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In strongly interacting massive particle (SIMP) scenarios, dark matter is comprised of stable dark pions
whose 3 → 2 or 4 → 2 reactions set the dark matter relic abundance. Recent work has shown that shallow
two-pion bound states significantly affect the freeze-out, but did not establish whether such states actually
form. In this work we demonstrate that a scalar isosinglet bound state does exist in a well-defined region of
parameter space by solving an on shell Lippmann-Schwinger equation in a chiral-unitary framework and
analyzing the S-wave ππ amplitude in the complex energy plane. We determine the range ofmπ=fπ and the
momentum cutoff for which a pole appears below the two-pion threshold, extract the corresponding
residue, and, in the nonrelativistic limit, obtain the bound-state wave function at the origin, jΨð0Þj, which
controls bound-state-assisted annihilation and decay rates relevant for catalyzed freeze-out. Comparing this
T-matrix based result with variational estimates using simple finite-range potentials, we find agreement
within order-one factors for shallow binding. For binding energies of order the freeze-out temperature,

EB ∼mπ=20, we obtain jΨð0Þj ∼Oð0.1Þm3=2
π , thereby supporting the parametric assumptions used in

previous phenomenological analyses.

DOI: 10.1103/qbd1-wqgl

Strongly self-interacting dark matter (DM) with scattering
cross section over DM mass at the level of σself=mDM ∼
0.1–10 cm2=g has become an appealing scenario, modify-
ing small-scale astrophysical structures relative to the
collisionless DM framework [1,2]. This can ease tensions
associated with central densities and inner slopes in dwarf
galaxies and galaxy clusters, while remaining compatible
with large-scale structure and cluster constraints. In this
context, the so-called strongly interacting massive particle
(SIMP) mechanism [3] provides a concrete thermal pro-
duction scenario in which number-changing 3 → 2 or 4 → 2
processes among dark-sector states set the observed relic
abundance, rather than the usual 2 → 2DM annihilation into
Standard Model (SM) particles. In the SIMP scenario, the
same interactions naturally give rise to sizable elastic self-

scattering, thereby tying together the DM relic density and
small-scale structure phenomenology. This framework has
received substantial attention in the past, see e.g., [4–30].
A particularly economical class of SIMP models iden-

tifies the DM particle with pseudo-Nambu-Goldstone
bosons π (“dark pions”) of a new confining gauge sector.
Prominent ultraviolet (UV)-complete confining theories
feature gauge groups Spð2NcÞ or SUðNcÞ with a small
number of light-fermion flavors. In these realizations,
the leading 3 → 2 processes are generated by the
Wess-Zumino-Witten (WZW) term [31,32], while 2 → 2
self-scattering arises from the usual chiral Lagrangian
interactions. In those explicit constructions based on
confining gauge theories, reproducing the observed relic
abundance typically requires [33]

mπ=fπ ∼OðfewÞ; ð1Þ

where mπ is the dark pion mass and fπ is the pion decay
constant, so that the chiral expansion is pushed towards the
boundary of its nominal regime of validity. This tension has
motivated systematic analyses of strongly coupled SIMP
theories [34], and consideration of higher-order terms in the
chiral Lagrangians [35]. Lattice simulations of Sp(4) and
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related theories [36–41] have begun to map out the light
spectrum and extract low-energy constants, providing first-
principle information on the relation between mπ and fπ ,
and phenomenologically relevant quantities [34,42,43].
Dark confining theories generically contain a tower of

composite states beyond the lightest pseudoscalars, includ-
ing scalar and vector mesons, with some works addressing
their potential impact [19,27,44,45]. Recently, Ref. [46]
emphasized that shallow two-pion bound states can sig-
nificantly affect SIMP freeze-out in dark-pion models. In
particular, an S-wave scalar bound state X ¼ ½ππ� with its
binding energy of the order of the freeze-out temperature,
EB ∼ Tfo, can mediate efficient bound-state-assisted anni-
hilation processes, thereby modifying both the relic abun-
dance and the late-time self-interaction phenomenology.
However, that analysis treated the existence of such a state
and its wave function at the origin, jΨð0Þj, as input,
constrained only by general considerations on short-range
potentials. From the point of view of a UV-complete SIMP
model based on an Spð2NcÞ gauge theory, it remains a
dynamical question whether such a state actually forms for
cosmologically relevant values of mπ=fπ , and, if so, what
range of jΨð0Þj is realized. The prospect that a scalar state
appears close to the two-pion threshold and can behave as a
shallow two-pion molecule once the interactions become
sufficiently strong has a potential SM analog; as reviewed
in [47,48], for mπ ≳ 300–500 MeV, it is generally believed
that the SM sigma meson [f0ð500Þ] can be viewed as a
hadronic molecule just below the two-pion threshold. The
existence of an analogous dark scalar in Sp(4) theories has
also been suggested in the lattice literature [49], but a
quantitative study of the conditions for its formation and of
its internal structure in the SIMP-relevant parameter range
has been lacking.
In this work we address this question quantitatively in a

concrete SIMP-motivated setup, using methods developed
for SM strong dynamics. We consider a QCD-like theory
with Nc dark colors in the fundamental representation of
Sp(4) and Nf ¼ 2 Dirac fermions, so that the global
symmetry breaking pattern is SUð4Þ → Spð4Þ and the dark
pions form a two-index antisymmetric representation,
denoted by 5, of Sp(4). Working within the chiral effective
field theory of these dark pions, and using the Oðp2Þ and
Oðp4Þ results of Refs. [35,50], we study two-pion scatter-
ing in a chiral-unitary framework. We determine the range
of mπ=fπ for which a pole in the singlet S-wave T-matrix
moves below the two-pion threshold when the amplitude is
unitarized in a Lippmann-Schwinger approach, and extract
the residue at the pole to obtain the nonrelativistic bound-
state wave function at the origin, jΨð0Þj, in a controlled
way. This turns jΨð0Þj from a free phenomenological
parameter into a prediction of the underlying confining
dynamics, directly relevant for bound-state-assisted anni-
hilation in catalyzed SIMP freeze-out. We also compute the
P-wave scattering amplitude and assess whether an l ¼ 1

two-pion bound state is viable within the regime where the
chiral-unitary treatment remains reliable.
The paper is organized as follows. In Sec. I we review

the SIMP dark-pion framework based on an Sp(4) confin-
ing gauge theory with global symmetry breaking
SUð4Þ → Spð4Þ, summarize the relevant features of the
chiral effective theory, and specify the parameter choices
motivated by lattice results. In Sec. II we construct the two-
pion scattering amplitudes in the singlet S-wave and in the
relevant P-wave channels, project them onto partial waves,
and implement unitarization in a Lippmann-Schwinger
framework. Sections III and IV contain our main results.
In Sec. III we determine the range of mπ=fπ for which a
scalar singlet pole moves below threshold, quantify its
binding energy; we also analyze the P-wave amplitude and
assess the viability of an l ¼ 1 bound state. In Sec. IV we
extract the corresponding nonrelativistic wave function of
the scalar bound state at the origin jΨð0Þj, and discuss the
implications of our findings for bound-state–assisted SIMP
freeze-out and late-time self-interactions, emphasizing how
jΨð0Þj and the existence of the scalar bound state feed into
phenomenological analyses. We conclude in Sec. V and
collect technical details of the amplitude projections,
unitarization procedure, and alternative methods in several
Appendixes.

I. THE DARK SECTOR FRAMEWORK

Throughout this work, we consider a QCD-like theory
with Nc dark colors, transforming in the fundamental
representation of the SpðNcÞ gauge group. The matter
content contains Nf Dirac fermions, or, equivalently, 2Nf

Weyl fermions (“quarks”). The pseudoreal nature of color
SpðNcÞ implies a global symmetryG ¼ SUð2NfÞ acting on
the massless Weyl fermions. Nevertheless, confinement (or
a quark-mass term) reduces the global symmetry to
H ¼ Spð2NfÞ and thus generates ð2N2

f − Nf − 1Þ dark
pions, or pseudo-Goldstone bosons, after color confine-
ment. For simplicity, these fermions are taken to have equal
and nonvanishing masses mq, leading to a common pion
mass mπ . As is well-known, this setup allows for an odd-
numberedWess-Zumino-Witten (WZW) interaction among
these dark pions [33].
By labeling the broken group generators by Xa and

unbroken ones by Ta (a ¼ 1;…; 2N2
f − Nf − 1), we obtain

the associated Goldstone boson manifold G=H, with a
coset representative,

u ¼ exp

�
iffiffiffi
2

p
fπ

Xaπa
�
; ð2Þ

where the generators are normalized to hXaXbi ¼ δab and
h:i denotes trace in flavor space and a summation over
repeated indices is implied. The quantity u transforms
under SUð2NfÞ as
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u → guh†; ð3Þ

with g∈G and the compensator field h∈H. In this setup,
the orientation and the associated Goldstone fluctuations of
the chiral condensate are characterized by

Σc ¼ JA ≡
�

0 I

−I 0

�
; Σ ¼ uΣcuT ¼ u JA uT; ð4Þ

respectively, where Σ transforms under SUð2NfÞ as

Σ → gΣgT: ð5Þ

The relations among these SUð2NfÞ generators, TaJA ¼
−JAðTaÞT and XaJA ¼ JAðXaÞT, ensure that Σ is invariant
if g∈H, while it is moved along the G=H manifold for
transformations induced by the broken generators.
Throughout this work, we use u to write down the chiral
effective Lagrangian, which is sometimes referred to as the
Callan-Coleman-Wess-Zumino scheme or construction
[51,52]. For the description of the Lagrangian using Σ
instead, see e.g., [53,54].
Concretely, we follow [35,50] and organize the

effective Lagrangian in the standard chiral expansion
Leff ¼ L2 þ L4 þ � � �, where L2k collects all operators of
chiral order Oðp2kÞ. The Oðp2Þ and Oðp4Þ interactions are
concretely given by [55]

L2 ¼
f2π
4
huμuμ þ χþi; ð6Þ

L4¼L0huμuνuμuνiþL1huμuμihuνuνiþL2huμuνihuμuνi
þL3huμuμuνuνiþL4huμuμihχþiþL5huμuμχþi

þL6hχþi2þL7hχ−i2þ
1

2
L8hχ2þþχ2−i; ð7Þ

where the bifields are defined as

uμ ¼ iðu†∂μu − u∂μu†Þ; χ� ¼ u†ðχJAÞu† � uðJAχ†Þu;

χ ¼ 2B0

�
0 Mq

−Mq 0

�
: ð8Þ

Here fπ and B0 are the leading-order low-energy constants
(LECs) with fπ the chiral-limit dark pion decay constant and
B0 being proportional to the quark condensate; Mq is the
quark mass matrix, and, under our equal mass assumption,
Mq ¼ mq1 and hence χ ¼ 2B0mqJA. Above, p is a generic
soft-scale (external momenta and pseudo-Goldstone masses
mπ) and Oðp2kÞ is shorthand for powers of the dimension-
less ratio p=ΛwithΛ ¼ 4πfπ; in the small quark mass limit,
one counts ∂μ ∼OðpÞ; mq ∼Oðp2Þ, and mπ ∼OðpÞ. For
the LECs in theOðp4Þ Lagrangian, we use the modified MS
scheme, where

Li ¼ Lr
i −

Γi

32π2
R; with R ¼ 2

ϵ
þ logð4πÞ − γE þ 1:

ð9Þ

Here ϵ ¼ 4 − d, γE ¼ −Γ0ð1Þ is the Euler-Mascheroni con-
stant; the constants Γi can be found in Table 1 of Ref. [56].
The renormalized coefficients Lr

i depend on the energy scale
μ introduced by dimensional regularization. In this work, we
adopt the central values of LECs from Ref. [57], but rescale
them down by one order of magnitude, to values of order
Oð10−4Þ, in line with the expectations in [35]. Restricting
ourselves to (6) and (7), we have neglected gauge or Yukawa
interactions with external particles. In this case, it is
straightforward to see that the constructed Lagrangian is
invariant under the global symmetry H.
Below, we simplify our analysis by adopting Nf ¼ 2,

which is a commonly used benchmark value in SIMP
models. In fact, for ππ scattering in the flavor-singlet
channel—which we will show is the most relevant one in
the context of bound states—the corresponding scattering
amplitude grows for increasing Nf [50]. For instance, at
leading order (LO) the scattering length increases linearly
with Nf. Therefore, S-wave bound states are expected to
form with even smaller values of mπ=fπ , when adopting
larger values of Nf.

II. S-WAVE SCATTERING OF DARK PIONS

This section lays the groundwork for the analysis of the
S-wave pole by first providing the explicit expressions for
the ππ scattering amplitudes. Such a pole in the scattering
amplitude with the center-of-mass energy

ffiffiffi
s

p
< 2mπ, if

present and physical, would indicate a two-pion bound
state. As the pole approaches the two-pion threshold from
below, the binding energy of the corresponding bound state
decreases and eventually vanishes. For S-wave elastic
scattering, the low-momentum behavior can be parame-
trized in terms of the scattering length aS by the scattering
phase shift δSðkÞ ≃ −kaS for k → 0 and jkaSj ≪ 1. In the
usual convention, a weakly attractive interaction that is not
strong enough to form a bound state has a negative
scattering length, aS < 0, and hence a small positive phase
shift, δSðkÞ > 0, or, equivalently, a positive scattering
amplitude M > 0. As the attractive coupling is increased,
jaSj grows. If one reaches

δS →
π

2
and aS → −∞; ð10Þ

a zero-energy bound state appears as a genuinely non-
perturbative effect. An infinite scattering length corre-
sponds to a pole in the scattering amplitude M, or more
precisely, in the partial wave projection of the T-matrix
amplitude. Here we define the T-matrix operator from the
S-matrix operator via
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Ŝ ¼ 1þ iT̂ ;

where a positive sign is chosen to match the most widely
used convention, while Refs. [58,59] adopt a negative
sign.1 Thus, by locating zeros in the real part of the inverse
T-matrix amplitude in a given partial wave, at a center-of-
mass energy s < 4m2

π, one can diagnose whether S-wave or
higher-l bound states are expected to form.
In what follows we analyze the T-matrix organized in the

chiral expansion in the vicinity of the two-pion threshold.
The expansion parameter p=Λ is hence mπ=ð4πfπÞ as all
external momenta are soft. The LO Oðp2Þ contribution
to the T-matrix element corresponds to the leftmost
diagram (a) shown in Fig. 1 and is solely due to L2.

