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The competition between bulk color superconductivity and the localized screening of a heavy quark
impurity, analogous to the Kondo effect, leads to a rich spectrum of phenomena in dense quark matter. We
investigate this competition at the edge of a superconducting quark bulk, where both the superconducting
gap and the Kondo scale are dynamically generated in a tractable toy model. Utilizing the exact Bethe
Ansatz method, we elucidate the resulting boundary physics. We identify distinct regimes characterized by
either multiparticle Kondo screening or an unscreened local moment. Crucially, we also uncover a novel
intermediate phase featuring impurity screening through a single-particle bound state formed within
the superconducting gap. The toy model presented in this work highlights the complex interplay
between dynamically generated bulk properties and boundary impurities in extreme quantum chromo-
dynamics environments, offering potential insights into phenomena occurring in heavy-ion collisions and
compact stars.
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I. INTRODUCTION

Quarks and gluons, as described by quantum chromo-
dynamics (QCD) [1–4], are typically strongly interacting
and confined within protons and neutrons. They become
weakly coupled (asymptotically free) under extremely
high temperatures or densities, undergoing deconfinement
and forming a quark-gluon plasma (QGP). This occurs
at temperatures above the pseudocritical value
Tc ≈ 155 MeV, as established by lattice QCD [5,6] and
confirmed in heavy-ion collisions at RHIC and the LHC
[7–11]. At high baryon density (μB ≳ 500 MeV), decon-
finement is instead expected to occur at significantly lower
temperatures, in the range T ∼ 50–100 MeV, depending on
the location of the critical point and the structure of the
QCD phase diagram [12]. Below this range, QCD is
expected to host a wealth of exotic phases such as color
superconductivity and quarkyonic matter [13–15], which
are actively studied in the context of compact stars and
dense matter experiments. The study of the phenomeno-
logically relevant low-temperature regions, where novel
phases emerge, has proved to be challenging due to strong
coupling and inherent nonperturbative effects, making

theoretical and experimental investigations particularly
demanding [16,17].
One particularly compelling phase is color supercon-

ductivity [18–20]. In this phase, quarks near the Fermi
surface form Cooper pairs through attractive interactions in
color channels, leading to a finite energy gap in the
excitation spectrum and a spontaneous breaking of color
gauge symmetry [21] as shown in the phase Fig. 1. This
state is believed to play a crucial role in the inner cores of
neutron stars [22,23] and may be accessible in ultra-
relativistic heavy-ion collisions [24], offering a window
into the behavior of strongly interacting matter under
extreme conditions. Color-superconducting quark matter
has multiple phases because quarks, which come in three
colors and six flavors (up, down, strange, charm, bottom,
and top), can form Cooper pairs in various ways. Each
pairing pattern breaks different symmetries, leading to
distinct excitation spectra and transport properties.
Predicting the favored pairing mechanism among the many
possibilities is extremely challenging. In principle, a full
QCD calculation in the strong coupling regime should
determine the answer, but current lattice QCD methods
have not yet achieved this. To gain quantitative insights,
one often turns to the Nambu-Jona-Lasinio (NJL) model,
a simplified version of QCD that captures key aspects
of color superconductivity [25,26]. In its traditional for-
mulation, the NJL model replaces dynamical gluons with
an effective four-fermion interaction, which is not
renormalizable in 3þ 1 dimensions; hence, a UV cutoff
Λ must be introduced to define the theory as an effective
model valid below that scale [27]. More recently,
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functional-renormalization-group (FRG) approaches have
been employed to overcome the associated cutoff artefacts,
yielding regulator-independent results in medium-depen-
dent situations relevant for color superconductivity [28].
In parallel, recent theoretical studies have uncovered

the possibility of a QCD analog of the Kondo effect [29–
32]. In this scenario, heavy quarks such as charm or
bottom act as impurities within a sea of light quarks (up,
down, and strange) [33]. The non-Abelian gluon exchange
between light and heavy quarks generates an interaction
reminiscent of the traditional Kondo effect observed in
condensed matter systems, where conduction electrons
screen magnetic impurities [34–38]. In quark matter, this
interaction leads to the formation of a Kondo gap and the
emergence of mixed states, where light and heavy quarks
combine into Bogoliubov quasiparticles [30,39]. A related
secondary Kondo mechanism between gapped and
ungapped quarks in the two–flavor color–superconduct-
ing (2SC) phase was proposed in Ref. [40], where the
gapped quarks act effectively as heavy impurities inter-
acting with ungapped modes.
At high baryon density (or large quark chemical potential

μ), quarks near the Fermi surface experience attractive
interactions via gluon exchange, leading to Cooper pairing
and the onset of color superconductivity, a non-Abelian
analog of BCS theory. The resulting superconducting gap
behaves as

Δ ∼ Λ exp

�
−
c
G

�
; ð1Þ

where G is the 4-fermion attractive coupling, c is a
numerical constant determined by the pairing channel at
the cutoff scale Λ.
In contrast, the presence of a heavy quark impurity

allows for color exchange with the Fermi sea, resulting in
logarithmic enhancement of the scattering amplitude at low

energy—a hallmark of the QCD Kondo effect. The asso-
ciated Kondo scale is related to cutoff scale Λ by

ΛK ∼ Λ exp

�
−

π

2NcJ

�
; Nc ¼ 3; ð2Þ

analogous to the Kondo temperature in condensed matter
systems, where J is the Kondo coupling constant.
Both phenomena occur near the Fermi surface, but

compete with each other: superconductivity gaps out
low-energy states, suppressing Kondo screening, while a
developed Kondo cloud inhibits coherent pairing. The
dominant ground state depends sensitively on the relative
scale of Δ and ΛK .
To describe these phenomena in more detail, we proceed

to discuss the theory in the regime of high quark chemical
potential μ ≫ ΛQCD, where the QCD coupling becomes
weak due to asymptotic freedom. In this regime, gluon-
mediated interactions between quarks can be approximated
by local four-fermion interactions, allowing an effective
description in terms of an NJL-type model.
A model capturing both effects can be obtained starting

from the standard QCD Lagrangian [41], and integrating
out the gluon field, one finds the effective action in the
quark sector [42]

Sq¼
Z

dx4ψ̄ iði∂−mÞψ i

þG
Z

dx4dy4ðψ̄ iγ
μτaψ iÞðxÞDab

μνðx;y;ϵÞðψ̄ jγντ
bψ jÞðyÞ

ð3Þ

where Dðx; y; ϵÞ is the gluon propagator at some specific
energy scale. In this limit, we shall now consider a single
heavy quark Q localized at x ¼ 0 and interacting with the
lighter quarks ψ i via color-color interaction as

SQCD−Kondo¼Sq

þJ
Z

dx4dy4ðψ̄ iγ
0τaψ iÞðxÞDab

00ðx;y;μÞTbδðyÞ;

ð4Þ

where Tb are the generators of SUð3Þ acting on the color
space of a localized heavy quark situated at x ¼ 0. We will
consider here the impurity in the fundamental SUð3Þ
representation and defer to later publications other impurity
representations.
Unlike electronic systems, where the impurity carries a

spin-1
2
moment, the localized impurity here transforms in

the fundamental color representation 3 of SU(3) and
couples to the color current of the bulk quarks through
the exchange term Jψ†

þτaψ−Ta. When a bulk quark (in 3)
interacts with the impurity (also in 3), the relevant tensor

FIG. 1. Phase diagram of QCD in temperature and chemical
potential phase showing the hadronic, quark-gluon plasma, and
color superconducting phase.
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product decomposes as 3 ⊗ 3̄ ¼ 1 ⊕ 8. The color-singlet
component ð1Þ represents the screened configuration,
analogous to the spin singlet in the SU(2) Kondo problem,
while the octet 8 corresponds to residual color excitations
that remain gapped. Thus, the Kondo screening process in
this model amounts to forming a many-body color-singlet
between the impurity and the bulk, and the competition
between this screening and the bulk pairing gap underlies
the distinct impurity phases described in this work. While
the overall structure of the phase diagram resembles that of
the SU(2) case studied in Ref. [43], the non-Abelian gapped
excitation spectrum in both the bulk and boundary is
considerably richer. For example, as we shall show later,
within a portion of the Yu-Shiba-Rusinov (YSR) regime,
the boundary spectrum contains an unexpected antiquark-
like excitation, reflecting the nontrivial color structure of
the screened impurity and the extended multiplet content of
the SU(3) theory.
In Ref. [44], the problem is studied in the limit g ¼ 0,

where an S-wave approximation can be performed to write
the effective theory in 1þ 1D as

S2Deff ¼
Z

d2x½Ψ̄ðiΓμ
∂μÞΨþ J0Ψ̄τaΨTaδðxÞ�; ð5Þ

where the two-dimensional Dirac matrices are given by
Γ0 ¼ σ1, Γz ¼ −iσ2 and J0 is the effective Kondo coupling.
Ψ is a two-component quark field. In Ref. [44], this model
Eq. (5) is studied using the conformal field theory tech-
nique. In this approach, the eigenstate of the bulk
Hamiltonian with Uð3fÞ symmetry admits a conformal
embedding of the form [45]

SUð3Þf × SUðfÞ3 ×Uð1Þ ð6Þ

and the impurity only couples to the SUð3Þf color degree of
freedom, where, using the standard fusion rule, one can
explicitly obtain physical quantities related to the impu-
rities like impurity entropy, low-temperature susceptibility,
and specific heat [38,46].
In this work, we investigate the interplay between two

competing phenomena—color superconductivity and the
color-Kondo effect—within a 1þ 1D toy model of QCD
based on the SU(3) Gross-Neveu model [47,48] with an
impurity. The Gross-Neveu model was originally intro-
duced as a renormalizable analog of the NJL model that
dynamically generates a fermion mass through an attractive
quark-antiquark interaction (chiral channel). By performing
a Fierz transformation, the same four–fermion interaction
can equivalently be expressed in the particle-particle
(Cooper) channel, describing pairing correlations between
quarks of opposite chirality. In this work, we adopt this
particle-particle interpretation, so that the dynamically
generated mass gap m is viewed as a superconducting
correlation gap arising from antisymmetric color 3̄ pairing.

Because the model is 1þ 1-dimensional, true spontaneous
symmetry breaking is forbidden by Coleman’s theorem.
Instead, the system exhibits quasilong-range color-super-
conducting correlations with algebraically decaying order-
parameter correlations, while the mass gap is generated
dynamically through dimensional transmutation. When a
localized color impurity is placed in the system, a color-
Kondo effect takes place as discussed in terms of RG
analysis. The rest of the paper shows that, while the RG
description is correct in the regime ΛK ≫ Δ, the exact
solution reveals that the model is significantly richer,
exhibiting additional impurity phases.
In the Appendices, we present supplementary discus-

sions and detailed derivations of concepts and results that
were too extensive to include in the main body. Appendix A
constructs the explicit N-particle solution of the Bethe
Ansatz equations; Appendix B proves the model’s integra-
bility; Appendix C derives the Bethe Ansatz equations;
Appendix D presents their solution; and Appendix E
derives the RG equations for both bulk and boundary
couplings within our cutoff scheme, which are nonanalyti-
cally related to Wilsonian cutoff approaches.

II. THE MODEL

As a first step toward a controlled model, we shall
consider a model with a single flavor of quark with
attractive interaction between the quarks of opposite
chirality, which dynamically opens a mass gap, and we
shall consider a single heavy quark impurity localized at
x ¼ 0 where, when the bulk scatters off the impurity, its
chirality changes. This is pictorially shown in Fig. 2. A
more realistic description of the QCD Kondo problem in
superconducting quark matter by considering a multiflavor
problem with attractive color interaction between different
intra- and interflavors will be presented elsewhere. The
Hamiltonian of the model under consideration is

H ¼ −i
Z

0

−L
dxfψ†

þ;aðxÞ∂xψþ;aðxÞ − ψ†
−;aðxÞ∂xψ−;aðxÞg

þ
Z

0

−L
dxfgψ†

þ;aðxÞτ⃗abψþ;bðxÞψ†
−;cðxÞτ⃗cdψ−;dðxÞ

þ Jψ†
þ;aðxÞτ⃗a;bψ−;bðxÞ · T⃗δðxÞg; ð7Þ

where ψ�;a is a fermionic annihilator operator where the
first index � denotes its chirality whereas the second index

FIG. 2. Cartoon depiction of the model Eq. (7) where left and
right moving chiral fermions with marginal bulk attractive
current-current interaction g and open boundary conditions are
coupled to an SU(3) moment at the boundary with Kondo
coupling J.
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a is the SUð3Þ color index. The matrices τ are Gell-Mann
matrices, SUð3Þ generators that act on the color space of
the quarks, and T⃗ describes the localized impurity. The
coupling constant g is the attractive interaction between the
bulk quarks of opposite chirality, whereas J is the Kondo
coupling.
The bulk interaction

gðψ†
þτaψþÞðψ†

−τ
aψ−Þ

can be Fierz-rearranged into the particle-particle (Cooper)
channel, describing pairing correlations between opposite
chiralities [49]. In SU(3), this decomposition yields sym-
metric ð6Þ and antisymmetric (3̄) color combinations, of
which the antisymmetric channel is attractive for g > 0.
Although the theory is 1þ 1-dimensional, where continu-
ous symmetries cannot break spontaneously, the interaction
drives quasilong-range color-superconducting correlations
and dynamically generates a mass gap m through dimen-
sional transmutation.
We will describe the various phases of the Hamiltonian

as functions of the couplings J > 0 and g > 0. The bulk
coupling constant g flows to strong coupling where the
model opens a superconducting gap (interpreted here as the
dynamical mass generated by the Gross-Neveu mechanism
in the particle-particle channel) [47,48]. In the absence of g,
the Kondo coupling J also flows to strong coupling where
the impurity is screened by a multiparticle cloud of bulk
fermions [36,50]. In this work, we shall provide an exact
solution for the Hamiltonian, which allows the study of the
interplay between the two phenomena when both couplings
are present.
This interplay between superconductivity and the Kondo

screening has long been a subject of study in condensed
matter physics [51–61]. In a superconducting material, the
fundamental state is characterized by the attractive inter-
action between electrons, leading to the formation of
Cooper pairs and a globally coherent superconducting
phase [62]. However, the introduction of a magnetic
impurity can alter this picture locally. Instead of partici-
pating in the collective Cooper pairing, conduction elec-
trons in the vicinity of the impurity become strongly
correlated with it, forming a localized many-body singlet
state analogous to the Kondo effect observed in normal
metals containing magnetic impurities.
The competition between the bulk’s tendency to form

Cooper pairs and the local tendency to screen the impurity
through singlet formation gives rise to a fascinating array
of phenomena in the vicinity of the impurity [63–65].
Depending on the relative strength of the coupling
between the bulk superconducting electrons g and the
impurity J, the impurity’s magnetic moment can be
screened by a complex multiparticle cloud, characteristic
of the Kondo effect. Or the impurity can induce localized
bound states within the superconducting energy gap,

known as Yu-Shiba-Rusinov (YSR) states, which effec-
tively screen the impurity through single-particle excita-
tions [51–53]. In yet other regimes, the impurity might
remain entirely unscreened, retaining its local magnetic
moment.
Equation (7) captures, within quark matter, a competition

akin to the interplay between the Kondo effect and super-
conductivity in condensed-matter physics. Concretely,
massless quarks at the ultraviolet scale undergo nonper-
turbative dynamics in the infrared, leading both to gap
formation and to the emergence of a superconducting bulk
state. Introducing a heavy quark impurity at the edge of this
bulk then acts as a local perturbation. This perturbation can
trigger intriguing boundary physics, as the impurity inter-
acts with the surrounding superconducting quarks. Much
like the competition between Cooper pairing and Kondo
singlet formation in conventional superconductors, the
interplay between color superconductivity in the quark
bulk and the QCD Kondo effect associated with the
impurity leads to a rich phase diagram. Within this
framework, the heavy quark impurity can be screened by
bulk fermionic excitations or through the formation of
localized subgap states, analogous to the Yu-Shiba-Rusinov
states. The ultimate fate of the impurity—whether it
becomes decoupled, or is screened by the bulk, or forms
a bound state within the superconducting gap—is dictated
by the relative strengths of the color superconducting and
Kondo interactions. This intricate competition not only
enriches our understanding of the QCD phase diagram but
also provides valuable insights into impurity physics under
extreme conditions, potentially relevant to phenomena
observed in high-energy heavy-ion collisions and within
the dense interiors of compact stars. The adaptation of
theoretical methods developed in condensed matter physics
offers a promising avenue for further exploration of these
exotic states of matter.
Before presenting our main results, we note that recent

advances in cold atom technology make it plausible to
realize the toy model proposed here in the laboratory. In
particular, the ability to engineer and probe local moments
in multicomponent fermionic systems—thereby accessing
a Kondo-like coupling [66]—and the development of
SUðNÞ-symmetric gases using alkaline-earthlike atoms
have been demonstrated in Refs. [67–69]. Thus, it should
be possible to implement our model within a suitably
designed cold atom experiment in the near future by
realizing the setup shown in schematic Fig. 2.

