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We construct an SU(5) grand unified theory on domain walls in the five-dimensional space-time. In this
setup, we introduce an adjoint scalar field and a singlet that together form a set of five domain-wall solutions,
realizing a dynamical brane world. The same scalar fields also localize chiral fermion zero modes around the
walls via the Jackiw-Rebbi mechanism, break SU(5) down to the Standard Model gauge group via
geometric Higgs mechanism and simultaneously trap gauge fields through a field-dependent gauge kinetic
term. Furthermore, they enable localization of the Higgs field, providing a novel solution to the doublet-
triplet splitting problem. As a result, all essential ingredients of the model are realized by a single adjoint
scalar field and a singlet, making the construction very economical. We propose two realizations of the
Higgs sector, derive the four-dimensional effective theory, and demonstrate that the Standard Model Yukawa
couplings at the weak scale can be reproduced from the five-dimensional Yukawa couplings by the
renormalization group analysis with a suitable choice of parameters.
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I. INTRODUCTION

The hypothesis of extra dimensions has been extensively
explored in high-energy physics and cosmology. Within this
context, the brane world framework provides a compelling
paradigm in which our observable universe is realized as a
three-dimensional hypersurface (3-brane) embedded in a
higher-dimensional space-time. Prominent realizations of
this idea include the model of Arkani-Hamed, Dimopoulos,
and Dvali [1], which introduces large compact extra
dimensions to lower the fundamental Planck scale; its
embedding into the superstring theory is studied in [2].
The Randall-Sundrum model [3,4] employs warped extra
dimensions to generate a hierarchy with an exponential
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factor. Both scenarios illustrate how higher-dimensional
geometries can offer novel mechanisms to address long-
standing puzzles of the Standard Model (SM), most notably
the gauge hierarchy problem.

However, this scenario suffers from fundamental prob-
lems: the existence of branes and the localization of SM
fields are simply assumed. These problems can be resolved
by introducing topological solitons. The dynamical origin of
branes in extra dimensions arises from spontaneous sym-
metry breaking, which generates a topologically stable
soliton that hosts our four-dimensional universe. This topo-
logical structure not only guarantees the stability of the brane
but also naturally explains the localization of chiral matter
fields [5,6]. Remarkably, gravitons can likewise be trapped
[7-12], ensuring that both matter and gravity are confined to
the same four-dimensional surface. Thus, topological sol-
itons provide a compelling and elegant mechanism that
bridges the gap between higher-dimensional theories and the
observed four-dimensional world.

Despite this success, the localization of massless gauge
bosons remains a highly nontrivial problem. When the
gauge symmetry H is spontaneously broken in the bulk
(the Higgs phase) and restored only in the vicinity of a
topological soliton, one might anticipate the emergence of
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massless gauge bosons localized within the soliton’s core.
However, this expectation is not realized in general: mass-
less modes acquire masses proportional to the inverse width
of the soliton [13]. The reason is that the bulk region, apart
from the soliton core, behaves as a non-Abelian super-
conductor. Although the gauge symmetry is restored inside
the soliton, any electric flux generated by a charged probe
placed within it is absorbed into the surrounding super-
conducting medium. Consequently, gauge fields can propa-
gate only over distances comparable to the soliton width,
implying that they are massive [2,13]. This reasoning is
physically well-motivated, and thus, the localization of
massless gauge bosons on a soliton appears, in general,
to be a highly nontrivial challenge.

A crucial insight to overcome this difficulty was intro-
duced in Ref. [13], where a mechanism based on electro-
magnetic duality was proposed.l If a probe magnetic charge
is placed inside the soliton embedded in a superconducting
bulk, the magnetic flux is expelled from the bulk by the
Meissner effect. Owing to flux conservation, the field lines
are then confined to extend along the soliton, effectively to
infinity [2,13]. In Ref. [13], this situation was reformulated
in a dual picture: the Higgs phase in the bulk is replaced by
a confining phase, realized by the condensation of magnetic
charges. Under this assumption, a massless gauge field can
be localized inside the soliton when the gauge symmetry H
remains unbroken within the soliton but is embedded into a
larger non-Abelian group G in the confining bulk. This
localization mechanism, known as the Dvali-Shifman (DS)
mechanism, was rigorously demonstrated in four-dimen-
sional super Yang-Mills theory [13]. Its extension to higher
dimensions, however, remains unproven, as the nature of
confinement in dimensions beyond four is not yet fully
understood. Following Ref. [13], fat-brane scenarios based
on this idea have been studied [40-43]. However, most of
these works assume that the DS mechanism is valid.

On the other hand, a simpler mechanism for gauge field
localization was proposed by Ohta and Sakai [44]. In this
mechanism, a field-dependent gauge kinetic term (field-
dependent permeability) is introduced:

'Cgauge = _ﬁ(T)zFMNFMN7 (11)
where M, N denote indices of the full space-time and 7 is a
scalar field. The field strength is given as Fyy =
Oy Ay — Oy Ay + il Ay, Ay|. This represents a semiclass-
ical realization of the confining phase [1,13,45-49], rather
than the Higgs phase that exists outside the solitons. When
B(T)? is square-integrable over the entire extra-dimensional
space, the massless four-dimensional gauge fields become

lFollowing [13], numerous studies on the localization of
massless gauge bosons have been carried out [14-39]. Each
offers certain advantages but also facing specific limitations, and
a comprehensive understanding is still lacking.

localized on the topological soliton. Because square-inte-
grability is independent of the specific details of a model, the
resulting localization mechanism is quite robust. We have
confirmed this robustness in a number of explicit five- and
six-dimensional models [50-55] and have also provided a
formal proof valid in arbitrary spacetime dimensions [56,57].
The same localization mechanism is used to construct the
five-dimensional brane world models in [58-61].

In [52], we have constructed an SU(5) grand unified
theory (GUT) in five dimensions. In this model, two types
of scalar fields S and T are introduced, where the T sector
consists of an adjoint scalar field 7 and a singlet scalar field
T°. The scalar field S is responsible for localizing gauge
fields and T is for localizing matter fields. More specifi-
cally, T sector plays three important roles: (1) it generates
the domain-wall configuration, (2) it consequently traps
chiral fermion zero modes around the wall, and (3) it breaks
SU(5) down to the SM gauge group. It was further shown
that proton decay is suppressed due to the reduced overlap
of the zero mode functions of the fermions and gauge
fields. However, the SU(5) model proposed in [52] remains
phenomenologically incomplete, since neither the Higgs
sector nor the Yukawa couplings were incorporated. As a
result, it was not possible to address electroweak symmetry
breaking or to derive the mass spectrum of the matter fields.
Moreover, the model could not deal with the doublet-triplet
splitting problem in the SU(5) GUT.

In this paper, we construct a five-dimensional SU(5)
brane world model based on domain-wall solutions with a
Higgs sector and Yukawa couplings. In contrast to the
previous model [52], the present framework employs only
the T sector, consisting of the adjoint scalar field 7" and the
singlet scalar field 7°, without introducing the additional
scalar field S. The T sector is responsible not only for
the three tasks (1)—(3) explained above but also for (4) the
localization of gauge fields which was achieved by the
S field in [52], making the construction more economical.
Furthermore, we will show that the T field can also
contribute to (5) localization of the SM Higgs field on
the walls avoiding the doublet-triplet splitting problem.
Theories with extra dimensions provide an attractive
framework to solve the doublet-triplet splitting problem
[62-68]. Within the higher-dimensional context, we pro-
pose two distinct realizations of the Higgs sector that
successfully resolve the splitting problem. We further
derive the four-dimensional effective theory and show that
the SM Yukawa couplings can be reproduced from the five-
dimensional Yukawa interactions through renormalization
group evolution of the SM.

An additional advantage of the present setup concerns
the fermion mass structure. In minimal four-dimensional
SU(5) GUTs, the unified Yukawa structure generically
predicts the relation Y, = Y7 at the unification scale, where
Y, and Y, denote the Yukawa matrices for down-type
quarks and charged leptons, respectively. This relation
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leads to phenomenologically unrealistic fermion mass
relations. In our framework this problem is avoided
without extending the Higgs sector (for instance by
introducing additional Higgs representations such as a
45 as in the Georgi-Jarlskog mechanism [69]) or invoking
higher-dimensional operators that modify the Yukawa
structure [70]. Although the underlying five-dimensional
Yukawa couplings respect SU(5) unification, the effective
four-dimensional Yukawa matrices arise from overlap
integrals of localized fermion zero modes in the extra
dimension. These generation-dependent overlaps naturally
relax the usual SU(5) mass relations, allowing a realistic
pattern of fermion masses and mixings.

The organization of this paper is as follows. In Sec. II, we
provide an overview of the model. Section III is devoted to
the discussion of the domain-wall sector. In Sec. IV, we
describe the Higgs sector, with particular focus on the two
models that provide solutions to the doublet-triplet splitting
problem. Specifically, Sec. V presents the remaining
sectors and the derivation of the four-dimensional effective
theory of the model; Sec. VA deals with the gauge sector
and its four-dimensional effective theory, Sec. V D derives
the four-dimensional effective theories of the two Higgs-
sector models, Sec. V B discusses the fermion sector and its
effective theory, and Sec. V C covers the Yukawa sector and
the corresponding four-dimensional effective theory. In
Sec. VI we summarize our results. In A, we provide a
derivation of the effective potential in the domain-wall
sector. B gives proofs of the decompositions used in
Eq. (56.20) and Eq. (5.56). C summarizes the Standard
Model renormalization group equations used in the analysis
of the Yukawa couplings in Sec. V C.

II. MODEL

We consider a five-dimensional SU(5) GUT with a Higgs
'H in a fundamental representation, fermionic matters Ws 4 in
an antifundamental representation and ¥y 4 in an antisym-
metric representation, where the index A = 1, 2, 3 denotes
the generation. In addition, we introduce two scalar fields 7'
in an adjoint representation and a singlet 7°. They transform
under the gauge transformation with U € SU(S) as

H - UH, (2.1)
¥ - U*Ws, (2.2)
¥, — UY, U, (2.3)
T - UTU". (2.4)

We decompose the full Lagrangian into the following parts:

L= ‘CT + £H + ‘Cgauge + Lf + ‘Cyukawa' (25)
We briefly explain each part in the following.

