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The standard parity-doublet model with its mass-mixing mechanism fails to describe the axial charge g,
of the nucleon. While g4, = 1 in the original Gell-Mann—Levy model, which reproduces the Adler-Bell-
Jackiw anomaly of QCD, in the presence of a chirally invariant baryon mass the mass mixing leads to
ga < 1, whereas phenomenologically it is about 1.28. We propose to remedy this problem by introducing
kinetic-mixing terms corresponding to meson-baryon derivative couplings, similar in spirit to the two-

mixing-angle scenario of the 7 — ' mixing. This extended parity-doublet model contains five parameters in
the effective baryonic Lagrangian. Three of them can be determined by using the empirical results for the
axial charge of the nucleon together with the masses of the nucleon and its parity partner, the N*(1535)
resonance. We discuss various options of how to determine the remaining parameters, touching upon the
mass of both parity partners if the chiral condensate is put to zero, the mass of the nucleon in the chiral limit,
and the values of meson-baryon coupling constants related to the decays of the resonance to pion-nucleon

and sigma-nucleon.

DOI: 10.1103/qc6c-wgbh

I. INTRODUCTION

The minor part of the mass of the visible Universe is
dynamically generated by the Higgs mechanism. The major
part is dynamically generated by QCD [1]. An interesting
aspect about dynamical mass generation is the fact that the
mechanism can be quantitatively influenced by changing
from the vacuum to a medium with finite energy density
and/or finite net particle densities. In thermal equilibrium,
those systems might be characterized by finite temperature
and/or chemical potential(s). For the Higgs mechanism, one
needs huge energy densities/temperatures on the scale of
electroweak symmetry breaking [2]. This relates to the
physics of the early Universe. But for QCD, one needs
“only” energy densities that can be reached in laboratory
experiments with relativistic nucleus-nucleus collisions [3].
In addition, already the particle density inside of atomic
nuclei might be large enough to cause changes in the
masses of hadrons [4].

One interesting question is the relation between mass
generation and chiral symmetry breaking [5-16]. In a world
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without spontaneous chiral symmetry breaking, there
would be nearly degenerate chiral partners of opposite
parity, i.e., with mass differences on the order of isospin-
breaking effects, like the mass difference between proton
and neutron. Clearly, nature (the vacuum) is not like that.
The mass differences between hadrons of opposite parity
are comparable to the hadron masses themselves [17].
Thus, the quark condensate has a large influence on the
spectrum of hadrons. Of course, the values of condensates
are going to change in a medium. If all the mass of say the
nucleon, and hence the visible Universe, was generated by
the effect of spontaneous chiral symmetry breaking, then
the nucleon could be nearly massless in a dense enough
environment, leading to an abnormal state of Lee-Wick
matter [18].

On the other hand, the traditional success of QCD sum
rules to relate the masses of charmonium states to the gluon
condensate [19] suggests that it is not only the quark
condensate that influences the hadron masses. Yet, one
should not view this as two entirely unrelated mechanisms.
There are gluon configurations that cause chiral symmetry
breaking and, therefore, a nonvanishing quark condensate.
However, there are also gluon configurations that can cause
a nonvanishing gluon condensate for systems that are so
dense that chiral symmetry is restored.

If one wants to study how the properties of hadrons are
modified when changing from vacuum to a dense, strongly
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interacting medium, then such a formalism must naturally
satisfy two requirements: first, a good account of the
physics of the starting point, the vacuum, and second, a
nonperturbative quantum field theory that can reliably deal
with the strong many-body aspects of the medium. The
present paper has a focus on the first aspect, the vacuum
situation. But we will formulate the framework such that it
can be applied for in-medium situations.

The Gell-Mann-Levy model [20] highlights the impact of
spontaneous chiral symmetry breaking on the mass of the
nucleon. Here, the entire mass of the nucleon is caused by a
nonvanishing expectation value of the field of the sigma
meson. In view of the previous discussion about the
importance of a gluonic contribution that does not vanish
at chiral restoration, the Gell-Mann-Levy model is too
simple. In addition, the aspect of chiral partners with
opposite parity appears only for the pion and sigma meson,
but the model does not include a parity partner for the
nucleon. Concerning its vacuum phenomenology, the axial
charge g4 of the nucleon is exactly 1 which, on the one hand,
matches the Adler-Bell-Jackiw triangle anomaly [21,22] for
7y — 2y [23,24] but, on the other, requires radiative cor-
rections to agree with measurements of the beta decay of the
neutron, yielding a value of g4 ~ 1.28 [17].

The parity-doublet model (PDM) [8,10] is an extension
of the Gell-Mann-Levy model that allows a distinction
between a mass contribution caused by chiral symmetry
breaking and a purely gluonic contribution that is formally
untouched by chiral restoration. It also includes the nucleon
N together with a parity partner. For the present work we
assume that this partner is the N*(1535) resonance. The
original two baryon states have opposite parity, are degen-
erate at chiral restoration, but transform oppositely with
respect to chiral transformations and hence have different
couplings to the sigma-pion multiplet. When chiral sym-
metry is spontaneously broken, the two baryon states mix
and form the nondegenerate states of N and N*(1535). The
mixing angle  can be related to the original parameters of
the model, which reduces to a Gell-Mann—Levy model with
two independent isospin doublets N and N* for 8 =0
without mixing. As we will review below, in the presence of
the mass mixing of the standard PDM, the axial charges g4
and g; of both baryons remain equal and are given by
ga = g4 = cos20 [10]. Although the PDM allows for
appealing in-medium studies, this particular aspect of
vacuum phenomenology is thus worse than in the original
Gell-Mann-Levy model. In fact, the larger the fraction of
the chirally invariant gluonic mass of the baryons is, the
smaller their axial charges in the standard PDM.

In general, how to overcome this problem is clear—one
needs extra terms in the Lagrangian. The problem is not to
invent new terms. The problem is then rather to argue why to
include a specific term and not another one. In view of the
Lagrangian of the original version of the model with baryon
terms that have either none or one derivative, we propose here

to keep this restriction and abandon higher-derivative terms.
The strategy is to regard the model as a low-energy proxy to
QCD, for which it certainly makes sense to ignore inter-
actions with too many derivatives. In doing so, we apply the
spirit of effective field theories and include all terms allowed
by symmetry with either zero or one derivative in the baryon
sector. We also will not follow the suggestion to add axial-
vector fields to the theory and mix their longitudinal
components with the pion fields [25,26], because such a
mixing is absent when describing (axial-)vector mesons as
resonance poles in conserved current correlators by anti-
symmetric rank-two tensors in the Joos-Weinberg represen-
tation for massive spin-1 fields [27,28].

Inclusion of extra terms with one derivative implies a
modification of the kinetic terms of the baryons. In the most
general case (considered here) this leads to an additional
mixing between the parity partners. One mixing appears
now in the “mass” sector, the terms without derivatives, and
one in the kinetic sector. The corresponding mixing
scenario can be formulated with two mixing angles. It
resembles the situation in the boson sector, discussed in the
literature, for instance, for the mixing of the two pseudo-
scalar mesons 7 and #/, which leads to a significantly
improved phenomenology [29]. For renormalization
aspects in the context of kinetic mixing, see Ref. [30].

The paper is structured in the following way. To set the
stage, we discuss the standard version of the PDM in
Sec. II. In Sec. III, we present our extended version of the
model. Two mixing angles are introduced to decouple the
baryon fields. We relate the model parameters to the mixing
angles and baryon masses. The formulae derived in
Sec. III A are manifestly Lorentz invariant. For a discussion
of vacuum properties this formalism is sufficient. However,
it is illuminating to discuss the mixing scenario also from
the point of view of a Dirac Hamiltonian instead of just a
Lagrangian. We present this alternative derivation in
Sec. III B. With this subsection we prepare the ground
for a future generalization to an in-medium situation. In
Sec. IV we make contact between the PDM parameters and
the three-point interactions that couple mesons to baryons.
In addition, we cross-check the extended Goldberger-
Treiman relations. In Sec. V, we discuss the determination
of the parameters of our model. In the standard PDM one
has three parameters. They cannot be determined by the
masses of the two baryons alone. One parameter remains
undetermined, i.e., must be taken from some other source
of information. One might use the mass m, of the parity
partners in the absence of chiral symmetry breaking as this
undetermined parameter. Correspondingly, we have five
parameters in our extended model but only four clear-cut
phenomenological values: the two baryon masses, the axial
charge of the nucleon, and the coupling of the N*(1535)
to the pion-nucleon system. We explore the conse-
quences of reasonable choices of the mass parameter m,.
We summarize our results in Sec. VI. Appendices are added
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to cover additional aspects that would interrupt the flow of
the main text.

II. STANDARD VERSION OF THE
PARITY-DOUBLET MODEL

The PDM provides an effective hadronic description of
chiral symmetry breaking in the presence of a chirally
invariant baryon mass m,, common to nucleons N and the
negative-parity baryon doublet N*(1535) as their natural
parity partners. This is possible with the so-called mirror
assignment of two sets of spin-1/2 baryons in two-flavor
chiral (1,0) @ (0.3) representations N, and N, [8,10]. The
baryon-meson interactions are chirally invariant, but spon-
taneous chiral symmetry breaking introduces additional
Dirac mass terms m; and m, in the chiral representations
and hence a nontrivial mixing between those and the mass
eigenstates of N and N*. In a more modern language, the
rationale for such a contribution to the mass of the visible
Universe are the so-called gravitational form factors of the
nucleon, i.e., the matrix elements of the QCD energy-
momentum tensor between nucleon states, whose purely
gluonic contributions from the QCD-scale anomaly do not
rely on chiral symmetry breaking [31,32].

In terms of the chiral representations N; and N,, the
baryon Lagrangian of the PDM with its O(4)-invariant
Yukawa couplings to the scalar o meson and the pseudoscalar
pions, analogous to those in the Gell-Mann-Levy model, and
an off-diagonal mass term proportional to m is given by

L :Nl [iﬁ—g1(0+ iJ’S?ﬁ)]Nl +N2[ia—92(0— ingﬁ)}Nz
—mo(N1y5N2—N2y5Nl). (1)

The relative minus sign in the pion-baryon couplings
reflects the mirror assignment. In the presence of sponta-
neous symmetry breaking, the o field receives a non-
vanishing vacuum expectation value (6) = f, ~ 92 MeV,
leading to Dirac mass contributions m; = g,(c) and m, =
¢2(6) to Ny and N,. The physical positive N, = N and
negative N_ = N* parity baryon fields are obtained from
diagonalizing the mass matrix in the Nambu-Gorkov space
of parity partner baryons using a simple rotation, with
cos @

()=, () e
N_) \—yssinf cos® N,/

The mixing angle € is obtained from the condition that the
off-diagonal elements contain only interaction terms
between baryons, pions, and the fluctuating 6 meson field
6 = o — (o). It turns out to simply be determined by the ratio
of the chirally invariant (gluonic mass) m and the average
mass from chiral symmetry breaking, 7, = (m; +m,)/2,

mo

tan20 = —. (3)

my,

The Lagrangian in Eq. (1) then becomes
L=N_(id—=m_ )N, +N_(id—m_)N_+ Lip, (4)

where the physical masses m, = my and m_ = my- of the
positive- and negative-parity baryons are given by

m.. = mgsin 20 + m, cos® @ — m, sin® 9,
m_ = mg sin 20 + m, cos> 6 — m, sin” . (5)

These masses will later frequently also be expressed as
my =m =+ Am, in terms of their average m = (m+ +
m_)/2 and Am = (m_ —m_)/2, with

im = mysin 26 + i, cos 20, Am = (m; —m,)/2. (6)
For mg = 0 & 0 = 0 (restricting 6 to the principal branch of
the arctangent), this reduces to m . = m; and m_ = m,, and
for (6) = 0 © 0 = n/4 (restricting to positive masses m,
m, > 0), we recover m, = m_ = my. On the other hand,
with positive (6) = f,, and m,, m, >0, but for Am =
(my —my-)/2 < 0 this immediately implies that we are
looking for solutions with 0 < g; < g,. In fact, the second
relation in (6) implies, in the vacuum,

m =

V7N v 621, (7)
fx

with my =939 MeV, my- = 1510 MeV, and f, =
92 MeV [17]. Two important auxiliary relations for later,
which are easily derived from Egs. (3), (5), and (6), are

9—01 =

m; cos? @ + m, sin® @ = m,, cos 26,

m, cos? @ + my sin® @ = m_ cos 20. (8)

Before we move on with our discussion of this standard
version of the PDM, we would like to point out that certain
parameter choices would lead to a different physical
situation in the Nambu-Goldstone phase of spontaneous
chiral symmetry breaking. Actually, one can obtain two
nondegenerate baryons that both have the same parity
instead of opposite parities. This case is further discussed in
Appendix A. We do not regard it as likely that this situation
is realized in nature. Still we find it interesting enough to
discuss this possibility. In the main text we will stick to the
standard scenario of two baryons with opposite parity.

