PHYSICAL REVIEW D 112, 096005 (2025)

Exclusive production of a fully heavy tetraquark
and a photon in electron-positron collision

Xiao Liang ,1‘* Jun Jiang ’2,+ Shi-Yuan Li,z’i Yan-Rui Liu ,2’§ and Zong-Guo Si 2l
'School of Physics and Optoelectronic Engineering, Shandong University of Technology,
Zibo, Shandong 255000, China
2School of Physics, Shandong University, Jinan, Shandong 250100, China

® (Received 25 February 2025; accepted 17 October 2025; published 5 November 2025)

The exclusive production of fully heavy tetraquarks (T'(bbb b), T(ccc &), and T(bch ¢)) in association
with a hard photon in electron-positron collisions is calculated within the framework of nonrelativistic QCD.
Both inner structures of the moleculelike state and compact state with J =0, 1, 2 for the fully heavy
tetraquark are discussed. We find that it is dismal to observe any fully heavy tetraquarks in either the compact
configuration or the moleculelike configuration through such exclusive processes at either Belle II or future
Z factories like the circular electron positron collider and the first stage of the future circular collider.
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I. INTRODUCTION

Exotic hadrons, distinct from the conventional quark-
antiquark or three-quark states of conventional hadrons,
have captured extensive attention. Comprehensive inves-
tigations into their characteristics will provide an ultimate
assessment of the fundamental theory and enhance our
understanding of nonperturbative QCD. Since the first
tetraquark candidate y.(3872) was discovered by the
Belle Collaboration in 2003 [1], approximately 50 exotic
hadron candidates have been identified in experiments
worldwide to date. This has marked the dawn of a new
era in the study of heavy exotic hadrons. In particular, the
LHCb Collaboration reported evidence of a narrow struc-
ture near 6.9 GeV in the di-J/y channel in 2020 [2], and
this was subsequently confirmed by both the ATLAS [3]
and CMS Collaborations [4]. This structure, known as
X(6900), is widely regarded as a highly probable candidate
for a fully charmed tetraquark T,.. This discovery has
subsequently spurred in-depth theoretical research into the
characteristics of the relatives of fully heavy tetraquarks.

Given the nonrelativistic nature of the interior of fully
heavy tetraquarks, the nonrelativistic QCD (NRQCD)
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factorization framework [5,6] can be employed to describe
the production process. This framework, which factorizes
perturbative and nonperturbative effects and has been
widely used to characterize various quarkonium and
diquark production and decay processes, is well-suited
for this task. Under the NRQCD factorization formalism,
the production rate is decomposed into short-distance
coefficients and long-distance matrix elements. The
short-distance coefficients correspond to the hard creation
of heavy quark pairs and can be calculated perturbatively
using Feynman diagram methods. In contrast, the long-
distance matrix elements represent the nonperturbative
hadronization of diquarks into fully heavy tetraquarks.
Two dominant configurations have been proposed to
describe fully heavy tetraquarks: the so-called compact
multiquark states and molecular states. In this work, we
apply the NRQCD framework to calculate the production
of fully heavy tetraquarks in both configurations.

Up to now, the mass spectra and the production and
decay of fully heavy tetraquarks have been comprehen-
sively investigated by employing various models and
techniques in the existing literature. For instance, the mass
spectra and decay modes of fully heavy tetraquark have
been explored within the quark potential model [7—13], and
in the context of QCD sum rules [14—19]. Recently, many
groups have explored the properties of the production and
decay processes of fully heavy tetraquarks within the
NRQCD factorization approach [20-26]. Among them,
Zhang et al. discussed the decay of fully charm tetraquark
T,4. into both light hadrons and open charms within both
the compact state and molecular state [20], Zhang and Ma
studied the inclusive production of di-J/¥ resonances at
LHC [21], and Zhu studied the inclusive production of fully
heavy tetraquarks in the J/W-pair mass spectrum using

Published by the American Physical Society
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(a)

FIG. 1.
the z-channel diagrams.

proton-proton collision data by the LHCb Collaboration
[22]. Especially, Zhang and Ma extended the NRQCD
framework to explore the fully heavy tetraquak states
[20,21]. Feng et al. also proposed a novel NRQCD
factorization theorem for the production of the fully heavy
tetraquarks, and conducted a series of studies on fully
charm tetraquark 74 in the compact state [23-26], includ-
ing in pp collision [23,24] and at an electron-positron
collider for 11~ [25], 0", and 2" states [26]. Especially,
in Ref. [26], they studied the compact fully charm tetra-
quark at the B factory, and we compare parts of our results
with theirs in this paper and obtain the same results. In
addition, the production of 7, from light quark fragmen-
tation [27], charm quark fragmentation [28], the photo-
production of T,. at electron-ion colliders [29], the
electromagnetic and hadronic decay of fully heavy tetra-
quarks [30], and T,. production at LHC based on a
factorization scheme that employs the tetraquark four-body
wave function [31] are explored.

