
Dynamically generated tilt of isocurvature fluctuations

Saarik Kalia *

School of Physics and Astronomy, University of Minnesota, Minneapolis, Minnesota 55455, USA
and Institut de Física d’Altes Energies (IFAE), The Barcelona Institute of Science and Technology,

Campus UAB, 08193 Bellaterra (Barcelona), Spain

(Received 1 December 2025; accepted 29 May 2026; published 6 July 2026)

Light scalar fields acquire isocurvature fluctuations during inflation. While these fluctuations could lead
to interesting observable signatures at small scales, they are strongly constrained on large scales by cosmic
microwave background observations. When the mass of the scalar is much lighter than the inflationary
Hubble scale, m ≪ HI , the spectrum of these fluctuations is flat. Meanwhile, if m ≫ HI , the fluctuations
are suppressed. A blue-tilted isocurvature spectrum that exhibits enhanced structure on small scales but
avoids observational constraints on large scales therefore requires a coincidence of scalesm ∼HI for a free
massive scalar. In this work, we show that if a scalar field possesses a nontrivial potential, its inflationary
dynamics naturally cause this condition to be satisfied, and so a blue-tilted spectrum is generically expected
for a large class of potentials. Specifically, if its potential V exhibits a region that satisfies the slow-roll
condition V 00 < 3H2

I , the scalar condensate will spend most of inflation close to the boundary of this region,
so that its effective mass is typically close to HI . The resulting blue tilt is inversely proportional to the
number of e-folds of inflation prior to horizon crossing. If the scalar is long-lived, this mechanism leads to
an attractor prediction for its relic abundance, which is insensitive to initial conditions of the scalar. In
particular, a scalar field with quartic self-interactions can achieve the correct abundance to constitute all of
the dark matter for a wide range of masses. We compute the relationship between the mass and self-
coupling of quartic dark matter predicted by this mechanism.
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I. INTRODUCTION

Although the Standard Model (SM) of particle physics
explains many observed phenomena, a number of open
problems necessitate the existence of new physics beyond
the SM. Perhaps the simplest possible modification to the
SM is the addition of a new scalar field. Most notably,
if such a new field is cosmologically stable, it could
constitute the dark matter (DM) [1–8]. Scalar fields also
appear in several theoretical models designed to address
other open problems, including the strong CP problem
[9–11], the hierarchy problem [12–14], the origin of the
matter-antimatter asymmetry [15–17], and the cosmologi-
cal constant problem [18–21].
Extensive cosmological observations indicate that the

universe is nearly homogeneous, with correlated (adiabatic)
primordial fluctuations Pad

δ ∼ 10−9 in all components [22].
To explain this observation, a period of early expansion,

known as inflation, is often proposed [23,24]. One generic
feature of scalar fields is that they can acquire independent
(isocurvature) fluctuations during inflation. Specifically, a
free scalar field with mass much smaller than the infla-
tionary Hubble scale, m ≪ HI , acquires isocurvature fluc-
tuations on all scales, while the fluctuations of a heavy
scalar with m ≫ HI are heavily suppressed [25,26]. On
small scales, isocurvature fluctuations can lead to interest-
ing signatures, such as gravitational waves [27–29] or non-
Gaussianities [30–32]. However, they are constrained to
havePiso

δ ≲ 10−10 on large scales k≲ 10−2 Mpc−1 [33]. For
a new noninteracting scalar field to present interesting
signatures from enhanced fluctuations, it must therefore
have m ∼HI , which results in a blue-tilted isocurvature
spectrum [28,34–36]. Lighter scalars may gain a large
effective mass meff during inflation via nonminimal cou-
plings to gravity or interactions with other fields to
avoid isocurvature constraints [37–40]. By contrast, a
noninteracting vector field naturally exhibits a blue-tilted
spectrum [41].
The purpose of this work is twofold. The first purpose is

to demonstrate that self-interactions can generically result
in a blue-tilted spectrum for a scalar spectator ϕ during
inflation. Specifically, if ϕ possesses a nontrivial potential
VðϕÞ and inflation does not last too long, the resulting
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spectrum will exhibit a blue tilt, for a large class of
potentials. Similar scenarios have been studied in the case
where inflation lasts a long time, so that the condensate (or
zero mode) ϕ0 settles near the minimum of its potential
[39,42,43]. In our scenario, the condensate will instead
spend the majority of inflation undergoing slow-roll
dynamics [44,45]. In particular, if ϕ0 begins outside the
regime where the slow-roll approximation holds, but rolls
toward it, then it will quickly enter the slow-roll regime and
remain near its boundary for the duration of inflation. In
other words, the slow-roll condition will be nearly saturated
for the majority of inflation. As we will see, the slow-roll
condition is precisely m2

eff ¼ V 00ðϕ0Þ ≲H2
I. Therefore, the

dynamics of the condensate naturally produce the con-
ditions necessary for a blue-tilted spectrum. We will see
that the tilt of the spectrum is inversely proportional to the
number of e-folds before horizon crossing; i.e., if inflation
began Oð10Þ e-folds before the cosmic microwave back-
ground (CMB) modes exited the horizon, a generic
potential will result in an Oð0.1Þ blue tilt at CMB scales.
Particular choices of potential can result in larger tilts
(see Fig. 1).
The second purpose is to demonstrate that if ϕ is long-

lived, this mechanism can produce the correct relic
abundance for ϕ to constitute the DM. Moreover, because
the slow-roll solution is an attractor, this relic abundance
is insensitive to initial conditions of the scalar field.

