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We construct an SUð5Þ grand unified theory on domain walls in the five-dimensional space-time. In this
setup, we introduce an adjoint scalar field and a singlet that together form a set of five domain-wall solutions,
realizing a dynamical brane world. The same scalar fields also localize chiral fermion zero modes around the
walls via the Jackiw-Rebbi mechanism, break SUð5Þ down to the Standard Model gauge group via
geometric Higgs mechanism and simultaneously trap gauge fields through a field-dependent gauge kinetic
term. Furthermore, they enable localization of the Higgs field, providing a novel solution to the doublet-
triplet splitting problem. As a result, all essential ingredients of the model are realized by a single adjoint
scalar field and a singlet, making the construction very economical. We propose two realizations of the
Higgs sector, derive the four-dimensional effective theory, and demonstrate that the StandardModel Yukawa
couplings at the weak scale can be reproduced from the five-dimensional Yukawa couplings by the
renormalization group analysis with a suitable choice of parameters.
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I. INTRODUCTION

The hypothesis of extra dimensions has been extensively
explored in high-energy physics and cosmology. Within this
context, the brane world framework provides a compelling
paradigm in which our observable universe is realized as a
three-dimensional hypersurface (3-brane) embedded in a
higher-dimensional space-time. Prominent realizations of
this idea include the model of Arkani-Hamed, Dimopoulos,
and Dvali [1], which introduces large compact extra
dimensions to lower the fundamental Planck scale; its
embedding into the superstring theory is studied in [2].
The Randall-Sundrum model [3,4] employs warped extra
dimensions to generate a hierarchy with an exponential

factor. Both scenarios illustrate how higher-dimensional
geometries can offer novel mechanisms to address long-
standing puzzles of the Standard Model (SM), most notably
the gauge hierarchy problem.
However, this scenario suffers from fundamental prob-

lems: the existence of branes and the localization of SM
fields are simply assumed. These problems can be resolved
by introducing topological solitons. The dynamical origin of
branes in extra dimensions arises from spontaneous sym-
metry breaking, which generates a topologically stable
soliton that hosts our four-dimensional universe. This topo-
logical structure not only guarantees the stability of the brane
but also naturally explains the localization of chiral matter
fields [5,6]. Remarkably, gravitons can likewise be trapped
[7–12], ensuring that both matter and gravity are confined to
the same four-dimensional surface. Thus, topological sol-
itons provide a compelling and elegant mechanism that
bridges the gap between higher-dimensional theories and the
observed four-dimensional world.
Despite this success, the localization of massless gauge

bosons remains a highly nontrivial problem. When the
gauge symmetry H is spontaneously broken in the bulk
(the Higgs phase) and restored only in the vicinity of a
topological soliton, one might anticipate the emergence of
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massless gauge bosons localized within the soliton’s core.
However, this expectation is not realized in general: mass-
less modes acquire masses proportional to the inverse width
of the soliton [13]. The reason is that the bulk region, apart
from the soliton core, behaves as a non-Abelian super-
conductor. Although the gauge symmetry is restored inside
the soliton, any electric flux generated by a charged probe
placed within it is absorbed into the surrounding super-
conducting medium. Consequently, gauge fields can propa-
gate only over distances comparable to the soliton width,
implying that they are massive [2,13]. This reasoning is
physically well-motivated, and thus, the localization of
massless gauge bosons on a soliton appears, in general,
to be a highly nontrivial challenge.
A crucial insight to overcome this difficulty was intro-

duced in Ref. [13], where a mechanism based on electro-
magnetic duality was proposed.1 If a probe magnetic charge
is placed inside the soliton embedded in a superconducting
bulk, the magnetic flux is expelled from the bulk by the
Meissner effect. Owing to flux conservation, the field lines
are then confined to extend along the soliton, effectively to
infinity [2,13]. In Ref. [13], this situation was reformulated
in a dual picture: the Higgs phase in the bulk is replaced by
a confining phase, realized by the condensation of magnetic
charges. Under this assumption, a massless gauge field can
be localized inside the soliton when the gauge symmetryH
remains unbroken within the soliton but is embedded into a
larger non-Abelian group G in the confining bulk. This
localization mechanism, known as the Dvali-Shifman (DS)
mechanism, was rigorously demonstrated in four-dimen-
sional super Yang-Mills theory [13]. Its extension to higher
dimensions, however, remains unproven, as the nature of
confinement in dimensions beyond four is not yet fully
understood. Following Ref. [13], fat-brane scenarios based
on this idea have been studied [40–43]. However, most of
these works assume that the DS mechanism is valid.
On the other hand, a simpler mechanism for gauge field

localization was proposed by Ohta and Sakai [44]. In this
mechanism, a field-dependent gauge kinetic term (field-
dependent permeability) is introduced:

Lgauge ¼ −βðTÞ2FMNFMN; ð1:1Þ

whereM, N denote indices of the full space-time and T is a
scalar field. The field strength is given as FMN ¼
∂MAN − ∂NAM þ i½AM;AN �. This represents a semiclass-
ical realization of the confining phase [1,13,45–49], rather
than the Higgs phase that exists outside the solitons. When
βðTÞ2 is square-integrable over the entire extra-dimensional
space, the massless four-dimensional gauge fields become

localized on the topological soliton. Because square-inte-
grability is independent of the specific details of a model, the
resulting localization mechanism is quite robust. We have
confirmed this robustness in a number of explicit five- and
six-dimensional models [50–55] and have also provided a
formal proof valid in arbitrary spacetime dimensions [56,57].
The same localization mechanism is used to construct the
five-dimensional brane world models in [58–61].
In [52], we have constructed an SUð5Þ grand unified

theory (GUT) in five dimensions. In this model, two types
of scalar fields S and T are introduced, where the T sector
consists of an adjoint scalar field T̂ and a singlet scalar field
T0. The scalar field S is responsible for localizing gauge
fields and T is for localizing matter fields. More specifi-
cally, T sector plays three important roles: (1) it generates
the domain-wall configuration, (2) it consequently traps
chiral fermion zero modes around the wall, and (3) it breaks
SUð5Þ down to the SM gauge group. It was further shown
that proton decay is suppressed due to the reduced overlap
of the zero mode functions of the fermions and gauge
fields. However, the SUð5Þmodel proposed in [52] remains
phenomenologically incomplete, since neither the Higgs
sector nor the Yukawa couplings were incorporated. As a
result, it was not possible to address electroweak symmetry
breaking or to derive the mass spectrum of the matter fields.
Moreover, the model could not deal with the doublet-triplet
splitting problem in the SUð5Þ GUT.
In this paper, we construct a five-dimensional SUð5Þ

brane world model based on domain-wall solutions with a
Higgs sector and Yukawa couplings. In contrast to the
previous model [52], the present framework employs only
the T sector, consisting of the adjoint scalar field T̂ and the
singlet scalar field T0, without introducing the additional
scalar field S. The T sector is responsible not only for
the three tasks (1)–(3) explained above but also for (4) the
localization of gauge fields which was achieved by the
S field in [52], making the construction more economical.
Furthermore, we will show that the T field can also
contribute to (5) localization of the SM Higgs field on
the walls avoiding the doublet-triplet splitting problem.
Theories with extra dimensions provide an attractive
framework to solve the doublet-triplet splitting problem
[62–68]. Within the higher-dimensional context, we pro-
pose two distinct realizations of the Higgs sector that
successfully resolve the splitting problem. We further
derive the four-dimensional effective theory and show that
the SM Yukawa couplings can be reproduced from the five-
dimensional Yukawa interactions through renormalization
group evolution of the SM.
An additional advantage of the present setup concerns

the fermion mass structure. In minimal four-dimensional
SUð5Þ GUTs, the unified Yukawa structure generically
predicts the relation Yd ¼ YT

e at the unification scale, where
Yd and Ye denote the Yukawa matrices for down-type
quarks and charged leptons, respectively. This relation

1Following [13], numerous studies on the localization of
massless gauge bosons have been carried out [14–39]. Each
offers certain advantages but also facing specific limitations, and
a comprehensive understanding is still lacking.
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leads to phenomenologically unrealistic fermion mass
relations. In our framework this problem is avoided
without extending the Higgs sector (for instance by
introducing additional Higgs representations such as a
45 as in the Georgi-Jarlskog mechanism [69]) or invoking
higher-dimensional operators that modify the Yukawa
structure [70]. Although the underlying five-dimensional
Yukawa couplings respect SUð5Þ unification, the effective
four-dimensional Yukawa matrices arise from overlap
integrals of localized fermion zero modes in the extra
dimension. These generation-dependent overlaps naturally
relax the usual SUð5Þ mass relations, allowing a realistic
pattern of fermion masses and mixings.
The organization of this paper is as follows. In Sec. II, we

provide an overview of the model. Section III is devoted to
the discussion of the domain-wall sector. In Sec. IV, we
describe the Higgs sector, with particular focus on the two
models that provide solutions to the doublet-triplet splitting
problem. Specifically, Sec. V presents the remaining
sectors and the derivation of the four-dimensional effective
theory of the model; Sec. VA deals with the gauge sector
and its four-dimensional effective theory, Sec. V D derives
the four-dimensional effective theories of the two Higgs-
sector models, Sec. V B discusses the fermion sector and its
effective theory, and Sec. V C covers the Yukawa sector and
the corresponding four-dimensional effective theory. In
Sec. VI we summarize our results. In A, we provide a
derivation of the effective potential in the domain-wall
sector. B gives proofs of the decompositions used in
Eq. (5.20) and Eq. (5.56). C summarizes the Standard
Model renormalization group equations used in the analysis
of the Yukawa couplings in Sec. V C.

II. MODEL

We consider a five-dimensional SUð5Þ GUTwith a Higgs
H in a fundamental representation, fermionic mattersΨ5̄;A in
an antifundamental representation and Ψ10;A in an antisym-
metric representation, where the index A ¼ 1, 2, 3 denotes
the generation. In addition, we introduce two scalar fields T̂
in an adjoint representation and a singlet T0. They transform
under the gauge transformation with U∈ SUð5Þ as

H → UH; ð2:1Þ

Ψ5̄ → U�Ψ5̄; ð2:2Þ

Ψ10 → UΨ10Ut; ð2:3Þ

T̂ → UT̂U†: ð2:4Þ

We decompose the full Lagrangian into the following parts:

L ¼ LT þ LH þ Lgauge þ Lf þ Lyukawa: ð2:5Þ

We briefly explain each part in the following.
The first part, LT , serves a role of providing domain wall

background on which the SM is realized in the low energy
limit. This background allows for several configurations of
domain walls and of spontaneous gauge symmetry break-
ing patterns. Wewill show that the symmetry breaking from
SUð5Þ to SUð3Þ × SUð2Þ ×Uð1Þ is realized as the most
energetically favored for robust choices of parameters in
the model. We will provide an explicit form of LT and a
detailed analysis to obtain the domain walls in Sec. III. The
effective Lagrangian of this sector will be discussed
together with that of the gauge sector in Sec. VA.
The second part, LH, is the Lagrangian for the Higgs

fields, which is one of the main focuses of this paper. This
part provides a mechanism to localize the doublet part ofH,
which becomes the SM Higgs field, while the triplet part
remains delocalized or only appears in the low-energy
effective theory through very heavy modes. This is a
solution to the doublet-triplet splitting problem. We will
propose two models to solve this problem in Secs. IVA
and IV B. We will also derive the effective Lagrangian of
these two models in Sec. V D.
The third part, Lgauge, describes the kinetic term of the

SUð5Þ gauge field and the localization of SM gauge fields
around a certain region of the fifth-dimension through the
Ohta-Sakai mechanism [44]. In this Lagrangian, a nontrivial
function of T̂ and T0 appears as a coefficient of the gauge
kinetic term. This means that the coefficient which is
normally an inverse of a gauge coupling constant is gener-
alized to a positive semidefinite function of T̂ and T0. This
function plays an important role to localize gauge fields.
We will describe Lgauge in Sec. VA, where the effective
Lagrangian of Lgauge will be derived as well.
The fourth part, Lf , includes the kinetic terms of the

fermion fields and their couplings to the T̂ and T0 fields,
by which the fermion can localize around the domain wall.
The fifth part, Lyukawa, contains the 5-dimensional Yukawa
terms that give the masses to the fermions after the
electroweak symmetry breaking. These two sectors will
be discussed, including the derivation of their effective
Lagrangians, in Secs. V B and V C. In Sec. V C, we
perform the renormalization group analysis of the Yukawa
couplings and show that the Yukawa couplings of the SM
at Z-boson scale are realized by suitable choice of the
Yukawa couplings and parameters in the five-dimen-
sional model.