The first part, L7, serves a role of providing domain wall
background on which the SM is realized in the low energy
limit. This background allows for several configurations of
domain walls and of spontaneous gauge symmetry break-
ing patterns. We will show that the symmetry breaking from
SU(5) to SU(3) x SU(2) x U(1) is realized as the most
energetically favored for robust choices of parameters in
the model. We will provide an explicit form of £; and a
detailed analysis to obtain the domain walls in Sec. III. The
effective Lagrangian of this sector will be discussed
together with that of the gauge sector in Sec. VA.

The second part, Ly, is the Lagrangian for the Higgs
fields, which is one of the main focuses of this paper. This
part provides a mechanism to localize the doublet part of H,
which becomes the SM Higgs field, while the triplet part
remains delocalized or only appears in the low-energy
effective theory through very heavy modes. This is a
solution to the doublet-triplet splitting problem. We will
propose two models to solve this problem in Secs. IVA
and IV B. We will also derive the effective Lagrangian of
these two models in Sec. V D.

The third part, Ly, describes the kinetic term of the
SU(5) gauge field and the localization of SM gauge fields
around a certain region of the fifth-dimension through the
Ohta-Sakai mechanism [44]. In this Lagrangian, a nontrivial
function of 7 and T° appears as a coefficient of the gauge
kinetic term. This means that the coefficient which is
normally an inverse of a gauge coupling constant is gener-
alized to a positive semidefinite function of 7" and T),. This
function plays an important role to localize gauge fields.
We will describe Ly in Sec. VA, where the effective
Lagrangian of L, will be derived as well.

The fourth part, L¢, includes the kinetic terms of the
fermion fields and their couplings to the 7" and T, fields,
by which the fermion can localize around the domain wall.
The fifth part, Ly,awa, contains the 5-dimensional Yukawa
terms that give the masses to the fermions after the
electroweak symmetry breaking. These two sectors will
be discussed, including the derivation of their effective
Lagrangians, in Secs. VB and VC. In Sec. VC, we
perform the renormalization group analysis of the Yukawa
couplings and show that the Yukawa couplings of the SM
at Z-boson scale are realized by suitable choice of the
Yukawa couplings and parameters in the five-dimen-
sional model.

III. DOMAIN WALL SECTOR

A. Domain wall background

For convenience, let us combine the SU(5) adjoint field
T and the scalar field T into a single entity T
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. T
TET+?015. (3.1)
We then organize the Ly as follows
‘CT = Tr[DMTDMT] - VO - Vl’ (32)

where the covariant derivative is given by Dy, T = 0y, T +
i[ Ay, T] with Ay, being an SU(5) gauge field. Note that
the kinetic term is not canonically normalized for T, field,
i.e. Tr[Dy TDMT] = Tr[Dy TDMT] + 10y TooM T

The first part of the potential V, is chosen in such a way
as to facilitate domain walls (and antiwalls) in the back-
ground and it is assumed that it is dominant over the second
part. The role of V| is to merely modify the shape and
dynamics of the (anti)walls slightly and mostly in a generic
manner. In particular, let us choose
|

<O> = Tvac/U € {157 _15}

() =T, /Jve { <_1 14), <1 _14>,+permutations} SU(5) = U(1) x SU(4)

VO = /1Tr(1)215 — TZ)Z‘ (33)

If we set V; = 0 for the moment, it is easy to see how V,
gives rise to domain (anti)walls. First, we observe that there
are 2° discrete vacua described by

Tyoe = vUdiag(sy, 55, ..., 55)U", (3.4)

where U is an arbitrary SU(5) matrix and s; € {—1, 1} are
a quintuplet of signs, while v is the vacuum expect-
ation value.

For further purpose, let us organize the canonical vacua,
given by Eq. (3.4) with fixed U = 15, into three sets (0),
(1), and (2) according to how they break SU(5) gauge
symmetry:

SU(5) preserving (3.5)

(3.6)

(2) = Tyue/VE { <_12 . > <12 " > , +permutations} SU(5) » U(1) x SUQ2) x SU3)  (3.7)

While there are only two elements in the set (0), there are
10 in (1) and 20 in (2), totaling 2° = 32 elements.

Next let us consider the domain walls. Since all the vacua
mentioned above are discrete, stable domain walls exist.
We choose the SU(5) unbroken vacua (0) and take the
following boundary conditions

T — — Uls, T—>7115.

y—=>—00 y—=00

(3.8)

A general static solution with these boundary conditions
can be obtained in a closed form as

Tywais = vdiag(tanh(Qy — R;)), i=1,....,5, (3.9)
where Q = \/ZU. This solution describes a configuration of
five domain walls at (dimensionless) positions R; along the
extra-dimensional coordinate y = x*.

Depending on the number of coincident walls and the
ordering of their positions on the y-axis, there are ten
patterns of possible configurations. A phenomenologically
interesting case is when three coincident walls and two
coincident domain walls are placed at different positions,
namely, R; =R, =R3; <Ry=Rs. We write this

2We take the metric to be nuy = diag(1,—-1,-1,-1,-1),
where M,N =0, ---3, 4 stand for the five-dimensional space-
time indices.

I
configuration as 3-2, where the numerals denote a number
of coincident walls and the hyphen means the space
separation. This configuration is depicted in Fig. 1. We
can think about this configuration as consisting of regions
of two asymptotic outer vacua and one approximate inner
vacuum, in which different symmetry breaking patters
are realized. The SU(S5) is unbroken far away from
the domain walls, but it is spontaneously broken to
SU(3)x SU(2) x U(1) in the middle region, where
T ~ vdiag(1,1,1,—1,—1). There are, of course, many

Ti
1.0

FIG. 1. Tllustration of the 3-2 split configuration of domain
walls. Here, v = Q =1 and the position moduli are given as
Rl :R2:R3:—2,R4:R5 :2
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other configurations such as 4-1 and 2-1-2, etc. As we will
see in the next subsection, the 3-2 configuration is ener-
getically favored compared to any other as V; is switched.
Furthermore, we will show that this remains true in a large
region of the parameter space and hence represents a
generic case.

B. Moduli stabilization

Let us now turn our attention to the question of how the
choice of V affects this picture. We consider the following
potential.

Vi = M—20*Te(T?) + aTr(T)). (3.10)
In fact, it turns out that we can be quite general in choosing
the extra pieces, provided that they are small compared
with V|, and hence can be treated perturbatively. Before we
discuss generic case, however, let us illustrate the situation
with specific examples.

This potential (here ¢ and « are dimensionless couplings)
can be characterized as an extra double-well potential for
the adjoint part 7'. First of all, it changes the structure of the
vacua. Namely, the additional energy due to V; for the three
sets of vacua defined in the previous subsection are given as

V1({0)) =0, (3.11)

V(1) = 116;;’ (52a — 252), (3.12)
1}4

Vi((2) = 2;‘;5 (8a—252).  (3.13)

As we see, which set corresponds to a minimum depends
on the values of o and u. In the following, we consider
a > 254%/28, which realizes a phenomenologically inter-
esting case, namely that SU(5)-preserving vacua are the
true minima of the full potential with the total energy
Vo ({0)) + V1({0)) = 0. As there are only two vacua in the
(0) set, all diagonal entries of the T field must be either
walls or antiwalls. Without the loss of generality, let us
takes1= ..:Sszl.

Treating V| as perturbation, we can ascertain which
configuration of static domain walls has the lowest energy
by plugging (3.9) into V| and integrating the result over y.
Furthermore, we obtain the effective potential as a function
of distances between walls R; — R;:

Veff(Ri_Rj)E/dyvl( Tyanis)- (3.14)

Notice that due to invariance of V; with respect to
permutation of diagonal entries, we can assume R; <
R, < ... < Rs without loss of generality. The effective

potential Ve (R; — R;) can be obtained exactly, which we
do in Appendix A.

However, for our purposes, let us demonstrate our claim
using a simple argument. Naively, we may be tempted to
think that a fully coincident configuration of walls, i.e.

Tcoin = Utanh(x)ls, (315)

is the minimum of the energy, since V(T ,) = 0, where
x = Qy. Departing slightly from the coincident point,
however, we can show that 7', must be in fact a local
maximum. Indeed, given that 7 would be small, we can
neglect the quartic term in V| and easily integrate the
quadratic term (see A) which gives

—/Ivzllz/dny(Twan)

- (8__ZtanhR R/)> (3.16)

As this is negative—as evident from the fact that the right-
hand side is maximal at the fully coincident limit, R; = R},
for which it equals zero—the effective potential implies a
repulsive force between any pair of walls for small
separations. Hence, we see that the coincident point is
unstable.

The other extreme—when all walls are well separated—
has the opposite effect, namely an attractive force due to
the fact that field values in the gaps will be in the (1) set for
the two outer gaps and in the (2) set for the two inner gaps.
These gaps roughly gives a constant positive energy per
unit length, which follows from (3.11) and (3.12). Thus,
these gaps would tend to collapse for large separations, but
as we have seen, the fully coincident configuration is
disfavored too. Hence, the true minimum should be a
partially coincident configuration. Furthermore, the field
value in the gap should be from the (2) set, since it is
energetically favorable over the set (1).

It is easy to establish that out of the two simplest
possibilities—the 3-2 splitting and the 4-1 splitting con-
figurations—

T3, =v

(tanh(x}h tanh(x — R)1, ) ’

( tanh(x)1,

T4_1 =70 (317)

tanh(x — R) )

the 3-2 splitting has the least energy. This can be checked
by direct calculation of the effective potentials
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32 T
Veff /dyvl( 3-2) 125

+24v3ﬂy2 | R
5 tanh(R) )’

Vg%flz/dyvl<T4-l> 375

(e8]

3 2
+16v Nom <] R >

5 * tanh(R)

We see that V32 is always bellow V4! (except the point
R =0). We display these effective potentials on Fig. 2,
showing that the minimum is reached at some nonzero
separations of coincident triplet and coincident doublet
of walls.

A further analysis can be made by considering more
complicated configurations, such as 2-1-2 double-split
background. Omitting the details, the effective potential
shows that minimum is achieved by collapsing one of the
gaps, thus reaching 3-2 configuration. In the following
section, and throughout the paper, we consider the 3-2
configuration as our domain wall background solution.

IV. HIGGS SECTOR

In this section, we propose two models for the Higgs
sector, which solve the double-triplet splitting problem.
One model does not need fine-tuning (model 1), while the
other model (model 2) does.

A. Model 1

We introduce a nonminimal kinetic term for the Higgs
field H

Ly = Tr|fy(T)*Dy HDMHT, (4.1)

where Dy, H = d,H — i Ay H, and we assume S is trans-

posed as B — UByUT under SU(5). This is a generali-

zation of Ohta and Sakai idea [44] in Eq. (1.1) to the Higgs

sector. As we will shortly show, no other terms are needed
to solve the doublet-triplet splitting problem.

