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We consider the Chern-Simons theory coupled to massive fundamental matter in three spacetime
dimensions, focusing on the Higgsed phase of the bosonic matter in the large-N limit. To study the
characteristics of the Z boson in the Higgsed phase and address an apparent puzzle regarding its fermionic
analog, we employ the 3D Bose-Fermi duality to derive the exact large-N result for the two-point function
of the Z boson. We study the spectral representation of the Z boson and find that, in the large-N limit, it
behaves as an unstable resonance with a nonperturbatively large lifetime at weak coupling.
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I. INTRODUCTION

In three-dimensional Chern-Simons matter theories, a
bosonization duality has been extensively tested through
various calculations over the past decade [1–92]. The 3D
bosonization duality is a strong-weak field theory duality,
relating the strong coupling limit of one theory to the weak
coupling limit of another. Most of the explicit computations
aimed at extensively testing 3D bosonization rely on
approximation techniques from large-N field theories.
While a first-principles proof remains challenging, there
is now significant evidence supporting the conjectured
duality between UðNFÞ [or SUðNFÞ] Chern-Simons gauge
theory coupled to fundamental regular fermions and
SUðNBÞ [or UðNBÞ] Chern-Simons gauge theory coupled
to fundamental Wilson-Fisher or critical bosons, along with
a specific duality map that relates the mass parameters of
the matter fields and the levels and ranks of the respective
gauge groups [10,11,16,61,83].1

The duality, in the case of massless bosons and
fermions, asserts the equivalence between two distinct

families of conformal field theories (CFTs), each defined
by the rank and level of their respective gauge groups.
This duality, however, is also conjectured to remain valid
when both families of CFTs are deformed by the intro-
duction of a mass. The exact characteristics of these
massive phases, however, depend upon the signs of the
mass deformation. The elementary, one-particle, massive
excitations jϕii, in a bosonic theory deformed by a
positive mass (mcri

B > 0), arise from the action of the
scalar field ϕi on the vacuum. The label i, here, represents
a fundamental index related to the associated Chern-
Simons gauge group, indicating that these classically
spin-zero excitations transform in the fundamental repre-
sentation of the gauge group. The fermionic dual of this
theory is a gauged “free fermion” theory, where the sign
of the fermion mass mF is chosen to match the sign of
the fermionic Chern-Simons level kF.

2 In this phase, the
elementary, one-particle, massive excitations jψ ii are
created by the action of the elementary fermionic fields
ψ i on the vacuum. These fermionic excitations transform
in the fundamental representation of the corresponding
Chern-Simons gauge group, and they have the classical
spin 1

2
sgnðmFÞ. These fermionic excitations jψ ii, in a

way,3 correspond under a conjectured duality map
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1This pair of dual theories, which are also called quasifermionic
theories, will be the focus of the study in this paper. There is also
another more general pair of dual theories known as the
quasibosonic theories [83], which we will not discuss here but
can also be studied in the same way. We emphasize that the Bose-
Fermi duality discussed here is purely nonsupersymmetric—the
mapping arises entirely from large-N Chern-Simons matter
dynamics, with one side containing bosonic matter and the dual
side containing fermionic matter.

2For a brief summary of the notations and conventions, see
Appendix A. For more details about the notations and conven-
tions, refer to [83,86].

3For instance, under the conjectured duality map, the “physi-
cal” quantities (i.e., the spacetime quantum numbers)—such as
the exact pole masses and renormalized spins—match at the level
of the single-particle states. Additionally, the S-matrices corre-
sponding to two-particle scattering states are known to map on
both sides of the duality. Furthermore, the thermodynamical
ensembles of both bosons and fermions manage to exhibit the
same physics.
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to the massive scalar excitations jϕii discussed above
[10,11,16,61,83].
In contrast, when the bosonic theory is deformed by a

negative mass (mcri
B < 0), it results in a type of “gauged

ferromagnetic” phase [7,61]. In this phase, the “conden-
sation of spins” initiates the Higgs mechanism, which
“absorbs” the “ferromagnetic” Goldstone bosons. This
process classically transforms their degrees of freedom
into a set of massive fields, as the Goldstone bosons’
degrees of freedom are integrated into the dynamics of the
massive fields.4 This set of massive fields features a
multiplet of Wi

μ bosons,5 which transform under the
fundamental representation of the unbroken portion of
the gauge group, alongside a single, neutral, massive Zμ

boson that remains uncharged with respect to this unbro-
ken subgroup. The dual description of this phase is given
by the gauged free fermions, where the sign of the mass of
the fermionmF in this case is chosen to match the opposite
of the sign of the Chern-Simons level kF. Once again, the
fundamental massive excitations are generated by the
elementary fermionic operators, however, the classical
spin of these excitations is now given by − 1

2
sgnðmFÞ.

These excitations transform under the fundamental repre-
sentation of the Chern-Simons gauge group coupled to
fermions, and under the duality, in a sense, map to the Wi

μ

bosons. Apparently, there seems to be no fermionic analog
of the massive Zμ boson to which it can be mapped under
Bose-Fermi duality.
The Bose-Fermi duality implies that the states in the

bosonic theory have a correspondence with those in the
fermionic theory. Although these correspondences are
gratifying, they raise an important question: having iden-
tified the bosonic duals of all the obvious fermionic
excitations, what is the fermionic dual of the massive
vector Z boson? Furthermore, what are the characteristics
of the Z boson, even within the bosonic theory itself?
This is the question we will explore and resolve in this
paper. Although the analysis in this paper is restricted to
the bosonic Chern-Simons matter theory, particularly in
the Higgsed phase, the results are motivated by the
conjectured Bose-Fermi duality in three dimensions.
Furthermore, as explained in Sec. II, we use the already
known result of the fermionic theory and apply the
conjectured Bose-Fermi duality—which is already verified
independently through thermal free energy computations

in the Higgsed phase of the critical boson theory with the
corresponding regular fermion theory in [61]—to derive
the results for the two-point function of the Z boson, which
is exact to all orders in the ’t Hooft coupling parameter λB
(and not only the tree level result) in the ’t Hooft-like
planar limit at large N.
The paper is structured as follows: in Sec. II, we lay the

groundwork for the computations needed to explore aspects
of the Z boson. Section III explores the analytic structures
of the structure functions for even and odd components of
the two-point function of the current. In Sec. IV, we analyze
the spectral decomposition of these components in the
Kallen-Lehmann type representation. In Sec. V, we provide
a brief study of the dualized 2 → 2 S-matrices in the singlet
channel in the Higgsed phase. Finally, Sec. VI contains
some concluding remarks.

II. SETUP OF THE COMPUTATION

In the theory of critical bosons transforming under the
fundamental representation of the SUðNBÞkB Chern-Simons
gauge group, two distinct phases can occur6: (i) a phase with
complex scalars that remains unHiggsed, and (ii) a Higgsed
phase featuringWμ and Zμ bosons coupled to the unbroken
SUðNB − 1ÞkB Chern-Simons gauge group [7,61]. Under
Bose-Fermi duality, the theory of the critical bosons maps to
the theory of regular fermions coupled to the UðNFÞkF
Chern-Simons gauge group [10,11,16,83]. The mass param-
eter of the regular fermions appearing in the Lagrangian7

can have two possible choices of the signs. When the sign of
the fermion mass matches the sign of the Chern-Simons
level, the fermionic one-particle states correspond under
duality to the complex scalars in the unHiggsed phase. On
the contrary, when the sign of the mass of the fermions is
chosen to be opposite of the sign of the Chern-Simons level
coupled to fermions, the fermionic one-particle states map
to the vector W bosons.
At this point, one might wonder whether there exists a

corresponding state on the fermionic side to which the
massive Z boson, in the Higgsed phases of the bosons, can
be mapped. In other words, is the Z boson an elementary,
stable particle?8 Or, since the vector Z boson is neutral
under the unbroken subgroup, does it correspond under

4As a consequence, the original symmetry associated with the
Goldstone modes is broken, leading to a more stable ground state
characterized by these massive fields.

5The little group spin of the on-shell Wμ bosons equals
sgnðκBÞ, where κB denotes the “renormalized” level for the
bosonic Chern-Simons gauge fields, as defined in (A1). κB
appears in the Lagrangian (B7) for the critical bosons in the
Higgsed phase.

6Two distinct phases correspond to two different possible
choices of the sign of the mass parameter mcri

B appearing in the
Lagrangian (B1) corresponding to the critical bosons coupled to
Chern-Simons gauge fields.

7The classical Lagrangian for the regular fermions coupled to
Chern-Simons gauge fields is given by (C1), with the mass
parameter denoted by mF.8In the standard model in (3þ 1)-dimensional spacetime, the
W boson and Z boson are fundamental particles and not
composite, although the W boson and Z boson decay because
of their large masses into other lighter particles due to the
available allowed interactions in the standard model.
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duality to a composite fermion-antifermion state, or some
other gauge invariant, composite state?
A significant insight into this question emerges from the

fact that, within the classical theory, described by the
Euclidean, Higgsed phase action (see Appendix B for a
brief summary, with the explicit form reproduced below),

SH½Ã;W; Z�

¼ iκB
4π

Z
d3x ϵαβγTr

�
Ãα∂βÃγ −

2i
3
ÃαÃβÃγ

�

þ i
2π

Z
d3xðϵμνρW̄μ∂νWρ þ sgnðκBÞ2πv2W̄μWμÞ

þ iκB
4π

Z
d3xðϵμνρZμ∂νZρ þ sgnðκBÞ4πv2ZμZμÞ

þ 1

2π

Z
d3x ϵμνρW̄μðÃν − ZνÞWρ; ð2:1Þ

the mass of the Z boson, denoted as mZ, is found to be
twice that of theW boson, represented as mW [61]. In other
words,

mZ ¼ 2mW: ð2:2Þ

Since the massive Z boson is a singlet under the unbroken
subgroup of the bosonic Chern-Simons gauge group, this
mass relation suggests that it can plausibly be regarded
classically as the WW̄ two-particle “marginally” bound
state at threshold. Within the framework of duality, the W
bosons map to the fundamental fermions. It implies that the
Z boson could possibly be interpreted as dual to a bound
state created by a fermion and an antifermion at threshold
energy.9,10

Given that the Z boson at the classical level exists as a
bound state at threshold, its behavior upon the introduction
of bosonic gauge coupling remains uncertain. The effects
of this coupling could either stabilize the threshold bound
state into a true bound state or destabilize it, resulting in an
unstable resonance. Determining which outcome occurs is
a complex dynamical issue that cannot be addressed
through general principles alone.
In this paper, we investigate this question within the

framework of the strict ’t Hooft large-N limit, with
calculations valid at all orders in the ’t Hooft coupling
to ascertain the fate of the dynamical Z boson pole. As we
will elaborate further, our findings indicate that the Z boson
indeed transforms into an unstable resonance, but one with
unique characteristics. Before delving into this phenome-
non in detail, we first describe the specific quantity we
study to characterize the Z boson.
We consider the simplest possible dual pair of non-

supersymmetric, massive Chern-Simons matter theories,
namely, the critical bosonic theories and the regular
fermionic theories, with (special) unitary gauge groups.
In the strict large-N limit, the classical (Euclidean)
Lagrangian for the critical bosonic theory with SUðNBÞ
Chern-Simons gauge fields is given by (B1), whereas for
the critical fermionic theory with UðNFÞ Chern-Simons
gauge fields, the corresponding classical (Euclidean)
action is given by (C1).