III. DOMAIN WALL SECTOR

A. Domain wall background

For convenience, let us combine the SUð5Þ adjoint field
T̂ and the scalar field T0 into a single entity T
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T ≡ T̂ þ T0

5
15: ð3:1Þ

We then organize the LT as follows2

LT ¼ Tr½DMTDMT� − V0 − V1; ð3:2Þ

where the covariant derivative is given by DMT ¼ ∂MT þ
i½AM; T� with AM being an SUð5Þ gauge field. Note that
the kinetic term is not canonically normalized for T0 field,
i.e. Tr½DMTDMT� ¼ Tr½DMT̂DMT̂� þ 1

5
∂MT0∂

MT0.
The first part of the potential V0 is chosen in such a way

as to facilitate domain walls (and antiwalls) in the back-
ground and it is assumed that it is dominant over the second
part. The role of V1 is to merely modify the shape and
dynamics of the (anti)walls slightly and mostly in a generic
manner. In particular, let us choose

V0 ¼ λTrðv215 − T2Þ2: ð3:3Þ

If we set V1 ¼ 0 for the moment, it is easy to see how V0

gives rise to domain (anti)walls. First, we observe that there
are 25 discrete vacua described by

Tvac ≡ vUdiagðs1; s2;…; s5ÞU†; ð3:4Þ

where U is an arbitrary SUð5Þ matrix and si ∈ f−1; 1g are
a quintuplet of signs, while v is the vacuum expect-
ation value.
For further purpose, let us organize the canonical vacua,

given by Eq. (3.4) with fixed U ¼ 15, into three sets h0i,
h1i, and h2i according to how they break SUð5Þ gauge
symmetry:

h0i≡ Tvac=v∈ f15;−15g SUð5Þ preserving ð3:5Þ

h1i≡ Tvac=v∈
��−1

14

�
;

�
1

−14

�
;þ permutations

�
SUð5Þ → Uð1Þ × SUð4Þ ð3:6Þ

h2i≡ Tvac=v∈
��−12

13

�
;

�
12

−13

�
;þ permutations

�
SUð5Þ → Uð1Þ × SUð2Þ × SUð3Þ ð3:7Þ

While there are only two elements in the set h0i, there are
10 in h1i and 20 in h2i, totaling 25 ¼ 32 elements.
Next let us consider the domain walls. Since all the vacua

mentioned above are discrete, stable domain walls exist.
We choose the SUð5Þ unbroken vacua h0i and take the
following boundary conditions

T ⟶
y→−∞

− v15; T⟶
y→∞

v15: ð3:8Þ

A general static solution with these boundary conditions
can be obtained in a closed form as

Twalls ¼ v diagðtanhðΩy − RiÞÞ; i ¼ 1;…; 5; ð3:9Þ

where Ω≡ ffiffiffi
λ

p
v. This solution describes a configuration of

five domain walls at (dimensionless) positions Ri along the
extra-dimensional coordinate y≡ x4.
Depending on the number of coincident walls and the

ordering of their positions on the y-axis, there are ten
patterns of possible configurations. A phenomenologically
interesting case is when three coincident walls and two
coincident domain walls are placed at different positions,
namely, R1 ¼ R2 ¼ R3 < R4 ¼ R5. We write this

configuration as 3-2, where the numerals denote a number
of coincident walls and the hyphen means the space
separation. This configuration is depicted in Fig. 1. We
can think about this configuration as consisting of regions
of two asymptotic outer vacua and one approximate inner
vacuum, in which different symmetry breaking patters
are realized. The SUð5Þ is unbroken far away from
the domain walls, but it is spontaneously broken to
SUð3Þ × SUð2Þ ×Uð1Þ in the middle region, where
T ≈ vdiagð1; 1; 1;−1;−1Þ. There are, of course, many

FIG. 1. Illustration of the 3-2 split configuration of domain
walls. Here, v ¼ Ω ¼ 1 and the position moduli are given as
R1 ¼ R2 ¼ R3 ¼ −2; R4 ¼ R5 ¼ 2.

2We take the metric to be ηMN ¼ diagð1;−1;−1;−1;−1Þ,
where M;N ¼ 0; � � � 3, 4 stand for the five-dimensional space-
time indices.
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other configurations such as 4-1 and 2-1-2, etc. As we will
see in the next subsection, the 3-2 configuration is ener-
getically favored compared to any other as V1 is switched.
Furthermore, we will show that this remains true in a large
region of the parameter space and hence represents a
generic case.

B. Moduli stabilization

Let us now turn our attention to the question of how the
choice of V1 affects this picture. We consider the following
potential.

V1 ¼ λð−μ2v2TrðT̂2Þ þ αTrðT̂4ÞÞ: ð3:10Þ

In fact, it turns out that we can be quite general in choosing
the extra pieces, provided that they are small compared
with V0 and hence can be treated perturbatively. Before we
discuss generic case, however, let us illustrate the situation
with specific examples.
This potential (here μ and α are dimensionless couplings)

can be characterized as an extra double-well potential for
the adjoint part T̂. First of all, it changes the structure of the
vacua. Namely, the additional energy due to V1 for the three
sets of vacua defined in the previous subsection are given as

V1ðh0iÞ ¼ 0; ð3:11Þ

V1ðh1iÞ ¼
16λv4

125
ð52α − 25μ2Þ; ð3:12Þ

V1ðh2iÞ ¼
24λv4

125
ð28α − 25μ2Þ: ð3:13Þ

As we see, which set corresponds to a minimum depends
on the values of α and μ. In the following, we consider
α > 25μ2=28, which realizes a phenomenologically inter-
esting case, namely that SUð5Þ-preserving vacua are the
true minima of the full potential with the total energy
V0ðh0iÞ þ V1ðh0iÞ ¼ 0. As there are only two vacua in the
h0i set, all diagonal entries of the T field must be either
walls or antiwalls. Without the loss of generality, let us
take s1 ¼ … ¼ s5 ¼ 1.
Treating V1 as perturbation, we can ascertain which

configuration of static domain walls has the lowest energy
by plugging (3.9) into V1 and integrating the result over y.
Furthermore, we obtain the effective potential as a function
of distances between walls Ri − Rj:

VeffðRi − RjÞ≡
Z∞
−∞

dyV1ðT̂wallsÞ: ð3:14Þ

Notice that due to invariance of V1 with respect to
permutation of diagonal entries, we can assume R1 <
R2 < … < R5 without loss of generality. The effective

potential VeffðRi − RjÞ can be obtained exactly, which we
do in Appendix A.
However, for our purposes, let us demonstrate our claim

using a simple argument. Naively, we may be tempted to
think that a fully coincident configuration of walls, i.e.

Tcoin ¼ v tanhðxÞ15; ð3:15Þ

is the minimum of the energy, since V1ðT̂coinÞ ¼ 0, where
x≡ Ωy. Departing slightly from the coincident point,
however, we can show that Tcoin must be in fact a local
maximum. Indeed, given that T̂ would be small, we can
neglect the quartic term in V1 and easily integrate the
quadratic term (see A) which gives

− λv2μ2
Z∞
−∞

dyTrðT̂2
wallÞ

¼
ffiffiffi
λ

p
v3μ2

�
8 −

4

5

X
i>j

Ri − Rj

tanhðRi − RjÞ
�
: ð3:16Þ

As this is negative—as evident from the fact that the right-
hand side is maximal at the fully coincident limit, Ri ¼ Rj,
for which it equals zero—the effective potential implies a
repulsive force between any pair of walls for small
separations. Hence, we see that the coincident point is
unstable.
The other extreme—when all walls are well separated—

has the opposite effect, namely an attractive force due to
the fact that field values in the gaps will be in the h1i set for
the two outer gaps and in the h2i set for the two inner gaps.
These gaps roughly gives a constant positive energy per
unit length, which follows from (3.11) and (3.12). Thus,
these gaps would tend to collapse for large separations, but
as we have seen, the fully coincident configuration is
disfavored too. Hence, the true minimum should be a
partially coincident configuration. Furthermore, the field
value in the gap should be from the h2i set, since it is
energetically favorable over the set h1i.
It is easy to establish that out of the two simplest

possibilities—the 3-2 splitting and the 4-1 splitting con-
figurations—

T3-2 ¼ v

�
tanhðxÞ13

tanhðx − RÞ12

�
;

T4-1 ¼ v

�
tanhðxÞ14

tanhðx − RÞ

�
; ð3:17Þ

the 3-2 splitting has the least energy. This can be checked
by direct calculation of the effective potentials
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V3-2
eff ≡

Z∞
−∞

dyV1ðT̂3-2Þ ¼
112v3

ffiffiffi
λ

p
α

125

�
−11þ 6R

tanhðRÞ −
15

sinh2ðRÞ
�
1 −

R
tanhðRÞ

��

þ 24v3
ffiffiffi
λ

p
μ2

5

�
1 −

R
tanhðRÞ

�
; ð3:18Þ

V4-1
eff ≡

Z∞
−∞

dyV1ðT̂4-1Þ ¼
416v3

ffiffiffi
λ

p
α

375

�
−11þ 6R

tanhðRÞ −
15

sinh2ðRÞ
�
1 −

R
tanhðRÞ

��

þ 16v3
ffiffiffi
λ

p
μ2

5

�
1 −

R
tanhðRÞ

�
: ð3:19Þ

We see that V3-2
eff is always bellow V4-1

eff (except the point
R ¼ 0). We display these effective potentials on Fig. 2,
showing that the minimum is reached at some nonzero
separations of coincident triplet and coincident doublet
of walls.
A further analysis can be made by considering more

complicated configurations, such as 2-1-2 double-split
background. Omitting the details, the effective potential
shows that minimum is achieved by collapsing one of the
gaps, thus reaching 3-2 configuration. In the following
section, and throughout the paper, we consider the 3-2
configuration as our domain wall background solution.

IV. HIGGS SECTOR

In this section, we propose two models for the Higgs
sector, which solve the double-triplet splitting problem.
One model does not need fine-tuning (model 1), while the
other model (model 2) does.

A. Model 1

We introduce a nonminimal kinetic term for the Higgs
field H

LH ¼ Tr½βHðT̂Þ2DMHDMH†�; ð4:1Þ

where DMH ¼ ∂MH − iAMH, and we assume βH is trans-
posed as βH → UβHU† under SUð5Þ. This is a generali-
zation of Ohta and Sakai idea [44] in Eq. (1.1) to the Higgs
sector. As we will shortly show, no other terms are needed
to solve the doublet-triplet splitting problem.
To be concrete, let us take a specific example

βHðT̂Þ ¼ exp ð−cT̂−1Þ; ð4:2Þ

with c being a constant. We use this example to demon-
strate the idea, but we will comment about the general
conditions on βH later.

We consider the 3-2 background wall configuration
given by

T ≡
�
τ3 0

0 τ2

�

¼ v

0
B@ tanhΩ

�
yþ d

2

�
13 0

0 tanhΩ
�
y − d

2

�
12

1
CA: ð4:3Þ

From this, we have

T̂ ¼ δτ diag

�
2

5
;
2

5
;
2

5
;−

3

5
;−

3

5

�
; ð4:4Þ

δτ ¼ v tanhΩ
�
yþ d

2

�
− v tanhΩ

�
y −

d
2

�
: ð4:5Þ

Then, the explicit form of βH reads

FIG. 2. Comparison between effective potentails V3-2
eff and V4-1

eff
showing that 3-2 splitting background is energetically preferable.
Here, v ¼ λ ¼ 10α ¼ 100μ2 ¼ 1.
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βH ¼
�
βH;313

βH;212

�

¼

0
B@ exp

�
− 5c

2δτ

�
13

exp
�

5c
3δτ

�
12

1
CA: ð4:6Þ

In the following, we assume c > 0 and d > 0 (but c < 0
and d < 0 would be equally valid). As a consequence,
βH;3 and βH;2 acquire shapes depicted in Fig. 3. The sign
combination of c and d affects the normalizability (square
integrability) of βH. When cd > 0 as shown in Fig. 3, βH;2

is normalizable but βH;3 is non normalizable, and vise versa
for cd < 0.
This naturally leads to decomposing the 5-pletH into the

colored triplet H3 and the electroweak doublet H2 as

H ¼
�
H3; H2

�
T
; ð4:7Þ

resulting in the decoupled equations of motion

∂Mðβ2H;I∂
MHIÞ ¼ 0; ðI ¼ 2; 3Þ: ð4:8Þ

Since βH;I only depends on y, this can be expanded as

β2H;I∂μ∂
μHI − ∂yðβ2H;I∂yHIÞ ¼ 0: ð4:9Þ

Next, let us define a canonical Higgs fields HI defined by

HIðxMÞ ¼ βH;IðyÞHIðxMÞ; ð4:10Þ

and the equations of motion for HI read

∂μ∂
μHI þ

�
−

d2

dy2
þ β00H;I

βH;I

�
HI ¼ 0: ð4:11Þ

Let us expand HI in to the complete basis of functions

HIðxMÞ ¼
X
n

fI;nðyÞhI;nðxμÞ; ð4:12Þ

where fI;n are the eigenfunctions of the operator

− d2

dy2 þ
β00H;I

βH;I
, i.e.,

�
−

d2

dy2
þ β00H;I

βH;I

�
fI;nðyÞ ¼ m2

I;nfI;nðyÞ: ð4:13Þ

Clearly,mI;n defines the four-dimensional mass for the hI;n.
Let us examine the mass spectra. First of all, we can

easily show the mass operator is real and positive semi-
definite by rewriting it in the following form

−
d2

dy2
þ β00H;I

βH;I
¼ Q†

H;IQH;I; ð4:14Þ

where

QH;I ≡ −
d
dy

þ ðlog βH;IÞ0;

Q†
H;I ≡ d

dy
þ ðlog βH;IÞ0: ð4:15Þ

Thus, the four-dimensional masses satisfy m2
H;n ≥ 0.