The next-to-leading order (NLO) Oðp4Þ contribution arise
due to the tree-level diagram (b) from L4 and one-loop
diagrams (c) and (d) with interactions from L2. We will
estimate the associated theoretical uncertainty by compar-
ing the contributions at each order. We emphasize that
issues of unitarization at high energies—relevant when
amplitudes from higher-dimensional operators grow with
s—are not a serious concern here, since we restrict
ourselves to the low-energy regime with s ≤ 4m2

π .

A. LO amplitude in the flavor-singlet channel

Expanding the effective Lagrangian L2 of Eq. (6) in the
pion fields up to sixth order, one finds

L2 ≃
1

2
m2

π

X
a

πaπa −
1

12f2π

X
a;b

½πbπbð∂μπaÞð∂μπaÞ − πbð∂μπbÞπað∂μπaÞ� þ
m2

π

48f2π

�X
b

πbπb
�
2

þ 1

180f4π

X
a;b;c

πaπa½πbπbð∂μπcÞð∂μπcÞ − πbð∂μπbÞπcð∂μπcÞ� −
m2

π

2880f4π

�X
a

πaπa
�
3
: ð11Þ

Here and in the following, the sums over flavor indices run
as a; b; c ¼ 1;…; 5. At LO, considering the elastic πa − πa

scattering of same-flavor pions, the last term of the first line
produces a contributing four-point vertex and its positive
coefficient gives an attractive force.2 For its S-wave
component, this corresponds to a positive scattering am-
plitudeMaa→aa > 0, and a negative scattering length in the
weak coupling limit.
To proceed systematically, we label the flavor indices

and the momenta for incoming and outgoing particles in the
general two-body process as

πa1ðp1Þ þ πa2ðp2Þ → πa3ðp3Þ þ πa4ðp4Þ: ð12Þ
As is usually done, we parametrize the kinematics in terms of
the Mandelstam invariants s ¼ ðp1 þ p2Þ2; t ¼ ðp1 − p3Þ2,

and u ¼ ðp1 − p4Þ2, which satisfy sþ tþ u ¼ P
4
i¼1 p

2
i .

For elastic ππ scattering with all external pions on shell,
p2
i ¼ m2

π, this implies, as usual, sþ tþ u ¼ 4m2
π . In the

physical scattering region these variables are real, but below
we will regard s, t, u as complex variables when discussing
the analytic structure of the amplitudes. At leading order one
finds the following independent tree-level amplitudes:

MLO
aa→aa ¼

3m2
π

6f2π
; ð13Þ

MLO
ab→ab ¼

−3m2
π þ 3t
6f2π

ða ≠ bÞ; ð14Þ

MLO
aa→bb ¼

−3m2
π þ 3s
6f2π

ða ≠ bÞ; ð15Þ

where a and b label the pion flavors. The expressions
suggest an attractive (a repulsive) force between identical
(different) pions for nonrelativistic scattering. These directly
correspond to the S-wave amplitudes by setting s ¼ 4m2

π

(a) (b) (c) (d)

FIG. 1. The LO (a) and NLO [(b)–(d)] diagrams for pion-pion scattering. The solid blue circle is a vertex from L2, and the solid red
square is a vertex from L4.

1Others, e.g., [50,60], while choosing a positive sign for T̂ ,
define the scattering length with an opposite sign with respect to
ours.

2As is well-known, the associated negative potential is not
bounded from below, and additional potential terms are always
needed.
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and t ¼ u ¼ 0. So, they can be used to calculate the partial-
wave T-matrix at LO later.
In the language of group theory, in the case of Nf ¼ 2,

the four Weyl fermions (“quarks”) transform in the funda-
mental representation of Sp(4), and the pions, as two-quark
states, are in the adjoint antisymmetric representation,
which can be written as 5. As a result, the intermediate
state of two-pion scattering πaπb spans a tensor product
5 ⊗ 5, which can be de-composed into three irreducible
Sp(4) multiplets as

5 ⊗ 5 ¼ 1 ⊕ 10 ⊕ 14: ð16Þ

The 1 is the flavor singlet (isoscalar) channel, while 10 and
14 are nonsinglet “isospin” channels; for a detailed group
theory discussion of Sp(4), see Appendix A. A convenient
normalized basis state for the singlet in the two-pion
sector is

jRIi ¼
X5
a¼1

1ffiffiffi
5

p jπaijπai; ð17Þ

which, as the name suggests, is invariant under Sp(4) flavor
rotations.
It is useful to regard the scattering amplitude as an T-

matrix operator T̂ acting on the two-pion flavor space, with
matrix elements hπa3πa4 jT̂ jπa1πa2i. Projecting this operator
onto the singlet state defines the isosinglet amplitude,
MIðs; t; uÞ, via

hRIjT̂ jRIi¼ð2πÞ4δð4Þðp1þp2−p3−p4ÞMIðs;t;uÞ: ð18Þ

At leading order, MIðs; t; uÞ is thus given by a specific
linear combination of the channel amplitudes
MLO

aa→aa;MLO
ab→ab, and MLO

aa→bb above. Consequently,
one obtains its leading-order expression as

MLO
I ðs; t; uÞ ¼ 4s − 3m2

π

2f2π
; ð19Þ

in agreement with Eq. (69) of Ref. [50]. Near threshold,
s ¼ 4m2

π , the amplitude is positive, suggesting a desired
attractive potential. By contrast, projecting the T-matrix
operator T̂ at leading order onto the 10 and 14 irreducible
representations yields amplitudes dominated by the mixed-
flavor channels with a ≠ b. Near threshold these combi-
nations are negative (or at best small), corresponding to
repulsive or only weakly attractive interactions. Therefore,
in what follows we focus on the singlet channel, which is
the most attractive S-wave channel and thus the most
promising for forming a two-pion bound state.

B. LO, NLO (and NNLO) amplitudes
in the flavor-singlet channel

For the singlet channel, we include both LO and NLO
amplitudes, making extensive use of the scattering ampli-
tudes computed in [35,50]. The scattering amplitudes, up to
NLO, may be cast in the following form [35]:

Mðs; t; uÞ ¼ ξa1a2a3a4Bðs; t; uÞ þ ξa1a3a2a4Bðt; u; sÞ
þ ξa1a4a2a3Bðu; s; tÞ þ δa1a2δa3a4Cðs; t; uÞ
þ δa1a3δa2a4Cðt; u; sÞ þ δa1a4δa2a3Cðu; s; tÞ;

ð20Þ

where the factor ξa1a2a3a4 stems from the SUð4Þ → Spð4Þ
pattern of chiral symmetry breaking, given by

ξa1a2a3a4 ¼ 1

2
ðδa1a2δa3a4 − δa1a3δa2a4 þ δa1a4δa2a3Þ; ð21Þ

with fa1; a2; a3; a4g ¼ 1;…; 5. In addition, the B and C
functions are defined by

Bðs; t; uÞ ¼ BLOðs; t; uÞ þ BNLOðs; t; uÞ; ð22Þ

Cðs; t; uÞ ¼ CLOðs; t; uÞ þ CNLOðs; t; uÞ; ð23Þ

with their full expressions given in the Appendix B.3

Reference [50] classifies the two-meson intermediate
states in the pseudoreal case SUð2NfÞ=Spð2NfÞ in terms
of Spð2NfÞ irreducible representations RX using Young
tableaux. In the Spð4Þ case (Nf ¼ 2) this reduces to the
three relevant channels shown in (16). In the notation of [50]
the singlet 1, the 10-plet 10 and the 14-plet 14 representation
are denoted by their definite flavor-symmetry properties as
RI , RS, and RMS, respectively. Here, the label S refers to a
symmetric and MS to a mixed-symmetric representation.4

To obtain the amplitude in each of these channels, one
projects the full flavor amplitude onto the corresponding
irreducible representations using the projection operators
given in Table 4 of [50]. Concretely for Sp(4), the resulting
invariant amplitudes read,

MIðs; t; uÞ ¼
5

2

�
Bðs; t; uÞ þ Bðt; u; sÞ − 3

5
Bðu; s; tÞ

�

þ 5Cðs; t; uÞ þ Cðt; u; sÞ þ Cðu; s; tÞ;
ð24Þ

3The physical pion mass and fπ also receive subleading
corrections from the NLO terms [61,62]. These corrections are
assumed to be absorbed into a redefinition of the LEC param-
eters, and are thereby accounted for within the associated
uncertainties here.

4RS is in fact totally antisymmetric under the exchange of the
two initial states [50].
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MSðs; t; uÞ ¼ Bðt; u; sÞ−Bðs; t; uÞ þ Cðt; u; sÞ− Cðu; s; tÞ;
ð25Þ

MMSðs; t; uÞ ¼ Bðu; s; tÞ þ Cðt; u; sÞ þ Cðu; s; tÞ: ð26Þ

As already discussed at the end of the previous subsection,
MI is the channel of interest in this work, since it is the
most attractive S-wave channel. At LO and NLO levels, the
S-wave projection of its corresponding amplitudes are
given by

TLOðsÞ≡TS
LO;IðsÞ¼

1

2

1

2

Z þ1

−1
dðcosθÞP0ðcosθÞMLO

I ; ð27Þ

TNLOðsÞ≡ TS
NLO;IðsÞ ¼

1

2

1

2

Z þ1

−1
dðcos θÞP0ðcos θÞMNLO

I ;

ð28Þ

where the integral is over the cosine of the center-of-mass
scattering angle, cos θ; of course, P0ðcos θÞ ¼ 1. One
factor of one-half accounts for the S-wave projection
normalization and another factor of one-half is for identical
particles in both, initial and final states [63]. As already
implied in the equations, unless otherwise stated, for
simplicity we omit the superscript “S” for the S-wave
projection and subscript “I” for the flavor singlet channel,
as this is the main focus of our work. To be explicit, in the
flavor singlet channel, we use TðsÞ and vðsÞ for the S-wave
projection of scattering amplitude and interaction kernel,
respectively. A subscript, such as “LO” and “NLO”, is
added to indicate contributions from leading order or next-
to-leading order.
We now compare the contributions to the scattering

amplitude of the flavor singlet channel at different orders
after the S-wave projection, in order to estimate the range of

effective couplings, mπ=fπ , for which the perturbative
expansion is valid, determining where the LO and NLO
results can be trusted (for s < 4m2

π). In the numerical
analysis, we account for the uncertainties of the LECs by
assigning to each of them an independent Gaussian
fluctuation with a common standard deviation of 10−4 at
NLO and 10−6 at NNLO level. The resulting ratios are
shown in the left panel of Fig. 2, indicating that the LO
result is reliable only formπ=fπ ≲ 2.6, while the sum of LO
and NLO terms dominates the total amplitude up to
mπ=fπ ≳ 4. For the numerical results, we fix the dimen-
sional regularization scale μ ¼ 2mπ and the cutoff momen-
tum qmax ¼ 3mπ , and evaluate the ratios at s ¼ ð1.95mπÞ2.
The bound states obtained below typically locates at
smaller s, where higher-order contributions are even less
important. The right panel of Fig. 2 in turn illustrates for a
fixed value of mπ=fπ the dependence of the corresponding
S-wave projected amplitudes, TLO and TNLO, on s in the
vicinity of the 4m2

π threshold. At tree level, the amplitude is
always real, and increases with the center-of-mass energy.
At loop level, the imaginary part of the amplitude appears
for s above the threshold, as required by the optical
theorem. This imaginary component does not rely on the
LECs, as can be seen from the optical theorem as well.
Moreover, it is relatively small compared with the real part
of the total amplitude, TLO þ TNLO, having at most a mild
effect on the numerical results, even at s > 4m2

π .
Consequently, we always adopt the LO and NLO

combination below, and consider mπ=fπ ≲ 5, where
higher-order contributions are subleading. For even larger
couplings, NNLO contributions would become d
ominant, see e.g., [34].5

FIG. 2. Left: Comparative contributions of NLO and NNLO T-matrix amplitudes relative to the one of lower chiral order, after taking
S-wave projection for the flavor singlet channel at s ¼ ð1.95mπÞ2. Right: Real and imaginary components of the amplitudes at LO and
NLO level, as a function of s formπ=fπ ¼ 4. In all figures, uncertainties of LECs at NLO (combination of NLO and NNLO) are included
by adding independent Gaussian fluctuations to their central values with a standard deviation of 10−4 (10−6), shown as pink (cyan) dots.

5Interestingly, Ref. [64] suggests that the LO contribution
alone can provide a good fit for certain scattering channel, even
for mπ=fπ ∼ 10.
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III. BOUND STATES FROM T-MATRIX POLES

In this section, we will adopt a unitary, on shell Lippmann-
Schwinger equation by using the effective scattering potential
that we derive from the LO and NLO scattering amplitudes
above. We will then search for the pole positions in the
unitarized amplitude after partial wave projection, represent-
ing the bound state in the dark pion-pion system.