III. SUMMARY OF MAIN RESULTS

In the language of the renormalization group (RG), the
model described in Eq. (7) exhibits an interplay between
bulk and boundary interactions, characterized by two
coupling constants g and J, both of which flow under
the action of RG. The bulk β-function, given by
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βðgÞ ¼ dg
d lnD

¼ −
12

π
g2; ð8Þ

indicates that the bulk coupling g grows as the energy cutoff
D is lowered. This infrared divergence and UV asymptotic
freedom signify that the model flows to a strong coupling,
which is characterized by the nonperturbative generation of
a mass gap within the SU(3) color sector of the theory. In
other words, the Hamiltonian Eq. (7) contains no bare mass
scales. In the ultraviolet its color sector is described by the
massless SUð3Þ1 Wess-Zumino-Witten CFT. This con-
formal point is perturbed by the marginally relevant
operator JaLJ

a
R, whose one-loop β-function βðgÞ ∝ −g2

drives the coupling to the strong coupling in the infrared.
To quantize such a renormalizable theory, we introduce an
ultraviolet cutoff D and let the bare coupling gðDÞ run so
that the combination m ¼ De−1=gðDÞ remains finite as
D → ∞. By dimensional transmutation, this fixes the mass
scale m, gapping out all non-Abelian (color) excitations
and dynamically generating the superconducting gap [47].
At the boundary x ¼ 0, the impurity T⃗ is coupled to the

bulk through the color-Kondo term, which alone would
flow to strong coupling and be fully screened in the absence
of bulk superconducting order [36]. More concretely, in the
absence of bulk coupling g, the scaling dimension of the
Kondo perturbation is Δ ¼ 1, and hence the beta function
vanishes at tree level and one finds βðJÞ ¼ −CJ2 in one
loop with C > 0 being a positive constant. Since the beta
function is negative, the Kondo coupling flows to a strong
coupling limit. However, as we shall see from the exact
solution, in the presence of the bulk coupling g, the Kondo
interaction picks up the anomalous dimension of the form
1þ ag where a is a positive constant, and hence the RG
flow of the boundary operator becomes βðJÞ ¼ −CJ2 þ
agJ which shows that the contribution from the bulk
coupling g to the boundary flow is positive. In other words,
this contribution tries to decrease the strength of the Kondo
coupling and hence tends to unscreen the impurity. These
two competing terms in the presence of the bulk order give
rise to three distinct IR boundary phases: (i) an SUð3Þ-
symmetric Kondo phase in which the impurity is screened
by a many-body cloud of quasiparticles; (ii) a Yu-Shiba-
Rusinov-like phase where a single bound quasiparticle
forms a screening singlet with the quark; and (iii) an
unscreened local-moment phase in which the impurity
remains effectively unscreened. We determine the constants
C and a from the exact nonperturbative β-function βðJÞ ¼
dJ

d lnD obtained from the Bethe Ansatz methods in our cutoff
scheme, which takes the form

βðJÞ ≈ −
6J
π
ðJ − 2gÞ ð9Þ

at an initial ultraviolet (UV) energy scale D0. As discussed
above, it indeed comprises two competing effects: a

standard Kondo-type term, −CJ2 with C ¼ 6
π, which tends

to drive J toward the strong coupling, and a bulk-induced
term, þagJ with a ¼ 12

π , which acts to suppress J. The fact
that the bulk coupling g flows to strong coupling as the
energy scales decrease, coupled with the boundary cou-
pling J exhibiting signs and magnitudes that are intricately
tied to both g and its own value, unveils a far more nuanced
boundary physics than the standard Kondo effect in Fermi
liquid theory. This interplay of bulk and boundary RG flow
shapes the fate of impurity, leading to a richer tapestry of
potential behaviors.
The condition J ¼ 4g on this initial scale defines a

critical line that acts as a separatrix that delineates two
distinct pathways for the boundary interaction as the energy
scale is reduced. If the initial boundary coupling J0 starts
above this line, such that J0 > 4g0, the beta function βðJÞ is
positive, indicating that J will flow toward stronger
coupling as the bulk mass gap develops. This strong
coupling regime ultimately leads to the complete Kondo
screening of the impurity by the bulk fermions, resulting in
the formation of an SU(3) singlet state. In contrast, if the
initial boundary coupling J0 lies below the separatrix, with
J0 < 4g0, the beta function βðJÞ becomes negative. This
negative flow drives the boundary coupling J toward zero
as the energy scale is lowered. Consequently, when the
bulk mass gap eventually opens up in the infrared, the
impurity remains essentially decoupled from the bulk and
unscreened. Thus, this weak coupling renormalization
group (RG) analysis reveals a crucial condition for impurity
screening: the initial exchange coupling J0 must exceed
quadruple the initial bulk coupling g0.
While this analysis sheds light on the initial flow of the

couplings, it is important to recognize that it is based on a
weak-coupling approximation and does not provide a
complete picture of the system’s behavior across all energy
scales. To fully understand the infrared (IR) theory and the
ultimate fate of the impurity, a more comprehensive strong-
coupling analysis is required. To achieve this, we shall
employ the Bethe Ansatz method, which allows for an
exact solution of the model in the presence of both bulk and
boundary interactions. This approach will provide a deeper
understanding of the various phases and the low-energy
behavior of the system.
The full renormalization group picture, as interpreted

from the exact solution obtained via the Bethe Ansatz, is
visually summarized in the RG flow diagram presented
below (Fig. 3). This diagram illustrates the flow of the
couplings and demarcates the distinct regions correspond-
ing to different impurity behaviors. As anticipated from the
weak-coupling analysis, we observe regimes where for
J0 ≫ g0, the impurity is indeed screened by a multiparticle
Kondo cloud in the infrared, corresponding to a flow
toward strong coupling. Similarly, for J0 ≪ g0, the impu-
rity remains a local moment, consistent with the boundary
coupling flowing toward zero. Crucially, the exact solution
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unveils an additional region in the RG flow, emerging when
J0 ≈ g0. In this intermediate regime, the impurity is
screened by a single-particle bound mode that forms below
the bulk mass gap, akin to the Yu-Shiba-Rusinov states
observed in conventional superconductors. This rich struc-
ture in the RG flow, encompassing regions indicative of
Kondo screening, an unscreened local moment, and single-
particle screening, underscores the complex interplay
between the dynamically generated bulk properties and
the boundary impurity, providing a more complete under-
standing than the initial weak-coupling RG analysis
could offer.
The renormalization group flow diagram depicted in

Fig. 3 illustrates the evolution of the couplings g and J as
the energy scale is reduced, originating from the non-
interacting fixed point at J ¼ g ¼ 0. These RG equations,
derived using an unconventional cutoff scheme within the
framework of the Bethe Ansatz solution and detailed in the
Appendix E, reveal distinct regions corresponding to
different impurity behaviors. The flow lines shown in
orange represent the parameter regimes where the boundary
coupling J flows toward weaker values in the infrared,

ultimately leading to the impurity remaining as a local,
unscreened moment. In contrast, the flow lines in magenta
correspond to the parametric regimes where the boundary
coupling J flows toward strong coupling, resulting in the
screening of the impurity by a Kondo cloud of multiple
particles. In particular, the flow lines in cyan illustrate the
parametric regimes where the boundary coupling evolves
toward the YSR phase characterized by screening the
impurity through the formation of a single particle bound
mode below the bulk mass gap.

IV. SUMMARY OF PHASES

In the previous section, we discussed the existence of the
various boundary phases in terms of the two couplings, the
bulk superconducting coupling g and the boundary Kondo
coupling J both flowing under the action of RG. However,
to analyze the phases more concretely, we introduce the
RG-invariant combination

d2 ¼ b2 −
2b
c
− 1; ð10Þ

where b ¼ 9−32g2
72g denotes the running bulk coupling and

c ¼ 36J
9−32J2 is the corresponding running boundary coupling.

This RG invariant parameter d will serve as our primary
parameter for characterizing the different phases. Since
fg; Jg ≥ 0, we have d2 ∈R, so d is either real or purely
imaginary. In the latter case, we introduce a parameter δ by
d ¼ iδ; δ∈R. As previously noted, the precise dependence
of the coupling constants g and J on the boundary rapidity
shift d emerges from the nonperturbative Bethe Ansatz
solution, which introduces a nontrivial cutoff directly on
the interacting (dressed) momenta. This approach stands in
contrast to conventional quantum field theory methods,
where regularization is typically imposed on the free
(quadratic) part of the action [70].
We proceed to discuss the various phases the system

possesses, as functions of the RG invariant parameter d. As
shown in Fig. 4, for all values of d∈R and for 0 < δ < 1

2

the impurity quark is completely screened by a multi-
particle cloud of bulk superconducting quarks. In this
regime, the Kondo fluctuations overwhelm the bulk super-
conducting order, and in addition to the bulk mass gap Δ, a
new scale TK , the Kondo temperature, is dynamically
generated, which characterizes the screening of the impu-
rity quark and the local impurity density of states, which
attains the familiar Lorentzian form. As δ increases past 1

2
,

superconducting pairing increases and competes with
Kondo screening, causing a bound state to emerge below
the bulk mass gap. In the range 1

2
< δ < 5

4
, the bound-state

energy is negative, and the impurity is screened by a single-
particle mode. At δ ¼ 5

4
, the bound level crosses zero, and

for 5
4
< δ < 2, its positive energy makes the unscreened

impurity lower in energy, marking a first-order quantum

FIG. 3. The weak-coupling RG flow diagram for Hamiltonian
Eq. (7) is given by two RG equations Eqs. (8) and (9). The flow is
away from the noninteracting point J ¼ 0 ¼ g. The magenta
curves denote the Kondo phase, where the boundary coupling
flows to strong coupling, and the impurity is screened by a
multiparticle Kondo cloud. The cyan lines indicate the YSR
phase, where the impurity is screened by a single-particle bound
mode. Finally, the orange lines depict the unscreened regime,
where the boundary coupling flows to zero, leaving the impurity
unscreened. The dashed black curves demarcate the three
boundary phases of the model. The dashed gray curve within
the cyan YSR region indicates the locus where the energy of the
boundary bound state Eδ vanishes, corresponding to the level
crossing at δ ¼ 5=4 shown in Fig. 6. Across this line, the bound-
state energy changes sign, separating the screened (Eδ < 0) and
unscreened (Eδ > 0) regimes within the YSR phase.
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phase transition. Beyond δ > 2, superconductivity wins
over the Kondo scale, and the impurity remains effectively
unscreened.
In the next sections, we will use the Bethe Ansatz to

study the low-energy physics of our model in each of its
three boundary phases. We will show that all color
excitations are gapped, while the Uð1Þ charge excitations
remain gapless. As we vary the RG-invariant parameter d,
the system moves between different boundary phases. We
will examine the low-energy excitations in each phase. As
shown in Ref. [48], the Hamiltonian (7) is integrable in the
J → 0 limit, and Ref. [36] demonstrates integrability in the
g → 0 limit. In Appendix A we construct the generic Nq-
particle eigenstates. We then show in Appendix B that the
model remains integrable when both g and J are nonzero,
and in Appendix C we derive the Bethe Ansatz equations.
Moreover, the Bethe Ansatz equations are explicitly solved
in Appendix D. Here, we shall summarize the results in all
the phases in great detail.

V. BETHE ANSATZ EQUATIONS

The Bethe Ansatz [48,71–74] provides an exact and
algebraic procedure for diagonalizing a class of integrable
interacting Hamiltonians. Its central idea is that the many-
body wave function can be expressed as a coherent
superposition of plane waves, with amplitudes related by

two-body scattering matrices that satisfy the Yang-Baxter
equation. These two-body S-matrices ensure that all multi-
particle scattering processes factorize into products of two-
body collisions, making the problem exactly solvable.
Imposing either periodic or open boundary conditions
quantizes the particle rapidities (or quasimomenta), leading
to a discrete set of algebraic equations—the Bethe Ansatz
equations. In models with internal symmetry, the number of
rapidity families equals the rank of the underlying Lie
algebra.
After introducing the ultraviolet cutoff D and finite

volume L to convert the field-theoretic eigenvalue problem
into an N-body Hamiltonian, we find that diagonalizing the
Hamiltonian reduces to determining discrete quasimomenta
fkjg that satisfy two coupled algebraic Bethe equations.
The two distinct sets of rapidities, fλαg and fμkg, naturally
arise from the rank-2 structure of the SU(3) algebra. This
directly corresponds to the two simple roots of the A2

Dynkin diagram, dictating the form of the Bethe Ansatz
equations. Solving these coupled equations yields the
complete energy spectrum and identifies each multiplet
with an irreducible representation of SU(3); further tech-
nical details of the nested construction are provided in
Appendices A, B, and C.
We pause here to briefly summarize some relevant facts

of the representation theory of the SUð3Þ algebra, which are
reflected in the Bethe Ansatz solution. In SU(3), every
irreducible representation is uniquely specified by two non-
negative integers ðp; qÞ, its Dynkin labels, which determine
both its dimension

dimðp; qÞ ¼ ðpþ 1Þðqþ 1Þðpþ qþ 2Þ
2

and its highest-weight vector Λ ¼ pλ1 þ qλ2. The highest-
weight state then has the third isospin Imax

3 ¼ p
2
, and

hypercharge Ymax ¼ pþ2q
3

, and all other weights ðI3; YÞ
in the multiplet, followed by subtracting integer combina-
tions of the simple roots. Since the center of SU(3) is the
cyclic group f1;ω;ω2g with ω ¼ e2πi=3, each ðp; qÞ irrep
also carries a discrete Z3 triality

t≡ pþ 2q ðmod 3Þ;

which labels its phase ωt under the central element. We
will, therefore, label any SU(3) state by its Dynkin labels
ðp; qÞ, by its weight ðI3; YÞwithin that multiplet, and by the
discrete Z3 triality t.
The quantization conditions for the discrete quasimo-

menta for the theory defined on a line segment x∈ ½−L; 0�
are given by

e−2ikjL ¼
YM1

α¼1

Y
υ¼�

�
bþ υλα þ i

2

bþ υλα − i
2

�
ð11Þ

FIG. 4. Schematic phase diagram of the SU(3)–Gross-Neveu
model with a massive quark impurity at one edge. The low-lying
spectrum is plotted as a function of the RG-invariant d, which,
when imaginary, is written d ¼ iδ. The YSR state exists only for
1
2
< δ < 2, and the magnitude of its energy is shown by the solid

magenta line. A first-order quantum phase transition between the
screened ðp; qÞ ¼ ð0; 0Þ and unscreened ðp; qÞ ¼ ð1; 0Þ impurity
configurations occurs at δ ¼ 5

4
. For δ > 2, the impurity remains

unscreened, and no YSR states screening the impurity are
present. In the Kondo regime, δ < 1

2
(i.e., d∈R), many-body

screening generates a Kondo scale TK . The shaded orange region
denotes the continuum of bulk excitations above the mass gap m.
The two faint vertical guides at δ ¼ 1 and δ ¼ 3

2
delimit the

parametric range in which a midgap antiquark excitation carrying
triality 2 exists with its energy in range m

2
< Eδ < m, whereas for

δ > 3
2
its energy is EðθÞ ¼ m cosh ð2π

3
θÞ such that it merges into

the continuum of excitations E > m.
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where the roots λα together with the roots μk satisfy the
rank-1 Bethe Ansatz equations of the form

Y
υ¼�

��
λα þ υb − i

2

λα þ υbþ i
2

�Nq λα þ υd − i
2

λα þ υdþ i
2

YM2

k¼1

λα þ υμk − i
2

λα þ υμk þ i
2

�

¼
YM1

β¼1
β≠α

Y
υ¼�

λα þ υλβ − i

λα þ υλβ þ i
; α ¼ 1;…;M1 ð12Þ

and the rank-2 Bethe Ansatz equations of the form

YM1

α¼1

Y
υ¼�

μk þ υλα − i
2

μk þ υλα þ i
2

¼
YM2

l¼1
l≠k

Y
v¼�

μk þ υμl − i
μk þ υμl þ i

; ð13Þ

where k ¼ 1;…;M2. The two quantum numbers M1 and
M2 count the number of first- and second-level magnons in
the Bethe Ansatz for the system with Nq þ 1 particles. One
then defines the color occupation numbers

r1 ¼ ðNq þ 1Þ −M1; r2 ¼ M1 −M2; r3 ¼ M2;

which satisfy r1 þ r2 þ r3 ¼ Nq þ 1. The corresponding
SU(3) (A2) Dynkin labels are

p ¼ r1 − r2 ¼ ðNq þ 1Þ − 2M1 þM2;

q ¼ r2 − r3 ¼ M1 − 2M2;

and the pair ðp; qÞ uniquely specifies the representation.
We now turn to the solutions of these equations in the

three boundary regimes, the Kondo phase, the YSR phase,
and the unscreened phase, presented in order of decreasing
detail.