Second, irrespective of any details of βH;I , the zero mode
always exists

QH;IfI;n¼0 ¼ 0 ⇒ fI;n¼0 ¼ NH;IβH;I: ð4:16Þ

whereNH;I is a normalization constant which is determined
by a condition Z

dyfI;0ðyÞfI;0ðyÞ ¼ 1: ð4:17Þ

This gives

NH;I ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
dyβ2H;I

q : ð4:18Þ

However, only the electroweak doublet h2;0 turns out to be
physical, since βH;2 is only normalizable. The colored
triplet h3;0 is unphysical due to the fact that βH3

is non-
normalizable. The presence of the massive bound states
depends on the details of the model parameters, but they are
always superheavy because all the dimensionful parameters
are of the order of the GUT scale. Thus, the doublet-triplet
splitting puzzle is solved without any fine-tuning in
this model.

FIG. 3. The left panel shows δτ, and the right panel shows βH;3 and βH;2.
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Let us make comments on our accomplishment in this
subsection. The presence of the massless mode is robust in
the sense that a small deformation of the model cannot
eliminate it. We can understand it as an analogy to a
topological edge mode appearing on an interface between
topologically distinct regions. For this, we focus on the mass
operator, which was found to appear in the very specific
formQ†

H;IQH;I. This reminds us of the domain wall fermions
via the so-called Jackiw-Rebbi mechanism [6]. Briefly
speaking, the Jackiw-Rebbi mechanism states that the
massless fermion appears whenever the position-dependent
fermion mass MψðyÞ changes its sign on a kink center.
Typically, the mass appears in the first order differential
operator Qψ ¼ − d

dy þMψ and Q†
ψ ¼ d

dy þMψ . Comparing
the Jackiw-Rebbi fermion and our Higgs boson, we reach the
correspondence

Mψ ⇔ MH;I ≡ ðlog βH;IÞ0 ¼
β0H;I

βH;I
: ð4:19Þ

Looking at Fig. 3, one sees thatMH;I changes the sign at the
center. This, namely the fact that MH;IðyÞ changes the sign,
is a necessary condition for having the massless Higgs
doublet. Any details are not important for the presence of the
zero mode. In this sense, the massless Higgs doublet is a sort
of the topological edge state. In summary, the 3-2 splitting of
the 5 domain walls solves the doublet-triplet splitting puzzle
of SUð5Þ GUT.
From the above analysis, if we replace the parameter

combination cd > 0 by cd < 0, we immediately see that
the colored Higgs triplet provides the massless physical
mode instead of the doublet. Unfortunately, we cannot
control whether it is the triplet or the doublet that gives the
massless degrees of freedom at this stage. It is our opinion
that it is not a high price to pay, compared to some other
SUð5Þ brane world models, which need parity assignment
to all the bulk and brane fields. We do not need any parity
assignment, but we need the condition cd > 0.
The example (4.6) illustrates the general idea behind the

localization mechanism for the Higgs doublet: the non-
minimal coupling term βHðT̂Þ depends on the domain-wall
background in such a way that distinguishes the doublet
from triplet via exponent-type dependence that—due to the
sign difference—makes the colored triplet part βH;3 non-
normalizable, while localizing the electroweak doublet βH;2.
Let us stress that any type of profile βHðT̂Þ that has the same
exponent-type sensitivity would produce the same result,
making our scheme, in this sense, robust. However, at this
point, it seems difficult to formulate general conditions
on βH that would guarantee the same results.
Furthermore, there is an obvious question to what degree

is the presented construction natural. In this regard, we can
only offer the above-mentioned similarity to Jackiw-Rebbi
mechanism for fermionic modes, making the model 1 a

bosonic analog for a topological edge-state. However, we
leave the full motivation as a possible future project.

B. Model 2

In this subsection,3 we propose a model for the Higgs
sector that needs fine-tuning. The Lagrangian is given by

LH ¼ ðDMHÞ†DMH − Vð4Þ − Vð2Þ: ð4:20Þ

In order to achieve the triplet-doublet splitting, we need to
use the adjoint scalar field, T̂, to interact withH not via the
kinetic terms but via the potential terms. We assume the
simplest choice of the potential as

Vð4Þ ¼ λHðH†HÞ2; Vð2Þ ¼ H†ðΩ2
H15 þ bT̂ÞH; ð4:21Þ

where the quartic coupling λH > 0 assures the stability of
the potential at large values of H. The parameter ΩH is
the five-dimensional mass for H, and b is the coupling of
the adjoint scalar T̂ withH. The interactionH†T̂Hwith the
coupling b is chosen as an operator with the lowest mass
dimension.
The adjoint scalar T̂ for the 3-2 split domain wall is given

as in Eq. (4.4). It again leads to a natural separation of the
5-plet H as in (4.7). We obtain the decoupled quadratic
terms in the potential as

Vð2Þ ¼ U2ðyÞH†
2H2 þ U3ðyÞH†

3H3; ð4:22Þ

U2ðyÞ ¼ Ω2
H −

U0

cosh2Ωy − d̃2 sinh2Ωy
; ð4:23Þ

U3ðyÞ ¼ Ω2
H þ 2

3

U0

cosh2Ωy − d̃2 sinh2 Ωy
; ð4:24Þ

where the wall separation is parametrized by a dimension-
less separation d̃

d̃ ¼ tanh
Ωd
2

: ð4:25Þ

The strength of the potential U0 is given as

U0 ¼
6

5
bv tanh

Ωd
2

> 0: ð4:26Þ

Note that we have chosen the sign of the parameter b to
make U0 > 0. Because of the repulsive potential for the
triplet H3, there are no localized modes and a large mass
gap of order ΩH without light modes. Therefore we only
need to consider doublet H2 to find possible light or
tachyonic modes, see Fig. 4.

3This section was written with significant contributions from
the late Professor Norisuke Sakai.
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The mass spectra of the doublet Higgs scalar H2 can be
obtained by a linearized field equation

DMDMH2 þ U2ðyÞH2 ¼ 0: ð4:27Þ
The wave equation in the extra-dimension y is assumed
to give a complete set of eigenfunctions unðyÞ with the
eigenvalue m2

n as

½−∂2y þ U2ðyÞ�unðyÞ ¼ m2
nunðyÞ: ð4:28Þ

We can decompose the field in terms of this complete set to
obtain a tower of the Kaluza-Klein fields HnðxÞ, which
appear as fields with the mass squared m2

n in the effective
four-dimensional field theory

H2ðx; yÞ ¼
X∞
n¼0

h2;nðxÞunðyÞ; ð4:29Þ

∂μ∂
μh2;nðxÞ þm2

nh2;nðxÞ ¼ 0; ð4:30Þ

where μ stands for the four-dimensional spacetime indices.
It is not easy to obtain the mode functions unðyÞ exactly

for arbitrary separations. However, since we are interested
in wall configurations with separations of a fraction of the
wall width 1=Ω, we can solve the eigenproblem (4.28) in
the limit of vanishing separation, i.e., d̃ → 0 as a leading
order approximation.
When d̃ ¼ 0, the eigenproblem simplifies into	

−∂2y þ Ω2
H −

U0

cosh2Ωy



unðyÞ ¼ m2

nunðyÞ: ð4:31Þ

We define an auxiliary variable s

s ¼ 1

2

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4U0

Ω2

r
− 1

!
; ð4:32Þ

to count the discrete eigenstates with the mass mn

m2
n ¼ Ω2

H −Ω2ðs − nÞ2; n ¼ 0; 1;…; bsc; ð4:33Þ

where bsc is the largest integer less or equal to s. The
corresponding eigenfunctions are given by the 2F1 hyper-
geometric function

unðyÞ ¼
Nn

ðcoshΩyÞs−n 2F1

	
−n; 2s − nþ 1; s − nþ 1;

1 − tanhΩ5y
2




¼ Nn

ðcoshΩyÞs−n
Xn
k¼0

n!Γð2s − nþ kþ 1ÞΓðs − nþ 1Þ
k!ðn − kÞ!Γð2s − nþ 1ÞΓðs − nþ kþ 1Þ

�
tanhΩy

2
− 1

�
k
; ð4:34Þ

with the normalization constant Nn defined by
R
dyjunðyÞj2 ¼ 1. In particular, the lowest mode is given as

m2
0 ¼ Ω2

H − ðsΩÞ2; u0ðyÞ ¼
N0

ðcoshΩyÞs ; jN0j2 ¼
ΩΓðsþ 1

2
Þffiffiffi

π
p

ΓðsÞ : ð4:35Þ

It is localized between 3 and 2 walls, and it becomes massless m0 ¼ 0 if the parameters satisfy the condition

U0 ¼ ΩHðΩH þΩÞ: ð4:36Þ

The mass gap between the lightest and the higher excited modes is of order Ω, and above the threshold at Ω2
H, we have a

continuum spectra.
The electroweak symmetry breaking occurs when m2

0 < 0. This is realized when parameters satisfy the following
inequality

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

4
þ U0

r
þΩ

2
< ΩH <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2

4
þU0

r
−
Ω
2
: ð4:37Þ

FIG. 4. The quadratic mass terms U2 and U3 for the electro-
weak Higgs doublet (black and solid) and the colored Higgs
triplet (red and dashed), respectively.
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We conclude that in this model, the triplet HiggsH3 is safely
decoupled and the electroweak symmetry breaking is real-
ized by condensation of the remaining double Higgs H2.

V. EFFECTIVE LAGRANGIAN

In this section, we give the Lagrangian of the gauge sector,
the fermion sector, and the Yukawa coupling in (2.5), and
derive the four-dimensional effective Lagrangian of (2.5).

A. Effective Lagrangian of gauge sector

1. Setup

We consider the following Lagrangian for the gauge
sector

Lgauge ¼ −Tr½β2ðT0; T̂ÞFMNFMN �; ð5:1Þ

The coefficient β2ðT0; T̂Þ of the gauge kinetic term, which
is normally an inverse of a gauge coupling constant but it is
a positive semidefinite function of T0 and T̂ in the above
Lagrangian. This generalization gives a semiclassical reali-
zation of the confinement phase outside the domain wall
and the localization of the gauge field is achieved. We
require that β2ðT0; T̂Þ covariantly transforms under SUð5Þ
as βH to maintain the gauge invariance.
For the derivation of the four-dimensional effective

Lagrangian, we do not need to consider a concrete
βðT0; T̂Þ. But we only decompose βðT0; T̂Þ in a block-
diagonal form, given that the background solution (3.9) is
block-diagonal as well. That is we have

βðT0; T̂Þjbg ¼
�
β3ðτ3Þ213 0

0 β2ðτ2Þ212

�
;

τi ≡ v tanhðΩðy − YiÞÞ ði ¼ 2; 3Þ: ð5:2Þ
As mentioned before, the β3 and β2 realize the localization
of the gauge fields by acquiring a profile on the 3-2-split
background that is approaching zero everywhere, except
around the domain walls τ3 and τ2, respectively. Namely
we assume square integrability of β3 and β2 as

1

g23
≡
Z

dyβ23 < ∞;
1

g22
≡
Z

dyβ22 < ∞: ð5:3Þ

Let us now decompose the gauge fields as

AM ¼
0
@A3M

XMffiffi
2

p

X†
Mffiffi
2

p A2M

1
AþA1M

ffiffiffi
3

5

r  
1
3
13 0

0 − 1
2
12

!
;

ð5:4Þ

where AM
3 , A

M
2 , and AM

1 are would-be SUð3Þ, SUð2Þ, and
Uð1Þ gauge fields, and XM is a 2 × 3 rectangular complex
matrix.