In this manuscript, within the NRQCD factorization
framework, we calculate the exclusive production of
S-wave fully heavy tetraquarks—T(bbbb), T(cct¢c),
and T(bcb ¢)—with total spin J = 0, 1, 2 in association
with a photon in electron-positron collisions, and both
molecularlike and compact configurations of these tetra-
quarks are discussed. To enhance the utility of our work for
future experimental studies, we present numerical results
for the production cross sections and event counts at both
ultra-high-luminosity B factories (e.g., the recently reac-
tivated Belle II experiment) and Z factories [e.g., the
Circular Electron Positron Collider (CEPC) [32] and the
first stage of the Future Circular Collider (FCC-ee) [33]].
Due to the constraint imposed by the center-of-mass energy
\/s of the electron-positron system, only 7'(ccc ¢) can be
produced at B factories.

The rest of the paper is organized as follows. In Sec. II,
the main theoretical framework of fully heavy tetraquarks
of the moleculelike state and compact state is presented,
respectively. Meanwhile, some technical particulars uti-
lized in the calculation are introduced. In Sec. III, the
numerical results at both the B factory and Z factory will be
presented. Section IV is reserved for a summary.

(b)

Typical Feynman diagrams for et + ¢~ — y*/Z% — T 4 y. Diagram (a) represents the s-channel diagrams and (b) designates

II. FORMULATION
A. NRQCD factorization for a fully heavy tetraquark

The typical Feynman diagrams for the process et + ¢~ —
v*/Z° — T +y are presented in Fig. 1, where T denotes fully
heavy tetraquarks with constituent quarks bbb b, ccc ¢, and
bebe. Since we only consider S-wave tetraquarks, the
P parity of T is always positive. Consequently, Fig. 1(b)
is excluded by P-parity conservation, as the photon propa-
gator has negative P parity. For processes involving the
7° propagator, we omit Fig. 1(b) at Z factories: the Z° decay
primarily produces 7 via the topology shown in Fig. 1(a),
which yields a much larger production rate. Figure 1(a)
comprises 40 Feynman diagrams for 7'(bbb b) or T(cce ¢),
and 20 diagrams for T(bcb ¢).

Regarding the internal structures of fully heavy tetra-
quarks T(bbb b), T(cct ¢), and T(bch ¢), we will discuss
two kinds of situations, moleculelike tetraquarks, which are
composed of double quarkonia, and compact tetraquarks
which are composed of a diquark and an antidiquark. Under
the NRQCD factorization framework [5,6], the cross
sections for the production of fully heavy tetraquarks in
electron-positron collision can be factored into the short-
distance coefficients and the long-distance matrix elements.
Therefore, for the moleculelike state and the compact
tetraquark state, the cross section can be written as [5]

ole"+e > Tyc+y)=6(e"+e = 0,0,0,0,+7)
X <0£,C(TM/C)>‘ (1)

Here, the subscripts M and C stand for the molecule-
like tetraquark and the compact tetraquark, respectively.
¢ describes the short-distance coefficients, and the long-
distance matrix elements (O7.(Tyyc)) stand for the
transition probability of four heavy quarks to Ty, accord-
ingly, where ¢, € are for the colors of constituent quarkonia
or (anti)diquarks, and J for the total spin of the tetraquark.
Within the NRQCD framework, the production operators
0% .(Ty,c) for the moleculelike state and the compact
tetraquark state are defined via [5,28]
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Of (Tyc) =

c®cZ|

where X stands for all other final-state particles, and the
colorless four-quark NRQCD operators Ofg. have the
following explicit definitions [5,23,26,28],

C—i—X C+X|Oc®c, (2)

N1 (Tw) = Wh(io®)o'y,)lv,o' (i0?)xt).