A. The Kondo phase

When the RG invariant parameter d is real, or it takes the
purely imaginary values d ¼ iδ such that 0 < δ < 1

2
, the

impurity is screened by a multiparticle cloud of massive
bulk quarks. In this regime, the scale of boundary inter-
action is much stronger than the bulk superconducting
order and hence the impurity phase is very similar to the
massless case where g → 0 which has been intensely
studied in literature [36,45,46,50,75]. The impurity quark,
which carries an ultraviolet entropy of ln 3, becomes
completely screened in the infrared, leading to a vanishing
impurity entropy. Here, we study this screening behavior in
the presence of a finite but small bulk coupling g, compared
to the boundary interaction strength J.
To study the IR limit of the model in the Kondo phase,

we solve the Bethe Ansatz equations Eqs. (11), (12), and
(13). Taking the logarithm on both sides of the Bethe
Ansatz equation (11) for d∈R, we write

kj ¼
πnj
L

þ 1

L

XM1

α¼1

½tan−1ð2ðbþ λαÞÞ þ tan−1ð2ðb − λαÞÞ�

ð14Þ

such that summing over j we obtain the energy

E ¼
X
j

πnj
L

þD
X
υ¼�

XM1

α¼1

½tan−1ð2ðbþ υλαÞÞ�; ð15Þ

where nj are the integers, which are charge quantum
numbers.
Moreover, the logarithm of the two ranks of the Bethe

Ansatz equations (12) and (13) reads

X
υ¼�

�
Nqtan−1ð2ðλα þ υbÞÞ þ tan−1ð2ðλα þ υdÞÞ

þ
XM2

k¼1

tan−1ð2ðλα þ υμkÞÞ
�
þ tan−1ð2λαÞ

¼ πIα þ
X
υ¼�

X
β

tan−1ðλα þ υλβÞ ð16Þ

and

tan−1ð2μkÞ þ
X
υ¼�

XM1

α¼1

tan−1ð2ðμk þ υλαÞÞ

¼
X
υ¼�

XM2

l¼1

tan−1ðμk þ υμlÞ þ πIk; ð17Þ

where Iα and Ik are integers that represent the color
quantum numbers. To analyze the coupled equations
Eqs. (16) and (17) in the thermodynamic limit, we
introduce the densities of roots as follows

ρ1ðλjÞ ¼
1

λjþ1 − λj
; ρ2ðμkÞ ¼

1

μkþ1 − μk
:

such that we can convert all the sums over roots to integrals
using the following identities

XM1

β¼1

FðλβÞ →
Z

∞

−∞
Fðλ0Þρ1ðλ0Þdλ0;

XM2

k¼1

GðμkÞ →
Z

∞

−∞
Gðμ0Þρ2ðμ0Þdμ0:

Differentiating with respect to λα (and similarly μk) turns
each tan−1ðxÞ into the Lorentzian d

dx tan
−1ðxÞ ¼ 1

1þx2, and
the two equations become

KATTEL, ZHAKENOV, and ANDREI PHYS. REV. D 112, 094012 (2025)

094012-8



2ρ1ðλÞ ¼ fðλÞ þ
X
υ¼�

Z
Kf2gðλþ υμÞρ2ðμÞdμ

−
X
υ¼�

Z
Kf1gðλþ υλ0Þρ1ðλ0Þdλ0 − δðλÞ; ð18Þ

2ρ2ðμÞ ¼ a1
2
ðμÞ þ

X
υ¼�

Z
Kf2gðμþ υλÞρ1ðλÞdλ

−
X
υ¼�

Z
Kf1gðμþ υμ0Þρ2ðμ0Þdμ0 − δðμÞ: ð19Þ

The δ-functions in each equation eliminate the spurious
roots λ ¼ 0 and μ ¼ 0, preventing non-normalizable sol-
utions. Moreover, here

fðλÞ ¼ a1
2
ðλÞ þ

X
υ¼�

ðNqa1
2
ðλþ υbÞ þ a1

2
ðλþ υdÞÞ

aγðλÞ ¼
1

π

γ

λ2 þ γ2

KfngðρÞ ¼ a1
n
ðρÞ

Now, we can solve these two equations in Fourier space
to obtain the solution of the form

ρ̃1ðωÞ ¼
ð2ðejωj þ 1ÞðNq cosðbωÞ þ cosðdωÞÞ − e

3jωj
2 þ 1Þ

2e
jωj
2 ð2 coshðωÞ þ 1Þ

ð20Þ

ρ̃2ðωÞ¼
2ðNqcosðbωÞþcosðdωÞÞþe−

jωj
2 −ejωj

4coshðωÞþ2
ð21Þ

In the ground state, one finds that the first-rank roots
occupy two-thirds of the total,

M1 ¼
Z

ρ1ðλÞdλ ¼ ρ̃1ð0Þ ¼
2

3
ðNq þ 1Þ; ð22Þ

while the second-rank roots fill the remaining one-third,

M2 ¼
Z

ρ2ðμÞdμ ¼ ρ̃2ð0Þ ¼
1

3
ðNq þ 1Þ: ð23Þ

For the ground state, one obtains

p ¼ ðNq þ 1Þ − 2M1 þM2 ¼ 0; q ¼ M1 − 2M2 ¼ 0;

so the representation has Dynkin labels ðp; qÞ ¼ ð0; 0Þ, i.e.,
the SUð3Þ singlet. Its dimension is 1 and its Z3 triality is
t≡ ðpþ 2qÞ mod 3 ¼ 0. Since the ground state is a color
singlet, the color charge of the impurity is fully screened.
Notice that when d becomes purely imaginary, we set

d ¼ iδ. For δ < 1=2, all of the results above continue to
hold by analytic continuation. However, once δ > 1=2, the

sign of the imaginary part in the rank-1 Bethe Ansatz
equation’s impurity term flips, so the contour deformations
and resulting root densities change, and one must redo the
analysis to account for that sign reversal. Thus, the Kondo
phase in the model exists when d is real and when δ < 1=2,
where the impurity quark is screened by a multiparticle
cloud of bulk quarks.

1. Fundamental bulk excitations in
the Kondo phase

We proceed to study variations away from the quantum
numbers that we have identified as the ground state. These
correspond to the excitations and show that their energy is
positive relative to the ground state, allowing us to verify
that the identified Bethe Ansatz solution indeed represents
the ground state. These excitations are generated by
independently varying the momentum quantum numbers
nj and the two SU(3) color charges Iα and Ik, demonstrat-
ing the decoupling of charge and color degrees of freedom.
We shall find that the excitation characterizes three

phases as we discussed above on the basis of the renorm-
alization group flow. In the Kondo phase, which we will
analyze first, we shall see that the excitation spectrum
consists entirely of bulk excitations, excitations that can
propagate across the system. By contrast, as we shall see, the
other phases host both bulk excitations and additional low-
energy, nonpropagating modes that are localized near the
boundary.
a. Colorless charge excitations: The simplest excitations

are colorless charge modes that leave the color quantum
numbers unchanged. Label the initial quantum numbers n0j
so that

−2πD ≤
2π

L
n0j < 0;

and promote one to

n0j ¼ n0j þ Δn ≥ 0:

The resulting energy change is

ΔEc ¼
2π

L
Δn > 0:

Here, 2πD provides the cutoff that defines the “bottom of
the sea” for these charge excitations. Note that while the
standard Wilsonian cutoff scheme is imposed on bare
(noninteracting) momenta, our cutoff 2πD is imposed to
the fully interacting momentum variables determined by
the exact Bethe Ansatz solution. These colorless charge
modes are gapless and are commonly called holons. In
contrast, the excitations in the color sector are more
complex: they arise from distinct solutions of the Bethe
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Ansatz equations [Eqs. (12) and (13)], reflecting the
two-level rapidity structure of the SUð3Þ model.
Color excitations: these are constructed by varying the

color quantum numbers Iα and Ik which induces holes
in the rank-1 or rank-2 Bethe equations such that the
physical excitations are colorless (i.e., the triality
t≡ ðpþ 2qÞ mod 3 ¼ 0). We begin by computing their
energies in the presence of the cutoff D and running
coupling b. A hole in the rank-1 equation at rapidity θ
shifts the first-level density by

Δρ̃1ðωÞ ¼ −
ðejωj þ 1Þ cosðωθÞ
2 coshðωÞ þ 1

; ð24Þ

and from Eq. (15) its energy is

Eθ ¼ 2Dtan−1

×

�
2cschð2πb=3Þ coshð2πθ=3Þ − cothð2πb=3Þffiffiffi

3
p

�
:

ð25Þ

This excitation carries Dynkin labels ðp; qÞ ¼ ð1; 0Þ, i.e.,
it lies in the 3 (fundamental) representation of SUð3Þ. A
hole in the rank-2 equation at rapidity ϑ shifts the same
density by

Δρ̃2ðωÞ ¼ −
ejωj=2 cosðωϑÞ
2 coshðωÞ þ 1

; ð26Þ

and its energy is

Eϑ ¼ 2Dtan−1

×

�
2cschð2πb=3Þ coshð2πϑ=3Þ þ cothð2πb=3Þffiffiffi

3
p

�
:

ð27Þ

This excitation is denoted by Dynkin labels
ðp; qÞ ¼ ð0; 1Þ, i.e., it lies in the 3̄ (antifundamental)
representation. Although the energy of rank-1 hole
Eθ and rank-2 hole Eϑ differ in the presence of the
UV cutoff D as a function of the bulk running coupling
constant b, both energies become universal in the
double-scaling limit b → ∞; D → ∞ while holding
m̄ ¼ 2De−2πb=3 fixed. In this limit, each hole takes
the relativistic form

EðϕÞ ¼
ffiffiffi
3

p

2
m̄ cosh

�
2πϕ

3

�
; ϕ ¼ θ; ϑ; ð28Þ

showing that both rank-1 and rank-2 holes acquire the

same physical mass m ¼
ffiffi
3

p
2
m̄ [76].

After computing the physical mass of the holes in
each rank, we are now in a position to describe the

massive fundamental color excitation in the model.
Interestingly, the model does not admit isolated
single-quark excitations in bulk; only color-neutral
hadrons, i.e., bound states of quark and antiquark
(mesons) or three-(anti)quark (baryons), can occur as
physical excitations.
b. The meson octet: The most fundamental massive

color excitation in the model is the bound state of a quark
and an antiquark, obtained by introducing one hole into
each of the rank-1 and rank-2 Bethe equations. Denote
the hole rapidity in the rank-1 sector by θ and that in the
rank-2 sector by ϑ (see Appendix D). Its energy is
Eðθ; ϑÞ ¼ mðcosh 2π

3
θ þ cosh 2π

3
ϑÞ, which when the rap-

idities are sent to infinity θ; ϑ → ∞ attains its minimal
value Emin ¼ 2m. This excitation transforms in the Dynkin
representation (1, 1), i.e., the 8-dimensional adjoint multi-
plet of SUð3Þ with triality 0. The highest-weight state has
I3 ¼ 1

2
and Ymax ¼ 1, and the rest seven states are obtained

by successive application of the lowering operators E−α1
and E−α2 . These eight states give the usual meson-octet
diagram familiar from QCD, which we explicitly plot in the
I3 − Y plane in Fig. 5(a).
c. The meson singlet: When one adds a single two-

string in each sector (i.e., λ� i
2
in the rank-1 equation

and μ� i
2
in the rank-2 equation) on top of one hole

per rank at rapidities θ (rank-1) and ϑ (rank-2), the
resulting state is the meson singlet with Dynkin labels
(0, 0)(see Appendix D). Its energy is given by Eðθ; ϑÞ ¼
mðcosh 2π

3
θ þ cosh 2π

3
ϑÞ, which again attains its minimal

value Emin ¼ 2m when rapidities θ; ϑ → ∞. The energy
contribution in the thermodynamic limit comes solely
from the two holes since the bare energy of the two-
strings is exactly canceled by the contribution from the
backflow of the roots.
d. The baryon decuplet: If one creates three holes in

the rank-1 Bethe equation at rapidities θi (i ¼ 1, 2, 3)
(see Appendix D), the resulting excitation transforms in
the Dynkin representation (3, 0) with triality 0. Its
energy is Eðθ1; θ2; θ3Þ ¼ m

P
3
i¼1 cosh ð2π3 θiÞ, which as

θi → ∞ approaches its minimal value Emin ¼ 3m. This
representation is 10-dimensional, with Ymax ¼ 1 and
I3 ¼ 3

2
. The remaining nine descendant states are then

obtained by successive applications of the two lowering
operators, which are shown in the weight diagram in
Fig. 5(b).
e. The antibaryon decuplet: If one creates three

holes in the rank-2 Bethe equation at rapidities ϑi
(i ¼ 1, 2, 3) (see Appendix D), the resulting excitation
transforms in the Dynkin representation (0,3). Its energy is
Eðϑ1; ϑ2; ϑ3Þ ¼ m

P
3
i¼1 cosh ð2π3 ϑiÞ, which as ϑi → ∞

approaches its minimal value Emin ¼ 3m. This representa-
tion is 10-dimensional, with Ymax ¼ 2 and I3;max ¼ 0. The
nine descendant states are obtained by applying lowering

KATTEL, ZHAKENOV, and ANDREI PHYS. REV. D 112, 094012 (2025)

094012-10



operators E−α1 and E−α2 as shown in the weight diagram
in Fig. 5(c).
All other higher-order excitations with a larger number

of quarks and antiquarks are obtained by adding appro-
priate numbers of holes in the two-rank equations, such that
one gets color-neutral excitations. We refer to Sec. VII of
Ref. [36] for further discussion on the allowed color
excitations.

2. Bulk Density of states

From the Fourier-space Bethe Ansatz density of rank-1
roots in Eq. (20), the bulk contribution (proportional to Nq)
in λ-space becomes

ρ1ðλÞ ¼
Nq

2
ffiffiffi
3

p
X
υ¼�1

1

2 cosh
�
2π
3
ðbþ υλÞ� − 1

; ð29Þ

such that the bulk density of states in the scaling limit
becomes

DOSbulk ¼
				 ρ̃bulk1 ðλÞ
E0ðλÞ

				 ¼ L
4π

Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p : ð30Þ

Note that this form of the DOS is precisely the super-
conducting density of states, with the characteristic square-
root divergence at the gap edge E ¼ m. Moreover, for
energies well above the gap (E ≫ m), it reduces to the
constant value L=ð4πÞ, as expected for a 1þ 1D non-
interacting Fermi gas.