To be concrete, let us take a specific example

Bu(T) = exp (=T, (4.2)

with ¢ being a constant. We use this example to demon-

strate the idea, but we will comment about the general
conditions on fy later.

112034
:M<_11

3
:41611 \//_1a<_11+

o tan6h]§R) - sin}1125 ®) (1 - tan}]f(R)»

(3.18)

tan6hIgR) B sin}iZS(R) (1 B tanIIf(R)>)

(3.19)

We consider the 3-2 background wall configuration
given by

0
(5 )
0 (%)

o 0 tanhg(y—g)lz S

(4.4)

ot = vtanhQ(y + g) - vtanhQ(y - g) (4.5)

Then, the explicit form of fy reads

0.010
0.008
0.006
0.004 -

0.002 -

-0.002 -

-0.004 -

32 _1
Vei Ve

FIG. 2. Comparison between effective potentails Vg;f and V‘e‘g}

showing that 3-2 splitting background is energetically preferable.
Here, v = 1 = 10a = 100p? = 1.
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oT
Jany
[
Yy
FIG. 3.
Pusls
-
Pu21s

exp (— %) 1,
= . (4.6)
exp (%) 1,

In the following, we assume ¢ > O and d > 0 (but ¢ < 0
and d < 0 would be equally valid). As a consequence,
Pus and By, acquire shapes depicted in Fig. 3. The sign
combination of ¢ and d affects the normalizability (square
integrability) of f,. When cd > 0 as shown in Fig. 3, fy»
is normalizable but f3 5 is non normalizable, and vise versa
for cd < 0.

This naturally leads to decomposing the 5-plet H into the
colored triplet 5 and the electroweak doublet 7, as

H = (H3, Hz)Ta (4.7)
resulting in the decoupled equations of motion
o (P 0MH;) =0, (I=2,3). (4.8)

Since By ; only depends on y, this can be expanded as
B 10,0/ H; — 0,(% 0, H;) = 0. (4.9)

Next, let us define a canonical Higgs fields H; defined by

Hy(xM) = B 1 (v)Hi (xM), (4.10)
and the equations of motion for H; read
& Py 1)
aaﬂH—i—(———i- = |H,; = 0. 4.11
. ! dy2 Pu.i ! ( )

Let us expand H; in to the complete basis of functions

HI(xM) = Zfl,n(y)hlﬁn(xﬂ)ﬂ (412)

where f;, are the eigenfunctions of the operator
_ &y Paa
a7 T Ry 1€

The left panel shows o7, and the right panel shows 5 and Sy ;.

d2 /!
(_d_yZ_'_’#)fln(y) = m%.nflﬂ()’) (413)

Clearly, m, ,, defines the four-dimensional mass for the A, ,,.

Let us examine the mass spectra. First of all, we can
easily show the mass operator is real and positive semi-
definite by rewriting it in the following form

T
e + Bur On19u1 (4.14)
where
Qus =~ + (logBy,)
HI= dy gPH1) >
T d /
QH,I = d_y + (IOgﬂH,I) . (4.15)

Thus, the four-dimensional masses satisfy m? , > 0.
Second, irrespective of any details of 3 ;, the zero mode
always exists

Ouifino=0= froeo =NuiPus.  (4.16)

where Ny ; is a normalization constant which is determined
by a condition

/ dyfro0)fro(y) = 1. (4.17)

This gives
1

\/ J dyﬁ%{,[ ‘

However, only the electroweak doublet £, turns out to be
physical, since B, is only normalizable. The colored
triplet A3 is unphysical due to the fact that Sy, is non-
normalizable. The presence of the massive bound states
depends on the details of the model parameters, but they are
always superheavy because all the dimensionful parameters
are of the order of the GUT scale. Thus, the doublet-triplet
splitting puzzle is solved without any fine-tuning in
this model.

Ny = (4.18)
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Let us make comments on our accomplishment in this
subsection. The presence of the massless mode is robust in
the sense that a small deformation of the model cannot
eliminate it. We can understand it as an analogy to a
topological edge mode appearing on an interface between
topologically distinct regions. For this, we focus on the mass
operator, which was found to appear in the very specific
form Q;, 1 Qg ;- This reminds us of the domain wall fermions
via the so-called Jackiw-Rebbi mechanism [6]. Briefly
speaking, the Jackiw-Rebbi mechanism states that the
massless fermion appears whenever the position-dependent
fermion mass M, (y) changes its sign on a kink center.
Typically, the mass appears in the first order differential
operator Q,, = —d—dy + M, and Q;;, = d—dy + M,,. Comparing
the Jackiw-Rebbi fermion and our Higgs boson, we reach the
correspondence

/

M, & My, = (logpy,) =" (4.19)

P
Looking at Fig. 3, one sees that M ; changes the sign at the
center. This, namely the fact that My ;(y) changes the sign,
is a necessary condition for having the massless Higgs
doublet. Any details are not important for the presence of the
zero mode. In this sense, the massless Higgs doublet is a sort
of the topological edge state. In summary, the 3-2 splitting of
the 5 domain walls solves the doublet-triplet splitting puzzle
of SU(5) GUT.

From the above analysis, if we replace the parameter
combination c¢d > 0 by cd < 0, we immediately see that
the colored Higgs triplet provides the massless physical
mode instead of the doublet. Unfortunately, we cannot
control whether it is the triplet or the doublet that gives the
massless degrees of freedom at this stage. It is our opinion
that it is not a high price to pay, compared to some other
SU(5) brane world models, which need parity assignment
to all the bulk and brane fields. We do not need any parity
assignment, but we need the condition cd > 0.

The example (4.6) illustrates the general idea behind the
localization mechanism for the Higgs doublet: the non-
minimal coupling term S, (T) depends on the domain-wall
background in such a way that distinguishes the doublet
from triplet via exponent-type dependence that—due to the
sign difference—makes the colored triplet part Sz ; non-
normalizable, while localizing the electroweak doublet 3 ,.

Let us stress that any type of profile (7)) that has the same
exponent-type sensitivity would produce the same result,
making our scheme, in this sense, robust. However, at this
point, it seems difficult to formulate general conditions
on Sy that would guarantee the same results.
Furthermore, there is an obvious question to what degree
is the presented construction natural. In this regard, we can
only offer the above-mentioned similarity to Jackiw-Rebbi
mechanism for fermionic modes, making the model 1 a

bosonic analog for a topological edge-state. However, we
leave the full motivation as a possible future project.

B. Model 2

In this subsection,” we propose a model for the Higgs
sector that needs fine-tuning. The Lagrangian is given by
Ly = (DyH)DMH -V — v, (4.20)
In order to achieve the triplet-doublet splitting, we need to
use the adjoint scalar field, 7, to interact with H not via the
kinetic terms but via the potential terms. We assume the
simplest choice of the potential as
VO = dq(HH)?, v = HI(Q315 + bTYH, (4.21)
where the quartic coupling 15 > 0 assures the stability of
the potential at large values of H. The parameter Qy is
the five-dimensional mass for H, and b is the coupling of
the adjoint scalar 7" with 7. The interaction ' 7T"H with the
coupling b is chosen as an operator with the lowest mass
dimension.

The adjoint scalar 7" for the 3-2 split domain wall is given
as in Eq. (4.4). It again leads to a natural separation of the
5-plet ‘H as in (4.7). We obtain the decoupled quadratic
terms in the potential as

V@ = Uz(y)H;Hz + Us (y)H§H3, (4.22)
U
Us(y) = Q2 — 0 , 4.23
20) = =y — s (4.23)
2 U
Us(y) = Q% + 0 (4.24)

H " 3 cosh? Qy — @2 sinh? Qy’

where the wall separation is parametrized by a dimension-
less separation d

~ Qd
d= tanhT. (4.25)
The strength of the potential U is given as
6 Qd
U() = gb?) tanh7 > 0. (426)

Note that we have chosen the sign of the parameter b to
make U, > 0. Because of the repulsive potential for the
triplet H;3, there are no localized modes and a large mass
gap of order Qp without light modes. Therefore we only
need to consider doublet H, to find possible light or
tachyonic modes, see Fig. 4.

*This section was written with significant contributions from
the late Professor Norisuke Sakai.
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Q% 1 A\ [ y

FIG. 4. The quadratic mass terms U, and U; for the electro-
weak Higgs doublet (black and solid) and the colored Higgs
triplet (red and dashed), respectively.

The mass spectra of the doublet Higgs scalar H, can be
obtained by a linearized field equation

The wave equation in the extra-dimension y is assumed
to give a complete set of eigenfunctions u,(y) with the

eigenvalue m? as

(=03 + Us(y)]u, (y) = mau,, (y).

We can decompose the field in terms of this complete set to
obtain a tower of the Kaluza-Klein fields H,(x), which
appear as fields with the mass squared m2 in the effective
four-dimensional field theory

(4.28)

Holo) =3 o, (y). (429)
n=0

aﬂaﬂhz,n<x> =+ m%hz,n(x) = O, (430)

where y stands for the four-dimensional spacetime indices.

It is not easy to obtain the mode functions u, (y) exactly
for arbitrary separations. However, since we are interested
in wall configurations with separations of a fraction of the
wall width 1/Q, we can solve the eigenproblem (4.28) in
the limit of vanishing separation, i.e., d—0asa leading
order approximation.

When d = 0, the eigenproblem simplifies into

Uy
[_53 +Qf - m] u,(y) = muu,(y).  (4.31)
We define an auxiliary variable s
1 4U,

=_ 1+—-1], 4.32
§ 2 ( + 92 ) ( )

to count the discrete eigenstates with the mass m,,
mi=Q4-Q*s—n)?, n=0,1,...[s], (433)

where |s] is the largest integer less or equal to s. The
corresponding eigenfunctions are given by the ,F; hyper-
geometric function

u,(y) :(cos}fVWZFI [—n,Zs -—n+1l;s—n+ 1;%}
n ! — — k
- (cosh]\gy)s‘” ; k!(nn;rk()z!;(;sl j:——: 11))11:((::— :ll——:——li)—l- 1) <tanggy B 1) ' (4.34)
with the normalization constant N,, defined by [ dy|u,(y)|* = 1. In particular, the lowest mode is given as
I

R LA (4.35)

It is localized between 3 and 2 walls, and it becomes massless m, = 0 if the parameters satisfy the condition
Uy = Qu(Qy + Q). (4.36)

The mass gap between the lightest and the higher excited modes is of order Q, and above the threshold at QF, we have a

continuum spectra.