O1a(Tw) = Wi (i0®) ™y o (o) T,
Oigs(Te) = lwa i o'y Lol (ic? i1 Chas’
Oyaa(Tc) = WL (i) oy [t i)z e Cips’,

03U (Te) = [l (i0®) o™y ko (io® T Cabid,
0%e(Tc) = Wi (io> )yl (i0*) ;) Come’. (3)

where ' and y are the Dirac spinor fields to create heavy
quark Q and antiquark 0, ¢ (i = 1,2, 3) are Pauli matrices,
€k is the antisymmetric tensor, the tensor I'/'=
g"g" + gng™ —2gligm, and Cige’ are the color factors
of tetraquark with a, b, c, d being color indices of quarks.
Here in this work, we omit the contribution of 8§ ® 8 color
configuration for the molecularlike state because the color-
octet (QQ)? pair is suppressed by »? in comparison with
the color-singlet (QQ)! pair in the NRQCD velocity
expansion, so the 8 ® 8 color configuration is suppressed
by v*. And usually the contribution of the color-octet
|

d3P2

Zcz /12/ dP1
27)32p% (27)32pY

P

i
aTM/C (P,J,J,)

Here, C’1 12 is the Clebsch-Gordan coefficient. Wm/c X
(P,pl,pz) is the spatial wave function of tetraquark T,
where P, p; and p, are the momenta of tetraquark and

constituent mesons, respectively. amewnl(pl,/i) and
|

&p, &p, _ d*p; d*p,

(2z)%2p 27)*2p5  (2n)° (2n)?

d*P d%q

— (20 (2 S(P? — 4(

&P dq 2P0

(QQ)?¥ pair is negligible at small transverse momentum
regions (like the B factory in this work) because the
fragmentation of g — (QQ)® would become important
only at large transverse momentum regions that can be
reached at LHC.

It should be noted that we adopt a two-step transition
scheme for the formation of fully heavy tetraquarks from
four heavy quarks. First, a QQ pair combines into a
colorless quarkonium, or two (anti)quarks (QQ or Q Q)
combine into a colored (anti)diquark. Second, two quar-
konia are bound into a molecularlike state, or a diquark-
antidiquark pair is bound into a compact state. However,
Ref. [7] points out that once the distance between the
diquark and antidiquark becomes comparable to the sep-
aration of their constituent quarks, the diquark approxima-
tion breaks down, and a full four-body treatment becomes
necessary. Four-body Schrodinger wave functions for fully
charmed tetraquarks have been extensively studied using
various potential models [11,34-37]. For instance,
Ref. [28] discusses the values of long-distance matrix
elements under five distinct potential models.

In the rest of this section, we will present the explicit
framework for the calculation of the both moleculelike
tetraquark and compact tetraquark in the two-step transition
scheme. We follow the extended NRQCD framework in
Refs. [20,21] by Zhang and Ma to explore the production of
fully heavy tetraquak states. We use “meson” to indicate
either the quarkonium or the (anti)diquark for convenience.
The creation operator of a tetraquark can be written as

5(2m)32P°8 (P = py = po)Wag ) (P P12 P2) @gsont (P12A1) @hesons (P22 42).-

4)

a;ewnz(pz,lz) are the creation operators of constituent
mesons with momenta p;, p, and polarization 4, 4,. We
define P = p, + p, and ¢ = (p, — p1)/2, and the phase
space integration reduces to

= (27)%2P° (27)3 (PY)?

—4(q°)*

with m being the masses of the constituent mesons. So Eq. (4) becomes
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ah (P.J.J,)
M/C
M

where y;,c(P. py. p2) becomes ry;/c(q), which depends
on g only. Here, the creation operators of constituent
mesons in tetraquark 7" are normalized

[ameson<p l) ameqon<p /1)] = (2ﬂ)32p053(p _pl)(SM" (7)

Meanwhile, we need the similar normalization for the
tetraquark’s creation operator

lar,, (P J' JY),ay, (P, J.J.)]
= (27)°2P°8* (P — P')8,,6, ;. (8)
Combining Egs. (6), (7), and (8), we have

3 0
((21733 (PO)ZZ_P4(qo)2 |V7M/C(4)|2 =1. 9)

Specifically, in the tetraquark rest frame, P'=M, p| = 0,

q° =0, and |g| = \/M?/4 — m* with M being the mass of
the tetraquark, employing which, Eq. (9) reduces to

3
/(d T2 @) = 1.