3. The Kondo scale

Deep in the Kondo phase (d ≫ 1), where the boundary
Kondo physics overwhelms the bulk superconductivity,
apart from the scale of mass gapm, the impurity generates a
new scale called the Kondo temperature TK . By isolating
the impurity parameter d dependent term in the root density
of rank-1 in the ground state given by Eq. (20), using
DOSimpðEÞ ¼ ρimpðλÞ=E0ðλÞ, one finds

DOSimpðEÞ ¼
2E cosh

�
2πd
3

�
−m

2πm
ffiffiffiffiffiffiffiffiffiffi
E2−m2

p

½cosh�4πd
3

�þ cosh
�
2 cosh−1

�
E
m

��� : ð31Þ

The Kondo scale can then be chosen to be TK ¼ m
2
e
2πd
3

such that the ratio of the boundary to bulk per unit length

density of states RðEÞ ¼ L DOSimpðEÞ
DOSbulkðEÞ can be for large d in the

familiar Lorentzian form

RðEÞ ¼
ffiffiffi
3

p

2π

TK

E2 þ T2
K
: ð32Þ

The dynamically generated Kondo temperature TK
governs the dynamics of the impurity in this parametric
regime. It is the crossover scale below which the impurity
quark becomes completely screened by a collective “cloud”
of bulk quarks, forming a many-body singlet. Above TK ,
the impurity quarks behave like asymptotically free quarks.
In summary, the Kondo phase is characterized by the

complete screening of the impurity below a dynamically
generated Kondo scale TK , even in the presence of a

(a) (b) (c)

FIG. 5. Weight diagrams of SU(3) multiplets plotted in the ðY; I3Þ plane. In the nested Bethe Ansatz description, each irreducible
representation is labeled by a Dynkin label ðp; qÞ. For the class of fundamental excitations formed by symmetric combinations of holes,
the integers p and q count the number of holes in the Bethe root distributions at each nesting rank: p counts holes in the rank-1 equations
and q in the rank-2 equations. For example, (a) the meson octet corresponds to (1, 1), with one hole in each level; (b) the baryon decuplet
corresponds to (3, 0), with three holes in the first level and none in the second; and (c) the antibaryon multiplet corresponds to (0, 3). The
Bethe Ansatz ground state is the SU(3) singlet (0, 0), in which all Bethe roots are real and both levels are fully filled with no holes. This
hole-counting interpretation applies only to symmetric excitations. More generally, antisymmetric or mixed-symmetry states—such as
those arising in the tensor product decomposition of multiple fundamental excitations—require the inclusion of string solutions, i.e.,
complex bound states of Bethe roots.
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gapped, color-superconducting bulk. This screening leads
to the vanishing of impurity entropy in the infrared, a
hallmark of the Kondo effect. After screening, the low-
energy spectrum consists solely of bulk color-singlet
excitations, such as mesons and baryons, consistent with
confinement. The model naturally reveals two emergent
scales: the bulk superconducting gap m, and the Kondo
crossover scale TK , illustrating how impurity screening can
persist within a gapped medium such as superconducting
quark matter. A closely related phenomenon was explored
in Ref. [77], where some of us studied the Kondo effect in a
gapped spin chain. While that system shares several key
features with the present model, such as impurity screening
within a gapped medium and the emergence of a Kondo
scale, it also exhibits important differences, most notably
the presence of competing magnetic order in the bulk,
which is absent in the color-superconducting quark matter
considered here.

B. The YSR phase

As the parameter δ increases within the range 1
2
< δ < 2,

the strength of the bulk superconducting order becomes
comparable to that of the boundary Kondo scale. In this
specific regime, a bound mode forms, localized at the
boundary hosting the impurity quark. This boundary-bound
mode screens the impurity quark, a mechanism analogous
to the screening of surface impurities by YSR bound states
in BCS superconductors [51–53]. However, a key distinc-
tion is that while YSR states in traditional BCS systems
exist everywhere in the phase space, strong quantum
fluctuations in the present context restrict this YSR-like
screening phenomenon to this narrow parametric range.
Recent work has highlighted the possible realization of
such a phase in dense quark matter [78,79] with impurities.
The bound mode is described by a unique, purely

imaginary solution to the rank-1 Bethe Ansatz equation.
This solution, λα, takes the form

λα ¼ �i

�
1

2
− δ

�
: ð33Þ

Such solutions arising from Bethe Ansatz equations are
characteristic of systems with open boundary conditions
and are referred to as boundary-string solutions
[63,65,77,80–83]. The nested Bethe Ansatz structure of
this problem also permits boundary-string solutions. For
the rank-2 equation, when δ > 1, such a solution takes the
form

μk ¼ �ið1 − δÞ: ð34Þ

A state where the impurity is screened by a boundary-
localized bound mode can then be constructed by adding
the boundary-string solution from the rank-1 Bethe Ansatz
equations for the range 1=2 < δ < 1, and by adding both

boundary-string solutions for the range 1 < δ < 2 (see
Appendix D for details).
In this regime, the state formed by all real roots of the

rank-1 and rank-2 equation yields a root density of the form

ρ̃1ðωÞ¼
2ðejωj þ1ÞNqcosðbωÞþð1−e2jωjÞ

eδjωj −e
3jωj
2 þ1

2ð1þ2coshðjωjÞÞejωj
2

ð35Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj − e−δjωjð−1þ ejωjÞ þ 2 cosðbωÞNq

2ð1þ 2 coshðjωjÞÞ ;

ð36Þ

such that the number of rank-1 roots is M1 ¼R
ρ1ðλÞdλ ¼ 2

3
Nq, and the number of rank-2 roots is

M2 ¼
R
ρ2ðμÞdμ ¼ Nq

3
. Consequently, the state jψ1i has

Dynkin labels (1,0) and a Z3 triality of 1, which suggests
that the impurity quark is unscreened.
Adding the purely imaginary root Eq. (33) in the regime

1
2
< δ < 1 and adding both imaginary roots Eqs. (33) and

(34) in the regime 1 < δ < 2, results in a state jψδi with
Dynkin labels (0,0) with Z3 triality 0. In this state, the
impurity quark is completely screened by the single particle
localized bound mode. The change in root density of the
rank-1 equation due to the presence of these roots is

Δρ̃1ðωÞ ¼ −
e−

1
2
ð1−2δÞjωjðeð1−2δÞjωj þ 1Þ
2ðejωj þ e2jωj þ 1Þ ð37Þ

The energy of the bound mode obtained using Eq. (15)
and adding its bare energy, which in the scaling limit
becomes

Eδ ¼ −m sin

�
π

6
ð1þ 4δÞ

�
: ð38Þ

Notice that the energy of this root is negative in the range
1
2
< δ < 5

4
and positive in the range 5

4
< δ < 2 as shown

in Fig. 6.
Adding boundary strings to the state jψ1i results in the

ground state. When 1=2 < δ < 5=4, a single-particle bound
mode screens the impurity. However, for 5=4 < δ < 1, this
mid-gap state’s energy is higher than that of jψ1i. This
indicates a boundary quantum phase transition in the model
at δ ¼ 5=4 due to the level crossing as shown in Fig. 6. For
δ < 5=4, the impurity quark is screened in the ground state,
whereas for δ > 5=4, it is unscreened.
All of the bulk excitations described in Sec. VA 1 remain

valid in this phase. In addition, there are boundary
excitations involving the unscreened quark in the reference
state jψ1i. For example, if one adds two holes at rapidities
θ1 and θ2 into the rank-1 Bethe equation on top of jψ1i, one
obtains the state jψθ1;θ2i. In this configuration, the
unscreened quark, together with the two fundamental holes,
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carries Dynkin labels (3,0) and triality 0. Its energy relative
to jψ1i is

Eψθ1 ;θ2
−Ejψ1i ¼mcosh

�
2π

3
θ1

�
þmcosh

�
2π

3
θ2

�
: ð39Þ

In the limit θ1; θ2 → þ∞, each cosh ð2π
3
θiÞ → 1, so the

minimal excitation energy is 2m. Physically, this boundary
excitation describes a baryonic decuplet: the unscreened
quark at the boundary and the two massive propagating
bulk quarks (arising from the holes in the rank 1 equation)
form a Z3 triality-zero decuplet state.
Similarly, creating a single hole at rapidity ϑ into the

rank-2 Bethe equation on top of jψ1i produces the state
jψϑi. In this case, the excitation made up of an unscreened
quark and the single hole carry Dynkin labels (1,1) and
triality 0. Their energy difference relative to jψ1i is

Eψϑ
− Ejψ1i ¼ m cosh

�
2π

3
ϑ

�
; ð40Þ

which approaches its minimum value m as ϑ → þ∞. In
other words, the unscreened boundary quark, together with
one bulk quark, forms the meson octet in the excited
spectrum. It is also possible to construct a degenerate
singlet state by adding two-string solutions to both the rank
1 and rank 2 equations.
Thus far, all bulk excitations transform in the triality-0

(color-singlet) sector, whereas at the boundary, the decou-
pling of the impurity quark permits triality-1 states. We now
demonstrate that, within the YSR phase and in certain
parametric windows, even more exotic boundary excita-
tions emerge. In the interval 1 < δ < 3

2
, adding to the sea of

real root solutions (of both the rank-1 and rank-2 Bethe
equations) only the rank-1 boundary string solutions, one

obtains a boundary excitation carrying triality 2. The total
number of rank 1 roots including the one purely imaginary
boundary string solution is M1 ¼ 1þ R ρ1ðλÞdλ ¼
1
3
ð2Nb þ 1Þ and the total number of rank 2 roots is M2 ¼R
ρ2ðμÞdμ ¼ 1

3
ðNb − 1Þ (see Appendix Sec. D 2). Thus, the

Dynkin label for this state is ðp; qÞ ¼ ð0; 1Þ. The change in
the density of rank 1 roots due to the boundary string
solution is

Δρ̃1ðωÞ ¼ −
eδjωj−

3jωj
2 ðeð1−2δÞjωj þ eð3−2δÞjωj þ ejωj þ 1Þ

2ð2 coshðωÞ þ 1Þ ;

ð41Þ

such that the total energy of this excitation, including the
bare energy and the energy due to the back flow of roots,
computed using Eq. (15) which upon taking the double
scaling limit D → ∞ and b → ∞ becomes

Eδ ¼ −m cos

�
2π

3
δ

�
; ð42Þ

upon taking the double scaling limit D → ∞ and b → ∞.
When 1 < δ < 3

2
, one finds that 1

2
< Eδ < m, so the

excitation is strictly midgap. This three-dimensional boun-
dary excitation contains an unscreened antiquark rather
than an unscreened quark.
In the parametric regime δ > 3

2
, adding only the rank 1

boundary string solution and a hole at position θ in the rank
1 solution leads to another triality 2 excitation with Dynkin
label ðp; qÞ ¼ ð0; 1Þ that transforms in the antifundamental
representation of SU(3). The change in the density of rank 1
roots due to the presence of the hole and the boundary
string solution is

Δρ̃1ðωÞ ¼
1

2
ðejωj − 1Þe1

2
ð1−2δÞjωj þ ðejωj þ 1Þ cosðθjωjÞ

2 coshðjωjÞ þ 1
;

ð43Þ

where the first term is due to the presence of the boundary
string solution, and the second term is due to the presence
of the hole. The energy of this excitation in the scaling limit
is

Eθ ¼ m cos

�
2π

3
θ

�
; ð44Þ

as the energy of the boundary string vanishes in the
thermodynamic limit.
In summary, in the intermediate YSR phase, realized for

1
2
< δ < 2, impurity screening is no longer driven by a

many-body Kondo effect but instead occurs via the for-
mation of a localized single-particle bound state near the
impurity. The energy of this bound state, jEδj < m, plays a

FIG. 6. Energy of the boundary bound mode (i.e, the energy
difference between state jψ1i and state jψδi) as given by Eq. (38),
showing that the mode’s energy is negative for 1

2
< δ < 5

4
and

becomes positive for 5
4
< δ < 2.
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decisive role in determining the ground state structure. For
1
2
< δ < 5

4
, Eδ < 0 and hence occupying the bound state

minimizes the energy, and the system favors a fully
screened configuration corresponding to the SU(3) singlet
state with Dynkin label ðp; qÞ ¼ ð0; 0Þ. Conversely, for
the parametric regime, 5

4
< δ < 2, Eδ > 0 and hence the

bound state remains unoccupied in the ground state, and
the impurity quark exists as an unscreened degree of
freedom, yielding a state with ðp; qÞ ¼ ð1; 0Þ. The tran-
sition between these two regimes occurs via a level
crossing at Eδ ¼ 0, which occurs at δ ¼ 5

4
, marking a

first-order quantum phase transition. In addition to the
bulk spectrum of color-singlet mesons and baryons, this
phase also supports localized boundary excitations,
wherein the unscreened impurity quark can bind with a
bulk antiquark or two bulk quarks to form a mesonlike or
baryonlike state, respectively. Moreover, for δ > 1, one
can realize an exotic triality-2 boundary excitation. In the
interval 1 < δ < 3=2, its energy lies strictly within the
gap, Eδ < m, whereas for δ > 3=2 it asymptotically
coincides with the energy of a fundamental hole in the
thermodynamic limit.

VI. THE UNSCREENED PHASE

As the RG invariant parameter δ increases further and
takes a value in the range δ > 2, the bulk superconducting
order overwhelms the Kondo scale, and hence the impurity
remains unscreened. In this regime, the beta function of the
boundary coupling βðJÞ becomes positive, i.e., the Kondo
coupling effectively becomes ferromagnetic, and hence it
flows to weak coupling.
In this regime, the two purely imaginary boundary-string

solutions from Eqs. (33) and (34) remain valid. The ground
state is jψ1i, in which the impurity is unscreened. Adding
only the rank 1 boundary string solution leads to triality 2
excitation, discussed above with energy given by Eq. (44).
If one adds both boundary strings to the Bethe-root
configuration of jψ1i, then the rank-1 root density density
are changed by

Δρ̃1ðωÞ ¼ −
1

2
ð1 − ejωjÞe1

2
ð1−2δÞjωj: ð45Þ

Substituting this into Eq. (15) shows that the change in bulk
energy is exactly canceled by the bare energy of the two
boundary strings, so that

Eδ ¼ 0:

The two boundary strings solution cannot be added without
adding additional massive holes, as this solution is a wide
string solution [84]. Thus, for δ > 2, the impurity quark can
never be completely screened at any energy scale (see
Appendix D).

VII. CONCLUSION

In this work, we introduced a novel integrable quantum
field theory, which is a toy model that captures the com-
petition between color-superconductivity and the color-
Kondo effect in quark matter. In our model, the quarks are
massless in the ultraviolet regime; however, an attractive SU
(3) four-fermion color density-density interaction between
opposite-chirality quarks drives the bulk coupling g to
strong coupling in the infrared, dynamically generating a
mass gap m (the color-superconducting gap) via dynamical
transmutation. Unlike QCD, our model contains no dynami-
cal gluon bosons; instead, the attraction that gives rise to
quasi-long-range superconducting order arises from a four-
fermion color-density-density interaction in bulk. In the
presence of a heavy quark impurity the boundary coupling
J between the localized impurity and the bulk color density of
light quarks renormalizes depending on the relative magni-
tudes of J and g: for J ≫ g, the system flows into a Kondo-
screened phase; for J ∼ g, a Yu-Shiba-Rusinov bound state
appears within the gap and screens the impurity; and for
g ≫ J, the impurity remains unscreened at low energy.
In the Kondo phase, we demonstrated that the impurity

becomes completely screened below a dynamically gener-
ated Kondo scale TK , despite the presence of a finite
superconducting gap m. The low-energy spectrum is thus
governed entirely by bulk color-singlet excitations like
mesons and baryons with no boundary impurity excitations.
In contrast to the Kondo phase, where the impurity is fully
screened by many-body entanglement with the bulk, the
intermediate YSR phase features screening via a localized
single-particle bound state near the impurity. Consequently,
the impurity can be unscreened by not occupying the bound
mode, which creates an excitation of energyEδ < m. Finally,
there exists an unscreened phase in which the impurity
cannot be completely screened at any energy scale and,
therefore, retains its free moment entropy value of ln 3, both
in the ultraviolet and infrared limits.
We expect that signatures of the phase dynamics of the

system may be observed in atomic, molecular, and optical
experiments of high-spin atoms. In our recent study of the
SU(2) case, we showed that the impurity thermodynamics
exhibits clear signatures of the phase transition [43]. The
actual quarks appear in various flavors and correspond to a
multiflavor generalization of our model, which we will
study next. In addition, it would be interesting to investigate
the thermodynamic properties of the SU(3) model, which
we plan to address in forthcoming work.
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APPENDIX A: Nq-PARTICLE EIGENSTATE

In this section, we explain the process of determining
the eigenstates of the Hamiltonian operator, denoted Ĥ.
Because the particle number operator N̂ is a conserved
quantity, satisfying the commutation relation ½Ĥ; N̂� ¼ 0,
we can identify the eigenstates of Ĥ by exploring each
subspace with a fixed number of bulk quarks Nq, inde-
pendently. We initiate this analysis with the single-particle
case, Nq ¼ 1, where the wave function can be represented
as a superposition of plane waves as

jki ¼
X
aj;σ

Z
0

−L
dxeiσkxAσ

a1a0ψ
†
σ;a1ðxÞj0i ⊗ ja0i; ðA1Þ

where j0i is the vacuum ψσ;aj j0i ¼ 0. Here Aσ
aja0 are the

amplitudes for the jth itinerant fermion with chirality index
σ and color index aj scattering off the localized impurity
carrying color a0. Applying the Hamiltonian to the state jki,
Schrödinger’s equation fixes these amplitudes in the
following form

A−
aja0 ¼ Sj0

bjb0
aja0A

þ
bjb0

; ðA2Þ

where the scattering fermion-impurity bare scattering
matrix is given by

Sj0 ¼ iIj0 þ Jτ⃗j · T⃗0

iIj0 − Jτ⃗j · T⃗0
¼ eiϕ

Ij0 − icPj0

1 − ic
; ðA3Þ

where we suppressed the color indices, and here

c ¼ 4J

1 − 32J2
9

and ϕ ¼ −2 tan−1
�
4J
3

�
; ðA4Þ

and Ij0ab;cd ¼ δa;bδc;d is the identity matrix, and Pj0
ab;cd ¼

δa;dδb;c is the permutation operator, which is related to the
Gell-Mann metrics via

Pj0 ¼ 1

2
τj ⊗ τ0 þ 1

3
Ij0: ðA5Þ

The identification of the impurity-electron S-matrix Sj0

completes the construction of the eigenstate jki, which has
eigenvalue E ¼ k.

