fix both transition couplings, jgπNN� j ¼ 0.64 and

jgσNN� j ¼ 5.24, for N� → πN and N� → σN.
The baryon masses m�ðσÞ for cases (a) and (b) are

shown in the left plot of Fig. 2, the corresponding
parameters in Table II.
In particular, in (a), with h ≠ 0, it is now possible to have

jgπNN� j ¼ 0.64 and m0
N ¼ 880 MeV at the same time, for

m0 ¼ 455 MeV or m0 ¼ 252 MeV, resulting in somewhat
smaller chirally invariant baryon mass values than with
h ¼ 0 above, in either case.

FIG. 2. Masses of nucleon (blue) and N�ð1535Þ (orange) over the σ-field expectation value, including kinetic mixing with couplings h
and Δh chosen to adjust the axial charge of the nucleon to gA ¼ 1.28. Left: with nucleon mass in the chiral limit fixed to
m0

N ¼ 880 MeV, comparing solutions where gπNN� ¼ �0.64 and one where the axial charge of the N� is fixed from the anomaly
matching condition gA − g�A ¼ 1. Right: four solutions with jgπNN� j ¼ 0.64 and jgσNN� j ¼ 5.24 discussed in Sec. V B.

TABLE II. Parameters for solutions in the left panel of Fig. 2 with kinetic mixing (left: m0, g1, and g2, plus kinetic mixing and
derivative couplings h and Δh), N� mass and axial charges in the chiral limit (middle: here all withmN ¼ 880 MeV), and at the physical
fπ ¼ 92 MeV (right: all with gA ¼ 1.28, top two rows with jgπNN� j ¼ 0.64, and bottom with gA − g�A ¼ 1).

m0 [GeV] g1 g2 h [GeV−1] Δh [GeV−1] m0
N� [GeV] g0A ðg�AÞ0 ðgþ−

A Þ0 g�A gþ−
A gπNN� gσNN�

0.455 5.47 15.35 3.23 0.30 1.387 1.22 1.14 0.26 1.18 0.21 0.64 −11.12
0.252 8.20 15.62 2.37 1.43 1.404 1.25 1.00 −0.16 1.00 −0.21 −0.64 −8.92
0.148 10.0 14.11 −2.05 −6.17 1.408 1.22 0.35 1.42 0.28 1.52 4.72 15.82
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On the other hand, with these realistic values for the
magnitude of the N� → πN coupling gπNN� , as in (a), an
axial charge of the N�ð1510Þ results of similar magnitude
as gA (with g�A ¼ 1.18 in one case and g�A ¼ 1.00 in the
other). Since h ≠ 0, in the presence of the kinetic mixing gA
and g�A need no longer be equal, but the smallness of
g�A [37,38] is difficult to realize together with such a
comparatively small N� → πN transition coupling.
For comparison, in (b), we, therefore, sacrifice the

smallness of the magnitude of gπNN� in favor of that of
g�A. Lacking a more precise value, here we more or less
arbitrarily choose g�A ¼ 1 − gA ¼ 0.28. This is well within
the phenomenological uncertainties [37,38] and has the
appealing feature that our extended PDM with kinetic
mixing then matches the ABJ triangle anomaly of QCD for
π0 → 2γ (as the Gell-Mann–Levy model does, correspond-
ing to gA ¼ 1 and g�A ¼ 0). Note that with kinetic mixing
we can always arrange gA − g�A ¼ 1 to match the triangle
anomaly by simply implementing the constraint

Δh ¼ 1 − 4h2f2π
8hf2π

ð65Þ

on h and Δh, from Eq. (48), using 2hfπ ¼ sinðθ1 − θ2Þ.
On the other hand, with gπNN� ¼ 4.72 in this case (b),

cf. Table II, in the presence of kinetic mixing, we observe as
a general trend that it is not possible to have a small g�A and
a sufficiently small gπNN� [and hence a small gþ−

A ,
cf. Eq. (49)] at the same time.
Finally, the baryon masses m�ðσÞ for case (c), where we

leave both the chiral-limit nucleonmass and the axial charge
g�A of the N�ð1535Þ resonance unconstrained, are shown in
the right panel of Fig. 2. There are four independent
solutions with jgπNN� j ¼ 0.64 and jgσNN� j ¼ 5.24. The
parameters and the corresponding coupling constants of
N andN� to σ and π from Eqs. (49) and (51) are provided in
Table III.

So far we have glossed over one subtlety when relating the
mixing angles, the observables, and the PDM parameters. A
baryon field, e.g., N, can be redefined by N → −N without
changing any observable. It just provides an overall quantum
mechanical phase that cannot be measured. However, this
flips the sign of all coupling constants connecting N to N�.
This freedom allows us to arbitrarily fix the sign of one such
transition coupling. Without loss, we, therefore, choose
gσNN� > 0, here. Only the last two columns in Table III
are influenced by this sign convention. The microscopic
PDM parameters would not change if we demanded, e.g.,
gπNN� > 0. Anotherway of phrasing this aspect is to note that
the mixing angles θ1 and θ2 are not uniquely defined by (25)
and (27). For instance, a simultaneous change θ1 → π − θ1,
θ2 → 2π − θ2 does not change any of these equations. Also
those relations for the coupling constants (49) and (51) will
remain the same where only one baryon is involved.
However, all signs flip for the N − N� couplings. In the
mixing formula (21), the upper row of the matrix F receives
an extra sign, which is just the operation Nþ → −Nþ.
From the four solutions in Table III solution number 2

stands out as the one with the smallest values for the
unconstrained baryon-meson couplings gσNN , gσN�N� , and
gπN�N� . This could be important because the matrix ele-
ments for the corresponding vertices are proportional to the
square of these couplings and might grow too large, too
quickly. In fact, using the Goldberger-Treiman relation for
the N�ð1535Þ in Eq. (49) we find that it is only this solution
number 2, with g�A ¼ 1.14, which at least leads to g�A < gA.
On the other hand, although this solution has the smallest
magnitude of h, which might seem preferable to consider
kinetic mixing as a perturbation of the standard PDM, it
also has the smallest value of the chirally invariant baryon
mass m0, indicating that kinetic mixing in fact dominates
over mass mixing in this case.
Using the same model parameters m0, g1, g2, h, and Δh

(and same sign convention) as in Table III, we show in

TABLE III. Values for PDM parameters and three-point coupling constants. The PDM parameters m0, g1, g2, h, and Δh have been
chosen such that jgπNN� j and jgσNN� j agree with phenomenology, (63) and (64).

Solution m0 [GeV] g1 g2 h [GeV−1] Δh [GeV−1] gσNN gπNN gσN�N� gπN�N� gσNN� gπNN�

1 0.198 7.61 5.78 −4.58 1.474 28.10 13.06 64.60 46.82 5.24 −0.64
2 0.078 8.30 13.44 3.12 0.439 13.99 13.06 26.32 18.73 5.24 −0.64
3 0.119 6.51 11.20 4.05 −0.777 19.69 13.06 41.38 28.86 5.24 0.64
4 0.272 8.72 6.55 −4.23 1.021 20.63 13.06 46.01 33.24 5.24 0.64

TABLE IV. Continuation of Table III. Values for baryon masses and three-point coupling constants in the chiral limit.

Solution m0
N [GeV] m0

N� [GeV] g0A ðg�AÞ0 ðgþ−
A Þ0 g0σNN g0πNN g0σN�N� g0πN�N� g0σNN� g0πNN�

1 0.819 1.248 1.24 2.36 −0.0641 21.18 11.64 43.26 33.81 5.87 −0.16
2 0.871 1.383 1.24 1.12 −0.172 13.16 12.44 23.96 17.87 4.71 −0.51
3 0.848 1.324 1.23 1.61 0.206 16.95 12.00 33.22 24.49 4.18 0.56
4 0.845 1.306 1.22 1.79 0.253 17.00 11.86 34.82 26.89 5.58 0.67
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Table IV the results for baryon masses and coupling
constants in the chiral limit where Eq. (52) applies. It is
interesting to see that for all solutions, the value for g0A
remains very close to the physical value of gA ≈ 1.28. This
is in qualitative agreement with results from lattice QCD,
cf. the discussion in [49].