A. Observables of interest

Both the dual pairs comprising critical boson theories
and regular fermion theories exhibit invariance under a
global Uð1Þ symmetry. In the context of regular fermionic
matter theory coupled to Chern-Simons gauge fields, the
associated conserved current can be written as follows:

9One might question the apparent contradiction between the anticipation of the appearance of a “marginally” bound state at threshold
in the fermionic theory and the conclusion in [20], which states that large-N Chern-Simons matter theories with massive fundamental
fermions (in regular fermionic theory) do not support bound states. However, at first glance, this does not seem to conflict with the
Ref. [20] conclusion.
To clarify, a bound state at threshold is not considered a “genuine” bound state, despite sharing some similarities. A genuine bound

state (e.g., a hydrogen atom) involves particles bound by an interaction with nonzero binding energy, remaining bound in the absence of
external influences.
In contrast, a bound state at threshold occurs when the binding energy approaches zero, meaning the system’s total energy equals the

energy it would have if the particles were free and noninteracting. This state is marginally bound and unstable, as any small perturbation
could cause the particles to become unbound. It is more accurately described as a resonance than a true bound state.
We will leave a more detailed analysis of whether this is indeed the correct dual interpretation for future work, which may also require

input from finite N corrections.
10Since there is apparently no classical fermion analog of the Z boson, how could this be reconciled with duality? Several possibilities

arise. First, the fermionic theory may develop a bound state, similar to positronium, at each finite value of the fermionic coupling kF and
NF, with the binding energy approaching zero as kF → ∞. In this case, the bound state would correspond to the dual Zμ boson, which
would be stable at all values of NB and kB, disappearing only in the fermionic zero coupling limit, λF → 0.
Second, while the Zμ boson is stable in the limit λB → 0, it might become unstable at any finite value of kB, regardless of how small. In

this scenario, the Z boson never exists as a stable particle, at any finite value of NB and kB, explaining the absence of a dual excitation of
the fermionic side.
Another possibility involves a trade-off between the first two scenarios. The Zμ boson might turn out to be stable at small values of λB,

but unstable in the complementary range of parameters corresponding to small values of λF.
While our large-N analysis in this paper aligns with the second possibility, providing a more precise answer likely requires an analysis

at finite N, which we will leave for future work.
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JFμ ¼ iψ̄γμψ : ð2:3Þ

On the other hand, in the unHiggsed phase of scalar
bosonic theory, the corresponding conserved current can
be expressed as11

JBμ ¼ iððDμϕ̄Þϕ − ϕ̄ðDμϕÞÞ: ð2:4Þ

Under Bose-Fermi duality, the two currents JFμ and JBμ are
conjectured to be dual to each other. In the Higgsed phase,
the Higgs mechanism causes the scalar fields to acquire a
vacuum expectation value (vev). When expressed in the
unitary gauge, this expectation value can be represented in
the following manner [61]:

ϕi ≡ δiNBv
ffiffiffiffiffiffiffiffi
jκBj

p
¼ δiNB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NB

4π
jmcri

B j
r

: ð2:5Þ

Here, v is associated with the vev of the scalar field and is
related to the magnitude of the mass parametermcri

B through
the second equality in (2.5). It is noteworthy that this vev is
intricately linked to the mass of the vector W boson, which
in turn implies that this vev also influences the vector Z
boson. The precise relationship between the large-N exact
mass of the W boson and the vev is given by the following
formula [61]12:

cB ¼ 2πv2

1 − jλBj=2
: ð2:6Þ

It follows from (2.4) and (2.5) that in the Higgsed phase,
the current for the scalars, i.e., JBμ , reduces to

JHμ ¼ −2jκBjv2Zμ: ð2:7Þ

In this context, the color singlet, massive vector Z boson
field, denoted by Zμ, corresponds to the “NBNB” color
component of the gauge field.13 It is important to note that
theUð1Þ current operator turns out to be proportional to the
Z boson. We follow the normalization of the fields as in
[61], and the Z boson field is normalized such that the tree
level two-point function takes the following form [61]:

hZαðqÞZβðpÞi ¼ ð2πÞ3δð3ÞðqþpÞ 2πmZ

jκBjðq2þm2
ZÞ

×

�
δαβ − sgnðκBÞϵαβμ

qμ

mZ
þqαqβ

m2
Z

�
: ð2:8Þ

This implies that the two-point function of the current (2.7)
will contain an additional overall factor of jκBj in the
numerator. However, we consider an overall normalization
factor (including jκBj along with other numerical factors for
later convenience), as below in (2.9), to help us take a
smooth zero coupling limit λB → 0,14 while also removing
an overall factor of κB from the tree level result. To put it
another way, the two-point correlation function of the
normalized current

J̃α ¼
ffiffiffiffiffiffiffiffi
2π

jκBj

s
JHα ; ð2:9Þ

as the ’t Hooft limit approaches to zero, must reduce to the
following normalized tree level two-point correlation
function:

hJ̃αðqÞJ̃βðpÞi ¼ ð2πÞ3δð3Þðqþ pÞ m3
Z

q2 þm2
Z

×

 
δαβ

�
1þ q2

m2
Z

�
− sgnðκBÞϵαβμ

qμ

mZ

þ qαqβ − q2δαβ
m2

Z

!
: ð2:10Þ

An effective method of exploring the behavior of the Z
boson beyond the classical limit is to compute the two-point
function of the normalized current operator J̃α at all orders
in the ’t Hooft coupling in the exact large-N limit. This
approach allows us to systematically investigate how the
classical pole evolves as we move into the quantum regime.
The two-point function of the current encodes the full
dynamical information about the spectrum of color-singlet
excitations in this channel, including the Z boson resonance.
Its analytic structure15 reveals whether the state is stable or
unstable and thereby provides a direct diagnostic of the
physical spectrum in the large-N limit.
To evaluate the large-N exact two-point current correla-

tion function of the normalized current operator (2.9), a
direct approach would involve starting with the classical
Lagrangian of the bosonic theory in the Higgsed phase (B7),

11The covariant derivative operator appearing in (2.4) is
defined as Dμ ≡ ∂μ − iAμ, where Aμ is the corresponding
Chern-Simons gauge field.

12For later convenience, for a generic allowed value of λB, the
mass of the Z boson is chosen to be defined as 2cB. As we will
see, this is the peak position of the resonance. This definition
appropriately simplifies to the tree level pole mass of the Z boson
as the ’t Hooft coupling parameter approaches to zero.

13Before Higgsing, the gauge field transforming in the adjoint
representation of the SUðNBÞ gauge group is the NB × NB matrix
valued field.

14The ’t Hooft coupling parameter is defined by λB ¼ NB
κB
.

Hence, λB → 0 corresponds to κB → ∞ while keeping NB finite.
15Its poles and branch cuts directly determine the masses

and spectral densities of the corresponding bound states or
resonances.
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and then computing by summing all the planar diagrams to
all orders in the ’t Hooft coupling limit λB. Although this
computation is certainly possible, it is not trivial, and it
comes with its own set of complexities. Rather than
grappling with intricacies of the computation, we opt for
a more efficient strategy in this paper.
We leverage the fact that the two-point function corre-

sponding to the fermionic current operator iψ̄ iγαψ
i, which

is dual to the current JHμ [which we rescale as J̃α in (2.9) for
a smooth zero coupling limit], has already been computed

in the works of [31,85], which we have summarized in
Appendix C. This allows us to circumvent some of the
more challenging aspects of the direct calculation, while
still obtaining the necessary insights into the behavior of
the Z boson.
Assuming the Bose-Fermi duality holds true, we can

directly apply the findings of [31,85] along with the
standard duality map to extract for the prediction of the
large-N exact two-point correlation function of the current
operator outlined in (2.9). This approach allows us to

efficiently extract the relevant results, leading to the following (Euclidean) expression16:

hJ̃αðqÞJ̃βðpÞi ¼ ð2πÞ3δð3Þðqþ pÞðτZðpÞð−pαpβ þ p2δαβÞ − κZðpÞsgnðκBÞϵαβμpμÞ; ð2:11Þ

where the functions τZ and κZ are the coefficient structure functions corresponding to the even and the odd tensor structures,
respectively. Although it may seem a misnomer, we refer to these functions as the even and odd component structure
functions (or sometimes simply even and odd components, in short) throughout this paper. The explicit forms of these two
functions are as follows17:

τZðpÞ ¼
i

16p3

�ð2cB − ipÞ4
ðp2 þ 4c2BÞ

�
2cB þ ip
2cB − ip

�jλBj
−
ð2cB þ ipÞ4
ðp2 þ 4c2BÞ

�
2cB − ip
2cB þ ip

�jλBj�
−
�
1 −

jλBj
2

�
cB
p2

;

κZðpÞ ¼
1

16p2

�ð2cB − ipÞ4
ðp2 þ 4c2BÞ

�
2cB þ ip
2cB − ip

�jλBj þ ð2cB þ ipÞ4
ðp2 þ 4c2BÞ

�
2cB − ip
2cB þ ip

�jλBj�
−
1

8

�
1þ 4c2B

p2

�
þ 1

4
: ð2:12Þ

In the above two expressions (2.12), p, appearing in the arguments of the functional forms on the lhs as well as in the
explicit expressions on the rhs, is the modulus of the Euclidean 3-momentum vector pμ ≡ ðp1; p2; p3Þ, i.e.,

p ¼ þ
ffiffiffiffiffi
p2

q
¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

2 þ p2
3

q
: ð2:13Þ

Before proceeding further, it is worth emphasizing that Eq. (2.12) represents the exact planar result for the Z boson current
two-point function, valid to all orders in the ’t Hooft coupling parameter λB in the bosonic theory. The derivation, however,
proceeds through an indirect route: rather than performing a direct computation in the Higgsed phase of the critical bosonic
theory, we employ the conjectured Bose-Fermi duality to map the known fermionic result into the bosonic variables.
Consequently, the final expression (2.12) already incorporates the complete dependence on the coupling constant λB within
the planar (large-N) limit.
To verify our findings, we observe that as the ’t Hooft coupling approaches zero, i.e., jλBj → 0, the even and odd

components simplify in the following manner:

τZðpÞ ¼ −
mZ

ðp2 þm2
ZÞ

; κZðpÞ ¼ −
m2

Z

ðp2 þm2
ZÞ

þ 1

4
: ð2:14Þ

It is important to highlight that the only analytic structure present is the pole located at p2 ¼ −m2
Z. This behavior is

consistent with what we expect from the classical propagator of the Z boson.

16In addition to the terms appearing in (2.11), the exact expression of the current two-point function in this case also contains an
identity piece, i.e., proportional to δαβ, independent of the momentum. This extra term originates from the coupling of bosons with the
background gauge field corresponding to the global Uð1Þ symmetry. We have not included this in (2.11) but it is required for the
matching with the classical propagator of the Z boson at the bosonic weak coupling limit, and hence is included in (2.17). However,
since this identity term does not contribute to the analytic structure relevant to us, we do not include it here.

17From the perspective of the CFTs prior to the mass deformations, one might discard the parity-odd contributions, as they correspond
to contact terms. However, for completeness, we retain the contributions from the odd components here.
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Before proceeding, it is worth noting the discrepancies
among the terms. Up to constant terms proportional to δαβ
and polynomial terms in pμ, the expression in (2.14) aligns
with the normalized propagator of the Z boson derived
from the classical Lagrangian, as shown in (2.10). The
specific disagreement at the tree level can be summarized as
follows:

ð2πÞ3δð3Þðqþ pÞ
�
mZδαβ þ

sgnðκBÞ
4

ϵαβμpμ

�
: ð2:15Þ

Nonetheless, the discrepancy is not a cause for concern, as
the polynomial term in question is a contact term that can
be ignored. Furthermore, its presence does not impact the
conservation laws of the current. The appearance of the
constant δαβ term is due to the fact that the two-point
correlation function hJHα JHβ i that we considered above is
not a complete answer, since it is not gauge invariant under
the background gauge symmetry. The background Uð1Þ
gauge invariant quantity, on the other hand, is18

hJHα ðxÞJHβ ðyÞi − 2jκBjv2δαβδð3Þðx − yÞ: ð2:16Þ

If we consider the normalization used in (2.9) to take into
account the normalization of the constant term as well, the
normalized, background gauge invariant two-point corre-
lator is given by

Gαβðx; yÞ ¼ hJ̃αðxÞJ̃βðyÞi −mZδαβδ
ð3Þðx − yÞ: ð2:17Þ

This exactly matches with the constant term appearing in
(2.15) and hence is not a problematic term at all.