For fixed inflationary parameters, this implies a predic-
tive relationship between the parameters of the potential.
Unlike mechanisms such as misalignment production of
axion DM, this relationship is robust to the stochastic
initial value of ϕ [5,51]. In Fig. 2, we show this rela-
tionship between the mass m and self-coupling λ of a
quartic potential.
This work is organized as follows. In Sec. II, we study

the dynamics of ϕ during inflation, focusing first on its
condensate and then on its perturbations. We derive the
slow-roll condition for the condensate and show that the
slow-roll parameter controls the tilt of the perturbation
spectrum. In Sec. III, we study the subsequent dynamics
during radiation domination, in the case where ϕ makes
up the DM. In this section, we choose to focus on a quartic
potential [see Eq. (25)]. We first track the relic abun-
dance, and then we see how the perturbations derived in
Sec. II evolve after inflation. In Sec. IV, we conclude. In
Appendix A, we elaborate on the details of the relic density
calculation, and in Appendix B, we study how the density
perturbations of a scalar field evolve. We make all the code
used in this work publicly available on Github [53].

II. INFLATION

We begin by studying the evolution of a spectator scalar
field ϕ during inflation. We will consider the scenario
where the spectator consists of small perturbations on top

FIG. 1. Left: Evolution of α [see Eq. (2)] as a function of e-folds N during inflation. We take the inflationary Hubble scale to be
HI ¼ 1012 GeV in this plot. The spectator begins with αi ≫ 1 at the start of inflation Ni ¼ −80. Initially, αðNÞ oscillates and decreases
in magnitude exponentially. Once α < 1, it decreases as 1=N. Dashed lines show the analytic approximation in Eq. (12). We show
evolutions for two choices of potential VðϕÞ ∼ ϕp. The blue curve has κ ¼ Oð1Þ, while the orange has small κ. In accordance with
Eq. (12), the latter results in much larger values of α. Right: Primordial isocurvature spectrum for scalar DM with the same potentials as
in the left plot. Dashed lines show the analytic approximation in Eq. (21). In both numerical and analytic curves, we include the constant
factor from late-time evolution [see Eq. (33)], which for quartic DM with massm ¼ 10 eV applies to the left of the gray dotted line [see
Eq. (31)]. The tilt of the spectrum is related to α at horizon crossing N� (shown on the top axis), as in Eq. (22). For κ ¼ Oð1Þ, this
generically results in a small blue tilt. For smaller κ, as in the orange curve, the tilt can be much stronger. In gray, we show constraints on
the primordial isocurvature spectrum from observations of the CMB [46], ultraviolet luminosity function (ULVF) [47], Lyman-α forest
[48,49], and ultrafaint dwarf galaxies [49] (see also Ref. [50]). To avoid these constraints, the normalizations of the potentials are fixed at
λ ¼ 10−9 [as in Eq. (25)] for the blue curve and Λ ¼ 4.4 × 1011 GeV [as in Eq. (6)] for the orange curve. Note that the total matter power
spectrum will be the sum of the isocurvature and adiabatic fluctuations [see Eq. (33)].
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of a homogeneous condensate1

ϕðx; tÞ ¼ ϕ0ðtÞ þ δϕðx; tÞ: ð1Þ

First, we will study the dynamics of the condensate during
inflation in the presence of a nontrivial potential VðϕÞ. We
will derive the slow-roll condition2

jαj≡ jV 00ðϕ0Þj
3H2

≪ 1 ð2Þ

for the condensate dynamics (where H ¼ ȧ=a is the
Hubble scale), and see that for a large class of potentials,
α≲ 1 for most of inflation. Then we will study the

perturbations of the spectator. In particular, we will show
that the spectrum of the perturbations receive a blue
tilt from a nonzero α. We therefore conclude that a small
blue tilt can generically arise in the power spectrum of a
spectator.
Throughout this section, we will ignore the dynamics

of the inflaton, and we will assume an exact de Sitter
spacetime for inflation, given by the scale factor

a ¼ eHIt ¼ eN ¼ −
1

HIτ
; ð3Þ

in terms of physical time t, e-folds N, or conformal time τ.
This corresponds to a constant Hubble scale HðtÞ ¼ HI .
Accounting for the evolution of HðtÞ introduces sub-
leading corrections to the tilt of the power spectrum (see
footnote 4).