VI. SUMMARY AND OUTLOOK

Among the appealing aspects of the PDM, as describing
chiral symmetry breaking in the presence of a purely
gluonic, chirally invariant baryon mass from the scale
anomaly in QCD, the smallness of the axial charge gA ≪ 1
of the nucleon N stands out as one very unsatisfying
feature [10]. Another potential problem of the standard
PDM is the rigid relation gA ¼ g�A between gA and the axial
charge g�A of the negative-parity partner baryon, conven-
tionally assumed to be the N�ð1535Þ resonance. In this
paper we have shown that both problems are solved by
including derivative couplings of σ meson and pions to the
parity-partner baryons N and N�. In particular, we have
extended the Lagrangian of the standard PDM by all such
couplings with one derivative that are allowed by sym-
metry, most importantly by chiral symmetry. This intro-
duces two new couplings of mass dimension [−1],
h1;2 ≡ h� Δh. While the difference Δh of the two has
no effect on the mixing of the baryonic mass eigenstates N
and N�, it can be used to solve the first problem, the
smallness of gA, by introducing (pseudo-)vector meson-
baryon couplings. To independently adjust g�A, however,
one needs both independent derivative couplings of the
extended chiral model, h and Δh. In particular, h ≠ 0 then
also affects the mass mixing between N and N�.
We have discussed various possibilities to adjust the

model parameters entering the effective baryonic
Lagrangian with derivative couplings. For any given pair
of values of the poorly constrained chiral baryon mass m0

and h, the two standard Yukawa couplings g1 and g2 are
uniquely determined by the masses of N and N�. In
addition, Δh can always be adjusted to reproduce the
phenomenological value of the nucleon’s axial charge,
gA≊1.28, in all parameter sets that we have explored. This
is a significant improvement especially when the parity-
doublet model is used to calculate neutrino emissivities of
dense baryonic matter [50].
The remaining two model parameters to fix are then m0

and h.We have discussed various possibilities to use two out
of a set of four possible observables: the chiral-limit nucleon
mass m0

N , the axial charge g
�
A of the N�ð1535Þ, and the two

meson-baryon transition couplings, gπNN� and gσNN� , the
magnitudes of which we estimate from the corresponding
decay widths. Calculating the respective other two observ-
ables as model predictions can then serve to assess the
consistency of the effective description. Although the
procedure is limited by the considerable uncertainties in

several of these observables, we can summarize a few
general trends: a sizable value of the chirally invariant
baryon mass m0 is difficult to reconcile with the expected
reduction of the nucleon mass in the chiral limit. Moreover,
the general mixing pattern makes it impossible to have a
small axial charge g�A ∝ gπN�N� of theN�ð1535Þ [37,38] and
reasonably small meson-baryon transition couplings gπNN�

and gσNN� at the same time. While gσNN� is plagued by
considerable uncertainty, gπNN� ∝ gþ−

A (from generalized
Goldberger-Treiman relations) is actually rather well con-
strained. In fact, our estimate of jgπNN� j ≈ 0.64 leads to a
prediction of jgþ−

A j ≈ 0.21 for the size of the off-diagonal
axial charge connecting Nð939Þ and N�ð1535Þ.
A general feature of the PDM is the complete quenching

of the diagonal axial charges of N and N� in a putative
hadronic high-density phase with chiral symmetry restora-
tion, where gA; g�A → 0 but gþ−

A → 1. This general feature
remains true in the extended PDM with kinetic mixing
introduced here.
The full chiral structure of hadrons—and not only the

(approximate) vector flavor symmetry—is probed by the
weak interaction with its preference for left-handed par-
ticles and right-handed antiparticles. Of course, our present
developments, which lead to the correct strength of gA,
allow for a quantitatively reasonable description of the
classic weak process, the beta decay of the neutron. In this
spirit, it would be interesting to extend the framework from
two to three light flavors. In the meson sector, chiral
perturbation theory is a standard tool for the understanding
of kaon and eta decays [51–53]. But in the sector of
hyperons, there are severe challenges for the application of
chiral perturbation theory to nonleptonic and radiative
decays [54–57]. Logarithmic corrections to leading-order
results seem to work reasonably well in some channels but
fail in others. On the other hand, full next-to-leading-order
calculations have very limited predictive power, because
they involve too many unknown low-energy constants.
In such a situation, a better microscopic understanding of

the structure of baryons might help for a reliable estimate of
the respective sizes of the low-energy constants. A three-
flavor version of the mirror assignment can provide such a
microscopic picture. It is also appealing that the mirror
assignment involves not only the ground-state baryons but
also resonant states. The weak interaction induces a further
mixing of baryon states that have different numbers of
strange quarks. In general, the larger the mixing is, the
smaller the energy difference of the strong interaction
eigenstates is. For instance, the mass of the Σ baryon lies
exactly in the middle between the nucleon and the Roper
resonance, and also the Nð1535Þ is only further 100 MeV
away. It has often been speculated that these resonances
play an import role in weak nonleptonic and radiative
decays [56,58–60]. Obviously, the mirror assignment
would correlate the weak mixing parameters of a hyperon
to ground-state baryons and to resonances.
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Just recently, LHCb announced the observation of the
most rare baryon decay seen so far, namely, the process
Σþ → pμþμ− [61]. Unfortunately, a severe high-precision
test of the standard model is hampered by the limited
predictive power of chiral perturbation theory [56,57] and
lattice QCD [62] for the weak radiative decays. More
microscopic input based on a better understanding of the
chiral structure of baryons can improve the situation.
However, this requires to spell out the concrete chiral
representations that enter in the description of three-flavor
multiplets of ground-state baryons and low-lying resonan-
ces. For instance, a two-flavor chiral structure of a left-
handed doublet and right-handed singlet can be generalized
to a left-handed triplet and right-handed antitriplet or to a
left-handed octet and right-handed singlet. Various inter-
polating currents for baryons with well-defined chiral
transformation properties have been formulated in [63].
It would be interesting to explore the different predictions
related to specific choices of chiral representations—see
also the discussion in [64]. By having the classical beta
decay under control, our present work can be seen as a
starting point to explore the consequences of the mirror
assignment for the vacuum phenomenology of weak
baryon decays.
At the same time, weak processes also play an important

role for nuclear physics. Here, the neutrino emissivity for
the cooling of neutron stars might serve as a prominent
example [50]. With the realistic axial charges of our
extended PDM, it will, therefore, be important, as a first
step, to reconsider the phenomenologically successful
description of the thermodynamics and equation of state
of symmetric and asymmetric nuclear and β-equilibrated
neutron star matter [65–67].
Of course, the extension of the formalism to three light

flavors allows us to study the importance of hyperons for
neutron star physics [64,68]. An interesting question here is
the nature of the in-medium chiral phase transition. Does
the restoration take place for three or just for two flavors?
As long as a symmetry remains spontaneously broken, it
might seem advantageous to use a nonlinear realization for
the Goldstone bosons [43,69,70]. In this case, it is not
necessary to spell out the transformation properties of the
baryons with respect to the full chiral group. But one must
use a chiral vielbein with its derivative couplings to ensure
the Goldstone theorem. A nonlinear realization is of
advantage if one wants to keep the framework as model
independent as possible. One stays as ignorant as possible
about the chiral properties of baryons. On the other hand, as
already discussed, a linear representation is of advantage if
one wants to develop and test a more microscopic picture of
baryons. Coming back to the chiral phase transition, it is
certainly easier to use a linear representation for the (part of
the) symmetry group that gets restored. However, we note
in passing that also a nonlinear sigma model can have a
chiral phase transition [71].