i (10

Tajc(PJ.J.)) = db, (P.J.J)|0)

2P
Ao 0
Sy [t

T1a

which, in the tetraquark rest frame, can be simplified as

|TM/C(P’J’ Jz)> - a;“M

uz/
A

2
4/17/

v
“2/

Z A /12

Ay

(P.J.J.)[0)
dq 2

&g 2 VM

d3x

27r3M\/_l'UM/C

M/C(x)

lPM/C(O) Lesonl

2P P :
Zc/l 142 / PO) 4(q0)2 l//M/C(q)aZwsonl <2 + q’ll> Gmeson2 (2 q’22> (6)

I

Noting that if the constituent mesons in the tetraquark are
identical, an additional factor 2 is needed due to the
symmetry of interchanging the two mesons. Then we
define the normalized wave functions ), c(g) and

Pyrc(x),

3 3
[ Gme@F =1 = [ S5 et

where yy;/c(q) and Wy c(x) are the wave functions of the
tetraquark in momentum representation and in coordinate
representation, respectively. In comparison with Eq. (10),
we can obtain

2o (1)

Umyclq) = \/—ﬁWM/C(CI)'

. (12)

Hence, the S-wave tetraquark consisting of two consti-
tuent mesons can be expressed with the creation operator as

L p (P
)2 lIIM/C(q)amesonl <2 +4. ll) Dneson2 <2 -9 12> |0>’ (13)

P P
’% MWM/C(Q) jnesonl <§ +4q, Al) ajnesonZ <§ -4, AZ) |O>

P P
(q> L"S(’”l <2 +4q, A ) Aineson (2 -4, l2> |0>
T P + P
Anesont <2 +4. ’11) Aneson? <2 -4, /12) |0>

P P
54‘ 61»/11>a;m,m2 (5— 617/12> |0). (14)

Note that there is an additional factor - 7 in front of the wave function ¥, (0) for the identical constituent mesons in the

44 £3]

tetraquark. We use the

in the final step above because the integral of the wave function is expanded in the entire space at

the origin and only the leading term is adopted. We can clearly see that Eq. (14) is Lorentz invariant, which means that it is
applicable in arbitrary frames of reference when the value of ¥,;,c(0) is evaluated.
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In this work, we consider the vector and scalar constitu-
ent mesons in the tetraquark. For the vector situation, which
means spin triple S-wave mesons here, the summation over
the polarizations of constituent mesons is

sgael)l) o

i

where ¢} (§) and ¢ (5) are the polarizations of two

constituent mesons with the relative momentum ¢ = 0
for the S-wave states. For / = 0, 1, 2, we have

v, WU\«
6‘,60(660 )
€/w ’L/

Z .1

/) 1 !l
zegj &) (HW I T ) — ST THY - (16)

1 /o)
=TT,
3

(Huu o —1m' o ).

with

PHPY
M2

I = _g/w +

B. Production of moleculelike tetraquarks

In the molecular picture, tetraquark states are described
as systems composed of two color-neutral objects, specifi-
cally quarkonium-quarkonium interactions, and these inter-
actions are mediated by QCD analog of the van der Waals
force, an idea in light of the deuteron as a bound state of a
proton and a neutron [38]. In this work, inspired by the
discovery of di-J/w resonance, we choose to consider
the S-wave color-singlet vector quarkonium states only in
the tetraquark, i.e., double (c)[3S,] states for Ty, (ccc €),
double (bb)[*S,] for Ty, (bbb b), and for T, (bcb &) we also
only consider the mass symmetric state (cb)[>S;]—
(bc)[3S,] for simplification.

The projector for a heavy quark pair QQ’ into a color-
singlet and spin-triplet quarkonium has the following
form [6]

b;j
qu:ea(qk)4QO (dra—mg)r (%kﬂLka)@\/Ajl—

(18)

Here, ¢y, g4, and ¢y, are the momenta of quarkonium and
its constituent heavy quarks, respectively. Meanwhile, M,
mg,. and m are the corresponding masses of them. €,(q; )
is the polarization vector of the quarkonium.