A. The S-wave case

In the chiral unitary approach [65–67] one solves an on
shell factorized Lippmann-Schwinger equation, where the
interaction kernel is taken from the chiral Lagrangian,
where the external legs are on shell and its iteration is
encoded in a two-pion loop functionGðsÞ defined via an on
shell subtraction in the dispersion-relation framework. This
construction ensures exact elastic unitarity of the partial-
wave T-matrix and leads to a factorization of the transition
amplitude in the integral equation, so that the Lippmann-
Schwinger equation can be written in the compact form (for
a review, see [58,59]),

TðsÞ ¼ vðsÞ
1þ vðsÞGðsÞ ; ð29Þ

where the loop function of the two-pion propagators, GðsÞ,
has the form of

GðsÞ¼ i
Z

d4q
ð2πÞ4

1

q2−m2
πþ iϵ

1

ðP−qÞ2−m2
πþ iϵ

; ð30Þ

and its details are further given in the Appendix B 2. As
mentioned above, we have omitted the superscript “S” and
the subscript “I” in both TðsÞ and vðsÞ for the S-wave
projected amplitudes of the flavor singlet channel studied
here. Since GðsÞ results in a negative real number below the
two-pion threshold s < 4m2

π , we expect a pole only for
positive effective scattering kernel, being consistent with the
discussion above from the viewpoint of the scattering length.
We follow the treatment in [47,60], which assumes a

perturbative hierarchy of the scattering kernel, vðsÞ ≃
vLOðsÞ þ vNLOðsÞ þ…, to expand the above expression
of the T-matrix amplitude in terms of

TðsÞ ¼ vLOðsÞ þ vNLOðsÞ − v2LOðsÞGðsÞ þ � � � : ð31Þ
Meanwhile, in the last section, we already obtained first-
and second-order contributions to the S-wave projected
amplitude as TðsÞ ≃ TLOðsÞ þ TNLOðsÞ. A matching of the
two expressions of TðsÞ thus yields

vLOðsÞ ¼ TLOðsÞ; ð32Þ

vNLOðsÞ ≃ TNLOðsÞ þ T2
LOðsÞGðsÞ: ð33Þ

According to the right panel of Fig. 2, the real part of the
S-wave projected amplitude is always positive in the

vicinity of s ∼ 4m2
π , suggesting an attractive force. And

to search for the pole at the NLO level, we need to calculate
the solution of Mandelstam s below the 4m2

π threshold,6

1þ ½TLOðsÞ þ TNLOðsÞ þ T2
LOðsÞGðsÞ�GðsÞ ¼ 0: ð34Þ

Denoting the pole solution as s ¼ sP, we show our
numerical results in the left panel of Fig. 3, where the
y-axis shows the pole location in terms of the (absolute
value) of the binding energy EB normalized to the pion
mass, κ ≡ EB=mπ ¼ ð2mπ −

ffiffiffiffiffi
sP

p Þ=mπ . Hence, a positive κ
implies the formation of a physical bound state. The plot
suggest that a bound state appears when mπ=fπ becomes
slight larger than 3.5. As expected, the binding energy
increases with the magnitude of the attractive coupling.
Bound states seem to appear already at LO level, for
mπ=fπ > 4.2, where, however, the convergence of the
result cannot be guaranteed.
Such large values of the effective coupling, which are

required to generate a ππ bound state in our analysis,
correspond in the underlying confining theory to quark
masses mq of order the confinement scale Λ. In the chiral
limit with mq ≪ Λ one has m2

πf2π ∼mqΛ3 and fπ ∼
OðΛ=4πÞ, so that mπ=fπ ∝

ffiffiffiffiffiffiffiffiffiffiffiffi
mq=Λ

p
is parametrically small

and the chiral interactions are too weak to induce a bound
state. Therefore, achieving mπ=fπ ≳OðfewÞ requires
mq ∼ Λ, i.e., pseudo-Nambu-Goldstone bosons whose
masses are comparable to the confinement scale. In this
situation, the isosinglet state jRIi resembles the sigma meson
of QCD, if the physical pion mass were artificially increased
above ∼400 MeV. Such a scalar can then be interpreted as a
molecule composed of two pseudoscalar mesons; see, e.g.,
Refs. [68,69] for the kaon case, and Refs. [47,48,70] for
general reviews. Lattice results for the Sp(4) theory point to a
similar picture when heavy quark (equivalently, heavy
meson) masses are used [49,71].
For even larger values of mπ=fπ , a pole in the S-wave

projected amplitude is still expected, but the corresponding
state should behave more like a compact diquark-dianti-
quark configuration rather than a weakly bound two-pion
molecule; see, e.g., Ref. [72] and the reviews cited above.
We emphasize that for such large values of mπ=fπ
theoretical uncertainties in both analytical and lattice
calculations increase significantly, and quantitative results
need to be interpreted with caution.

B. The P-wave case

In this subsection, we briefly study the P-wave channel
to probe the strength of the corresponding interaction and
assess whether an l ¼ 1 pole could exist. We note that only
the amplitude for the πaπb → πaπb (a ≠ b) channel

6For a discussion of other methods and reasons why they do
not perform well for our purpose here, see Appendix C.
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contributes to the P-wave. At LO, its corresponding
P-wave projected amplitude reads

TP
LO;ab→abðsÞ ¼

1

2

Z þ1

−1
dðcos θÞP1ðcos θÞMLO

¼ m2
π

3f2π

�
s

4m2
π
− 1

�
; ð35Þ

which is analogous to the SM pion case [60]. This results in
negative values and thus repulsive forces below the 2mπ

threshold, whereas above threshold, the interaction turns to
be attractive. The absolute value of the loop function GðsÞ
is numerically small, with jGðsÞj≲ 0.023 for

ffiffiffi
s

p
≤ 3mπ.

Achieving a pole in the unitarized amplitude with

1þ TP
LOðsÞGðsÞ ¼ 0; ð36Þ

therefore requires jTP
LOðsÞj≳ 43 in the relevant s-range,

corresponding to mπ=fπ ≳ 10. Such values are beyond the
regime where the chiral expansion can be trusted: even after
including NLO and NNLO contributions, higher-order
corrections beyond NNLO are expected to be sizable. We
thus conclude that, within the parameter region where our
chiral-unitary framework is under quantitative control, the
P-wave interaction is too weak to generate an l ¼ 1 pole.
This suggests that in contrast to the sigma meson, the rho
meson cannot be explained as a bound state or resonance
composed of two pions, even in the heavy quark case.
Indeed, lattice results for the Sp(4) theory [49,71], as

well as other studies of QCD-like theories [29,34,73,74],
indicate that for mπ=fπ larger than a few the lightest vector
meson can become lighter than the sigma scalar and lie
below the 2mπ threshold. In this regime the rho meson is a
stable vector resonance and cannot be interpreted as the
l ¼ 1 excited bound state of two pions within a purely
pseudoscalar description. Quite the opposite; in the P-wave

channel the pre-existing light rho-meson resonance must be
included explicitly in the effective chiral Lagrangian, which
substantially modifies the P-wave amplitude TP

LOðsÞ com-
pared to the simple contact interaction discussed above;
see, e.g., Refs. [63,75]. As a consequence, the location and
nature of P-wave poles cannot be reliably inferred from
perturbative ππ scattering amplitudes built only from
pseudoscalar degrees of freedom. A consistent treatment
requires either lattice input for the vector channel or an
explicit resonance Lagrangian that incorporates the rho
meson from the outset.

IV. BOUND-STATE WAVE FUNCTION

In most SIMP realizations, the dark pions must scatter
efficiently with lighter degrees of freedom, typically SM
particles, in order to dissipate energy during their freeze-out
to become cold dark matter. Once a two–pion bound state
X ¼ ½ππ� exists, the same interactions typically destabilize
X, and allow it to decay into those lighter states. In addition,
bound states open up new number-changing channels such
as XX → ππ and πX → ππ, which can catalyze freeze–out
by turning the original 3 → 2 and 4 → 2 reactions into
effective two–body processes. Those aspects were the
subject of [46].
The decay and annihilation processes are governed by

short-distance operators acting on the two constituents of
X. When the corresponding operators are local in the
relative coordinate, the matrix elements factorize into a
short–distance coefficient and the bound-state wave func-
tion at zero separation, so that the rates scale as jΨð0Þj2 (or
as j∇Ψð0Þj2 for P-wave states). In particular, the efficiency
of the catalyzed freeze-out mechanism studied in [46] is
controlled by ratios of such bound-state-assisted annihila-
tion rates to scattering and breakup rates, and thus
ultimately by the value of jΨð0Þj.

FIG. 3. Left: Binding energy EB normalized to pion mass mπ of S-wave bound state as a function of effective coupling mπ=fπ . Pink
dots show the range of variation under adding Gaussian noise to the LECs, as specified in the main text. Right: Estimated absolute values
of the bound state wave function at r ¼ 0 for small binding energies, calculated via the T-matrix and variational methods with various
trial functions as labeled.
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In this section, we will estimate the wave function of the
bound state in the nonrelativistic limit as a function of the
binding energy, using two independent methods.

A. Bound-state wave function
from the nonrelativistic T-Matrix

In the nonrelativistic limit, the two-pion bound state can
be described in the center-of-mass frame by a relative wave
functionΨðr⃗Þ, which one may view as the wave function of
one pion in the rest frame of the other. We define the
coordinate-space wave function in terms of the relative
momentum eigenstates jp⃗i as

hr⃗jΨi≡Ψðr⃗Þ ¼
Z

d3p

ð2πÞ3=2 e
ip⃗·r⃗hp⃗jΨi; ð37Þ

and our goal is to determine Ψð0Þ following the method
of Ref. [76].
The bound state satisfies the Schrödinger equation

ðE − Ĥ0ÞjΨi ¼ V̂jΨi, with the full Hamiltonian operator
Ĥ ¼ Ĥ0 þ V̂, where Ĥ0 is the free part (including inertial
mass) and V̂ is the nonrelativistic potential. In the momen-
tum basis this gives

hp⃗jΨi ¼
Z

d3k
Z

d3k0
	
p⃗





 1

E − Ĥ0





k⃗
�
hk⃗jV̂jk⃗0ihk⃗0jΨi:

ð38Þ

For the S-wave component, we approximate the potential
by a separable contact interaction with a sharp momentum

cutoff for kð0Þ ≡ jk⃗ð0Þj,

hk⃗jV̂jk⃗0i ¼ −ṽΘðΛ − kÞΘðΛ − k0Þ; ð39Þ

where Λ is the cutoff and the minus sign is chosen such that
ṽ and the T-matrix amplitude have the same sign at the pole.
The free resolvent in the two-pion center-of-mass frame
is hp⃗jðE −H0Þ−1jk⃗i ¼ δð3Þðp⃗ − k⃗ÞðE − 2mπ − p⃗2=mπÞ−1,
where we used m1 ¼ m2 ¼ mπ and reduced mass
μ ¼ mπ=2, so that the relative kinetic energy is
p⃗2=ð2μÞ ¼ p⃗2=mπ . Inserting this and Eq. (39) into
Eq. (38) yields

hp⃗jΨi ¼ −
Z

d3k
Z

d3k0δð3Þðp⃗ − k⃗Þ 1

E − 2mπ −
p⃗2

mπ

× ṽΘðΛ − kÞΘðΛ − k0Þhk⃗0jΨi

¼ −
ΘðΛ − pÞ

E − 2mπ −
p⃗2

mπ

ṽ
Z

d3 k0ΘðΛ − k0Þhk⃗0jΨi; ð40Þ

where p ¼ jp⃗j. Within this model, we see that hp⃗jΨi has
only support for p < Λ, and vanishes for larger momenta.
Multiplying both sides by ΘðΛ − pÞ, and integrating over

d3p, gives

Z
d3pΘðΛ−pÞhp⃗jΨi¼−ṽG̃ðEÞ

Z
d3k0ΘðΛ−k0Þhk⃗0jΨi;

where G̃ðEÞ≡
Z

d3p
ΘðΛ−pÞ

E−2mπ−
p⃗2

mπ

: ð41Þ

A nontrivial bound-state solution therefore requires
1þ ṽ G̃ðEÞ ¼ 0, which is precisely the pole condition of
the nonrelativistic two-body Green’s function. The function
G̃ðEÞ is the nonrelativistic limit of the relativistic
loop function GðsÞ up to an overall factor, G̃ðEÞ ¼
16π3mπ

ffiffiffi
s

p
GðsÞ, and ṽ G̃ðEÞ ¼ vGðsÞ, since both combi-

nations must reproduce the same pole position.7

We now turn to the normalization condition of the
bound-state wave function. In momentum space it reads

1 ¼
Z

d3pjhp⃗jΨij2

¼
Z

d3p

�
ΘðΛ − pÞ

E − 2mπ −
p⃗2

mπ

�
2

× ṽ2





Z

d3k0ΘðΛ − k0Þhk⃗0jΨi




2; ð42Þ

where in the second equality the first integral identifies with
−dG̃ðEÞ=dE. This identity is the key observation that
allows us to express the wave function in coordinate space
at the origin, since the latter can be expressed as

Ψð0Þ≡hr⃗¼0jΨi≃ 1

ð2πÞ3=2
Z

d3pΘðΛ−pÞhp⃗jΨi: ð43Þ

Concretely, replacing the first and second integrals on the
right-hand side of Eq. (42) with −dG̃ðEÞ=dE andΨð0Þ, and
using the equality 1þ ṽ G̃ðEÞ ¼ 0 at the pole, one obtains

jΨð0Þj ¼ jG̃ðEÞj
ð2πÞ3=2





 dG̃ðEÞdE





−1=2 at E ¼ 2mπ − EB: ð44Þ

Thus, the bound-state wave function at the origin can be
expressed in terms of the loop function G̃ðEÞ, evaluated at
the bound–state energy E ¼ 2mπ − EB. We note in passing
that the corresponding nonrelativistic bound-state condition
1þ ṽ G̃ðEÞ ¼ 0 is associated with the pole condition in the
relativistic formulation 1þ vðsÞGðsÞ ¼ 0 whose solution
determines the pole position sP ¼ ð2mπ − EBÞ2 defined in
the previous section.