At large particle and energy densities, strongly interact-
ing matter will get so dense that the quarks do not know
anymore to which hadron they belong. Historically, this has
been addressed by percolation transitions [72]. The relevant
densities at which this is expected to happen are determined
by the mass radius of the proton [73]. For a recent
discussion in terms of the valence-quark radius of a hadron
after subtraction of the long-range meson cloud, see
Ref. [74]. With an expected “quark-gluon core” radius
of about 0.5 fm, one might speculate that densities
considerably higher than that of nuclear saturation can
be reached before quark (and gluon) degrees of freedom
become relevant. They will, nevertheless, clearly constitute
the relevant degrees of freedom at asymptotically high
densities, while the parity-doublet model deals solely with
hadrons, with the possible interpretation of the chirally
invariant baryon mass describing precisely that of their
quark-gluon cores. Extending a hadronic model by quark
degrees of freedom can easily lead to double counting. In
principle, however, one can obtain a phase transition
between hadronic and quark matter by merging two
equations of state or by developing a model with quark
and baryon degrees of freedom, see, e.g., Refs. [75–79] and
references therein for the application to neutron stars. The
possible disadvantage of a plain merger is the model
dependence on both the hadronic and the quark side,
which might lead to quantitatively unrealistic phase tran-
sitions. In particular, for situations where there is a second-
order phase transition or a crossover, one prefers one
unified framework for low and high density. In particular,
this will be the case for a percolation transition, which
typically is a geometric phase transition without a thermo-
dynamic singularity. A technically more advanced strategy
for the future is certainly the use of functional renormal-
ization group flows for QCD at asymptotically large scales
in combination with dynamical hadronization toward
hadronic scales [80–82]. We regard it as reasonable to
expect a situation where the high-density phase of quarks
and gluons displays a flow toward the population of
mesonic and diquark correlations when the density is
reduced.2 In a second step, further reducing the density,
such a quark-diquark-meson system [86] would then be
expected to flow toward a meson-baryon system. This
would bring us back to a version of the parity-doublet
model, with predictions for the respective values of the
model parameters, i.e., the chirally invariant baryon mass
and coupling constants. The present work has demonstrated
that it is thereby important to study not only the effective
potential and baryon mass mixing, but also kinetic mixing
on the level of derivative terms, such as the pseudovector
pion-nucleon coupling.

2When the temperature is sufficiently low, the resulting
diquark correlations are already relevant in the high-density
phase, leading to color superconductivity [83–85].
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APPENDIX A: PARITY FLIP BY SPONTANEOUS
SYMMETRY BREAKING

Here, we discuss the interesting (but maybe phenom-
enologically irrelevant) finding that spontaneous symmetry
breaking can flip the relative parity between the two baryon
states around. Since this is a subtle issue we discuss this
case in some detail.
Consider a pair of left-handed and a pair of right-handed

baryon fields where the members of each pair transform
oppositely under (chiral) isospin transformations, namely,

B1L → ULB1L;

B1R → URB1R;

B2L → URB2L;

B2R → ULB2R: ðA1Þ

Here, the label L (R) for the baryon fields refers to left-
(right-)handed fermions concerning the Lorentz group.
Note the mirror assignment [8,10] for B2.
In a first step, we restrict ourselves to fermions. The most

general SUð2ÞL × SUð2ÞR invariant Lagrangian with
dimension-3 and dimension-4 operators is

L0 ¼ B1Li∂B1L þ B2Li∂B2L þ B1Ri∂B1R þ B2Ri∂B2R

−m1B1LB2R −m2B2LB1R

−m3B1RB2L −m4B2RB1L: ðA2Þ

Hermiticity demands m1 ¼ m�
4 and m2 ¼ m�

3. Parity sym-
metry leads to m1 ¼ m3 and m2 ¼ m4. This yields

L0 ¼ B1Li∂B1L þ B2Li∂B2L þ B1Ri∂B1R þ B2Ri∂B2R

−m1B1LB2R −m�
1B2LB1R

−m1B1RB2L −m�
1B2RB1L: ðA3Þ

If we write the mass parameter m1 as jm1jeiα, then we can
move the phase into a redefinition of the B1 fields,

e−iαB1L → B1L and e−iαB1R → B1R: ðA4Þ

We end up with the most general Lagrangian,

L0 ¼ B1Li∂B1L þ B2Li∂B2L þ B1Ri∂B1R þ B2Ri∂B2R

−m0B1LB2R −m0B2LB1R

−m0B1RB2L −m0B2RB1L; ðA5Þ

and a positive mass parameter m0 ≡ jm1j.
We stress that B1 and B2 are not the physical fields, i.e.,

they do not correspond to single-particle excitations. The
physical fields are superpositions of B1 and B2. We also
stress that we do not know yet about the relative parity
between the physical fields. This can be determined most
easily via interactions with mesons. Finally, we have not
introduced yet the additional mass generation via sponta-
neous symmetry breaking.
To this end, we introduce a meson field M that trans-

forms as

M → ULMU†
R: ðA6Þ

Spontaneous symmetry breaking will be achieved by the
replacement Ma

b → fπδab. The parity transformation
changes M to M†. In terms of sigma and pion fields one
might write M ¼ σ þ iπ⃗ · τ⃗ with Pauli isospin matrices τ⃗.
The most general chirally invariant Lagrangian with

dimension-4 operators containing our baryon fields and the
mesons is

LM ¼ −g1B1LMB1R − g�1B1RM†B1L

þ g2B2LM†B2R þ g�2B2RMB2L: ðA7Þ

Parity symmetry demands g�i ¼ gi, leading to

LM ¼ −g1B1LMB1R − g1B1RM†B1L

þ g2B2LM†B2R þ g2B2RMB2L ðA8Þ

with two real-valued parameters g1 and g2. It is important to
note that the field redefinitions (A4) do not change (A8).
Thus, L0 þ LM is the most general Lagrangian compatible
with the chiral symmetry SUð2ÞL × SUð2ÞR and parity,
provided that one ignores higher-dimensional operators.
We discuss now the two cases of Wigner-Weyl phase and

Nambu-Goldstone phase for the chiral symmetry group
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SUð2ÞL × SUð2ÞR. In the former case, the Lagrangian (A8)
provides only interactions. We need to diagonalize the
Lagrangian (A5) such that one obtains the standard form of
a free Lagrangian for two baryons. In a second step we will
check what this diagonalization implies for the interaction
terms of (A8). This will allow us to determine the parity of
the obtained single-particle baryon states.
As it stands we can merge the left- and right-handed

components together and obtain the compact version

L0 ¼ B̄1i∂B1 þ B̄2i∂B2 −m0B1B2 −m0B2B1: ðA9Þ

We introduce new fields via

B1 ¼
1ffiffiffi
2

p ðBA þ BBÞ; B2 ¼
1ffiffiffi
2

p ðBA − BBÞ ðA10Þ

and find

L0 ¼ BAi∂BA þ BBi∂BB −m0BABA þm0BBBB: ðA11Þ

This is not the standard form of a free Lagrangian yet,
because the mass term for BB has the wrong sign. In this
context we recall that the parameter m is positive by
construction. Therefore, we introduce

Bþ ≡ BA; B− ≡ −γ5BB; ðA12Þ

or in components

BþL ≡ BAL; BþR ≡ BAR;

B−L ≡ BBL; B−R ≡ −BBR: ðA13Þ

As desired we obtain the standard form of a free
Lagrangian,

L0 ¼ Bþi∂Bþ þ B−i∂B− −m0BþBþ −m0B−B−: ðA14Þ

The two baryons have the same mass. Finally, we rewrite
the interaction Lagrangian (A8) in terms of the physical
fields Bþ and B−. A very practical way to do this is the
introduction of the Hermitian and anti-Hermitian parts of
the meson matrix M ¼ Mh þMa. The Hermitian part is
invariant under parity, i.e., describes scalar mesons. The
anti-Hermitian part is odd under parity and describes
pseudoscalars. We get

LM ¼−g1B1MhB1−g1B1Maγ5B1

þg2B2MhB2−g2B2Maγ5B2

¼−
1

2
ðg1−g2ÞBþMhBþþ1

2
ðg1−g2ÞB−MhB−

þ1

2
ðg1þg2ÞBþMhγ5B− −

1

2
ðg1þg2ÞB−Mhγ5Bþ

−
1

2
ðg1þg2ÞBþMaγ5Bþþ1

2
ðg1þg2ÞB−Maγ5B−

þ1

2
ðg1−g2ÞBþMaB− −

1

2
ðg1−g2ÞB−MaBþ: ðA15Þ

It is obvious that Bþ and B− have opposite parity. This
should also be clear from the point of view of chiral
symmetry in the Wigner-Weyl phase. Massive states have
chiral partners with opposite parity (except if the massive
state is a chiral singlet). If a conserved axial charge acts on a
state, the parity flips but the energy/mass does not change.
The interactions also have the same strength for these chiral
partners, as one can easily read off from (A15).
After this detailed analysis, one can shortcut the dis-

cussion if one is only interested in the masses and relative
parity of the baryonic single-particle states: one just
determines the eigenvalues of the mass matrix. If both
eigenvalues are positive, then the baryons have the same
parity. If the eigenvalues have different signs, then the
physical states have opposite parity relative to each other. If
both eigenvalues are negative, one can redefine the baryon
fields such that the masses become positive without any
change of the physics. The physical states will have the
same parity.
Now we switch to the Nambu-Goldstone phase of

spontaneous symmetry breaking. We want to show that
there are parameter choices form0, g1, and g2 where the two
physical baryon states have the same parity. Replacing
Ma

b → fπδab and collecting all terms quadratic in the fields
yields the free Lagrangian