III. ANALYTIC PROPERTIES OF EVEN
AND ODD STRUCTURE FUNCTIONS

A. Analytic continuation

The results for the structure functions associated with the
even and odd components presented in (2.12) are expressed
in the Euclidean signature. However, for various applica-
tions—such as studying the analytic structure of correlation
functions and understanding their singularities—it is

crucial to obtain the corresponding results in the
Lorentzian signature.
To transition from the Euclidean to the Lorentzian

signature, we perform an analytic continuation represented
by the transformation for the third component p3 of the
Euclidean 3-momentum, as below:

p3 → −ip0; ð3:1Þ

where p0 denotes the zeroth (i.e., the time) component
of the momentum in the Lorentzian signature. The momen-
tum in the Lorentzian signature is labeled as pμ ≡
ðp0; p1; p2Þ.19 In particular, the square of the 3-momentum,
defined in the Euclidean signature in (2.13), in the
Lorentzian signature takes the following form:

p2 ¼ p2
1 þ p2

2 þ p2
3 → −ðp0Þ2 þ p2

1 þ p2
2: ð3:2Þ

Additionally, for convenience, we define the s
“Mandelstam” variable as20

s≡ −p2 ≥ 0: ð3:3Þ

It is beneficial to reexpress the expressions in (2.12) in terms
of the variable s, as it allows us to explore the analyticity
structures of these functions, as discussed in the following
section. Consequently, we derive the results for structure
functions associated with the even and odd components in
the s variable as follows:

τZðsÞ ¼
1

16s3=2

"
ð4c2B − sÞ3−jλBj

ð2cB þ ffiffiffi
s

p Þ4−2jλBj −
ð2cB þ ffiffiffi

s
p Þ4−2jλBj

ð4c2B − sÞ1−jλBj
#

þ
�
1 −

jλBj
2

�
cB
s
;

κZðsÞ ¼ −
1

16s

"
ð4c2B − sÞ3−jλBj

ð2cB þ ffiffiffi
s

p Þ4−2jλBj þ
ð2cB þ ffiffiffi

s
p Þ4−2jλBj

ð4c2B − sÞ1−jλBj
#

−
1

8

�
1 −

4c2B
s

�
þ 1

4
: ð3:4Þ

Before proceeding further, we pause to clarify the notations
used here. We have denoted the two functional forms τZðpÞ
in (2.12) and τZðsÞ (3.4) [similarly for κZðpÞ and κZðsÞ]
with the same function symbol to avoid the notational
complexity. However, it should be understood that these
represent two distinct functions.

18For a quick but schematic way to obtain this additional
second term, see, for instance, in [31] the Eq. (80), and combine it
with the unitary gauge (2.5). The origin of the second term
proportional to δαβ is due to the fact that in the presence of a
background gauge fieldAμ corresponding to the Uð1Þ symmetry,
there is an additional term in the Lagrangian of the form
jϕj2AαAα, which in the Higgsed phase takes the following form:
jκBjv2AαAα. To compute the two-point function of the Uð1Þ
current, one needs to take the derivative with respect to Aα twice,
which gives rise to the second term. It can also be rederived
directly in the Higgsed phase considering the corresponding
background Uð1Þ gauge symmetry [61] and the associated two-
point function of the current operator.

19We adopt the mostly plus signature ημν ≡ diagð−1;þ1;þ1Þ
for the Minkowski background spacetime. The Euclidean back-
ground metric is δμν ≡ diagðþ1;þ1;þ1Þ.

20To interpret the variable s, note that for an on-shell particle
with a momentum pμ, its energy is Ep⃗ ≡ p0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p⃗2

p
, where

p⃗≡ ðp1; p2Þ. This implies p2 ¼ −m2. Therefore, according to
the definition (3.3),

ffiffiffi
s

p
corresponds to mass.

AMIYA MISHRA PHYS. REV. D 112, 125010 (2025)

125010-6



B. Discontinuities of τZ and κZ in the complex s-plane

While studying the behavior of the functions in (3.4) for
real, and positive s is of interest, to explore the analyticity
properties of the even and odd components in (3.4), it is
beneficial to analytically continue them across the complex
s-plane by extending the variable s into the complex
domain. Analytically continuing the components in (3.4)
across the complex s-plane, it is easy to observe that both
these functions have branch cuts along the real s-axis,
starting at s ¼ 4c2B and extending to infinity for s > 4c2B.
This enables us to determine the discontinuities across the
branch cut along the real s-axis, which in turn allows us to
compute the imaginary parts of these components.

To determine the discontinuities, we use the fact that for
a complex function of the form zα (with noninteger α)
having a branch cut along the −ve Re½z� axis, the
discontinuity associated with it across the branch cut is
given by

DiscðzαÞ ¼ 2ijzjα sinðπαÞ: ð3:5Þ

The discontinuity is given by the difference in values as z
approaches from above or below the branch cut. In the
complex s-plane, the discontinuities, across the branch cut
along the real axis for s > 4c2B, associated with the even
and odd components in (3.4) of the two-point current
correlation function in the Higgsed phase, are given by

DiscðτZðsÞÞ ¼
2i

16s3=2
sinðπjλBjÞ

"
ðs − 4c2BÞ3−jλBj

ð2cB þ ffiffiffi
s

p Þ4−2jλBj þ
ð2cB þ ffiffiffi

s
p Þ4−2jλBj

ðs − 4c2BÞ1−jλBj
#
Θðs − 4c2BÞ;

DiscðκZðsÞÞ ¼
2i
16s

sinðπjλBjÞ
"
−

ðs − 4c2BÞ3−jλBj
ð2cB þ ffiffiffi

s
p Þ4−2jλBj þ

ð2cB þ ffiffiffi
s

p Þ4−2jλBj
ðs − 4c2BÞ1−jλBj

#
Θðs − 4c2BÞ: ð3:6Þ

Here, in (3.6), ΘðxÞ is the Heaviside unit step function, and
its presence ensures that the discontinuities are nonzero
only for s > 4c2B and vanish when s < 4c2B.

C. Imaginary parts of τZ and κZ in the complex s-plane

We use the fact that the discontinuity and the imaginary
parts of a complex function fðsÞ in the complex s-plane
across a branch cut along the real s-axis are related to each
other as follows21:

ImðfðsÞÞ ¼ 1

2i
DiscðfðsÞÞ: ð3:7Þ

Our aim in the next section will be to determine a Kallen-
Lehmann type spectral representation for the large-N exact
two-point function. It can be shown that the spectral density
function is related to the imaginary part of the correspond-
ing analytically continued coefficient function presented in
(2.11). Typically, it is easier to compute the discontinuity
than the imaginary part directly. Putting together the
relationship (3.7) and the expressions of the discontinuities
presented in (3.6), we extract the corresponding imaginary
parts of the structure functions for even and odd compo-
nents of the two-point correlation function in the complex
s-plane, which are given by

ImðτZðsÞÞ ¼
1

16s3=2
sinðπjλBjÞ

"
ðs − 4c2BÞ3−jλBj

ð2cB þ ffiffiffi
s

p Þ4−2jλBj þ
ð2cB þ ffiffiffi

s
p Þ4−2jλBj

ðs − 4c2BÞ1−jλBj
#
Θðs − 4c2BÞ;

ImðκZðsÞÞ ¼
1

16s
sinðπjλBjÞ

"
−

ðs − 4c2BÞ3−jλBj
ð2cB þ ffiffiffi

s
p Þ4−2jλBj þ

ð2cB þ ffiffiffi
s

p Þ4−2jλBj
ðs − 4c2BÞ1−jλBj

#
Θðs − 4c2BÞ: ð3:8Þ

For analyzing the singular properties of these disconti-
nuities (or rather the imaginary parts), it is useful to define
at this stage a dimensionless variable x ¼ s

4c2B
− 1 and, since

the discontinuities are zero for s < 4c2B, we consider the
effective range of the dimensionless variable x to be
0 < x < ∞. Since the allowed values of the ‘t Hooft
coupling parameter jλBj range from 0 ≤ jλBj ≤ 1, it is

important to note that the discontinuities presented in
(3.6) or the imaginary parts extracted in (3.8) exhibit a
singularity structure of the form xjλBj−1 near s ¼ 4c2B. This
singularity can be understood in terms of a distribution,
schematically, as follows [the exact functional forms of the
spectral functions are derived in (4.3)]:

ρðxÞ ∼ 1

x1−jλBj
; ð3:9Þ

21For a brief review of the proof of (3.7), see Appendix D.
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which resembles a δ function singularity, which can also be
viewed as a distribution. However, it is evident that this
distribution is not normalizable over the range 0 < x < ∞.
Nevertheless, to make sense of this, an upper cutoff
xmax ¼ Λ can be introduced, where the distribution decays
sufficiently so that it can be neglected for the remaining
range Λ < x < ∞.

IV. SPECTRAL DECOMPOSITION

At a finite value of the ’t Hooft coupling, jλBj, the
structure functions for even and odd components can be
expanded in the spectral decomposition in terms of the
spectral density functions as follows:

τZðpÞ¼
Z

dm2
ρτðm2Þ
p2þm2

; κZðpÞ¼
Z

dm2
ρκðm2Þ
p2þm2

: ð4:1Þ

In (4.1), we have suppressed the iϵ’s in the denominator of
the integrands for notational convenience. They can easily
be restored via the replacement p2 → p2 − iϵ. It can easily
be shown that the spectral functions ρτ and ρκ defined
above are related to the imaginary parts of the correspond-
ing functions τZ and κZ, respectively. The precise relation-
ship between the spectral functions and the corresponding
imaginary parts is given by

ρτðsÞ ¼
1

π
ImðτZðsÞÞ; ρκðsÞ ¼

1

π
ImðκZðsÞÞ: ð4:2Þ

A proof of this relationship is provided in Appendix D 2. It
follows from (4.2) and (3.8) that the explicit expressions for
the spectral density functions ρτ and ρκ associated with the
even and odd components are given by

ρτðm2Þ ¼ 1

16πm3
sinðπjλBjÞ

"
ðm2 − 4c2BÞ3−jλBj
ð2cB þmÞ4−2jλBj þ

ð2cB þmÞ4−2jλBj
ðm2 − 4c2BÞ1−jλBj

#
Θðm2 − 4c2BÞ;

ρκðm2Þ ¼ 1

16πm2
sinðπjλBjÞ

"
−
ðm2 − 4c2BÞ3−jλBj
ð2cB þmÞ4−2jλBj þ

ð2cB þmÞ4−2jλBj
ðm2 − 4c2BÞ1−jλBj

#
Θðm2 − 4c2BÞ: ð4:3Þ

The spectral functions ρτðm2Þ and ρκðm2Þ, as given by
(4.3), exhibit several intriguing characteristics. We should
emphasize that, on general grounds, tachyonic excitations
are undesirable in the spectrum. Therefore, these spectral
functions should be supported on positive values of
s ¼ m2. It is noteworthy, first of all, that the spectral
functions given by (4.3) vanish when m2 < 4c2B. In other
words, for both the spectral functions, the following
condition is satisfied:

ρðm2Þ ¼
�
0 if m2 < 4c2B;

≥ 0 if m2 > 4c2B:
ð4:4Þ

Another important point we should highlight here is the
absence of the Dirac δ function in the spectral functions
(4.3) atm2 ¼ 4c2B, which indicates that the Z boson is not a
stable particle for any nonzero value of λB. The spectral
functions, as shown in (4.3), correspond to two-particle
WW̄ cuts starting at m2 ¼ 4c2B.