1. Two particle sector

Let us now examine the two-particle sector, where the
interaction between particles, characterized by the coupling
strength g, as specified in the Hamiltonian given by Eq. (7),
becomes important. We shall express the wave function as a
superposition of plane waves, with the amplitudes varying
across regions defined by the relative ordering of the
particles

jki; kji ¼
X
σ;a

Z
0

−L
d2xF

σiσj
aiaja0ðxi; xjÞeikiσixiþikjσjxjψ†

σiaiðxiÞψ†
σjajðxjÞj0i ⊗ ja0i; ðA6Þ

where we evaluate a sum across all possible combinations
of color and chirality, where the two-particle wave function,
represented as F

σiσj
aiaja0ðxi; xjÞ, is formulated using scattering

amplitudes. This wave function varies across different
regions, depending on the spatial arrangement of the
particles:

F
σiσj
aiaja0ðxi;xjÞ¼A

σiσj
aiaja0 ½ij�θðxj−xiÞþA

σiσj
aiaja0 ½ji�θðxi−xjÞ:

In this expression, A
σiσj
aiaja0 ½C� denotes the amplitude

associated with a particular configuration C, defined by
color aj, chirality σj, and the positional ordering of the
particles. For example, C ¼ ij describes the case where the
ith particle is positioned to the left of the jth particle, while
C ¼ ji indicates the opposite arrangement.
When the Hamiltonian from Eq. (7) is applied to the state

given in Eq. (A6), we find that this state is an eigenstate
with the energy eigenvalue

E ¼ ki þ kj;

provided that the amplitudes satisfy relationships
mediated by various scattering matrices, which are elab-
orated below.
As the rightmost particle scatters off an impurity, its

chirality flips. The amplitudes before and after this inter-
action are connected via the impurity-particle scattering
matrix S, as derived in Eq. (A3). Suppressing color indices
for simplicity, these relationships are

Aσi−½ij� ¼ Sj0Aσi−; ðA7Þ

A−σj ½ji� ¼ Si0A−σj : ðA8Þ

The exchange interaction introduces two types of scat-
tering matrices, labeled Sij and Wij. The matrix Sij

specifically relates amplitudes when particles with opposite
chirality swap positions

Aþ−½ji� ¼ SijAþ−½ij�; ðA9Þ

A−þ½ij� ¼ SijA−þ½ji�; ðA10Þ
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where Sij acts on the color degrees of freedom of the ith and
jth particles. The detailed form of Sij is provided later.

Sij ¼ eiζ
�
2ibIij þ Pij

2ibþ 1

�
; ðA11Þ

where

b ¼ 9 − 32g2

72g
and ζ ¼ −2 tan−1

�
4g
3

�
: ðA12Þ

Likewise, Wij relates the scattering amplitudes when the
particles of the same chirality are exchanged

A−−½ji� ¼ WijAþ−½ij� ðA13Þ

Aþþ½ij� ¼ WijA−þ½ji�: ðA14Þ

Unlike the scattering matrices Sij, the scattering matrices
Wij are not dictated by the Hamiltonian as there is no
interaction between the particles of the same chirality. Their
matrices are fixed via a consistency relation called the
reflection equation

Si0SijSj0Wij ¼ WijSj0SijSi0; ðA15Þ

which is readily satisfied if we take Wij ¼ Pij.
Having obtained these various scattering matrices, we

have now completed the diagonalization of the Hamiltonian
in the two particles sector.

2. Nq-particle sector

Generalization to the Nq-bulk quark sector is now fairly
straightforward. We construct eigenstates with eigenvalues

E ¼
XNq

j¼1

kj: ðA16Þ

of the form

jfkjgi¼
X
Q;a⃗;σ⃗

Z
θðxQÞAσ⃗

a⃗½Q�
YNq

j¼1

eiσjkjxjψ†
ajσjðxjÞj0i⊗ ja0i;

ðA17Þ

whereas before the sum is taken over all color and chirality
configurations that are specified by a⃗ ¼ fa1;…; aNq

; a0g
and σ⃗ ¼ fσ1;…; σNq

; σ0g respectively as well as the differ-
ent orderings of the particles in the configuration space
which correspond to elements of the symmetric group
Q∈ SNq

. Furthermore, θðxQÞ represents the Heaviside
function, which is nonzero only for a specific ordering.
In the Nq ¼ 1, 2 sectors, the amplitudes Aσ⃗

a⃗½Q� are

interconnected by various S matrices in the same manner
as previously described. Notably, the amplitudes differing
by the chirality change of the rightmost particle j scattering
off the impurity are linked by the impurity-particle S
matrix, Sj0. Those that differ by the order exchange of
particles with opposite or identical chiralities are related by
Sij andWij, respectively. The validity of this construction is
ensured by the S-matrices satisfying the reflection and
Yang-Baxter equations

WjkWikWij ¼ WijWikWjk; ðA18Þ

SjkSikWij ¼ WijSikSjk; ðA19Þ

Sj0SijSi0Wij ¼ WijSi0SijSj0; ðA20Þ

where Wij ¼ Pij with the superscripts indicating the color
space of the particles on which the operators act non-
trivially. These four relationships are sufficient to construct
a consistent Nq-particle eigenstate.

APPENDIX B: INTEGRABILITY
OF THE MODEL

To show that our model is integrable—meaning we can
solve it exactly for its energy levels and wave functions—
we proceed step by step, focusing on clarity and detail.
a. Open boundary conditions: Consider a system of

particles trapped between two reflective walls at x ¼ 0 and
x ¼ −L. We impose open boundary conditions to describe
how particles behave at these walls. Let ψþðxÞ be the wave
function for particles moving right and ψ−ðxÞ for those
moving left. At the boundaries, we require

ψþð0Þ ¼ −ψ−ð0Þ; ðB1Þ

ψþð−LÞ ¼ −ψ−ð−LÞ: ðB2Þ

These conditions say that when a particle hits a wall, its
right-moving part becomes a left-moving part with a sign
change, reflecting it back into the system.
b. Quantization of quasimomenta: Now, imagine Nq

particles in this system, each with a quasimomentum kj
(where j ¼ 1; 2;…; Nq). The wave function is a mix of
plane waves, but the boundary conditions limit the possible
kj values. Applying the condition at x ¼ −L to the Nq-
particle wave function [as in Eq. (A17)], we get

e−2ikjLAσ⃗
a⃗½Q� ¼ ðZjÞσ⃗;σ⃗

0
a⃗a⃗0 A

σ⃗0
a⃗0 ½Q�; ðB3Þ

where,
(i) e−2ikjL is the geometric phase a particle picks up

traveling from x ¼ −L to x ¼ 0 and back—a round
trip of distance 2L.
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(ii) Aσ⃗
a⃗½Q� are the amplitudes of the wave function in

different states, labeled by quantum numbers a⃗ (e.g.,
color index) and σ⃗ (e.g., chirality), with Q as
additional particle order labels.

(iii) Zj: The transfer matrix for the jth particle, which we
will explore next.

This equation ensures the wave function matches up after
the particle’s journey, giving us the allowed kj.
c. The transfer matrixZj and integrability: The transfer

matrix Zj defined as

Zj ¼ Wj;j−1 ·Wj;1Sj;ASj;1 · Sj;NqSj;BWj;N ·Wj;jþ1; ðB4Þ

is an operator that encodes the propagation of the jth
particle through the system, traversing from one boundary
to the other and returning to its initial position. As it
interacts with the remaining Nq − 1 particles, it accumu-
lates the effects of scattering matrices. The particle begins
its journey as a right mover, scattering off the other
particles, and upon encountering the impurity, its direction
of motion reverses, transitioning to a left mover for the
return path. This reversal corresponds to a change in its
chirality induced by the impurity scattering event.
By leveraging the algebraic relations outlined in

Eqs. (A18) through (A20), which include the Yang-
Baxter equation and associated consistency conditions, it
can be rigorously established that the transfer matrices
Zj and Zk commute for all j, k, satisfying the relation
½Zj; Zk� ¼ 0. This commutation property is a fundamental
characteristic of integrable systems, indicating that all
transfer matrices share a common set of eigenvectors
and can thus be diagonalized simultaneously. This feature
underpins the exact solvability of the model, enabling a
precise determination of its spectral properties.
To find the actual solutions, we diagonalize Zj using the

nested Bethe Ansatz and functional Bethe Ansatz methods.
These methods turn the problem into solvable equations,
giving us the eigenvalues of Zj and thus the quasimomenta
and energies.
d. Continuous framework: To use this formalism, we

embed the bare S-matrices into a continuous framework by
defining a spectral parameter-dependent R-matrix, RðλÞ,
and a boundary reflection matrix, KðλÞ. These are con-
structed to recover the original bare S-matrices at specific λ
values, fully capturing the model’s scattering properties.
Choosing the R-matrix of the SUð3Þ Heisenberg chain

Rij
abðλÞ ¼

iλIijab þ Pij
ab

iλþ 1
; ðB5Þ

we obtain the two bulk S-matrices as Wij ¼ Rijð0Þ and
Sij ¼ Rijð2bÞ. The boundary S-matrix can then be
embedded by defining Kj0ðλÞ ¼ Rj0ðλ − dÞRj0ðλþ dÞ
such that the bare impurity-quark S-matrix can be written

as Sj0 ¼ Kj0ðbÞ when d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − 2b

c − 1
q

. The R-matrix

Eq. (B5) is a solution of the Yang-Baxter equation

R12ðλ − μÞR13ðλ − νÞR23ðμ − νÞ
¼ R23ðμ − νÞR13ðλ − νÞR12ðλ − μÞ ðB6Þ

and the R- and K-matrices together satisfy the reflection
equation

Rijðλ − μÞKi0ðλÞRjiðλþ μÞKj0ðμÞ
¼ Kj0ðμÞRijðλþ μÞKi0ðλÞRjiðλ − μÞ ðB7Þ

The transfer matrix Z1 is related to the monodromy
matrix ΞAðλÞ as

Z1 ¼ τðbÞ ¼ TrAΞAðbÞ ðB8Þ

where the double-row monodromy matrix is defined as

ΞAðλÞ ¼ RA1ðλþ bÞ � � �RANqðλþ bÞRA0ðλþ dÞ
× RA0ðλ − dÞRANqðλ − bÞ � � �RA1ðλ − bÞ: ðB9Þ

Here, A denotes the auxiliary space, and TrA represents the
trace over the auxiliary space.
Using the properties of the R-matrices (such as unitarity

and crossing relations), the Yang-Baxter equation, and the
reflection equation, one can prove that the double-row
monodromy matrix ΞðλÞ satisfies the reflection equation

Rijðλ − μÞΞiðλÞRjiðλþ μÞΞjðμÞ
¼ ΞjðμÞRijðλþ μÞΞiðλÞRjiðλ − μÞ;

where ΞiðλÞ and ΞjðμÞ act on auxiliary spaces i and j,
respectively.
Using the unitarity and crossing symmetry of the R-

matrices, and the above reflection equation, one can then
prove that the transfer matrix τðλÞ satisfies

½τðλÞ; τðμÞ� ¼ 0;

for any values of λ and μ. This commutativity implies the
integrability of the model.

APPENDIX C: BETHE ANSATZ EQUATIONS

All bulk and boundary scattering matrices in our model
can be embedded into the SUð3Þ-invariant rational R-matrix:

RabðuÞ ¼
iuþ Pab

iuþ 1
; ðC1Þ

where Pab
ij
kl ¼ δilδ

j
k is the permutation operator on

C3 ⊗ C3. This R-matrix satisfies the Yang-Baxter equation
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and is regular, i.e., Rð0Þ ¼ P. We impose open boundary
conditions and introduce inhomogeneities b in the bulk and
d at the boundary impurity.
To diagonalize the transfer matrix, we use the nested

T −Q relations and functional Bethe Ansatz method. Note
that since the rank of suð3Þ is 2, there are two ranks of
Bethe Ansatz equations for the color space and hence there
are two sets of Bethe roots and two Baxter Q-functions
defined by

Qð1ÞðuÞ ¼
YM1

α¼1

ðu − λð1Þα Þðuþ λð1Þα þ iÞ; ðC2Þ

Qð2ÞðuÞ ¼
YM2

k¼1

ðu − μð2Þk Þðuþ μð2Þk þ 2iÞ: ðC3Þ

The quasi-momenta kj of the physical excitations are
related to the Bethe roots through

e2ikjL ¼ Qð1Þðb − iÞ
Qð1ÞðbÞ ; ðC4Þ

which, after shifting λð1Þα ↦ λð1Þα − i
2
, becomes

e−2ikjL ¼
YM1

α¼1

Y
υ¼�

bþ υλð1Þα þ i
2

bþ υλð1Þα − i
2

: ðC5Þ

To construct the transfer matrix, we define the forward
and reflected monodromy matrices acting on the auxiliary
space A ≅ C3 as

TAðuÞ ¼ RA;Nðu − bÞ � � �RA;1ðu − bÞRA;0ðu − dÞ; ðC6Þ

T̂AðuÞ ¼ RA;0ðuþ dÞRA;1ðuþ bÞ � � �RA;Nðuþ bÞ; ðC7Þ

so that the double-row monodromy matrix is

ΞAðuÞ ¼ TAðuÞT̂AðuÞ; ðC8Þ

and the transfer matrix is defined by

τðuÞ ¼ TrA½ΞAðuÞ�: ðC9Þ

The Yang-Baxter equation and reflection algebra ensure the
commutativity

½τðuÞ; τðvÞ� ¼ 0 ∀ u; v∈C: ðC10Þ

The eigenvalues of the transfer matrix satisfy the nested
T-Q relation [85]

ΛðuÞ ¼ aðuÞQ
ð1Þðu − iÞ
Qð1ÞðuÞ þ dðuÞQ

ð1Þðuþ iÞQð2Þðu − iÞ
Qð1ÞðuÞQð2ÞðuÞ

þ dðuÞQ
ð2Þðuþ iÞ
Qð2ÞðuÞ ; ðC11Þ

with scalar prefactors

aðuÞ ¼ ðuþ bþ iÞNðu − bþ iÞNðuþ dþ iÞðu − dþ iÞ
ðC12Þ

dðuÞ ¼ að−u − iÞ ðC13Þ

Requiring analyticity of ΛðuÞ at the simple poles u ¼
λð1Þα and u ¼ μð2Þk , and shifting to the symmetric variables

λð1Þα ≔ λð1Þα −
i
2
; μð2Þk ≔ μð2Þk − i; ðC14Þ

yields the Bethe Ansatz equations in their final symmet-
ric form.
a. Rank 1 Bethe equations. For the roots fλð1Þα gM1

α¼1,

Y
υ¼�

" 
λð1Þα þ υb − i

2

λð1Þα þ υbþ i
2

!
N
λð1Þα þ υd − i

2

λð1Þα þ υdþ i
2

YM2

k¼1

λð1Þα þ υμð2Þk − i
2

λð1Þα þ υμð2Þk þ i
2

#

¼
YM1

β¼1
β≠α

Y
υ¼�

λð1Þα þ υλð1Þβ − i

λð1Þα þ υλð1Þβ þ i
; α ¼ 1;…;M1: ðC15Þ

b. Rank 2 Bethe equations. For the roots fμð2Þk gM2

k¼1,

YM1

α¼1

Y
υ¼�

μð2Þk þ υλð1Þα − i
2

μð2Þk þ υλð1Þα þ i
2

¼
YM2

l¼1
l≠k

Y
υ¼�

μð2Þk þ υμð2Þl − i

μð2Þk þ υμð2Þl þ i
;

k ¼ 1;…;M2: ðC16Þ

In the main text and in the following sections, we
removed the subscript ðÞðjÞ from the roots as the use of
λα and μk is enough to distinguish the two sets of the roots.