The electroweak symmetry breaking occurs when m3 < 0. This is realized when parameters satisfy the following

inequality

Q2 Q Q2 Q
- T+U0+E<QH< T—FUO—E

(4.37)
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We conclude that in this model, the triplet Higgs H; is safely
decoupled and the electroweak symmetry breaking is real-
ized by condensation of the remaining double Higgs H,.

V. EFFECTIVE LAGRANGIAN

In this section, we give the Lagrangian of the gauge sector,
the fermion sector, and the Yukawa coupling in (2.5), and
derive the four-dimensional effective Lagrangian of (2.5).

A. Effective Lagrangian of gauge sector

1. Setup

We consider the following Lagrangian for the gauge
sector

Loauee = =Tr[f(To, T)F yn FMN], (5.1)

gauge
The coefficient f%(T,., T) of the gauge kinetic term, which
is normally an inverse of a gauge coupling constant but it is
a positive semidefinite function of T, and 7" in the above
Lagrangian. This generalization gives a semiclassical reali-
zation of the confinement phase outside the domain wall
and the localization of the gauge field is achieved. We
require that §*(T,, T) covariantly transforms under SU(5)
as Ay to maintain the gauge invariance.

For the derivation of the four-dimensional effective
Lagrangian, we do not need to consider a concrete
B(Ty.T). But we only decompose f(T,,T) in a block-
diagonal form, given that the background solution (3.9) is
block-diagonal as well. That is we have

. 21 0
/B(ToaT)|bg:<ﬁ3(T(3)) ’ /52(12)212>’

7, = vtanh(Q(y = ,)) (i =2.3). (5.2)

As mentioned before, the 5 and f, realize the localization
of the gauge fields by acquiring a profile on the 3-2-split
background that is approaching zero everywhere, except
around the domain walls 73 and 7,, respectively. Namely
we assume square integrability of 3 and f, as

1 / 1
—= [ dyf3 <0, = /dyﬂ2 <oo. (5.3)
P 3 e 2 (

Let us now decompose the gauge fields as

Asy X—\/—Z 3(i1;, 0
Ay = Xt +-A1M\/;<30 1 )
7 A S22
(5.4)
where AY, AY and A} are would-be SU(3), SU(2), and

U(1) gauge fields, and X, is a 2 x 3 rectangular complex
matrix.

In addition to the fluctuations of the gauge fields (5.4),
we introduce small fluctuations to the scalar field 7.
Since T is a 5 by 5 Hermitian matrix, there are 25 real
fluctuations. We shall decompose them into three parts
(p, ¥, D) as

T=e®To+p)e™®=To+p+i[®@T]--, (55)

with

(32 el D) e

Here p3(p,) is a 3 x 3 (2 x 2) Hermitian matrix, and ¢ is
3 x 2 rectangular, complex matrix. p3, p, and ¢ have 9, 4,
and 12 degrees of freedom. Summing up, we have
25 degrees of freedom as expected.

The fields p; and p, become massive after the moduli are
stabilized as is done in Sec. III B and they naturally have
GUT scale masses. Thus, they are integrated out in the low
energy Lagrangian. The third term in the second equality in
(5.5) is nothing but the gauge transformation by the broken
generators, so that ¢ contains the corresponding Nambu-
Goldstone fields.

For later convenience, let us prepare

3 2 2 2 2 2
b= \/@’ Px = \/@,

ﬁ¢ =173 — 17p. (57)

Here f; also satisfies the square integrability condition
since 33 and S, satisfy it:

1
gZE/dyﬂ% < 00. (5.8)
1

We shall substitute (5.4) and (5.5) into (5.1) and (3.2),
and pick up only terms of the quadratic order of the
fluctuations. The resultant Lagrangian is then given by

3
Lowge + TIDyTDMT] =Y " Lo+ Ly + Ly, (59)

a=1
with

‘Ca = Tr[Aau{ﬁg(n”DD - auab) - nﬂbayﬁ%tay}Aav

- 2<aﬂ~’4ay)ay (ﬂgAay) - Aay(ﬂgzD>Aay]’ (510)

Ly = Tr[XLF (O = 0'*) — 10,530, + n" 3] X,
—2(0" X)) [0, (A3 X,) + o] — XT(BO + 43) X, .
(5.11)
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Ly =Tr[-¢" (530 - 9,55
- ﬂ(%)‘)(:\taygg]’

ay)(/’ + (p-}-ay<ﬁ§r’vy>
(5.12)

where L, and Ly are the Lagrangians for the unbroken and
broken gauge fields, respectively. The indices y, v denote
the four-dimensional space-time, y is a five-dimensional
coordinate, and a = 1, 2, 3 represents indices of U(1),
SU(2) and SU(3) gauge fields. It should be noticed that
there are mixing terms between X', the Nambu-Goldstone
field ¢ in (5.11) and also in (5.12). Note that the trace in
(5.10) for A, should be understood as replacing Tr with %

Together with the above Lagrangians, we need the
following gauge fixing terms:

ZL:(XA ’

2
E((;:g{) - ﬁg [{aﬂ‘A ﬁ2 y(ﬁzAa)>} i|’ (5.13)

As mentioned above Tr is replaced with % for a = 1. We
also need another gauge fixing term

ﬁ%}i’z—ﬂg HMM jx uw%w%m}
X (H.c.)], (5.14)

where ¢ is a gauge fixing parameter similar to a standard R
gauge fixing procedure.

2. Mode analysis for the unbroken gauge fields

The above quadratic Lagrangian has a complicated form
because of the existence of the factor f3, y. In the following,
we will bring the Lagrangian to a standard form. First we
shall focus on the unbroken part, £, and the corresponding

. )
gauge fixing term E{(;j .

AaM = ﬂaAaM ’

where the index a is not summed. We also introduce
differential operators

In the beginning, let us define

(a=1,2.3), (5.15)

=0, + (B'0,a). (@=1,2,3),

= _ﬂaayﬁi =
(5.16)

where the index « is again not summed. An adjoint of D, is
given by

D =p7'0,8, =0, + (f7'0,B).  (a=1,2,3),

(5.17)

where again we do not sum over a.

Now we are ready to rewrite the effective Lagrangian
(5.10) by using the above differential operators:

’Ca = Tr[Aa/l(I/]/“/D - aﬂay + W”UA )A(XI./
—2(0"A,)(DiAyy) — Agy A

(ly) ay (l\]’ (5'18)
with A, = DZD,I and U] = d,0". Next we rewrite the gauge
fixing Lagrangian as

[,(gf) _

1
aA T _ETr[(aﬂAaﬂ - éDlAay)}z- (519)

Summing up these, we obtain relatively simple formula for
the unbroken gauge fields

aA

(- (2o s

o3ttt
3

- A(l\(D + §D(1D;)Aay:| l (520)
where we have used
(DiAgy)DiAny = AqyDDiAsy, (5.21)

where we do not sum over a.
It is possible to decompose the extra-dimensional gauge
field A,, into two scalar fields B, and C, as

A(I_V = D(IB{I + C{l’ (5'22)
where C,, satisfies the divergence-free condition
D;C, =0. (5.23)

We prove this decomposition in B.
Multiplying D}, on (5.22) leads to the following equation
AgB, = DA, (5.24)
We can determine B, and C, by solving the Egs. (5.23)
and (5.24). It is easy to solve Eq. (5.23) as
C, x p7'. (5.25)
From the square integrability conditions (5.3) and (5.8), we
see that C, is non-normalizable. The scalar B, can be
derived for a given A, in (5.24). However, there is an

ambiguity. We can determine B, only up to solutions of the
following equation
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ABY = 0. (5.26)
A solution to this equation is the kernel of D,, which is
given by

BY «p,. (5.27)

Note that this is normalizable from the square integrability
conditions (5.3) and (5.8).

By using the decomposition (5.22) we can rewrite
(5.20) as

3
1
‘Cub = Z Tr |:Aa/4 <7]Iw|:| - (1 - E) o + ﬂ””Aa> Aazz
a=1

- CaDCrz - BaAa(D + éAa)Ba:| . (528)
We redefine the scalar B, by
by = /DBy (5.29)

Substituting this into (5.28), we have

3
1
‘Cub = Z Tr |:Aa/4 <;/IIW|:| - <1 - E) > + nﬂDAa> Aau

a=1

- ba(D + fA(I)b(l:| ’ (530)

where C, are dropped since they are non-normalizable.

We should emphasize that b, does not include the zero
mode. It is found that the zero mode for B,, is obtained from
N, B, = 0 [see (5.28)]. This is nothing but (5.26) and its
solution is given by (5.27). However, the zero mode is
projected out by the definition (5.29) and therefore it does
not exist in b,. Now we decompose b, by the eigenfunc-
tions of A,

ba() = S0 (B (), (531)

n>0
where b,(,") = fanMan With f,, being an expansion coef-
ficient (a field in four dimensions) and m,,, being the four-

dimensional masses. The mode functions Bf,")(y) satisfy

A,BY = m2, B, (5.32)
Note that n = 0 is not included in the expansions because
of the explanation above. We set the normalization of the
mode functions as usual

/ dyBM" By = 5. (5.33)

In contrast to the extra-dimensional gauge fields, there
exists the zero mode of A, for the four-dimensional
gauge fields. Therefore, when we decompose A, in terms
of the eigenfunctions of A,, we have to include n = 0 as

Ag(M) =3 "AG BP(v). (5.34)

n>0

The mode function for the zero mode is given by (5.27).
They are localized around the domain walls, that is the
simple and robust resolution of the longstanding problem in
the brane world models. Note also that the domain walls
work as trigger of spontaneous symmetry breaking from
GUT to SM symmetries. The normalization is fixed by
(5.3) and (5.8) and we have

BY = guf (5.35)

Substituting (5.31) and (5.34) into (5.30) and integrating
it over y, we obtain the effective Lagrangian for the Kaluza-
Klein (KK) towers as

n 1 n
L= Tr {A&,) (ﬂ"”D - ( 1- E) >+ ﬂ"”(man)2> Ag)

n>0

D ACE MR (5.36)

n>0

Note that the scalar b, is coming from the extra-dimensional
component of A,, and it appears with the mass squared
&(myg,)?. This is nothing but the standard Lagrangian in the
so-called R: gauge. This means that the scalar b, plays a
role as a Nambu-Goldstone boson to give a mass to the
KK gauge fields through the Higgs mechanism.