In addition to the fluctuations of the gauge fields (5.4),
we introduce small fluctuations to the scalar field T.
Since T is a 5 by 5 Hermitian matrix, there are 25 real
fluctuations. We shall decompose them into three parts
ðρ;Ψ;ΦÞ as

T ¼ eiΦðT0 þ ρÞe−iΦ ¼ T0 þ ρþ i½Φ; T0� � � � ; ð5:5Þ

with

ρ ¼
�
ρ3 0

0 ρ2

�
; Φ ¼ 1ffiffiffi

2
p
�

0 φ

φ† 0

�
: ð5:6Þ

Here ρ3ðρ2Þ is a 3 × 3 (2 × 2) Hermitian matrix, and φ is
3 × 2 rectangular, complex matrix. ρ3, ρ2 and φ have 9, 4,
and 12 degrees of freedom. Summing up, we have
25 degrees of freedom as expected.
The fields ρ3 and ρ2 become massive after the moduli are

stabilized as is done in Sec. III B and they naturally have
GUT scale masses. Thus, they are integrated out in the low
energy Lagrangian. The third term in the second equality in
(5.5) is nothing but the gauge transformation by the broken
generators, so that φ contains the corresponding Nambu-
Goldstone fields.
For later convenience, let us prepare

β1 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3β22 þ 2β23

5

r
; βX ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β22 þ β23

2

r
;

βϕ ≡ τ3 − τ2: ð5:7Þ

Here β1 also satisfies the square integrability condition
since β3 and β2 satisfy it:

1

g21
≡
Z

dyβ21 < ∞: ð5:8Þ

We shall substitute (5.4) and (5.5) into (5.1) and (3.2),
and pick up only terms of the quadratic order of the
fluctuations. The resultant Lagrangian is then given by

Lgauge þ Tr½DMTDMT� ¼
X3
α¼1

Lα þ LX þ Lϕ; ð5:9Þ

with

Lα ≡ Tr½Aαμfβ2αðημν□ − ∂
μ
∂
νÞ − ημν∂yβ

2
α∂ygAαν

− 2ð∂μAαμÞ∂yðβ2αAαyÞ −Aαyðβ2α□ÞAαy�; ð5:10Þ

LX ¼ Tr½X†
μ½β2Xðημν□ − ∂

μ
∂
νÞ − ημν∂yβ

2
X∂y þ ημνβ2ϕ�X ν

− 2ð∂μX†
μÞ½∂yðβ2XXyÞ þ β2ϕφ� − X†

yðβ2X□þ β2ϕÞXy�;
ð5:11Þ
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Lϕ ¼ Tr½−φ†ðβ2ϕ□ − ∂yβ
2
ϕ∂yÞφþ φ†

∂yðβ2ϕXyÞ
− β2ϕX

†
y∂yφ�; ð5:12Þ

where Lα and LX are the Lagrangians for the unbroken and
broken gauge fields, respectively. The indices μ, ν denote
the four-dimensional space-time, y is a five-dimensional
coordinate, and α ¼ 1, 2, 3 represents indices of Uð1Þ,
SUð2Þ and SUð3Þ gauge fields. It should be noticed that
there are mixing terms between Xy the Nambu-Goldstone
field φ in (5.11) and also in (5.12). Note that the trace in
(5.10) for A1μ should be understood as replacing Tr with 1

2
.

Together with the above Lagrangians, we need the
following gauge fixing terms:

LðgfÞ
A ¼

X3
α¼1

LðgfÞ
αA ;

LðgfÞ
αA ¼ −

β2α
ξ
Tr

	�
∂
μAαμ −

ξ

β2α
∂yðβ2αAαyÞ

�
2


; ð5:13Þ

As mentioned above Tr is replaced with 1
2
for α ¼ 1. We

also need another gauge fixing term

LðgfÞ
Xϕ ¼ −

β2X
ξ
Tr

	�
∂
μXM −

ξ

β2X
ð∂yðβ2XX yÞ þ β2ϕφÞ

�

× ðH:c:Þ


; ð5:14Þ

where ξ is a gauge fixing parameter similar to a standard Rξ

gauge fixing procedure.

2. Mode analysis for the unbroken gauge fields

The above quadratic Lagrangian has a complicated form
because of the existence of the factor βα;X. In the following,
we will bring the Lagrangian to a standard form. First we
shall focus on the unbroken part, Lα and the corresponding

gauge fixing term LðgfÞ
αA . In the beginning, let us define

AαM ≡ βαAα
M; ðα ¼ 1; 2; 3Þ; ð5:15Þ

where the index α is not summed. We also introduce
differential operators

Dα ≡ −βα∂y
1

βα
¼ −∂y þ ðβ−1α ∂yβαÞ; ðα ¼ 1; 2; 3Þ;

ð5:16Þ
where the index α is again not summed. An adjoint ofDα is
given by

D†
α ¼ β−1α ∂yβα ¼ ∂y þ ðβ−1α ∂yβαÞ; ðα ¼ 1; 2; 3Þ;

ð5:17Þ
where again we do not sum over α.

Now we are ready to rewrite the effective Lagrangian
(5.10) by using the above differential operators:

Lα ¼ Tr½Aαμðημν□ − ∂
μ
∂
ν þ ημν△αÞAαν

− 2ð∂μAμÞðD†
αAαyÞ − Aαy□Aαy�; ð5:18Þ

with△α ≡D†
αDα and□ ¼ ∂μ∂

μ. Next we rewrite the gauge
fixing Lagrangian as

LðgfÞ
αA ¼ −

1

ξ
Tr½ð∂μAαμ − ξD†

αAαyÞ�2: ð5:19Þ

Summing up these, we obtain relatively simple formula for
the unbroken gauge fields

Lub ≡
X3
α¼1

ðLα þ Lgf
αAÞ

¼
X3
α¼1

Tr

	
Aαμ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν þ ημν△α

�
Aαν

− Aαyð□þ ξDαD
†
αÞAαy



; ð5:20Þ

where we have used

ðD†
αAαyÞD†

αAαy ¼ AαyDαD
†
αAαy; ð5:21Þ

where we do not sum over α.
It is possible to decompose the extra-dimensional gauge

field Aαy into two scalar fields Bα and Cα as

Aαy ¼ DαBα þ Cα; ð5:22Þ

where Cα satisfies the divergence-free condition

D†
αCα ¼ 0: ð5:23Þ

We prove this decomposition in B.
MultiplyingD†

α on (5.22) leads to the following equation

△αBα ¼ D†
αAαy: ð5:24Þ

We can determine Bα and Cα by solving the Eqs. (5.23)
and (5.24). It is easy to solve Eq. (5.23) as

Cα ∝ β−1α : ð5:25Þ

From the square integrability conditions (5.3) and (5.8), we
see that Cα is non-normalizable. The scalar Bα can be
derived for a given Aαy in (5.24). However, there is an
ambiguity. We can determine Bα only up to solutions of the
following equation
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△αB
ð0Þ
α ¼ 0: ð5:26Þ

A solution to this equation is the kernel of Dα, which is
given by

Bð0Þ
α ∝ βα: ð5:27Þ

Note that this is normalizable from the square integrability
conditions (5.3) and (5.8).
By using the decomposition (5.22) we can rewrite

(5.20) as

Lub ¼
X3
α¼1

Tr

	
Aαμ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν þ ημν△α

�
Aαν

− Cα□Cα − Bα△αð□þ ξ△αÞBα



: ð5:28Þ

We redefine the scalar Bα by

bα ≡
ffiffiffiffiffiffi
△α

p
Bα: ð5:29Þ

Substituting this into (5.28), we have

Lub ¼
X3
α¼1

Tr

	
Aαμ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν þ ημν△α

�
Aαν

− bαð□þ ξ△αÞbα


; ð5:30Þ

where Cα are dropped since they are non-normalizable.
We should emphasize that bα does not include the zero

mode. It is found that the zero mode for Bα is obtained from
△αBα ¼ 0 [see (5.28)]. This is nothing but (5.26) and its
solution is given by (5.27). However, the zero mode is
projected out by the definition (5.29) and therefore it does
not exist in bα. Now we decompose bα by the eigenfunc-
tions of △α

bαðxMÞ ¼
X
n>0

bðnÞα ðxμÞBðnÞ
α ðyÞ; ð5:31Þ

where bðnÞα ¼ fαnmαn with fαn being an expansion coef-
ficient (a field in four dimensions) and mαn being the four-

dimensional masses. The mode functions BðnÞ
α ðyÞ satisfy

△αB
ðnÞ
α ¼ m2

αnB
ðnÞ
α ; ð5:32Þ

Note that n ¼ 0 is not included in the expansions because
of the explanation above. We set the normalization of the
mode functions as usual

Z
dyBðmÞ

α BðnÞ
α ¼ δmn: ð5:33Þ

In contrast to the extra-dimensional gauge fields, there
exists the zero mode of △α for the four-dimensional
gauge fields. Therefore, when we decompose Aαμ in terms
of the eigenfunctions of △α, we have to include n ¼ 0 as

AαμðxMÞ ¼
X
n≥0

AðnÞ
αμ ðxμÞBðnÞ

α ðyÞ: ð5:34Þ

The mode function for the zero mode is given by (5.27).
They are localized around the domain walls, that is the
simple and robust resolution of the longstanding problem in
the brane world models. Note also that the domain walls
work as trigger of spontaneous symmetry breaking from
GUT to SM symmetries. The normalization is fixed by
(5.3) and (5.8) and we have

Bð0Þ
α ¼ gαβα; ð5:35Þ

Substituting (5.31) and (5.34) into (5.30) and integrating
it over y, we obtain the effective Lagrangian for the Kaluza-
Klein (KK) towers as

Lub¼
X
n≥0

Tr

	
AðnÞ
αμ

�
ημν□−

�
1−

1

ξ

�
∂
μ
∂
νþημνðmαnÞ2

�
AðnÞ
αν

−
X
n>0

bðnÞα ð□þξðmαnÞ2ÞbðnÞα



: ð5:36Þ

Note that the scalar bα is coming from the extra-dimensional
component of Aαy and it appears with the mass squared
ξðmαnÞ2. This is nothing but the standard Lagrangian in the
so-called Rξ gauge. This means that the scalar bα plays a
role as a Nambu-Goldstone boson to give a mass to the
KK gauge fields through the Higgs mechanism.

Since the KK gauge fields AðnÞ
αμ for n > 0 become

supermassive, they are integrated out and the effective
Lagrangian for the zero modes is given by

Leff
ub ¼

X3
α¼1

Tr

	
Að0Þ
αμ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν

�
Að0Þ
αν



: ð5:37Þ

This is the quadratic Lagrangian of massless gauge fields.
In order to recover the self-interaction of the non-Abelian
gauge fields, we go back to (5.15).

Aαμ ¼ β−1α Aαμ ¼ gαA
ð0Þ
αμ þ � � � ; ð5:38Þ

where the dots denote the massive modes. Keeping only the
zero mode in (5.38), the field strength corresponding toAαμ

becomes
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F αμν ¼ gαF
ð0Þ
αμν; ð5:39Þ

where

Fð0Þ
αμν ¼ ∂μA

ð0Þ
αν − ∂νA

ð0Þ
αμ þ igα½Að0Þ

αμ ; A
ð0Þ
αν �: ð5:40Þ

This should be compared with the original field strength
FMN ¼ ∂MAN − ∂NAM þ i½AM;AN � where the gauge cou-
pling is absorbed in the gauge field AM. On the other hand,
the four-dimensional gauge coupling appears in (5.40) as a
consequence of integrating over the extra-dimensional coor-
dinate y. As a result, the effective Lagrangian for the zero
modes including the self-interaction is given by

Leff
ub ¼

Z
dy
X3
α¼1

Tr

	
−
1

2
β2αF αμνF

μν
α




¼ −
1

2
TrðGμνGμνÞ − 1

2
TrðWμνWμνÞ − 1

4
BμνBμν;

ð5:41Þ

where we have defined Að0Þ
αμ ðxÞ ¼ ðAð0Þ

1μ ; A
ð0Þ
2μ ; A

ð0Þ
3μ Þ≡

ðBμ;Wμ; GμÞ being the four-dimensional massless gauge
fields for Uð1Þ; SUð2Þ; SUð3Þ gauge groups and corre-
sponding field strength

Gμν ¼ ∂
μGν − ∂

νGμ þ ig3½Gμ; Gν�; ð5:42Þ

Wμν ¼ ∂
μWν − ∂

νWμ þ ig2½Wμ;Wν�; ð5:43Þ

Bμν ¼ ∂
μBν − ∂

νBμ: ð5:44Þ

3. Mode analysis for the broken gauge fields

In this subsection, we consider the effective Lagrangian
of LX and Lϕ. First we prepare canonical fields as

XM ≡ βXXM; X5 ≡ βϕφ: ð5:45Þ

It is convenient to define a two-component vector contain-
ing the extra-dimensional components of the unbroken
gauge field and the Nambu-Goldstone field as

X ≡
�
X4

X5

�
; ð5:46Þ

where we have denoted X4 ≡ Xy. As in the unbroken gauge
part, we introduce differential operators

DX ≡ −βX∂y
1

βX
¼ −∂y þ ðβ−1X ∂yβXÞ; ð5:47Þ

Dϕ ≡ −βϕ∂y
1

βϕ
¼ −∂y þ ðβ−1ϕ ∂yβϕÞ: ð5:48Þ

Note that DX can be expressed via Dϕ as

DX ¼ M−1DϕM; M≡ βϕ
βX

: ð5:49Þ

Then, we define a two-component operator as

D≡
�
DX

M

�
; ð5:50Þ

and

DR ¼ ðM;−DϕÞ: ð5:51Þ

With the use of (5.46), (5.47), (5.48), and (5.50), we can
rewrite the sum of (5.11) and (5.12) in a compact form