In the two-step transition scheme for the four heavy
quarks into the moleculelike tetraquark, the long-distance

matrix element (Of.(Ty)) in Eq. (1) can be replaced
by two long-distance matrix elements (O(QQ")) for two
S-wave constituent quarkonia and one long-distance matrix
element (O, ) for two quarkonia being bound into the
molecule state,

(04,(Tu)) — (0(02))(0(0D)) x (07,
= ¥, (0)2,., (O x ¥y ()T

1 2
=——1|R,, (0)]3|R, (0)|*x——|R,,;(0)|*T,
Gz B OF 1R, ) x 22 Ry (O)

(19)

where the subscripts m;, and M indicate the two con-
stituent quarkonia and moleculelike tetraquark respectively,
and I'’ stands for the polarization summation in Eq. (16). In
the second line, the long-distance matrix elements are
related to the Schrodinger wave function W(0) at origin
in potential models, which can be further related to the
radial wave function R(0) evaluated at the origin for
S-wave states in the third line. For clarity, the production
long-distance matrix elements for color-singlet spin-triplet
quarkonium have the explicit definition as [5]

(0(QQ)[si1")
Ex*o"w@i (00) +X)( QQ/>+X|)w*ofx. (20)

X
With the equations given above, the differential cross

section for the production of moleculelike tetraquarks can
be simply written as

do(et + e > Ty(J)+7)

= ds(e™ + e = (0,0:)P8] + (0,0,)PS:] +7)

2R, (O)F* Ry, (0) Ry (0)7
(4n)’M '

(1)

where the polarization summation I/ has been absorbed
into the short-distance cross section dé, which has the
definition of

dé(e™ + e — (0:10,)381] + (0,0:)
1 — _
= o) _m§Z|M((Q1Q2)[351]
+(0201)P81] +7)[Pda,, (22)

where the two-body phase space d®, is dimensionless, and
the squared amplitude | M|? has the dimension of [M]~%. So
dé has the dimension of [M]~'°, which is not a true cross
section but stands for all short-distance parts. In addition, in
the cases of T, (c¢ — c¢) and T,,(bb — bb), an additional
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factor 1/2! should be multiplied due to the symmetry of the
two identical constituent mesons.

C. Production of compact tetraquarks

In the compact tetraquark picture, quarks are strongly
bound together via direct strong interactions. A simple
model is the diquark antidiquark configuration. A pair of
quarks forms a diquark, and then interacts with the anti-
diquark formed by the antiquark pair. The strong inter-
actions between diquark and antidiquark effectively are the
same as those between antiquark and quark in quarkonia
[38]. In this work, we consider both scalar and vector
diquarks, i.e., (cc)[n] —(¢c)[n], (bb)[n]— (bb)[n] and
(bc)[n] — (b T)[n] where [n] represents ['S,] or [3S,] states.

The amplitudes for the production of diquarks can be
related to those for the production of quarkonia. First, to
produce a diquark (QQ’), one of the fermion lines of QQ
(or Q'Q)) in the final states needs to be reversed by
appropriately incorporating the charge conjugate matrix
C = —iy*y" into the amplitudes. This reversed fermion line
for the production of diquarks differs from the one for the
production of quarkonia by only an additional factor
(=1)¢*1, where ¢ denotes the count of vector vertices
along the reversed fermion line [39]. Then we adopt the
following projectors to obtain the (anti)diquarks for the
scalar ['Sy] state and vector [>S,] state,

i

15
H[ ol — 4mQ mg, (2 — mQ;)YS(ﬂk1 +mg,).
35, —1/M N
) =e, (qk)w(%kz —mg )y*(fu +mg,). (23)

Second, since the colored diquarks can be color-sixtet 6 and
color-antitriplet 3, the compact tetraquark has two color
configurations

) 1
cobed — _— (5a05bd + 5ad5b6)’

6®6 V24
C“b”d—i(a Spa = Baadpe) (24)
33 \/ﬁ acYbd ad¥bc)>

where ab and cd are the color indices of the constituent
diquarks and the antidiquarks, respectively. The scripts in
bold are for the color. nggd indicates that the constituent
diquark is the color-sixtet 6 representation and the anti-

diquark is the color-antisixtet 6 representation, and C;’g;d

indicates the constituent diquark is the color-antitriplet 3
representation and the antidiquark is the color-triplet 3
representation. Note that internal diquarks of the compact
tetraquark can be in either (QQ)[S,]? or (QQ)|'S,]6 for the
(QQ) diquark state with Q = b, ¢ quarks, while for (bc)
diquark, they can be in (be)[S]3, (be)[2S18, (be)['So]? or
(bc)[1S,]6 states.