The interaction terms of the baryons and the fluctuating
(pseudo-)scalar meson fields & and 7 are best collected in a
matrix notation. For later convenience we first represent the
O(4)-vector of (5,7) by a meson matrix M, which is
quaternion-block diagonal in the chiral representation,

M=6+iyst. 9)

Furthermore, using the abbreviations ¢ = cosf and
s = sin @, the interaction Lagrangian can then be written as
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o g M — s>g,M*
ﬁim:—<N+,N_>< ~ cri
rses(giM + g;M")

This defines the corresponding physical baryon-meson couplings,

_ 9oNNG + GanNiYsT T
9oNN*Y50 — GaNN*IT T GoN*N*O — GaN*N*1V5T

Note that the signs of the couplings on the diagonal have
been chosen to correspond to those in the original
Lagrangian in (1), without mixing, whereas the off-diago-
nal interactions have been chosen arbitrarily here to fix our
notations. We can then read off the baryon-meson cou-
plings by comparison. For the ¢ resonance this yields

Jonn = g1 cos> 0 — g, sin? 6,

Jonn- = (g1 + ¢2) sin@cos 6,
Jon'n+ = g2 €082 6 — g, sin? 0, (12)

and for the pion,

Jann = g1 €08% 0 + g, sin® 6,
9ann: = (92 — g1) sin@cos 6,
Ganen+ = o c0s> 0 + gy sin” 6. (13)

With the auxiliary relations in (8), we can express the latter,
with (o) = f, in the vacuum, in the form

S 29znN = my cos 20,

SrGenne = —Amsin 20,
f2Gen-N+ = M- cOs 20. (14)

So far, the same was essentially derived already in
Ref. [10]. From the Goldberger-Treiman relations [33,34],
Myga = fr9zny and my-gy = frgxn-n-, one then con-
cludes for the axial charges g4 = gi" and ¢ = g5~ of
the nucleon and the N*(1535), respectively, in the
standard PDM,

ga = g4 = cos 20, (15)

and one can analogously define the transition coupling

g = SaIain _ 10, (16)
My — My

This has several problems. First of all, from neutron and
nuclear beta decays the experimental value of the axial
charge of the nucleon is g4 ~1.28 [17,35]. In fact,
including the Goldberger-Treiman discrepancy, here one

—7503(91M+92MT)) <N+) (10)
—s2g\M + c*g,M* N_)
— Y50 + AT T N
9oNN*Y5 9zNN q) < + ) (11)
3 N_

should probably rather use an even larger value of g4 ~ 1.3,
from a corresponding (isospin-averaged) pion-nucleon
coupling ¢g,yy =~ 13.3. For a recent determination of
pion-nucleon couplings from effective field theory, see
Ref. [36]. The standard PDM result with g4 < 1 in (15) is
certainly phenomenologically unacceptable. The good old
result g4 =1 of the Gell-Mann-Levy model, which
matches the Adler-Bell-Jackiw (ABJ) triangle anomaly
of QCD for ny — 2y in this case, here only follows for
mq = 0, i.e., without any contribution to the nucleon mass
from the gluonic parts of its gravitational form factors.
Because the rationale for the PDM as an effective hadronic
theory for chiral symmetry breaking is to describe just that,
this is very unsatisfying, especially when it comes to
including weak interactions.

Second, the axial charge g} of the N*(1535) is not at all
equal or even comparable in size to g4, as the standard
PDM predicts at this level from (15) as well. By all
evidence, from what we know, one rather has
gx < ga [37,38]. In the standard PDM, on the other hand,
they result to be exactly the same, g; = g4, so that the
respective triangle contributions to the ABJ anomaly of
proton and N* exactly cancel each other, due to the mirror
assignment being proportional to g4 — g3 with our sign
conventions, here. With the phenomenological observation
that g < g4, where g, may even still be consistent with
zero within errors [37], the solution to this problem is not as
simple as to add a Wess-Zumino-Witten term in order to
account for the ABJ anomaly (as proposed at the time in
Ref. [10]). Instead of their perfect cancellation, within the
present accuracy of g} it is phenomenologically quite
viable that the sum of the parity-partner baryon triangles
does in fact match the ABJ anomaly of QCD with
ga — g, = 1. We will see below that with kinetic mixing
in the extended PDM it is now possible, in principle, to
have a sizable chirally invariant baryon mass m,, and hence
a sizable gluonic contribution to the mass of the visible
Universe, together with g4 = 1.28 and g} small at the same
time, e.g., also with matching the ABJ anomaly of QCD as
in the Gell-Mann-Levy model, but here with g4 — g} = 1.

We close this section with a brief remark on the expected
size of the chirally invariant nucleon mass mg. A naive
estimate could be obtained from the scalar gravitational
form factor, which is defined as the matrix elements of the
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trace of the energy-momentum tensor, measuring the
nonconservation of the QCD dilatation current, in nucleon
states at vanishing momentum transfer [31,32]. This leads
to a nucleon-mass decomposition my = m,, + m,, where
m,, contains the classical contribution that vanishes along
with the nucleon-sigma term in the chiral limit. If the
gluonic contribution in m, was totally unaffected by chiral
symmetry breaking, this would imply that m, agrees with
the nucleon mass in the chiral limit, which is about
880 MeV [39-41]. Because this is a drastic assumption,
as the nucleon states are certainly expected to react to chiral
symmetry breaking, it can at best serve as an upper bound.
As another estimate, according to the QCD sum rule
analysis of Ref. [16], the masses of nucleons and
N*(1535) should converge to a common mass value of
mg between 500 MeV and 550 MeV in the chirally restored
vacuum.

III. KINETIC MIXING

A. Effective Lagrangian with derivative couplings

A way to remedy the shortcoming of |gs| <1 is the
inclusion of kinetic mixing instead of pure mass mixing.
Kinetic mixing brings along derivative couplings. Besides
the pseudoscalar pion-nucleon interaction, which is stan-
dard for linear sigma models, one obtains also the well-
known pseudovector interaction [42,43]. For the inter-
actions of pions, nucleons, and baryon resonances, one
obtains even derivative couplings that cannot immediately
be rewritten into pseudoscalar or standard pseudovector
type. Of course, by using free equations of motion for the
baryon fields, i.e., by dropping interaction terms beyond
three-point interactions, one is able to relate all three-point
interactions to each other.

In addition, kinetic mixing brings along modifications of
the interaction of nucleons and left-handed currents. This
is, of course, the desired aspect that allows for a modifi-
cation of the axial charge. We will see that |gy| > 1
becomes possible. Given all these aspects, we have
dedicated Appendix B to a detailed motivation and deri-
vation of our extended PDM.

The final result of our considerations is the following
Lagrangian with five parameters:

Loy = N1(i0 — giM)Ny + Ny (id — g, MT)N,
- mo<N175Nz - N275N1>
+ 1y (N MysidN, + N,idysMN,)
+ hy(N,idysM'N, + NayysMTidN,). (17)

Here, we have introduced the full meson field matrix
M = ¢ + iysT 7, including the vacuum expectation value.'

'Note that in Appendix B we use a slightly different meson
matrix together with the left- and right-handed fermion fields.

The terms ~h,, h, have been constructed such that they
are manifestly Hermitian. To make contact with standard
kinetic terms we pull all derivatives to the right by partial
integration (and compensate the sign change by anticom-
muting id and ys). If we furthermore split the couplings %, ,
into sums and differences of the corresponding interaction
terms, according to hy, = h £ Ah, the extended PDM
Lagrangian with kinetic mixing becomes

Low = L+ LM+ LA, (18)

where L is the standard PDM Lagrangian in (1), coinciding
with the /- and h,-independent terms in (17). The kinetic
mixing terms are collected in

£h = h(Nl}/SleaNz + Nlj/s(laMT)Nz
+ Nyys2MTidN| + Noys(i0M)N,),
LA = Ah(Nyys(i0M)Ny — Nys(idM7)N,). (19)

In this form, one observes that the interaction terms in £2"
do not affect the mixing of the baryon fields for spacetime-
independent meson field expectation values, but only
introduce additional (pseudo-)vector couplings.

For the mixing of the chiral mirror representations N,
and N, in the vacuum, we can thus focus on £ + £ and
use M =M" = (6) = f,. This leads to the baryonic
Lagrangian in the vacuum,

EVaC

(% — la_ glfﬂ Vs <2h’fﬂla_ mO) Nl

=(#.42) <y5(2hf,,ia+ m)  i=gafs ) (N)‘
(20)

This quadratic form defines the Nambu-Gorkov-Dirac oper-
ator, S~!(p) in momentum space, of the two-flavor parity-
partner baryons (N, N,) for constant ¢ and/or pion fields.
Since yoS~!(p) is Hermitian, it can of course be diagonalized
by a unitary transformation, which here, for 4 # 0, neces-
sarily depends on the four-momentum p of the baryon,
however, in addition to the meson field expectation value,
(6) = f, (and the constants my, g, g», and h). In order to find
the propagating normal modes corresponding to the physical
mass and parity eigenstates, it turns out to be sufficient to
apply a nonunitary but momentum-independent baryon field
transformation of a form, generalizing that in (2),

Y5 sin 92
cos6, )’

cos 6,

()= () v =
=F , with F= )
N_ N2 —y551n91
(21)

This transformation is not measure preserving, but one
has detF = cos(f; —0,), which introduces a meson
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field—dependent Jacobian, as we will see below. Moreover,
we will need

. 1 —yssin(@; — 6
FiF = < ' Vs ( 1 2) ) . (22)
—yssin(6, — 60,) 1
and
F = YOFT},O = FT|y5—>—y5‘ (23)

With these definitions, we express the vacuum Lagrangian in
terms of the physical baryon fields as

Ly = (N+1N—> <it9—0m+ ia—om_> (%i)
_ (Nl,Nz)iaF*F@l)

2

—(NI,M)F("Z)* n(: )F(%) (24)

Comparing this with (20), and using (22), we can first
identify

sin(0, — 0,) = 2hf,. (25)

To diagonalize the mass matrix, we furthermore need

_(m 0 m
F< + >F£< afz Vs 0>. (26)
0 m_ —rsmy  92fx
Decomposing m, = m - Am, as in the previous section,
this leads to

g1f» = Am + mcos 20,
G f r = —Am + mcos 20,,

my = m sin(91 =+ 92) — Am sin(91 - 92) (27)
If the parameters my, g1, g», and h are determined from QCD
as the underlying microscopic theory, then one can invert the
four relations in (25) and (27) to determine the two masses
m_ and m_ and the two mixing angles 8, and 6,. In practice,
however, one uses phenomenological input, e.g., for the
masses, and wants to adjust the “original” parameters
accordingly. Therefore, we do not intend to invert the
relations in (25) and (27), but instead express observables

|

G(roS™")G?
B <(1 +2h) (@ =707 B) =3 (91 — 92)roU + moyoU
Yors3 (91 + 92)¢

(1-2h¢p)(w—7o7 P) +5 (o1

in terms of the mixing angles and the physical masses. Below,
we will discuss various ways to determine the values of the
two mixing angles from different observables. Before that,
we will first provide an alternative equivalent Hamiltonian
formulation, which illustrates the role of the normal modes as
the baryonic quasiparticle excitations from a different and
slightly more general angle.