Lfree;SSB ¼ B1i∂B1 þ B2i∂B2 −m0B1B2 −m0B2B1

− g1fπB1B1 þ g2fπB2B2: ðA16Þ

Therefore, we look for the eigenvalues of the mass matrix

�
g1fπ m0

m0 −g2fπ

�
; ðA17Þ

which are given by

mA;B ¼ −
1

2
fπðg2 − g1Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ
1

4
f2πðg1 þ g2Þ2

r
: ðA18Þ

If both gifπ are relatively small, i.e., if the dominant
effect comes from the m2

0 term, then we will find one
positive and one negative mass eigenvalue. In this case one
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introduces new fields (A12) and obtains two states with
opposite parity. Their masses are given by

mþ;− ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ
1

4
f2πðg1 þ g2Þ2

r
∓ 1

2
fπðg2 − g1Þ: ðA19Þ

This is the standard scenario of the PDM in the Nambu-
Goldstone phase, two nondegenerate baryons with opposite
parity and masses given by (A19). In the main text we focus
on this scenario and extend it by the introduction of kinetic
mixing.
However, if the two coupling constants have different

signs, e.g., g1 > 0 and g2 < 0, and if

g1ð−g2Þf2π > m2
0; ðA20Þ

then the two masses given by (A18) will have the same sign
(positive for our sign choice of the coupling constants).
There is no reason to redefine one of the baryon fields via
(A12). The baryons states labeled by A and B qualify as
single-particle states. For this nonstandard scenario, one
obtains two nondegenerate baryons with the same parity
and masses given by (A18).
What happens if we approach the Wigner-Weyl phase of

restored chiral symmetry in this nonstandard scenario? In
other words, what happens if fπ becomes smaller? At some
point, the condition (A20) is no longer satisfied. At the
break-even point of m2

0 ¼ −g2g1f2π , the smaller of the two
masses vanishes. Note that this happens before chiral
symmetry is fully restored with fπ ¼ 0. After this break-
even point, the two physical baryon states have opposite
parity. The state that was massless at the break-even point
has switched its parity relative to the heavier partner state.
With altered parity it regains mass until it becomes
degenerate with its parity partner at the point of chiral
restoration. It is certainly a funny possibility that a particle
has a vanishing mass before chiral restoration is reached
and has regained a mass at chiral restoration (and a parity
opposite to the vacuum case).
We stress again that we regard it as less likely that this

scenario is realized in nature. Nonetheless, it might be
interesting to plug in some numbers. If we search for two
baryons close in mass and with the same parity, the nucleon
and Roper [Nð1440Þ] come to mind, in particular given the
fact that it is not so clear why the first excitation of the
nucleon does not have opposite parity relative to the ground
state [87,88].
If both states have the sameparity (in thevacuum), thenwe

read off from (A18) the mass difference between the two

states. This difference is given by 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

0 þ 1
4
f2πðg1 þ g2Þ2

q
,

which places an upper limit onm0. If one chooses g1 ¼ −g2
and the masses of nucleon and Roper, then one obtains the
rather low value of m0 ≈ 0.25 GeV together with
g1 ¼ −g2 ≈ 13. When the pion decay constant fπ, i.e., the

sigma expectation value, has dropped from about 92 to about
20 MeV, then the nucleon mass vanishes for this choice of
parameter values. Note that this is just a particular model
case. There is no reason to choose g1 ¼ −g2. The purpose is
just to show a typical value ofm0. For the case g1 ≠ −g2, the
value ofm0 would further shrink below 0.25 GeV, if we keep
nucleon and Roper as the states for which this nonstandard
scenario is supposed to hold. In general, the limits of the
parameters for this scenario are m0 ≤ ðmA −mBÞ=2 and
mB ≤ jg2jfπ ≤ ðmA þmBÞ=2 ≤ g1fπ ≤ mA (if one assumes
0 < jg2j ≤ g1). The limiting cases are m0 ¼ ðmA −mBÞ=2
together with g1fπ ¼ −g2fπ ¼ ðmA þmBÞ=2 and m0 ¼ 0
together with g1fπ ¼ mA, jg2jfπ ¼ mB.

APPENDIX B: DETAILED DERIVATION OF THE
EXTENDED PDM LAGRANGIAN

In this appendix, we formulate a PDM version that
contains kinetic mixing. We focus on the baryon sector, i.e.,
we do not spell out explicitly the meson Lagrangian of the
linear sigma model that leads to spontaneous symmetry
breaking. In the baryon sector, we want to include all
possible terms with no or one derivative and with no or one
meson field. We include in the general construction also the
coupling to weak currents with the purpose to determine the
axial charge gA. We also regard it as useful to check the
Goldberger-Treiman relations [33,34]. In the chiral limit,
this relation establishes a connection between the strong
coupling of Goldstone bosons (here pions) to a hadron
multiplet and the weak coupling of these hadrons. The
coupling to external (weak) currents is best achieved by
promoting the chiral symmetry to a local symmetry [89].
We start with two baryon fields B1 and B2 of the same

parity that behave oppositely with respect to local chiral
isospin transformations,

B1LðxÞ → ULðxÞB1LðxÞ;
B1RðxÞ → URðxÞB1RðxÞ;
B2LðxÞ → URðxÞB2LðxÞ;
B2RðxÞ → ULðxÞB2RðxÞ: ðB1Þ

Here, the label L (R) for the baryon fields refers to left-
(right-)handed fermions concerning the Lorentz group.
Note the mirror assignment [8,10] for B2.
To achieve local invariance of the Lagrangian, we

introduce left- and right-handed external sources. Their
transformation behavior is given by

lμðxÞ → ULðxÞðlμðxÞ þ i∂μÞU†
LðxÞ;

rμðxÞ → URðxÞðrμðxÞ þ i∂μÞU†
RðxÞ: ðB2Þ

Vector and axial-vector source terms are built in the
following way:
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vμ ≡ 1

2
ðrμ þ lμÞ; aμ ≡ 1

2
ðrμ − lμÞ: ðB3Þ

With the help of the external sources we can build chirally
covariant derivatives. Wewill always useDμ, but it depends
on the field how Dμ is defined. Specifically,

DμB1L≡ ð∂μ− ilμÞB1L; DμB2R≡ ð∂μ− ilμÞB2R;

DμB1R≡ ð∂μ− irμÞB1R; DμB2L≡ ð∂μ− irμÞB2L: ðB4Þ

Finally, we introduce the isospin matrix of scalar and
pseudoscalar meson fields,3 M ¼ σ þ iτ⃗ · π⃗, which trans-
forms according to

MðxÞ → ULðxÞMðxÞU†
RðxÞ: ðB5Þ

Wewant to build chirally invariant fermion bilinears with
one derivative at most. There are four groups distinct by

chiral isospin and by fermion chirality (Lorentz group
property). These groups are as follows:
(1) B1L and iDB2R,
(2) B2R and iDB1L,
(3) B1R and iDB2L, and
(4) B2L and iDB1R.

Lorentz invariance prevents the combinations of group
elements within one group and combinations of groups 1
and 4 and of groups 2 and 3. Chiral isospin symmetry
demands the use of a meson matrix M or M† when
combining groups 1 and 3 or 2 and 4. In total one can
build 25 ¼ 32 terms. But eight of them have two deriva-
tives. Avoiding those, it leads to 24 terms. As usual, total
derivatives are ignored because they drop out in the action.
This leads to the 20 terms given below. Hermiticity and
parity symmetry reduce them to seven proper combinations
and charge conjugation symmetry makes the parameters
real-valued. After normalizing the kinetic terms we find

Lext ¼ B1LiDB1L þ B1RiDB1R þ B2RiDB2R þ B2LiDB2L −m0ðB1LB2R þ B1RB2L þ B2RB1L þ B2LB1RÞ
− g1ðB1LMB1R þ B1RM†B1LÞ þ g2ðB2RMB2L þ B2LM†B2RÞ
− h1ðB1LMiDB2L þ B1RM†iDB2R þ iDB2LM†B1L þ iDB2RMB1RÞ
− h2ðB2RMiDB1R þ B2LM†iDB1L þ iDB1RM†B2R þ iDB1LMB2LÞ: ðB6Þ

One can rewrite the fermions in a more compact form by
using B (and γ5B) instead of BL and BR. On the other hand,
the coupling to mesons and to the external currents needs to
then be rewritten into the explicit couplings to σ, π and aμ,
vμ, respectively. We will do this in the end for the physical
fields Nþ and N− that describe the nucleon and the N�
resonance.
It is worth discussing the impact of the discrete sym-

metries in more detail. Let us look at the m0 terms in (B6).
Parity relates the first with the second term (and the third
with the fourth). Hermiticity relates the first with the third
term. Charge conjugation maps a left-handed field, BL, on
the adjoint of a right-handed field, B†

R, and vice versa. Thus,
it relates the first with the fourth term. Parity alone would
allow for a complex-valued parameter m0 in front of the
first and second terms. Hermiticity demands that the
parameter in front of the third and fourth terms is m�

0.
Charge conjugation demands m0 ¼ m�

0.
As a second example we look at the g1 terms. For the

meson fields, the parity transformation is M → M†.