APPENDIX D: DETAILED SOLUTION OF BAE

In this subsection, we shall present detailed solution of
the Bethe Ansatz equation in all three boundary phases.

1. Kondo phase

Let us consider the case when d∈R. By analytic
continuation, all results remain valid for purely imaginary
d ¼ iδ with 0 < δ < 1

2
. Taking the log on both sides of each

of the three equations, we obtain
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kj ¼
πnj
L

þ 1

L

XM1

α¼1

½tan−1ð2ðbþ λαÞÞ þ tan−1ð2ðb − λαÞÞ�

ðD1Þ
such that summing over j we obtain the energy

E¼
X
j

kj¼
X
j

πnj
L

þD
XM1

α¼1

½tan−1ð2ðbþλαÞÞþ tan−1ð2ðb−λαÞÞ�; ðD2Þ

where nj are the integers, which are charge quantum
numbers.
Moreover, the logarithm of the two ranks of Bethe

Ansatz equations read

X
υ¼�

�
Nq tan−1ð2ðλα þ υbÞÞ þ tan−1ð2ðλα þ υdÞÞ

þ
XM2

k¼1

tan−1ð2ðλα þ υμkÞÞ
�
þ tan−1ð2λαÞ

¼ πIα þ
X
υ¼�

X
β

tan−1ðλα þ υλβÞ ðD3Þ

and

tan−1ð2μkÞ þ
X
υ¼�

XM1

α¼1

tan−1ð2ðμk þ υλαÞÞ

¼
X
υ¼�

XM2

l¼1

tan−1ðμk þ υμlÞ þ πIk ðD4Þ

where Iα and Ik are integers that represent the color
quantum numbers.
For simplicity, we consider the case where the total

number of quarks is a multiple of 3. That is, we take

N ¼ Nq þ 1; with N ≡ 0 mod 3;

where Nq denotes the number of quarks in the bulk, and the
additional 1 corresponds to a single impurity.
To analyze the coupled equations Eqs. (D3) and (D4) in

the thermodynamic limit, we introduce the densities of
roots as follows

ρ1ðλjÞ ¼
1

λjþ1 − λj
; ρ2ðμkÞ ¼

1

μkþ1 − μk
:

such that we can convert all the sums over roots to integral
using the following identities

XM1

β¼1

FðλβÞ →
Z

∞

−∞
Fðλ0Þρ1ðλ0Þdλ0;

XM2

k¼1

GðμkÞ →
Z

∞

−∞
Gðμ0Þρ2ðμ0Þdμ0:

Differentiating with respect to λα (and similarly μk) turns
each tan−1ðxÞ into the Lorentzian d

dx tan
−1ðxÞ ¼ 1

1þx2, and
the two equations become

2ρ1ðλÞ ¼ fðλÞ þ
X
υ¼�

�Z
Kf2gðλþ υμÞρ2ðμÞdμ −

Z
Kf1gðλþ υλ0Þρ1ðλ0Þdλ0

�
− δðλÞ; ðD5Þ

2ρ2ðμÞ ¼ a1
2
ðμÞ þ

X
υ¼�

�Z
Kf2gðμþ υλÞρ1ðλÞdλ −

Z
Kf1gðμþ υμ0Þdμ0

�
− δðμÞ ðD6Þ

where the two delta functions are added to remove the two
roots λα ¼ 0 and μk ¼ 0 which leads to unnormalizable
solutions. Moreover, here

fðλÞ ¼ a1
2
ðλÞ þ

X
υ¼�

ðNqa1
2
ðλþ υbÞ þ a1

2
ðλþ υdÞÞ ðD7Þ

aγðλÞ ¼
1

π

γ

λ2 þ γ2
ðD8Þ

KfngðρÞ ¼ a1
n
ðρÞ ðD9Þ

Now, we can solve these two equations in Fourier
space as

2ρ̃1ðωÞ ¼ f̃ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1

ðD10Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1

ðD11Þ

such that the coupled algebraic equation leads to the
solution of the form
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ρ̃1ðωÞ ¼
4 coshðω

2
ÞðNq cosðbωÞ þ cosðdωÞÞ þ e−

jωj
2 − ejωj

2ð2 coshðjωjÞ þ 1Þ
ðD12Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj þ 2Nq cosðbωÞ þ 2 cosðdωÞ

2ð2 coshðjωjÞ þ 1Þ ðD13Þ

Thus in the ground state, there are

M1 ¼
Z

ρ1ðλÞdλ ¼ ρ̃1ð0Þ ¼
2

3
ðNq þ 1Þ ðD14Þ

number of roots of the first rank of equations, and there are

M2 ¼
Z

ρ2ðμÞdμ ¼ ρ̃2ð0Þ ¼
1

3
ðNq þ 1Þ ðD15Þ

Recall that the irreducible representation of SU(3) is
labeled by two Dynkin labels ðμ1; μ2Þ. These labels are
obtained from the Bethe Ansatz solution for each state as
follows

p ¼ Nq þ 1 − 2M1 þM2 ðD16Þ

q ¼ M1 − 2M2; ðD17Þ

such that for the ground state, we obtain

p ¼ ðNq þ 1Þ − 2
2

3
ðNq þ 1Þ þ 1

3
ðNq þ 1Þ ¼ 0

and q ¼ 2

3
ðNq þ 1Þ − 2

1

3
ðNq þ 1Þ ¼ 0: ðD18Þ

This shows that the ground state is a many-body SUð3Þ
singlet, and the itinerant bulk quarks completely screen the
impurity quark by forming a many-body Kondo cloud.
The fundamental excitations can be constructed by

making holes in the roots of either rank. First, by making
holes at rank-1 roots, we obtain the change due to each such
hole is

Δρ̃ðθ1Þ ¼ −
ðejωj þ 1Þ cos ðθ1ωÞ

2 coshðωÞ þ 1
ðD19Þ

The energy of the hole computed using Eq. (15) becomes

Eθ¼2Dtan−1
�
2cschð2πb=3Þcoshð2πθ=3Þ−cothð2πb=3Þffiffiffi

3
p

�
:

ðD20Þ

which upon taking the scaling limit D → ∞ and b → ∞
becomes Eθ ¼ m cosh ð2π

3
θÞ.

Likewise, the change in density of the rank-1 roots due to
the presence of a single hole at the second rank is

Δρ̃ðϑÞ ¼ −
e
jωj
2 cosðωϑÞ

2 coshðωÞ þ 1
ðD21Þ

such that the energy of this hole is

Eϑ¼2Dtan−1
�
2cschð2πb=3Þcoshð2πϑ=3Þþcothð2πb=3Þffiffiffi

3
p

�
;

ðD22Þ

which upon taking the scaling limit D → ∞ and b → ∞
becomes Eϑ ¼ m cosh ð2π

3
ϑÞ.

a. Fundamental excitations

We briefly discuss the construction of the massive
chargeless color fundamental excitations.
a. The meson octet Adding a hole in the rank-1 equation

at position θ and a hole in the rank-2 equation at position ϑ,
we obtain the solutions of the Bethe Ansatz equations of
the form

2ρ̃1ðωÞ ¼ f̃ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ
− 2K̃f1gðωÞρ̃1ðωÞ − 1 − 2 cosðωθÞ ðD23Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ

− 2K̃f1gðωÞρ̃2ðωÞ − 1 − 2 cosðωϑÞ ðD24Þ

which leads to the solution of the form

ρ̃1ðωÞ ¼
4 coshðω

2
ÞNq cosðbωÞ þ 2e

jωj
2 ð−2 coshðjωj

2
Þ cosðθωÞ þ cosðdωÞ − cosðωϑÞÞ þ 2e−

jωj
2 cosðdωÞ þ e−

jωj
2 − ejωj

4 coshðjωjÞ þ 2
ðD25Þ

ρ̃2ðωÞ ¼
−2e

jωj
2 cosðθωÞ − 2ðejωj þ 1Þ cosðωϑÞ þ e−

jωj
2 − ejωj þ 2Nq cosðbωÞ þ 2 cosðdωÞ

4 coshðjωjÞ þ 2
: ðD26Þ

The number of roots of rank-1 in this state is M1 ¼
R
ρ1ðλÞdλ ¼ 1

3
ð2Nq − 1Þ and the number of rank-2 roots is

M2 ¼
R
ρ2ðμÞdμ ¼ 1

3
ðNq − 2Þ. Thus, the Dynkin labels of this state are ðp; qÞ ¼ ð1; 1Þ, and triality is 0. This state

represents the meson octet, the bound state between the quark and antiquark.
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The total change in the rank-1 root density due to the
presence of these two holes is

Δρ̃1ðωÞ ¼ −
ðejωj þ 1Þ cosðθωÞ
2 coshðjωjÞ þ 1

−
e
jωj
2 cosðϑωÞ

2 coshðjωjÞ þ 1
ðD27Þ

Such that using Eq. (15), we find that the energy of the
state in the scaling limit is

Eθ;ϑ ¼ m

�
cosh

�
2π

3
θ

�
þ cosh

�
2π

3
ϑ

��
; ðD28Þ

which takes the minimum value Emin
θ;ϑ ¼ 2m as both the

rapidities are sent to infinity.
This excitation, labeled by its Dynkin labels

ðp; qÞ ¼ ð1; 1Þ, is 8-dimensional. The highest-weight state
has Ymax ¼ 1 and I3 ¼ 3

2
and all descendant states are

obtained by successive application of the lowering oper-
ators E−α1 and E−α2 such that the eight states can be plotted
in the Y − I3 plane as shown in Fig. 7.
b. The meson singlet The meson singlet can then be

obtained by adding a two-string solution of the form λα ¼
λ̄� i

2
in rank-1 equation and a two-string solution of the

form μk ¼ μ̄� i
2
in the second rank equation on top of the

holes at position θ in rank-1 equation and ϑ in rank-2
equation leads to the Bethe Ansatz equation in Fourier
space of the form

2ρ̃1ðωÞ ¼ f̃ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ
− 2K̃f1gðωÞρ̃1ðωÞ − 1 − 2 cosðωθÞ
þ 2 cosðωμ̄Þã1ðωÞ − 2 cosðωλ̄Þðã1

2
ðωÞ þ ã3

2
ðωÞÞ
ðD29Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ

− 2K̃f1gðωÞρ̃2ðωÞ − 1 − 2 cosðωϑÞ
þ 2 cosðωλ̄Þã1ðωÞ − 2 cosðωμ̄Þðã1

2
ðωÞ þ ã3

2
ðωÞÞ;
ðD30Þ

such that the density of roots becomes

ρ̃1ðωÞ ¼
4 coshðjωj

2
Þð− cos ðωλ̄Þ − e

jωj
2 cosðθωÞ þ Nq cosðbωÞ þ cosðdωÞÞ − 2

cos ðωλ̄Þ
e
3jωj
2

− 2e
jωj
2 cosðωϑÞ þ e−

jωj
2 − ejωj

2ð2 coshðjωjÞ þ 1Þ ðD31Þ

and

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj − 2e

jωj
2 cosðθωÞ − 2

cos ðωμ̄Þ
e
1
2
ð3jωjÞ − 4ðejωj

2 cosðωϑÞ þ cos ðωμ̄ÞÞ coshðjωj
2
Þ þ 2ðcosðdωÞ þ cosðbωÞNqÞ

2ð1þ 2 coshðjωjÞÞ ðD32Þ

Such that the total number of rank-1 roots in this state is

M1 ¼ 2þ
Z

ρ1ðλÞdλ ¼ 2þ ρ̃1ð0Þ

¼ 2þ 2

3
ðNq − 2Þ ¼ 2

3
ðNq þ 1Þ; ðD33Þ

and the total number of rank-2 roots is

M2 ¼ 2þ
Z

ρ2ðμÞdμ ¼ 2þ ρ̃2ð0Þ

¼ 2þ 1

3
ðNq − 5Þ ¼ 1

3
ðNq þ 1Þ; ðD34Þ

such that the Dynkin labels of this state are (0,0). Which
shows that it is a singlet state with Z3 triality 0.
The change in the rank-1 root density due to the presence

of the two holes and the two two-string solutions is

Δρ̃1ðωÞ ¼ −
ðejωj þ 1Þ cosðθωÞ
2 coshðjωjÞ þ 1

−
e
jωj
2 cosðϑωÞ

2 coshðjωjÞ þ 1

− e−
jωj
2 cos ðωλ̄Þ: ðD35Þ

Using Eq. (15) and adding the bare energy of the string
solutions, we find that the total energy of this state in the
scaling limit is

FIG. 7. Weight diagram of the SUð3Þ adjoint (1,1) octet of
quark and antiquark bound states plotted in the hypercharge Y
versus isospin I3 plane.
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Eθ;ϑ ¼ m

�
cosh

�
2π

3
θ

�
þ cosh

�
2π

3
ϑ

��
; ðD36Þ

which takes the minimum value Emin
θ;ϑ ¼ 2m as both the

rapidities are sent to infinity. In the thermodynamic limit,
the energy contribution from the two-string solution van-
ishes. In other words,

Eλ̄ ¼ D tan−1
�

2b

λ̄2 − b2 þ 1

�

− iD
Z

e−jωj−ibω cos ðωλ̄Þ
ω

dω ¼ 0 ðD37Þ

vwhere the first term is the bare energy of the string and the
second term is the contribution from thebackflowof the roots.

c. The baryon decuplet Adding three holes in the rank-1
equation at positions θ1, θ2, and θ3 leads to the Bethe
Ansatz in the Fourier space of the form

2ρ̃1ðωÞ ¼ f̃ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ

− 2K̃f1gðωÞρ̃1ðωÞ − 1 − 2
X3
i¼1

cosðωθiÞ ðD38Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1

ðD39Þ

The solution to which is immediate

ρ̃1ðωÞ ¼
e−

jωj
2 − ejωj þ 4 coshðjωj

2
ÞðcosðdωÞ − e

jωj
2 ðP3

i¼1 cos ðωθiÞÞ þ cosðbωÞNqÞ
2ð1þ 2 coshðjωjÞÞ ðD40Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj − 2e

jωj
2 ðP3

i¼1 cos ðωθiÞÞ þ 2ðcosðdωÞ þ cosðbωÞNqÞ
2ð1þ 2 coshðjωjÞÞ ; ðD41Þ

such that the number of rank-1 roots is

M1 ¼
Z

ρ1ðλÞdλ ¼
2

3
ðNq − 2Þ; ðD42Þ

and the number of rank-2 roots is

M2 ¼
Z

ρ2ðμÞdμ ¼ 1

3
ðNq − 2Þ ðD43Þ

In this case, the Dynkin labels ðp; qÞ ¼ ð3; 0Þ corre-
spond to a 10-dimensional, Z3 triality-0 multiplet.
Introducing three holes at rapidities θ1, θ2, θ3 changes
the rank-1 root density by

Δρ̃ðθ1; θ2; θ3Þ ¼ −
ðejωj þ 1ÞP3

i¼1 cosðθiωÞ
2 coshðωÞ þ 1

: ðD44Þ

Using Eq. (15), the energy of this excitation is

Eθ1;θ2;θ3 ¼
X3
i¼1

m cosh

�
2π

3
θi

�
; ðD45Þ

which attains its minimum value 3m as θi → ∞ for all
i ¼ 1, 2, and 3.
This excitation is 10-dimensional, labeled by its Dynkin

labels ðp; qÞ ¼ ð3; 0Þ. The highest weight state carries
Ymax ¼ 1 and I3 ¼ 3

2
. Remaining nine descendants obtained

by applying successively the two operators E−α1 and E−α2
are shown in Fig. 8.
The highest-weight state and its nine descendants are

plotted in the Y − I3 plane in Fig. 8.
d. The antibaryon decuplet Introducing three holes into

the rank-1 Bethe equations at rapidities ϑ1, ϑ2, ϑ3 yields, in
Fourier space, the following form of the Bethe Ansatz:

2ρ̃1ðωÞ ¼ f̃ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1

ðD46Þ

FIG. 8. Weight diagram of the SUð3Þ decuplet (3,0) of baryons
plotted in the hypercharge Y versus isospin I3 plane.
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2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1 − 2

X3
i¼1

cosðωϑiÞ: ðD47Þ

The solution of the above coupled algebraic equations is

ρ̃1ðωÞ ¼
e−

jωj
2 − ejωj − 2e

jωj
2 ðP3

i¼1 cos ðωϑiÞÞ þ 4 coshðjωj
2
ÞðcosðdωÞ þ cosðbωÞNqÞ

2ð1þ 2 coshðjωjÞÞ ðD48Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj þ 2ðcosðdωÞ − ð1þ ejωjÞðP3

i¼1 cos ðωϑiÞÞ þ cosðbωÞNqÞ
2ð1þ 2 coshðjωjÞÞ ðD49Þ

As a result, the total number of rank-1 roots becomes

M1 ¼
Z

ρ1ðλÞdλ ¼
1

3
ð2Nq − 1Þ; ðD50Þ

while the total number of rank-2 roots is

M2 ¼
Z

ρ2ðμÞdμ ¼ 1

3
ðNq − 5Þ: ðD51Þ

Thus, this excitation belongs to a 10-dimensional multiple with Dynkin labels (0,3) and Z3 triality 0. The change in the
density of the rank-1 equation due to the presence of these three holes in the rank-2 equation is

Δρ̃ðϑ1; ϑ2;ϑ3Þ ¼ −
e
jωj
2

P
3
i¼1 cosðωϑiÞ

2 coshðωÞ þ 1
; ðD52Þ

such that the energy of this excitation is

Eϑ1;ϑ2;ϑ3 ¼ m
X3
i¼1

cosh

�
2π

3
ϑi

�
; ðD53Þ

which attains the minimum value of 3m as the rapidities of the holes approach infinity.
These excitations carry Dynkin labels ðp; qÞ ¼ ð0; 3Þ, which is 10-dimensional, and the highest weight state carries

Ymax ¼ 2 and I3 ¼ 0. The highest weight state and the nine descendant states are plotted in the Y − I3 plane in Fig. 9.

b. DOS and the Kondo temperature TK

In the ground state, the density of the rank-1 root in Fourier space is given by

ρ̃1ðωÞ ¼
e−jωj=2½2ðejωj þ 1ÞNq cosðbjωjÞ þ 2ðejωj þ 1Þ cosðdjωjÞ − e3jωj=2 þ 1�

2ð2 cosh jωj þ 1Þ : ðD54Þ

The contribution of the bulk degrees of freedom to the density of the rank-1 roots is

ρ̃bulk1 ðωÞ ¼ 2Nq coshðω=2Þ cosðbωÞ
2 coshðωÞ þ 1

; ðD55Þ

which can be written in the Fourier space as

ρ1ðλÞ ¼
Nq

2
ffiffiffi
3

p
�

1

2 cosh ð2π
3
ðbþ λÞÞ − 1

þ 1

2 cosh ð2π
3
ðb − λÞÞ − 1

�
:
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From the energy of a single fundamental hole, one
obtains

E0ðλÞ ¼ 2π

3
m sinh

�
2πλ

3

�
:

Hence the bulk DOS is

DOSbulk ¼
ρ1ðλÞ
E0ðλÞ ¼ Nq

"
1

2 cosh



2πðbþλÞ

3

�
−1

þ 1

2 cosh



2πðb−λÞ

3

�
−1

#

2π
3
m sin



2πλ
3

� :

ðD56Þ

In the limit b → ∞, using e−2πb=3 ¼ m
2
ffiffi
3

p
D
, this becomes

DOSbulkðEÞ ¼
NE

4πD
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p ¼ L
4π

Effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p :

The impurity DOS is

DOSimpðEÞ ¼
4
ffiffiffi
3

p
E coshð2πd

3
Þ − 2

ffiffiffi
3

p
m

πm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12E2 − 12m2

p
½2 cosh ð2πd

3
− cosh−1 E

mÞ − 1�½2 cosh ð2πd
3
þ cosh−1 E

mÞ − 1�
: ðD57Þ

In the limit d ≫ 1, one obtains

DOSimpðEÞ ≈
2
ffiffiffi
3

p
me2πd=3E

2πm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
ðe4πd=3m2 þ 4E2Þ

¼
ffiffiffi
3

p
e2πd=3E

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
ðe4πd=3m2 þ 4E2Þ

: ðD58Þ

Defining

TK ¼ e2πd=3m
2

; ðD59Þ

so that e4πd=3m2 ¼ 4T2
K , we obtain

RðEÞ ¼
ffiffiffi
3

p

2π

TK

E2 þ T2
K
: ðD60Þ

2. The YSR phase

Notice that the rank-1 Bethe Ansatz equations change when δ > 1
2
and takes the from

Y
υ¼�

��
λα þ υb − i

2

λα þ υbþ i
2

�Nq λα þ iðδ − 1
2
Þ

λα þ iðδþ 1
2
Þ
λα − iðδþ 1

2
Þ

λα þ iðδ − 1
2
Þ
YM2

k¼1

λα þ υμk − i
2

λα þ υμk þ i
2

�
¼
YM1

β¼1
β≠α

Y
υ¼�

λα þ υλβ − i

λα þ υλβ þ i
α ¼ 1;…;M1; ðD61Þ

whereas the rank-2 equation remains unchanged, i.e.,

FIG. 9. Weight diagram of the SUð3Þ decuplet (0,3) of anti-
baryons plotted in the hypercharge Y versus isospin I3 plane.
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YM1

α¼1

Y
υ¼�

μk þ υλα − i
2

μk þ υλα þ i
2

¼
YM2

l¼1
l≠k

Y
υ¼�

μk þ υμl − i
μk þ υμl þ i

k ¼ 1;…;M2 ðD62Þ

Now, the logarithm of the two Bethe ranks of Bethe Ansatz equations read

X
υ¼�

�
Nq tan−1ð2ðλα þ υbÞÞ þ tan−1

�
2λα

1þ 2δυ

�
þ
XM2

k¼1

tan−1ð2ðλα þ υμkÞÞ
�
þ tan−1ð2λαÞ ¼ πIα þ

X
υ¼�

X
β

tan−1ðλα þ υλβÞ

ðD63Þ

where one should notice that when υ ¼ −1, the tan−1 term involving the impurity parameter δ is negative for δ > 1
2
. and

tan−1ð2μkÞ þ
X
υ¼�

XM1

α¼1

tan−1ð2ðμk þ υλαÞÞ ¼
X
υ¼�

XM2

l¼1

tan−1ðμk þ υμlÞ þ πIk ðD64Þ

where Iα and Ik are integers that represent the color quantum numbers.
Differentiating with respect to λα (and similarly μk) turns each tan−1ðxÞ into the Lorentzian d

dx tan
−1ðxÞ ¼ 1

1þx2, and the
two equations become

2ρ1ðλÞ ¼ gðλÞ þ
X
υ¼�

�Z
Kf2gðλþ υμÞρ2ðμÞdμ −

Z
Kf1gðλþ υλ0Þρ1ðλ0Þdλ0

�
− δðλÞ; ðD65Þ

2ρ2ðμÞ ¼ a1
2
ðμÞ þ

X
υ¼�

�Z
Kf2gðμþ υλÞρ1ðλÞdλ −

Z
Kf1gðμþ υμ0Þdμ0

�
− δðμÞ ðD66Þ

where the two delta functions are added to remove the two roots λα ¼ 0 and μk ¼ 0, which leads to unnormalizable
solutions. Moreover, here

gðλÞ ¼ a1
2
ðλÞ þ

�
Nq

X
υ¼�

a1
2
ðλþ υbÞ − aδ−1

2
ðλÞ þ aδþ1

2
ðλÞ
�

ðD67Þ

Now, we can write these two equations in Fourier space as

2ρ̃1ðωÞ ¼ g̃ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1 ðD68Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1 ðD69Þ

Solving this, we get

ρ̃1ðωÞ ¼
4Nq coshðjωj2 Þ cosðbωÞ þ ðe2jωj − 1Þð−e−1

2
ð2δþ1ÞjωjÞ þ e−

jωj
2 − ejωj

2ð2 coshðjωjÞ þ 1Þ ðD70Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj − e−δjωjð−1þ ejωjÞ þ 2 cosðbωÞNq

2ð1þ 2 coshðjωjÞÞ ðD71Þ

such that M1 ¼
R
dλρ̃1ðλÞ ¼ 2Nq

3
and M2 ¼

R
dμρ̃1ðμÞ ¼ Nq

3
. Hence, the Dynkin labels of this state is (1,0). This single

fundamental quark excitation is due to the fact that the impurity quark is unscreened in this state. However, when 1
2
< δ < 2,

it is possible to construct a low energy eigenstate where impurity is screened by a single particle bound mode.
The construction of this state is different when 1

2
< δ < 1 and when 1 < δ < 2. In the former case, there exists a unique

solution of Bethe Ansatz equations of rank-1 of the form
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λδ ¼ �i

�
δ −

1

2

�
: ðD72Þ

Adding this solution, we obtain (for parameter range 1=2 < δ < 1), both rank-1 and rank-2 equation changes as follows:

Y
υ¼�

��
λα þ υb − i

2

λα þ υbþ i
2

�Nq λα þ iðδ − 1
2
Þ

λα þ iðδþ 1
2
Þ
λα þ ið3

2
− δÞ

λα − ið3
2
− δÞ

YM2

k¼1

λα þ υμk − i
2

λα þ υμk þ i
2

�
¼
YM1

β¼1
β≠α

Y
υ¼�

λα þ υλβ − i

λα þ υλβ þ i
α ¼ 1;…;M1; ðD73Þ

and

ðμk − iδÞ
ðμk þ iδÞ

ðμk − ið1 − δÞÞ
ðμk þ ið1 − δÞÞ

YM1

α¼1

Y
υ¼�

μk þ υλα − i
2

μk þ υλα þ i
2

¼
YM2

l¼1
l≠k

Y
υ¼�

μk þ υμl − i
μk þ υμl þ i

k ¼ 1;…;M2 ðD74Þ

The two Bethe Ansatz equations can be written in Fourier space as

2ρ̃1ðωÞ ¼ ã1
2
ðωÞð1þ 2Nq cosðωbÞÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1 − e

jωj
2
−δjωj − eδjωj−

3jωj
2 ðD75Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1þ e−ðð1−δÞjωjÞ þ e−δjωj ðD76Þ

and the solution of coupled algebraic equations leads to the solution of the root density of the form

ρ̃1ðωÞ ¼
4Nq coshðjωj2 Þ cosðbωÞ − 2 cosh ð1

2
ð3 − 2δÞjωjÞ þ e−

jωj
2 − ejωj

2ð2 coshðjωjÞ þ 1Þ ðD77Þ

ρ̃2ðωÞ ¼
2 coshðδjωjÞ þ e−

jωj
2 − ejωj þ 2Nq cosðbωÞ

2ð2 coshðjωjÞ þ 1Þ ; ðD78Þ

such that there are

M1 ¼ 1þ
Z

ρ1ðλÞdλ ¼ ρ̃1ð0Þ ¼
2

3
ðNq þ 1Þ ðD79Þ

number of roots of the first rank of equations, and there are

M2 ¼
Z

ρ2ðμÞdμ ¼ ρ̃2ð0Þ ¼
1

3
ðNq þ 1Þ ðD80Þ

The Dynkin labels of the states are ðp; qÞ ¼ ð0; 0Þ, which shows that in this state the impurity is screened by a single
particle bound mode. The change in the density of rank-1 roots due to the presence of this 1 purely imaginary root in the
rank-1 equation is

Δρ1ðωÞ ¼ −
e
1
2
ð2δ−1Þjωjðeð1−2δÞjωj þ 1Þ
2ðejωj þ e2jωj þ 1Þ ðD81Þ

Before we compute the energy of the bound mode, we now turn to the construction of this state for the parametric range
1 < δ < 2. In this regime, the rank-2 equation given by Eq. (D74) becomes

ðμk − iδÞ
ðμk þ iδÞ

ðμk þ iðδ − 1ÞÞ
ðμk − iðδ − 1ÞÞ

YM1

α¼1

Y
υ¼�

μk þ υλα − i
2

μk þ υλα þ i
2

¼
YM2

l¼1
l≠k

Y
υ¼�

μk þ υμl − i
μk þ υμl þ i

k ¼ 1;…;M2; ðD82Þ

such that there exists a boundary string of the form
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μþ k ¼ �iðδ − 1Þ ðD83Þ

in the rank-2 equation. Adding this solution, the rank-2 equation becomes

ðμk þ iðδ − 1ÞÞ
ðμk − iðδ − 1ÞÞ

YM1

α¼1

Y
υ¼�

μk þ υλα − i
2

μk þ υλα þ i
2

¼ μk − ið2 − δÞ
μk þ ið2 − δÞ

YM2

l¼1

ðvk � vlÞ − i
ðvk � vlÞ þ i

YM2

l¼1
l≠k

Y
υ¼�

μk þ υμl − i
μk þ υμl þ i

: ðD84Þ

This then changes the rank-1 equation to

Y
υ¼�

��
λα þ υb − i

2

λα þ υbþ i
2

�Nq YM2

k¼1

λα þ υμk − i
2

λα þ υμk þ i
2

�
¼
YM1

β¼1
β≠α

Y
υ¼�

λα þ υλβ − i

λα þ υλβ þ i
α ¼ 1;…;M1: ðD85Þ

The coupled Bethe Ansatz equations can thus be written in the Fourier space as

2ρ̃1ðωÞ ¼ ã1
2
ðωÞð1þ 2Nq cosðωbÞÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1 ðD86Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1 − e−ðð2−δÞjωjÞ − e−ððδ−1ÞjωjÞ: ðD87Þ

The solution of these coupled equations is of the form

ρ̃1ðωÞ ¼
4Nq coshðjωj2 Þ cosðbωÞ − 2 cosh ð1

2
ð3 − 2δÞjωjÞ þ e−

jωj
2 − ejωj

2ð2 coshðjωjÞ þ 1Þ ðD88Þ

ρ̃2ðωÞ ¼
−2 coshððδ − 2ÞjωjÞ − 2 coshððδ − 1ÞjωjÞ þ e−

jωj
2 − ejωj þ 2Nq cosðbωÞ

2ð2 coshðjωjÞ þ 1Þ : ðD89Þ

The total number of rank-1 roots (including the one purely
imaginary boundary string root) in this state is M1 ¼ 1þR
ρ1ðλÞdλ ¼ 2

3
ðNq þ 1Þ and total number of rank-2 roots

(including the one purely imaginary boundary string root) is
M1 ¼ 1þ R ρ2ðμÞdμ ¼ 1

3
ðNq þ 1Þ. The Dynkin labels of

this state are (0,0) which suggests that this is a state with Z3

triality 0 statewhere impurity is screened bya localized bound
mode. Notice that while the solutions to the Bethe Ansatz
equations containing the boundary bound modes Eqs. (D88)
and (D89) are different than those obtained in regime 1

2
<

δ < 1 where the solutions of the Bethe Ansatz equations in
Eqs. (D77) and (D78), the change in the density of the rank-1
roots due to the presence of these two boundary bound strings
solution is exactly the same as the one given byEq. (D81), i.e.,
the change in root density of rank-1 is

Δρ1ðωÞ ¼ −
e
1
2
ð2δ−1Þjωjðeð1−2δÞjωj þ 1Þ
2ðejωj þ e2jωj þ 1Þ : ðD90Þ

The energy of the boundary bound mode is then obtained
by adding the bare energy of the rank-1 boundary string and
the energy due to the change in the root density of the rank-
1 solution using Eq. (15). We obtain

Eδ ¼ −D tan−1
�

b
b2 þ ðδ − 1Þδ

�

þ D
2π

Z �
−
e−

1
2
ð1−2δÞjωjðeð1−2δÞjωj þ 1Þ
2ðejωj þ e2jωj þ 1Þ

�

×
�
2iπ
ω

e−
1
2
jωj−ibω

�
dω

¼ −D tan−1
�
2 sin ðπ

6
ð4δþ 1ÞÞ − cosh

�
2πb
3

�
ffiffiffi
3

p
sinhð2πb

3
Þ

�
ðD91Þ

Taking the scaling limit D → ∞ and b → ∞, we find
that the energy of this single particle bound mode is

Eδ ¼ −m sin

�
π

6
ð1þ 4δÞ

�
: ðD92Þ

As shown in the main text, the energy of this mode is
negative when 1

2
< δ < 5

4
and it is positive when 5

4
< δ < 2.