B. Nambu-Gorkov-Dirac Hamiltonian

The strategy to find the baryonic normal modes is to first
obtain the  Nambu-Gorkov-Dirac  (single-particle)
Hamiltonian corresponding to the Lagrangian, say in
Eq. (17), with constant meson field expectation value. In
slightly more generality, we can thereby assume an
arbitrary vacuum alignment with a spacetime constant
meson matrix M to represent a general O(4)-vector of
(0,7), as in Appendix C, corresponding to the mean-field
Lagrangian in (20). Writing M = ¢U with

U=6+iyst, 6=0/¢p, a=17/p, ¢*=0c>+7,
where U = 1 in the vacuum with standard alignment, we
first read off the inverse Nambu-Gorkov propagator S~!

from the Lagrangian for constant ¢ and/or 7 meson fields,
which yields in momentum space

(roS™)11 = @ = yo7 P —91¢70U,

(r0S™") 12 = =2hepysU" (@ = vo¥ B) — moyoys,

(70S™")21 = =2hepysU(w — yo7 P) + moyors,

(70S™ )2 = @ = 707 B —g2broU". (28)
To find the corresponding Nambu-Gorkov-Dirac
Hamiltonian H, we have to diagonalize the frequency-
dependent part, and rescale the diagonal blocks so that

¥0oS™! = @ — H. This is achieved by first applying the
unitary transformation

(o 0
rsU 1 ’

1 Ut
( ’s ) (29)
—}/5 U 1

G =

G' =

Sl 5l

which yields

i
—rorsi (g +

Yorss (91 +92)¢ T T>. (30)
= 92)proU" + myy U
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The second step is rescaling
G(1oS™)G" = D™'2G (™) G D/

with the block-diagonal matrix

D:(1+2h¢ 0 ) a1)
0 1 —2h¢

so that D™Y2G(yyS~™")G'D~'/?> = @ — H, which defines

the Nambu-Gorkov-Dirac Hamiltonian whose blocks are
then given by

N 1 1
Hy = 707P+m (E (91 —92)¢}’0U—m070U>,

1 1
Hy, = mi’o?si(gl + g2),
1 1
Hy = —m70755(91 + 92)¢,
Hy = 70771_5
1 1 T T
1o 2 —5(91 = 92)¢roU" —moyoU" ). (32)

Because yoU = Uy, the Nambu-Gorkov Hamiltonian H is
Hermitian, with
Hy, =Hy, Hy =Hpy, and HT2:H21-
The block-diagonal kinetic term y7 p is of the standard
form now, and the mass matrix can be brought into block-
diagonal form as well, with a momentum-independent
unitary transformation H — VHV', which leaves the

kinetic term invariant, using

COS
V= < ¢
Vs sm ¢

The condition that the off-diagonal blocks vanish after-
wards then leads to

. UT
75 sin @ > (33)

cos U

(=ysH 1, + UTHyysU) cos g sing
= ysH yy5U sin? 9 — UTH,; cos? . (34)

Working this all out, we obtain here

(91 + 9)

— _ _ 2 42
tan 2¢ = 2m0+2h¢(g1—gz)¢’/1 4R2¢2. (35)

For h = 0, i.e., without the kinetic mixing, this agrees with
Eq. (3) above. To see this, remember that we have
implicitly already rotated by an angle 6, = z/4 in the
opposite direction with G in step one, which we have to

undo to compare with the 7 = 0 case above. Thus, using
@ = 6 + x/4 for the rotation remaining in the last step, we
can write tan2¢ = tan(20 + z/2) = — cot 26 and hence

2mgy + 2h (g, — g,)¢

(g1 + g2)p /1 — 4W2 7

The diagonal blocks in the Nambu-Gorkov-Dirac Hamil-
tonian are then obtained from

tan 20 =

(36)

H., = Hy  cos’> ¢ + U'ysHyysU sin? ¢
+ (HiorsU + U'ysHyy ) cosgsing,  (37)

H_ = ysHyyssin® ¢ + U'H, U cos® ¢
— (ysH,U + U'Hy ys) cospsing.  (38)

Both blocks are of the form
H, =y p+myyU, (39)

where the masses are worked out in Appendix C as

1 1 1 —2h¢cos2¢p
my=-(91—9)¢+ 591+ 5)¢ .
+ 2(1 2) 2(1 2) A sin2g
(40)
1 1 1 4 2h¢ cos2¢
m_=—2(g1—9)¢+5(91 + %) .
2( 1= %) 2( 1+ 5) T ahd sin 20

(41)
This in turn implies

m, —m_= (g — G2)¢

- \/#% (91 + g2)pcot2g  (42)
m+ +m_ = (gl +92)¢ (43)

V1—4R2¢%sin2¢
We can use these to find the relatively simple relation
my = —mcos2¢p —2hpAm = msin20 — 2hpAm,  (44)
where m = (m, +m_)/2 and Am = (m, —m_)/2, as in
Sec. II above. Comparing this relation with Eq. (27),
for ¢ = (6) = f,, we can hence identify ¢ —z/4 =0 =

(0, +6,)/2 and 2h¢ =sin(6; — 6,), in agreement with
Eq. (25). The latter then also implies

g1¢ = Am + mcos 20, (45)

gop = —Am + M cos 20,, (46)
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which completes the map of our Hamiltonian formulation,
generalized for arbitrary vacuum alignment here, to all four
relations in (25) and (27). In particular, this map also
implies that |[2h¢p| < 1. This restriction is reasonable
because the Nambu-Gorkov-Dirac operator in the presence
of the kinetic mixing implicitly contains (field-dependent)
wave function renormalization factors (1 & 2h¢), which
must remain positive in a stable ground state with con-
stant ¢h.

IV. BARYON-MESON COUPLINGS

The diagonalization procedure, applied in the previous
section to find the masses of the physical states, can also be
used for the determination of the meson-baryon three-point
coupling constants. Details can be found in Appendix B
where we distinguish between the (pseudo-)scalar cou-
plings caused by the g; and g, terms in Eq. (17) and the
derivative couplings caused by the terms o 4 and Ak in
(19). In Sec. V, we discuss the prospects to determine part
of our model parameters by comparison to experimental
data on baryon decays (beta decay of the neutron for g4 and
strong decays of the resonance N* for g,yy- and g,yn+)-
When addressing these decays by a tree-level calculation,
all baryons are treated as on-shell states. One can thus use
free equations of motion to rewrite derivative couplings
(e.g., the standard pseudovector coupling) into (pseudo-)
scalar couplings.

After this process, we obtain from the results of
Appendix B the following three-point interaction terms
for the pions:

L, = —EQXJFN#?‘ TysN

+ % GiN_iT - FysN_

- %g/f‘(ﬂgﬁ- AN_—N_i7-AN,).  (47)
with the axial charges
= = i
gi=gi = ff;i((‘zll L) v aniy, .

cos(6; + 6,)

- SO TRO2) g app, OOy
f”cosz(Hl—Hz) (48)

generalizing Eqs. (15) and (16) of the standard PDM in
Sec. II, which are recovered upon setting 6, = 6, = 0 with
Ah = 0. As shown in Appendix B, these axial charges are
the pertinent coupling strengths with which the baryons
couple to the weak left-handed currents. Equation (47)
demonstrates then that the Goldberger-Treiman relations
are indeed satisfied, i.e.,

vy = 2t g
NN — ~, YA»
" Sx

m_ *
9zN*N* = f 9as
z

m_—m _
JrNN* = 2—fﬂ+9:xr . (49)

The corresponding interaction Lagrangian for the o
meson reads

‘Ca = _gaNNN+8N+ - ggN*N*N_&N_
+ gown (N1 7s6N_ = N_ys6N ), (50)

with the ¢ meson-baryon couplings

m. cos?(6, +0,) +2sin* @, cos* 6,
N cos?(0; ~ )
m_2sin’ 0, cos” 6,
 fa cos¥(0,-6,)
m_cos?(0; +6,) +2sin’ @, cos? 6,
N, cos?(0; —0s)
m_.2sin’ 0, cos? 0,
 fa c0s2(0,-0,)
m, cos(0; +6,)(sin(0; 4 6,) —2sin(6; — 6,))

JoN =g, 2¢c052(6, —6,)
L cos(6, +0,)(sin(6; +0,) +2sin(0; —6,))
fx 2cos*(6, —6,)
Ah(m,+m_)
_— 51
+ cos(0; —6,) (51)

Again, using Egs. (6) and (8), one can verify that these
couplings reduce to those in Eq. (12) when setting 6, =
6, =0 and Ah = 0 in the standard PDM.

V. RESULTS

A. PDM baryon masses in the chiral limit

Explicit chiral symmetry breaking is introduced in the
PDM as in the original Gell-Mann—Levy model by adding
an extra symmetry-breaking term ~co to the otherwise
O(4)-invariant mesonic effective potential V(¢?). Keeping
the parameters in the baryon Lagrangian fixed, the effect of
the explicit breaking is to change the pion decay constant
from its value in the chiral limit, for ¢ = 0, to (o) = f, =
92 MeV at the physical pion mass. In the other direction,
the only effect on the baryon masses is then due to the
small reduction in the o vacuum expectation value from f,
down to

10 =f./1.061 ~87 MeV (52)
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when going to the chiral limit [44]. In the Gell-Mann—Levy
model with my = m; = g;(0), and analogously my- =
m, = g,(o) (for my = 0 in the standard PDM), this then
immediately implies a corresponding reduction of the
nucleon and N* masses in the chiral limit,

mS = my/1.061 ~ 885 MeV, and

m. = my-/1.061 ~ 1423 MeV. (53)

For the chiral-limit nucleon mass this is at the upper end of
current error estimates around m?\, ~ 880 MeV [39-41]. At
the same time, the Gell-Mann—Levy model estimate in (53)
provides lower bounds on m% and m%., in the standard
PDM without kinetic mixing. Increasing the chirally
invariant baryon mass m, inevitably also increases the
chiral-limit baryon masses and hence introduces some
tension when comparing the standard PDM result to chiral
expansions in this way. This is demonstrated in Fig. 1,
where we plot the masses of the nucleon and the N*(1535)
in the standard PDM (with 4 = 0), for exemplary choices
of the chirally invariant baryon mass m,, as functions of the
o-field expectation value, fixing g; and ¢, so that my =
939 MeV and my- = 1510 MeV at the physical point,
where (6) = f, = 92 MeV. The straight lines with my = 0
correspond to the Gell-Mann—Levy model results and
provide the lower bounds for comparison. The nonvanish-
ing values of m are thereby adjusted to yield chiral-limit
nucleon masses of m?\, = 890, 900, 910 , and 920 MeV,
respectively. Since h = 0, the axial charges of nucleon
and N*(1535) are bound to be identical, g4 = g}, in
all these results. What we can do, however, without
affecting the baryon mass mixing of the standard PDM,
is to fix the axial charge of the nucleon, for 6, = 6, = 0 but
Ah #0,

mg [GeV]
mpy* = 1510 MeV
15F
1.0+ ~ i my =939 MeV -
"""""""""""""""""" © 1 880 Mev
0.5 chiral limit E
. E— . g [GeV]
0.02 0.04 0.06 08 0.10
frr = 92 MeV
FIG. 1.

ga = gy = c0s20 + 2Ahf, sin 20, (54)
by adjusting the derivative coupling Ak to obtain
g4 = 1.28, where the two terms here represent the separate
contributions from pseudoscalar and pseudovector pion-
baryon couplings, individually. Therefore, note that in this
case, the pseudoscalar pion-nucleon coupling of the stan-
dard PDM remains unchanged in its form,

mpy

S J—

Jony = ——C0s 20,
Y

f

and the total pion-nucleon coupling is fixed to g,yy =
gamy/fr =~ 13.1 here simply by adding a pseudovector
pion-nucleon coupling f,yy of suitable strength.
Conventionally expressed in units of the pion mass the
latter is here identified as

(55)

fﬂ'NN - Ahmﬂ Sin 29 (56)
Moreover, the N* <> zN transition coupling g¢,yy- then
follows from g~ via the generalized Goldberger-Treiman
relation in (49), which with (48) for &2 = 0 reduces to

Mmy+ — My

2fx

Analogously, the N* <> oN transition coupling g,yy- in the
last equation of (51) for A~ =0 here with the auxiliary
equations in (8) is shown to reduce to

TaNN- = (sin20 — 2Ahf, cos26). (57)

(sin@cos@ + Ahf,).  (58)

The values of Ah, giyy, fanvy. and guyn+. goyn- Obtained
in this subsection without kinetic mass mixing (h = 0)
but with pseudovector pion-baryon couplings adjusted to

mg [GeV]

mp* = 1510 MeV
15

my =939 MeV -

. 880 MeV

05, Innn=-064

.
chiral limit
:

T o [GeV]
0.02 0.04 0.06 0.08 0.10

frr = 92 MeV

Masses of nucleon (blue) and N*(1535) (orange) in the standard PDM (with & = 0) over the o-field expectation value. Left: for

chirally invariant baryon masses my = {0,321,558,722,857} MeV, corresponding to nucleon masses in the chiral limit, where
(o) = f9, of mY = {885,890, 900,910,920} MeV (from bottom up). Right: for my = {618,920} MeV, such that |g,yy-| = 0.64 is
adjusted to the N* — zN decay, as discussed in Sec. V B, leading to the special parameter sets in gray with m%, = {903,925} MeV in

Table 1.
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TABLE L.

Parameters for the standard PDM without kinetic mass mixing (h = 0), all for my = 939 MeV and my- = 1510 MeV, and

with derivative coupling Ak adjusted to fix the axial charge of the nucleon to g4, = 1.28 (left), resulting baryon masses and axial charge
in the chiral limit (middle), and baryon-meson couplings at the physical point with f, =92 MeV (right): pseudoscalar and
pseudovector pion-nucleon couplings gy and f,yy, and resulting transition couplings g,yy+ and g,yy-. The results shown in the left
panel of Fig. 1 correspond to those with m?v = {885,890, 900,910,920} MeV, and the two rows in bold correspond to the special
parameter sets used in the right panel of Fig. 1, where the magnitude of g,yy- is adjusted to the N* — zN decay, as discussed in

Sec. VB.

my [GeV] g [} Ah [GeV™'] m% [GeV] m,.[GeV] % IrNN Sann 9NN JoNN*
0 10.21 16.41 0 0.885 1.423 1.28 10.21 0.212 ) 0
0.321 9.74 15.95 6.524 0.890 1.428 1.27 9.85 0.239 —-2.78 194
0.558 8.74 14.95 4.649 0.900 1.438 1.26 9.08 0.296 —-0.947 16.8
0.618 8.38 14.59 4.479 0.903 1.442 1.26 8.81 0.316 —0.640 16.8
0.722 7.64 13.85 4.353 0.910 1.448 1.25 8.24 0.359 -0.176 17.0
0.857 6.41 12.61 4.393 0.920 1.458 1.24 7.29 0.429 0.379 17.4
0.920 5.68 11.89 4.485 0.925 1.463 1.24 6.74 0.470 0.640 17.6

gy =1.28 are summarized in Table I. The phenomenologi-
cal estimates of the magnitudes of g,yn- and g vy~ are
discussed next.