A. Condensate

The evolution of the spectator condensate during infla-
tion is given by3

ϕ̈0 þ 3HIϕ̇0 þ V 0ðϕ0Þ ¼ 0; ð4Þ

where dots represent derivatives with respect to t. Let us
suppose that the initial value ϕ0;i satisfies αi ≫ 1. In this
case, the final term in Eq. (4) dominates over the second
term, so that ϕ0 oscillates in its potential. The second term,
however, damps its motion, leading to a redshifting of the
energy density

ρ ∝ a−3ð1þwÞ ¼ e−3ð1þwÞN; ð5Þ

where w is the equation of state of the spectator, which
depends on its potential. For instance, in a monomial
potential

VðϕÞ ¼ Λ4−pϕp; ð6Þ

the equation of state is given by [see Eq. (B9)]

w ¼ p − 2

pþ 2
: ð7Þ

Noting that ρ ∝ VðpÞ, this leads to a scaling

α ∝ ϕp−2 ∝ e−
6ðp−2Þ
pþ2

N ð8Þ

during the initial stages of inflation. In other words, if ϕ0

begins in a region where α is large, it will quickly evolve so
that α decreases exponentially (as a function of N).

FIG. 2. Parameter space for inflationary production of scalar
DM with a quartic potential [see Eq. (25)]. The blue line indicates
parameters that produce the correct DM relic abundance forHI ¼
1010 GeV and Ntot ¼ 80 (assuming instantaneous reheating).
Colored regions indicate constraints on this production scenario,
including overproduction of isocurvature fluctuations (see right
plot of Fig. 1), violation of Neff constraints at the time of BBN,
and transplanckian initial conditions ϕ0;i > Mpl. (Note that all
parameters below the blue line are also constrained due to
overclosure of the universe.) Dotted lines show these curves
for HI ¼ 1012 GeV. In gray, we show late-time constraints on
self-interacting dark matter (SIDM) and disruption of structure
formation [52].

1Note that even if the scalar field begins in an inhomogeneous
configuration, inflation will effectively “zoom in” on a small
region of the configuration, leading to a homogeneous scenario.
More specifically, the fluctuations of the field over a Hubble
patch are δϕ ∼ ðaHIÞ−1∇ϕ. Even in the absence of dynamics of
the field, this redshifts relative to ϕ0, so that Eq. (1) will
eventually become a valid perturbative expansion.

2The parameter α is analogous to the second slow-roll
parameter η of the inflaton (by substituting H2 ¼ V inf=3M2

pl).
Its behavior is, however, very different. For a monomial
inflaton potential, η increases as inflation progresses. Meanwhile,
for a monomial spectator potential, α decreases over time
[see Eq. (11)].

3The nontrivial potential VðϕÞ can allow for fragmentation of
the condensate into particles [39]. The couplings considered in
this work are weak enough that this fragmentation is negligible
during inflation (see Fig. 2).
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Let us now understand when ϕ0 begins to evolve slowly.
When the first term in Eq. (4) can be neglected, the
condensate follows the slow-roll solution

ϕ̇0 ¼ −
V 0ðϕ0Þ
3HI

: ð9Þ

The slow-roll solution holds when jϕ̈0j ≪ Hjϕ̇0j, or equiv-
alently when jαj ≪ 1.4 The slow-roll solution in Eq. (9) can
be reexpressed in terms of α, as

dα
dN

¼ −κα2; κ≡ V 000ðϕ0ÞV 0ðϕ0Þ
V00ðϕ0Þ2

: ð10Þ

For a monomial potential, κ ¼ p−2
p−1. This differential equa-

tion is solved by

αðNÞ ¼ 1

κðN − NsrÞ þ 1
; ð11Þ

where αðNsrÞ≡ 1.
We can now outline the scenario of interest. Any poten-

tial VðϕÞ will consist of fast-roll regimes with jαj≫1 and
slow-roll regimes with jαj ≪ 1. We are interested in the
case where ϕ0 begins inflation in the fast-roll regime and
rolls toward the slow-roll regime. In such a scenario, α will
decrease exponentially in N, so that ϕ0 quickly reaches the
slow-roll regime. From then on, it will decrease as 1=N. If
inflation begins at Ni, then we generically expect

αðNÞ ≈ 1

κðN − NiÞ
: ð12Þ

See Ref. [54] for a similar scenario in the case where ϕ
is a curvaton. In the left plot of Fig. 1, we show sample
evolutions of α for two monomial potentials, which
demonstrate this behavior.5

In summary, the necessary conditions on the potential
and initial values for this scenario to occur are the
following:

V 00ðϕ0;iÞ> 3H2
I ðbegin in fast-roll regimeÞ

V 00ðϕÞ< 3H2
I for someϕ ðslow-roll regime existsÞ

V 000ðϕÞV 0ðϕÞ> 0 ðroll toward slow-roll regimeÞ
Vðϕ0;iÞ≪ 3H2

IM
2
pl ðspectator subdominantÞ

Note that the third condition implies that this mechanism
does not work for certain potentials, e.g., a cosine poten-
tial VðϕÞ ∼ cosðϕÞ.