In the two-step transition scheme for the four heavy
quarks into the compact tetraquark, the long-distance
matrix element (Of.(T¢)) in Eq. (1) can be replaced by
two Schrodinger wave functions ¥(0) at origin for S-wave
constituent (anti-)diquarks, and (Oy.) for diquark and
antidiquark being bound into the compact state,

(0¢.e(Tc)) — [¥4,(0)P[¥4,(0)]* x (Or,)

2 ao;c
= %4, (0) %4, () x 1 [Pc(0) T Cege

B ﬁ IRy, (0)P IR, (0)

Y [Rc(0) 2TV Ciged, (25)

where the subscripts d;, and C indicate the two con-
stituent (anti)diquarks and compact tetraquark, respectively,
I/ stands for the polarization summation in Eq. (16), and
C2%e is the color factor in Eq. (24). ¥(0) and R(0) are the
Schrodinger wave function at origin and the radial wave
function at the origin in potential models for S-wave states. It
is worth noting that, in NRQCD, there is no good definition
for the long-distance matrix elements for (anti)diquarks
because the (anti)diquarks are not color singlet.

With the equations given above, the differential cross
section for the production of the compact tetraquark is

do(et + e > Tc(J)+7y)

=do(et +e” = (010:)[n] + (2201)[n] +7)

. 2R (0)P*|R4, (0)[[Rc(0)]?
(4r)’M ’

(26)

where the polarization summation I' and color factor
C?gzd have been absorbed into the short-distance cross
section d&, which has the dimension of [M]~!°. Note that
for the production of T¢(bb — b l_)) and T¢(cc—cc), we
need to multiply an overall factor 55; 2,2,, which accounts for
two identical heavy (anti)quarks inside the component
(anti)diquark. Here, for antidiquark, we use the same
transition probability as its diquark. In addition, the total
angular momentum quantum number of the tetraquark state
can take J = 0, 1, 2 when [n] = [3S}], and J can only be 0
when [n] = ['S,].

III. NUMERICAL RESULTS

In this section, we present the numerical results of the
cross sections for et + e~ — y*/Z% — T +y processes.
Before the numerical evaluation, some comments should
be noted.

(a) Due to the exchange invariance of identical particles,
the system composed of two identical particles,
ie., (c¢)—(cc) and (bb) — (bb) here, must satisfy
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L + § =even. So the S-wave (L = 0) moleculelike
states Ty (ce—cé)(J=S=1) and Ty, (bb — bb)(J =
S = 1) do not exist.

(b) Since the constituent quarkonia or (anti)diquarks are
bosons, the S-wave moleculelike or compact tetra-
quarks have the quantum number P = (—1)° and
C = (=1)"5,ie., JFC =0*F,177,2**. So the pho-
ton propagated process, e” + e~ — y* = Ty /C(J =
1) +y for 17~ moleculelike and compact states is
unable to happen because the C parity of two photons
is even.

(c) The color factor nggd is symmetric by the exchange
of the two color indices of quarks a <> b, however the
exchange of the two quarks in Dirac chains will
contribute a minus sign because quarks are fermions.
So the sum of such two amplitudes for the production
of the compact states T¢((cc)['So]® — (¢¢)['So]%)) or

Tc((bb)['S)® = (b D)['So])) is zero.

A. Input paramaters
We set m. = 1.5 GeV and m,;, = 4.9 GeV. The strong
coupling constant is set to be a,(2m.) = 0.2355 for the
production of T(ccéc) and T(bcbe), and ay(2m,) =
0.1768 for the T(bbbb) case [40]. The radial wave
functions at the origin for diquarks |R;(0)[*> are taken

from Ref. [41], and those for quarkona |R,,(0)|? are taken
from Ref. [42],

IR,.(0)?=0.274 GeV?,
Ry (0)2=0.521 GeV3;
IR,;(0)[>=5.22GeV3,

IR, (0)> =1.810GeV3,
IR,2(0)]2=0.528 GeV?,
IR, (0)>=1.642GeV3.  (27)

For the radial wave functions Ry;,(0) at origin for
tetraquarks, they can be obtained by numerically solving
the Schrodinger equation under the nonrelativistic potential
models. The method and the codes are described in
Ref. [43]. To evaluate the value of R.(0) for compact
tetraquarks, we use a Cornell-inspired potential [10]." And
the numerical results are