7The relativistic loop function GðsÞ used here corresponds to
GFTðsÞ in Ref. [76]. See Appendix B 2 for further details.
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B. Comparison with the variational method

Short-range nonrelativistic interactions can often be
approximated by an effective potential of finite range,
for which a characteristic relation between the binding
energy and the wave function at the origin is expected. The
variational method provides a simple way to estimate this
relation, with a mild dependence on the assumed trial wave
function.
For a finite-range attractive potential we first adopt a

simple exponential trial wave function ΨðrÞ ¼ ce−r=r0 , a
variational parameter and c is fixed by normalization. In
this case one finds that for the expectation value of the
nonrelativistic Hamiltonian operator (binding energy),

EB ¼ jhΨjĤnonreljΨij ≃ j − hΨjT̂jΨij ≃ 1

mπr20
; ð45Þ

where Ĥnonrel is the sum of the potential operator V̂ and the
kinetic energy operator T̂. In the last step, we have used the
virial theorem for an attractive potential 2hT̂i ¼
hr⃗ ·∇V̂i ≃ hV̂i, which implies EB ≃ hT̂i. Solving for r0
in terms of the binding energy and inserting into Ψð0Þ
yields

jΨð0Þj
m3=2

π

∼
2κ3=4ffiffiffiffiffiffi
4π

p ; ð46Þ

where we have again adopted the dimensionless binding
parameter κ. The numerical results are shown as the dashed
line in right panel of Fig. 3, deviating from the those
obtained from the T-matrix method (solid black line) by a
factor of a few. This is understandable since a wavefunction
of this form, commonly used for the Coulomb potential, is
not well-suited for finite-range interactions.
For a shallow bound state the asymptotic behavior of the

exact wave function at large distances becomes eikBr=rwith
imaginary binding momentum kB ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−2mEB
p

, i.e., an
exponentially decaying tail proportional to e−jkBjr=r deter-
mined by the binding momentum. This tail carries essen-
tially no information about jΨð0Þj, so a trial function
chosen to reproduce only the asymptotic form does not
give a reliable estimate of the wave function at the origin
either, as illustrated by the dotted line in the right panel of
Fig. 3. Interestingly, a variational ansatz that combines an
algebraic core with an exponential tail up to a prefactor of
wave function normalization,

ΨðrÞ ∝ 1

rþm−1
π

þ c · exp

�
−
mπr
2

�
; ð47Þ

which agrees better with the T-matrix-based result for
jΨð0Þj. In our fits this typically requires c ≫ 1, indicating
that the wave function is nearly flat inside a sphere of radius

r≲ 2m−1
π , with the exponential falloff setting in only

outside this core region.
The results for jΨð0Þj as a function of the binding energy

are summarized in right panel of Fig. 3, including various
trial functions. For shallow bound states (κ ≪ 1) the
T-matrix method and the variational estimate agree within
an overall factor of order unity. For binding energies of
order the freeze-out temperature, EB ∼ Tfo ∼mπ=20, we
obtain jΨð0Þj ∼Oð0.1Þm3=2

π , in good agreement with the
values assumed in our previous analysis [46].

C. Implications for DM phenomenology

In this subsection, we connect our findings to the particle
phenomenology, focusing on the contribution of an S-wave
pole in the ππ scattering and comparing it with the
astrophysical bound on DM self-scattering. What one
actually gains from the existence of a S-wave pole is a
nonperturbative contribution to the amplitude of hRIjT̂ jRIi
following Eq. (18), with its tree-level expression given by
Eq. (19). Because of concrete form of the two-pion state
jRIi, the presence of such intermediate pole only contrib-
utes to self-scattering processes with pair-wise equal
flavors, πaπa → πbπb (including the channel a ¼ b). The
amplitudes are equal for any incoming/outgoing flavor a,
b ¼ 1, 2, 3, 4, 5. We may, therefore, consider concretely
π1π1 → π2π2, whose scattering amplitude via the inter-
mediate pole, can be expressed as

hπ2jhπ2jRIihRIjT̂ jRIihRIjπ1ijπ1i ¼
1

5
hRIjT̂ jRIi: ð48Þ

The strength of this matrix element is in turn decided by the
scattering amplitude of the flavor singlet channel,
MIðs; t; uÞ, using Eq. (18).
We now proceed to establish a connection between

MIðs; t; uÞ and the bound state wave function at the origin,
jΨð0Þj. This can be done in the nonrelativistic limit, where
Eq. (27) directly yields

MIðs; t; uÞ ≃ 2TðsÞ; ð49Þ

in which TðsÞ is the S-wave projection of the corresponding
amplitude, given by Eq. (29). To make connection to the
bound state wave function, we take the nonrelativistic form
of the amplitude via s ¼ E2,

TðE2Þ ≃ ð32π3m2
πÞ

ṽ

1þ ṽ G̃ðEÞ ; ð50Þ

where the relations G̃ðEÞ ≃ 32π3m2
πGðsÞ and G̃ðEÞṽ ¼

GðsÞv have been used. The intermediate pole has a mass
smaller than 2mπ and cannot decay into two pions, so there
is no imaginary part in the denominator for E ≤ 2mπ. Given
the existence of a below-threshold pole, following [76], we
may also write this as
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TðE2Þ ¼ g2Xππ
E − ð2mπ − EBÞ

: ð51Þ

The squared effective bound state-two pion coupling g2Xππ
is defined as the residue of the two-pion projected T-matrix
at the bound-state pole, treated as a constant for S-wave
scattering,

g2Xππ ¼ lim
E→ð2mπ−EBÞ

TðE2ÞðE − ð2mπ − EBÞÞ

¼ 32π3m2
π lim
E→ð2mπ−EBÞ

E − ð2mπ − EBÞ
ṽ−1 þ G̃ðEÞ

¼ 32π3m2
π

�
dG̃ðEÞ
dE

�−1




E¼2mπ−EB

; ð52Þ

where in the last step we have taken the derivative with
respect to E for both the numerator and denominator at the
pole. In the nonrelativistic limit, ṽ is usually treated as
energy-independent. Recall that Ψð0Þ is proportional to
ðdG̃=dEÞ−1=2 at the pole, one obtains gXππ ∝ Ψð0Þ, being
consistent with the result from the method using the
nonrelativistic limit of the Bethe-Salpeter equation [77].
Now one can express the scattering amplitude taking the

approximation E ≃ 2mπ, which yields

MIð4m2
π;0;0Þ≃

64π3m2
π

2mπ − ð2mπ −EBÞ
�
dG̃ðEÞ
dE

�−1




E¼2mπ−EB

¼−
512π6m2

π

EB





 Ψð0Þ
G̃ð2mπ −EBÞ





2: ð53Þ

Note that a negative sign has been adopted for the last
expression, as dG̃=dE is negative at the pole below
threshold. After including the 1=5 factor from Eq. (48)
for the π1π1 → π2π2 scattering amplitude and multiplying a
symmetry factor 1=2 for identical final state particles, the
corresponding scattering cross section is given by

σ11→22 ¼
1

128πm2
π





 15MIð4m2
π; 0; 0Þ





2

≃
2048π11m2

π

25E2
B





 Ψð0Þ
G̃ð2mπ − EBÞ





4: ð54Þ

Regarding DM phenomenology, relevant observable quan-
tities typically rely on the total number of self-scattering
events per time and unit volume. For the S-wave pole-
dominated scattering of interest here, an averaged cross
section can thus be defined as

hσselfi≡ 1

2

P
a

P
bðnπaÞ2

ðnπÞ2
σ11→22 ¼

1

2
σ11→22; ð55Þ

where we sum up all possible initial states a and final states
b, of which each process contributes the same as σ11→22

through the intermediate pole, and the prefactor 1=2 is the
usual symmetric factor introduced to avoid double-count-
ing due to identical initial states. In addition, here we
consider the case where the particle number density is
equipartitioned across all five flavors, each therefore
constituting one-fifth of the total dark pion density
nπ ¼

P
a nπa . At last, we express the averaged self-scatter-

ing cross section normalized to benchmark values,

hσselfi
mπ

≃ 1 cm2=g
�
0.1
κ

�
2
�
0.5 GeV

mπ

�
3
� jΨð0Þj
0.14m3=2

π

�
4

×

�
0.02

jGðsÞjs¼ð2mπ−κmπÞ2

�
4

; ð56Þ

for which G̃ðEÞ and EB have been replaced with dimen-
sionless parameters GðsÞ and κ for clarity. That is, for sub-
GeV DM of the framework investigated above, reasonable
parameter choices yield DM self-scattering cross sections
that are able to address astrophysical small-scale puzzles;
see [78–83] for recent reviews. Due to the presence of the
pole, for mπ=fπ ∼ 5 we generally obtain values of hσselfi
larger than the NLO results of [35] by a factor ofOð50Þ. In
this respect, it is also worth mentioning that self-scattering
cross section induced by a bound state has nontrivial
velocity-dependence, which is phenomenologically inter-
esting. A detailed exploration of the bound-state affected
SIMP phenomenology is left for future work.

V. DISCUSSION AND CONCLUSION

In this work we have addressed a basic but so far largely
open question in SIMP dark sectors based on confining
SpðNcÞ dynamics with Nf ¼ 2 Dirac fermions; does a ππ
bound state exist in the regime of parameters relevant for
dark-pion SIMP phenomenology? Focusing on the
SUð4Þ=Spð4Þ coset, we have constructed the low-energy
ππ scattering amplitude in the flavor-singlet channel using
the chiral Lagrangian with an SU(4)-invariant mass term,
including LO and NLO contributions in the chiral expan-
sion. Employing the on shell Lippmann-Schwinger equa-
tion in the chiral-unitary framework, we have studied the
analytic structure of the S-wave T-matrix in the complex s-
plane and searched for poles below the two-pion threshold.
Within this setup, we find that an S-wave pole in the

flavor-singlet channel emerges below s ¼ 4m2
π once the

effective coupling mπ=fπ exceeds a critical value of order
three. This value is obtained from the NLO-unitarized
amplitude, and is lower than what would be inferred from
the LO kernel alone, which would suggest a bound state
only for mπ=fπ ≳ 4.2, in a regime where the LO chiral
expansion is no longer under perturbative control. Using
the size of the NLO contribution and an estimate of the
NNLO effects (via Gaussian variations of the LECs at the
level of 10−4−10−6) as a proxy for the truncation uncer-
tainty, we find that the combined LOþ NLO singlet
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amplitude dominates over higher orders for mπ=fπ≲
4−5 when s≲ 4m2

π , and the bound-state pole for
mπ=fπ ≳ 3 therefore lies within the region where the
chiral-unitary treatment is still quantitatively meaningful.
The same analysis also shows that for smaller couplings,
mπ=fπ ≲ 2.5, the amplitude remains perturbative and no
pole approaches the two-pion threshold from below. The
existence of the bound state also depends on the adopted
value for momentum cutoff; see Appendix B 2 for more
details.
The parameter region where the singlet bound state

appears corresponds in the underlying confining theory to
the regime where the (degenerate) dark-quark masses
satisfy mq ∼ Λ, with Λ the confinement scale. In the chiral
regime mq ≪ Λ one has mπ=fπ ∝

ffiffiffiffiffiffiffiffiffiffiffiffi
mq=Λ

p
≪ 1, so that

the chiral interactions are too weak to form a bound ππ
state. Our result therefore supports the picture that in the
SIMP-motivated regime with moderately heavy pseudo-
Goldstone bosons, where mπ=fπ is of order a few, the
lightest scalar beyond the dark pions is naturally interpreted
as a ππ molecule in the most attractive S-wave flavor-
singlet channel, in close analogy to the sigma meson in
QCD when the physical pion mass is hypothetically
increased into the few-hundred-MeV range. We have also
examined the P-wave amplitude in the nonsinglet channels,
where we conclude that, within the parameter region where
the chiral-unitary framework is under control, the P-wave
interaction is too weak to support an l ¼ 1 bound state
solely built from two dark pions.
To connect with the phenomenological role of a scalar S-

wave ππ bound state in SIMP freeze-out, we have estimated
the bound-state wave function at the origin, jΨð0Þj, which
controls bound-state-assisted decay and annihilation proc-
esses mediated by local operators. Using the nonrelativistic
reduction of the on shell T-matrix near the pole, and the
relation between the residue and the bound-state wave
function derived in the separable-potential framework, we
have obtained jΨð0Þj. This field-theoretic determination
was then cross-checked against simple variational esti-
mates. For shallow binding, κ ≡ EB=mπ ≪ 1, the two
methods agree within an overall factor of a few. In
particular, for binding energies of order the typical SIMP
freeze-out temperature, EB ∼ Tfo ∼mπ=20, we find
jΨð0Þj ∼Oð0.1Þm3=2

π . This range is fully compatible with
the parametric assumptions underlying the previous analy-
sis of bound-state-catalyzed SIMP freeze-out [46], where
the enhancement of 4 → 2 annihilation channels via
intermediate X ¼ ½ππ� bound states was encoded through
jΨð0Þj. Beyond its role in number changing freeze-out, the
same S-wave pole also induces a nonperturbative contri-
bution to the late time dark pion self scattering rate. We
showed that the corresponding average self-interaction
cross section can be expressed in terms of the binding
energy and the wave function at the origin. For the same
class of shallow bound states that efficiently catalyze even

numbered SIMP interactions at freeze-out, with κ ∼ 0.1 and
jΨð0Þj ∼ 0.1m3=2

π for sub-GeV mπ, we find that hσselfi=mπ

naturally lies in the astrophysically interesting range of
order Oð1Þ cm2=g, compatible with addressing small-scale
structure puzzles.
The present analysis can be extended and refined in

several directions. On the theoretical side, a dedicated lattice
determination of the ππ spectrum in Sp(4) with degenerate
quarks along the lines of [84] will allow a more precise
matching of the chiral-unitary description, sharpening the
prediction for the critical mπ=fπ and the binding energy and
clarifying the molecular vs compact nature of the scalar.
Recent lattice extractions of NLO LEC combinations in the
SU(4)/Sp(4) effective theory with nondegenerate quark
masses [62] provide a useful benchmark for the size of
higher-order effects, although they are not directly tailored to
the degenerate quark mass limit studied here; a systematic
implementation of this input is left to future work. More
broadly, it would be interesting to generalize our approach to
other gauge groups and flavor contents, to include vector
resonances and coupled-channel effects, and to embed the
bound state into a full finite-temperature Boltzmann analysis
of SIMP-like cosmology. We leave these refinements to
future work. In summary, our findings lend theoretical
support to phenomenological SIMP models in which a
single light scalar resonance, interpreted as a ππ bound
state, plays a distinguished role in determining the relic
abundance and self-interactions of dark pions.
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APPENDIX A: BASIS OF TWO-QUARK
AND FOUR-QUARK STATES