B. Perturbations

Next we consider the perturbations δϕ and compute the
isocurvature power spectrum imprinted on the field during
inflation. In the absence of any potential, the resulting
power spectrum is flat, while a nonzero V 00ðϕ0Þ imprints a
blue tilt on the spectrum. See Ref. [26,35,36,39,57] for
similar derivations. The perturbations of ϕ evolve as6

δϕ̈k þ 3HIδϕ̇k þ
�
k2

a2
þ V 00ðϕ0Þ

�
δϕk ¼ 0; ð13Þ

where δϕkðtÞ are the Fourier modes of δϕðx; tÞ. This can be
rewritten in terms of fk ≡ aδϕk and conformal time τ as

∂
2
τfk þ

�
k2 −

∂
2
τa
a

þ a2V 00ðϕ0Þ
�
fk ¼ 0: ð14Þ

Before the mode exits the horizon, jkτj ≫ 1, Eq. (14)
takes the form of a harmonic oscillator with frequency k. As
initial conditions for this oscillator, we take the Bunch-
Davies vacuum

fkðτ → −∞Þ ¼ 1ffiffiffiffiffi
2k

p e−ikτ: ð15Þ

In the superhorizon limit, jkτj ≪ 1, Eq. (14) becomes

∂
2
τfk þ

3αðτÞ − 2

τ2
fk ¼ 0; ð16Þ

where αðτÞ encodes the evolution of the condensate ϕ0ðτÞ.
For constant (or slowly varying) α ≪ 1, this is solved by

fk ∼
ð−kτÞα−1ffiffiffi

k
p ⇒ δϕk ∼H1−α

I kα−
3
2e−αN: ð17Þ

4If one allows for HðtÞ to be time dependent, one arrives at a
second slow-roll condition from differentiating the denominator
of Eq. (9). This condition is precisely the first slow-roll condition
for inflation, ϵ≡ −Ḣ=H2 ≪ 1. Note that this is a condition on the
inflaton sector, not the spectator potential.

5In this work, we ignore quantum fluctuations of ϕ; i.e., we
assume that its classical trajectory Δϕcl ∼ ϕ̇=HI dominates over
its quantum fluctuations Δϕqu ∼HI [55,56]. For a monomial
potential as in Eq. (6), this holds for α≳ ðΛ=HIÞð4−pÞ=ðp−1Þ, while
for a quartic potential as in Eq. (25) [with m ¼ 0], it holds for
α≳ λ1=3. Note that the orange curve in the left plot of Fig. 1
violates this bound near the end of inflation (but this does not
affect the right plot).

6In the fast-roll regime α ≫ 1, oscillations of the V 00ðϕ0Þ term
in Eq. (13) can induce parametric resonance. If this occurs at scale
factor ap, it will excite modes with k=ap ∼

ffiffiffiffiffiffi
V 00p

∼ ffiffiffiffiffi
αp

p HI . For a
monomial potential, one can show from Eq. (8) that this mode
has α� ∼ αð8−2pÞ=ðpþ2Þ

p . For p ≤ 4, this gives α� ≳ 1, which
corresponds to unobservable modes that are still outside the
horizon. However, for p > 4, the effects of early parametric
resonance may be imprinted on observable modes.
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Note that δϕk decreases exponentially (as a function of N)
while outside the horizon. This means that longer wave-
length modes, which exit the horizon earlier, will exhibit
suppressed power compared to shorter wavelength modes.
In other words, this implies a blue tilt of the power
spectrum. Specifically, the power spectrum of the spectator
perturbations (at the end of inflation) is approximately

PδϕðkÞjrh ≡
k3

2π2
jδϕkj2 ð18Þ

≈
�
HI

2π

�
2

· exp

�
−2

Z
Nrh

N�
αðNÞdN

�
; ð19Þ

where N� denotes horizon crossing (k ¼ a�HI) and
Nrh ¼ 0 denotes the end of inflation. The first factor in
Eq. (19) represents the well-known result for a free
massless (α ¼ 0) spectator [25,58], while the second factor
represents the damping due to the nonzero potential.
Ultimately, we are interested in the statistics of the

density perturbations7

δk ≡ δρk
ρ

≈
V 0ðϕ0Þ
Vðϕ0Þ

δϕk; ð20Þ

where δρk are the Fourier modes of ρðx; tÞ. From Eq. (19),
we can compute the power spectrum of the density
perturbations

PδðkÞjrh ≈
1

12π2αrh

�
V 02V 00

V2

�
rh
exp

�
−2

Z
Nrh

N�
αðNÞdN

�
:

ð21Þ

Importantly, Pδ scales with k as8

niso − 1≡ d logPδ

d log k
¼ 2αðN�Þ: ð22Þ

We see that the tilt of the spectrum is set by the value of α
when the relevant mode exits the horizon. As the modes we
measure in the CMB exited the horizon around N� ≈ −60,
then the tilt of the spectrum on large scales will be appro-
ximately 2=κðNtot − 60Þ, where Ntot is the total number of
e-folds during inflation. For instance, for κ ¼ Oð1Þ and
Ntot − 60 ¼ Oð10Þ, we expect niso − 1 ¼ Oð0.1Þ. While
this is a modest tilt, we note that it can exceed the mea-
sured tilt of the adiabatic fluctuations in the CMB [33].