LX þ Lϕ ¼ Tr½X†
μðημν□ − ∂

μ
∂
ν þ ημνΔÞXν

− 2ð∂μX†
μÞD†X − X†ð□þ Δ̃ÞX�; ð5:52Þ

where

Δ ¼ D†D; ð5:53Þ

Δ̃ ¼ D†
RDR ¼

 
M2 −MDϕ

−D†
ϕM D†

ϕDϕ

!
: ð5:54Þ

Similarly, the gauge fixing Lagrangian (5.14) is expressed as

LðgfÞ
Xϕ ¼ −

1

ξ
Tr½ð∂νXν − ξD†XÞ†ð∂μXμ − ξD†XÞ�: ð5:55Þ

Summing up (5.52) and (5.55), we have the following
quadratic Lagrangian

Lb ≡ LX þ Lϕ þ LðgfÞ
Xϕ

¼ Tr

	
X†
μ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν þ ημνΔ

�
Xν

− X†ð□þ Δ̃þ ξDD†ÞX


; ð5:56Þ

where we have used

ðDXÞ†D†X ¼ X†DD†X: ð5:57Þ

As in the case of the extra-dimensional component of the
unbroken gauge fields in Eq. (5.22), we can show that X is
decomposed by a real scalar Y and a two-component
complex vector Z as

X ¼ DY þ Z; ð5:58Þ

where Y and Z satisfy
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DRDY ¼ 0; ð5:59Þ

D†Z ¼ 0: ð5:60Þ

The proof of the decomposition (5.58) is given in B. Acting
D† on (5.58), we find

D†DY ¼ D†X; ð5:61Þ

by which Y is determined. Note that we shall exclude the
kernel of D from Y because it cannot participate in the
physical field X. Substituting (5.58) into (5.56), we have

Lb ¼ Tr

	
X†
μ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν þ ημνΔ

�
Xν

− YΔð□þ ξΔÞY − Z†ð□þ Δ̃ÞZ


: ð5:62Þ

We make this Lagrangian canonical by redefining Y as

Y ¼
ffiffiffiffi
Δ

p
Y: ð5:63Þ

We excluded the kernel of D from Y and so it is true for Y.
Substituting this into (5.62), we have the final form of the
quadratic Lagrangian of the broken sector

Lb ¼ Tr

	
X†
μ

�
ημν□ −

�
1 −

1

ξ

�
∂
μ
∂
ν þ ημνΔ

�
Xν

− Yð□þ ξΔÞY − Z†ð□þ Δ̃ÞZ


: ð5:64Þ

We shall discuss mass spectra of Xμ;Y and Z. The
mass spectrum of Xμ is controlled by the operator
Δ ¼ D†D ¼ D†

XDX þM2. This means that there is no
state satisfying ΔXμ ¼ 0 and therefore there are no mass-
less modes in Xμ. This is, of course, expected since Xμ

corresponds to the gauge fields associated with the broken
generators. Indeed, Xμ becomes massive by absorbing Y.
We are lead to this conclusion by the fact that Xμ and Y
share the same mass operator Δ except for the extra
constant factor ξ for Y. Again we come across a generalized
form of the Rξ gauge. This means that Y plays a role of
infinite tower of Nambu-Goldstone bosons and they are
eaten by infinite tower of the KKmodes of Xμ including the
bottom of the tower.
Recalling the definition (5.61), the source for Y is

D†X ¼ D†
XX4 þMβϕφ. Therefore Xμ eats not pure

Nambu-Goldstone field φ but the mixture of D†
XX4 and

φ. It is in general difficult to specify the lowest mass of Δ
except for the special case, where M is a constant. In this
case, since Δ ¼ D†

XDX þM2, Δ differs from D†
XDX by

just constant M2. The zero mode of D†
XDX is given by βX

and therefore the lowest mass of Δ is the constantM itself.

So if we set M to GUT scale, the broken gauge field Xμ is
superheavy.
Let us turn to the mass spectra of Z. Note that Δ̃ is

positive semidefinite because Z†Δ̃Z ¼ Z†D†
RDRZ ¼

ðDRZÞ†DRZ. The zero modes of Δ̃ are kernel of DR, but
one can show that Z does not include the zero mode. It is
proved in B.
In summary, Xμ;Y and Z do not have zero modes and

their KK towers start from modes with masses. These
modes are integrated out at low energies so that we can
conclude that modes of Xμ;Y, and Z do not appear in the
low-energy effective Lagrangian.

B. Effective Lagrangian of fermion sector 1

In this subsection, we give the Lagrangian of the fermion
sector and derive its effective Lagrangian. The Lagrangian
of the fermion part Lf in (2.5) is written as

Lf ¼ iΨ̄5̄AΓMDMΨ5̄A þ iTr½Ψ̄10AΓMDMΨ10A�
þ h5AΨ̄5̄AT̂

tΨ5̄A þ h̃5AT0Ψ̄5̄AΨ5̄A

þ h10ATr½Ψ̄10AT̂Ψ10A� þ h̃10AT0Tr½Ψ̄10AΨ10A�;
ð5:65Þ

where h5A; h̃5A; h10A, and h̃10A are Yukawa-type coupling
constants with T̂ and T0, A ¼ 1, 2, 3 are the generation
index, and ΓM is the five-dimensional gamma matrices
defined as

Γμ ¼ γμ; Γ5 ¼ iγ5; γ5 ¼ iγ0γ1γ2γ3; ð5:66Þ

where γμ are the four-dimensional gamma matrices. The
Dirac conjugate is defined by Ψ̄ ¼ Ψ†Γ0. The covariant
derivatives are

DMΨ5̄A ¼ ∂MΨ5̄A − iA�
MΨ5̄A; ð5:67Þ

DMΨ10A ¼ ∂MΨ10A þ iAMΨ10A þ iΨ10AAt
M: ð5:68Þ

To derive the effective Lagrangian for Lf we first
decompose the SUð5Þ representations as 5̄ → ð3̄; 1Þ1=3 ⊕
ð1; 2Þ−1=2 and 10 → ð3̄; 1Þ−2=3 ⊕ ð3; 2Þ1=6 ⊕ ð1; 1Þ1 under
SUð3Þ × SUð2Þ ×Uð1Þ

Ψ5̄ ¼
�Ψ3̄

Ψ2

�
; Ψ10 ¼

1ffiffiffi
2

p
� Ψ3̄0 Ψ3;2

−Ψt
3;2 Ψ1

�
: ð5:69Þ

Hereafter we will suppress the generation index A for ease
of notation. The next step is expanding the fermions into
Kaluza-Klein modes by which the Lagrangian Lf is
diagonalized. For Ψ3̄, we have

ARAI, BLASCHKE, ETO, and KAWAGUCHI PHYS. REV. D 114, 035028 (2026)

035028-14



Ψ3̄ ¼
X
n

½fðnÞ
3̄;L

ðyÞψ ðnÞ
3̄;L

ðxÞ þ fðnÞ
3̄;R

ðyÞψ ðnÞ
3̄;R

ðxÞ�; ð5:70Þ

where fðnÞ
3̄;L

ðyÞ and fðnÞ
3̄;R

ðyÞ are wave functions satisfying
the mode equation

Q†
3̄
Q3̄f

ðnÞ
3̄
ðyÞ ¼ ðmðnÞ

3̄
Þ2fðnÞ

3̄
ðyÞ; ð5:71Þ

where

Q3̄ ¼ ∂y þ h3̄ðyÞ; Q†
3̄
¼ −∂y þ h3̄ðyÞ;

h3̄ðyÞ ¼
2

5
h5βϕðyÞ þ h̃5τþðyÞ: ð5:72Þ

Here βϕ is defined in (5.7), τþ ≡ 3τ3 þ 2τ2. The asymp-
totic behaviors of y-dependent Yukawa coupling h3̄ðyÞ are
h3̄ðy ¼ þ∞Þ ¼ 5vh̃5 and h3̄ðy ¼ −∞Þ ¼ −5vh̃5. The
most important fact is that the fermion mass gap is
opened at y ¼ �∞ whereas it is closed at somewhere

between y ¼ −∞ and þ∞. mðnÞ
3̄

are the masses of the

four-dimensional chiral fermions ψ ðnÞ
3̄;L

;ψ ðnÞ
3̄;R

which satisfy

γ5ψ ðnÞ
3̄;L ¼ −ψ ðnÞ

3̄;L; γ5ψ ðnÞ
3̄;R ¼ ψ ðnÞ

3̄;R: ð5:73Þ

As it turns out, for appropriate choice of parameters h5
and h̃5, the normalizable zero modes appear only for the
left-handed components as

fð0Þ
3̄;L

¼ Ñ3̄ exp

�
−
Z

y
h3̄ðy0Þdy0

�
; ð5:74Þ

where Ñ 3̄ is the normalization constant, which is deter-
mined by a normalization condition

Z
dyðfð0Þ

3̄;L
Þ2 ¼ 1: ð5:75Þ

We identify the zero modes of the chiral fermion ψ ðnÞ
3̄;L

with
the down quarks as

Ψ3̄ ⊃ ψ ð0Þ
3̄;L

→ da ¼ ðdc1; dc2; dc3Þ; ð5:76Þ

where a ¼ 1, 2, 3 is the SUð3Þ index and where the
superscript c denotes charge conjugation. The same analy-
sis is done for Ψ2;Ψ0

3;Ψ3;2 and Ψ1 similarly. The zero
modes for them are given by

fð0Þ2;L ¼ Ñ2 exp

�
−
Z

y
h2ðy0Þdy0

�
;

h2 ¼ −
3

5
h5βϕ þ h̃5τþ; ð5:77Þ

fð0Þ
3̄0;L ¼ Ñ3̄0 exp

�
−
Z

y
h3̄0 ðy0Þdy0

�
;

h3̄0 ¼
2

5
h10βϕ þ h̃10τþ; ð5:78Þ

fð0Þ3;2;L ¼ Ñ3;2 exp

�
−
Z

y
h3;2ðy0Þdy0

�
;

h3;2 ¼ −
1

10
h10βϕ þ h̃5τþ; ð5:79Þ

fð0Þ1;L ¼ Ñ1 exp

�
−
Z

y
h1ðy0Þdy0

�
;

h1 ¼ −
3

5
h10βϕ þ h̃5τþ; ð5:80Þ

respectively. All these are normalizable due to the fact that
the y-dependent Yukawa coupling h’s have opposite signs
at y ¼ −∞ and þ∞, and therefore they are physical
massless fermions. Then, the other quarks and leptons
are identified as

Ψ2 ⊃ ψ ð0Þ
2;L → la ¼

�
e−

−νe

�
; ð5:81Þ

Ψ3̄0 ⊃ ψ ð0Þ
3̄0;L → Uc

αβ ¼ ϵαβγucγ ¼

0
B@

0 uc3 −uc2
−uc3 0 uc1
uc2 −uc1 0

1
CA;

ð5:82Þ

Ψ3;2 ⊃ ψ ð0Þ
3;2;L → qαa ¼

0
B@

u1 d1
u2 d2
u3 d3

1
CA;

Ψ1 ⊃ ψ ð0Þ
1;L → Eþ

ab ¼
�

0 eþ

−eþ 0

�
: ð5:83Þ

Note that the generation index A is suppressed as we
mentioned above.4

Let us now derive the four-dimensional effective action.
We treat T as the background and ignore its fluctuations
because they are higher order corrections. Substituting the
domain wall background

T̂ ¼
� 2

5
βϕ13 0

0 − 3
5
βϕ12

�
; T0 ¼ τþ: ð5:84Þ

and (5.70) into the Lagrangian, picking up the left-handed
zero modes, and integrating over y, we find