Here we adopt the fundamental representation of SU(4)
defined in Eqs. (A12)–(A14) of Ref. [34]. In this basis,
among the 15 generators of SU(4), the 10 unbroken
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generators in Sp(4) can be organized into several sets of
SU(2) subalgebras:

½T̃1
u; T̃2

u� ¼ iT̃3
u; and ½T̃1

d; T̃
2
d� ¼ iT̃3

d; ðA1Þ

and

½T̃11; T̃7� ¼ i

�
1

2
T̃3
u þ

1

2
T̃3
d

�
;

and ½T̃13; T̃8� ¼ i

�
1

2
T̃3
u −

1

2
T̃3
d

�
: ðA2Þ

This provides a Cartan–Weyl basis for the rank-2 group
Sp(4), allowing the definition of weight vectors labeled by
ðIu; IdÞ, as well as the corresponding raising/lowering
operators

T�
u ¼ T̃1

u � iT̃2
u; and T�

d ¼ T̃1
d � iT̃2

d; ðA3Þ

and the raising/lowering operators that change the third
components of both Iu and Id by one half, along either the
diagonal (D) or off-diagonal (O) directions in the ðIu; IdÞ
plane:

T�
D ¼ T̃11 � iT̃7; and T�

O ¼ T̃13 � iT̃8: ðA4Þ

1. Single-quark states

In the basis above, the vector of four Weyl fermions,
which differs by an interchange of the second and third
components relative to the convention used in the main text
of Ref. [34], is written as

Ψ̃ ¼

0
BBB@

uL
σ2Su�R
dL

σ2Sd�R

1
CCCA; ðA5Þ

where S is the color matrix, as defined in Ref. [34]. The
corresponding isospin assignments with respect to the two
SU(2) subalgebras above, labeled as ðIu; I3u; Id; I3dÞ, are
ðþ1=2;þ1=2; 0; 0Þ for uL, ðþ1=2;−1=2; 0; 0Þ for u�R,
ð0; 0;þ1=2;þ1=2Þ for dL, ð0; 0;þ1=2;−1=2Þ for d�R,
respectively. Adopting the fundamental representation of
this basis on Ψ̃, the raising/lowering operators above
change the four Weyl fermions as follows:

Tþ
u

0
BBB@

uL
u�R
dL
d�R

1
CCCA ¼

0
BBB@

0

uL

0

0

1
CCCA; T−

u

0
BBB@

uL
u�R
dL
d�R

1
CCCA ¼

0
BBB@

u�R
0

0

0

1
CCCA; Tþ

d

0
BBB@

uL
u�R
dL
d�R

1
CCCA ¼

0
BBB@

0

0

0

dL

1
CCCA; T−

d

0
BBB@

uL
u�R
dL
d�R

1
CCCA ¼

0
BBB@

0

0

d�R
0

1
CCCA; ðA6Þ

and

Tþ
D

0
BBB@
uL
u�R
dL
d�R

1
CCCA¼ 1ffiffiffi

2
p

0
BBB@
d�R
0

u�R
0

1
CCCA; T−

D

0
BBB@
uL
u�R
dL
d�R

1
CCCA¼ 1ffiffiffi

2
p

0
BBB@

0

dL
0

uL

1
CCCA; Tþ

O

0
BBB@
uL
u�R
dL
d�R

1
CCCA¼ 1ffiffiffi

2
p

0
BBB@

dL
0

0

−u�R

1
CCCA; T−

O

0
BBB@
uL
u�R
dL
d�R

1
CCCA¼ 1ffiffiffi

2
p

0
BBB@

0

−d�R
uL
0

1
CCCA: ðA7Þ

The equations above directly illustrate that
Tþ
Djþ1=2;þ1=2;0;0i¼ 1ffiffi

2
p j0;0;þ1=2;−1=2i, acting along

the off-diagonal line, and Tþ
Oj þ 1=2;þ1=2; 0; 0i ¼

1ffiffi
2

p j0; 0;þ1=2;þ1=2i acting along the off-diagonal line

in the (I3u, I3d)-plane. Both conserve the sum I ≡ Iu þ Id. In
analogy with the SM isospin, the conjugates of the four
Weyl fermions have the same isospin assignments and
transform in the same way, once they are arranged into the
vector ð−uR; u�L;−dR; d�LÞT.

2. One-pion states

Since our analysis of the two-pion sector singles out the
flavor singlet combination, it is natural to already consider
the singlets at the one-pion level, as it prepares the grounds
for the subsequent state construction. The quark bilinears are
organized into irreducible representations of the SUð2Þu;d
subalgebra. This construction allows one to distinguish a
genuine SUð2Þu;d singlet—which is annihilated by all raising
and lowering operators—from neutral states that are simply
the I3u ¼ I3d ¼ 0 components of nontrivial isospin multiplets.
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For the two-quark states defined in Table 4 of Ref. [34],
there exists the η00 state, η00 ≡ 1ffiffi

2
p ðūγ5uþ d̄γ5dÞ, which is

invariant under all raising and lowering operators intro-
duced above. It is therefore a genuine flavor singlet under
SUð2Þu;d, in direct analogy with the η0 in QCD, and is
expected to receive a parametrically larger mass from the
chiral anomaly. As a consequence, η00 does not belong to the
light pseudo-Nambu-Goldstone multiplet associated with
the SUð4Þ=Spð4Þ breaking pattern and it is natural to treat it
as a heavier state that can be integrated out in the low
energy description. In contrast, the orthogonal combination

πC ≡ 1ffiffiffi
2

p ðūγ5u − d̄γ5dÞ

¼ 1ffiffiffi
2

p ðu�RuL − u�LuR − d�RdL þ d�LdRÞ ðA8Þ

also has I3u ¼ I3d ¼ 0, but is not flavor-blind. It transforms
nontrivially under the SUð2Þu;d subalgebra and is the
neutral component of an isospin multiplet. For instance,
the action of the raising operator Tþ

O on πC,

Tþ
Oπ

C ¼ 1ffiffiffi
2

p ½ðTþ
Ou

�
RÞuL − ðTþ

Ou
�
LÞuR − ðTþ

Od
�
RÞdL

þ ðTþ
Od

�
LÞdR� þ

1ffiffiffi
2

p ½u�RðTþ
OuLÞ − u�LðTþ

OuRÞ

− d�RðTþ
OdLÞ þ d�LðTþ

OdRÞ�

yields another pion state, πA ≡ ūγ5d, where the Tþ
O

operator acts nontrivially on the first (second) state in

the first (second) square bracket. One finds

Tþ
Oπ

A ¼ 0; Tþ
Oπ

B ¼ −πC; Tþ
Oπ

C ¼ πA;

T−
Oπ

A ¼ πC; T−
Oπ

B ¼ 0; and T−
Oπ

C ¼ −πB; ðA9Þ

and similar relations can be obtained for T�
D. For sub-

algebra SUð2Þu;d, we have

Tþ
d π

B ¼ πE; T−
dπ

E ¼ πB;

T−
dπ

A ¼ −πD; and Tþ
d π

D ¼ −πA; ðA10Þ

and, again, similar relations hold for T�
u . These relations are

also demonstrated in the left panel of Fig. 4.

3. The 14-plet of two-pion states

For four-quark states, it is easy to see that the states
jπAijπAi, jπBijπBi, jπDijπDi, and jπEijπEi have the highest
weights in the ðI3u; I3dÞ plane, as illustrated in the right panel
of Fig. 4. Other states are obtained by acting with lowering
operators on them. The resulting set of 14 linearly inde-
pendent states is closed under the Sp(4) action, realizing the
14-dimensional representation, i.e., the mixed-symmetric
channel RMS. Indeed, although not shown explicitly in
the figure, T�

u and T�
d do not change the total I, and thus

connect the symmetric states of the 14-plet. For instance,
from jπAi≡ j 1

2
;− 1

2
; 1
2
; 1
2
i, one obtains

FIG. 4. Two-quark and four-quark states. Left: the singlet η00 and quintuplet πA;…;E of two-quark states (circles in black). Right: four-
quark states (circles in red) constructed from the two quintuplets: 5 ⊗ 5 ¼ 1 ⊕ 10 ⊕ 14. Here each possible combination of two pion
states (one circle of red) is depicted schematically by adding another pion (indicated by a blue arrow according to its weight vector), to a
pre-existing one (labeled as πI in black).
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T−
d jπAijπAi ¼ Tþ

d j1;−1; 1; 1i
¼

ffiffiffi
2

p
j1;−1; 1; 0i

¼ −jπDijπAi − jπAijπDi: ðA11Þ
So there are

j1;−1; 1; 0i ¼ −
1ffiffiffi
2

p ðjπDijπAi þ jπAijπDiÞ; ðA12Þ

j1; 1; 1; 0i ¼ 1ffiffiffi
2

p ðjπBijπEi þ jπEijπBiÞ; ðA13Þ

j1; 0; 1;−1i ¼ −
1ffiffiffi
2

p ðjπDijπBi þ jπBijπDiÞ; ðA14Þ

j1; 0; 1; 1i ¼ 1ffiffiffi
2

p ðjπEijπAi þ jπAijπEiÞ; ðA15Þ

where the overall negative sign does not play any physical
role, and can be disregarded for simplicity. Similarly, there
are states of the form ðjπJijπCi þ jπCijπJiÞ= ffiffiffi

2
p

with
J ¼ A, B, D, E. The same eight states can also be derived
from T�

D;OjπJijπJi for J ¼ A, B, D, E, once the overall
negative signs are omitted.
We now turn to the last two eigenstates of the 14-plet,

which have I3u ¼ I3d ¼ 0. It is easier to obtain them with
T�
D;O as follows:

T−
OðjπAijπCi þ jπCijπAiÞ
¼ jπCijπCi − jπAijπBi − jπBijπAi þ jπCijπCi
¼ −ðjπAijπBi − 2jπCijπCi þ jπBijπAiÞ; ðA16Þ

and, similarly,

T−
DðjπDijπCi þ jπCijπDiÞ
¼ jπDijπEi − 2jπCijπCi þ jπEijπDi: ðA17Þ

In addition, if the global Sp(4) flavor symmetry is exact, the
basis can be arbitrarily rotated. It is therefore equivalent to
choose, first, the sum of Eq. (A16) and (A17)

−jπAijπBi − jπBijπAi þ jπDijπEi þ jπEijπDi; ðA18Þ

which coincides with T−
d j1; 0; 1; 1i up to a normalization

factor, and, second, the difference

jπAijπBi þ jπBijπAi − 4jπCijπCi þ jπDijπEi þ jπEijπDi:
ðA19Þ

Note that gauging quarks under a Uð1Þ symmetry and
assigning different charges to u and d fixes the physical
states; see, e.g., Tab. 2 of Ref. [34].

4. The singlet and 10-plet of two-pion states

The singlet in the two-pion states, via 5 ⊗ 5 ¼
1 ⊕ 10 ⊕ 14, must be symmetric under interchange of
the two pions. In the neutral sector with I3u ¼ I3d ¼ 0 there
are three symmetric states: two of them belong to the
14-plet and have been constructed above, while the third
should be the singlet. Imposing orthogonality to the 14-plet
states and normalizing it fixes the singlet uniquely. Direct
computation yields

1ffiffiffi
5

p ðjπAiπBi þ jπBiπAi þ jπCijπCi þ jπDiπEi þ jπEiπDiÞ:

ðA20Þ

This is in agreement with Tab. 3 of [50] (see also Ref. [49])
which states the two-meson singlet as,

jRIi≡ Tr½TaTb�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2 · 2þ 1Þð2 − 1Þp jπaijπbi ¼
X5
a¼1

1ffiffiffi
5

p jπaijπai:

ðA21Þ

We can rewrite this state in the fπA;B;C;D;Eg basis. Using

πA;B ¼ 1ffiffiffi
2

p ðπ1 � iπ2Þ; πC ¼ π3;

πD;E ¼ 1ffiffiffi
2

p ðπ5 � iπ4Þ: ðA22Þ

and the relations πA ¼ ðπBÞ† and πD ¼ ðπEÞ†, one also
finds that the states with I3u ¼ I3d ¼ 0, such as the three
given by Eqs. (A18), (A19), and (A20), are automatically
self-conjugate, as expected. At last, the 10-plet states are
antisymmetric combinations of two pions as

1ffiffiffi
2

p ðjπIijπJi − jπJijπIiÞ; ðA23Þ

where I ≠ J ¼ A, B, C, D, E.

APPENDIX B: AMPLITUDES AND THEIR
S-WAVE PROJECTIONS

As mentioned in the main text, we have adopted the
expressions of these ππ scattering amplitudes at various
orders from Ref. [50]. For completeness and clarity, we
provide here the details of the amplitudes, as well as their S-
wave projections.