For smaller κ or fewer e-folds, niso − 1may be larger. In the
right plot of Fig. 1, we show the primordial isocurvature
spectrum (with the constant factor from late-time evolution;
see Sec. III B) for two monomial potentials. These are
shown as a function of current momentum scale (see
Appendix A)

ktoday ¼
arh
atoday

k ≈ 10−28

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1012 GeV

HI

s
· k: ð23Þ

The potential with small κ yields large isocurvature
fluctuations at small scales.

III. RADIATION DOMINATION

Now that we have understood how the condensate and
perturbations of the spectator field are generated during
inflation, we study how these further evolve during
radiation domination. While in Sec. II, we primarily dealt
with the field ϕ itself, during radiation domination, it will
be more useful to deal with the energy density ρ. This is
because ϕ0 begins to oscillate, and so if VðϕÞ is nontrivial,
the final term in Eq. (13) can lead to parametric resonance
of δϕk. This implies that the perturbative decomposition of
the field in Eq. (1) will break down. The energy density
will, however, remain nearly homogeneous on large scales.
For simplicity, in this section, we will assume instanta-

neous reheating at trh ¼ 0 (or τrh ¼ −1=HI) into radiation
domination. This is described by the scale factor

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2HIt

p
¼ 2þHIτ ð24Þ

for t > trh (or τ > τrh), which corresponds to a Hubble scale
HðaÞ ¼ HIa−2. To study the dynamics of the energy
density, we will also need to fix a potential. We will focus
on a quartic potential with a small mass

VðϕÞ ¼ 1

2
m2ϕ2 þ λ

4!
ϕ4: ð25Þ

We note that, for the parameter space of interest in this
work, this potential is not technically natural, as the quartic
term can lead to large radiative corrections for the mass
term. Nevertheless, similarly unnatural models are often
considered for the inflaton or for DM [6,33,59,60].
We will first study how the average energy density of the

scalar evolves through radiation domination. We will find
viable parameter space where a scalar field with the
potential in Eq. (25) can constitute the entirety of DM
(see Fig. 2). Then we will track the density perturbations
and see that the primordial power spectrum is related to the
power spectrum at reheating by an Oð1Þ factor. Therefore,
the tilt derived in Eq. (22) remains valid at late times.

7Here we assume that the energy density is dominated by the
potential energy and neglect the kinetic and gradient energy
contributions [see Eq. (B3) for the full expression for ρ].

8For generic α, Eq. (14) is solved by fk ∼
ffiffiffiffiffiffi
−τ

p
Hνð−kτÞ, where

Hν is a Hankel function (of either kind) of order ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9=4 − 3α

p
,

resulting in a tilt niso − 1 ¼ 3 − 2ν [35,36]. Equations (17) and
(22) are the α ≪ 1 limits of these well-known results.
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A. Relic density

First, let us consider the evolution of the average energy
density. We saw in Sec. II A that, at the beginning of
inflation, the scalar quickly reaches a slow-roll solution,
which acts as an attractor. Thus, for a fixed length of
inflation Ntot, the energy density in the scalar at the end of
inflation, and therefore also its energy density today, is
independent of its initial conditions. This is in contrast to
other scalar DM production mechanisms where the field
value at the end of inflation, and so also its abundance
today, is stochastic [38,39]. Enforcing the correct DM relic
abundance then implies a predictive relationship between
the parameters of the potential.
As radiation domination progresses, the scalar will exhibit

various different equations of state, which will affect how
its energy density redshifts. The scalar will always begin
radiation domination as it ended inflation: slow rolling. This
corresponds to an equation of statew ¼ −1, or equivalently a
constant energy density ρ ∝ a0. If the scalar is to be the DM,
it should end up redshifting like matter, i.e., w ¼ 0 or
ρ ∝ a−3. In the case of the potential in Eq. (25), there will
also be an intermediate period where the quartic term
dominates. In this case, Eq. (7) implies that w ¼ 1=3 and
so the scalar redshifts like radiation, ρ ∝ a−4, during
this period.
More specifically, the scalar will end inflation with

energy density

ρrh ≈ VðϕrhÞ ¼
3α2rhH

4
I

2λ
: ð26Þ

It will begin to oscillate and behave as radiation at ar
defined by

αr ≈
V 00ðϕrhÞ
3HðarÞ2

∼ 1 ⇒ ar ∼ α−1=4rh : ð27Þ

When the scalar behaves as radiation, the amplitude of the
field redshifts as ϕ ∼ a−1. Finally, it will begin to behave as
matter at am defined by