Rc(0)P((ce) PSP = (22)[’S1]®) =8.422 GeV?,

[Rc(0)P((BD)PS\]* = (BB)PS) ) = 11.739 GeV?,
IRc(0)P((be) PS8 — (b2)[’S1]¥/¢) =7.708 GeV?,
IRC(0)[2((be)['So]¥/6 — (b &)[1S,)3/6) =74.880 GeV3. (28)

'"The Cornell-inspired potential given in Ref. [10] is
VO (r) =k, % + br, where k, is called the “color factor,” which
is related to the color configuration of the system, and b is called
“string tension,” which is related to the strength of the confine-
ment. For an estimate, we take x, = —;—‘, b = 0.1463 for [n] =
[*$1] and k, = =12, b = 1.463 for [n] = ['So].

TABLE 1. Cross sections for the production of Ty, (c¢ — cc)
and T(cc — ¢ ¢) in association with a photon at the B factory.
Note, the component quarkonia and (anti)diquarks are both in
[S] states here.

o(inab) J=0 J=2
Ty ((ce))[S)] = (c2))PS)]) 0.74 0.25
Te((ce[s,]? = (e2)PS, ) 2.62 20.45

Here we adopt the same radial wave functions for the color
(anti)triplet diquark pairs and the color (anti)sextet diquark
pairs for the compact tetraquark T(bc — b ) as a rough
estimate. Regarding R,,(0) for moleculelike tetraquarks,
there is no targeted potential model at present, and we also
use the Cornell-like potential to make a rough estimation,”
and the results are

Ry (0)((c2)[S)] = (c2)['S1]) = 0.439 GeV?,
Ry (0)P((bB)FS1] = (bB)FS1]) = 1.434 GeV?,
IRy (0)2((b2)Sy] = (cB)[’S)]) = 0.936 GeV3.  (29)

B. Production of tetraquarks at B factories

In this subsection, we focus on the production of fully
heavy tetraquarks at B factories, where the dominant
contribution arises from the y mediator, while the contri-
bution from the Z-boson mediator is neglected. At B fac-
tories, we set /s = 10.58 GeV and agy(10.58 GeV) =
1/130.9. Due to the constraint of the center-of-mass
energy, only T(cccc) can be produced at B factories.
The production cross sections of the molecularlike tetra-
quark 7'y, (c¢ — c¢) and compact tetraquark T¢(cc — ¢ ¢) in
association with a photon are presented in Table I. For
Ty (ct — cc), we only consider constituent quarkonia in
the 35, state (i.e., J/y), and the J¥C assignments of the
S-wave T, (cc —cc) are 0Y" and 2+, For T¢(cc — ¢ c),
the constituent [antidiquarks can only be in the 3, state as
per Comment (c) discussed earlier] and the J¥C assign-
ments of the S-wave T¢(cc —¢c) are 07" and 27+,

Comparing our results with those in Ref. [26], where
Te((co)S, ) = (¢e)[’S,]®) with J =0, 2 are estimated,
we find consistent results using the same input parameters.
The target integrated luminosity of the Belle II experiment
is 50 ab~!. Further considering the 12% branching fraction
for the leptonic decay of J/y and the detection efficiency,
observing any fully charmed tetraquark events at Belle II
remains pessimistic. We find that the cross sections for
compact states are significantly larger than those for

*We use the Cornell-inspired potential given in Ref. [10],
i.e.,VO(r) = k,% + br, and we take x, = 0 and b = 0.1463 for
an estimate because the constituent quarkonium in a tetraquark is
color singlet.
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FIG.2. Differential distributions do/d cos 6 and do/dp, for the process e* 4+ e~ — T¢((cc)PS, P — (¢€)[3S,3)(J) +y with J = 0,2
at the B factory, where 0 is the angle between the tetraquark and the beam and p, is the transverse momentum of the tetraquark.

molecularlike states with the same spin, and the cross
section for the 2" T(cc — ¢ ¢) state is roughly one order
of magnitude greater than that of the 0" state.

In Fig. 2, we present the differential distributions for the
process et +e” = Te((cc[*SP—(¢e)[*S,]*)(J=0,2) +y
versus cos@ and p, at B factories, where 6 denotes the
angle between the tetraquark and the beam, and p, is
the transverse momentum of the tetraquark. The lower
solid blue lines correspond to the 07+ T¢((cc)[*S)® —
(¢¢)[S,]?) state, while the upper dashed red lines corre-
spond to the 27 state. For the angular distribution, the 27
To((co)’S? = (c)[3S,]?) state exhibits a symmetric
“bulge” profile, whereas the 0™ state shows a symmetric
“hollow” profile. The angular distribution of the unpolar-
ized J = 2 compact state is consistent with that reported in
Ref. [26]. In comparison with the 0™ state, the transverse
momentum distribution of the 2*" state increases consid-
erably more rapidly.