Since the KK gauge fields Ay for n >0 become

supermassive, they are integrated out and the effective
Lagrangian for the zero modes is given by

3
. - 1
£ =3 T [Aéﬁ’) <n"”D - <1 —E>aﬂav)A53)} (5.37)
a=1

This is the quadratic Lagrangian of massless gauge fields.
In order to recover the self-interaction of the non-Abelian
gauge fields, we go back to (5.15).

Aau = ﬂ(;lAa/A = gaA((l(;)t) + -, (538)
where the dots denote the massive modes. Keeping only the
zero mode in (5.38), the field strength corresponding to A,
becomes
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0)

fa;w = gaF((mu, (539)

where

FO), = 0,4 —0,A%) + ig,[A%), AD)]. (5.40)
This should be compared with the original field strength
Fun = Oy Ay — oy Ay + i[ Ay, Ay] where the gauge cou-
pling is absorbed in the gauge field .A;,. On the other hand,
the four-dimensional gauge coupling appears in (5.40) as a
consequence of integrating over the extra-dimensional coor-
dinate y. As a result, the effective Lagrangian for the zero
modes including the self-interaction is given by

3
1
Llelll:)f = /dyZTr[_Eﬁgfayvfgy]
a=1
1 v 1 w 1 o
= —ETr(GﬂyG )—ETr(WﬂVW )—ZBI“,B s

(5.41)

where we have defined AE,‘i) (x) = (Ag?l),Ag?l),Ag?) =
(B,.W,,G,) being the four-dimensional massless gauge
fields for U(1),SU(2),SU(3) gauge groups and corre-

sponding field strength

G" = G — G* +igs[G*, G*],  (5.42)
Wi = W — FWHF 4 igy[WH WY, (5.43)
B* = 3B* — 0B (5.44)

3. Mode analysis for the broken gauge fields

In this subsection, we consider the effective Lagrangian
of Lx and L. First we prepare canonical fields as
Xu = PxXu.

Xs = Py (5.45)

It is convenient to define a two-component vector contain-
ing the extra-dimensional components of the unbroken
gauge field and the Nambu-Goldstone field as

X
“= ()
Xs

where we have denoted X, = X,. As in the unbroken gauge
part, we introduce differential operators

(5.46)

1

Dy = —ﬁxayF = =0, + (Bx'9,px).  (5.47)
X
1

Note that Dy can be expressed via D, as

DX = M_1D¢M, M = ﬂ—lﬁ (549)
X
Then, we define a two-component operator as
D
D= < X ) (5.50)
M
and
Dp = (M,-Dy). (5.51)

With the use of (5.46), (5.47), (5.48), and (5.50), we can
rewrite the sum of (5.11) and (5.12) in a compact form

Ly + L, = Tr[Xi(p" 0O - ¢ + p*A)X,

—2("X;)D'X - X" (O + A)X], (5.52)
where
A=D'D, (5.53)
B M? —-MD,
A=D\Dy = . . . (5.54)
-DiM DD,

Similarly, the gauge fixing Lagrangian (5.14) is expressed as

L) = —éTr[(ava —&DX) (0, — EDTX)].  (5.55)

Summing up (5.52) and (5.55), we have the following
quadratic Lagrangian

Lo=Lx+Ly+ LY

1
=Tr {X}; <;7/‘”D - (1 - E) o+ n””A) X,

-X"(O+A+ a:DDT)X] : (5.56)
where we have used
(DX)*D*X =X'DD'X. (5.57)

As in the case of the extra-dimensional component of the
unbroken gauge fields in Eq. (5.22), we can show that X is
decomposed by a real scalar ¥ and a two-component
complex vector Z as

X=DY+Z (5.58)

where Y and Z satisfy
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DDY =0, (5.59)

D'Z=0. (5.60)

The proof of the decomposition (5.58) is given in B. Acting
D" on (5.58), we find

D'DY = D'X, (5.61)
by which Y is determined. Note that we shall exclude the

kernel of D from Y because it cannot participate in the
physical field X. Substituting (5.58) into (5.56), we have

L, =Tr [X;{n/wm - (1 - é) o+ nﬂbA}xy
—-YAO+ &MY -ZH(O +A)z]. (5.62)

We make this Lagrangian canonical by redefining Y as

Y = VAY.

We excluded the kernel of D from Y and so it is true for V.
Substituting this into (5.62), we have the final form of the
quadratic Lagrangian of the broken sector

(5.63)

1
L, =Tr [X;{nﬂvm - (1 - E) o + nﬂ"A}Xy

—Y([E+£0)y-z(O+ A)Z] : (5.64)

We shall discuss mass spectra of X,,) and Z. The
mass spectrum of X, is controlled by the operator
A =D'D = D{Dy + M?. This means that there is no
state satisfying AX,, = 0 and therefore there are no mass-
less modes in X,. This is, of course, expected since X,
corresponds to the gauge fields associated with the broken
generators. Indeed, X, becomes massive by absorbing ).
We are lead to this conclusion by the fact that X, and Y
share the same mass operator A except for the extra
constant factor £ for ). Again we come across a generalized
form of the R gauge. This means that ) plays a role of
infinite tower of Nambu-Goldstone bosons and they are
eaten by infinite tower of the KK modes of X, including the
bottom of the tower.

Recalling the definition (5.61), the source for ) is
DX = D;X4 + Mﬂ¢(p. Therefore X, eats not pure
Nambu-Goldstone field ¢ but the mixture of D}X, and
@. It is in general difficult to specify the lowest mass of A
except for the special case, where M is a constant. In this
case, since A = DyDy + M2, A differs from D{Dy by
just constant M?2. The zero mode of D;DX is given by fx
and therefore the lowest mass of A is the constant M itself.

So if we set M to GUT scale, the broken gauge field X, is
superheavy.

Let us turn to the mass spectra of Z. Note that A is
positive semidefinite because Z'AZ = Z'D,DyZ =
(DRZ)'DRZ. The zero modes of A are kernel of Dy, but
one can show that Z does not include the zero mode. It is
proved in B.

In summary, X,,,) and Z do not have zero modes and
their KK towers start from modes with masses. These
modes are integrated out at low energies so that we can
conclude that modes of X, ), and Z do not appear in the

low-energy effective Lagrangian.

B. Effective Lagrangian of fermion sector 1
In this subsection, we give the Lagrangian of the fermion

sector and derive its effective Lagrangian. The Lagrangian
of the fermion part £; in (2.5) is written as

Lp = i¥s5,TM Dy sy + iTr[¥ 1047 Dy ¥i04]
+ sy W, T3 + hsa TOW5, W3,
+ oA Tr[W10a TW104] + 210aTOTr[W104W104)
(5.65)

where hsy, hisa, higs, and hyg, are Yukawa-type coupling
constants with 7 and 7°, A =1, 2, 3 are the generation
index, and '™ is the five-dimensional gamma matrices
defined as

=%,

't =y#, I° =iy, (5.66)
where y# are the four-dimensional gamma matrices. The
Dirac conjugate is defined by ¥ = ¥'T?. The covariant
derivatives are

DyWs, = 0yWs, — iALYs,, (5.67)

Dy%¥i0a = 0y¥roa + iAyPioa + i¥104 Ay (5.68)

To derive the effective Lagrangian for L; we first
decompose the SU(5) representations as 5 — (3, 1), ;3 @D
(1.2)_y 5 and 10 = (3,1) /3 @ (3.2)/6 @ (1. 1), under
SU3) x SU(2) x U(1)

Y3 1 Yy Wi,
Y = T, ¥y=—— ). 5.69
: (‘Pz > T2 ( -, Y ) (5:69)

Hereafter we will suppress the generation index A for ease
of notation. The next step is expanding the fermions into
Kaluza-Klein modes by which the Lagrangian L; is
diagonalized. For W5, we have
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(5.70)

where f%"g(y) and f%"l)e(y) are wave functions satisfying
the mode equation

0105/ () = (M), (571)
where
Q5 =0, +h3(),  Qf =0, + (),
hs(y) = %hsﬂ(p(y) + st (y). (5.72)

Here f, is defined in (5.7), 7, = 373 + 27,. The asymp-
totic behaviors of y-dependent Yukawa coupling h5(y) are
h3(y = +00) = 5vhs and h3(y = —c0) = —5vhs. The
most important fact is that the fermion mass gap is
opened at y = +oo0 whereas it is closed at somewhere
(n)

between y = —oco and +oo. m;

four-dimensional chiral fermions y

are the masses of the
(n)  (n) : :
31> W3 g Which satisfy

(n) (n) (n) _ . (n)

}/Sl//_.L = -y L }/Sl//—’R = Y3k (573)

As it turns out, for appropriate choice of parameters /5

and hs, the normalizable zero modes appear only for the
left-handed components as

(0) X Y / /
f3, = N3exp (—/ hs(y )dy>’

where Ng 1s the normalization constant, which is deter-
mined by a normalization condition

(5.74)

0
/dy(f%})2 = 1. (5.75)
We identify the zero modes of the chiral fermion 1//(3"2 with
the down quarks as
W50yl = d, = (df, d5. dS), (5.76)

where a =1, 2, 3 is the SU(3) index and where the
superscript ¢ denotes charge conjugation. The same analy-
sis is done for ¥,,¥;,W;, and ¥, similarly. The zero
modes for them are given by

~ y
9 = My exp (— / hz(y/)dy/)

3 ~
,’lz = —§h5ﬂ¢ -+ h5T+, (577)

~ y
70, =Nsexn (= [T hst)ar)

2 -
hy = ghloﬂqb + hyots, (5.78)
fé“%L = N3, exp (‘ / h3,z(y’)dy’),

h3 2 = —Ehloﬁ(p + il57+, (579)

0) _ % Y / /
fip =Nyexp <—/ hl()’)d)’>,

3 -
hy = —§h1oﬁ¢ + hst,, (5.80)

respectively. All these are normalizable due to the fact that
the y-dependent Yukawa coupling /’s have opposite signs
at y=—oo and +oo, and therefore they are physical
massless fermions. Then, the other quarks and leptons
are identified as

o
wouli o= (5 ) s
0 u§  —us
"Pgr ) ll/g(’),)L e U{Ll/), = €(l/}]/ ; = —Mg 0 M(i‘ s
us —uf 0
(5.82)
uy d
¥;,D l//g(,)%.L > qua= | dr|,
uy ds
0 e
¥ oy~ B, = <_€+ . ) (5.83)

Note that the generation index A is suppressed as we
mentioned above.”