Already parity symmetry demands the same coefficient
in front of the two terms. Hermiticity makes g1 real-valued.
All this fits to charge conjugation symmetry if the meson
fields transform as M → MT .
The analysis of the m0 terms can be taken over to the h1

and h2 terms. The appearance of γμ induces an additional
sign change for charge conjugation. This is implicitly
accounted for by extending the Dirac conjugation to the
factor of i in front of the derivative.
If one analyzes the Lagrangian (B6) in the Wigner-Weyl

phase of restored chiral isospin symmetry, the diagonaliza-
tion procedure leads to one positive and one negative
eigenvalue for the mass parameters. To obtain the standard
form of a free Lagrangian with two positive mass
parameters, one introduces the new fields N1L ≡ B1L,
N1R ≡ B1R, N2L ≡ −B2L, and N2R ≡þB2R, or in a more
compact version,

N1 ≡ B1; N2 ≡ γ5B2: ðB7Þ

The new fields have now opposite intrinsic parity relative to
each other. Also, charge conjugation looks slightly different
because N2L is mapped on the adjoint of the negative of the
right-handed field, i.e., on −N†

2R. In terms of these new
fields the Lagrangian becomes

3Note that we use a combined isospin-spinor matrix in the
main text to parametrize the mesons. The context will always
reveal which matrix is used. Left- and right-handed fermion fields
come with the isospin matrix specified in this appendix. Four-
component fermion fields come with the meson matrix that
contains a γ5.
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Lext ¼ N1LiDN1L þ N1RiDN1R þ N2RiDN2R þ N2LiDN2L −m0ðN1LN2R − N1RN2L þ N2RN1L − N2LN1RÞ
− g1ðN1LMN1R þ N1RM†N1LÞ − g2ðN2RMN2L þ N2LM†N2RÞ
− h1ð−N1LMiDN2L þ N1RM†iDN2R − iDN2LM†N1L þ iDN2RMN1RÞ
− h2ðN2RMiDN1R − N2LM†iDN1L þ iDN1RM†N2R − iDN1LMN2LÞ: ðB8Þ

If we drop the coupling to external sources (D → ∂) and
introduce four-component spinors by using γ5, we come to
the Lagrangian (17).
In this appendix, we will keep the coupling to external

sources and also stick with the left- and right-handed
fermion fields for some part of the analysis. Yet, we put
the free part of (B8) into a more compact form, focusing
now on the case of spontaneous symmetry breaking,
M → fπ. We obtain

Lfree ¼ N1i∂N1 þ N2i∂N2 −m0ðN̄1γ5N2 − N̄2γ5N1Þ
− g1fπN̄1N1 − g2fπN̄2N2

þ 2hfπðN̄1γ5i∂N2 þ N̄2γ5i∂N1Þ: ðB9Þ

The parameters h1 and h2 enter the free Lagrangian only in
the combination h≡ ðh1 þ h2Þ=2.

Given the opposite intrinsic parities of N1 and N2, it is
natural that N̄1γ5N2 is the pertinent parity symmetric
combination. But a too naive application of charge con-
jugation would map N̄1γ5N2 on þN̄2γ5N1. Hermiticity
would then demand that m0 is purely imaginary. This is
wrong. The correct charge conjugation operation is stan-
dard for B2, but nonstandard for N2, namely,

N̄1γ5N2 ¼ B̄1B2 → þB̄2B1 ¼ −N̄2γ5N1: ðB10Þ

We stress this explicitly because the common lore is that a
pseudoscalar bilinear is even with respect to charge
conjugation.
The remaining tasks are to diagonalize and rescale the

free Lagrangian and to determine the coupling constants of
the three-point vertices. One way to achieve these goals is
to start from the right- and left-handed fields in (B6) or (B8)
and introduce the physical fermion fields via

0
BBB@

NþL

NþR

N−L

N−R

1
CCCA ¼

0
BBB@

cos θ1 0 sin θ2 0

0 cos θ1 0 sin θ2
sin θ1 0 − cos θ2 0

0 − sin θ1 0 cos θ2

1
CCCA

0
BBB@

B1L

B1R

B2L

B2R

1
CCCA: ðB11Þ

The inverse relation is

0
BBB@

B1L

B1R

B2L

B2R

1
CCCA ¼ 1

cosðθ1 − θ2Þ

0
BBB@

cos θ2 0 sin θ2 0

0 cos θ2 0 − sin θ2
sin θ1 0 − cos θ1 0

0 sin θ1 0 cos θ1

1
CCCA

0
BBB@

NþL

NþR

N−L

N−R

1
CCCA: ðB12Þ

The corresponding relation for N1;2 reads

0
BBB@

NþL

NþR

N−L

N−R

1
CCCA ¼

0
BBB@

cos θ1 0 − sin θ2 0

0 cos θ1 0 sin θ2
sin θ1 0 cos θ2 0

0 − sin θ1 0 cos θ2

1
CCCA

0
BBB@

N1L

N1R

N2L

N2R

1
CCCA: ðB13Þ

In compact notation this means
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�
Nþ
N−

�
¼

�
cos θ1 γ5 sin θ2

−γ5 sin θ1 cos θ2

��
N1

N2

�
: ðB14Þ

If one uses (B12), then one can express the baryon
masses and the diagonalization conditions in terms of the
parameters of the Lagrangian. One finds

mþ ¼ 1

cos2ðθ1 − θ2Þ
× ðg1fπ cos2 θ2 − g2fπ sin2 θ1 þ 2m0 sin θ1 cos θ2Þ;

m− ¼ 1

cos2ðθ1 − θ2Þ
× ð−g1fπ sin2 θ2 þ g2fπ cos2 θ1 þ 2m0 cos θ1 sin θ2Þ;

0 ¼ g1fπ sinð2θ2Þ þ g2fπ sinð2θ1Þ − 2m0 cosðθ1 þ θ2Þ;
ðB15Þ

together with

2hfπ ¼ sinðθ1 − θ2Þ: ðB16Þ

If one uses (B11), then one can express the parameters in
terms of the physical baryon masses. In addition to (B16),
this yields

g1fπ ¼ mþ cos2 θ1 −m− sin2 θ1;

g2fπ ¼ m− cos2 θ2 −mþ sin2 θ2;

m0 ¼ mþ cos θ1 sin θ2 þm− cos θ2 sin θ1: ðB17Þ

It has been cross-checked that Eqs. (B15) and (B17) are
fully compatible with each other.