1

2
m2ϕ2

m ∼
λ

4!
ϕ4
m ⇒ am ∼

ffiffiffiffiffiffi
αrh
4

4

r
HI

m
: ð28Þ

For a > am, the energy density in the scalar is therefore

ρa3 ∼ ρrh

�
arh
ar

�
0
�
ar
am

�
4

a3m ∼
3α3=4rh mH3

Iffiffiffi
2

p
λ

: ð29Þ

Setting this equal to the observed DM relic abundance fixes
a relationship between m and λ (for fixed HI and Ntot).
In Fig. 2, we show a precise calculation of this relation-

ship (see Appendix A for details). We also show other
constraints on this production scenario. If λ is too large,
the isocurvature fluctuations predicted in the right plot of

Fig. 1 will contradict CMB observations. On the other
hand, if λ is too small, the energy density in DM at the time
of big bang nucleosynthesis (BBN) will correspond to a
large ΔNeff , which is constrained to be ΔNeff < 0.2 [61].
Additionally, if λ is too small, the first condition at the end
of Sec. II Awould require ϕ0;i > Mpl. Finally, we also show
late-time constraints on quartic DM. Astrophysical obser-
vations constrain self-interactions of DM to be σ=m≲
1 cm2=g [62]. Additionally, large quartic interactions can
inhibit structure formation during matter domination [52].

B. Density perturbations

Finally, we study how the density perturbations that we
derived in Eq. (21) evolve through radiation domination.
To do so, we will apply a “separate universes” argument
[41,63–65]. On large length scales, gradient terms in the
equation of motion for the scalar can be ignored. In this
case, each point in space evolves independently of sur-
rounding points. In particular, each point will undergo the
same dynamics that was outlined in Sec. III A for the
average energy density, only they will each begin with
different local initial conditions.
The separate universes approach holds for momentum

modes k which are small enough that gradient terms have
no effect on the dynamics of the density perturbations. In
Appendix B, we study the evolution of the density
perturbations for a scalar field. For a quartic potential,
the effect of finite momentum k is to induce oscillations of
the perturbations at frequency k=

ffiffiffi
3

p
a. The separate uni-

verses approach therefore holds when the total accumulated
phase Z

dt
kffiffiffi
3

p
a
¼

Z
da

kffiffiffi
3

p
HI

ð30Þ

is small. Oscillations will cease at a ¼ am, when the
potential is no longer dominantly quartic. We can therefore
estimate that the separate universes approach holds for

ktoday ≲ arh
atoday

ffiffiffi
3

p
HI

am
∼ 1200 Mpc−1 ·

�
m

10 eV

�
: ð31Þ

For scales satisfying this requirement, it is easy to see
how the density perturbations evolve after reheating. Each
separate universe undergoes the dynamics outlined in
Sec. III A with a different initial energy density ρrh, as
well as a different local Hubble scaleHI. The latter is due to
local variations in the metric and can be related to the local
gravitational potential Φ by HI ∝ 1 −Φ. As such, density
fluctuations caused by variations in HI are adiabatic
perturbations, which correlate with the perturbations in
all other components of the universe. On the other hand,
variations due to different initial ρrh are isocurvature
perturbations, which only affect DM. The dependence of
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the final energy density on these can easily be read off from
Eqs. (26) and (29)9

ρ ∝ ρ3=8rh H3=2
I : ð32Þ

One then finds that the final density perturbations (for
a > am) are

δ ¼ 3

8
δrh −

3

2
Φ: ð33Þ

The former term represents isocurvature perturbations,
while the latter represents adiabatic perturbations. These
are the total perturbations that constitute the primordial
matter power spectrum [on scales which satisfy Eq. (31)].

IV. CONCLUSION

In this work, we have shown that the dynamics of a
scalar with a nontrivial potential during inflation can
naturally give rise to a blue-tilted spectrum for its pertur-
bations. For a free scalar field, such a spectrum would
typically require the mass to be comparable to the infla-
tionary Hubble scale, m ∼HI . However, if the scalar has a
potential VðϕÞ that satisfies the conditions at the end of
Sec. II A, its condensate will spend most of inflation
near the boundary of the slow-roll regime, defined by
α ¼ V 00ðϕ0Þ=3H2

I ∼ 1. As V 00ðϕ0Þ plays the role of an
effective mass for the perturbations δϕ, then this is
precisely the condition for a blue-tilted spectrum. Such a
spectrum can lead to interesting signatures at small scales,
while avoiding CMB constraints at large scales. A crucial
condition for this mechanism is that inflation does not last
too long, as the final blue tilt is inversely proportional to the
number of e-folds before horizon crossing [see Eq. (12)].
This tilt can be enhanced for potentials with small κ, as
in Eq. (10).
We also highlighted that when ϕ is long-lived, this

mechanism leads to a final relic abundance, which is
insensitive to the initial conditions of the scalar field.
For fixed inflationary parameters, this implies a predictive
relationship between the parameters of the potential to
produce the correct relic abundance to be DM. In Fig. 2, we
computed the relationship between m and λ for a quartic
potential, and plotted it in relation to constraints on this
mechanism and quartic DM in general. We demonstrated
that there is viable parameter space where a scalar field with

a quartic potential can constitute the entirety of DM. If the
DM contains no interactions with the SM, enhanced small-
scale isocurvature (and associated signatures, such as
gravitational waves or non-Gaussianities) may be one of
the most promising ways of searching for it.
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APPENDIX A: RELIC DENSITY CALCULATION