Let us now derive the four-dimensional effective action.
We treat T as the background and ignore its fluctuations
because they are higher order corrections. Substituting the
domain wall background

2
. 56,15 0
_[5 0 _
T—< 0 —3ﬂ1)’ T =17,.
5P¢*2

and (5.70) into the Lagrangian, picking up the left-handed
zero modes, and integrating over y, we find

(5.84)

“The mass dimensions: [SD fermion] = 2, [SD Yukawa] =
—1/2, [fermion zero mode function)] = 1/2, [4D fermion] =
3/2, and [4D Yukawa] = 0.
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) - . ) _ ) « .1 /3 .
i / dyW5(TM Dy ¥5 — ihs¥5) — i / dyf%?i(y)wé?i(xw” <0ﬂ - lgsAéf,) - lg\/;glA(l(;) )ffi(y)wﬂ(x)

/ dyf O (FC) (x) (T, + hs) £ (yyC) (x)

(0 L /3 0+ (0
= i) (x)r" <0 —igsAy) — 3\£91A( ! )wél(ﬂ

FI 0 [ a0 0)

7 . * ; 1 3 * c
= idy* <0ﬂ - ig;G}, — ig 3 \/;Bﬂ>d ,

(5.85)

where we have used (5.71) and (5.73). Repeating the similar calculation for ¥,, ¥}, ¥;,, and ¥, we find the resultant

effective Lagrangian for £; as

£ = Dy + D, 1+ THlayD,

where the covariant derivatives are defined by

: * : 1 3 * JC
D,d° = 0d° — igyG,d° — ig; 3 \/;B,,d (5.87)
1 /3
Dﬂl = dl lng l+ lgl 5 .“l (588)
. . .. 13
D,q = 0,9 +i9G,q + igogW}, + ig G gBﬂq, (5.89)
C C s C t s 2 3 C
DﬂU = GMU + 2lg3U Gﬂ + lgl 5 SBMU s (590)
. 3
D,E* =9,E* + ig, \/Sng,,E+. (5.91)

C. Effective Lagrangian of fermion sector 2:
SM Yukawa sector

In this subsection, we consider the Yukawa sector with
‘H. The Yukawa Lagrangian Ly .wa 1S described by

ij 2 m
'CYukawa lPt CY( lIJIOBIH +€tjk1mlylj()tAY1(4I;C\Pllcg)BH

+He, (5.92)

where C =y;y3 is the charge conjugation matrix in
five dimensions, €, (i,j. k. [, m=1,...,5) is the

i _ , i
4]+ STHOPD, U] + 2 T [E7p*D, 7],

(5.86)

five-dimensional Levi- C1V1ta tensor, and Y, ; and Yg ;
are Yukawa couphngs

We derive the effective Lagrangian for the Yukawa sector
(5.92). In particular, we focus on model 1 of the Higgs
sector described in Sec. IVA.° Substituting (4.7) and (5.69)
into (5.92), we have

1 1
[’Yukawa = T\P%Y(l)‘P3QH§ + TTEY(I)TlH;
+ €qp, V5 P(y® 4 y@r )¥i%e H5 + He.,

(5.93)

where €, (€,,) is the 3(2)-dimensional Levi-Civita tensor.
The generation indices are suppressed. We drop the
Yukawa couplings including the triplet Higgs since they
do not have a normalizable zero mode as shown in
Sec. IV A. First we substitute (4.12) together with (4.16),
(4.18) and the expansion of the fermions such as (4.29) into
(5.93). Next we only pick up the zero modes of Higgs and
the fermions and integrate over y. Then, we obtain the
effective Lagrangian of (5.92) as

>Since H vanishes in the background conﬁguration, Lvukawa
does not affect the fermion zero modes in the previous subsection.
Also, we will find that the H-Yukawa couplings Y< %) are smaller
than 7-Yukawa couplings h5 5.10.10» SO their Conmbunons can be
safely ignored in the previous subsection.

We expect qualltatlvely the same results for the model 2, as
the only difference is the Higgs wave functions.
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[,%flf]kawa = dCYf,ffth’O + lY‘szeJrh;O +uY qh, , + H.c.,
(5.94)

where Yeif, Yot and Y<T are the effective Yukawa cou-
plings given by

V= 2Nua [ dnf{, 00+ YO, (595)
N

ryr = 2 / dyfOyYnrl . (5.96)
N

vt =202 [apyost. o

where the mode functions such as f3, are given in (5.74)
and (5.77)—(5.80). We assume that this effective Lagrangian
is defined at the GUT scale My = 2.0 x 10'® GeV (As for
this scale, see, for example, [71]). Since the normalization
constant N , can be absorbed into the Yukawa matrices, the
choice of Ny, is merely a convention.

In the following, we show that the effective Yukawa
couplings in (5.95)—(5.97) can partially realize the four-
dimensional Yukawa couplings in the SM, which are
experimentally determined at the weak scale, by choosing
the parameters in the five-dimensional theory. The
strategy is as follows. We first run the four-dimensional
Yukawa couplings in the SM to the GUT scale My from
the weak scale defined at My =912 GeV by the
renormalization group equation (RGE) of the SM as
YSM (M,) - YSM (My). Next we find the parameters,

u,d,e u,d,e
such as v, Q, V3, h, and 71, in the five-dimensional
theory such that the effective Yukawa couplings YZ“de
(5.95)-(5.97) correctly reproduce to the four-dimensional

Yukawa coupling Y3M (My) in the SM at the GUT scale.

u,d,e

However, since dealing with all the Yukawa couplings
are a bit complicated, in this paper we simply look at the
squared Yukawa couplings H3M = YSMy$MT (4 = u, d, ¢)
only. The H-RGEs for the squared Yukawa couplings H3M
at two-loop level are given in [72]. In our analysis, we use
the one-loop RGEs which are summarized in C. We first
take the SM fermion diagonal mass matrices M, at the
renormalization scale 4 = M, [73]

C12€13

_ i
Verm = | —S12¢23 — ¢12523¢€

N 5
$12823 — CpC38 3¢ —Ci2823 — $12C3513€"

M, (M) = diag(1.38 x 1073,0.638,172.1) GeV, (5.98)

My(My) = diag(2.82 x 107,57 x 1073,2.86) GeV,
(5.99)

M,(M,) = diag(0.487 x 10-3,103

x 1073,1750 x 1073) GeV.  (5.100)

The diagonalized SM Yukawa couplings in the mass basis
can be extract as DSM(M,) = 2M,(M,)/vsy where
vgm = 246 GeV. The SM Yukawa couplings Y5M (M)
in the flavor basis are related to DSM via a bi-unitary
transformations D, = U¢Y, Uy (U4 € SU(3)]. As usual,
this leads to the appearance of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix Vcgy = ULUYT in the quark
charged currents in the mass basis, originating from the
mismatch of the left-handed rotations in the up- and down-
type sectors. However, in order to use the H-RGE, we need
to redefine the down-type quark fields so as to absorb the
CKM matrix in the quark charged currents, namely,
d; — Vckmdp, such that all data for the flavor mixing

resides in the down-type Yukawa matrix (the down-sector
mixing basis) as,

Yu,e - Du,e - Du,ev

Yd i Dd = VCKMDd = Y;y (5101)
Here, we suppressed the superscript SM and the energy
scale (Mz). As a result, we have the squared Yukawa
couplings H3M in the down-sector mixing basis at y = M :

HMM,)=D2, D, =\2us4M,(M;), (5.102)
HM(Mz) = YY) = VexuD3 Vg
Dy = V2ugiM (M), (5.103)
HM(M,) =D?, D, =\2u0gyM.(M5), (5.104)
where Vcgy 1s the CKM matrix given by
$12€13 s13e™?
C12€23 = S12523813€°  $53€13 (5.105)
€23C13

Here we denote s5;; = sin@;;, ¢;; = cos0;; and s, = 0.22500, 513 = 0.00369, 5,3 = 0.04182, 6 = 1.144.
Now, we run HSM at M, to the GUT scale at My. Note that H,(My) is not diagonalized in general, but we can
diagonalize it again by using U¢ only as H, — (U2Y,U%)(U%Y,U%)t = USH,U% . The resultant diagonal matrices

VH,(My) are found as
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VH, (M)l gy = diag(3.24 x 107°,1.50 x 1073, 4.61 x 107"), (5.106)
VHa(My)|giae = diag(6.84 x 107°,1.38 x 107*,6.08 x 1072), (5.107)
VH (My)|g,e = diag(2.75 x 1076,5.80 x 107,9.86 x 107%). (5.108)

Let us compare these originated from the SM with /HT = /YTy with the effective Yukawa couplings Y in (5.96),
(5.97), (5.95) originated by the five dimensional theory. Since our focus is solely on reproducing the fermion mass spectrum,

we compare the eigenvalues of v/H. We find that the following set of parameters in the five-dimensional Lagrangian can
reproduce good agreement:

=My,  Q=My, Vy=-Vy=2M5.  c=0.13M, (5.100)

where ), = J; = 2M5' means the separation of the walls is = 4My" as shown in Fig. 1. The parameter c is in the /(T

givenin (4.2) and it gives Ny, = 0.2M ;/ 2 by (4.18). We also choose the 5 dimensional Yukawa couplings for 7" and T, in the

following way

hs, = —0.227, hs., = 0.800, hs, = —8.00, hs, = 6.00, hsy = 1.18, hs3=0.170,  (5.110)

hyo, = —9.06, By, = 1.00, higs = —6.6, o, = 191, hyos = —1.85, hyos = 1.00, (5.111)
together with the 5-dimensional Yukawa couplings for H in the mass basis as

YW = diag(x;, x5, %3),  Y? =diag(y1,y2,y3)- (5.112)

These are all in the unit of M;%. The fermion zero mode functions are shown in Fig. 5. By using Eqgs. (5.95)-(5.97), we find

\/HET = diag(|y,| x 1.89 x 107, |y,| x 3.55 x 1073, |y3| x 3.67 x 1071), (5.113)
\/H = diag(|x;| x 7.31 x 1072, |x,| x 1.55 x 1072, |x3| x 7.25 x 1072), (5.114)
\/HST = diag(|x;| x 2.74 x 1079, |x,| x 5.80 x 1074, |x5] x 2.36 x 107%). (5.115)

We find |x,| and |y,| that provides closest match between \/H3M(My) and \/HS" up to three decimals. It is not trivial
because we have overdetermined system of nine equations for six variables |x,| and |y,|. Choosing the six parameters in the
following way,

(Ix1]. 122, [x3]) = (9.35 x 1075, 8.91 x 1073, 8.39 x 1072), (5.116)

(Ini]. [yal. [ys]) = (1.72 x 1072,4.21 x 107", 1.25), (5.117)

the resultant numerical matrices are found to be

\/HST = diag(3.24 x 1076, 1.50 x 1073, 4.61 x 1071), (5.118)
\/HET = diag(6.84 x 1076, 1.38 x 107*,6.08 x 1073), (5.119)
\/HET = diag(2.75 x 1076, 5.80 x 1074,9.86 x 1073), (5.120)

which are in perfect agreement with the RGE-evolved SM Yukawa matrices in Eqs. (5.106)—(5.108) within the displayed
numerical precision.
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FIG. 5.