4The mass dimensions: ½5D fermion� ¼ 2, ½5D Yukawa� ¼
−1=2, ½fermion zero mode functionÞ� ¼ 1=2, ½4D fermion� ¼
3=2, and ½4D Yukawa� ¼ 0.
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i
Z

dyΨ̄3̄ðΓMDMΨ3̄ − ih3̄Ψ3̄Þ → i
Z

dyfð0Þ
3̄;L

ðyÞψ̄ ð0Þ
3̄;L

ðxÞγμ
�
∂μ − ig3A

ð0Þ�
3μ − i

1

3

ffiffiffi
3

5

r
g1A

ð0Þ�
1μ

�
fð0Þ
3̄;L

ðyÞψ ð0Þ
3̄;L

ðxÞ

þ
Z

dyfð0Þ
3̄;L

ðyÞψ̄ ð0Þ
3̄;L

ðxÞðiΓ5
∂y þ h3̄Þfð0Þ3̄;L

ðyÞψ ð0Þ
3̄;L

ðxÞ

¼ iψ̄ ð0Þ
3̄;L

ðxÞγμ
�
∂μ − ig3A

ð0Þ�
3μ − i

1

3

ffiffiffi
3

5

r
g1A

ð0Þ�
1μ

�
ψ ð0Þ
3̄;L

ðxÞ

þ ψ̄ ð0Þ
3̄;L

ðxÞψ ð0Þ
3̄;L

ðxÞ
Z

dyfð0Þ
3̄;L

ðyÞQ3̄f
ð0Þ
3̄;L

ðyÞ

¼ id̄cγμ
�
∂μ − ig3G�

μ − ig1
1

3

ffiffiffi
3

5

r
B�
μ

�
dc; ð5:85Þ

where we have used (5.71) and (5.73). Repeating the similar calculation for Ψ2, Ψ0
3, Ψ3;2, and Ψ1, we find the resultant

effective Lagrangian for Lf as

Leff
f ¼ id̄cγμDμdc þ il̄γμDμlþ iTr½q̄γμDμq� þ

i
2
Tr½ŪcγμDμUc� þ i

2
Tr2½EþγμDμEþ�; ð5:86Þ

where the covariant derivatives are defined by

Dμdc ¼ ∂dc − ig3G�
μdc − ig1

1

3

ffiffiffi
3

5

r
B�
μdc; ð5:87Þ

Dμl ¼ ∂l − ig2W�
μlþ ig1

1

2

ffiffiffi
3

5

r
B�
μl; ð5:88Þ

Dμq ¼ ∂μqþ ig3Gμqþ ig2qWt
μ þ ig1

1

6

ffiffiffi
3

5

r
Bμq; ð5:89Þ

DμUc ¼ ∂μUc þ 2ig3UcGt
μ þ ig1

2

3

ffiffiffi
3

5

r
BμUc; ð5:90Þ

DμEþ ¼ ∂μEþ þ ig1

ffiffiffi
3

5

r
g1BμEþ: ð5:91Þ

C. Effective Lagrangian of fermion sector 2:
SM Yukawa sector

In this subsection, we consider the Yukawa sector with
H. The Yukawa Lagrangian LYukawa is described by

LYukawa ¼ Ψt
5̄A
CYð1Þ

ABΨ10BH† þ ϵijklmΨ
ijt
10AY

ð2Þ
ABCΨkl

10BH
m

þ H:c:; ð5:92Þ

where C ¼ γ1γ3 is the charge conjugation matrix in
five dimensions, ϵijklmði; j; k; l; m ¼ 1;…; 5Þ is the

five-dimensional Levi-Civita tensor, and Yð1Þ
AB and Yð2Þ

AB
are Yukawa couplings.5

We derive the effective Lagrangian for the Yukawa sector
(5.92). In particular, we focus on model 1 of the Higgs
sector described in Sec. IVA.6 Substituting (4.7) and (5.69)
into (5.92), we have

LYukawa ¼
1ffiffiffi
2

p Ψt
3̄
Yð1ÞΨ3;2H�

2 þ
1ffiffiffi
2

p Ψt
2Y

ð1ÞΨ1H�
2

þ ϵαβγΨ
αβ
3̄0 ðYð2Þ þ Yð2ÞtÞΨγa

3;2ϵabH
b
2 þ H:c:;

ð5:93Þ

where ϵαβγðϵabÞ is the 3(2)-dimensional Levi-Civita tensor.
The generation indices are suppressed. We drop the
Yukawa couplings including the triplet Higgs since they
do not have a normalizable zero mode as shown in
Sec. IVA. First we substitute (4.12) together with (4.16),
(4.18) and the expansion of the fermions such as (4.29) into
(5.93). Next we only pick up the zero modes of Higgs and
the fermions and integrate over y. Then, we obtain the
effective Lagrangian of (5.92) as

5Since H vanishes in the background configuration, LYukawa
does not affect the fermion zero modes in the previous subsection.
Also, we will find that theH-Yukawa couplings Yð1;2Þ

AB are smaller
than T-Yukawa couplings h5;5̄;10;1̃0, so their contributions can be
safely ignored in the previous subsection.

6We expect qualitatively the same results for the model 2, as
the only difference is the Higgs wave functions.
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Leff
Yukawa ¼ dcYeff

d qh�2;0 þ lYeff
e eþh�2;0 þ ucYeff

u qh2;0 þ H:c:;

ð5:94Þ

where Yeff
u , Yeff

d , and Yeff
e are the effective Yukawa cou-

plings given by

Yeff
u ¼ 2NH;2

Z
dyfð0Þ

3̄0;LðYð2Þ þ Yð2ÞtÞfð0Þ3;2;L; ð5:95Þ

Yeff
d ¼ NH;2

2

Z
dyfð0Þ

3̄;L
Yð1Þfð0Þ3;2;L; ð5:96Þ

Yeff
e ¼ NH;2

2

Z
dyfð0Þ2;LY

ð1Þfð0Þ1;L; ð5:97Þ

where the mode functions such as f3̄;L are given in (5.74)
and (5.77)–(5.80). We assume that this effective Lagrangian
is defined at the GUT scale MX ¼ 2.0 × 1016 GeV (As for
this scale, see, for example, [71]). Since the normalization
constantNH;2 can be absorbed into the Yukawa matrices, the
choice of NH;2 is merely a convention.
In the following, we show that the effective Yukawa

couplings in (5.95)–(5.97) can partially realize the four-
dimensional Yukawa couplings in the SM, which are
experimentally determined at the weak scale, by choosing
the parameters in the five-dimensional theory. The
strategy is as follows. We first run the four-dimensional
Yukawa couplings in the SM to the GUT scale MX from
the weak scale defined at MZ ¼ 91.2 GeV by the
renormalization group equation (RGE) of the SM as
YSM
u;d;eðMZÞ → YSM

u;d;eðMXÞ. Next we find the parameters,
such as v, Ω, Y2;3, h, and h̃, in the five-dimensional
theory such that the effective Yukawa couplings Yeff

u;d;e

(5.95)–(5.97) correctly reproduce to the four-dimensional
Yukawa coupling YSM

u;d;eðMXÞ in the SM at the GUT scale.
However, since dealing with all the Yukawa couplings

are a bit complicated, in this paper we simply look at the
squared Yukawa couplings HSM

a ¼ YSM
a YSM†

a (a ¼ u, d, e)
only. The H-RGEs for the squared Yukawa couplings HSM

a
at two-loop level are given in [72]. In our analysis, we use
the one-loop RGEs which are summarized in C. We first
take the SM fermion diagonal mass matrices Ma at the
renormalization scale μ ¼ MZ [73]

MuðMZÞ ¼ diagð1.38 × 10−3; 0.638; 172.1Þ GeV; ð5:98Þ

MdðMZÞ ¼ diagð2.82 × 10−3; 57 × 10−3; 2.86Þ GeV;
ð5:99Þ

MeðMZÞ ¼ diagð0.487 × 10−3; 103

× 10−3; 1750 × 10−3Þ GeV: ð5:100Þ

The diagonalized SM Yukawa couplings in the mass basis
can be extract as DSM

a ðMZÞ ¼
ffiffiffi
2

p
MaðMZÞ=vSM where

vSM ¼ 246 GeV. The SM Yukawa couplings YSM
a ðMZÞ

in the flavor basis are related to DSM
a via a bi-unitary

transformationsDa ¼ Ua
LYaU

a†
R [Ua

L;R ∈ SUð3Þ]. As usual,
this leads to the appearance of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix VCKM ¼ Uu

LU
d†
L in the quark

charged currents in the mass basis, originating from the
mismatch of the left-handed rotations in the up- and down-
type sectors. However, in order to use theH-RGE, we need
to redefine the down-type quark fields so as to absorb the
CKM matrix in the quark charged currents, namely,
dL → VCKMdL, such that all data for the flavor mixing
resides in the down-type Yukawa matrix (the down-sector
mixing basis) as,

Yu;e → Du;e → Du;e;

Yd → Dd → VCKMDd ≡ Y 0
d: ð5:101Þ

Here, we suppressed the superscript SM and the energy
scale ðMZÞ. As a result, we have the squared Yukawa
couplingsHSM

a in the down-sector mixing basis at μ ¼ MZ:

HSM
u ðMZÞ ¼ D2

u; Du ¼
ffiffiffi
2

p
v−1SMMuðMZÞ; ð5:102Þ

HSM
d ðMZÞ ¼ Y 0

dY
0
d
† ¼ VCKMD2

dV
†
CKM;

Dd ¼
ffiffiffi
2

p
v−1SMMdðMZÞ; ð5:103Þ

HSM
e ðMZÞ ¼ D2

e; De ¼
ffiffiffi
2

p
v−1SMMeðMZÞ; ð5:104Þ

where VCKM is the CKM matrix given by

VCKM ¼

0
B@

c12c13 s12c13 s13e−iδ

−s12c23 − c12s23eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13ei
δ −c12s23 − s12c23s13eiδ c23c13

1
CA: ð5:105Þ

Here we denote sij ≡ sin θij, cij ≡ cos θij and s12 ¼ 0.22500, s13 ¼ 0.00369, s23 ¼ 0.04182, δ ¼ 1.144.
Now, we run HSM

a at MZ to the GUT scale at MX. Note that HaðMXÞ is not diagonalized in general, but we can
diagonalize it again by using Ua

L only as Ha → ðUa
LYaUa

RÞðUa
LYaUa

RÞ† ¼ Ua
LHaU

a†
L . The resultant diagonal matricesffiffiffiffiffiffi

Ha
p ðMXÞ are found as
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ffiffiffiffiffiffi
Hu

p
ðMXÞjdiag ¼ diagð3.24 × 10−6; 1.50 × 10−3; 4.61 × 10−1Þ; ð5:106Þ

ffiffiffiffiffiffi
Hd

p
ðMXÞjdiag ¼ diagð6.84 × 10−6; 1.38 × 10−4; 6.08 × 10−3Þ; ð5:107Þ

ffiffiffiffiffiffi
He

p
ðMXÞjdiag ¼ diagð2.75 × 10−6; 5.80 × 10−4; 9.86 × 10−3Þ: ð5:108Þ

Let us compare these originated from the SM with
ffiffiffiffiffiffiffiffi
Heff

a

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Yeff
a Yeff†

a

q
with the effective Yukawa couplings Yeff

a in (5.96),
(5.97), (5.95) originated by the five dimensional theory. Since our focus is solely on reproducing the fermion mass spectrum,
we compare the eigenvalues of

ffiffiffiffi
H

p
. We find that the following set of parameters in the five-dimensional Lagrangian can

reproduce good agreement:

v ¼ M
3
2

X; Ω ¼ MX; Y2 ¼ −Y3 ¼ 2M−1
X ; c ¼ 0.13M

3
2

X; ð5:109Þ

where Y2 ¼ Y3 ¼ 2M−1
X means the separation of the walls is d ¼ 4M−1

X as shown in Fig. 1. The parameter c is in the βHðT̂Þ
given in (4.2) and it givesNH;2 ¼ 0.2M1=2

X by (4.18). We also choose the 5 dimensional Yukawa couplings for T̂ and T0 in the
following way

h5;1 ¼ −0.227; h̃5;1 ¼ 0.800; h5;2 ¼ −8.00; h̃5;2 ¼ 6.00; h5;3 ¼ 1.18; h̃5;3 ¼ 0.170; ð5:110Þ

h10;1 ¼ −9.06; h̃10;1 ¼ 1.00; h10;2 ¼ −6.6; h̃10;2 ¼ 1.91; h10;3 ¼ −1.85; h̃10;3 ¼ 1.00; ð5:111Þ
together with the 5-dimensional Yukawa couplings for H in the mass basis as

Yð1Þ ¼ diagðx1; x2; x3Þ; Yð2Þ ¼ diagðy1; y2; y3Þ: ð5:112Þ

These are all in the unit of M
−1
2

X . The fermion zero mode functions are shown in Fig. 5. By using Eqs. (5.95)–(5.97), we findffiffiffiffiffiffiffiffi
Heff

u

q
¼ diagðjy1j × 1.89 × 10−4; jy2j × 3.55 × 10−3; jy3j × 3.67 × 10−1Þ; ð5:113Þ

ffiffiffiffiffiffiffiffi
Heff

d

q
¼ diagðjx1j × 7.31 × 10−2; jx2j × 1.55 × 10−2; jx3j × 7.25 × 10−2Þ; ð5:114Þ

ffiffiffiffiffiffiffiffi
Heff

e

q
¼ diagðjx1j × 2.74 × 10−6; jx2j × 5.80 × 10−4; jx3j × 2.36 × 10−4Þ: ð5:115Þ

We find jxaj and jyaj that provides closest match between
ffiffiffiffiffiffiffiffiffi
HSM

a

p
ðMXÞ and

ffiffiffiffiffiffiffiffi
Heff

u

p
up to three decimals. It is not trivial

because we have overdetermined system of nine equations for six variables jxaj and jyaj. Choosing the six parameters in the
following way,

ðjx1j; jx2j; jx3jÞ ¼ ð9.35 × 10−5; 8.91 × 10−3; 8.39 × 10−2Þ; ð5:116Þ

ðjy1j; jy2j; jy3jÞ ¼ ð1.72 × 10−2; 4.21 × 10−1; 1.25Þ; ð5:117Þ
the resultant numerical matrices are found to beffiffiffiffiffiffiffiffi

Heff
u

q
¼ diagð3.24 × 10−6; 1.50 × 10−3; 4.61 × 10−1Þ; ð5:118Þ

ffiffiffiffiffiffiffiffi
Heff

d

q
¼ diagð6.84 × 10−6; 1.38 × 10−4; 6.08 × 10−3Þ; ð5:119Þ

ffiffiffiffiffiffiffiffi
Heff

e

q
¼ diagð2.75 × 10−6; 5.80 × 10−4; 9.86 × 10−3Þ; ð5:120Þ

which are in perfect agreement with the RGE-evolved SM Yukawa matrices in Eqs. (5.106)–(5.108) within the displayed
numerical precision.
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Importantly, in minimal four-dimensional SUð5Þ GUTs,
the unified Yukawa structure generically predicts the relation
Yd ¼ YT

e at the unification scale, leading to phenomenologi-
cally unrealistic fermion mass relations. Conventional reso-
lutions typically involve extending the Higgs sector, for
example by introducing a 45 representation as in the Georgi-
Jarlskog mechanism [69], or by invoking higher-dimensional
operators that modify the Yukawa structure [70].