In this appendix, we outline the details for the compu-
tation of the relationship in Fig. 2. A precise calculation of
the relic density for the small masses appearing in Fig. 2 is
too computationally difficult, as it requires evolving over a
very long period of time. Instead, we compute the relic
density for a much larger mass, and then extrapolate using
the scalings derived in Eq. (29). This relic density must then
be connected to the current DM density.
To begin, the condensate can be evolved during inflation

as a function of t (or N), as in Eq. (4). During radiation
domination, the equation of motion for the condensate
becomes

ϕ00
0 þ 2aðτÞHðτÞϕ0

0 þ aðτÞ2V 0ðϕ0Þ ¼ 0; ðA1Þ

as a function of conformal time τ. Once the condensate
begins rolling, the second term will become small, and the
condensate will oscillate with frequency given by the final
term. Notice that when the quartic term in Eq. (25)
dominates, this frequency is ∝ a2ϕ2

0 ∼ a0. In other words,

9It is not difficult to see that the final energy density will
always have this dependence on HI [and therefore the same
adiabatic perturbations in Eq. (33)], regardless of the potential.
This is because the ratio ar=am in Eq. (29) depends only on ρrh
and parameters of the potential. In general, the amount of time
spent progressing through different regions of the potential (with
different equations of state) will not depend on HI . The Hubble
scale HI will only affect the time at which the scalar begins to
roll.
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when written in terms of τ, the oscillation frequency is
constant during the quartic phase. For this reason, it is
preferable to evolve as a function of τ (as opposed to t orN)
during radiation domination.
To get a robust prediction for the relic density, the

condensate should be evolved until the quadratic term in
Eq. (25) dominates. (After this point, it will redshift as
matter.) For the masses in Fig. 2, this would require
evolving to very large a, and therefore also large τ.
Instead, we evolve the spectator for a much larger mass
mref , and compute the quantity ρa3 (which is constant at
late times). From Eq. (29), we can see this quantity scales as
∝ m1H3

Iλ
−1, and so can readily be extrapolated to other

values of interest.
To connect this quantity with the current DM abundance,

we must compute atoday. (Recall that our convention is
arh ¼ 1.) This can be done by tracking the Hubble scale
backwards in time to determine when it reaches HI . In
the ΛCDM model, at late times, the Hubble constant is
given by

HðaÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩΛ þ Ωm ·

a3today
a3

þ Ωm ·
aeqa3today

a4

s
; ðA2Þ

where the final term represents the radiation component,
normalized so that the matter and radiation components are
equal at aeq ¼ atoday=3400 [22].
At early times, the first two terms in Eq. (A2) can be

neglected. However, the radiation component evolves non-
trivially when the number of SM degrees of freedom is
changing. The entropy density evolves as s ∝ g�;sT3 ∝ a−3,
where g�;s is the entropy-weighted number of SM degrees
of freedom. The energy density therefore evolves as

ρ ∝ g�;ρT4 ∝ g�;ρg
−4=3
�;s a−4; ðA3Þ

where g�;ρ is the energy-weighted number of degrees of
freedom. One can then see that, at early times, the Hubble
scale is given by

HðaÞ ¼ g�;ρðaÞ1=2g�;sðatodayÞ2=3
g�;ρðatodayÞ1=2g�;sðaÞ2=3

H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aeqa3todayΩm

a4

s
: ðA4Þ

Setting a ¼ arh ¼ 1 and HðarhÞ ¼ HI , one can solve for
atoday. Using Ωm ¼ 0.32 and H0 ¼ 70 km=s=Mpc [22],
as well as the SM values for the degrees of freedom
g�;ρðatodayÞ ¼ 3.4, g�;sðatodayÞ ¼ 3.9, and g�;sðarhÞ ¼
g�;ρðarhÞ ¼ 106.75 [66], we find the result in Eq. (23).
The current DM abundance is given by

ρDM ¼ 3ΩcH2
0

8πG
; ðA5Þ

where Ωc ¼ 0.26 [22] and G is the gravitational constant.
The relationship between m and λ can then be determined
by equating

ρDMa3today ¼ ½ρa3�ref
�

m
mref

��
HI

HI;ref

�
3
�
λref
λ

�
; ðA6Þ

where we compute ½ρa3�ref with the reference values
mrm ¼ 108 GeV, λref ¼ 10−9, and HI;ref ¼ 1012 GeV.