Importantly, in minimal four-dimensional SU(5) GUTs,
the unified Yukawa structure generically predicts the relation
Y, = Y7 at the unification scale, leading to phenomenologi-
cally unrealistic fermion mass relations. Conventional reso-
lutions typically involve extending the Higgs sector, for
example by introducing a 45 representation as in the Georgi-
Jarlskog mechanism [69], or by invoking higher-dimensional
operators that modify the Yukawa structure [70].

(h) b(yellow), b°(blue)

() I3(yellow), 7F (blue)

Nine overlaps of the normalized fermion zero mode functions.

In contrast, our framework avoids this problem without
introducing such ingredients. The model employs only the
adjoint 24 representation for SU(5) breaking, as in
minimal SU(5), and does not rely on higher-dimensional
operators. Instead, the theory is formulated in five dimen-
sions, where the effective four-dimensional Yukawa matri-
ces arise from overlap integrals of localized fermion zero-
mode functions in the extra dimension. Although the
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underlying five-dimensional Yukawa couplings respect
SU(5) unification, the generation-dependent wave-function
overlaps induce nonuniversal corrections to the effective
four-dimensional Yukawa matrices. As a result, the usual
SU(5) fermion mass relations are relaxed, allowing for a
realistic pattern of fermion masses and mixings.

D. Effective Lagrangian for the Higgs sector

Finally, we shall discuss the electroweak symmetry
breaking in the Higgs sector in the effective Lagrangian.

1. Model 1

We shall modify the five-dimensional Lagrangian for the
model, (4.1). We first note that the final result in this section
is valid for any fy. We propose a starting Lagrangian by
adding a scalar potential as a perturbation which will be a
seed of the electroweak symmetry breaking at a low energy:

Ly = Telfy (T, To) {(PyH) D" H ~ Vierd].  (5.121)

where

Ve = —i*HH + A(HTH)?. (5.122)

We assume that this potential becomes relevant at
energies which are much lower than the GUT scale.
Therefore V., does not affect the results concerning the
double-triplet splitting problem, which are mentioned
above. Decomposing the Higgs as (4.7) and dropping
the triplet part H;, we have the effective Lagrangian for
the standard model Higgs H,:

Ly = Py {(DHy) D Hy = V'Y, (5.123)

where D, H, = 0,H, — iAy,Ho + i3 \/éAl,[Hz and

V! = B0 {(0,Ha) 0, — P HIH, + A(H3Ho)?)-
(5.124)

From (4.10) and (4.12) with (4.16), we can write

H, = Nyohy o + massive modes. (5.125)

Here Ny, =1/y/[dyp}, as is given in Eq. (4.18).

Substituting (5.125) into (5.123) and integrating over y,
we obtain

L' = (Dyhy ) D hyg — VI,
where D, hy g = 0,hy0— igaW,hag + ig 3 %Bﬂhzo and
et — _/12;1;0};2.0 + ;1’(h;0h2,0>2’

with 2/ = N, ,1.

2. Model 2

We start with the five-dimensional Lagrangian (4.20).
In the effective Lagrangian the colored Higgs Hj is
simply dropped since it is so heavy. For the standard
model Higgs H,, we only consider the lowest mode.
Then, the Lagrangian (4.20) becomes

Ly = (DyHo) DMHy — HIUH, — Ag(HiH,)2,
(5.128)

where Dy Hy = 0yHy — iAsyHo + i3 \/éAlMHz. Note
that we do not need to add additional potential terms
because the starting Lagrangian (4.20) already has a seed
of the electroweak symmetry breaking. We derive the
effective Lagrangian in the d — 0 limit, so that we can
utilize the analytic form of the mode functions (4.34).
Substituting (4.29) and (5.38), integrating over y, and
picking up the zero mode h,, in Eq. (4.29), we obtain

;Cf_lff - (D”hZ,O)TDMth - Vh’ (5129)

where D,hyg = 0,hy0 — igaW,ha o + ig1 % 1/2B, o and

V= /dy{(h;ohz,o)(ayuo(y))z + R Upha o(up())?

+ (B oo o) (uo(v))*} (5.130)
= Q41 ohyo + Vi + Vp + Vi, (5.131)
V= hoho [ a0y (5132

Vp = h;,ohz,o/dy(uo()’))z
) coshQ(y — %Zﬁ)sh Qy + @) ’ (5:133)
Ve = du(hgheo? [ dyluo))f. (5134

Note that A, is simply dropped in the covariant
derivative since their zero modes do not exist. We can
analytically evaluate (5.132), (5.133), and (5.134) with
the use of (4.35) as

2

N
k=507 Q21 oy, (5.135)
2s .
Ve =-=Uo 25 + lhz,ohz.o, (5.136)
B($.2s) |
Vi = A (B(zi 5))2 (hohag)? (5137
27
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where B(p, g) is the beta function. Collecting the above
results, we have the effective potential as

!
V), = p2hl ghy o + 3 (h} ohao)?. (5.138)
with
2
I R C R Q4 (513
K 2s +1 2s—|—1U0+ - (5139
A B(L,2s)
=202 (5.140)
2 T(B(GLs))?

VI. CONCLUSION

In this work, we have constructed a five-dimensional
SU(5) grand unified theory formulated on domain walls,
in which both gauge and matter fields are dynamically
localized. The framework naturally realizes a brane world
scenario without assuming the existence of branes by
hand, as the four-dimensional universe emerges on a
domain wall configuration generated by spontaneous
symmetry breaking in the bulk. The overall structure of
the present framework is summarized schematically in
Fig. 6. The top panel of Fig. 6 illustrates the energetically
preferred 3-2 split domain-wall configuration, which
spontaneously breaks SU(5) down to the SM gauge group
SU(3) x SU(2) x U(1). This configuration stabilizes by
the inclusion of an additional potential term, leading to a
robust domain-wall background suitable for localizing the
SM fields as discussed in Sec. III B.

/

DW /

I

A

h

FIG. 6. The summary of our SU(5) GUT in the five dimensions. The top line corresponds to the 3-2 splitting domain walls, followed
by the six quarks and six leptons. The last two rows show the flat zero mode functions for the gauge fields and the SM Higgs doublet in

the model 1, respectively.
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The middle panels of Fig. 6 summarize the localization
of the quark and lepton zero modes. Their localized wave-
function profiles provide the origin of the hierarchical
Yukawa couplings in the four-dimensional effective theory.

In Sec. VA, the localization of gauge fields is achieved
by introducing a field-dependent gauge kinetic term,
effectively realizing a semiclassical analog of the confine-
ment in the bulk. This mechanism ensures that massless
gauge bosons are localized to the vicinity of the domain
wall, independent of the detailed form of the field-depen-
dent coupling. We should emphasize that the localization of
the gauge field is accomplished in terms of “dressed gauge
field” A,,(x*,y) =~ gaﬁa(y)A,(,(,)t) (x*) 4+ -+ with the zero
mode function f,(y) which can be any square integrable
function. This leads to the fact that the zero mode function
for the original gauge field is flat in the y coordinate

as Aaﬂ(xﬂv y) = /}a(y)_lAaﬂ(xﬂ’ y) = gaA!()l(}))(xﬂ) +---. The
flatness is physically important because it ensures
the universality of the gauge coupling constants g, for
the non-Abelian gauge symmetries. The flat zero mode
function is shown in the row at the second from the bottom
of Fig. 6.

The most distinctive feature of our construction is the
treatment of the Higgs sector as discussed in Sec. IV, which
resolves the long-standing doublet-triplet splitting problem
of SU(5) GUTs. We have proposed two distinct models. In
model 1, the doublet-triplet splitting is achieved dynami-
cally through a nonminimal, topological coupling between
the Higgs field and the domain-wall background. The
electroweak Higgs doublet possesses a normalizable zero
mode /1, o(x*) localized between the separated walls, while
the colored triplet mode /3 (x*) remains non-normalizable
and hence decoupled as shown in Fig. 3. Similarly to the
localization of the gauge fields, the localized zero mode
function for 4, o(x*) appears in the “dressed Higgs field” as
H;(x*,y) = Ny 1Pu1(y)h;o(x*) + - - -. Therefore, the zero
mode function of the original Higgs field is flat as
Hy(x*, ) = Brs(v) " Hy(x*,y) = Ny hyo(x*) + - --. The
flatness of the Higgs doublet zero mode function is not
necessary but it makes the calculation of the effective
Yukawa couplings quite simple as we seen in Sec. V C. The
flat zero mode function is shown at the bottom row of
Fig. 6. Note that the massless doublet appears as a
topologically protected edge state, analogous to the
Jackiw-Rebbi fermion, and no fine-tuning of parameters
is required. In model 2, a potential coupling between the
Higgs and the adjoint scalar fields is introduced. The
resulting potential repels the colored Higgs triplet from
the domain wall, so that it possesses neither localized nor
light modes. Consequently, only the Higgs doublet needs to
be examined for possible light or tachyonic modes. The
correct pattern of electroweak symmetry breaking can then
be realized by an appropriate fine-tuning of the model
parameters.

We have also derived the four-dimensional effective
theory by integrating out the extra dimension. The effective
Lagrangian successfully reproduces the SM structure at
low energies, including the correct gauge kinetic terms,
fermion sectors, and Yukawa interactions. Furthermore,
renormalization group analysis demonstrates that the SM
Yukawa couplings at the weak scale can be reproduced
from appropriate choices of the five-dimensional param-
eters, establishing the phenomenological viability of the
framework.