In contrast, our framework avoids this problem without
introducing such ingredients. The model employs only the
adjoint 24 representation for SUð5Þ breaking, as in
minimal SUð5Þ, and does not rely on higher-dimensional
operators. Instead, the theory is formulated in five dimen-
sions, where the effective four-dimensional Yukawa matri-
ces arise from overlap integrals of localized fermion zero-
mode functions in the extra dimension. Although the

(a) (b) (c)

(d)

(g) (h) (i)

(e) (f)

FIG. 5. Nine overlaps of the normalized fermion zero mode functions.
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underlying five-dimensional Yukawa couplings respect
SUð5Þ unification, the generation-dependent wave-function
overlaps induce nonuniversal corrections to the effective
four-dimensional Yukawa matrices. As a result, the usual
SUð5Þ fermion mass relations are relaxed, allowing for a
realistic pattern of fermion masses and mixings.

D. Effective Lagrangian for the Higgs sector

Finally, we shall discuss the electroweak symmetry
breaking in the Higgs sector in the effective Lagrangian.

1. Model 1

We shall modify the five-dimensional Lagrangian for the
model, (4.1). We first note that the final result in this section
is valid for any βH. We propose a starting Lagrangian by
adding a scalar potential as a perturbation which will be a
seed of the electroweak symmetry breaking at a low energy:

LH ¼ Tr½βHðT̂; T0Þ2fðDMHÞ†DMH − Vpertg�; ð5:121Þ
where

Vpert ¼ −μ̃2H†Hþ λ̃ðH†HÞ2: ð5:122Þ
We assume that this potential becomes relevant at
energies which are much lower than the GUT scale.
Therefore Vpert does not affect the results concerning the
double-triplet splitting problem, which are mentioned
above. Decomposing the Higgs as (4.7) and dropping
the triplet part H3, we have the effective Lagrangian for
the standard model Higgs H2:

LH ¼ β2H;2fðDμH2Þ†DμH2 − V 0g; ð5:123Þ

where DμH2 ¼ ∂μH2 − iA2μH2 þ i 1
2

ffiffi
3
5

q
A1μH2 and

V 0 ¼ β2H;2fð∂yH2Þ†∂yH2 − μ̃2H†
2H2 þ λ̃ðH†

2H2Þ2g:
ð5:124Þ

From (4.10) and (4.12) with (4.16), we can write

H2 ¼ NH;2h2;0 þmassive modes: ð5:125Þ

Here NH;2 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
dyβ2H;2

q
as is given in Eq. (4.18).

Substituting (5.125) into (5.123) and integrating over y,
we obtain

Leff
H ¼ ðDμh2;0Þ†Dμh2;0 − V 0eff ; ð5:126Þ

where Dμh2;0 ¼ ∂μh2;0 − ig2Wμh2;0 þ ig1 1
2

ffiffi
3
5

q
Bμh2;0 and

V 0eff ¼ −μ̃2h†2;0h2;0 þ λ̃0ðh†2;0h2;0Þ2; ð5:127Þ

with λ̃0 ¼ N2
H;2λ̃.

2. Model 2

We start with the five-dimensional Lagrangian (4.20).
In the effective Lagrangian the colored Higgs H3 is
simply dropped since it is so heavy. For the standard
model Higgs H2, we only consider the lowest mode.
Then, the Lagrangian (4.20) becomes

LH ¼ ðDMH2Þ†DMH2 −H†
2U2H2 − λHðH†

2H2Þ2;
ð5:128Þ

where DMH2 ¼ ∂MH2 − iA2MH2 þ i 1
2

ffiffi
3
5

q
A1MH2. Note

that we do not need to add additional potential terms
because the starting Lagrangian (4.20) already has a seed
of the electroweak symmetry breaking. We derive the
effective Lagrangian in the d̃ → 0 limit, so that we can
utilize the analytic form of the mode functions (4.34).
Substituting (4.29) and (5.38), integrating over y, and
picking up the zero mode h2;0 in Eq. (4.29), we obtain

Leff
H ¼ ðDμh2;0Þ†Dμh2;0 − Vh; ð5:129Þ

where Dμh2;0 ¼ ∂μh2;0 − ig2Wμh2;0 þ ig1
1
2

ffiffi
3
5

q
Bμh2;0 and

Vh ¼
Z

dyfðh†2;0h2;0Þð∂yu0ðyÞÞ2 þ h†2;0U0h2;0ðu0ðyÞÞ2

þ λHðh†2;0h2;0Þ2ðu0ðyÞÞ4g ð5:130Þ

¼ Ω2
Hh

†
2;0h2;0 þ VK þ VP þ V4; ð5:131Þ

VK ¼ h†2;0h2;0

Z
dyð∂yu0ðyÞÞ2; ð5:132Þ

VP ¼ h†2;0h2;0

Z
dyðu0ðyÞÞ2

×
−U0

coshΩðy − Y2−Y3

2
Þ coshΩðyþ Y2−Y3

2
Þ ; ð5:133Þ

V4 ¼ λHðh†2;0h2;0Þ2
Z

dyðu0ðyÞÞ4: ð5:134Þ

Note that Aα5 is simply dropped in the covariant
derivative since their zero modes do not exist. We can
analytically evaluate (5.132), (5.133), and (5.134) with
the use of (4.35) as

VK ¼ s2

2sþ 1
Ω2h†2;0h2;0; ð5:135Þ

VP ¼ −U0

2s
2sþ 1

h†2;0h2;0; ð5:136Þ

V4 ¼ λHΩ
Bð1

2
; 2sÞ

ðBð1
2
; sÞÞ2 ðh

†
2;0h2;0Þ2; ð5:137Þ
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where Bðp; qÞ is the beta function. Collecting the above
results, we have the effective potential as

Vh ¼ μ2h†2;0h2;0 þ
λ

2
ðh†2;0h2;0Þ2; ð5:138Þ

with

μ2 ¼ s2

2sþ 1
Ω2 −

2s
2sþ 1

U0 þΩ2
H; ð5:139Þ

λ

2
¼ λ2HΩ

Bð1
2
; 2sÞ

ðBð1
2
; sÞÞ2 : ð5:140Þ

VI. CONCLUSION

In this work, we have constructed a five-dimensional
SUð5Þ grand unified theory formulated on domain walls,
in which both gauge and matter fields are dynamically
localized. The framework naturally realizes a brane world
scenario without assuming the existence of branes by
hand, as the four-dimensional universe emerges on a
domain wall configuration generated by spontaneous
symmetry breaking in the bulk. The overall structure of
the present framework is summarized schematically in
Fig. 6. The top panel of Fig. 6 illustrates the energetically
preferred 3-2 split domain-wall configuration, which
spontaneously breaks SUð5Þ down to the SM gauge group
SUð3Þ × SUð2Þ ×Uð1Þ. This configuration stabilizes by
the inclusion of an additional potential term, leading to a
robust domain-wall background suitable for localizing the
SM fields as discussed in Sec. III B.

FIG. 6. The summary of our SUð5Þ GUT in the five dimensions. The top line corresponds to the 3-2 splitting domain walls, followed
by the six quarks and six leptons. The last two rows show the flat zero mode functions for the gauge fields and the SM Higgs doublet in
the model 1, respectively.
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The middle panels of Fig. 6 summarize the localization
of the quark and lepton zero modes. Their localized wave-
function profiles provide the origin of the hierarchical
Yukawa couplings in the four-dimensional effective theory.
In Sec. VA, the localization of gauge fields is achieved

by introducing a field-dependent gauge kinetic term,
effectively realizing a semiclassical analog of the confine-
ment in the bulk. This mechanism ensures that massless
gauge bosons are localized to the vicinity of the domain
wall, independent of the detailed form of the field-depen-
dent coupling. We should emphasize that the localization of
the gauge field is accomplished in terms of “dressed gauge

field” Aαμðxμ; yÞ ≃ gαβαðyÞAð0Þ
αμ ðxμÞ þ � � � with the zero

mode function βαðyÞ which can be any square integrable
function. This leads to the fact that the zero mode function
for the original gauge field is flat in the y coordinate

as Aαμðxμ; yÞ ¼ βαðyÞ−1Aαμðxμ; yÞ ≃ gαA
ð0Þ
αμ ðxμÞ þ � � �. The

flatness is physically important because it ensures
the universality of the gauge coupling constants gα for
the non-Abelian gauge symmetries. The flat zero mode
function is shown in the row at the second from the bottom
of Fig. 6.
The most distinctive feature of our construction is the

treatment of the Higgs sector as discussed in Sec. IV, which
resolves the long-standing doublet-triplet splitting problem
of SUð5Þ GUTs. We have proposed two distinct models. In
model 1, the doublet-triplet splitting is achieved dynami-
cally through a nonminimal, topological coupling between
the Higgs field and the domain-wall background. The
electroweak Higgs doublet possesses a normalizable zero
mode h2;0ðxμÞ localized between the separated walls, while
the colored triplet mode h3;0ðxμÞ remains non-normalizable
and hence decoupled as shown in Fig. 3. Similarly to the
localization of the gauge fields, the localized zero mode
function for h2;0ðxμÞ appears in the “dressed Higgs field” as
HIðxμ; yÞ ¼ NH;IβH;IðyÞhI;0ðxμÞ þ � � �. Therefore, the zero
mode function of the original Higgs field is flat as
HIðxμ; yÞ ¼ βH;IðyÞ−1HIðxμ; yÞ ¼ NH;IhI;0ðxμÞ þ � � �. The
flatness of the Higgs doublet zero mode function is not
necessary but it makes the calculation of the effective
Yukawa couplings quite simple as we seen in Sec. V C. The
flat zero mode function is shown at the bottom row of
Fig. 6. Note that the massless doublet appears as a
topologically protected edge state, analogous to the
Jackiw-Rebbi fermion, and no fine-tuning of parameters
is required. In model 2, a potential coupling between the
Higgs and the adjoint scalar fields is introduced. The
resulting potential repels the colored Higgs triplet from
the domain wall, so that it possesses neither localized nor
light modes. Consequently, only the Higgs doublet needs to
be examined for possible light or tachyonic modes. The
correct pattern of electroweak symmetry breaking can then
be realized by an appropriate fine-tuning of the model
parameters.

We have also derived the four-dimensional effective
theory by integrating out the extra dimension. The effective
Lagrangian successfully reproduces the SM structure at
low energies, including the correct gauge kinetic terms,
fermion sectors, and Yukawa interactions. Furthermore,
renormalization group analysis demonstrates that the SM
Yukawa couplings at the weak scale can be reproduced
from appropriate choices of the five-dimensional param-
eters, establishing the phenomenological viability of the
framework.
Although the present work has focused on the theoretical

construction of a realistic dynamical SUð5Þ brane world
scenario, the completion of the Higgs sector and Yukawa
interactions considerably broadens its phenomenological
scope. In particular, it will be interesting to revisit proton
decay by extending the analysis of Ref. [52] to include the
Higgs sector and Yukawa interactions developed in this
work. The present framework also provides a realistic
SUð5Þ setting for investigating phenomenological aspects
of dynamical brane world models, including collider
signatures of Kaluza-Klein gauge bosons and fermions,
and Higgs phenomenology and flavor observables asso-
ciated with nonuniversal Kaluza-Klein gauge couplings
[58–60]. These issues are left for future work.
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APPENDIX A: THE EFFECTIVE POTENTIAL
FOR DOMAIN WALLS

In this Appendix, we discuss the calculation of the
effective potential of Sec. III.
The problem at hand is to calculate the integral

Z∞
−∞

dxV1ðTwals;TrðTwallsÞÞ ¼ VeffðR1;…; R5Þ; ðA1Þ

where we denoted that V1 can be function of both Twalls and
its trace. In general, such integral can be broken down to
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evaluation of many pieces of the form

Z∞
−∞

dxtanhmiðx − RiÞtanhmjðx − RjÞ…tanhmkðx − RkÞ;

ðA2Þ

where mi’s are some integers. All of these integrals can be
related (by differentiation with respect to Ri’s or by taking
limits) to some combination of the following generating

functions:

G1ðiÞ≡
Z∞
−∞

dxðtanhðx − RiÞ − tanhðxÞÞ; ðA3Þ

G2ði; jÞ≡
Z∞
−∞

dxðtanhðx − RiÞ tanhðx − RjÞ − 1Þ; ðA4Þ

G3ði; j; kÞ≡
Z∞
−∞

dxðtanhðx − RiÞ tanhðx − RjÞ tanhðx − RkÞ − tanhðxÞÞ; ðA5Þ

G4ði; j; k; lÞ≡
Z∞
−∞

dxðtanhðx − RiÞ tanhðx − RjÞ tanhðx − RkÞ tanhðx − RlÞ − 1Þ;

..