22

At fixed allowed values of jλBj, both the even and odd
component spectral functions blow up whenm → 2cB, due
to the presence of the factor ðm2 − 4c2BÞjλBj−1. On the
contrary, at a fixed arbitrary value of m2, as the ’t Hooft
coupling parameter jλBj approaches zero, the spectral

density functions, as given in (4.3), vanish due to the
presence of an overall factor sinðπjλBjÞ in both expressions.
A rather interesting regime is when jλBj is infinitesimally

small and also m2 is close to but larger than 4c2B. In this
regime, to the leading order in jλBj, the spectral density
functions simplify as follows:

ρτ ≈ jλBjmZ
ð2mWÞ−2jλBj

ðm2 − 4m2
WÞ1−jλBj

;

ρZ ≈ jλBjm2
Z

ð2mWÞ−2jλBj
ðm2 − 4m2

WÞ1−jλBj
: ð4:5Þ

The plots (see Appendix E and, in particular, Figs. 1 and 2)
of the spectral density functions show that they have a sharp
fall near m2 ¼ 4m2

W for small jλBj. This suggests to
determine the spectral width of these density functions.
We will determine here the width of the spectral density
function of the even component. The same can be said for
the odd component as well. We consider a small dimen-
sionless parameter w, which characterizes the width of the
spectral density function corresponding to the even com-
ponent. At a small value of jλBj, we find the “normalized”
area under the curve of the spectral density function in the
range 4c2B < m2 < ð1þ wÞ4c2B,

1

mZ

Z ð1þwÞm2
Z

m2
Z

ρτðm2Þdm2 ¼ wjλBj: ð4:6Þ
22We should highlight that the Kallen-Lehmann representation

for unstable particles, in contrast to stable particles, lacks a one-
particle pole on the real axis.
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For a generic, positive value of w, the normalized area
under the curve is given by the rhs of (4.6), which reduces
to unity in the limit jλBj → 0. This is a sense in which the
spectral function reduces to a delta function singularity at
m2 ¼ 4m2

W corresponding to a stable bound state at thresh-
old, in the limit jλBj → 0. In other words, in the bosonic
zero coupling limit, the spectral density function
approaches to a delta function type singularity in the
limiting sense, and the corresponding normalized delta
function can be written in the following form:

ρτðm2Þ ¼ 2mWδðm2 − 4m2
WÞ: ð4:7Þ

When jλBj is small but nonzero, the spectral density of the
two-point function, which would typically be sharply
concentrated around a very narrow region near 2mW, begins
to spread out significantly. What is particularly interesting
about this broadening is its unusual nature: rather than
taking the typical Lorentzian distribution that one might
expect, the spectral density instead shows a power-law
behavior.
Let us define the width of this distribution as m2

Z
multiplied by the value of w for which the right-hand side
of (4.6) evaluates to 1=e. This corresponds to the range
within which the 1

e fraction of the broadened spectral
density is contained. Therefore, we find that23

w ¼ exp

�
−

1

jλBj
�
: ð4:8Þ

It is important to note that in the limit jλBj → 0, the
width becomes nonperturbatively small. This leads
to the conclusion that, although Zμ is unstable for all
values of coupling constant jλBj, its lifetime24 grows

nonperturbatively large as the ’t Hooft coupling parameter
jλBj approaches zero.
We would like to emphasize that integrals of the spectral

density functions corresponding to both even and odd
components exhibit divergence. Specifically, the integrals

Z
∞

0

ρτðm2Þdm2 and
Z

∞

0

ρκðm2Þdm2 ð4:9Þ

diverge, when evaluated over the full range of m2,
extending from zero to infinity.25 This suggests that the
spectral density functions cannot be normalized in the
conventional sense and, therefore, a regularization pro-
cedure is necessary to obtain physically meaningful results.
One effective method for regularizing these functions is to
introduce an upper cutoff, as outlined in (4.6).
Before concluding this section, let us make a few more

remarks on the all-order exactness and the weak coupling
expansion of the final result obtained for the Z boson two-
point function (2.12). The final result reported in (2.12) is
exact in the planar limit, incorporating all orders in the
’t Hooft coupling. Although the derivation of the Z boson
two-point function is indirect—via the application of the
Bose-Fermi duality and the use of the already known
results for the two-point functions of the conserved Uð1Þ
current in the regular fermion theory, rather than the direct
computation in the Higgsed phase of the critical boson
theory—the final result (2.12) is large-N exact and thus
automatically includes the contributions from all planar
loop diagrams on the bosonic side in the Higgsed phase. In
fact, the perturbative expansions of the structure functions
(3.4) around jλBj ¼ 0 are given by

τZðsÞ ¼
2cB

s − 4c2B
−

jλBj
8s3=2

�
4cB

ffiffiffi
s

p þ s2 þ 24c2Bsþ 16c4B
s − 4c2B

log

�
2cB þ ffiffiffi

s
p

2cB −
ffiffiffi
s

p
��

þOðjλBj2Þ;

κZðsÞ ¼
�
1

4
þ 4c2B
s − 4c2B

�
−
jλBjcB

s
sþ 4c2B
s − 4c2B

log

�
2cB þ ffiffiffi

s
p

2cB −
ffiffiffi
s

p
�
þOðjλBj2Þ: ð4:10Þ

We should mention that in the above expression of the
structure functions in the perturbative series at weak

coupling in (4.10), we did not make an explicit expansion
of the jλBj dependence of cB, but it can always be assumed
that cB can be explicitly expanded in jλBj to extract a result
at a specific order in the perturbation theory. We should
note that in the above series expansion in (4.10), the nth-
order term, in the weak coupling expansion around
jλBj ¼ 0, contains a factor of the following form (along

23The precise form of the expression in (4.8) is contingent
upon the specific definition of the width that we adopt. For
instance, if we were to define the width as the range that
encompasses a fraction 1=u of the spectral density, the expression
for the width in (4.8) would be modified to w ¼ u−1=jλBj.

24The lifetime is of the order of the inverse of the width, i.e.,
τ ∼ w−1. This implies that the lifetime scales as τ ∼ expð 1

jλBjÞ.
Therefore, in the limit jλBj → 0, the lifetime grows without
bound, which indicates that in the bosonic zero coupling limit, the
Z boson becomes stable.

25However, it is important to note that the effective lower limit
of both integrals in (4.9) is 4c2B, as the corresponding spectral
density functions in (4.3) vanish for 0 < m2 < 4c2B.
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with other multiplicative factors, which are nonsingular in s
for s ≥ 4c2B):

1

s − 4c2B

�
log

�
2cB þ ffiffiffi

s
p

2cB −
ffiffiffi
s

p
��

n
:

This is consistent with the previous observation that a pole
at s ¼ 4c2B at zero coupling evolves into a branch cut
starting at s ¼ 4c2B at nonzero value of the ’t Hooft coupling
parameter λB.

V. A BRIEF STUDYOF THE DUALIZED S-MATRIX
FOR 2 → 2 WW̄ SCATTERING

To explore whether the WW̄ spectral cut—observed in
the large-N exact spectral functions for the two-point
function of the Z boson—appears in other observables,
in this section we look at the scattering matrix correspond-
ing to theWW̄ → WW̄ scattering process. However, instead
of directly computing this S-matrix in the Higgsed phase,
we assume the validity of the 3D boson-fermion corre-
spondence in the nonsupersymmetric Chern-Simons matter
theories both in the Higgsed and unHiggsed phases of
bosons. This assumption is supported by extensive compu-
tational evidence for this duality (see, for instance, in
[10,11,16,26,61,67,83,86]).
The explicit computation and verification of duality

for 2 → 2 scattering matrices were presented in [16] for
the unHiggsed phases of the bosonic matter theory, where
the elementary fields are scalars. The computations for the
scattering matrices of regular fermions in [16] are valid for
both possible values of the parameter sgnðmFλFÞ. When

sgnðmFλFÞ ¼ þ1;

the corresponding fermionic S-matrices are dual to the
S-matrices of the bosonic scalars. This duality between
regular fermions and critical bosons in the unHiggsed
scalar phase was explicitly checked in [16]. However, the
explicit demonstration of duality for the case where

sgnðmFλFÞ ¼ −1;

corresponding to the duality between regular fermions and
critical bosons in the Higgsed phase, has not yet been
performed. This is because explicit results for the scatter-
ing matrices of the W bosons, even for 2 → 2 scattering,
are still unknown.
Starting from the fermionic S-matrices reported in [16],

and utilizing the duality, we find a prediction for the
S-matrices for the 2 → 2 scattering process of WW̄. This
prediction allows us to check the appearance of a WW̄
spectral cut in the corresponding S-matrix in the
Higgsed phase.

A. Known results for the singlet channel
fermionic S-matrix

To proceed, we first recall the S-matrices for a fermion
and an antifermion in the singlet channel26 reported (as a
conjecture with a modified crossing symmetry factor) in
[16] (see, for instance, Eq. (3.14) or Eq. (7.14) in [16]).
This singlet channel S-matrix for anyonic scattering is
explicitly derived in the light cone Hamiltonian formalism
in [89]. The S-matrix in the singlet channel is given by

SFsingletðs; t; u; λFÞ ¼ cosðπλFÞIðp1; p2; p3; p4Þ þ 4 sinðπλFÞEðp1; p2; p3Þ
ffiffiffiffi
st
u

r

þ 4 sinðπλFÞ
ffiffiffi
s

p 1þ expð−2iðλF − sgnðmFÞÞtan−1ð
ffiffi
s

p
2cF

ÞÞ
1 − expð−2iðλF − sgnðmFÞÞtan−1ð

ffiffi
s

p
2cF

ÞÞ
: ð5:1Þ

This expression is written up to an overall momentum
conserving δ function, which is omitted for convenience.
Let us now clarify the quantities appearing in the singlet
channel S-matrix. The 3-momenta of the initial particles are
denoted by p1 and p2, while the corresponding 3-momenta
for the final particles are −p3 and −p4. For 2 → 2
scattering, the Mandelstam variables s, t, and u are defined
in the standard way as

s ¼ −ðp1 þ p2Þ2; t ¼ −ðp1 þ p3Þ2;
u ¼ −ðp1 þ p4Þ2; sþ tþ u ¼ 4c2F: ð5:2Þ

Here, cF represents the large NF exact pole mass for
the fermions.27 As defined before, λF is the ‘t Hooft
coupling parameter for the fermionic theory. The term
Iðp1; p2; p3; p4Þ represents the identity part of the
S-matrix, whose explicit form is not important for us here
(for the detailed expression, see Eq. (2.14) of [16]).

26The singlet channel is particularly relevant here because the
Z boson is a color singlet under the SUðNB − 1Þ unbroken gauge
subgroup of the critical boson theory. For the Z boson to appear
as an intermediate state with a WW̄ spectral cut in the scattering
process, we should focus on the singlet channel.