One final aspect of potential interest regarding the chiral
limit is the reduction of the axial charge of the nucleon
predicted by this model description. In the chiral limit, we
use f2tan260° = 2mqy/(g; + ¢») and

g = cos260° + 2Ahf9 sin 26°, (39)

instead of Eq. (54) to demonstrate the small effect of
reducing f, — f2 in our calculations. This implies that
for my=0 1in the Gell-Mann-Levy model limit,
0,6° - 0,and f2sin20° — £, sin 20, so that ¢4 — g, with
2Ahf,sin20 — 0.28 by definition in this limit. With
increasing chirally invariant baryon mass m, > 0, however,
we obtain a small but increasing amount of quenching of
the axial charge of the nucleon toward the chiral limit, as
shown in the column after the chiral-limit baryon masses of
Table L.

Note that by the same argument, chiral symmetry
restoration, with (o) — 0 at any finite mg > 0, on the
other hand, requires @ — 7/4, and hence necessarily a
complete quenching of the axial charges of both baryons,
ga = g4 — 0. This complete quenching with chiral sym-
metry restoration remains valid also in the presence of
kinetic mixing, when & # 0 and g, # ¢}, as can be inferred
from the more general equations in (48). With 2h(c) =
sin(@; —6,) —» 0 in the chirally restored phase, these
predict

ga. gy — 0, but gX_ - 1. (60)

B. Matching to meson couplings

As another approach to determine the parameters of our
extended PDM, including kinetic mixing with / # 0, in this
subsection we fit coupling constants to the decay data of the
N* resonance, i.e., to the partial decay widths I'y+_, ;5 and

[y gn- At least, for the decay with the 6 meson in the final
state, this has to be taken with a grain of salt. The 6 meson
is so broad that it can hardly be taken as a Breit-Wigner
resonance [45,46]. The data, based on coupled-channel
partial-wave analyses, come with large uncertainties. In the
following, we use the central values from the Particle Data
Group [17] for mass and total width of the N*(1535)
(my- =~ 1.510 GeV, I'y: o ®0.11 GeV). The branching
ratios for the two channels of interest are taken from [47],
leading to Br(N* — zN) ~ 52% and Br(N* — oN) ~ 6%.
The zN decay width of an N* is given by

FN*—)IL’N = 3FN*+—>7rop

:ipﬂ‘g
87 m3. NN

2[(my- +my)* —mz],  (61)

where the momentum of the pion and nucleon in the rest
frame of the decaying resonance is obtained as

1
- ZmNY

Pen Vmy + my ) = m2] [y = my)? = ).

(62)
The discussion of the more complicated case of the

N* — oN decay can be found in Appendix D. In particular,
the partial decay width is provided in (D5),

r 1 | |2/<mN*—mN)2d IA( )
N'=(az) N = g YoNN* o2 S N S
[(my +my)? —s]'/?

3/2,
2m3,.

[(my- — my)?* — ]

where A(s) is the broad spectral function of the & meson
with normalization A/. In Appendix D we also provide
a simple model description of its two-pion resonance
contribution, which describes the corresponding pole
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mpg [GeV]
my* = 1510 MeV

1.0 my = 939 MeV

mg [GeV]

my+ = 1510 MeV
15

1.0 my =939 MeV

..................................................

................................................

------------------------------------------------- ! 880 MeV
' 880 MeV : ©
:
:
05 = chiral limit 1 05 chiral imit |
e ]
:
v
I
" il
ga-ga=1 P . I GeVv
00 0.02 0.04 0.06 0.08 ! 0.10 g [GBV] 0.02 0.04 0.06 0.08 ! 0.10 U[ e ]
fr = 92 MeV fre = 92 MeV

FIG.2. Masses of nucleon (blue) and N*(1535) (orange) over the o-field expectation value, including kinetic mixing with couplings A
and Ah chosen to adjust the axial charge of the nucleon to g, = 1.28. Left: with nucleon mass in the chiral limit fixed to
m8, = 880 MeV, comparing solutions where g,yy- = +0.64 and one where the axial charge of the N* is fixed from the anomaly
matching condition g4 — g4 = 1. Right: four solutions with |g,yy+| = 0.64 and |g,yy-| = 5.24 discussed in Sec. V B.

parameters and the low-energy pion phase shift reasonably
well, as shown in Fig. 4.

With these definitions, we obtain the following estimates
for the corresponding coupling constants:

~ 0.64

(63)

| 9NN~

and

Of course, these are very rough estimates, especially for
gsny+ Where the branching ratio comes with a sizable
uncertainty of about 50% [48], and our estimate in Eq. (D5)
introduces some additional systematic uncertainty. The
situation is better for g,yy+ in (63) where the branching
ratio is known on the 10% level [47].

It might, therefore, be reasonable to relax (64) for now,
and only implement (63) in our parameter fixing. This can
in fact be done as a first exercise without kinetic mixing,
i.e., for h = 0 as in Fig. 1, where we see from Table I that
the family of curves on the left covers both possible signs in
g.nn: = £0.64. We have, therefore, used these two pos-
sibilities to fix the chirally invariant baryon mass m,, as the
only adjustable parameter in this case, which leads to mg =~
620 MeV for one sign and m =~ 920 MeV for the other,
cf. the rows of Table I highlighted in bold. These two
solutions for the baryon masses m.(c) are shown

TABLE II.

separately in the right panel of Fig. 1. Especially for m ~

620 MeV the chiral-limit nucleon mass of m% ~ 900 MeV

is not absurd, but perhaps still acceptable at this level of

accuracy.

Including the kinetic mixing introduces the coupling
h # 0 as one further parameter to adjust. Remembering that
we always fix the two physical baryon masses and the axial
charge of the nucleon g, = 1.28 we are then left with two
additional parameters (which we can think of as m and h).
From the discussions above, we can choose from four
candidates of observables to adjust these. We will explore
three representative possibilities:

(a) Fix the chiral-limit nucleon mass to m?v = 880 MeV
together with the N* — zN transition coupling to
Ienn- = 10.64.

(b) Fix m% = 880 MeV as above, but use g; = 0.28 for
the axial charge of the N*(1535).

(c) Fix both transition couplings, |g,vy+| =0.64 and
|gsnn+| = 5.24, for N* - zN and N* — oN.

The baryon masses m. (o) for cases (a) and (b) are
shown in the left plot of Fig. 2, the corresponding
parameters in Table II.

In particular, in (a), with /2 # 0, it is now possible to have
|gznn| = 0.64 and m%, = 880 MeV at the same time, for
mgy = 455 MeV or my = 252 MeV, resulting in somewhat
smaller chirally invariant baryon mass values than with
h = 0 above, in either case.

Parameters for solutions in the left panel of Fig. 2 with kinetic mixing (left: m, g, and g,, plus kinetic mixing and

derivative couplings & and Ah), N* mass and axial charges in the chiral limit (middle: here all with m, = 880 MeV), and at the physical
fz =92 MeV (right: all with g, = 1.28, top two rows with |g,yy-| = 0.64, and bottom with g4 — g} = 1).

my [GeV] gy g h[GeV7'] AR [GeVT']  m%.[GeV] % (62" (i) g 9i e Gonne
0.455 547 1535 3.23 0.30 1.387 122 114 026 118 021 064 —11.12
0.252 820 15.62 2.37 1.43 1.404 125 100 —-0.16 100 —021 -064 —892
0.148 100 1411 =205 —6.17 1.408 122 035 142 028 152 472 1582
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TABLE III.

Values for PDM parameters and three-point coupling constants. The PDM parameters my, g;, g, h, and Ah have been

chosen such that |g,yy-| and |g,yy-| agree with phenomenology, (63) and (64).

Solution h[GeV~1]

AR [GeVT!]

my [GeV] 9 92 9oNN 9zNN 9oN*N* 9zN*N* 9oNN* 9NN+
1 0.198 7.61 5.78 —4.58 1.474 28.10 13.06 64.60 46.82 524 —-0.64
2 0.078 8.30 13.44 3.12 0.439 13.99 13.06 26.32 18.73 524 —-0.64
3 0.119 6.51 11.20 4.05 -0.777 19.69 13.06 41.38 28.86 5.24 0.64
4 0.272 8.72 6.55 —4.23 1.021 20.63 13.06 46.01 33.24 5.24 0.64

On the other hand, with these realistic values for the
magnitude of the N* — zN coupling g,yy+, as in (a), an
axial charge of the N*(1510) results of similar magnitude
as g4 (with gj = 1.18 in one case and g = 1.00 in the
other). Since / # 0, in the presence of the kinetic mixing g4
and g, need no longer be equal, but the smallness of
gy [37,38] is difficult to realize together with such a
comparatively small N* — zN transition coupling.

For comparison, in (b), we, therefore, sacrifice the
smallness of the magnitude of g,yy- in favor of that of
g4 Lacking a more precise value, here we more or less
arbitrarily choose gy = 1 — g, = 0.28. This is well within
the phenomenological uncertainties [37,38] and has the
appealing feature that our extended PDM with kinetic
mixing then matches the ABJ triangle anomaly of QCD for
7 = 2y (as the Gell-Mann-Levy model does, correspond-
ing to g4 = 1 and g) = 0). Note that with kinetic mixing
we can always arrange g, — g3 = 1 to match the triangle
anomaly by simply implementing the constraint

1 — 422

Ah =
8hf?

(65)
on h and Ah, from Eq. (48), using 2hf, = sin(6, — 0,).

On the other hand, with g,yy- = 4.72 in this case (b),
cf. Table II, in the presence of kinetic mixing, we observe as
a general trend that it is not possible to have a small g} and
a sufficiently small g,yy- [and hence a small g,
cf. Eq. (49)] at the same time.

Finally, the baryon masses m_.(o) for case (c¢), where we
leave both the chiral-limit nucleon mass and the axial charge
g of the N*(1535) resonance unconstrained, are shown in
the right panel of Fig. 2. There are four independent
solutions with |g,yy+| = 0.64 and |g,yy+| =5.24. The
parameters and the corresponding coupling constants of

N and N* to ¢ and # from Eqgs. (49) and (51) are provided in
Table III.

So far we have glossed over one subtlety when relating the
mixing angles, the observables, and the PDM parameters. A
baryon field, e.g., N, can be redefined by N — —N without
changing any observable. It just provides an overall quantum
mechanical phase that cannot be measured. However, this
flips the sign of all coupling constants connecting N to N*.
This freedom allows us to arbitrarily fix the sign of one such
transition coupling. Without loss, we, therefore, choose
gsnn > 0, here. Only the last two columns in Table III
are influenced by this sign convention. The microscopic
PDM parameters would not change if we demanded, e.g.,
gznvn- > 0. Another way of phrasing this aspect is to note that
the mixing angles 0, and 0, are not uniquely defined by (25)
and (27). For instance, a simultaneous change §; — 7 — 0,
6, — 2z — 0, does not change any of these equations. Also
those relations for the coupling constants (49) and (51) will
remain the same where only one baryon is involved.
However, all signs flip for the N — N* couplings. In the
mixing formula (21), the upper row of the matrix F receives
an extra sign, which is just the operation N, — —N .

From the four solutions in Table III solution number 2
stands out as the one with the smallest values for the
unconstrained baryon-meson couplings g,yns Jsn+n+> and
gzn+n+- This could be important because the matrix ele-
ments for the corresponding vertices are proportional to the
square of these couplings and might grow too large, too
quickly. In fact, using the Goldberger-Treiman relation for
the N*(1535) in Eq. (49) we find that it is only this solution
number 2, with g3 = 1.14, which at least leads to g < ga.
On the other hand, although this solution has the smallest
magnitude of 4, which might seem preferable to consider
kinetic mixing as a perturbation of the standard PDM, it
also has the smallest value of the chirally invariant baryon
mass m, indicating that kinetic mixing in fact dominates
over mass mixing in this case.

Using the same model parameters my, g;, ¢», h, and Ah
(and same sign convention) as in Table III, we show in

TABLE IV. Continuation of Table III. Values for baryon masses and three-point coupling constants in the chiral limit.