Although the present work has focused on the theoretical
construction of a realistic dynamical SU(5) brane world
scenario, the completion of the Higgs sector and Yukawa
interactions considerably broadens its phenomenological
scope. In particular, it will be interesting to revisit proton
decay by extending the analysis of Ref. [52] to include the
Higgs sector and Yukawa interactions developed in this
work. The present framework also provides a realistic
SU(5) setting for investigating phenomenological aspects
of dynamical brane world models, including collider
signatures of Kaluza-Klein gauge bosons and fermions,
and Higgs phenomenology and flavor observables asso-
ciated with nonuniversal Kaluza-Klein gauge couplings
[58-60]. These issues are left for future work.
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APPENDIX A: THE EFFECTIVE POTENTIAL
FOR DOMAIN WALLS

In this Appendix, we discuss the calculation of the
effective potential of Sec. III.
The problem at hand is to calculate the integral

[se]

/ de1 (Twals’ Tr(Twalls)) = Veff(Rl FIEES) RS)’ (Al)

—0o0

where we denoted that V' can be function of both 7', and
its trace. In general, such integral can be broken down to
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evaluation of many pieces of the form

/ dxtanh™ (x — R;)tanh™i (x — R;)...tanh" (x — Ry),

(A2)

where m;’s are some integers. All of these integrals can be
related (by differentiation with respect to R;’s or by taking
limits) to some combination of the following generating
|

[So]

Gali, j, k) = / dx(tanh(x — R;) tanh(x — R;) tanh(x — Ry) — tanh(x)).

—0o0

o]

functions:

Gy (i) = / dr(tanh(x — R,) — tanh(x)),  (A3)

—00

Gali, .k 1) = / dx(tanh(x — R,) tanh(x — R,) tanh(x — R) tanh(x — R,) — 1),

—0o0

Gy(i,)) = /dx(tanh(x —R;)tanh(x —R;) = 1),  (A4)
(AS)
(A6)

Notice that for odd number of R;’s we subtracted tanh(x), while for even number we subtracted 1 to have manifest

convergence.
Using the identity

tanh(x — R;) — tanh(x — R;)

tanh(x — R;)tanh(x — R;) — 1 = , A7
anh(x - R,) tanh(x — R, ) (A7)
it is possible to establish recurrence relations:
.. G, (i,k,....) = G,_1(j, k, ..., ])
G,(i,j.k,....I1)=—" = Gk, ..., 1), A8
Wik ) ) +Gpalls ) (A8)
that, in principle, allow for the computation of any given G, starting from G (i) = —2R;.
After a bit of algebra we can obtain explicit forms of a first few generating functions as
R
G,(i,j)=-2(——+—1—), A9
2(l ]) <tanhl‘_j tanhj_,») ( )
R R R
Gs(i, j. k) = =2 l : £ : A10
3 (l I ) (tanhi_jtanhi_k * tanhj_l-tanhj_k + tanhk_itanhk_j ( )
R; R; R R
Gy(inj k1) = —2< ’ + / + k + : )
tanhi_jtanh,»_ktanh,-_l tanhj_itanhj_ktanhj_[ tanhk_,»tanhk_jtanhk_l tanh[_l-tanhl_jtanhl_k
(A11)
where we used a shorthand tanh,_; =tanh(R; — R;). From this, one can make a general guess
G,(itiy...iy :—22 (A12)

J=0

Hi”,] tanh( R - Ry

This expression can be then used to check the validity of the recurrence (AS8).
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Note that all G,,’s are totally symmetric functions of their arguments. This fact is useful when summing over all positions
(which occurs due to presence of traces of T',,;;’s). To be concrete, the following identities (that holds for any symmetric
function) are useful when evaluating the effective potential:

ZGZ i.j)=2) Gli.j JFZG2 ii) (A13)

i>j
ZG3(i,j, —6ZG3 i,j. k —1—32 Gs(i,j,j) + Gs(i,i,)) —|—ZG3(1,1,1 (A14)
i.j.k i>j>k i>j

D Guli k1) =24 > Gyliojok 1) +12) " (Galinj.k k) + Gyi j. j. k) + Gylini, j k)

ij.k,1l i>j>k>1 i>j>k
+ ) (6Gy(i.i. j.j) +4Gu(ij. j. ) + 4Gy(i.i.i.j )+ZG4(1 ii,0). (A15)
i>]

Let us illustrate our methods on evaluating

Ve = 0% [ dy(@Te(Fia) = v Tr(F). (A16)
This integral only converges when the outside vacua belong to the (0) set. Hence, we can set s; = ...ss = 1 without loss of

generality. In order to simplify our task, let us evaluate each term separately. The second term gives

/11;/4

9]
—A0*p? / dyTr(T5a) =

—00

Z/dx tanh(x — R;) tanh(x — R;) — tanh*(x — R;))

”Zczu ~ Gy(i. 1))

Aoy <8__ZtanhR R) (A17)

This piece of the effective potential describes a repulsion for any pair of walls.
The second piece reads

Ja / dyTr(7 ) = %5“ / dx(=3 tanh(x — R,) tanh(x — R,) tanh(x — Ry) tanh(x — R,)

+ 2(tanh?(x — R;) tanh(x — Rj) tanh(x — R;) + tanh(x — R;)tanh*(x — R;) tanh(x — R;)
+ tanh(x — R;) tanh(x — R;)tanh?(x — R;)) — 4tanh’ (x — R;) tanh(x — R;) + tanh*(x — R;))

03
- ‘{2”5“ S (<3G jo kD) + 2G™(ivj. k) = 4G (i i, ) + Gulivi. i i)
i.j.kl
w’ _ 2080
= ‘@”5“ (—72 > Gulin gk D) 24 GYM( k) +42) Gylivinj. j) =84 Guli.i.i. j) > (A18)

i>j>k>1 i>j>k i>j i>j
where
G3"(i,j.k) = Gu(i. i, j k) + Ga(i. . j. k) + Ga(i. j. k. k)

R,—R;, R,—R, R;,—R
=21+ Iy e (A19)
tanh;_; ~ tanh;_;  tanh;
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1 R, —R;
G .7 .7 '1 ] - _4 1 1 - ! j ki A20
4(l bJ J) < +Sll’lh12_j < tanhl’_j)) ( )
R, —R; 2 R,—R;
Guli ii.j) = —2 2 J - A A21
(i 8 j) tanh;_; N sinh_; ( tanh,»_j) (a21)
. 8
Gy(i,i,i,0) = ~3 (A22)
This can be simplified to
y . Vivda [ 8560 R — R,
da | yTe(Th ) = (- + 64y ——
06/ YTr(T5m) 125 ( 3 + Ztanh(Ri—R,»)
376 ( R, —R; ) o
- - 1- / -72 Gy(i, j, k, l)) (A23)
;Slnhz(R,- _Rj) tanh(Ri _Rj) i>j>Zk>l
Combining the above, we get the final result
v}V 8650 R, —R; 376a
= 1000% — —— 64a — 100y> —
“f 125 < W' =gt (bha = 100k );tanh(R,»—Rj) ;sinhz(R,-—Rj)
R. —R.

X 1—4> - Ta G,(i, j. k, l)). (A24)

APPENDIX B: PROOF OF DECOMPOSITION
(5.22) AND (5.58)

Here we give a proof that the extra-dimensional gauge
field A,, can be decomposed into D,C, and the diver-
gence-free component as in Eq. (5.22). Firstly, we define a
projection operator as

Pa:Da(Aa>_]D;' (Bl)
This is a projection operator since it satisfies P2 = P,,.
Therefore we can always decompose A, = P,A,, +
(1= Py)A,. The first term is actually D,B, in (5.22) if
we take B, = A;' D{A,,. However, P is well defined only
when A is well-defined. A dangerous case occurs if A7!
acts on its zero mode A,B() = 0(D,B)) = 0 as is given
in (5.32). This is not the case, however, since A;! acts right
after DZ,.

Let E be an arbitrary scalar and let us take an inner
product

(By. DAE) = (DyBy. E) = 0, (B2)
where we have defined the inner product by (A,B) =
f dyA*B. Hence we conclude that DLE does not include
By, and A} D} is always well defined, so is P,.

Let us next treat the second term (1 — P,)A,,. This is
denoted as C, in (5.22). Indeed C, satisfy the divergence-
free condition (5.23)

DiC, = Di(1 = Py)Ay, = (D — DD, AL DY)A,,

=0. (B3)
This is a proof of the decomposition (5.22).

We can repeat the same procedure for the decomposition
of X. Let us first introduce the following projection
operator

P=DA"'D". (B4)
Note that A~ is well defined because A = DDy + M?,
Then a vector X can be always decomposed into X =
PX + (1 — P)X. The first term is written as DY if we
defined ¥ = A~!'D7X. The second term is clearly diver-
gence-free since
D'(1-P)X = (D' -D'DA™'D")X =0. (BS)
Thus the second term is identified with Z in (5.58). This is
proof of decomposition (5.58).

Lastly we show that Z = (1 — P)X does not include the
zero mode. We decompose it as
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(1-P)X = E 2nCrs (B6)
n>0
where C, stands for the eigenvector of A as
AC, = M3C,. (B7)

We assign n =0 for the lowest eigenvalue of the non-
negative definite operator A. Note that the lowest eigenstate
is the kernel of Dg, and it can be expressed as

Cy x DA, (B8)

with A being an arbitrary function. Now let us verify if
(1 = P)X is orthonormal to C; by the following calculation
(1= P)X.Cy) (1 - P)X,DA)

= (D'(1-P)X,A)=0. (BY)

Hence the expansion (B6) does not include the lowest
eigenstate n = 0, namely Z does not have the zero mode.

APPENDIX C: ONE LOOP RGE OF SM

The SM gauge couplings «; = % at one loop levels are
given by

1 b; H
——In—o1, Cl
ai(Mz) 2w nMZ ( )

a(u)~ =

where i = 1, 2, 3 correspond to the gauge goups U(1),

SU(2),SU(3), respectively. Here by =15, b, == by =—

Sa a
and a (Mz):ﬁ, (Xz(Mz> = Sianth’ (X3<Mz) =0.1176
where apy = 37555 and sin® Oy = 0.23119.

The RGEs for Yukawa couplings are given by

d

r (€2)

L am L s
H, = a Ha Ha a o
“ 1671'2/)7 + 167r/)7

where a = u, d, e and t = In(u/M). ﬂg,l) is give as

A =1+ dbH, (C3)
b
where c,(;) =T,—- G, with
17 9
Gu =591 + 19 + 843, (C4)
1, 9, 2
Gi=591+59 +38g. (Cs)
4 4
9 9
Ge =291+ ,9 (C6)
T,=T,=T,=3Te(H, + H,) +TrH,, (C7)
3
al =al = X (C8)
3
agzafl:—z, (C9)
3
€ =—_, C10
w3 c10)
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