If we keep only the external sources (and the vacuum
expectation value of the meson field matrix), the
Lagrangian becomes

Lfreeþsources ¼ Nþiγμð∂μ − ivμÞNþ −mþNþNþ
þ N−iγμð∂μ − ivμÞN− −m−N−N−

þ gþþ
A Nþaμγμγ5Nþ − g−−A N−aμγμγ5N−

− gþ−
A ðNþaμγμN− þ N−aμγμNþÞ; ðB18Þ

with the axial charges

gþþ
A ¼ cosðθ1 þ θ2Þ cosðθ1 − θ2Þ þ 4Δhfπ sin θ1 cos θ2

cos2ðθ1 − θ2Þ
;

g−−A ¼ cosðθ1 þ θ2Þ cosðθ1 − θ2Þ þ 4Δhfπ cos θ1 sin θ2
cos2ðθ1 − θ2Þ

;

gþ−
A ¼ sinðθ1 þ θ2Þ cosðθ1 − θ2Þ − 2Δhfπ cosðθ1 þ θ2Þ

cos2ðθ1 − θ2Þ
;

ðB19Þ

and Δh≡ ðh1 − h2Þ=2. Note that we have used (B3) to
rewrite left- and right-handed source terms into vector and
axial-vector source terms. We see that the vector sources do
not get renormalized. They relate to the unbroken vector
subgroup.
Now we turn to the meson-baryon three-point inter-

actions. We will write down two versions, with and without
using equations of motion. For the latter case we obtain for
the pions the Lagrangian

Lπ¬eom ¼ −
g1 cos2 θ2 þ g2 sin2 θ1

cos2ðθ1 − θ2Þ
Nþiτ⃗ · π⃗γ5Nþ þ g1 sin2 θ2 þ g2 cos2 θ1

cos2ðθ1 − θ2Þ
N−iτ⃗ · π⃗γ5N−

þ −g1 sinð2θ2Þ þ g2 sinð2θ1Þ
2 cos2ðθ1 − θ2Þ

ðN−iτ⃗ · π⃗Nþ − Nþiτ⃗ · π⃗N−Þ þ
2Δh sin θ1 cos θ2
cos2ðθ1 − θ2Þ

Nþ τ⃗ ·ð∂μπ⃗Þγμγ5Nþ

−
2Δh cos θ1 sin θ2
cos2ðθ1 − θ2Þ

N− τ⃗ ·ð∂μπ⃗Þγμγ5N− þ Δh cosðθ1 þ θ2Þ
cos2ðθ1 − θ2Þ

ðNþ τ⃗ ·ð∂μπ⃗ÞγμN− þ N− τ⃗ ·ð∂μπ⃗ÞγμNþÞ

þ h
cosðθ1 − θ2Þ

ðN− τ⃗ ·π⃗∂Nþ − ∂N− τ⃗ ·π⃗Nþ − Nþ τ⃗ ·π⃗∂N− þ ∂Nþ τ⃗ ·π⃗N−Þ: ðB20Þ

Note that the last term cannot be rewritten into a standard pseudovector interaction, i.e., we obtain more than just the
standard pseudoscalar and pseudovector interactions when two different baryons are involved.
This pattern appears also for the three-point functions involving the σ meson (we use σ̃ ¼ σ − fπ),
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Lσ¬eom ¼ −g1 cos2 θ2 þ g2 sin2 θ1
cos2ðθ1 − θ2Þ

Nþ σ̃Nþ þ g1 sin2 θ2 − g2 cos2 θ1
cos2ðθ1 − θ2Þ

N− σ̃N−

þ g1 sinð2θ2Þ þ g2 sinð2θ1Þ
2 cos2ðθ1 − θ2Þ

ðNþ σ̃ γ5N− − N− σ̃ γ5NþÞ þ
Δh

cosðθ1 − θ2Þ
ðNþið∂σ̃Þγ5N− − N−ið∂σ̃Þγ5NþÞ

−
2h sin θ1 cos θ2
cos2ðθ1 − θ2Þ

ðNþ σ̃ i∂Nþ − ∂Nþiσ̃NþÞ þ
2h cos θ1 sin θ2
cos2ðθ1 − θ2Þ

ðN− σ̃ i∂N− − ∂N−iσ̃N−Þ

−
h cosðθ1 þ θ2Þ
cos2ðθ1 − θ2Þ

ðN−iσ̃∂γ5Nþ − ∂N−iσ̃γ5Nþ þ Nþiσ̃∂γ5N− − ∂Nþiσ̃γ5N−Þ: ðB21Þ

The equations of motion have the general structure

ði∂ −m�ÞN� ¼ J�N�; ðB22Þ

where J� contains at least one field (meson or external
source). Plugging the equation of motion back into the
interaction Lagrangian of three-point interactions yields
new three-point interactions (with less derivatives) and
extra terms that contain J� together with another meson
field. Thus, this procedure generates new four-point inter-
actions. In other words, free equations of motion can safely
be used to rewrite three-point interaction terms as long as
one does not specify the four-point interactions.
In this spirit we can rewrite every derivative interaction

into a pseudoscalar interaction (and vice versa). Also the
last term in (B20) can be simplified. This yields the
Lagrangian for pion-baryon three-point interactions given
in (47) of the main text. Note that we have made use of
(B16) and (B17). We have also used (B19) to show that
we have recovered the Goldberger-Treiman relations.
Repeating this procedure for (B21) leads to the
Lagrangian for the σ meson given in (50).

APPENDIX C: MEAN-FIELD LAGRANGIAN
FOR GENERAL VACUUM ALIGNMENT

Due to chiral symmetry we can generalize the free
baryon Lagrangian of Sec. III A for an arbitrary spacetime
constant meson matrix M, corresponding to a general
alignment of the Oð4Þ-vector ðσ; π⃗Þ on the vacuum mani-
fold. This leads to the mean-field Lagrangian

LMF ¼
�
N̄1; N̄2

�

×

�
i∂− g1M γ5ð2hMi∂−m0Þ

γ5ð2hM†i∂þm0Þ i∂− g2M†

��
N1

N2

�
:

ðC1Þ

This quadratic form defines in momentum space the
Nambu-Gorkov-Dirac operator, S−1ðpÞ, of the two-flavor
parity-partner baryons ðN1; N2Þ for constant σ and/or pion
fields. Since γ0S−1ðpÞ is Hermitian, it can of course be
diagonalized by a unitary transformation, which here, for

h ≠ 0, necessarily depends on the four-momentum p of the
baryon, however, in addition to the meson matrix M (and
the constants m0, g1, g2, and h). In order to find the
propagating normal modes corresponding to the physical
mass and parity eigenstates, it turns out to be sufficient to
apply a nonunitary but momentum-independent baryon
field transformation of a form, generalizing that in (2),

�
Nþ
N−

�
¼ F

�
N1

N2

�
; ðC2Þ

with, again using the abbreviations c1 ¼ cos θ1, s1 ¼ sin θ1
and c2 ¼ cos θ2, s2 ¼ sin θ2,

F ¼
�

c1 γ5s2U†

−γ5s1 c2U†

�
; ðC3Þ

where the meson field dependence is encoded in the unitary
matrix U, defined, as in the main text, by

U¼ σ̂þ iγ5π̂; σ̂¼ σ=ϕ; π̂¼ τ⃗ π⃗ =ϕ; ϕ2 ¼ σ2þ π⃗2;

ðC4Þ

so that M ¼ ϕU. This transformation is not measure
preserving, but one has detF ¼ cosðθ1 − θ2Þ, which intro-
duces a meson field–dependent Jacobian, as we will see
below. Moreover, we will need

F†F¼
�

1 −γ5 sinðθ1−θ2ÞU†

−γ5 sinðθ1−θ2ÞU 1

�
; ðC5Þ

and

F̄ ¼ γ0F†γ0 ¼
�

c1 γ5s1
−γ5s2U† c2U†

�
: ðC6Þ

With these definitions, we express the mean-field
Lagrangian in terms of the physical baryon fields as
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LMF ¼
�
N̄þ; N̄−

�� i∂ −mþU 0

0 i∂ −m−U

��
Nþ
N−

�

¼
�
N̄1; N̄2

�
i∂F†F

�
N1

N2

�

−
�
N̄1; N̄2

�
F̄

�
mþU 0

0 m−U

�
F

�
N1

N2

�
: ðC7Þ

Comparing this with (C1), using (C5) we can first identify

sinðθ1 − θ2Þ ¼ 2hϕ; ðC8Þ

in agreement with Eq. (25). In addition, from

F̄

�
mþU 0

0 m−U

�
F¼!

�
g1M γ5m0

−γ5m0 g2M†

�
; ðC9Þ

we obtain the relations

g1ϕ ¼ c21mþ − s21m− ¼ Δmþ m̄ cos 2θ1;

g2ϕ ¼ c22m− − s22mþ ¼ −Δmþ m̄ cos 2θ2;

m0 ¼ c1s2mþ þ c2s1m−

¼ m̄ sinðθ1 þ θ2Þ − Δm sinðθ1 − θ2Þ: ðC10Þ

These are the generalizations, for generalM ¼ ϕU, of (27),
cf. Sec. III B.
The general form of the corresponding Dirac

Hamiltonians

H� ¼ γ0γ⃗ p⃗þγ0m�U ðC11Þ

is given in Eqs. (37) and(38). These can be worked out
explicitly, using Eq. (32), to obtain

Hþ ¼ γ0γ⃗ p⃗þ 1

1þ 2hϕ
γ0

�
1

2
ðg1 − g2ÞM −m0U

�
cos2φ

þ 1

1 − 2hϕ
γ0

�
1

2
ðg1 − g2ÞM þm0U

�
sin2φ

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p γ0ðg1 þ g2ÞM cosφ sinφ; ðC12Þ

H− ¼ γ0γ⃗ p⃗−
1

1þ 2hϕ
γ0

�
1

2
ðg1 − g2ÞM −m0U

�
sin2 φ

−
1

1 − 2hϕ
γ0

�
1

2
ðg1 − g2ÞM þm0U

�
cos2 φ

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p γ0ðg1 þ g2ÞM cosφ sinφ; ðC13Þ

where φ ¼ ðθ1 þ θ2Þ=2þ π=4 and 2hϕ ¼ sinðθ1 − θ2Þ, as
in Sec. III B.