Solution myy [GeV] m(lzl [GeV] N (93)° (g47)° 9onw 9N 92N*N* ggN*N* ggNN* ggNN*
1 0.819 1.248 1.24 236 —0.0641 21.18 11.64 43.26 33.81 5.87 -0.16
2 0.871 1.383 1.24 1.12 -0.172 13.16 12.44 23.96 17.87 4.71 -0.51
3 0.848 1.324 1.23 1.61 0.206 16.95 12.00 33.22 24.49 4.18 0.56
4 0.845 1.306 1.22 1.79 0.253 17.00 11.86 34.82 26.89 5.58 0.67
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Table IV the results for baryon masses and coupling
constants in the chiral limit where Eq. (52) applies. It is
interesting to see that for all solutions, the value for gg
remains very close to the physical value of g, ~ 1.28. This
is in qualitative agreement with results from lattice QCD,
cf. the discussion in [49].

VI. SUMMARY AND OUTLOOK

Among the appealing aspects of the PDM, as describing
chiral symmetry breaking in the presence of a purely
gluonic, chirally invariant baryon mass from the scale
anomaly in QCD, the smallness of the axial charge g, < 1
of the nucleon N stands out as one very unsatisfying
feature [10]. Another potential problem of the standard
PDM is the rigid relation g4 = g} between g, and the axial
charge g} of the negative-parity partner baryon, conven-
tionally assumed to be the N*(1535) resonance. In this
paper we have shown that both problems are solved by
including derivative couplings of 6 meson and pions to the
parity-partner baryons N and N*. In particular, we have
extended the Lagrangian of the standard PDM by all such
couplings with one derivative that are allowed by sym-
metry, most importantly by chiral symmetry. This intro-
duces two new couplings of mass dimension [—1],
hy, = h £+ Ah. While the difference Ah of the two has
no effect on the mixing of the baryonic mass eigenstates N
and N*, it can be used to solve the first problem, the
smallness of g4, by introducing (pseudo-)vector meson-
baryon couplings. To independently adjust g}, however,
one needs both independent derivative couplings of the
extended chiral model, 4 and Ah. In particular, 2 # O then
also affects the mass mixing between N and N*.

We have discussed various possibilities to adjust the
model parameters entering the effective baryonic
Lagrangian with derivative couplings. For any given pair
of values of the poorly constrained chiral baryon mass m
and A, the two standard Yukawa couplings g, and g, are
uniquely determined by the masses of N and N*. In
addition, Ah can always be adjusted to reproduce the
phenomenological value of the nucleon’s axial charge,
g4~1.28, in all parameter sets that we have explored. This
is a significant improvement especially when the parity-
doublet model is used to calculate neutrino emissivities of
dense baryonic matter [50].

The remaining two model parameters to fix are then m,,
and /. We have discussed various possibilities to use two out
of a set of four possible observables: the chiral-limit nucleon
mass mY, the axial charge g} of the N*(1535), and the two
meson-baryon transition couplings, g,yy+ and g,yy+, the
magnitudes of which we estimate from the corresponding
decay widths. Calculating the respective other two observ-
ables as model predictions can then serve to assess the
consistency of the effective description. Although the
procedure is limited by the considerable uncertainties in

several of these observables, we can summarize a few
general trends: a sizable value of the chirally invariant
baryon mass m, is difficult to reconcile with the expected
reduction of the nucleon mass in the chiral limit. Moreover,
the general mixing pattern makes it impossible to have a
small axial charge g « g,n-y- of the N*(1535) [37,38] and
reasonably small meson-baryon transition couplings g,y
and g,yy+ at the same time. While g,yy+ is plagued by
considerable uncertainty, g,yy-  g;  (from generalized
Goldberger-Treiman relations) is actually rather well con-
strained. In fact, our estimate of |g,yy+| ~ 0.64 leads to a
prediction of |g}~| ~ 0.21 for the size of the off-diagonal
axial charge connecting N(939) and N*(1535).

A general feature of the PDM is the complete quenching
of the diagonal axial charges of N and N* in a putative
hadronic high-density phase with chiral symmetry restora-
tion, where g4, g; — 0 but g~ — 1. This general feature
remains true in the extended PDM with kinetic mixing
introduced here.

The full chiral structure of hadrons—and not only the
(approximate) vector flavor symmetry—is probed by the
weak interaction with its preference for left-handed par-
ticles and right-handed antiparticles. Of course, our present
developments, which lead to the correct strength of g,,
allow for a quantitatively reasonable description of the
classic weak process, the beta decay of the neutron. In this
spirit, it would be interesting to extend the framework from
two to three light flavors. In the meson sector, chiral
perturbation theory is a standard tool for the understanding
of kaon and eta decays [51-53]. But in the sector of
hyperons, there are severe challenges for the application of
chiral perturbation theory to nonleptonic and radiative
decays [54-57]. Logarithmic corrections to leading-order
results seem to work reasonably well in some channels but
fail in others. On the other hand, full next-to-leading-order
calculations have very limited predictive power, because
they involve too many unknown low-energy constants.

In such a situation, a better microscopic understanding of
the structure of baryons might help for a reliable estimate of
the respective sizes of the low-energy constants. A three-
flavor version of the mirror assignment can provide such a
microscopic picture. It is also appealing that the mirror
assignment involves not only the ground-state baryons but
also resonant states. The weak interaction induces a further
mixing of baryon states that have different numbers of
strange quarks. In general, the larger the mixing is, the
smaller the energy difference of the strong interaction
eigenstates is. For instance, the mass of the X baryon lies
exactly in the middle between the nucleon and the Roper
resonance, and also the N(1535) is only further 100 MeV
away. It has often been speculated that these resonances
play an import role in weak nonleptonic and radiative
decays [56,58-60]. Obviously, the mirror assignment
would correlate the weak mixing parameters of a hyperon
to ground-state baryons and to resonances.
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Just recently, LHCb announced the observation of the
most rare baryon decay seen so far, namely, the process
>t — putu~ [61]. Unfortunately, a severe high-precision
test of the standard model is hampered by the limited
predictive power of chiral perturbation theory [56,57] and
lattice QCD [62] for the weak radiative decays. More
microscopic input based on a better understanding of the
chiral structure of baryons can improve the situation.
However, this requires to spell out the concrete chiral
representations that enter in the description of three-flavor
multiplets of ground-state baryons and low-lying resonan-
ces. For instance, a two-flavor chiral structure of a left-
handed doublet and right-handed singlet can be generalized
to a left-handed triplet and right-handed antitriplet or to a
left-handed octet and right-handed singlet. Various inter-
polating currents for baryons with well-defined chiral
transformation properties have been formulated in [63].
It would be interesting to explore the different predictions
related to specific choices of chiral representations—see
also the discussion in [64]. By having the classical beta
decay under control, our present work can be seen as a
starting point to explore the consequences of the mirror
assignment for the vacuum phenomenology of weak
baryon decays.

At the same time, weak processes also play an important
role for nuclear physics. Here, the neutrino emissivity for
the cooling of neutron stars might serve as a prominent
example [50]. With the realistic axial charges of our
extended PDM, it will, therefore, be important, as a first
step, to reconsider the phenomenologically successful
description of the thermodynamics and equation of state
of symmetric and asymmetric nuclear and f-equilibrated
neutron star matter [65-67].

Of course, the extension of the formalism to three light
flavors allows us to study the importance of hyperons for
neutron star physics [64,68]. An interesting question here is
the nature of the in-medium chiral phase transition. Does
the restoration take place for three or just for two flavors?
As long as a symmetry remains spontaneously broken, it
might seem advantageous to use a nonlinear realization for
the Goldstone bosons [43,69,70]. In this case, it is not
necessary to spell out the transformation properties of the
baryons with respect to the full chiral group. But one must
use a chiral vielbein with its derivative couplings to ensure
the Goldstone theorem. A nonlinear realization is of
advantage if one wants to keep the framework as model
independent as possible. One stays as ignorant as possible
about the chiral properties of baryons. On the other hand, as
already discussed, a linear representation is of advantage if
one wants to develop and test a more microscopic picture of
baryons. Coming back to the chiral phase transition, it is
certainly easier to use a linear representation for the (part of
the) symmetry group that gets restored. However, we note
in passing that also a nonlinear sigma model can have a
chiral phase transition [71].

At large particle and energy densities, strongly interact-
ing matter will get so dense that the quarks do not know
anymore to which hadron they belong. Historically, this has
been addressed by percolation transitions [72]. The relevant
densities at which this is expected to happen are determined
by the mass radius of the proton [73]. For a recent
discussion in terms of the valence-quark radius of a hadron
after subtraction of the long-range meson cloud, see
Ref. [74]. With an expected “quark-gluon core” radius
of about 0.5 fm, one might speculate that densities
considerably higher than that of nuclear saturation can
be reached before quark (and gluon) degrees of freedom
become relevant. They will, nevertheless, clearly constitute
the relevant degrees of freedom at asymptotically high
densities, while the parity-doublet model deals solely with
hadrons, with the possible interpretation of the chirally
invariant baryon mass describing precisely that of their
quark-gluon cores. Extending a hadronic model by quark
degrees of freedom can easily lead to double counting. In
principle, however, one can obtain a phase transition
between hadronic and quark matter by merging two
equations of state or by developing a model with quark
and baryon degrees of freedom, see, e.g., Refs. [75-79] and
references therein for the application to neutron stars. The
possible disadvantage of a plain merger is the model
dependence on both the hadronic and the quark side,
which might lead to quantitatively unrealistic phase tran-
sitions. In particular, for situations where there is a second-
order phase transition or a crossover, one prefers one
unified framework for low and high density. In particular,
this will be the case for a percolation transition, which
typically is a geometric phase transition without a thermo-
dynamic singularity. A technically more advanced strategy
for the future is certainly the use of functional renormal-
ization group flows for QCD at asymptotically large scales
in combination with dynamical hadronization toward
hadronic scales [80-82]. We regard it as reasonable to
expect a situation where the high-density phase of quarks
and gluons displays a flow toward the population of
mesonic and diquark correlations when the density is
reduced.” In a second step, further reducing the density,
such a quark-diquark-meson system [86] would then be
expected to flow toward a meson-baryon system. This
would bring us back to a version of the parity-doublet
model, with predictions for the respective values of the
model parameters, i.e., the chirally invariant baryon mass
and coupling constants. The present work has demonstrated
that it is thereby important to study not only the effective
potential and baryon mass mixing, but also kinetic mixing
on the level of derivative terms, such as the pseudovector
pion-nucleon coupling.

*When the temperature is sufficiently low, the resulting
diquark correlations are already relevant in the high-density
phase, leading to color superconductivity [83—85].
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APPENDIX A: PARITY FLIP BY SPONTANEOUS
SYMMETRY BREAKING

Here, we discuss the interesting (but maybe phenom-
enologically irrelevant) finding that spontaneous symmetry
breaking can flip the relative parity between the two baryon
states around. Since this is a subtle issue we discuss this
case in some detail.

Consider a pair of left-handed and a pair of right-handed
baryon fields where the members of each pair transform
oppositely under (chiral) isospin transformations, namely,

By, = UBp,
Bigr = UgBg,
By — UgByy,

BZR d ULBZR' (Al)

Here, the label L (R) for the baryon fields refers to left-
(right-)handed fermions concerning the Lorentz group.
Note the mirror assignment [8,10] for B,.

In a first step, we restrict ourselves to fermions. The most

general SU(2);, x SU(2), invariant Lagrangian with
dimension-3 and dimension-4 operators is

Ly = B1Li0B, + By i0By;, + B gidB g + BygidByg
— m B Byg — myBy By

— m3B By, — myByrBy. (A2)

Hermiticity demands m; = m} and m, = mj. Parity sym-
metry leads to m; = m3 and m, = my. This yields

L() - TulaBlL + TnlaBZL + TmlaBlR + TmlaBZR
—m By Byg —m{ By Byg

—m BBy, — mTTmBlL- (A3)
If we write the mass parameter m; as |m;|e™®, then we can
move the phase into a redefinition of the B; fields,

(A4)

e_i“BlL g BlL and e_iaBlR g BlR'

We end up with the most general Lagrangian,

Ly = Bi0By, + By 0By, + B gidB g + BogidBoy
— moBy Bog — moBy By

—moBrBy — moByrB L, (AS)
and a positive mass parameter my = |m,|.

We stress that B; and B, are not the physical fields, i.e.,
they do not correspond to single-particle excitations. The
physical fields are superpositions of B; and B,. We also
stress that we do not know yet about the relative parity
between the physical fields. This can be determined most
easily via interactions with mesons. Finally, we have not
introduced yet the additional mass generation via sponta-
neous symmetry breaking.