1. Definition of useful variables and functions

Before going to the expressions of the amplitudes, useful
variables and functions have to be introduced, which
simplify the expressions in the following subsection.
First, we assign the Mandelstam variables for two-body
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scattering of πa1ðp1Þ þ πa2ðp2Þ → πa3ðp3Þ þ πa4ðp4Þ as

s ¼ ðp1 þ p2Þ2 ¼ ðp3 þ p4Þ2 ≡ w2;

t ¼ ðp1 − p3Þ2 ¼ ðp4 − p2Þ2;
u ¼ ðp1 − p4Þ2 ¼ ðp3 − p2Þ2; ðB1Þ

where a new variable w for the center-of-mass energy is
also introduced. The angular dependence in the center-of-
mass frame for two-body elastic scattering is, as usual,
t ¼ −2p2ð1 − cos θÞ, and u ¼ −2p2ð1þ cos θÞ, where p
and θ are the incoming 3-momentum and scattering angle
in the center-of-mass frame, and

p2 ¼ 1

4
ðs − 4m2

πÞ ¼
1

4
sσ2ðsÞ;

σðsÞ ¼ iσ̃ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π

s

r
: ðB2Þ

The functions σ̃ðsÞ and σðsÞ will be used for the kinematic
regions of s below and above two-pion threshold,
respectively.
Several other useful functions are defined as

ĪðsÞ≡ σðsÞ ln
�
σðsÞ − 1

σðsÞ þ 1

�
; and J̄ðsÞ≡ 1

16π2
½ĪðsÞ þ 2�:

ðB3Þ

The exact calculation of the Chew-Mandelstam function,
J̄ðsÞ, depends on the value of s, whether 0 < s < 4m2

π or
s > 4m2

π . So we correspondingly adopt the notation that

J̄ðsÞ≡
�
J̄−ðsÞ for 0 < s < 4m2

π;

J̄þðsÞ for s > 4m2
π:

ðB4Þ

For the corresponding ranges of s, one obtains [85]

J̄−ðsÞ ¼
1

8π2

�
1 − σ̃ðsÞtan−1

�
1

σ̃ðsÞ
��

ðB5Þ

and

J̄þðsÞ ¼
1

16π2
½2þ σðsÞLnðsÞ þ iπσðsÞ�; ðB6Þ

where, for s ≥ 4m2
π, we have defined

LnðsÞ≡ ln

�
1 − σðsÞ
1þ σðsÞ

�
: ðB7Þ

Furthermore, in order to project the S-wave components
from the one-loop amplitudes, one always encounters the
integration over cos θ involving the loop-functions, J̄ðtÞ
and J̄ðuÞ, while integrating J̄ðsÞ over cos θ is trivial and
will not be further explained. Thus, before ending this
subsection, we will perform the integration of the loop-
function J̄ðtÞ, to express them eventually as functions of s.
The results are the same for J̄ðuÞ, by introducing the
notation J 0;1;2ðsÞ from

J iðsÞ≡
Z

1

−1
dðcos θÞtiJ̄ðtÞ≡

�
J i−ðsÞ for 0 < s < 4m2

π;

J iþðsÞ for s > 4m2
π:

ðB8Þ

Below the two-pion threshold, one finds

J 0−ðsÞ≡
Z

1

−1
dðcos θÞJ̄ðtÞ ¼ 1

8π2sσ̃2
½3sσ̃2 − 4m2

π tan−1 ðσ̃Þ2 − 2sσ̃ tan−1ðσ̃Þ�;

J 1−ðsÞ≡
Z

1

−1
dðcos θÞtJ̄ðtÞ ¼ 1

32π2sσ̃2
½σ̃ð16m4

πð4 − tan−1 ðσ̃Þ2Þ − 36m2
πsþ 5s2Þ − 4ð8m4

π − 6m2
πsþ s2Þ tan−1ðσ̃Þ�;

J 2−ðsÞ ¼
Z

1

−1
dðcos θÞt2J̄ðtÞ ¼ 1

144π2sσ̃2
½12sσ̃ð7m2

πs − 6m4
π − s2Þ tan−1ðσ̃Þ − 16m6

πð9 tan−1 ðσ̃Þ2 − 44Þ;

þ 165m2
πs2 − 612m4

πs − 14s3�;

J 3−ðsÞ≡
Z

1

−1
dðcos θÞt3J̄ðtÞ ¼ 1

1152π2sσ̃
½16384m8 − 19152m6sþ 7620m4s2 − 1288m2s3 − 2880m8 tan−1 ðσ̃Þ2

− 24sσ̃ð60m6 − 118m4sþ 34m2s2 − 3s3Þ tan−1ðσ̃Þ þ 81s4�:
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Above the two-pion threshold, the J iþ functions read

J 0þðsÞ≡
Z

1

−1
dðcos θÞJ̄ðtÞ ¼ π16

Z
1

−1
dðcos θÞðĪðtÞ þ 2Þ ¼ π16ðI0ðsÞ þ 4Þ;

J 1þðsÞ≡
Z

1

−1
dðcos θÞtJ̄ðtÞ ¼ π16

Z
1

−1
dðcos θÞðtĪðtÞ þ 2tÞ ¼ π16ðI1ðsÞ − 2sσ2ðsÞÞ;

J 2þðsÞ≡
Z

1

−1
dðcos θÞt2J̄ðtÞ ¼ π16

Z
1

−1
dðcos θÞðt2ĪðtÞ þ 2t2Þ ¼ π16

�
I2ðsÞ þ

4

3
s2σ4ðsÞ

�
;

J 3þðsÞ≡
Z

1

−1
dðcos θÞt3J̄ðtÞ ¼ π16

Z
1

−1
dðcos θÞðt3ĪðtÞ þ 2t3Þ ¼ π16ðI2ðsÞ − s3σ6ðsÞÞ;

where we have also used the integrals of the Ī-function introduced above:

I0ðsÞ ¼
Z

1

−1
dðcos θÞĪðtÞ ¼ −2m2

π

sσðsÞðσ2ðsÞ − 1Þ ½4σ
2ðsÞ þ 4σðsÞLnðsÞ þ ðσ2ðsÞ − 1ÞLn2ðsÞ�;

I1ðsÞ ¼
Z

1

−1
dðcos θÞtĪðtÞ ¼ −2m4

π

sσðsÞðσ2ðsÞ − 1Þ2 ½4σ
2ðsÞ þ 4σðsÞðσ2ðsÞ þ 1ÞLnðsÞ þ ðσ2ðsÞ − 1Þ2Ln2ðsÞ�;

I2ðsÞ ¼
Z

1

−1
dðcos θÞt2ĪðtÞ ¼ −4m6

π

9sσðsÞðσ2ðsÞ − 1Þ3 ½−4σ
2ðsÞð4σ4ðsÞ − 21σ2ðsÞ þ 9Þ þ 12σðsÞð3σ4ðsÞ þ 8σ2ðsÞ − 3ÞLnðsÞ

þ 9ðσ2ðsÞ − 1Þ3Ln2ðsÞ�;

I3ðsÞ ¼
Z

1

−1
dðcos θÞt3ĪðtÞ ¼ −8m8

π

9sσðσ2 − 1Þ4 ½−32σ
8 þ 173σ6 − 150σ4 þ 45σ2 þ 45ðσ2 − 1Þ4 tanh−1ðσÞ2 − 6ð15σ6 þ 73σ4

− 55σ2 þ 15Þσ tanh−1ðσÞ�:

2. Loop function of two-body propagators

a. Analytical form of the loop function

For two-body scattering with initial total four-momentum P, the loop function GðsÞ with masses M1 and M2 has the
generic form [67]

GðsÞ ¼ i
Z

d4q
ð2πÞ4

1

q2 −M2
1 þ iϵ

1

ðP − qÞ2 −M2
2 þ iϵ

¼ 1

32π2

2
64−Δ

s
log

M2
1

M2
2

þ ν

s

8><
>:log

s − Δþ ν
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

1

qmax

q
−sþ Δþ ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

1

qmax

q þ log
sþ Δþ ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

2

q2max

q
−s − Δþ ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

2

q2max

q
9>=
>;

þ 2
Δ
s
log

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

2

q2max

q
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

2

q2max

q − 2 log

��
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

1

q2max

s ��
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ M2

2

q2max

s ��
þ log

M2
1M

2
2

q4max

3
75; ðB9Þ

where ν ¼ ðs − ðM1 þM2Þ2Þ12ðs − ðM1 −M2Þ2Þ12 and Δ ¼ M2
2 −M2

1. In the case of equal masses, M1 ¼ M2 ¼ mπ , the
above formula reduces to

GðsÞ ¼ 1

ð4πÞ2

2
64σðsÞ log σðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

π

q2max

q
þ 1

σðsÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

π

q2max

q
− 1

− 2 log

�
qmax

mπ

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ m2

π

q2max

s �
375; ðB10Þ

where qmax is the cut-off momentum, considered to be a free parameter that indicates the energy-scale of the system. In this
work, we adopt qmax ¼ 3mπ for the numerical results.
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b. Analytical evaluations of the binding energy
in the LO nonrelativistic limit and matching

of regularization schemes

According to the cutoff regularization with a 3-momen-
tum cutoff qmax, the relativistic loop function in Eq. (B10)
contains a logarithmic UV divergence. If instead using
dimensional regularization with d ¼ 4 − ϵ dimensions, the
same integral can be evaluated following the standard
procedure of the loop integration [67]. The latter leads
to the Euler Gamma function Γðϵ=2Þ, which gives a
divergence as ϵ → 0, i.e.,

Γðϵ=2Þ ≃ 2

ϵ
− γE þOðϵÞ; ðB11Þ

where γE is the Euler–Mascheroni constant. The 2=ϵ term is
the dimensional-regularization counterpart of the logarith-
mic cutoff divergence ln q2max in the momentum-cutoff
scheme. Subtracting the divergent part in the modified
MS scheme (i.e. removing 2=ϵ − γE þ ln 4π) leaves the
finite part as

GMSðsÞ ¼ 1

ð4πÞ2
�
−1þ log

m2
π

μ2
MS

þ σðsÞ log σðsÞ þ 1

σðsÞ − 1

�
;

ðB12Þ
with μMS being the renormalization scale. Comparing with
the cutoff result (B10) in the relativistic limit, mπ ≪ qmax,
yields the matching condition between the momentum cut-
off and dimensional regularization schemes [67],

μMS ¼
2qmaxffiffiffi

e
p ≃ 1.213qmax; ðB13Þ

which is independent of channel and external kinematics.
In the nonrelativistic (NR) limit, relevant for the LO

analysis of the bound-state pole in Sec. IV, the relativistic
loop function reduces to a three-dimensional two-body
propagator integral [76]. Its UV-divergent structure differs
qualitatively from the 4D case due to the fact that the 3D
integral is linearly (not logarithmically) UV divergent, and
dimensional regularization treats the two cases very differ-
ently. We now evaluate the 3D loop function explicitly in
both cutoff and dimensional regularization, solve the LO
pole equation for the binding energy in each scheme, and
establish the matching between them.
The 3D loop function and the LO pole condition. First of

all, the on-shell LO singlet S-wave kernel at the threshold
s ¼ 4m2

π from Eqs. (19) and (27)

vthrLO ¼ 13m2
π

ð4f2πÞ
; and ṽthr ¼ vthrLO

32π3m2
π
¼ 13

128π3f2π
; ðB14Þ

where the NR counterpart is obtained from the standard NR
reduction [67,76]; also see our definitions in the main text.

Then, for equal-mass dark pions with reduced mass
μ ¼ mπ=2, the NR loop function with the 3-momentum
cutoff Λ reads

G̃ðEÞ ¼
Z
jp⃗j<Λ

d3p
1

E − 2mπ −
p⃗2

2μ

; ðB15Þ

where E ¼ 2mπ − EB is the total NR energy including rest
masses and EB > 0 is the binding energy. The LO pole
condition is given by

1þ ṽ G̃ðEÞ ¼ 0: ðB16Þ

For convenience, we introduce the binding momentum γ ¼ffiffiffiffiffiffiffiffiffiffiffi
2μEB

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
mπEB

p
and recall the dimensionless parameter

κ ≡ EB=mπ ¼ γ2=m2
π , which will be used in the non-

relativistic calculations below.
Cutoff regularization (CO). Performing the angular

integration in 3D, one obtains

G̃COðEÞ ¼ −4πmπ

�
Λ − γ arctan

Λ
γ

�
; ðB17Þ

which in turn yields for the large-Λ expansion [76]

G̃COðEÞ ¼ −4πmπΛþ 2π2mπγ þOðγ2=ΛÞ: ðB18Þ

The first term is a linearly UV-divergent constant; the
second is the finite part that encodes all binding-energy
dependence. Substituting Eq. (B17) into Eq. (B16), this
express the pole location in terms of the binding momen-
tum γ as

Λ − γ arctan
Λ
γ
¼ 32π2f2π

13mπ
≡ Λ�: ðB19Þ

The parameter Λ� plays the role of a critical cut-off and a
bound state exists only when Λ > Λ�. In the shallow-
binding limit γ ≪ Λ, we can approximate
arctanðΛ=γÞ ¼ π=2 − γ=Λþ � � �, resulting in

γ ≃
2

π
ðΛ − Λ�Þ þOðγ2=ΛÞ; ðB20Þ

and in turn the binding energy

ECO
B ¼ γ2

mπ
¼ 4

π2mπ
ðΛ−Λ�Þ2; Λ� ¼

32π2f2π
13mπ

: ðB21Þ

For a given Λ, the bound state first appears (γ > 0)
at mπ=fπ ≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
32π2mπ=ð13ΛÞ

p
.

Dimensional regularization (DR). Analytically continu-
ing the spatial integral in Eq. (B15) to d ¼ 3 − 2ϵ dimen-
sions with an arbitrary mass scale μ̃DR, the standard
d-dimensional master integral gives [76]
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Z
d3−2ϵp

1

p2 þ γ2
¼ π3=2−ϵΓ

�
−
1

2
þ ϵ

�
γ1−2ϵ: ðB22Þ

Unlike the 4D relativistic loop, the pole is produced by
Γðϵ=2Þ ∼ 2=ϵ as shown in Eq. (B11). Here Γð−1=2þ ϵÞ →
Γð−1=2Þ ¼ −2

ffiffiffi
π

p
is finite and there is no 1=ϵ divergence.