Thus, theZ3 triality 0 statewithDynkin labels (0,0)where the
impurity is screened by the boundmode is the ground state in
the regime 1

2
< δ < 5

4
whereas in the regime 5

4
< δ < 2, theZ3

triality 1 state with Dynkin labels (1,0) where the impurity
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quark is unscreened is theground state. There exists amid-gap
statewith energyEδ in the 1

2
< δ < 5

4
where the impurityquark

is unscreened, and this state is a triality 1 state with Dynkin
labels(1,0). Likewise, there exists amid-gap statewith energy
Eδ in the regime 5

4
< δ < 2, which is a state with Dynkin

labels(0,0) and triality 0 where the impurity quark is screened
by a single particle bound mode.
As discussed in the main text, starting from the Z3

triality 1 state with unscreened impurity quark, one can add
a single hole at position ϑ to construct a state with Dynkin
labels (1,1) and triality 0 where the unscreened quark and
an itinerant bulk antiquark forms an 8-dimensional meson
octet state with energy Eϑ ¼ m cosh ð2π

3
ϑÞ which attains its

minimum value of m when ϑ → ∞. Likewise, one can also
construct a state with Dynkin labels (3,0) by adding two
holes at positions θ1 and θ2 at the rank-1 equation such that
the unscreened quark and the two itinerant bulk quarks
form baryon decuplet. This state has energy Eθ1;θ2 ¼
mðcosh ð2π

3
θ1Þ þ cosh ð2π

3
θ2ÞÞ which attains the minimum

value of 2m when θi → ∞ ∀ i ¼ f1; 2g.

All the excitations constructed in Sec. D 1 a are valid
excitations in the bulk in this regime also. And the above-
constructed boundary excitations are not all possible
boundary expectations. For example, one unique triality
2 boundary excitation is possible in the parametric regime
1 < δ < 3=2 by adding only the boundary string in the
rank-1 Bethe equations such that the Bethe Ansatz equa-
tions in Fourier space become

2ρ̃1ðωÞ ¼ ã1
2
ðωÞð1þ 2Nq cosðωbÞÞ

þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ
− 1 − e

jωj
2
−δjωj − eδjωj−

3jωj
2 ðD93Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ

− 1 − e−ððδ−1ÞjωjÞ þ e−δjωj: ðD94Þ

The solution of these coupled equations is of the
form

ρ̃1ðωÞ ¼
4Nb coshðω2Þ cosðbωÞ þ e−

jωj
2 − ejωj þ eδjωj−

3jωj
2 ð−2eð3−2δÞjωj þ ejωj þ 1Þ

2ð2 coshðωÞ þ 1Þ ðD95Þ

ρ̃2ðωÞ ¼
2 cosðbωÞNb þ e−

jωj
2 − ejωj − e−ðð−2þδÞjωjÞ þ e−δjωj − 2 coshðð−1þ δÞωÞ

2ð1þ 2 coshðωÞÞ ; ðD96Þ

such that the total number of rank-1 roots including the one purely imaginary boundary string solution is M1 ¼
1þ R ρ1ðλÞdλ ¼ 1

3
ð2Nq þ 1Þ and the number of rant-2 roots is M2 ¼

R
ρ2ðμÞdμ ¼ 1

3
ðNq − 1Þ. The Dynkin labels of this

state is ðp; qÞ ¼ ð0; 1Þ. This shows that this is a triality 2 state with an unscreened antiquark at the boundary.
The change in the density of the rank 1 roots due to the presence of this boundary string solution is

Δρ̃1ðωÞ ¼ −
eδjωj−

3jωj
2 ðeð1−2δÞjωj þ eð3−2δÞjωj þ ejωj þ 1Þ

2ð2 coshðωÞ þ 1Þ ðD97Þ

The energy of this excitation is

Eδ¼−D tan−1
�

b
b2þðδ−1Þδ

�
þ D
2π

Z �
−
eδjωj−

3jωj
2 ðeð1−2δÞjωj þeð3−2δÞjωj þejωj þ1Þ

2ð2coshðωÞþ1Þ
��

2iπ
ω

e−
1
2
jωj−ibω

�
dω

¼1

2
Di log

 
cosð2πδ

3
Þþcosð1

3
ðπþ2iπbÞÞ

cosð2πδ
3
Þþsinð1

6
πð1þ4ibÞÞ

!
: ðD98Þ

Taking the double scaling limit D → ∞ and b → ∞, we get the energy of this antiquark excitation is

Eδ ¼ −m cos

�
2π

3
δ

�
: ðD99Þ

Likewise, in the parametric regime δ > 3
2
, adding only the rank 1 boundary string leads to the Bethe Ansatz equations for

the root densities of the form

2ρ̃1ðωÞ ¼ ã1
2
ðωÞð1þ 2Nq cosðωbÞÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1 − e

jωj
2
−δjωj þ e−δjωjþ

3jωj
2 ðD100Þ
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2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ

− 1 − e−ððδ−1ÞjωjÞ þ e−δjωj: ðD101Þ

This leads to a solution with negative Dynkin label. However, adding a hole in rank 1 equations leads to the solution of the
from

ρ̃1ðωÞÞ ¼
ðejωj − 1Þe1

2
ð3−2δÞjωj − 2ðejωj þ 1Þ cosðθωÞ þ e−

jωj
2 − ejωj þ 4Nq coshðω2Þ cosðbωÞ

2ð2 coshðωÞ þ 1Þ ðD102Þ

ρ̃2ðωÞÞ
ðejωj − 1Þð−e−δjωjÞ − 2e

jωj
2 cosðθωÞ þ e−

jωj
2 − ejωj þ 2Nq cosðbωÞ

2ð2 coshðωÞ þ 1Þ : ðD103Þ

The total number of rank-1 roots including the one purely imaginary boundary string solution isM1 ¼ 1þ R ρ1ðλÞdλ ¼
1
3
ð2Nq þ 1Þ and the number of rant-2 roots is M2 ¼

R
ρ2ðμÞdμ ¼ 1

6
ð2Nq − 2Þ. Thus, the Dynkin label of this state is

ðp; qÞ ¼ ð0; 1Þ. Hence, this constitutes an additional triality 2 excitation, transforming in the antifundamental (3̄)
representation of SU(3). The change in the density of rank 1 roots due to the presence of the boundary string solution and
the hole in rank 1 equation is

Δρ̃1ðωÞ ¼
1

2
ðejωj − 1Þe1

2
ð1−2δÞjωj þ ðejωj þ 1Þ cosðθjωjÞ

2 coshðjωjÞ þ 1
; ðD104Þ

such that the total energy of this excitation is

Eθ ¼ − tan−1
�

b
b2 þ ðδ − 1Þδ

�
þ D
2π

Z �
1

2
ðejωj − 1Þe1

2
ð1−2δÞjωj þ ðejωj þ 1Þ cosðθjωjÞ

2 coshðjωjÞ þ 1

��
2iπ
ω

e−
1
2
jωj−ibω

�
dω: ðD105Þ

The first term is the bare energy which exactly cancels the energy contribution from the back flow of the roots due to the
presence of the boundary string solutions. Thus, the total energy comes solely from the energy of the hole which in the
scaling limit becomes

E ¼ m cosh

�
2π

3
θ

�
: ðD106Þ

3. The unscreened regime

As the parameter δ further increases and takes a value in the range δ > 2, the bulk superconducting scale overwhelms the
boundary Kondo scale and hence the impurity is no longer screened. Or in other words, the beta function of the boundary
coupling J reverses its sign and becomes positive, and hence flows to weak coupling where the impurity quark is
unscreened.
In this regime, when the two Bethe Ansatz equations for all real roots of both rank equations are

2ρ̃1ðωÞ ¼ ã1
2
ðωÞð1þ cosðωbÞÞ þ ãδ−1

2
ðωÞ − ãδþ1

2
ðωÞ þ 2K̃f2gðωÞρ̃2ðωÞ − 2K̃f1gðωÞρ̃1ðωÞ − 1; ðD107Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ − 1: ðD108Þ

Solving these equations gives

ρ̃1ðωÞ ¼
4Nq coshðjωj2 Þ cos ðbωÞ þ ðe2jωj − 1Þð−e−1

2
ð2δþ1ÞjωjÞ þ e−

jωj
2 − ejωj

2ð2 cosh ðjωjÞ þ 1Þ ; ðD109Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj − e−δjωjð−1þ ejωjÞ þ 2Nq cos ðbωÞ

2ð1þ 2 cosh ðjωjÞÞ : ðD110Þ

COMPETING COLOR SUPERCONDUCTIVITY AND COLOR KONDO … PHYS. REV. D 112, 094012 (2025)

094012-29



It follows that

M1 ¼
Z

dλρ̃1ðλÞ ¼
2Nq

3
; M2 ¼

Z
dμρ̃2ðμÞ ¼

Nq

3
:

Hence the Dynkin labels of this state are (1,0). This single
fundamental quark excitation arises because the impurity
quark remains unscreened.
We can add the boundary string solution of rank-1

equation λα ¼ ið1
2
− δÞ and the resultant boundary string

solution μk ¼ ið1 − δÞ of the rank-2 equation, we obtain the
new Bethe Ansatz equations of the form

2ρ̃1ðωÞ ¼ ã1
2
ðωÞð1þ 2Nq cosðωbÞÞ þ 2K̃f2gðωÞρ̃2ðωÞ

− 2K̃f1gðωÞρ̃1ðωÞ − 1 ðD111Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ − 2K̃f1gðωÞρ̃2ðωÞ

− 1þ e−ððδ−2ÞjωjÞ − e−ððδ−1ÞjωjÞ: ðD112Þ

Solving these coupled equations, we find

ρ̃1ðωÞ ¼
4Nq coshðjωj2 Þ cosðbωÞ þ ðejωj − 1Þe1

2
ð3−2δÞjωj þ e−

jωj
2 − ejωj

2ð2 coshðjωjÞ þ 1Þ ðD113Þ

ρ̃2ðωÞ ¼
ðe2jωj − 1Þejωj−δjωj þ e−

jωj
2 − ejωj þ 2Nq cosðbωÞ

2ð2 coshðjωjÞ þ 1Þ
ðD114Þ

The total number of rank-1 roots including the one
purely imaginary boundary string solution is M1 ¼ 1þR
ρ1ðλÞdλ ¼ 1

3
ð2Nq þ 3Þ and the total number of rank-2

roots including the one purely imaginary boundary string
solution is M2 ¼ 1þ R ρ2ðμÞdμ ¼ 1

3
ðNq þ 3Þ. Since the

Dynkin labels ðp; qÞ ¼ ð0;−1Þ, this is not a valid state as
one of the Dynkin labels is negative. Thus, to make it a
valid state, we need to add a hole in the rank 2 equations at

position ϑ, such that the new Bethe Ansatz equations
become

2ρ̃1ðωÞ¼ ã1
2
ðωÞð1þ2Nq cosðωbÞÞ

þ2K̃f2gðωÞρ̃2ðωÞ−2K̃f1gðωÞρ̃1ðωÞ−1 ðD115Þ

2ρ̃2ðωÞ ¼ ã1
2
ðωÞ þ 2K̃f2gðωÞρ̃1ðωÞ

− 2K̃f1gðωÞρ̃2ðωÞ − 1þ e−ððδ−2ÞjωjÞ

− e−ððδ−1ÞjωjÞ − 2 cosðωϑÞ: ðD116Þ

and the solution of the coupled equations becomes

ρ̃1ðωÞ ¼
e−

jωj
2 − ejωj þ e

1
2
ð3−2δÞjωjð−1þ ejωjÞ − 2e

jωj
2 cosðωϑÞ þ 4 cosðbωÞ cosh�jωj

2

�
Nq

2ð1þ 2 coshðjωjÞÞ ðD117Þ

ρ̃2ðωÞ ¼
e−

jωj
2 − ejωj þ ejωj−δjωjð−1þ e2jωjÞ − 2 cosðϑωÞ − 2ejωj cosðωϑÞ þ 2 cosðbωÞNq

2ð1þ 2 coshðjωjÞÞ : ðD118Þ

The total number of rank-1 roots including the one
purely imaginary boundary string solution is M1 ¼ 1þR
ρ1ðλÞdλ ¼ 2

3
ðNq þ 1Þ and the total number of rank-2

roots including the one purely imaginary boundary string
solution isM2 ¼ 1þ R ρ2ðμÞdμ ¼ 1

3
ðNq þ 1Þ. The Dynkin

labels of this state os ðp; qÞ ¼ ð0; 0Þ. Hence, it is a triality 1
state where the unscreened quark and the bulk itinerant
antiquark form a meson singlet state.
The change in root density of the rank 1 equation due to

the presence of the two boundary string solutions and the
hole in the rank 2 equation is

Δρ1ðωÞ ¼ −
1

2
ð1 − ejωjÞe1

2
ð1−2δÞjωj −

e
jωj
2 cosðωϑÞ

2 coshðjωjÞ þ 1
:

ðD119Þ

The first term is the contribution from the two boundary
string solutions, and the second term is the contribution
from the hole in the rank-2 equation. The energy of the hole
in the rank-2 equation in the scaling limit is
Eϑ ¼ m cosh ð2π

3
ϑÞ, which takes the minimum value of

m as ϑ → ∞.
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The energy of the two boundary string solutions
becomes

Eδ ¼ − tan−1
�

b
b2 þ ðδ − 1Þδ

�

þ D
2π

Z �
−
1

2
ð1 − ejωjÞe1

2
ð1−2δÞjωj

�

×

�
2iπ
ω

e−
1
2
jωj−ibω

�
dω ¼ 0 ðD120Þ

where the first term represents the bare energy of the rank-1
boundary string solution, while the second term accounts
for the energy shift arising from both boundary strings
through the modification of the rank-1 root density. In the
thermodynamic limit, these two contributions exactly
cancel, causing the combined energy of the two boundary
strings to vanish.
All other excitations are obtained by introducing suitable

numbers of holes of each rank, together with the corre-
sponding bulk string solutions, so that the resulting states
have both Dynkin labels positive. There are no such low-
lying excitations in which either a single particle bound
mode or a multiparticle Kondo effect screens the impurity
quark in this regime.

APPENDIX E: RENORMALIZATION GROUP
ANALYSIS

Recalling the relation between the physical mass of a
quark in terms of the cutoff D and running coupling
constant b

m̄ ¼ 4D
π

e−
2πb
3 ; ðE1Þ

we invert the relation to write the bulk running coupling
constant as

bðDÞ ¼ 3 logð4Dπm̄Þ
2π

: ðE2Þ

Now, using b ¼ 9−32g2
72g , and for small g writing b ≈ 1

8g, we
write the coupling constant g as a function of the cutoff
D as

gðDÞ ¼ 1

12 logð4Dπm̄Þ
: ðE3Þ

Differentiating Eq. (E3) with respect to the log of the
cutoff D, we obtain

βðgÞ ¼ d
d lnD

g ¼ −
12g2

π
: ðE4Þ

Moreover, from the relation between the running cou-
pling constants c and b and the RG invariant d

b2 −
2b
c
− 1 ¼ d2; ðE5Þ

we find

d2 ¼ −
ð9 − 32g2Þð1 − 32J2

9
Þ

144gJ
þ ð9 − 32g2Þ2

5184g2
− 1: ðE6Þ

Noticing that d is RG invariant, we can differentiate both
sides of the equation with lnD to obtain [86]

βðJÞ¼ d
dlnD

J

¼−
6J
π

ð32g2þ9Þð32g2J−64gJ2þ18g−9JÞ
ð32g2−9Þð32J2þ9Þ ðE7Þ

For smaller values of couplings J ≪ 1 and g ≪ 1, the
last relation can be simplified to

βðJÞ ≈ −
6J
π
ðJ − 2gÞ: ðE8Þ

These are the weak-coupling RG equations mentioned in
the main text.
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