To this end, we introduce a meson field M that trans-
forms as

M = U MU} (A6)
Spontaneous symmetry breaking will be achieved by the
replacement M — f,6;. The parity transformation
changes M to M'. In terms of sigma and pion fields one
might write M = ¢ + iz - T with Pauli isospin matrices 7.

The most general chirally invariant Lagrangian with
dimension-4 operators containing our baryon fields and the
mesons is

Ly = _ng—lLMBlR - gTB—lRMTBlL

+ 9By M Bog + g5BopM By . (A7)
Parity symmetry demands g/ = g;, leading to
Ly =-g1Bi.MB g — g:BixM'By,

+ 92Bo,M"Bog + g,BorMBy, (A8)

with two real-valued parameters g; and g,. It is important to
note that the field redefinitions (A4) do not change (AS8).
Thus, £, + L, is the most general Lagrangian compatible
with the chiral symmetry SU(2), x SU(2) and parity,
provided that one ignores higher-dimensional operators.
We discuss now the two cases of Wigner-Weyl phase and
Nambu-Goldstone phase for the chiral symmetry group
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SU(2), x SU(2)g. In the former case, the Lagrangian (A8)
provides only interactions. We need to diagonalize the
Lagrangian (AS5) such that one obtains the standard form of
a free Lagrangian for two baryons. In a second step we will
check what this diagonalization implies for the interaction
terms of (A8). This will allow us to determine the parity of
the obtained single-particle baryon states.

As it stands we can merge the left- and right-handed
components together and obtain the compact version

Ly = B,idB| + B,idB, — myBB, — myB,B;.  (A9)
We introduce new fields via
Bi= By tBy). By=—(By—Ba) (AlO)
V2 V2
and find
Ly = B4idB, + BgidBg — myB,B, + myBgBg.  (All)

This is not the standard form of a free Lagrangian yet,
because the mass term for By has the wrong sign. In this
context we recall that the parameter m is positive by
construction. Therefore, we introduce

B+EBA, B—E_ySBBv (AIZ)
or in components
B, =By, B g = Byg:
B—L = BBL’ B—R = _BBR' (A13)

As desired we obtain the standard form of a free
Lagrangian,

Ly = B_idB, + B_idB_ —myB B, —myB_B_. (Al4)

The two baryons have the same mass. Finally, we rewrite
the interaction Lagrangian (A8) in terms of the physical
fields B, and B_. A very practical way to do this is the
introduction of the Hermitian and anti-Hermitian parts of
the meson matrix M = M, + M,. The Hermitian part is
invariant under parity, i.e., describes scalar mesons. The
anti-Hermitian part is odd under parity and describes
pseudoscalars. We get

Ly = _QIFIMhBl - 91F1Ma7531
+ 9:B:M By — g:B,M ys By

1 — 1 _
= —5(91 —9)BM;B +§(91 —9,)B_M;B_
1 S 1 _
+§(91 +9,)BLMyysB_ —5(91 +92)B_M,ysB..
1 S 1 _
~5(91+9:)B M,ysBy +5 (91 +92)B-M,ysB-

1 _ 1 -
+-(91—92)B:M,B_ —5(91 -g)B_M,B,. (AlS)

2
It is obvious that B, and B_ have opposite parity. This
should also be clear from the point of view of chiral
symmetry in the Wigner-Weyl phase. Massive states have
chiral partners with opposite parity (except if the massive
state is a chiral singlet). If a conserved axial charge acts on a
state, the parity flips but the energy/mass does not change.
The interactions also have the same strength for these chiral
partners, as one can easily read off from (A15).

After this detailed analysis, one can shortcut the dis-
cussion if one is only interested in the masses and relative
parity of the baryonic single-particle states: one just
determines the eigenvalues of the mass matrix. If both
eigenvalues are positive, then the baryons have the same
parity. If the eigenvalues have different signs, then the
physical states have opposite parity relative to each other. If
both eigenvalues are negative, one can redefine the baryon
fields such that the masses become positive without any
change of the physics. The physical states will have the
same parity.

Now we switch to the Nambu-Goldstone phase of
spontaneous symmetry breaking. We want to show that
there are parameter choices for my, g;, and g, where the two
physical baryon states have the same parity. Replacing
M — f,04 and collecting all terms quadratic in the fields
yields the free Lagrangian

Ltree ssp = B1i0B| + ByidB; — moB By — myB,B;
— 91fzB1B1 + 92/ B2B>. (Al6)
Therefore, we look for the eigenvalues of the mass matrix

<91fn my ) (A17)
my  —9fx

which are given by

1 1
map = =5 (02— g1) + \/m% + Zf%(gl + )% (AlB)

If both g;f, are relatively small, i.e., if the dominant
effect comes from the m3 term, then we will find one
positive and one negative mass eigenvalue. In this case one
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introduces new fields (A12) and obtains two states with
opposite parity. Their masses are given by

1 1
my_ = \/m% + Zf,zz(m + 92)2 + Efﬂ(QZ - 91)- <A19)

This is the standard scenario of the PDM in the Nambu-
Goldstone phase, two nondegenerate baryons with opposite
parity and masses given by (A19). In the main text we focus
on this scenario and extend it by the introduction of kinetic
mixing.

However, if the two coupling constants have different
signs, e.g., g; > 0 and ¢, < 0, and if

91(=9)f7 > m(%, (A20)

then the two masses given by (A 18) will have the same sign
(positive for our sign choice of the coupling constants).
There is no reason to redefine one of the baryon fields via
(A12). The baryons states labeled by A and B qualify as
single-particle states. For this nonstandard scenario, one
obtains two nondegenerate baryons with the same parity
and masses given by (A18).

What happens if we approach the Wigner-Weyl phase of
restored chiral symmetry in this nonstandard scenario? In
other words, what happens if f, becomes smaller? At some
point, the condition (A20) is no longer satisfied. At the
break-even point of m3 = —g,g, /%, the smaller of the two
masses vanishes. Note that this happens before chiral
symmetry is fully restored with f, = 0. After this break-
even point, the two physical baryon states have opposite
parity. The state that was massless at the break-even point
has switched its parity relative to the heavier partner state.
With altered parity it regains mass until it becomes
degenerate with its parity partner at the point of chiral
restoration. It is certainly a funny possibility that a particle
has a vanishing mass before chiral restoration is reached
and has regained a mass at chiral restoration (and a parity
opposite to the vacuum case).

We stress again that we regard it as less likely that this
scenario is realized in nature. Nonetheless, it might be
interesting to plug in some numbers. If we search for two
baryons close in mass and with the same parity, the nucleon
and Roper [N (1440)] come to mind, in particular given the
fact that it is not so clear why the first excitation of the
nucleon does not have opposite parity relative to the ground
state [87,88].

If both states have the same parity (in the vacuum), then we
read off from (A18) the mass difference between the two

states. This difference is given by 2\/ md +112(g1 + )%

which places an upper limit on m,. If one chooses g; = —¢,
and the masses of nucleon and Roper, then one obtains the
rather low value of my=0.25 GeV together with
g1 = —g» =~ 13. When the pion decay constant f,, i.e., the

sigma expectation value, has dropped from about 92 to about
20 MeV, then the nucleon mass vanishes for this choice of
parameter values. Note that this is just a particular model
case. There is no reason to choose g; = —g,. The purpose is
just to show a typical value of m. For the case g; # —g¢,, the
value of m, would further shrink below 0.25 GeV, if we keep
nucleon and Roper as the states for which this nonstandard
scenario is supposed to hold. In general, the limits of the
parameters for this scenario are my < (my —mg)/2 and
mp < |go|fz < (my +mp)/2 < g1fr < my (if one assumes
0 < |g| < g1). The limiting cases are my = (my — mg)/2
together with g,f, = —g>f, = (my + mg)/2 and my =0
together with g, f, = my, |g.|f - = mp.

APPENDIX B: DETAILED DERIVATION OF THE
EXTENDED PDM LAGRANGIAN

In this appendix, we formulate a PDM version that
contains kinetic mixing. We focus on the baryon sector, i.e.,
we do not spell out explicitly the meson Lagrangian of the
linear sigma model that leads to spontaneous symmetry
breaking. In the baryon sector, we want to include all
possible terms with no or one derivative and with no or one
meson field. We include in the general construction also the
coupling to weak currents with the purpose to determine the
axial charge g4. We also regard it as useful to check the
Goldberger-Treiman relations [33,34]. In the chiral limit,
this relation establishes a connection between the strong
coupling of Goldstone bosons (here pions) to a hadron
multiplet and the weak coupling of these hadrons. The
coupling to external (weak) currents is best achieved by
promoting the chiral symmetry to a local symmetry [89].

We start with two baryon fields B; and B, of the same
parity that behave oppositely with respect to local chiral
isospin transformations,

(BI)

Here, the label L (R) for the baryon fields refers to left-
(right-)handed fermions concerning the Lorentz group.
Note the mirror assignment [8,10] for B».

To achieve local invariance of the Lagrangian, we
introduce left- and right-handed external sources. Their
transformation behavior is given by

lﬂ(x) - UL (x)(lll(x) + iaﬂ)Uz(x)v

ru(x) = Ug(x)(r,(x) + iaﬂ)UIg(x). (B2)

Vector and axial-vector source terms are built in the
following way:
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(ry=1,). (B3)

N —

(ru + L), a, =

With the help of the external sources we can build chirally
covariant derivatives. We will always use D,,, but it depends
on the field how D, is defined. Specifically,

DﬂBlL = (aﬂ—ilﬂ)BlL,
DMBIR = (6ﬂ—irﬂ)BlR,

DﬂB2R = (aﬂ - ilﬂ)BZRa

D,MBZL = (6ﬂ—irﬂ)BZL. (B4)

Finally, we introduce the isospin matrix of scalar and

pseudoscalar meson fields,” M = ¢ + i7- %, which trans-
forms according to

M(x) = UL(x)M(x)Ug(x). (B5)

We want to build chirally invariant fermion bilinears with

one derivative at most. There are four groups distinct by
|

chiral isospin and by fermion chirality (Lorentz group
property). These groups are as follows:

(1) BlL and iDBZR,

(2) BZR and iDB]L,

(3) BIR and iDBQL, and

(4) B2L and iDBlR.
Lorentz invariance prevents the combinations of group
elements within one group and combinations of groups 1
and 4 and of groups 2 and 3. Chiral isospin symmetry
demands the use of a meson matrix M or M’ when
combining groups 1 and 3 or 2 and 4. In total one can
build 25 = 32 terms. But eight of them have two deriva-
tives. Avoiding those, it leads to 24 terms. As usual, total
derivatives are ignored because they drop out in the action.
This leads to the 20 terms given below. Hermiticity and
parity symmetry reduce them to seven proper combinations
and charge conjugation symmetry makes the parameters
real-valued. After normalizing the kinetic terms we find

Lex = Bi1iDB; + B giDB g + ByriDBog + By iDBy;, — my(By Bog + BigBay + BBy + By Big)
— 91(BiLMB g + B{xM'B,;) + g,(BoxM By, + By M Byy)
— hy (B MiDB,y, + BigM'iDByg + iDByy M'B,, + iDBogMB,y)

— hy(BygMiDB g + ByyMTiDB,; + iDB xM ' B,g + iDB,, MB,,).

One can rewrite the fermions in a more compact form by
using B (and y5B) instead of B; and Bjy. On the other hand,
the coupling to mesons and to the external currents needs to
then be rewritten into the explicit couplings to o, = and a,,
v, respectively. We will do this in the end for the physical
fields N, and N_ that describe the nucleon and the N*
resonance.

It is worth discussing the impact of the discrete sym-
metries in more detail. Let us look at the m terms in (B6).
Parity relates the first with the second term (and the third
with the fourth). Hermiticity relates the first with the third
term. Charge conjugation maps a left-handed field, B;, on
the adjoint of a right-handed field, B , and vice versa. Thus,
it relates the first with the fourth term. Parity alone would
allow for a complex-valued parameter mg in front of the
first and second terms. Hermiticity demands that the
parameter in front of the third and fourth terms is my.
Charge conjugation demands mg = my.

As a second example we look at the g; terms. For the
meson fields, the parity transformation is M — M.

*Note that we use a combined isospin-spinor matrix in the
main text to parametrize the mesons. The context will always
reveal which matrix is used. Left- and right-handed fermion fields
come with the isospin matrix specified in this appendix. Four-
component fermion fields come with the meson matrix that
contains a ys.

(B6)

|

Already parity symmetry demands the same coefficient
in front of the two terms. Hermiticity makes g; real-valued.
All this fits to charge conjugation symmetry if the meson
fields transform as M — M7,

The analysis of the m terms can be taken over to the &,
and h, terms. The appearance of y, induces an additional
sign change for charge conjugation. This is implicitly
accounted for by extending the Dirac conjugation to the
factor of i in front of the derivative.