(Note that atoday ∝ H1=2
I , so ultimately λ=m ∝ H3=2

I .)
Finally, let us elaborate on the calculation of the BBN

bound in Fig. 2. This constraint is set by demanding that the
DM abundance at the time of BBN has less energy density
than ΔNeff;max ¼ 0.2 neutrino species. To determine the
BBN abundance for parameter values of interest, we can
again compute the abundance ρrefðaÞ over time for refer-
ence values and extrapolate. From Eq. (26), we see that the
initial abundance scales as ∝ H4

Iλ
−1. The abundance then

scales as ρ ∝ a−4, until am ∝ HIm−1 [from Eq. (28)]. We
can therefore relate the physical abundance to the reference
calculation as

ρðaÞ ¼ ρref

�
a ·

m
mref

·
HI;ref

HI

��
m
mref

�
4
�
λref
λ

�
: ðA7Þ

This must be less than

ρBBN;max ¼
π2

30
·
7

4
·

�
4

11

�
4=3

· ΔNeff;max · T4
BBN ðA8Þ

at

aBBN ¼ atoday ·

�
T today

TBBN

�
·

�
g�;sðatodayÞ
g�;sðaBBNÞ

�
1=3

; ðA9Þ

where TBBN ¼ 1 MeV and g�;sðaBBNÞ ¼ 10.6 [66].

APPENDIX B: EVOLUTION OF DENSITY
PERTURBATIONS

In this appendix, we derive the evolution of the density
perturbations of a scalar field with nontrivial potential. The
dynamics of the field itself are governed by the Klein-
Gordon equation in an expanding spacetime

ϕ̈þ 3Hϕ̇ − a−2∇2ϕþ VðϕÞ ¼ 0: ðB1Þ

If we multiply Eq. (B1) by ϕ̇, the result can be written as

ρ̇þ 3Hðρþ PÞ þ∇ · q⃗ ¼ 0; ðB2Þ

where

ρ ¼ 1

2
ϕ̇2 þ 1

2
a−2ð∇ϕÞ2 þ VðϕÞ; ðB3Þ
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P ¼ 1

2
ϕ̇2 −

1

6
a−2ð∇ϕÞ2 − VðϕÞ; ðB4Þ

q⃗ ¼ −a−2ϕ̇∇ϕ: ðB5Þ

Equation (B2) is the continuity equation for a fluid with
energy density ρ, pressure P, and momentum density q⃗ in
an expanding spacetime. Similarly, if we multiply Eq. (B1)
by −a−2∇ϕ, the result can be written as

˙q⃗þ 5Hq⃗þ a−2∇Pþ a−2∇jΠij ¼ 0; ðB6Þ

where

Πij ¼ a−2
�
∇iϕ∇jϕ −

1

3
ð∇ϕÞ2δij

�
ðB7Þ

is the anisotropic stress of the scalar field. When written in
terms of the velocity field, v⃗ ¼ q⃗=ðρþ PÞ, Eq. (B6) can be
understood as the Euler equation for a fluid.
Let us make some simplifying assumptions for Eqs. (B2)

and (B6). First, if the production of ϕ is isotropic, we can
expect that Πij ≈ 0 on average. Second, we would like to
relate the energy density and pressure via an equation of
state P ¼ wρ. This can occur if all relevant modes are
nonrelativistic,10 so that the second terms in Eqs. (B3) and
(B4) are negligible, and moreover if we are interested in
timescales longer than the oscillation frequency. In this
case, the virial theorem implies

hϕ̇2i ¼ hV 0ðϕÞϕi; ðB8Þ

where brackets represent an average over oscillations. Note
that this holds at any point in space. Therefore, we can
make the identification ρ ¼ wP locally with

w ¼ hV 0ðϕÞϕi − 2hVðϕÞi
hV 0ðϕÞϕi þ 2hVðϕÞi : ðB9Þ

With these simplifications, Eqs. (B2) and (B6) can be
combined to form

ρ̈þ ð8þ 3wÞHρ̇þ 3ð1þ wÞðḢ þ 5H2Þρ − wa−2∇2ρ ¼ 0:

ðB10Þ

If we write Eq. (B10) in terms of the density perturbations
δ ¼ ρ=ρ0, where ρ0 ∝ a−3ð1þwÞ is the average energy
density, then we find

δ̈þ ð2 − 3wÞHδ̇ − wa−2∇2δ ¼ 0: ðB11Þ

When a mode of interest is outside the horizon, k ≪ aH,
then the final term in Eq. (B11) can be neglected.
Regardless of the equation of state w, the dominant
solution for δ will then be constant. In this case, the
nontrivial potential has no effect on the evolution of the
density perturbations. However, once the mode has
entered the horizon, k ≫ aH, then it begins to oscillate
at frequency

ffiffiffiffi
w

p
· k=a. The dominant effect of a non-

trivial potential is therefore to induce these oscillations
once the mode enters the horizon. In the case of scalar
DM, these oscillations will continue until the scalar
reaches the part of its potential that is dominantly
quadratic VðϕÞ ∼ ϕ2 (at which point w ¼ 0).
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