As usual, they both satisfy H2
� ¼ p⃗2 þm2

�, so that we
can read off the mass eigenvalues for general vacuum
alignment as

mþ ¼ 1

1þ 2hϕ

�
1

2
ðg1 − g2Þϕ −m0

�
cos2 φ

þ 1

1 − 2hϕ

�
1

2
ðg1 − g2Þϕþm0

�
sin2 φ

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p 1

2
ðg1 þ g2Þϕ sin 2φ; ðC14Þ

m− ¼ −
1

1þ 2hϕ

�
1

2
ðg1 − g2Þϕ −m0

�
sin2 φ

−
1

1 − 2hϕ

�
1

2
ðg1 − g2Þϕþm0

�
cos2 φ

þ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p 1

2
ðg1 þ g2Þϕ sin 2φ: ðC15Þ

Without kinetic mixing, i.e., for h ¼ 0 and with
φ ¼ θ þ π=4, this reduces to the masses of nucleon and
N� in Eq. (5).
Using Eq. (35) we can furthermore eliminate m0 from

Eqs. (C14) and (C15), writing

mþ ¼ 1

2
ðg1 − g2Þϕþ 1

2
ðg1 þ g2Þϕ

1 − 2hϕ cos 2φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p
sin 2φ

;

ðC16Þ

m− ¼ −
1

2
ðg1 − g2Þϕþ 1

2
ðg1 þ g2Þϕ

1þ 2hϕ cos 2φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4h2ϕ2

p
sin 2φ

;

ðC17Þ

yielding Eqs. (40) and (41) in the main text.

APPENDIX D: THE σ MESON AS A BROAD
RESONANCE OF PION-PION SCATTERING

The PDM provides predictions for the coupling of the σ
meson to baryons. In principle, the prediction for the
σ − N� − N interaction strength can be compared to the
partial decay width of Nð1535Þ → σN. In general, we stick
to tree-level calculations in the present work. However, the
σ meson is a very broad resonance [17] of pion-pion
scattering [45]. Approximating it by a stable state would
yield very misleading results. Also on the experimental
side, the σ meson is extracted from events with two pions in
the final state [47,48]. This requires the introduction of a
realistic spectral distribution for the σ meson. This is the
main aspect of this appendix. However, we establish first
the decay formulae.
We start with the three-point interaction between a σ

meson, a nucleon, and a JP ¼ 1
2
− resonance,

KUMMER, LEUPOLD, and VON SMEKAL PHYS. REV. D 113, 116010 (2026)

116010-22



L ¼ gσNN� ðN̄ σ̃ γ5N� − N̄�σ̃γ5NÞ: ðD1Þ

The Feynman matrix element for the decay N� → Nσ is
given by

M ¼ gσNN� ūNðp0Þγ5uN� ðpÞ: ðD2Þ

This leads to the spin-averaged squared matrix element

hjMj2i ¼ −
1

2
jgσNN� j2Tr½ð=p0 þmNÞγ5ð=pþmN� Þγ5�

¼ jgσNN� j2½ðmN� −mNÞ2 −m2
σ�: ðD3Þ

One reason why we write this down in detail is to stress that
this relativistic version is not fully compatible with the
following guess inspired by a nonrelativistic treatment:

hjMj2i∼? jp⃗σj2

¼ 1

4m2
N�

½ðmN� −mNÞ2 −m2
σ�½ðmN� þmNÞ2 −m2

σ�:

ðD4Þ

The extra factor ðmN� þmNÞ2 −m2
σ, which depends on the

σ mass, does not show up in (D3). This is a serious issue
because the σ meson is a very broad resonance. This makes
it necessary to introduce a spectral distribution where the σ
mass becomes a variable. For such a case, the partial decay
width is given by

ΓN�→ðππÞσN ¼ jgσNN� j2
Z ðmN�−mNÞ2

4m2
π

dm2
12

1

N
Aðm2

12Þ

×
1

8π

λ1=2ðm2
N� ;m2

N;m
2
12Þ

2m3
N�

½ðmN� −mNÞ2−m2
12�:

ðD5Þ

We have introduced the Källén function

λða; b; cÞ≡ a2 þ b2 þ c2 − 2ðabþ bcþ acÞ; ðD6Þ

here leading to

λðm2
N� ; m2

N;m
2
12Þ ¼ ½ðmN� −mNÞ2 −m2

12�
× ½ðmN� þmNÞ2 −m2

12�: ðD7Þ

This function serves to specify the momentum of the
nucleon and the sigma meson in the rest frame of the
decaying resonance [jp⃗j ¼ λ1=2=ð2mN� Þ].
The spectral distribution of the σ meson is denoted byA.

The quantity N denotes the normalization of this spectral
distribution,

N ≡
Z

∞

4m2
π

dm2
12Aðm2

12Þ: ðD8Þ

Note that in (D5) one finds the invariant two-pion mass
m12 instead of an on-shell σ mass in the phase space factor
λ1=2 and in the ðmN� −mNÞ2 −m2

12 factor of the squared
matrix element. What makes the introduction of a spectral
distribution indispensable is the kinematical situation that
we face: a stable sigma meson would grossly underestimate
the available phase space that starts at mN þ 2mπ and not
only at mN þmσ. For narrow resonances, the correct
threshold is of minor importance. But for broad resonances,
the correct threshold has an important quantitative impact.
We need to determine the spectral distribution of the σ

meson. We introduce the propagator

DσðsÞ ¼
1

s − m̊2
σ − ΠðsÞ ðD9Þ

with the self-energy ΠðsÞ and define

A≡ −
1

π
ImDσ: ðD10Þ

The quantity m̊σ denotes the bare mass of the σ meson. By
the interactions with the pions the bare, stable σ becomes a
resonance with a pole of the scattering amplitude on the
second Riemann sheet of two-pion scattering.
Let us briefly review the most important aspects of the σ

meson and the scattering of two pions in an s-wave with
isospin 0. The σ meson, also known as f0ð500Þ, is the
lightest hadronic resonance. Its pole on the second
Riemann sheet lies far away from the real axis [45].
This makes its description by a Breit-Wigner function
problematic. At least, one should include an energy-
dependent real part of a self-energy and not only a width.
The σ meson is an elastic resonance of pion-pion scattering
in the s-wave of isospin zero. Thus, we should look at the
properties of the σ meson together with the properties of the
pion-pion scattering amplitude.
The first idea would be simply to approximate the self-

energy of the σ meson by a one-loop expression with two
pion propagators. Such a loop expression is given by

Iðq2Þ≡ −i
Z

d4l
ð2πÞ4

1

l2 −m2
π þ iϵ

1

ðq − lÞ2 −m2
π þ iϵ

:

ðD11Þ

Its renormalization is discussed below. Our first guess is

then Π¼? − 3
2
g̃2I, where g̃ denotes the coupling of the σ

meson to charged pions. The self-energy accounts for pion
loops with charged and neutral pions. This leads to the
coefficient 3=2.
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One could adjust the parameters (bare σ mass m̊σ and σ-
pion coupling g̃) such that the pole on the second Riemann
sheet agrees with the phenomenological value given
in [45]. However, we have checked that this construction
leads to an additional pole on the real axis just below the
two-pion threshold, a very unphysical artifact. We do not
show the results of this approach. A similar line of
reasoning against the use of simple one-loop self-energies
has been provided in [46].
The conclusion is that we need a better account of the

subthreshold region of pion-pion scattering for the isospin-
zero s-wave. An important aspect here is the appearance of
an Adler zero (see Ref. [90] and references therein). To
account for this significant feature we start from an
approximation to the pion-pion scattering amplitude
instead of an approximation to the σ self-energy. In other
words, we start from a two-body quantity instead of a one-
body quantity. We want to account for a resonance and for
the Adler zero. The key is the use of an extra contact
interaction (a natural ingredient in effective field theories)
besides the resonance propagator. In the present work, we
describe a formalism for the σ meson and pion scattering in
the s-wave that has been developed in [91], originally for
the ρ meson and the p-wave.
Let us provide some basic definitions. One subtraction is

required to make the loop function I finite (in four
dimensions). One obtains (see, e.g., Ref. [91])

Iðq2Þ − Ið0Þ ¼ Jðq2Þ; ðD12Þ

where on the real axis4 J is given by

JðsÞ ¼ 1

16π2

�
2þ σðsÞ log σðsÞ − 1

σðsÞ þ 1

�
ðD13Þ

with the velocity of the pions in the two-particle rest frame

σðsÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

s

r
: ðD14Þ

For later use we provide

Im IðsÞ ¼ Im JðsÞ ¼ σðsÞ
16π

; ðD15Þ

which holds along the real axis for s ≥ 4m2
π. Below the two-

pion threshold the σ meson has no width (in vacuum). It is
straightforward to extend the loop functions I and J to the
two Riemann sheets that emerge from the cut caused by
elastic rescattering of the two pions [92].