If one analyzes the Lagrangian (B6) in the Wigner-Weyl
phase of restored chiral isospin symmetry, the diagonaliza-
tion procedure leads to one positive and one negative
eigenvalue for the mass parameters. To obtain the standard
form of a free Lagrangian with two positive mass
parameters, one introduces the new fields Ny, = By,
Nigr = Bg, Nyy = =By, and Nogr = +B»p, Or in a more
compact version,

N1 EBI, sz}/sBz. (B7)

The new fields have now opposite intrinsic parity relative to
each other. Also, charge conjugation looks slightly different
because N,; is mapped on the adjoint of the negative of the
right-handed field, i.e., on —N. ; g In terms of these new
fields the Lagrangian becomes
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Lexi = Ni1iDNy; + N giDN g + NogiDNog + Ny iDNyy — mo(N1Nog — N1gNop + NogNip — NopNig)
— g1(N;zMN g +N\gM'N 1) = g2(NogMNoy, 4+ Ny MTN o)
— 1y (=N, MiDN,, + N xM'iDN,g — iDNy M'N,; + iDN,xMN,z)

— hy(NogMiDN g — NyyMTiDN,; + iDN\xgM Nz — iDN, MN>; ).

If we drop the coupling to external sources (D — d) and
introduce four-component spinors by using ys, we come to
the Lagrangian (17).

In this appendix, we will keep the coupling to external
sources and also stick with the left- and right-handed
fermion fields for some part of the analysis. Yet, we put
the free part of (B8) into a more compact form, focusing
now on the case of spontaneous symmetry breaking,
M — f,. We obtain

Liee = N{iON| + N2i0N; — mo(N1ysNy, — NaysNy)
— 91f 2NiN| = g2f zN2N,

The parameters /; and £, enter the free Lagrangian only in
the combination h = (h; + h,)/2.

(B8)

Given the opposite intrinsic parities of N| and N,, it is
natural that N,ysN, is the pertinent parity symmetric
combination. But a too naive application of charge con-
jugation would map N,ysN, on +N,ysN,. Hermiticity
would then demand that m is purely imaginary. This is
wrong. The correct charge conjugation operation is stan-
dard for B,, but nonstandard for N,, namely,

NyysNy = B1By = +B;B| = —NyysN;. (B10)
We stress this explicitly because the common lore is that a
pseudoscalar bilinear is even with respect to charge
conjugation.

The remaining tasks are to diagonalize and rescale the
free Lagrangian and to determine the coupling constants of
the three-point vertices. One way to achieve these goals is
to start from the right- and left-handed fields in (B6) or (B8)
and introduce the physical fermion fields via

N+L COSH] 0 Sin92 0 BlL
N 0 cos 6 0 sin @ B
+R | . 1 2 1R (BI1)
N_p sin 6, 0 —cos 6, 0 B,
N—R 0 —Sin91 0 COS 92 BZR
The inverse relation is
BlL COS 92 0 sin 92 0 N+L
B 1 0 cos® 0 —sin@ N
R | _ . 2 2 +R (B12)
BZL COS(Q] _02> sm@l 0 —COSHI 0 N—L
BZR O Sin91 O COSgl N—R
The corresponding relation for N, , reads
N., cos 6, 0 —sin6, 0 Ny
N 0 cos @ 0 sin @ N
+R | . 1 2 IR (BI13)
N—L S1n91 0 COS@Z 0 N2L
N—R 0 —Sin91 O 00562 NZR

In compact notation this means
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cos 0,

N sin 6 N
(V)= o, T ) () 0
N_ —ys5sin@;  cosO, N,

If one uses (B12), then one can express the baryon
masses and the diagonalization conditions in terms of the
parameters of the Lagrangian. One finds

1
" cos(6, — 6,)
X (g1f€0S% 0y — go f p 5in? O, + 2my sin @, cos 6,),
1
- cos? (0, — 65)
X (=g1f sin> 0y + go f » cOS O, + 2my cos @, sin6,),
0= g1f,sin(20,) + gof , sin(20;) — 2mg cos(6, + 6,),
(B15)

together with

2hf, = sin(0, — 6,). (B16)

If one uses (B11), then one can express the parameters in
terms of the physical baryon masses. In addition to (B16),
this yields

Gifr = m, cos? @, —m_sin® 0,

ngﬂ =m_ COSZ 92 - m+ Sinz 02,

my = m, cos @) sin@, + m_cos 0, sin ;. (B17)

It has been cross-checked that Eqs. (B15) and (B17) are
fully compatible with each other.

_ g1€08% 0 + gy sin* 6

If we keep only the external sources (and the vacuum
expectation value of the meson field matrix), the
Lagrangian becomes

‘CfreeJrsources = N_Jrlyﬂ (aﬂ - iU”)N+ - I’H+N_+N+
+ N_iy*(d, — iv,)N_ —m_N_N_
+ g1 "Noa,'ysNy — g5 N_a,y*ysN_
- g1 (Nya,*N_+N_a,/*N,), (BIg)

with the axial charges

o cos(6 +6,)cos(0) —0,) +4Ahf, sind, cos 6,
4= cos?(6, — 0,) '
__cos(0; +6,)cos(6 —0,) +4Ahf, cos b, sin 6,

B cos?(0; — 0,) '
. sin(f; +6,)cos(6, — 6,) —2Ahf, cos(0; + 6,)
A cos?(0; — 6,) '

(B19)

9

and Ah = (h; — h,)/2. Note that we have used (B3) to
rewrite left- and right-handed source terms into vector and
axial-vector source terms. We see that the vector sources do
not get renormalized. They relate to the unbroken vector
subgroup.

Now we turn to the meson-baryon three-point inter-
actions. We will write down two versions, with and without
using equations of motion. For the latter case we obtain for
the pions the Lagrangian

gy 8in% 6, + g, cos? 0 — _

‘Czr—'eom -

cos? (0, — 0,) Nz aysNy +

—g; sin(26,) + g, sin(26,)
2cos*(0; — 6,)

_ 2—é:s§(();19]—8;:;92 N_7-(0,7)y"ysN_ +
h _

T oS0, = 0y)

cos?(6, — 6,)
(N_it-ZN, — N, it-ZN_) +

Ahcos(6, + 0,)
cos?(0, — 6,)

(N_%-#0N, —9N_7-iN, — N, 7-%N_ + N, T-7iN_).

N_it-7ysN_

2Ahsin 6, cosHZN__, (0,7)77sN
—_—mm ’z'. n‘

(N, 7:(0,@)y"N_ +N_7-(0,7)y"N )

(B20)

Note that the last term cannot be rewritten into a standard pseudovector interaction, i.e., we obtain more than just the
standard pseudoscalar and pseudovector interactions when two different baryons are involved.

This pattern appears also for the three-point functions involving the 6 meson (we use 6 = o — f,),

116010-20



KINETIC MIXING AND AXIAL CHARGES IN THE PARITY- ...

PHYS. REV. D 113, 116010 (2026)

—g; cos? 6, + g, sin” 0 ——

g1 8in? 0, — g, cos? 0 —

N_6N_

L scom = NiGN, +
coeom 0082(91—92> + 0Ny

g18in(26,) + g sin(260,)

2cos? (0, — 6,)

2hsin @, cos 0,
~ cos2(0, — 0,)
hcos(0; + 6,)
 cos2(6; — 0,)

The equations of motion have the general structure

(i0—my)Ny =JiNy, (B22)
where J. contains at least one field (meson or external
source). Plugging the equation of motion back into the
interaction Lagrangian of three-point interactions yields
new three-point interactions (with less derivatives) and
extra terms that contain J together with another meson
field. Thus, this procedure generates new four-point inter-
actions. In other words, free equations of motion can safely
be used to rewrite three-point interaction terms as long as
one does not specify the four-point interactions.

In this spirit we can rewrite every derivative interaction
into a pseudoscalar interaction (and vice versa). Also the
last term in (B20) can be simplified. This yields the
Lagrangian for pion-baryon three-point interactions given
in (47) of the main text. Note that we have made use of
(B16) and (B17). We have also used (B19) to show that
we have recovered the Goldberger-Treiman relations.
Repeating this procedure for (B21) leads to the
Lagrangian for the ¢ meson given in (50).

APPENDIX C: MEAN-FIELD LAGRANGIAN
FOR GENERAL VACUUM ALIGNMENT

Due to chiral symmetry we can generalize the free
baryon Lagrangian of Sec. III A for an arbitrary spacetime
constant meson matrix M, corresponding to a general
alignment of the O(4)-vector (o, 7) on the vacuum mani-
fold. This leads to the mean-field Lagrangian

L= (§1.8,)

vs(2hMid —mg) \ [ N,

oot )5
()

X

This quadratic form defines in momentum space the
Nambu-Gorkov-Dirac operator, S~!(p), of the two-flavor
parity-partner baryons (N, N,) for constant ¢ and/or pion
fields. Since yoS~!(p) is Hermitian, it can of course be
diagonalized by a unitary transformation, which here, for

(N &6ysN_—N_&ysN,) +

2hcos @, sin b,
cos?(0; — 60,)

(N_izdysN, — ON_iGysN, + N, i6dysN_ — ON_ iGysN_).

cos?(0; — 0,)

Ah

cos(0, —05) (N1i(95)ysN_ — N_i(0&)ysN ;)

(N_&idN_ —AN_izN_)

(B21)

|

h # 0, necessarily depends on the four-momentum p of the
baryon, however, in addition to the meson matrix M (and
the constants mg, gy, ¢», and h). In order to find the
propagating normal modes corresponding to the physical
mass and parity eigenstates, it turns out to be sufficient to
apply a nonunitary but momentum-independent baryon
field transformation of a form, generalizing that in (2),

(v) =)
N_ N,
with, again using the abbreviations ¢; = cos 0, s; = sin 0,
and ¢, = cos6,, s, = sinb,,

( N
=
},5 1

where the meson field dependence is encoded in the unitary
matrix U, defined, as in the main text, by

(€2)

y5s2UT)

C3
U (C3)

6=0c/p, r=7TT/P, P*=0>+7>,
(C4)

U:8+l}/57,\r7

so that M = ¢U. This transformation is not measure
preserving, but one has det F' = cos(8; — 6,), which intro-
duces a meson field—dependent Jacobian, as we will see
below. Moreover, we will need

1 —yssin(0, —0,)U"
—yssin(6, —6,)U 1
and
= Cq V581
F =y Ffy, = . C6
ot (—y5s2UT CzUT> ( )

With these definitions, we express the mean-field
Lagrangian in terms of the physical baryon fields as
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cwe= (8w ) (U700 G
- (s Jore ()

_ (Nl,Nz)F<m6U m?(})F(ii) (C7)

Comparing this with (C1), using (C5) we can first identify

sin(91 - 92) = 2l’l¢, (CS)
in agreement with Eq. (25). In addition, from
_(m, U 0 | M m
F< + )F_< 9 75 0>’ (C9)
0 mU —ysmy  goM’
we obtain the relations
g1 = cimy —sim_ = Am + i cos 20,
Grp = c3m_ — s3m = —Am + in cos 20,
my = Cc1Som, + cpsym_
= msin(0; + 6,) — Amsin(0; — 0,). (C10)

These are the generalizations, for general M = ¢U, of (27),

cf. Sec. III B.
The general

Hamiltonians

form of the corresponding Dirac

H =y p+yom U (C11)

is given in Egs. (37) and(38). These can be worked out
explicitly, using Eq. (32), to obtain

- 1 1
H, = 707P+m70 <2 (91 — 92)M — moU>Coszq0
1 1 ,
+m}’o <§ (91 = 92)M + moU) sin’p
1

+ Thzd)z)/o(gl + gz)MCOS(pSIH , (CIZ)

. 1 1 . 5
H_=y0yp———F= =70 5(91 — g2)M — myU | sin” ¢

! 2
T ang 70\ 7 (91 = %)M +moU | cos® ¢

1 .
+ m?’o(gl + 92)M cos ¢ sin g,

where ¢ = (0, + 0,)/2 + zn/4 and 2h¢p = sin(0, — 6,), as
in Sec. III B.

(C13)

As usual, they both satisfy H3 = p? + m2, so that we
can read off the mass eigenvalues for general vacuum
alignment as

1 <1 (91— 92)0 - m0> cos® ¢

M T 1+2hp \2
1 1 .
MY <§(91 —gz)¢+mo> sin’
+ ! 1( + ¢o)¢psin2 (C14)
5591 T m 2@,
V1 —4ntp?2
1 1 .
- =TT 20 <5(91 —gz)¢—mO> sin” ¢
11 ,
T1Z2np 5(91—92)454-’"0 cos” ¢
1 1 .
+m5(91 + g>)¢ sin 2¢. (C15)

Without kinetic mixing, ie., for A=0 and with
@ = 0 + r/4, this reduces to the masses of nucleon and
N* in Eq. (5).