27The exact pole mass for the fermions is related to the bare
mass mF appearing in the Lagrangian (C1) via Eq. (C5).
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The Z2 valued variable Eðp1; p2; p3Þ, appearing in (5.1), is
defined as

Eðp1; p2; p3Þ≡ sgnðϵμνρpμ
1p

ν
2p

ρ
3Þ ¼ �1;

with ϵ012 ¼ −ϵ012 ¼ 1: ð5:3Þ

Note that Eðp1; p2; p3Þ measures the handedness of the
triad of vectors p1, p2, and p3. The appearance of

Eðp1; p2; p3Þ in the 2 → 2 scattering matrix alongside
the usual Mandelstam variables s, t, and u highlights a
distinct kinematical feature in (2þ 1) dimensions.
Using the conversion formula (C16), and performing an

analytic continuation to the physical domain
ffiffiffi
s

p
> 2cF

in the Minkowski space, we find that the singlet channel
S-matrix for the ψψ̄ → ψψ̄ scattering can be rewritten in
the following simplified form:

SFsingletðs; t; u; λFÞ ¼ cosðπλFÞIðp1; p2; p3; p4Þ − 4i sinðπλFÞEðp1; p2; p3Þ
ffiffiffiffi
st
u

r

− 4i sinðπλFÞ
ffiffiffi
s

p ð2cF þ ffiffiffi
s

p ÞλF−sgnðmFÞ þ ð2cF −
ffiffiffi
s

p ÞλF−sgnðmFÞ

ð2cF þ ffiffiffi
s

p ÞλF−sgnðmFÞ − ð2cF −
ffiffiffi
s

p ÞλF−sgnðmFÞ : ð5:4Þ

By applying the Bose-Fermi duality map relevant for the Higgsed phase [i.e., with sgnðmFλFÞ ¼ −1], we obtain the
corresponding singlet channel S-matrix for the WW̄ → WW̄ scattering in the Higgsed phase, which is given by28

SHsingletðs; t; u; λBÞ ¼ cosðπλBÞIðp1; p2; p3; p4Þ − 4i sinðπλBÞEðp1; p2; p3Þ
ffiffiffiffi
st
u

r

þ 4i sgnðλBÞ sinðπλBÞ
ffiffiffi
s

p ð2cB þ ffiffiffi
s

p Þ2−jλBj þ ð2cB −
ffiffiffi
s

p Þ2−jλBj
ð2cB þ ffiffiffi

s
p Þ2−jλBj − ð2cB −

ffiffiffi
s

p Þ2−jλBj : ð5:5Þ

From the second line of this expression (5.5), it is evident that there is a spectral cut starting at
ffiffiffi
s

p ¼ 2cB and extending to
infinity along the positive real axis. This suggests that the Z boson may show up in the singlet channel S-matrix of
WW̄ → WW̄. However, we should highlight that unlike the blow-up behavior in the spectral density, as s → 4c2B [as pointed
out in (3.9)], the S-matrix in (5.5) behaves smoothly as s → 4c2B. In particular, as s → 4c2B, the expression (5.5) reduces to

SHsingletðs; t; u; λBÞ ¼ cosðπλBÞIðp1; p2; p3; p4Þ − 4i sinðπλBÞ
�
Eðp1; p2; p3Þ

ffiffiffiffi
st
u

r
− sgnðλBÞ

ffiffiffi
s

p �
: ð5:6Þ

B. An observation near s → 4m2
W at very weak coupling

The appearance of the two-particle WW̄ spectral cut in
the expression of the singlet channel S-matrix (5.5) might
lead one to expect an approximate pole at s ¼ 4m2

W in the
limit jλBj → 0, when the Z boson is stable. However, the
expression in (5.6) contradicts this expectation, showing
that there is no pole at s ¼ 4m2

W in (5.5) in the limit
jλBj → 0. This could seem contradictory, especially since
the tree level WW̄ → WW̄ scattering in the singlet channel
due to a Z boson exchange, governed by the classical action
(B7), would typically generate an S-matrix with pole

contribution. However, this is misleading, as explained
in the footnote. The associated on-shell three-point function
ZW̄W in the corresponding “cut diagram” governed by the
action (B7) vanishes at tree level, thus eliminating a pole
contribution.

C. Comments on the nonrelativistic limit
and the Schrödinger problem

As discussed earlier, in the limit
ffiffiffi
s

p
→ 2cB, the singlet

channel S-matrix in the Higgsed phase simplifies to the
form given in (5.6) with an interesting feature that there is
no pole at s ¼ 4c2B. However, there is another noteworthy
effect that arises when considering the nonrelativistic limitffiffiffi
s

p
→ 2cB. To explore this, let us focus on the term in the

second line of (5.4), which we denote as T̃F
singlet,

28Also, we absorb an overall minus sign into the definition of
the S-matrix of the Higgsed phase in (5.5), since the overall minus
sign of the S-matrix is merely a choice of the convention and is
physically irrelevant.
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T̃F
singlet ¼ −4i sinðπλFÞ

ffiffiffi
s

p ð2cF þ ffiffiffi
s

p ÞλF−sgnðmFÞ þ ð2cF −
ffiffiffi
s

p ÞλF−sgnðmFÞ

ð2cF þ ffiffiffi
s

p ÞλF−sgnðmFÞ − ð2cF −
ffiffiffi
s

p ÞλF−sgnðmFÞ : ð5:7Þ

When we dualize this part of the singlet channel S-matrix to
the unHiggsed phase [i.e., setting sgnðmFλFÞ ¼ þ1] and
take the nonrelativistic limit

ffiffiffi
s

p
→ 2cB, the term reduces to

T̃uH
singlet ¼ 8icB sinðπjλBjÞ: ð5:8Þ

Conversely, when we dualize to the Higgsed phase [with
sgnðmFλFÞ ¼ −1] and take the same limit, the term
becomes

T̃H
singlet ¼ −8icB sinðπjλBjÞ: ð5:9Þ

Therefore, we observe a relative sign change in this part of
the S-matrix when transitioning from the unHiggsed to the
Higgsed phase in the nonrelativistic limit.
On general grounds, we anticipate that the 2 → 2

scattering matrix (5.6), which is obtained from (5.5) in
the near threshold limit

ffiffiffi
s

p
− 2cB
2cB

→ 0; ð5:10Þ

can be reproduced by an appropriate Schrödinger equation.
This Schrödinger equation describes the motion of a
nonrelativistic particle in the background of a pointlike
magnetic flux at the origin of space. The boundary
condition near r ¼ 0 forces the partial wave corresponding
to the lowest angular momentum in the s-wave sector to
take the following form (for more details, see [19] and the
references therein):

ψ0ðrÞ ∝
�
rjλBj þ wR2jλBj

rjλBj

�
; ð5:11Þ

where R is an arbitrary scale and w is a free parameter
known as the self-adjoint extension parameter. The boun-
dary condition described in (5.11) is referred to as the
Amelino-Camelia-Bak (ACB) boundary condition. For the
Hamiltonian to be self-adjoint, the quantity wR2jλBj must be
specified once and for all. Notably, two special values of w,
namely w ¼ 0 and w ¼ ∞, correspond to a Schrödinger
problem with no scale.
It was demonstrated, in [19], that the nonrelativistic

problem describing ϕ̄ϕ scattering in the unHiggsed phase
corresponds to a Schrödinger problem with w ¼ 0.
Specifically, the nonrelativistic S-matrix for the scattering
of two-anyons in the s-wave sector, obtained by solving the
Schrödinger equation with the boundary condition (5.11), is
given (in the center-of-mass frame with scattering angle θ)
by (see, for instance, in Eq. (1.15) of [19])

TNR ¼ −16πicBðcosðπλBÞ − 1ÞδðθÞ

þ 8πicB sinðπλBÞPv
�
cot

θ

2

�
þ Tw; ð5:12Þ

where the term Tw in the nonrelativistic S-matrix contains
the self-adjoint parameter w and is expressed as

Tw ¼ 8cB sinðπjλBjÞ
1þ eiπjλBj ANR

p2jλB j

1 − eiπjλBj ANR

p2jλB j
;

with; ANR ¼ −
1

w

�
2

R

�
2jλBj Γð1þ jλBjÞ

1 − jλBj
: ð5:13Þ

In this equation, p represents the characteristic nonrelativ-
istic momentum scale (like in the scattering of particles with
momentum p), defined by the near-threshold limit as

ffiffiffi
s

p ¼ 2cB þ p2

cB
:

The quantity wR2jλBj that appears in (5.13) is the same
quantity that appears in the ACB boundary condition (5.11).
Now, when the self-adjoint parameter vanishes (i.e.,

w ¼ 0), it is easy to find that ANR → ∞. In this case,
the Tw term of the nonrelativistic S-matrix (obtained from
solving the corresponding Schrödinger problem described
above) reduces to

Tw¼0 ¼ −8cB sinðπjλBjÞ: ð5:14Þ

On the other hand, when w ¼ ∞, we find that ANR ¼ 0, so
the Tw term simplifies to

Tw¼∞ ¼ 8cB sinðπjλBjÞ: ð5:15Þ

Thus, we observe that Tw changes sign when switch-
ing from one boundary condition w ¼ 0 to the other
w ¼ ∞. This behavior is consistent with the relative sign
change observed in the nonrelativistic limit of the full
S-matrix (5.4).
This observation suggests that the nonrelativistic

Schrödinger equation with the self-adjoint extension
parameter w ¼ ∞ in the ACB boundary condition (5.11)
must reproduce the nonrelativistic limit of the full S-matrix
in (5.6). Hence, this Schrödinger problem with w ¼ ∞ is
expected to provide a detailed and accurate description of
all aspects of the dynamics of W and W̄ in the non-
relativistic limit. In particular, this Schrödinger problem
should also incorporate the “near-threshold bound state”
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that describes the Z boson, even though it does not manifest
as a pole in the S-matrix described above in (5.6).

VI. DISCUSSIONS

To summarize, in this paper, we have explored the
characteristics of the Zμ boson in the Higgsed phase of
the critical boson theory, which involves fundamental matter
coupled to Chern-Simons gauge fields in three spacetime
dimensions. We have resolved a key puzzle regarding the
characteristics of the Z boson, as well as its dual description
in fermionic theory, to which it is mapped under the boson-
fermion duality. Working within the unitary gauge (2.5), we
have shown that the Z boson is dual to the Uð1Þ current
operator (2.3) in the fermionic theory. Consequently, the
two-point function of the fermionic Uð1Þ current operator
maps, under boson-fermion duality, to the two-point func-
tion of the Z boson. At the classical level, the fact that the
mass of the Z boson is twice the mass of the W boson [61]
suggests that the Z boson can be interpreted as a two-
particle bound state of the WW̄ at threshold. Since, under
Bose-Fermi duality, the elementary fermions correspond to
the W bosons, duality implies that Z can plausibly be
viewed as a two-particle bound state at the threshold energy
of a fermion and an antifermion on the dual side. When
interactions are taken into account, we find that in the strict
large-N ’t Hooft limit, the Z boson, which is classically a
stable state in the bosonic theory, evolves into an unstable
resonance with a distinctive feature. It is worth emphasizing
that the final expressions for the Z boson two-point function
(2.12), derived via the Bose-Fermi duality, are exact to all
orders in the planar limit. The duality enables one to obtain a
nonperturbative and exact analytic form for the structure
functions (resumming all planar loop corrections in the
large-N planar limit). In this sense, the results already
incorporate the complete set of planar quantum corrections
to the two-point function.
The spectral densities (4.3) associated with the Z boson

two-point function exhibit a two-particle WW̄ cut starting
at m2 ¼ 4c2B. The corresponding spectral width is given by
w ¼ e−1=jλBj, which indicates that as the ’t Hooft coupling
parameter jλBj approaches zero, the width becomes non-
perturbatively small. Consequently, the lifetime of the Z
boson grows without bound in the zero coupling limit
jλBj → 0, indicating that the Z boson becomes classically
stable.29 This is typical of weakly coupled unstable states,
which turn into stable states when interactions are turned

off. What is even more intriguing, however, is that rather
than taking the usual Lorentzian distribution that one might
expect, the spectral density functions instead exhibit a
power-law behavior.
We have also found that the integrals of the spectral

densities over the full range of m2 diverge. This divergence
may lead to a mild puzzle. From the classical action and the
equal-time commutation relations of the Z bosons, one
would expect the spectral density function to be normal-
izable, i.e.,

Z
∞

0

ρðm2Þdm2 ¼ 1:

The resolution to this puzzle likely involves renormaliza-
tion. For nonzero λB, the Zμ field that appears on the left-
hand side of the two-point correlation function (2.11)
should presumably be understood as a renormalized oper-
ator, while the fields in the canonical commutation relations
correspond to the bare field operators. Further exploration
of this distinction would be an interesting avenue for
future work.
There are several potential directions for future explora-

tion. One such interesting direction would be to compute
the two-point functions of the Z boson directly in the
Higgsed phase of the critical boson theory coupled to
Chern-Simons matter theories without employing the
boson-fermion duality, at least in the strict large-N
’t Hooft limit and to all orders in the ’t Hooft coupling.
This would allow us to verify whether the results match
those used in (2.11). The conclusions in this paper were
obtained based on the assumption of the validity of the
Bose-Fermi duality and the application of the correspond-
ing duality map. A direct computation would, therefore,
provide further support to the conjectured Bose-Fermi
duality. We leave this issue for future work.
In this paper, we have studied the Z boson by analyzing

the two-point function of theUð1Þ current operator. Another
interesting avenue for further study would be to explore the
S-matrices for 2 → 2 scattering ofW bosons in the Higgsed
phase of the critical boson theory, to investigate whether
spectral cuts appear and whether they correspond to the Z
boson. In Sec. V, we have extracted an expression for the
singlet channel S-matrix of the WW̄ → WW̄ scattering
process and have analyzed its properties. Assuming the
validity of the 3D boson-fermion correspondence in the
nonsupersymmetric Chern-Simons matter theories to be
true, we feel that the analysis and consequent conclusions
made in Sec. V are true. However, a direct computation for
the derivation of the corresponding W boson S-matrix will
be even more satisfying, providing additional computational
evidence for the conjectured 3D Bose-Fermi duality. Direct
computations of the 2 → 2 scattering matrices forW bosons
in the Higgsed phase are currently absent from the literature,
partly due to the added computational difficulties arising

29In other words, considering the decay process Zμ → Wα þ
W̄β with an interaction of the form ϵμαβZμW̄βWα [an interaction
term of this kind is present in the action (B7) for the critical boson
theory in the Higgsed phase], it is easy to check that at tree level
in ð2þ 1Þd, in the rest frame of Zμ the decay width is propor-
tional to Γ ∝ ðm2

Z − 4m2
WÞ. Thus, using the classical mass relation

(2.2), it is evident that on-shell, the decay width for this decay
process vanishes at tree level.
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from the vector nature of the W bosons. Nevertheless,
this appears to be a feasible task, which we leave for
future work.
Another potentially interesting direction is to investigate

the properties of the Z boson at finite temperature. A
preliminary result for the Z boson propagator was sug-
gested in [85]. It would be intriguing to investigate how the
spectral densities are modified at finite temperature and to
understand the fate of the Z boson in the thermal regime.
It would also be intriguing to have a careful analysis of

the fate of the Z boson when finite N effects are taken into
account. A natural progression would be to explore these
effects in the nonrelativistic limit. For the unitary gauge
groups at finiteN, there are at least three distinct choices for
the gauge groups [namely, SUðNÞk, type II UðNÞk;k, and
type I UðNÞk;κ], which have different Oð1Þ contributions
and different choices of the Uð1Þ part of the gauge groups.
Hence, the corresponding different dual pairs of non-
supersymmetric Chern-Simons matter theories [83,86]
could possibly have different descriptions for the fate of
the Z boson. It would be intriguing to gain a clearer
understanding of how the properties of the Z boson are
modified by the finite N effects across these different
theories.
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APPENDIX A: NOTATION, CONVENTIONS,
AND DUALITY MAPS

In this paper, we adopt the notations from [83,86]. For
the Higgsed phase, we follow the notations and conven-
tions outlined in [61]. In the bosonic theories, kB (and
similarly kF for fermionic theories) represents the level of
the SUðNBÞ [or SUðNFÞ for fermions] part of the Wess-
Zumino-Witten (WZW) theory, which is dual to the pure
Chern-Simons theory obtained after integrating out the
matter fields with a positive mass. The levels κB and κF,
which appear in front of the Chern-Simons action for the
gauge fields, as in (B1) and (C1), are referred to as the
“renormalized levels.” These renormalized levels are
related to the abovementioned levels of the corresponding
WZW theories through the following relations:

κB ¼ kBþ sgnðkBÞNB; κF ¼ kFþ sgnðkFÞNF: ðA1Þ

We study both the critical boson and regular fermion
theories in the strict large-N ’t Hooft limit, where both
ranks and renormalized levels are taken to infinity, while
the ratios remain finite. The finite ’t Hooft coupling
parameters for the bosonic and fermionic theories are
defined as

λB ¼ NB

κB
; λF ¼ NF

κF
: ðA2Þ

Bose-Fermi duality, which is a form of strong-weak duality,
maps the ’t Hooft parameters to each other as follows:

λF ¼ λB − sgnðλBÞ: ðA3Þ

The allowed ranges of the coupling parameters are

0 ≤ jλBj; jλFj ≤ 1: ðA4Þ

The conjectured duality map between the renormalized
levels and ranks of the respective gauge groups is given by

NB ¼ jκFj − NF; κB ¼ −κF; ðA5Þ

which can also be rewritten in the following equivalent
form:

NB ¼ jkBj; kB ¼ −sgnðkFÞNF: ðA6Þ

The quasifermionic theories are also characterized by an
additional mass parameter. The mass parameter mF for the
regular fermion theory and the mass parameter mcri

B for the
critical boson theory are conjectured to be related to each
other in the large-N limit by the following equation:

mF ¼ −λBmcri
B : ðA7Þ

For a Euclidean 3-vector aμ ≡ ða1; a2; a3Þ, the corre-
sponding light cone components are defined in the usual
way as

a� ¼ 1ffiffiffi
2

p ða1 � ia2Þ: ðA8Þ

In our conventions, the nonzero components of the
Euclidean metric in the light cone coordinates are given
by δþ− ¼ δ−þ ¼ δ33 ¼ 1. Also, the conventions for the
normalization of the totally antisymmetric Levi-Civita
tensor in the Euclidean signature are ϵ123 ¼ ϵ123 ¼ þ1.
The corresponding nonzero component of the Levi-
Civita tensor in the light cone coordinates is given
by ϵþ−3 ¼ ϵ−þ3 ¼ i.
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APPENDIX B: A BRIEF OVERVIEW
OF THE CRITICAL BOSON THEORY IN THE

HIGGSED PHASE

In this appendix, we summarize some of the relevant
details of the critical boson theory [61] for the analysis in
this paper. The critical boson theory is defined by the
Lagrangian

SCB½A;ϕ� ¼
iκB
4π

Z
d3x ϵαβδTr

�
Aα∂βAδ −

2i
3
AαAβAδ

�

þ
Z

d3x

�
ðDμϕ̄ÞðDμϕÞ þ σ

�
ϕ̄ϕþNB

4π
mcri

B

��
;

ðB1Þ

where Aα is the Chern-Simons gauge field corresponding to
the SUðNBÞkB gauge group. ϕ is a complex scalar field
transforming in the fundamental representation of the
associated SUðNBÞkB Chern-Simons gauge group. The
field σ is a gauge-singlet auxiliary field that serves as a
Lagrange multiplier. This can be interpreted as a Hubbard-
Stratonovich field mediating a ϕ4 interaction between the
bosons. When the coupling of ϕ4 is taken to be very large,
the quadratic term for the Hubbard-Stratonovich field
vanishes, effectively converting it into a Lagrangian multi-
plier. The covariant derivative is defined by

Dμϕ ¼ ∂μϕ − iAμϕ; Dμϕ̄ ¼ ∂μϕ̄þ iϕ̄Aμ: ðB2Þ

The mass parameter mcri
B appearing in (B1) characterizes

the critical boson theories. Its sign determines the phase
of the scalar bosons: a positive sign corresponds to the
unHiggsed phase, while a negative sign indicates the
Higgsed phase.
For the purposes of this paper, we focus on the theory in

(B1), with particular emphasis on the case where mcri
B < 0,

which characterizes the Higgsed phase. The scalar field
acquires a vev determined by mcri

B , as evident from the
equation of motion for the auxiliary field σ,

ϕ̄iϕ
i ¼ −

NB

4π
mcri

B ; ðB3Þ

where, in the lhs of the above Eq. (B3), the color index i is
summed over all values from i ¼ 1; 2;…; NB. To study the
Higgsed phase, it is convenient to work in the unitary
gauge, in which the scalar field is chosen to be real and
given by

ϕi ¼ v
ffiffiffiffiffiffiffiffi
jκBj

p
δiNB ¼ δiNB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NB

4π
jmcri

B j
r

; ðB4Þ

where the second equality in the above expression (B4)
follows from the equation of motion of the auxiliary filed σ.

The real parameter v appearing in (B4) characterizes the
vacuum expectation value of the scalar field in the unitary
gauge and, with this choice, the scalar field ϕ is completely
determined. The Higgs mechanism breaks the original
SUðNBÞ gauge symmetry group to an unbroken subgroup
of SUðNB − 1Þ.
Due to the symmetry breaking of the gauge group, the

matter degrees of freedom are transferred to the gauge field.
As the Chern-Simons gauge fields are nondynamical, the
components of the gauge fields that transformed as adjoint
under the original gauge group SUðNBÞ and no longer
transform as adjoint under the unbroken gauge group
SUðNB − 1Þ become massive, and the number of all these
massive components adds up to 2ðNB − 1Þ þ 1 ¼ 2NB − 1.
As expected, this is equal to the total number of independent
real components of the complex scalar field ϕi once the
equation of motion for the auxiliary field σ in (B3) is also
taken into account. The equation of motion for σ in (B3)
freezes the modulus of the complex scalar field. The
condensation thus effectively transforms the degrees of
freedom from a spin-zero scalar to a spin �1 vector.
Schematically, the breaking of the gauge group takes the

following form:

ANB×NB
⟶

�
ÃðNB−1Þ×ðNB−1Þ WðNB−1Þ×1
W̄1×ðNB−1Þ Z

�
; ðB5Þ

where the boldface letters are the matrix representation of
the corresponding fields. Since the Chern-Simons gauge
fields are in the adjoint representation of the corresponding
gauge group, explicit color indices of the gauge field are
labeled as ðAμÞij, where i is the fundamental index and
j is the antifundamental index. As the original gauge group
is SUðNBÞ, both fundamental and antifundamental indices
of the unbroken gauge group run over the values
i; j ¼ 1; 2;…; NB. More precisely, in the components’
forms, the SUðNBÞ gauge fields can be split in the
following way to generate SUðNB − 1Þ gauge fields [61]:

ðAμÞij ¼
 ðÃμÞab − δab

NB−1
Zμ

1ffiffiffiffi
κB

p Wa
μ

1ffiffiffiffi
κB

p W̄μb Zμ

!
; ðB6Þ

where, in the above equation, the Latin indices a, b are the
gauge indices corresponding to the unbroken SUðNB − 1Þ
gauge group, and it runs over the values 1; 2;…; NB − 1.
The Wμ boson transforms in the fundamental representa-
tion of the unbroken gauge group and its complex
conjugate transforms in the antifundamental representation
of the unbroken gauge group. The Zμ boson is color singlet
under the unbroken SUðNB − 1Þ subgroup of the original
gauge symmetry group SUðNBÞ.
The classical action of the critical boson theory in the

Higgsed phase, in the strict large-N limit (the order 1 and
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the subleading factors drop out in the strict large-N limit), is given by

SH½Ã;W; Z� ¼ iκB
4π

Z
d3x ϵαβγTr

�
Ãα∂βÃγ −

2i
3
ÃαÃβÃγ

�
þ i
2π

Z
d3xðϵμνρW̄μ∂νWρ þ sgnðκBÞ2πv2W̄μWμÞ

þ iκB
4π

Z
d3xðϵμνρZμ∂νZρ þ sgnðκBÞ4πv2ZμZμÞ þ 1

2π

Z
d3x ϵμνρW̄μðÃν − ZνÞWρ: ðB7Þ

This action shows that classically, the mass of the Z boson
is twice the mass of the W boson, as highlighted in (2.2).