. ðA6Þ

Notice that for odd number of Ri ’s we subtracted tanhðxÞ, while for even number we subtracted 1 to have manifest
convergence.
Using the identity

tanhðx − RiÞ tanhðx − RjÞ − 1 ¼ tanhðx − RiÞ − tanhðx − RjÞ
tanhðRi − RjÞ

; ðA7Þ

it is possible to establish recurrence relations:

Gnði; j; k;…; lÞ ¼ Gn−1ði; k;…; lÞ −Gn−1ðj; k;…; lÞ
tanhðRi − RjÞ

þGn−2ðk;…; lÞ; ðA8Þ

that, in principle, allow for the computation of any given Gn starting from G1ðiÞ ¼ −2Ri.
After a bit of algebra we can obtain explicit forms of a first few generating functions as

G2ði; jÞ ¼ −2
�

Ri

tanhi−j
þ Rj

tanhj−i

�
; ðA9Þ

G3ði; j; kÞ ¼ −2
�

Ri

tanhi−jtanhi−k
þ Rj

tanhj−itanhj−k
þ Rk

tanhk−itanhk−j

�
; ðA10Þ

G4ði; j; k; lÞ ¼ −2
�

Ri

tanhi−jtanhi−ktanhi−l
þ Rj

tanhj−itanhj−ktanhj−l
þ Rk

tanhk−itanhk−jtanhk−l
þ Rl

tanhl−itanhl−jtanhl−k

�
;

ðA11Þ

where we used a shorthand tanhi−j ≡ tanhðRi − RjÞ. From this, one can make a general guess

Gnði1i2…inÞ ¼ −2
Xin
j¼i1

RjQin
k¼i1
k≠j

tanhðRj − RkÞ
: ðA12Þ

This expression can be then used to check the validity of the recurrence (A8).
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Note that all Gn’s are totally symmetric functions of their arguments. This fact is useful when summing over all positions
(which occurs due to presence of traces of Twall ’s). To be concrete, the following identities (that holds for any symmetric
function) are useful when evaluating the effective potential:X

i;j

G2ði; jÞ ¼ 2
X
i>j

G2ði; jÞ þ
X
i

G2ði; iÞ; ðA13Þ

X
i;j;k

G3ði; j; kÞ ¼ 6
X
i>j>k

G3ði; j; kÞ þ 3
X
i>j

ðG3ði; j; jÞ þG3ði; i; jÞÞ þ
X
i

G3ði; i; iÞ; ðA14Þ

X
i;j;k;l

G4ði; j; k; lÞ ¼ 24
X

i>j>k>l

G4ði; j; k; lÞ þ 12
X
i>j>k

ðG4ði; j; k; kÞ þG4ði; j; j; kÞ þ G4ði; i; j; kÞÞ

þ
X
i>j

ð6G4ði; i; j; jÞ þ 4G4ði; j; j; jÞ þ 4G4ði; i; i; jÞÞ þ
X
i

G4ði; i; i; iÞ: ðA15Þ

Let us illustrate our methods on evaluating

Veff ¼ v2λ
Z∞
−∞

dyðαTrðT̂4
wallÞ − v2μ2TrðT̂2

wallÞÞ: ðA16Þ

This integral only converges when the outside vacua belong to the h0i set. Hence, we can set s1 ¼ …s5 ¼ 1 without loss of
generality. In order to simplify our task, let us evaluate each term separately. The second term gives

−λv2μ2
Z∞
−∞

dyTrðT̂2
wallÞ ¼

ffiffiffi
λ

p
v3μ2

5

X
i;j

Z∞
−∞

dxðtanhðx − RiÞ tanhðx − RjÞ − tanh2ðx − RiÞÞ

¼
ffiffiffi
λ

p
v3μ2

5

X
i;j

ðG2ði; jÞ − G2ði; iÞÞ

¼
ffiffiffi
λ

p
v3μ2

�
8 −

4

5

X
i>j

Ri − Rj

tanhðRi − RjÞ
�
: ðA17Þ

This piece of the effective potential describes a repulsion for any pair of walls.
The second piece reads

λα

Z∞
−∞

dyTrðT̂4
wallÞ ¼

ffiffiffi
λ

p
v3α

125

X
i;j;k;l

Z∞
−∞

dxð−3 tanhðx − RiÞ tanhðx − RjÞ tanhðx − RkÞ tanhðx − RlÞ

þ 2ðtanh2ðx − RiÞ tanhðx − RjÞ tanhðx − RkÞ þ tanhðx − RiÞtanh2ðx − RjÞ tanhðx − RkÞ
þ tanhðx − RiÞ tanhðx − RjÞtanh2ðx − RkÞÞ − 4tanh3ðx − RiÞ tanhðx − RjÞ þ tanh4ðx − RiÞÞ

¼
ffiffiffi
λ

p
v3α

125

X
i;j;k;l

ð−3G4ði; j; k; lÞ þ 2Gsym
3 ði; j; kÞ − 4G4ði; i; i; jÞ þ G4ði; i; i; iÞÞ

¼
ffiffiffi
λ

p
v3α

125

�
−72

X
i>j>k>l

G4ði; j; k; lÞ þ 24
X
i>j>k

Gsym
3 ði; j; kÞ þ 42

X
i>j

G4ði; i; j; jÞ − 84
X
i>j

G4ði; i; i; jÞ −
2080

3

�
; ðA18Þ

where

Gsym
3 ði; j; kÞ≡G4ði; i; j; kÞ þ G4ði; j; j; kÞ þG4ði; j; k; kÞ

¼ −2
�
1þ Ri − Rj

tanhi−j
þ Ri − Rk

tanhi−k
þ Rj − Rk

tanhj−k

�
; ðA19Þ
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G4ði; i; j; jÞ ¼ −4
�
1þ 1

sinh2i−j

�
1 −

Ri − Rj

tanhi−j

��
; ðA20Þ

G4ði; i; i; jÞ ¼ −2
Ri − Rj

tanhi−j
þ 2

sinh2i−j

�
1 −

Ri − Rj

tanhi−j

�
; ðA21Þ

G4ði; i; i; iÞ ¼ −
8

3
: ðA22Þ

This can be simplified to

λα

Z∞
−∞

dyTrðT̂4
wallÞ ¼

ffiffiffi
λ

p
v3α

125

�
−
8560

3
þ 64

X
i>j

Ri − Rj

tanhðRi − RjÞ

−
X
i>j

376

sinh2ðRi − RjÞ
�
1 −

Ri − Rj

tanhðRi − RjÞ
�
− 72

X
i>j>k>l

G4ði; j; k; lÞ
�
: ðA23Þ

Combining the above, we get the final result

Veff ¼
v3

ffiffiffi
λ

p

125

�
1000μ2 −

8650

3
αþ ð64α − 100μ2Þ

X
i>j

Ri − Rj

tanhðRi − RjÞ
−
X
i>j

376α

sinh2ðRi − RjÞ

×

�
1 −

Ri − Rj

tanhðRi − RjÞ
�
− 72α

X
i>j>k>l

G4ði; j; k; lÞ
�
: ðA24Þ

APPENDIX B: PROOF OF DECOMPOSITION
(5.22) AND (5.58)

Here we give a proof that the extra-dimensional gauge
field Aαy can be decomposed into DαCα and the diver-
gence-free component as in Eq. (5.22). Firstly, we define a
projection operator as

Pα ¼ DαðΔαÞ−1D†
α: ðB1Þ

This is a projection operator since it satisfies P2
α ¼ Pα.

Therefore we can always decompose Aαy ¼ PαAαy þ
ð1 − PαÞAαy. The first term is actually DαBα in (5.22) if

we take Bα ¼ Δ−1
α D†

αAαy. However, P is well defined only
when Δ−1

α is well-defined. A dangerous case occurs if Δ−1
α

acts on its zero mode ΔαBð0Þ ¼ 0ðDαBð0ÞÞ ¼ 0 as is given
in (5.32). This is not the case, however, since Δ−1

α acts right
after D†

α.
Let E be an arbitrary scalar and let us take an inner

product

ðB0; D
†
αEÞ ¼ ðDαB0; EÞ ¼ 0; ðB2Þ

where we have defined the inner product by ðA; BÞ ¼R
dyA�B. Hence we conclude that D†

αE does not include
B0, and Δ−1

α D†
α is always well defined, so is Pα.

Let us next treat the second term ð1 − PαÞAαy. This is
denoted as Cα in (5.22). Indeed Cα satisfy the divergence-
free condition (5.23)

D†
αCα ¼ D†

αð1 − PαÞAαy ¼ ðD†
α −D†

αDαΔ−1
α D†

αÞAαy

¼ 0: ðB3Þ

This is a proof of the decomposition (5.22).
We can repeat the same procedure for the decomposition

of X. Let us first introduce the following projection
operator

P ¼ DΔ−1D†: ðB4Þ

Note that Δ−1 is well defined because Δ ¼ D†
XDX þM2.

Then a vector X can be always decomposed into X ¼
PX þ ð1 − PÞX. The first term is written as DY if we
defined Y ¼ Δ−1D†X. The second term is clearly diver-
gence-free since

D†ð1 − PÞX ¼ ðD† − D†DΔ−1D†ÞX ¼ 0: ðB5Þ

Thus the second term is identified with Z in (5.58). This is
proof of decomposition (5.58).
Lastly we show that Z ¼ ð1 − PÞX does not include the

zero mode. We decompose it as
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ð1 − PÞX ¼
X
n≥0

χnCn; ðB6Þ

where Cn stands for the eigenvector of Δ̃ as

Δ̃Cn ¼ M̃2
nCn: ðB7Þ

We assign n ¼ 0 for the lowest eigenvalue of the non-
negative definite operator Δ̃. Note that the lowest eigenstate
is the kernel of DR, and it can be expressed as

C0 ∝ DΛ; ðB8Þ

with Λ being an arbitrary function. Now let us verify if
ð1 − PÞX is orthonormal to C0 by the following calculation

ðð1 − PÞX;C0Þ ∝ ðð1 − PÞX;DΛÞ
¼ ðD†ð1 − PÞX;ΛÞ ¼ 0: ðB9Þ

Hence the expansion (B6) does not include the lowest
eigenstate n ¼ 0, namely Z does not have the zero mode.

APPENDIX C: ONE LOOP RGE OF SM

The SM gauge couplings αi ¼ g2i
4π at one loop levels are

given by

αiðμÞ−1 ¼
1

αiðMZÞ
−

bi
2π

ln
μ

MZ
; ðC1Þ

where i ¼ 1, 2, 3 correspond to the gauge goups Uð1Þ;
SUð2Þ; SUð3Þ, respectively. Here b1¼ 41

10
;b2¼−19

6
;b3¼−7

and α1ðMZÞ¼ 5αEM
3cos2 θW

, α2ðMZÞ ¼ αEM
sin2 θW

, α3ðMZÞ ¼ 0.1176

where αEM ¼ 1
127.909 and sin2 θW ¼ 0.23119.

The RGEs for Yukawa couplings are given by

d
dt

Ha ¼
1

16π2
βð1Þa Ha þHa

1

16π
βð1Þ†a ; ðC2Þ

where a ¼ u, d, e and t ¼ lnðμ=MZÞ. βð1Þa is give as

βð1Þa ¼ cð1Þa 1þ
X
b

abaHb; ðC3Þ

where cð1Þa ¼ Ta −Ga with

Gu ¼
17

20
g21 þ

9

4
g22 þ 8g23; ðC4Þ

Gd ¼
1

4
g21 þ

9

4
g22 þ 8g23; ðC5Þ

Ge ¼
9

4
g21 þ

9

4
g22; ðC6Þ

Tu ¼ Td ¼ Te ¼ 3TrðHu þHdÞ þ TrHe; ðC7Þ

auu ¼ add ¼
3

2
; ðC8Þ

adu ¼ aud ¼ −
3

2
; ðC9Þ

aee ¼
3

2
: ðC10Þ
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