Using Eq. (35) we can furthermore eliminate m, from
Egs. (C14) and (C15), writing

1 1 1 —2h¢cos2q
my =291 = 9)P+5(91 +92)¢ :
+ 2(1 2) 2(1 2) 1—4h2¢25in2(p
(C16)
1 1 1 4+ 2h¢cos2q
m_=-—=(g1—9)¢+5+9) :
0=+ 5 01+ b

(C17)

yielding Egs. (40) and (41) in the main text.

APPENDIX D: THE ¢ MESON AS A BROAD
RESONANCE OF PION-PION SCATTERING

The PDM provides predictions for the coupling of the ¢
meson to baryons. In principle, the prediction for the
o — N* — N interaction strength can be compared to the
partial decay width of N(1535) — oN. In general, we stick
to tree-level calculations in the present work. However, the
o meson is a very broad resonance [17] of pion-pion
scattering [45]. Approximating it by a stable state would
yield very misleading results. Also on the experimental
side, the o meson is extracted from events with two pions in
the final state [47,48]. This requires the introduction of a
realistic spectral distribution for the ¢ meson. This is the
main aspect of this appendix. However, we establish first
the decay formulae.

We start with the three-point interaction between a o

meson, a nucleon, and a J* = %‘ resonance,
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L = gonn+(NGysN* — N*GysN). (D1)

The Feynman matrix element for the decay N* — No is
given by
M = gonn-iin(p')ysun-(p)- (D2)

This leads to the spin-averaged squared matrix element

XTe[(p + my)ys(p + my-)ys]
2(my- —my)? = m2]. (D3)

1
<|M|2> == B L%NN*

= |gaNN*

One reason why we write this down in detail is to stress that
this relativistic version is not fully compatible with the
following guess inspired by a nonrelativistic treatment:

(M?) < |5,
1

- 2 2
4m?
v

[(my- = my)? = mZ][(my- + my)?* = mg).
(D4)

The extra factor (my- + my)* — m2, which depends on the
o mass, does not show up in (D3). This is a serious issue
because the ¢ meson is a very broad resonance. This makes
it necessary to introduce a spectral distribution where the ¢
mass becomes a variable. For such a case, the partial decay
width is given by

(mN*_mN)z 1
rN*—)(ﬂJT)nN = |Gonn- 2/ . dm%zWA(m%z)
4mz
12V (e miy, miy)

[(my- — mN>2 - m%z]

87 2m3,.
(D5)
We have introduced the Killén function
Ma,b,c)=a*>+b*+c* —2(ab + bc +ac), (D6)
here leading to
Amige, my,miy) = [(mye = my)? —mi,)
x [(my- +my)? =mp,]. (D7)

This function serves to specify the momentum of the
nucleon and the sigma meson in the rest frame of the
decaying resonance [|p| = 1'/2/(2my-)].

The spectral distribution of the ¢ meson is denoted by .A.
The quantity N denotes the normalization of this spectral
distribution,

N= dm3, A(m?,).

(D8)
4m?

Note that in (D5) one finds the invariant two-pion mass
m, instead of an on-shell & mass in the phase space factor
A1/2 and in the (my- — my)? — m3, factor of the squared
matrix element. What makes the introduction of a spectral
distribution indispensable is the kinematical situation that
we face: a stable sigma meson would grossly underestimate
the available phase space that starts at my + 2m, and not
only at my + m,. For narrow resonances, the correct
threshold is of minor importance. But for broad resonances,
the correct threshold has an important quantitative impact.

We need to determine the spectral distribution of the o
meson. We introduce the propagator

1
D =————— D9
) = (09)
with the self-energy I(s) and define
=——-ImD,. D10
Limb, (D10)

The quantity 71, denotes the bare mass of the ¢ meson. By
the interactions with the pions the bare, stable ¢ becomes a
resonance with a pole of the scattering amplitude on the
second Riemann sheet of two-pion scattering.

Let us briefly review the most important aspects of the o
meson and the scattering of two pions in an s-wave with
isospin 0. The o meson, also known as f,(500), is the
lightest hadronic resonance. Its pole on the second
Riemann sheet lies far away from the real axis [45].
This makes its description by a Breit-Wigner function
problematic. At least, one should include an energy-
dependent real part of a self-energy and not only a width.
The ¢ meson is an elastic resonance of pion-pion scattering
in the s-wave of isospin zero. Thus, we should look at the
properties of the ¢ meson together with the properties of the
pion-pion scattering amplitude.

The first idea would be simply to approximate the self-
energy of the 6 meson by a one-loop expression with two
pion propagators. Such a loop expression is given by

[ dil 1 1
I(QZ)E_’/ s R N P
2r)* P —my; +ie (g — 1) — m; + ie

(D11)

Its renormalization is discussed below. Our first guess is

then M= — 37°1, where § denotes the coupling of the ¢
meson to charged pions. The self-energy accounts for pion
loops with charged and neutral pions. This leads to the
coefficient 3/2.
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One could adjust the parameters (bare ¢ mass 71, and o-
pion coupling §) such that the pole on the second Riemann
sheet agrees with the phenomenological value given
in [45]. However, we have checked that this construction
leads to an additional pole on the real axis just below the
two-pion threshold, a very unphysical artifact. We do not
show the results of this approach. A similar line of
reasoning against the use of simple one-loop self-energies
has been provided in [46].

The conclusion is that we need a better account of the
subthreshold region of pion-pion scattering for the isospin-
zero s-wave. An important aspect here is the appearance of
an Adler zero (see Ref. [90] and references therein). To
account for this significant feature we start from an
approximation to the pion-pion scattering amplitude
instead of an approximation to the ¢ self-energy. In other
words, we start from a two-body quantity instead of a one-
body quantity. We want to account for a resonance and for
the Adler zero. The key is the use of an extra contact
interaction (a natural ingredient in effective field theories)
besides the resonance propagator. In the present work, we
describe a formalism for the 6 meson and pion scattering in
the s-wave that has been developed in [91], originally for
the p meson and the p-wave.

Let us provide some basic definitions. One subtraction is
required to make the loop function 7 finite (in four
dimensions). One obtains (see, e.g., Ref. [91])

I(q*) = 1(0) = J(¢?). (D12)
where on the real axis® J is given by
1 o(s)—1
J(s)=—=(2 log—— D13
) =g (24 a2 1) @13

with the velocity of the pions in the two-particle rest frame

4 2
o(s) = /1=, (D14)
s
For later use we provide
a(s)
Im/(s) =ImJ(s) = —=, (D15)
167

which holds along the real axis for s > 4m,2r Below the two-
pion threshold the 6 meson has no width (in vacuum). It is
straightforward to extend the loop functions / and J to the
two Riemann sheets that emerge from the cut caused by
elastic rescattering of the two pions [92].

4Stn'ctly speaking J has a right-hand cut along the real axis
starting at the two-pion threshold. The expression for J is valid
above the cut, i.e., for s + ie.

Now we turn to the two-body quantity, the scattering
amplitude ¢, as obtained from a Bethe-Salpeter equation
(ignoring renormalization for a moment),

t(s) = k(s) + 167k (s)I(s)t(s), (D16)
which one can rephrase as
~1(s) = k7'(s) — 1671 (s) (D17)

with a scattering kernel k(s) that has no right-hand cut. This
relation ensures the optical theorem Im ¢ = o#1*, which can
be recast into Im#~! = —¢. A graphical representation can
be found in Fig. 1 of [91].

We approximate the scattering kernel by the sum of a
contact term and a (tree-level) resonance. The contact term
is supposed to serve as an approximation for the left-hand
cut structures (in particular p and ¢ exchange). We demand
two properties for our scattering amplitude to hold. It
should have a resonance pole on the second Riemann sheet,
as discussed before. In addition, the scattering kernel and,
therefore, the scattering amplitude should have an Adler
zero [90] at the appropriate location. We deem this as the
most important chiral constraint for the isoscalar s-wave
amplitude.

The scattering kernel is approximated by

3, 1 3

30729 sz

k(s) = — 70—
(s) S 32n7 sy — Mg

(D18)

and we renormalize at the Adler zero s,. Thus, the
appropriate proper version of (D17) is

71(s) = k7'(s) = 167(J(s) = J(s4)).  (D19)
We recall that 71, denotes the bare mass of the 6 meson and
g the coupling of the ¢ to two charged pions.

In leading-order chiral perturbation theory [93], the
Adler zero in the scalar-isoscalar channel sits at

1

5O = Em% ~ (98 MeV)?, (D20)
where we have used an isospin-averaged value of
m, ~ 138 MeV for the pion mass [17]. According to the
dispersive analysis [90] of pion-pion scattering, the Adler
zero is located at

54~ (84 MeV)? (D21)
but with a relatively large uncertainty that covers the
leading-order result. We have checked that both choices
lead practically to the very same propagator of the ¢ meson.
Therefore, we use (D20) in the following. For most of our
calculations we will also use the isospin-averaged pion
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mass. Yet, when comparing our pion phase shift to the
results from [90] we also readjust the pion mass to the
choice of [90], m, = 139.57 MeV, such that the phase shift
can be meaningfully compared also close to threshold.
Except there, the differences are minute.

We adjust our parameters g and 7z, such that the pole of
the scattering amplitude lies (on the second Riemann sheet)
at the phenomenologically determined location [45]

Spole = ((0.45 +0.02) — i(0.28 £ 0.01))2 GeV2.  (D22)

‘We obtain

M2 ~0.67 GeV? = 1, ~0.82 GeV.  (D23)
We note in passing that this is a quite interesting result for
the tree-level mass of the ¢ meson. Based on algebraically
realized chiral symmetry, Weinberg suggested [94] that the
mass of the o meson should coincide with the mass of the p
meson (in the chiral limit). The result (D23) is close to the
mass of the p meson.

For the coupling of the 6 meson to two charged pions we
find

7 ~33.6 GeV>. (D24)

With all parameters determined, we can turn to an
improved version of the self-energy of the ¢ meson,
following [91]. For convenience we introduce the scattering
amplitude ¢ that would emerge from a pure contact
interaction without the o resonance. It is given by

/(s):@f}z mz——gz(J(s 760) (D25)

A graphical representation can be found in Fig. 2 of [91].
We propose that the complete solution of the Bethe-
Salpeter Eq. (D19) can be decomposed as

((s) = 1(5) =3P ()
- 33D, () (s)
= PH(5)U(5) = T(5))Dy )

x 167z(J(s) = J(54))7 (s),

i.e., we consider all the possibilities that the incoming or
outgoing pions interact with or without forming the o
resonance. Of course, it is not possible to form the
resonance twice. That would spoil the resummation of
one-particle reducible diagrams. A graphical representation
can be found in Fig. 4 of [91].

—J(s54))Ds(s)

~ I ) = 53D, (s)

(D26)

<> - Ly - <>

FIG. 3. Calculation of the o self-energy beyond one-loop by
allowing the pions to rescatter. Figure taken from [91].

By comparison of (D19) and (D26) we find [91]

11(s) = =22 (s) ~ (54)
Sp — 12

X - = D27
=72 —370(s) (b27)

—J(sa))’
where we have used the Dyson-Schwinger equation (D9).
A graphical representation is provided in Fig. 3.

Note that the pion-loop terms ~J in the denominator of
(D27) describe the rescattering of pions. Dropping those
would bring us back to the standard one-loop expression
for the self-energy (renormalized at the Adler zero). But the
inclusion of the rescattering is important to improve on the
properties of the broad ¢ resonance.

The propagator (D9) obtained from this improved self-
energy does not have a single-particle pole close to the two-
pion threshold, a substantial improvement over a simple
one-loop self-energy. However, one finds a pole in the deep
spacelike region at about —2 GeV?, i.e., far away from the
low-energy regime for which this model has been devel-
oped. The only consequence of this extra strength is the fact
that the spectral distribution is not properly normalized.
With the definition (D8) we obtain A~ 0.56. We have
obtained the spectral distribution from (D9) and (D10). It is
plotted in Fig. 4, left panel. One observes a broad peak at
around  /Speyc = 0.46 GeV, which agrees nicely with the
real part of the pole position provided in (D22).

We also note that the pion phase shift for the scalar-
isoscalar channel [45,90] looks very decent. The relation
between the scattering amplitude ¢ and the phase shift § is
given by

i o3 5
g =0 (D28)
(o2

Our phase shift is shown in Fig. 4, right panel, where we also
compare to the results of [90]. Keeping in mind the simplicity
of our model, we obtain a very reasonable result. Note that for
higher energies (not shown here) the phenomenological
phase shift shows the influence of the KK inelasticity with
the appearance of the f((980) [90]. Also, the four-pion
channel (o) might play a role. Such effects are not covered
by our approach, but we do not expect that this matters much
for the study of the baryon decays N* — N(zx),.

With the self-energy (D27) entering the propagator (D9)
and the spectral distribution (D10), we are equipped to
deduce the o-baryon coupling strength from (DS5).
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