APPENDIX C: SUMMARY OF FERMIONIC
RESULTS FOR THE TWO-POINT

CORRELATION FUNCTION OF THE
CONSERVED CURRENT

In this appendix, we provide a summary of key results
from the regular fermion theory, which under boson-
fermion duality maps to the critical boson theory in both
its unHiggsed and Higgsed phases. The classical action of
the regular fermionic theory coupled with UðNFÞ Chern-
Simons gauge fields in the large-NF limit [where we focus
on the strict large-N limit and omit the effects of Uð1Þ
factors] is given by

SRF½ψ ; A� ¼
iκF
4π

Z
d3x ϵαβγTr

�
Aα∂βAγ −

2i
3
AαAβAγ

�

þ
Z

d3x ψ̄ðγμð∂μ − iAμÞ þmFÞψ : ðC1Þ

Here, mF represents the bare mass of the fermion, and the
gauge field Aμ transforms under the adjoint representation
of the UðNFÞ gauge group.
Since the gauge invariant two-point correlation functions

of the Uð1Þ currents match on both sides of the duality, we
focus on the two-point correlation function of the corre-
sponding Uð1Þ current in the regular fermionic theory. The
conserved current of the regular fermionic theory is given by

JFμ ¼ iψ̄ iγμψ
i: ðC2Þ

1. Known results

The momentum space two-point correlation function

hJFμ ðpÞJFν ðqÞi ¼ GF
μνðqÞð2πÞ3δð3Þðpþ qÞ ðC3Þ

of the current operator (C2) in the large-N (planar) ’t Hooft
limit, in the special choice of the light cone momenta
q� ¼ 0 (and in the light cone gauge A− ¼ 0), is known in
the literature [25,85] for the (−þ) component. The result is
summarized as

GF
−þðq3Þ ¼

iNFq3
16πλF

�
1þ 2icF

q3
sgnðmFÞ

�
2

×

�
exp

�
2iλFtan−1

�
q3
2cF

��
− 1

�
−
NFcF
4π

:

ðC4Þ

Here, the quantity cF is the large-NF exact pole mass of the
regular fermion determined by solving the gap equation,
and it is given by [16]

cF ¼ mF

sgnðmFÞ − λF
: ðC5Þ

We follow the convention where the pole mass cF (and
similarly cB for bosons) is always positive. The expression
for GF

−þðq3Þ does not exhibit a definite even/odd symmetry
under the following transformation: q3 → −q3. However, it
can always be expressed as a sum of the even and odd
components,

GF
−þðq3Þ ¼ GF;even

−þ ðq3Þ þ GF;odd
−þ ðq3Þ: ðC6Þ

This decomposition is useful because, as we will see below,
GF;even
−þ ðq3Þ corresponds to a specific component of the

covariant structure GF;even
μν ðqÞ containing the even-tensor

structure
�
q2δμν−qμqν

jqj
	
. We will refer to this as the even

component. Similarly, GF;odd
−þ ðq3Þ is a component of

GF;odd
μν ðqÞ containing the odd-tensor structure ϵμνρqρ.

Although it may seem unconventional, we will refer to
this as the odd component. The procedure for extracting
these components will be outlined below.

a. Even component

The even component is obtained by considering the part
of the result (C4) that satisfies the following condition:

GF;even
−þ ð−q3Þ ¼ GF;even

−þ ðq3Þ: ðC7Þ

It can be shown, after some straightforward algebra, that the
q3-even part is given by
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GF;even
−þ ðq3Þ ¼

�
−

NF

16πλF

�
1 −

4c2F
q23

�
sin

�
2λFtan−1

�jq3j
2cF

��

−
NFcF

4πλFjq3j
sgnðmFÞ

�
cos

�
2λFtan−1

�jq3j
2cF

��
− 1

�
−

NFcF
4πjq3j

�
jq3j: ðC8Þ

Before proceeding, we should note that for a fixed choice of the sign of sgnðmFλFÞ, the function in (C8) is an even function
of λB.

b. Odd component

Similarly, the odd component is obtained by considering the part of (C4) that satisfies

GF;odd
−þ ð−q3Þ ¼ −GF;odd

−þ ðq3Þ: ðC9Þ
The corresponding result for the q3-odd part is given by

GF;odd
−þ ðq3Þ ¼ −i

�
−

NF

16πλF

�
1 −

4c2F
q23

��
cos

�
2λF tan−1

�jq3j
2cF

��
− 1

�
þ NFcF
4πλFjq3j

sgnðmFÞ sin
�
2λF tan−1

�jq3j
2cF

���
q3:

ðC10Þ
It is noteworthy to mention that for a fixed choice of the sign of sgnðmFλFÞ, the function in (C10) is an odd function of λF.

2. Covariant generalization

The two-point current correlation function presented in (C4) was originally computed in a specific light cone kinematical
setup, where qþ ¼ q− ¼ 0 and q3 is finite. To derive a covariant generalization of this result, we can utilize the covariance
under SOð3Þ rotations in momentum space. By replacing jq3j with jqj≡þ

ffiffiffiffiffi
q2

p
¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q21 þ q22 þ q23

p
, and noting that

ϵ−þ3 ¼ −i, the result in (C4) can be generalized to the following covariant form:

GF
μνðqÞ ¼ feðjqjÞ

�
q2δμν − qμqν

jqj
�
þ foðjqjÞϵμνρqρ: ðC11Þ

The even component, feðjqjÞ, is the covariantized version of the expression in (C8) and is given by

feðjqjÞ ¼ −
NF

16πλF

�
1−

4c2F
q2

�
sin

�
2λFtan−1

� jqj
2cF

��
−

NFcF
4πλFjqj

sgnðmFÞ
�
cos

�
2λFtan−1

� jqj
2cF

��
− 1

�
−
NFcF
4πjqj : ðC12Þ

In the special case where ðμνÞ ¼ ð−þÞ and with the light cone kinematical restriction q� ¼ 0, the even index structure

�
q2δμν − qμqν

jqj
�

simplifies to jq3j. Before proceeding, we should note that for a specific choice of the value of sgnðmFλFÞ (i.e., either
þ1 or −1),

feðjqj; λBÞ ¼ feðjqj;−λBÞ ¼ feðjqj; jλBjÞ: ðC13Þ
In other words, for a specific choice of the phase determining parameter sgnðmFλFÞ, feðjqjÞ is an even function of λB.
The coefficient function foðjqjÞ, which corresponds to the odd term in (C11), is the covariantized form derived from

(C10) and is expressed as

foðjqjÞ ¼ −
NF

16πλF

�
1 −

4c2F
q2

��
cos

�
2λFtan−1

� jqj
2cF

��
− 1

�
þ NFcF
4πλFjqj

sgnðmFÞ sin
�
2λFtan−1

� jqj
2cF

��
: ðC14Þ

As expected, for the particular choice ðμνÞ ¼ ð−þÞ, the odd tensor structure ϵμνρqρ reduces to −iq3. As before, we should
mention that, for a fixed choice of the value of sgnðmFλFÞ,
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foðjqj;λBÞ¼−foðjqj;−λBÞ¼ sgnðλBÞfoðjqj; jλBjÞ: ðC15Þ

In other words, for a specific choice of the phase determin-
ing parameter sgnðmFλFÞ, foðjqjÞ is an odd function of λB.

3. Prediction for the Higgsed phase

The result in (C11) is valid for both possible signs ofmF.
However, since we are specifically interested in the Z boson
in the Higgsed phase of the bosonic theory, we consider the
case where sgnðmFÞ ¼ −sgnðλFÞ [61]. This corresponds to
the duality between the regular fermion theory and
the critical boson theory in the Higgsed phase. To rewrite
the result (C4) in a more convenient form, we apply the
following trigonometric identity:

expð2iαtan−1ðxÞÞ ¼
�
1þ ix
1 − ix

�
α

: ðC16Þ

To obtain a prediction for the two-point function of the
conserved current operator in the Higgsed phase, we apply
the proposed Bose-Fermi duality map [61], which relates
the fermionic and bosonic parameters as

cF ¼ cB; κF ¼ −κB; λF ¼ λB − sgnðλBÞ: ðC17Þ

As mentioned in (A2), the ’t Hooft coupling parameters in
the fermionic and in the bosonic theory are defined by

λF ¼ NF

κF
; λB ¼ NB

κB
: ðC18Þ

Additionally, using the fact that sgnðλFÞ ¼ −sgnðλBÞ, we
impose the following condition:

sgnðmFÞ ¼ sgnðλBÞ; ðC19Þ

which is valid for the correspondence between the fer-
mionic theory and the Higgsed phase of the bosons. Under
this Bose-Fermi duality, we find that the predicted two-
point function for the Uð1Þ current in the Higgsed phase of
the bosons is given by

GH
μνðqÞ ¼ heðjqjÞ

�
q2δμν − qμqν

jqj
�
þ hoðjqjÞϵμνρqρ; ðC20Þ

where the coefficients for the even and odd components are
given by

heðjqjÞ ¼
iNB

32πjλBjq2
�ð2cB − ijqjÞ4
ðq2 þ 4c2BÞ

�
2cB þ ijqj
2cB − ijqj

�jλBj

−
ð2cB þ ijqjÞ4
ðq2 þ 4c2BÞ

�
2cB − ijqj
2cB þ ijqj

�jλBj�

−
�
jκBj −

NB

2

�
cB

2πjqj ;

hoðjqjÞ ¼ −
NB

32πλBq2

�ð2cB − ijqjÞ4
ðq2 þ 4c2BÞ

�
2cB þ ijqj
2cB − ijqj

�jλBj

þ ð2cB þ ijqjÞ4
ðq2 þ 4c2BÞ

�
2cB − ijqj
2cB þ ijqj

�jλBj�

þ NB

16πλB

�
4c2B
q2

− 1

�
: ðC21Þ

These generalized results (C21) in the covariant form are
used in the main text of this paper, as in (2.12), to study the
two-point function (and the spectral representation) of the Z
boson in the Higgsed phase.

APPENDIX D: A NOTE ON THE EVALUATION
OF THE DISCONTINUITY AND THE

IMAGINARY PART

In this appendix, we briefly review the method of
computation of the discontinuity and the imaginary parts
of the complex functions across a branch cut. Let us
consider a function fðsÞ of a real variable s. We make
the following two assumptions for the function fðsÞ:

(i) It admits an analytic continuation in the complex
s-plane with a branch cut along the positive real axis
starting at a (branch) point s ¼ s0 > 0 and extending
to infinity.30

(ii) For real s, along the positive real axis in the range
s < s0, the function fðsÞ is real.