Physically, this reflects a general property of dimensional
regularization i.e., it only manifests logarithmic UV diver-
gences as 1=ϵ poles, whereas power-law divergences dis-
appear. Collecting factors at ϵ → 0 limit, this yields
G̃DR

pure ¼ 2π2mπγ > 0, which has the wrong sign for binding
energy since the pole condition with an attractive potential
requires G̃ < 0. The missing piece is precisely the linearly
divergent constant, corresponding to −4πmπΛ in the cut-off
scheme, which 3D dimensional regularization has already
discarded. One can restore it through a subtraction constant
aNRðμ̃DRÞ < 0, constructing a physically proper form as
[86,87]

G̃DRðEÞ ¼ aNR þ 2π2mπγ: ðB23Þ
The subtraction constantaNR encodes the sameUVphysics as
the cut-off Λ. Those two parameters are related via aNR ↔
−4πmπΛ (see more detailed discussion below). To conclude,
comparing the large-Λ expansion (B18) with the DR form
(B23), both schemes share exactly the same dispersive piece
2π2mπγ and therefore one finds

aNR ↔ −4πmπΛþOðγ2=ΛÞ: ðB24Þ
The bound-state condition 1þ ṽNRG̃

DR ¼ 0 then fixes aNR
in terms of the binding energy, in the sameway asΛ is fixed in
the cut-off scheme.
Connection to the relativistic formulation. To connect

with the relativistic analysis in the main text, we expressffiffiffi
κ

p ¼ γ=mπ in terms of the relativistic subtraction constant
(a) defined through GðsÞ ¼ 1

16π2
½aþ ĪðsÞ� where ĪðsÞ has

been defined in Eq. (B3). Matching vG ¼ ṽ G̃ at leading
order in γ, we obtain a ¼ −2Λ=mπ , and thus

ffiffiffi
κ

p ¼ 1

π

�
aþ 64π2f2π

13m2
π

�
þOðκÞ; ðB25Þ

recovering the relativistic pole condition used in Eq. (34) at
LO. A bound state appears for mπ=fπ >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
64π2=ð13jajÞ

p
,

with a given by

aCOðqmaxÞ ¼ −1þ log
m2

πe
4q2max

; or

aDRðμMSÞ ¼ −1þ log
m2

π

μ2
MS

; ðB26Þ

which are obtained from Eq. (B10) with the cut-off regu-
larization, and from Eq. (B12) with dimensional regulariza-
tion, respectively, depending on the scheme. The matching
condition in (B13) ensures aCO ¼ aDR up to Oðm2

π=q2maxÞ
corrections.
Using a cutoff regularization for GðsÞ together with MS-

renormalized NLO LECs is consistent because the partial-
wave T-matrix, the physical observable, remains scheme-
independent. A change in the regularization for G is
compensated by a finite adjustment of the LECs in L4.
Thus, this combined approach defines the same physical
theory at the considered order as a pure MS approach with
shifted couplings Lr

i → L0r
i . For instance, in the on-shell

chiral unitary framework of Refs. [66,67], where only the s-
channel two-pion bubble is iterated, the regularization
dependence of GðsÞ is encoded in a single s-independent
subtraction constant. The two schemes differ by a constant
Δa≡ aCOðqmaxÞ − aDRðμÞ, which can be absorbed into
finite redefinitions of the specific combinations Lr

0 þ Lr
8

and Lr
1 − Lr

4 þ Lr
6 multiplying by m4

π in the polynomial
NLO amplitude. The s-dependence of the on-shell inter-
action kernel and the RG running of the Lr

i are preserved.
For our benchmark qmax ¼ 3mπ and μ ¼ 2mπ , evalu-

ation of the Δa from Eqs. (B10) and (B11) at threshold
s ¼ 4m2

π yields

jΔaj
16π2

≃
1.25
16π2

≃ 8 × 10−3; ðB27Þ

with s-dependent variation of at most Oðm2
π=q2maxÞ ≃ 0.1.

The corresponding LEC redefinition is of the natural NLO

FIG. 5. The dependence of G and the final binding energy on the choice of qmax. First panel shows G as a function of qmax for several
values of

ffiffiffi
s

p
just below the mass threshold. Second (and third) panel yields the binding energy with qmax ¼ 2.5mπ (3.5mπ), where

colored dots are generated by adding Gaussian noise to the LECs, same as Fig. 3.
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counterterm size around 1=ð16π2Þ ≈ 6 × 10−3. Moreover,
the amplitudes, the binding energy, and the extracted jΨð0Þj
remain well within the LEC-truncation bands as shown in
Figs. 2 and 3. Their dependence on the value of qmax is
further illustrated in Fig. 5.

3. S-wave projection of the scattering amplitude
in the flavor singlet channel

Below we proceed to compute the S-wave projection of
the scattering amplitudes in the flavor singlet channel
needed to evaluate the pole position of the two-pion bound
state. Following Ref. [58], one obtains

TðsÞ¼1

4

Z þ1

−1
dðcosθÞP0ðcosθÞMIðs;t;uÞ;

¼1

4

Z þ1

−1
dðcosθÞ

�
5

2
½Bðs;t;uÞþBðt;u;sÞ−3

5
Bðu;s;tÞ

�
þ5Cðs;t;uÞþCðt;u;sÞþCðu;s;tÞ�; ðB28Þ

where P0ðcos θÞ ¼ 1, and the functions B and C are
defined by

Bðs; t; uÞ ¼ BLOðs; t; uÞ þ BNLOðs; t; uÞ þ BNNLOðs; t; uÞ;
ðB29Þ

Cðs; t; uÞ ¼ CLOðs; t; uÞ þ CNLOðs; t; uÞ þ CNNLOðs; t; uÞ:
ðB30Þ

Using the results of Ref. [50], one obtains for the LO
amplitudes,

BLOðs; t; uÞ ¼
1

f2π

�
−
1

2
tþm2

π

�
; ðB31Þ

CLOðs; t; uÞ ¼ 0; ðB32Þ

and for the NLO amplitudes,

BNLOðs; t; uÞ ¼
1

f4π
½BPðs; t; uÞ þ BSðs; t − uÞ

þ BSðu; t − sÞ þ BTðtÞ�;

CNLOðs; t; uÞ ¼
1

f4π
½CPðs; t; uÞ þ CSðsÞ þ CTðtÞ þ CTðuÞ�:

ðB33Þ

Here BPðs; t; uÞ and CPðs; t; uÞ are the polynomial parts, the
remaining terms are collectively known as the unitarity
correction. Following Ref. [50], we rewrite these parts in
their simplest form, satisfying the symmetry constraints,

BPðs; t; uÞ ¼ α1m4
π þ α2m2

πtþ α3t2 þ α4ðs − uÞ2;
CPðs; t; uÞ ¼ β1m4

π þ β2m2
πsþ β3s2 þ β4ðt − uÞ2; ðB34Þ

in which the coefficients αi and βi are given by

α1 ¼ 16ðLr
0þLr

8Þþ
�
7

6
þ 1

n
−
2n
3

�
Lþ

�
19

18
−
5n
9
þ 1

n

�
π16;

ðB35Þ

α2¼−16Lr
0−4Lr

5þ
�
5n
12

−
2

3

�
L−

�
5

9
−
11n
36

�
π16; ðB36Þ

α3 ¼ 4Lr
0 þ Lr

3 þ
�
1

8
−

n
16

�
Lþ

�
5

48
−

n
24

�
π16; ðB37Þ

α4 ¼ Lr
3 −

�
1

24
þ n
48

�
L −

�
5

144
þ n
36

�
π16; ðB38Þ

β1 ¼ 32ðLr
1 − Lr

4 þ Lr
6Þ −

1

2n2
ðLþ π16Þ; ðB39Þ

β2 ¼ 16ðLr
4 − 2Lr

1Þ; ðB40Þ

β3 ¼ 8Lr
1 þ 2Lr

2 −
3

16
π16 −

3

16
L; ðB41Þ

β4 ¼ 2Lr
2 −

1

16
L −

1

16
π16; ðB42Þ

where we have introduced the following short-hand nota-
tion for the logarithmic terms arising from the loop
diagrams with respect to the dimensional regularization
energy scale μ as

L ¼ π16 log

�
m2

π

μ2

�
; π16 ¼

1

16π2
: ðB43Þ

Above, we have fixed a typo of relative sign in front of the
π16 from Ref. [50] for the α2 term, as pointed out by
Ref. [35]. The remaining terms, BS, BT , CS, and CT are
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written as follows:

BSðs; t − uÞ ¼ J̄ðsÞ
�
−

1

2n
m4

π −
1

4
m2

πsþ
1

16
ðnþ 1Þs2 þ 1

12
ðn − 1Þ

�
m2

π −
s
4

�
ðt − uÞ

�
; ðB44Þ

BSðu; t − sÞ ¼ J̄ðuÞ
�
−

1

2n
m4

π −
1

4
m2

πuþ 1

16
ðnþ 1Þu2 þ 1

12
ðn − 1Þ

�
m2

π −
u
4

�
ðt − sÞ

�
; ðB45Þ

BSðt; u − sÞ ¼ J̄ðtÞ
�
−

1

2n
m4

π −
1

4
m2

πtþ
1

16
ðnþ 1Þt2 þ 1

12
ðn − 1Þ

�
m2

π −
t
4

�
ðu − sÞ

�
; ðB46Þ

BSðs; u − tÞ ¼ J̄ðsÞ
�
−

1

2n
m4

π −
1

4
m2

πsþ
1

16
ðnþ 1Þs2 þ 1

12
ðn − 1Þ

�
m2

π −
s
4

�
ðu − tÞ

�
; ðB47Þ

BSðu; s − tÞ ¼ J̄ðuÞ
�
−

1

2n
m4

π −
1

4
m2

πuþ 1

16
ðnþ 1Þu2 þ 1

12
ðn − 1Þ

�
m2

π −
u
4

�
ðs − tÞ

�
; ðB48Þ

BSðt; s − uÞ ¼ J̄ðtÞ
�
−

1

2n
m4

π −
1

4
m2

πtþ
1

16
ðnþ 1Þt2 þ 1

12
ðn − 1Þ

�
m2

π −
t
4

�
ðs − uÞ

�
; ðB49Þ

and

BTðtÞ ¼ −
1

8
J̄ðtÞðt − 2m2

πÞ2; ðB50Þ

CSðsÞ ¼ J̄ðsÞ
�

1

2n2
m4

π þ
1

8
s2
�
; ðB51Þ

CTðtÞ ¼
1

8
J̄ðtÞðt − 2m2

πÞ2; ðB52Þ

CTðuÞ ¼
1

8
J̄ðtÞðu − 2m2

πÞ2: ðB53Þ

Here, the value of n is determined by the symmetry breaking pattern of SUð2nÞ → Spð2nÞ. We adopt n ¼ 2 below,
corresponding to Nf ¼ 2 of the main text, to derive the final expressions of amplitudes for the concrete model of the work.
Finally, we note that the analytical expressions at NNLO are significantly more lengthy and will thus not be reproduced
here. We direct the interested reader to Sec. 4.3 and App. D of Ref. [50].

a. S-wave projection of scattering amplitude from tree-level diagrams

At LO, we obtain the following S-wave projected expressions as

BðsÞ
LOðsÞ≡ 1

4

Z þ1

−1
dðcos θÞBLOðs; t; uÞ ¼

1

4

Z þ1

−1
dðcos θÞ 1

f2π

�
−
1

2
tþm2

π

�
¼ 1

4f2π

�
1

2
sσ2 þm2

π

�
;

BðtÞ
LOðsÞ≡ 1

4

Z þ1

−1
dðcos θÞBLOðt; u; sÞ ¼

1

4

Z þ1

−1
dðcos θÞ 1

f2π

�
−
1

2
uþm2

π

�
¼ 1

4f2π

�
1

2
sσ2 þm2

π

�
;

BðuÞ
LOðsÞ≡ 1

4

Z þ1

−1
dðcos θÞBLOðu; s; tÞ ¼

1

4

Z
dðcos θÞ 1

f2π

�
−
1

2
sþm2

π

�
¼ 1

2f2π

�
−
1

2
sþm2

π

�
;

and

CLOðs; t; uÞ ¼ CLOðt; u; sÞ ¼ CLOðu; s; tÞ ¼ 0:
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b. S-wave projection of scattering amplitude from NLO at tree-level diagrams

At NLO, the BNLO and CNLO at S-wave level are read8

BðsÞ
NLOðsÞ≡ 1

4

Z
dðcos θÞBNLOðs; t; uÞ ¼

1

2f4π

Z
dðcos θÞ½BPðs; t; uÞ þ BSðs; t − uÞ þ BSðu; t − sÞ þ BTðtÞ�;

BðtÞ
NLOðsÞ≡ 1

4

Z
dðcos θÞBNLOðt; u; sÞ ¼

1

4f4π

Z
dðcos θÞ½BPðt; u; sÞ þ BSðt; u − sÞ þ BSðs; u − tÞ þ BTðuÞ�;

BðuÞ
NLOðsÞ≡ 1

4

Z
dðcos θÞBNLOðu; s; tÞ ¼

1

4f4π

Z
dðcos θÞ½BPðu; s; tÞ þ BSðu; s − tÞ þ BSðt; s − uÞ þ BTðsÞ�;

and

CðsÞNLOðsÞ≡ 1

4

Z
dðcos θÞCNLOðs; t; uÞ ¼

1

4f4π

Z
dðcos θÞ½CPðs; t; uÞ þ CSðsÞ þ CTðtÞ þ CTðuÞ�

CðtÞNLOðsÞ≡ 1

4

Z
dðcos θÞCNLOðt; u; sÞ ¼

1

4f4π

Z
dðcos θÞ½CPðt; u; sÞ þ CSðtÞ þ CTðuÞ þ CTðsÞ�

CðuÞNLOðsÞ≡ 1

4

Z
dðcos θÞCNLOðu; s; tÞ ¼

1

4f4π

Z
dðcos θÞ½CPðu; s; tÞ þ CSðuÞ þ CTðsÞ þ CTðtÞ�:

All relevant S-wave projections of BP and CP are given by

BðsÞ
P ðsÞ≡ 1

4

Z
dðcos θÞBPðs; t; uÞ ¼

1

4

Z
dðcos θÞ½α1m4

π þ α2m2
πtþ α3t2 þ α4ðs − uÞ2�

¼ 1

4

�
2α1m4

π − α2m2
πsσ2 þ

2

3
α3s2σ4 þ α4

�
2s2 þ 2s2σ2 þ 2

3
s2σ4

��
;

BðtÞ
P ðsÞ≡ 1

4

Z
dðcos θÞBPðt; u; sÞ ¼

1

4

Z
dðcos θÞ½α1m4

π þ α2m2
πuþ α3u2 þ α4ðt − sÞ2�

¼ 1

4

�
2α1m4

π − α2m2
πsσ2 þ

2

3
α3s2σ4 þ α4

�
2s2 þ 2s2σ2 þ 2

3
s2σ4

��
;

BðuÞ
P ðsÞ≡ 1

4

Z
dðcos θÞBPðu; s; tÞ ¼

1

4

Z
dðcos θÞ½α1m4

π þ α2m2
πsþ α3s2 þ α4ðu − tÞ2�

¼ 1

4

�
2α1m4

π þ 2α2m2
πsþ 2α3s2 þ

2

3
α4s2σ4

�
;

and

CðsÞP ðsÞ≡ 1

4

Z
dðcos θÞCPðs; t; uÞ ¼

1

4

Z
dðcos θÞ½β1m4

π þ β2m2
πsþ β3s2 þ β4ðt − uÞ2�

¼ 1

4

�
2β1m4

π þ 2β2m2
πsþ 2β3s2 þ

2

3
β4s2σ4

�
;

CðtÞP ðsÞ≡ 1

4

Z
dðcos θÞCPðt; u; sÞ ¼

1

4

Z
dðcos θÞ½β1m4

π þ β2m2
πtþ β3t2 þ β4ðu − sÞ2�

¼ 1

4

�
2β1m4

π − β2m2
πsσ2 þ

2

3
β3s2σ4 þ β4

�
2s2 þ 2s2σ2 þ 2

3
s2σ4

��
;

CðuÞP ðsÞ≡ 1

4

Z
dðcos θÞCPðu; s; tÞ ¼

1

4

Z
dðcos θÞ½β1m4

π þ β2m2
πuþ β3u2 þ β4ðs − tÞ2�

¼ 1

4

�
2β1m4

π − β2m2
πsσ2 þ

2

3
β3s2σ4 þ β4

�
2s2 þ 2s2σ2 þ 2

3
s2σ4

��
:

8In the following we suppress the integration boundaries of the dðcos θÞ integrals as they are always the same.
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c. S-wave projection of scattering amplitude at NLO from one-loop diagrams

Using the expressions calculated from Eq. (B8), we now can express the S-wave projection of the one-loop terms BS, BT ,
CS, and CT as follows:

BðstuÞ
S ðsÞ≡ 1

4

Z
dðcos θÞBSðs; t − uÞ ¼ 1

4

Z
dðcos θÞJ̄ðsÞ

�
−
1

4
m4

π −
1

4
m2

πsþ
1

8
s2 þ 1

12

�
m2

π −
s
4

�
ðt − uÞ

�

¼ 1

2
J̄ðsÞ

�
−
1

4
m4

π −
1

4
m2

πsþ
1

8
s2
�
;

BðutsÞ
S ðsÞ≡ 1

4

Z
dðcos θÞBSðu; t − sÞ ¼ 1

4

Z
dðcos θÞJ̄ðuÞ

�
−
1

4
m4

π −
1

4
m2

πuþ 1

8
u2 þ 1

12

�
m2

π −
u
4

�
ðt − sÞ

�

¼ 1

4

�
1

6

�
m4

π

2
−m2

πs

�
J 0ðsÞ þ

1

12

�
s
2
− 5m2

π

�
J 1ðsÞ þ

7

48
J 2ðsÞ

�
;

BðtusÞ
S ðsÞ≡ 1

4

Z
dðcos θÞBSðt; u − sÞ ¼ 1

4

Z
dðcos θÞJ̄ðtÞ

�
−
1

4
m4

π −
1

4
m2

πtþ
1

8
t2 þ 1

12

�
m2

π −
t
4

�
ðu − sÞ

�

¼ 1

4

�
1

6

�
m4

π

2
−m2

πs

�
J 0ðsÞ þ

1

12

�
s
2
− 5m2

π

�
J 1ðsÞ þ

7

48
J 2ðsÞ

�
;

BðsutÞ
S ðsÞ≡ 1

4

Z
dðcos θÞBSðu; t − sÞ ¼ 1

4

Z
dðcos θÞJ̄ðsÞ

�
−
1

4
m4

π −
1

4
m2

πsþ
1

8
s2 þ 1

12

�
m2

π −
s
4

�
ðu − tÞ

�

¼ 1

2
J̄ðsÞ

�
−
1

4
m4

π −
1

4
m2

πsþ
1

8
s2
�
;

BðustÞ
S ðsÞ≡ 1

4

Z
dðcos θÞBSðu; s − tÞ ¼ 1

4

Z
dðcos θÞJ̄ðuÞ

�
−
1

4
m4

π −
1

4
m2

πuþ 1

8
u2 þ 1

12

�
m2

π −
u
4

�
ðs − tÞ

�

¼ 1

4

�
1

6

�
m2

πs −
7

2
m4

π

�
J 0ðsÞ −

1

12

�
s
2
þm2

π

�
J 1ðsÞ þ

5

48
J 2ðsÞ

�
;

BðtsuÞ
S ðsÞ≡ 1

4

Z
dðcos θÞBSðt; s − uÞ ¼ 1

4

Z
dðcos θÞJ̄ðtÞ

�
−
1

4
m4

π −
1

4
m2

πtþ
1

8
t2 þ 1

12

�
m2

π −
t
4

�
ðs − uÞ

�

¼ 1

4

�
1

6

�
m2

πs −
7

2
m4

π

�
J 0ðsÞ −

1

12

�
s
2
þm2

π

�
J 1ðsÞ þ

5

48
J 2ðsÞ

�
;

BðtÞ
T ðsÞ≡ 1

4

Z
dðcos θÞBTðtÞ ¼

1

4

�
−
1

8

Z
dðcos θÞJ̄ðtÞ½t − 2m2

π

�
2
�

¼ 1

4

�
−
1

2
m4

πJ 0ðsÞ þ
1

2
m2

πJ 1ðsÞ −
1

8
J 2ðsÞ

�
;

BðuÞ
T ðsÞ≡ 1

4

Z
dðcos θÞBTðuÞ ¼

1

4

�
−
1

8

Z
dðcos θÞJ̄ðuÞ½u − 2m2

π�2
�

¼ 1

4

�
−
1

2
m4

πJ 0ðsÞ þ
1

2
m2

πJ 1ðsÞ −
1

8
J 2ðsÞ

�
;

BðsÞ
T ðsÞ≡ 1

4

Z
dðcos θÞBðsÞ

T ðsÞ ¼ 1

4

�
−
1

8

Z
dðcos θÞJ̄ðsÞðs − 2m2

πÞ2
�

¼ 1

4

�
−
1

4
J̄ðsÞðs − 2m2

πÞ2
�
;

and
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CðsÞS ðsÞ≡ 1

4

Z
dðcos θÞCSðsÞ ¼

1

4

Z
dðcos θÞJ̄ðsÞ

�
1

8
m4

π þ
1

8
s2
�

¼ 1

4

�
1

4
J̄ðsÞðm4

π þ s2Þ
�
;

CðtÞS ðsÞ≡ 1

4

Z
dðcos θÞCSðtÞ ¼

1

4

Z
dðcos θÞJ̄ðtÞ

�
1

8
m4

π þ
1

8
t2
�

¼ 1

4

�
1

8
m4

πJ 0ðsÞ þ
1

8
J 2ðsÞ

�
;

CðuÞS ðsÞ≡ 1

4

Z
dðcos θÞCSðuÞ ¼

1

4

Z
dðcos θÞJ̄ðuÞ

�
1

8
m4

π þ
1

8
u2
�

¼ 1

4

�
1

8
m4

πJ 0ðsÞ þ
1

8
J 2ðsÞ

�
;

CðtÞT ðsÞ≡ 1

4

Z
dðcos θÞCTðtÞ ¼

1

4

�
−
Z

dðcos θÞBTðtÞ
�
¼ 1

4

�
1

2
m4

πJ 0ðsÞ −
1

2
m2

πJ 1ðsÞ þ
1

8
J 2ðsÞ

�
;

CðuÞT ðsÞ≡ 1

4

Z
dðcos θÞCTðuÞ ¼

1

4

�
−
Z

dðcos θÞBTðuÞ
�
¼ 1

4

�
1

2
m4

πJ 0ðsÞ −
1

2
m2

πJ 1ðsÞ þ
1

8
J 2ðsÞ

�
;

CðsÞT ðsÞ≡ 1

4

Z
dðcos θÞCTðsÞ ¼

1

4

�
−
Z

dðcos θÞBTðsÞ
�
¼ 1

4

�
1

4
J̄ðsÞðs − 2m2

πÞ2
�
:

APPENDIX C: DISCUSSION OF OTHER
POLE-FINDING METHODS

In this Appendix, we comment on alternative pole-
finding methods with various unitarization approaches.
After a brief explanation of the methods, we explain the
reasons why they cannot be properly applied to our case.
While there are also methods that operate beyond the weak-
binding assumption, such as the modern bootstrap method,
a systematic investigation along those lines is beyond the
scope of this work.

1. The inverse amplitude method

The inverse amplitude method (IAM) relies on an
expansion of the amplitude as

1

T
¼ 1

TLO þ TNLO þ…
≃

1

TLO
−
TNLO

T2
LO

þ � � � ; ðC1Þ

which is supposed to be faithful for jTNLOj ≪ jTLOj (and a
continuing hierarchy at higher orders), where TLO and
TNLO are the respective LO and NLO contribution to the
T-matrix amplitude.
The inverse of the exact amplitude T−1¼ReT−1þ iImG,

and the LO contribution TLO is real. As illustrated in
Ref. [67] (it defines the T-matrix operator via Ŝ ≡ 1 − iT̂ ,
with an opposite sign to ours), now the amplitude can be
written as

T ¼ 1

ReT−1 þ i ImG
¼ TLO

1

TLOðReT−1 þ i ImGÞTLO
TLO

≃ TLO
1

TLOð 1
TLO

− Re TNLO

T2
LO

þ i ImGÞTLO

TLO

≃ TLO
1

TLO − ReTNLO þ iTLO ImGTLO
TLO

≃ TLO
1

TLO − TNLO
TLO; ðC2Þ

where for the last equality the approximation ImTNLO ≃
−TLO ImGTLO has been used. The IAM is built on the
assumption that TLO − TNLO never gets close to zero.
Bound states, however, are defined by zeros of T−1

implying the condition TLO ¼ TNLO in (C2), where the
series for T−1 is no longer convergent and higher orders are
parametrically as important as the terms kept in the IAM. In
other words, the IAM is tailored to unitarize the amplitude
in the physical region and describe resonances above
threshold [60,67], but it is intrinsically ill–suited for a
controlled search for subthreshold poles associated with
bound states.
We may also note that, if TNLO ¼ −TLOGTLO, where

Eq. (28) in the main text yields vNLO ¼ 0, Eq. (C2) also
goes back to the LO result as follows:

T ≃
vLO

1þ vLOG
¼ TLO

1þ TLOG
: ðC3Þ

2. The N=D method

There is also the generic N=D method, which is based on
separating the unitarity cut at s > sth ¼ 4m2

π (in the denom-
inator) and the unphysical cut at s < sL ¼ 0 (in the
numerator) by defining the T-matrix amplitude in the form

TðsÞ ¼ NðsÞ
DðsÞ : ðC4Þ

For s > sth, the numerator and denominator are related via

ImDðsÞ ¼ −
σðsÞ
16π

NðsÞ þ
X
i

λðsiÞδðs − siÞ:

The last term compensates the discontinuities when TðsÞ
vanishes at s ¼ si. A detailed derivation of this method can
be found in [60]; here we only provide a brief overview of
the key results relevant for us.
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Taking advantage of the Cauchy integration theorem, for
an arbitrary s0 and an integer n, one may express DðsÞ as

DðsÞ ¼ ðs − s0Þn
π

Z
∞

sth

ds0
ImDðs0Þ

ðs0 − sÞðs0 − s0Þn

−
ðs − s0Þn
ðn − 1Þ!

dn−1

dzn−1
DðzÞ
z − s






z¼s0

: ðC5Þ

In order to obtain a finite result from the integral on the
right hand side of the equation, the asymptotic scaling
needs to be DðsÞ=sn → 0 at s → ∞. The choice of n ¼ 1
has been generally adopted for renormalizable theories in
the literature. One example is a study of the Higgs self-
interaction [88], adopting s0 ¼ −1 as a preferred value.
In our effective field theory approach, n ≥ 3 is needed in

order to properly take into account the NLO contribution.

Using the fact that the last term of Eq. (C5) is a polynomial
of degree (n − 1) and choosing n ¼ 3, we reach

D3ðsÞ ¼ −
ðs − s0Þ3
16π2

Z
∞

sth

ds0
σðsÞNðsÞ

ðs0 − sÞðs0 − s0Þ3
þ a0

þ a1ðs − s0Þ þ a2ðs − s0Þ2 þ
X
i

γi
s − si

: ðC6Þ

Now the high-energy behavior of the integral can be
regularized by the denominator of the integrating factor.
Moreover, the value of a0 may be fixed by setting a
normalization condition DðsÞjs¼s0 ¼ 1 after neglecting the
discontinuities. Nevertheless, there is no further input to find
out the values of a1 and a2. We have checked that the
uncertainties in a1 and a2 eliminate the predictive power of
this method.
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