C. Production of tetraquark at Z factory

In this subsection, we focus on the production of fully
heavy tetraquarks when the center-of-mass energy is at the
Z boson pole, where the contribution from the y mediator is
neglected. We set /s = 91.2 GeV, and the other param-
eters adopt the following values: sin? 8y, = 0.23119, the Z
boson mass m; = 91.1876 GeV, and its total decay width
I'; = 2.4952 GeV [44]. The production cross sections for

TABLE II.  Cross sections for the production of moleculelike
tetraquark 7'y, (cc — c¢), Ty (bb — bb) and Ty, (bc — be) at the Z
factory. Note, the constituent quarkonia are all in [3S;] states.

molecularlike and compact tetraquarks are presented in
Tables II and III, respectively. For molecularlike tetraquarks
(Ty), we only consider constituent quarkonia in the 3,
state. For T);(c¢ — cc) and T);(bb — bb), the possible JF€
assignments are 07" and 27", as the J = 1 configuration
is excluded by the constraint in Comment (a). For
Ty (bc — bc), the allowed JPC assignments are 07,
17, and 2**. For compact tetraquarks (T.), the con-
stituent (anti)diquarks can only be in the 35, state for
Te(cc—¢c) and Te(bb—bb) [due to Comment (c),
which does not apply to T¢(bc — b¢)]. For T¢, the JFC
assignments are 07", 177, and 27, with no constraints
from Comments (a), (b).

Although the designed integrated luminosity of CEPC in
GigaZ mode is as high as approximately 16 ab~!, and that
of FCC-ee is roughly nine times that of CEPC, the detection
of both molecularlike and compact tetraquarks remains
nearly impossible due to the extremely small number of
events. For T¢((cc)[S,]3 — (22)[3S,]?), it is noteworthy
that the contribution of the J = 1 state is more than one
order of magnitude larger than those of the / =0 orJ =2
states. For T((bb)[>S,]3 — (b b)[S;]*), the contribution of
the J = 2 state is approximately 42 times that of the J = 1
state. For T(bc — b ¢), the contribution of the J = 0 state
is roughly 13 times that of the J = 2 state.

TABLE 1III. Cross sections for the production of compact
tetraquark T¢(bb—bb), Te(cc—cc) and Te(be—be)
at the Z factory. Here o[Tc(bc—be)] = o[Tc((be)['Sol*~
(62)['So®)] + o[ Te((be)['So* = (B2)['So]*)] + o[Tc((be)[’S:]°

—(b2)PS11%)] + o[Tc((be)PSi* = (b2)PSiP)].

o(inab) J=0 J=1 J=2
Ty ((c2)PSi] = (cO)[S;])  0.0093 0.012
Ty ((bb)[S,] — (bb)[S,])  0.00034 0.00050
Ty ((b2)[3S,] = (bc)[3S,])  0.0045 0.0020  0.011

o(inab) J=0 J=1 J=2
Te((co)Ps P = (e2)[s]?) 0.071 1.06 0.093
To((bb)[S,]3 = (b b)[S,?) 0.024  0.0022  0.092
Te(be —b7) 0.13 0.039 0.0099
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IV. SUMMARY

In this work, within the NRQCD framework, we inves-
tigate the processes et + e~ — y*/Z° - T +y, where T
denotes the fully heavy tetraquarks T (bbb b), T(cccc),
and T (bcb ¢). Both molecularlike and compact states with
total spin J =0, 1, 2 are considered. We discuss the
production rates of these fully heavy tetraquarks at B
factories and future Z factories. We find that observing
events of any fully heavy tetraquark via the exclusive e* +
e~ — T + y process—whether for compact or molecular-
like states—is pessimistic, both at Belle II and at future Z
factories such as CEPC and FCC-ee. Nevertheless, we
emphasize that our estimation of the NRQCD long-distance
matrix element values, which is based on potential models,

is approximate. To yield an accurate prediction, more
reliable evaluations of all the NRQCD matrix elements
encountered in this work are necessary.
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