It is evident that for the real value of s < s0, the real
function fðsÞ satisfies the following condition:

fðsÞ ¼ ðfðs⋆ÞÞ⋆; ðD1Þ

where, in the above equation, the star indicates the complex
conjugate. As fðsÞ admits an analytic continuation in the

30For reasons of physical interest relevant to our paper, here we
have chosen the branch cut to lie along the positive real axis.
However, a more general situation can be considered and the
same argument will follow through if we place the branch cut
starting at a point on the real axis and extending to infinity at an
angle θ, where this angle is measured relative to the positive real
axis. In that case, the principle sheet for the function will be given
by the region of the complex plane with the restriction on the
argument of s,

argðsÞ∈ ðθ; θ þ 2πÞ;
which excludes the branch cut.
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complex s-plane, it is an analytic function of the complex
variable s. Since each side of Eq. (D1) is an analytic
function of s, Eq. (D1) can be analytically continued to the
whole complex s-plane, which in the component form takes
the following form:

RefðsÞ ¼ Refðs⋆Þ;
Im fðsÞ ¼ − Im fðs⋆Þ: ðD2Þ

Hence, we see that, as a consequence of the continuation
outside the real axis, fðsÞ acquires an imaginary part. In
other words, upon approaching the real s-axis from above
with sþ iϵ (and ϵ being understood to be 0þ throughout
this paper) or from below with s − iϵ, Eq. (D2) implies that
fðsÞ has opposite imaginary parts Im fðsþ iϵÞ ¼
− Im fðs − iϵÞ. Since there is a branch cut across the
positive real axis starting at s ¼ s0, upon crossing the real
axis across the branch cut, there is a discontinuity

DiscfðsÞ ¼ fðsþ iϵÞ− fðs− iϵÞ ¼ 2i Imfðsþ iϵÞ; ðD3Þ

which vanishes along the real axis with s < s0.
Accordingly, the imaginary part of the function fðsÞ is
alternatively given by its discontinuity upon crossing the
real axis across the branch cut, which might be easier to
determine in actual calculations. The iϵ prescription indi-
cates that for s > s0, the physical domain of the variable s
should be above the cut, at sþ iϵ. Since the branch cut is
placed along the positive real axis, the principal sheet for the
function fðsÞ is defined as the region of the complex s with
the restriction

argðsÞ∈ ð0; 2πÞ; ðD4Þ

excluding the positive real s-axis (the branch cut).

1. Determination of the discontinuity
and imaginary part of zα

We apply the above analysis to determine the disconti-
nuity (and hence the imaginary part) of the following
function zα (for noninteger α) across a branch cut for a
complex variable z. For simplicity, we decompose the
complex variable z into its real part to be denoted by x and
its imaginary part to be labeled by y. We first note that when
α is a noninteger, this function is multivalued, in particular
with a branch point at z ¼ 0. To make it an unambiguously
single-valued function in the physical sheet, a branch cut is
placed along the negative real x-axis, starting at z ¼ 0 and
extending to negative infinity. A point across the branch cut
on the negative real x-axis can be parametrized by
introducing the iϵ depending upon whether the point is
above the cut or below the cut. A point that is at a distance
−x (for x < 0) from the origin just above the cut is
parametrized as xþ iϵ, and if the point is below the cut
it is parametrized as x − iϵ. The principal sheet for the

function zα is defined as the region of the complex plane
with the restriction

argðzÞ∈ ð−π; πÞ; ðD5Þ

meaning the argument of z is constrained to lie between −π
and π, excluding the negative real axis (the branch cut)
where the argument would jump discontinuously. Hence,
we find that just above the branch cut on the negative real
axis, the function zα takes the value jzjαeiπα, while just
below the branch cut the value it takes is jzjαe−iπα. Thus, we
find that the discontinuity of the function zα across the
branch cut along the negative real axis (as the cut is
approached from above first) is given by

DiscðzαÞ ¼ jzjαeiπα − jzjαe−iπα;
¼ 2ijzjα sinðπαÞ: ðD6Þ

It follows from the relationship (D3) that the imaginary part
of the function zα is given by

ImðzαÞ ¼ jzjα sinðπαÞ: ðD7Þ

2. A proof of the relationship (4.2)

Before concluding this appendix, we provide a proof of
the statement (4.2) relating the imaginary parts of the
coefficient functions of the two-point function of the Z
boson with the corresponding spectral density functions. It
follows from the definition of the spectral decomposition
(4.1) (we include the iϵ here to make it precise, and work in
the s variable for convenience), i.e.,

τðsÞ ¼
Z

dm2
ρðm2Þ

−sþm2 − iϵ
; ðD8Þ

that the imaginary part of the function τðsÞ, which
is defined to be equal to τðsÞ − ðτðsÞÞ⋆ divided by 2i, is
given by

ImðτðsÞÞ¼ 1

2i

Z
dm2ρðm2Þ

�
1

−sþm2− iϵ
−

1

−sþm2þ iϵ

�
:

ðD9Þ

We use the fact that a function of the form ðx − iϵÞ−1 for a
real variable x should be realized as the principal value
(conventionally abbreviated as Pv) Pvð1xÞ plus an imaginary
contribution of the form iπδðxÞ. In other words,

1

x − iϵ
¼ Pv

�
1

x

�
þ iπδðxÞ: ðD10Þ

It is easy to see, by substituting (D10) in the integrand of
(D9), that the principal value parts from both the terms
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cancel each other, while the imaginary parts containing the
δ function add up. Hence, we find that

ImðτðsÞÞ ¼ 1

2i

Z
dm2 ρðm2Þð2πiδðm2 − sÞÞ;

¼ πρðsÞ: ðD11Þ

This completes the proof of the statement (4.2).

APPENDIX E: PLOTS OF THE SPECTRAL
DENSITY FUNCTIONS

In this appendix, we present plots of the spectral density
functions for the even and the odd components of the two-
point function of the Z boson, with an overall normalization
of the fields. The functional forms of the spectral density
functions, ρτðsÞ and ρκðsÞ, are given by Eq. (4.3). We focus
on the plots of these functions for sufficiently small values
of the bosonic ‘t Hooft coupling parameter, λB, to illustrate
how the spectral density functions broaden as jλBj is
increased from zero to an infinitesimal value. This behavior
indicates that the corresponding Z boson becomes unstable
for any nonzero value of the bosonic ’t Hooft coupling
parameter.
To present the plots of the spectral density functions, it is

important to note that these plots are scaled relative to one
another, rather than being plotted to an absolute scale, in
order to highlight the key features. The variable s is plotted
along the horizontal axis, with a scaling

cB ¼ 1

2
;

chosen for convenience. Figures 1 and 2 display the
spectral density functions ρτðsÞ and ρκðsÞ, respectively,
for several small values of jλBj, as shown below.
The plots in Figs. 1 and 2 clearly show a spike near the

weak coupling limit, specifically around jλBj ≈ 0. This
indicates the presence of an approximate pole in the

spectrum at s ¼ 4c2B, in the bosonic zero coupling limit.
Additionally, both Figs. 1 and 2 reveal that in the weak
coupling regime, as jλBj increases slightly (as an example
from jλBj ¼ 0.01 to jλBj ¼ 0.05), there is a significant
broadening of the spectral density functions ρτðsÞ and
ρκðsÞ. This behavior is reminiscent of our observation in
this paper that the Z boson becomes unstable at nonzero
values of the ‘t Hooft coupling, decaying into W and W̄
particles, but with a nonperturbatively large lifetime.
At first glance, it might seem concerning that the plots of

the spectral density functions for different values of jλBj, in
Figs. 1 and 2, intersect at certain values of the Mandelstam
variable s. However, this is not an issue, but rather an
essential feature for the correct interpretation of these
functions. Specifically, such crossings are required to
enable a meaningful “area under the curve” interpretation
of the integral of the spectral density functions over a
specified range of s, as outlined in (4.6). This interpretation
holds even though the integral of the spectral density
functions over the entire range of s, from zero to infinity,
diverge, as discussed in (4.9).
This characteristic (of crossing of graphs in Figs. 1 and 2)

arises from the choice to include an overall normalization
factor ð 2πjκBjÞ1=2 in the definition of the normalized current J̃α,

as given in (2.9). If this additional normalization factor,
which involves an extra term 1ffiffiffiffiffiffi

jκBj
p , had not been considered,

the spectral density functions [marked with a caret symbol
to distinguish them from ρτ and ρκ in (4.3)] corresponding
to the two-point function of the current operator JHα would
take the following form:

ρ̂τðsÞ ¼
jκBj
2π

ρτðsÞ; ρ̂κðsÞ ¼
jκBj
2π

ρκðsÞ: ðE1Þ

The explicit functional forms in these (unnormalized)
spectral density functions can be expressed as

0 1 2 3 4 5 6
s0

10

20

30
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50

FIG. 2. Plots of the spectral density function ρκðsÞ (4.3),
corresponding to the odd component of the (rescaled) Z boson
two-point function, for several small, fixed values of jλBj.
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FIG. 1. Plots of the spectral density function ρτðsÞ given in
(4.3), corresponding to the even component of the (rescaled) Z
boson two-point function, for several small, fixed values of jλBj.
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ρ̂τðsÞ ¼
NB

32πs3=2
sinðπjλBjÞ
πjλBj

� ðs − 4c2BÞ3−jλBj
ð2cB þ ffiffiffi

s
p Þ4−2jλBj þ

ð2cB þ ffiffiffi
s

p Þ4−2jλBj
ðs − 4c2BÞ1−jλBj

�
Θðs − 4c2BÞ;

ρ̂κðsÞ ¼
NB

32πs
sinðπjλBjÞ
πjλBj

�
−

ðs − 4c2BÞ3−jλBj
ð2cB þ ffiffiffi

s
p Þ4−2jλBj þ

ð2cB þ ffiffiffi
s

p Þ4−2jλBj
ðs − 4c2BÞ1−jλBj

�
Θðs − 4c2BÞ: ðE2Þ

Although these spectral density functions in (E2) exhibit the
standard anyonic factor

sinðπjλBjÞ
πjλBj

in the expressions for the two-point functions of the Uð1Þ
current operators, it is evident from their plots in Figs. 3
and 4 that they obscure key physical features, such as the
appearance of the pole at jλBj ¼ 0, as well as the spiking
behavior and spectral broadening that occurs when jλBj is
close to zero. This is the reason the additional normalization
factor

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π=jκBj

p
was introduced in the definition of the

normalized current operator J̃α in (2.9). The use of this
normalization factor in (2.9) ensures that the spectral density

functions are appropriately scaled, allowing for a clearer
representations of the subtle features that emerge as jλBj
approaches zero.
However, if one were to directly consider the two-point

function hZαZβi, with Z normalized according to the
Higgsed phase action (B7), without any additional overall
normalization factor, the spectral density functions
(denoted by a tilde to distinguish them from the other
normalization schemes) associated with these two-point
functions would be related to those in (4.3) through the
following expressions:

ρ̃τðsÞ ¼
2π

jκBjm2
Z
ρτðsÞ; ρ̃κðsÞ ¼

2π

jκBjm2
Z
ρκðsÞ: ðE3Þ
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FIG. 4. Plots of the spectral density function ρ̂κðsÞ associated
with the odd component of the two-point function of JHα defined
in (2.9).

0 1 2 3 4 5 6 s
0

20

40

60

80

FIG. 3. Plots of the spectral density function ρ̂τðsÞ associated
with the even component of the two-point function of JHα defined
in (2.9).

0 1 2 3 4 5 6 s
0

5

10

15

20

FIG. 6. Plots of the spectral density function ρ̃κðsÞ associated
with the odd component of the two-point function of the Z boson.
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FIG. 5. Plots of the spectral density function ρ̃τðsÞ
associated with the even component of the two-point function
of the Z boson.
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In this normalization, the explicit functional forms of the spectral density functions for hZαZβi are given by

ρ̃τðsÞ ¼
jλBj

16NBm2
Zs

3=2 sinðπjλBjÞ
"

ðs − 4c2BÞ3−jλBj
ð2cB þ ffiffiffi

s
p Þ4−2jλBj þ

ð2cB þ ffiffiffi
s

p Þ4−2jλBj
ðs − 4c2BÞ1−jλBj

#
Θðs − 4c2BÞ;

ρ̃κðsÞ ¼
jλBj

16NBm2
Zs

sinðπjλBjÞ
"
−

ðs − 4c2BÞ3−jλBj
ð2cB þ ffiffiffi

s
p Þ4−2jλBj þ

ð2cB þ ffiffiffi
s

p Þ4−2jλBj
ðs − 4c2BÞ1−jλBj

#
Θðs − 4c2BÞ: ðE4Þ

The plots of these spectral functions, using the normalization specified in Eq. (E3) and keeping the overall factor of 1
16NBm2

Z

fixed, are provided by the Figs. 5 and 6 below.
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