Now we turn to the two-body quantity, the scattering
amplitude t, as obtained from a Bethe-Salpeter equation
(ignoring renormalization for a moment),

tðsÞ ¼ kðsÞ þ 16πkðsÞIðsÞtðsÞ; ðD16Þ

which one can rephrase as

t−1ðsÞ ¼ k−1ðsÞ − 16πIðsÞ ðD17Þ

with a scattering kernel kðsÞ that has no right-hand cut. This
relation ensures the optical theorem Im t ¼ σtt�, which can
be recast into Im t−1 ¼ −σ. A graphical representation can
be found in Fig. 1 of [91].
We approximate the scattering kernel by the sum of a

contact term and a (tree-level) resonance. The contact term
is supposed to serve as an approximation for the left-hand
cut structures (in particular ρ and σ exchange). We demand
two properties for our scattering amplitude to hold. It
should have a resonance pole on the second Riemann sheet,
as discussed before. In addition, the scattering kernel and,
therefore, the scattering amplitude should have an Adler
zero [90] at the appropriate location. We deem this as the
most important chiral constraint for the isoscalar s-wave
amplitude.
The scattering kernel is approximated by

kðsÞ ¼ −
3

32π
g̃2

1

s − m̊2
σ
þ 3

32π
g̃2

1

sA − m̊2
σ

ðD18Þ

and we renormalize at the Adler zero sA. Thus, the
appropriate proper version of (D17) is

t−1ðsÞ ¼ k−1ðsÞ − 16πðJðsÞ − JðsAÞÞ: ðD19Þ

We recall that m̊σ denotes the bare mass of the σ meson and
g̃ the coupling of the σ to two charged pions.
In leading-order chiral perturbation theory [93], the

Adler zero in the scalar-isoscalar channel sits at

sLOA ¼ 1

2
m2

π ≈ ð98 MeVÞ2; ðD20Þ

where we have used an isospin-averaged value of
mπ ≈ 138 MeV for the pion mass [17]. According to the
dispersive analysis [90] of pion-pion scattering, the Adler
zero is located at

sA ≈ ð84 MeVÞ2 ðD21Þ

but with a relatively large uncertainty that covers the
leading-order result. We have checked that both choices
lead practically to the very same propagator of the σ meson.
Therefore, we use (D20) in the following. For most of our
calculations we will also use the isospin-averaged pion

4Strictly speaking J has a right-hand cut along the real axis
starting at the two-pion threshold. The expression for J is valid
above the cut, i.e., for sþ iϵ.
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mass. Yet, when comparing our pion phase shift to the
results from [90] we also readjust the pion mass to the
choice of [90],mπ ≈ 139.57 MeV, such that the phase shift
can be meaningfully compared also close to threshold.
Except there, the differences are minute.
We adjust our parameters g̃ and m̊σ such that the pole of

the scattering amplitude lies (on the second Riemann sheet)
at the phenomenologically determined location [45]

spole ¼ ðð0.45� 0.02Þ − ið0.28� 0.01ÞÞ2 GeV2: ðD22Þ

We obtain

m̊2
σ ≈ 0.67 GeV2 ⇒ m̊σ ≈ 0.82 GeV: ðD23Þ

We note in passing that this is a quite interesting result for
the tree-level mass of the σ meson. Based on algebraically
realized chiral symmetry, Weinberg suggested [94] that the
mass of the σ meson should coincide with the mass of the ρ
meson (in the chiral limit). The result (D23) is close to the
mass of the ρ meson.
For the coupling of the σ meson to two charged pions we

find

g̃2 ≈ 33.6 GeV2: ðD24Þ

With all parameters determined, we can turn to an
improved version of the self-energy of the σ meson,
following [91]. For convenience we introduce the scattering
amplitude t0 that would emerge from a pure contact
interaction without the σ resonance. It is given by

t0ðsÞ ¼ 3

32π
g̃2

1

sA − m̊2
σ − 3

2
g̃2ðJðsÞ − JðsAÞÞ

: ðD25Þ

A graphical representation can be found in Fig. 2 of [91].
We propose that the complete solution of the Bethe-

Salpeter Eq. (D19) can be decomposed as

tðsÞ ¼ t0ðsÞ − 3

2
g̃2t0ðsÞðJðsÞ − JðsAÞÞDσðsÞ

−
3

2
g̃2DσðsÞðJðsÞ − JðsAÞÞt0 −

3

32π
g̃2DσðsÞ

−
3

2
g̃2t0ðsÞðJðsÞ − JðsAÞÞDσðsÞ

× 16πðJðsÞ − JðsAÞÞt0ðsÞ; ðD26Þ

i.e., we consider all the possibilities that the incoming or
outgoing pions interact with or without forming the σ
resonance. Of course, it is not possible to form the
resonance twice. That would spoil the resummation of
one-particle reducible diagrams. A graphical representation
can be found in Fig. 4 of [91].

By comparison of (D19) and (D26) we find [91]

ΠðsÞ ¼ −
3

2
g̃2ðJðsÞ − JðsAÞÞ

×
sA − m̊2

σ

sA − m̊2
σ − 3

2
g̃2ðJðsÞ − JðsAÞÞ

; ðD27Þ

where we have used the Dyson-Schwinger equation (D9).
A graphical representation is provided in Fig. 3.
Note that the pion-loop terms ∼J in the denominator of

(D27) describe the rescattering of pions. Dropping those
would bring us back to the standard one-loop expression
for the self-energy (renormalized at the Adler zero). But the
inclusion of the rescattering is important to improve on the
properties of the broad σ resonance.
The propagator (D9) obtained from this improved self-

energy does not have a single-particle pole close to the two-
pion threshold, a substantial improvement over a simple
one-loop self-energy. However, one finds a pole in the deep
spacelike region at about −2 GeV2, i.e., far away from the
low-energy regime for which this model has been devel-
oped. The only consequence of this extra strength is the fact
that the spectral distribution is not properly normalized.
With the definition (D8) we obtain N ≈ 0.56. We have
obtained the spectral distribution from (D9) and (D10). It is
plotted in Fig. 4, left panel. One observes a broad peak at
around ffiffiffiffiffiffiffiffiffispeak

p ¼ 0.46 GeV, which agrees nicely with the
real part of the pole position provided in (D22).
We also note that the pion phase shift for the scalar-

isoscalar channel [45,90] looks very decent. The relation
between the scattering amplitude t and the phase shift δ is
given by

t ¼ eiδ sin δ
σ

: ðD28Þ

Our phase shift is shown in Fig. 4, right panel, wherewe also
compare to the results of [90]. Keeping inmind the simplicity
of ourmodel,weobtain a very reasonable result.Note that for
higher energies (not shown here) the phenomenological
phase shift shows the influence of the KK̄ inelasticity with
the appearance of the f0ð980Þ [90]. Also, the four-pion
channel (σσ) might play a role. Such effects are not covered
by our approach, but we do not expect that this matters much
for the study of the baryon decays N� → NðππÞσ.
With the self-energy (D27) entering the propagator (D9)

and the spectral distribution (D10), we are equipped to
deduce the σ-baryon coupling strength from (D5).

FIG. 3. Calculation of the σ self-energy beyond one-loop by
allowing the pions to rescatter. Figure taken from [91].
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