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In this work, we investigate the valence quark parton distribution functions (PDFs) of the pion within the
light-cone quark model. The initial quark PDFs are calculated by solving the quark-quark correlation
function for the pseudoscalar mesons. The initial quark PDFs have been evolved to higher energy scales
through the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equations. We also find that our
calculated evolved PDFs match experimental and available theoretical extraction data. For the first time, we
have also predicted the F2 structure function at next-to-leading (NLO) order accuracy. The calculated F2

structure function has been compared with the available ZEUS and H1 experimental data at DESY-HERA
over a wide range of energy scales. Additionally, we display the forward pion production cross-section for
the Drell-Yan process caused by pions using the pion PDFs that were calculated and the target nucleon PDFs
from the LHAPDF nucleus datasets. The evolved F2 structure function of the pion has been studied at the
upcoming electron-ion collider energy kinematics. Overall, it was observed that the quark PDFs of pions
computed using the light-cone quark model are consistent with the experimental results.
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I. INTRODUCTION

Understanding the complex internal structure of hadrons
has always been a challenging task for modern particle and
nuclear physicists in quantum chromodynamics (QCD)
[1–11]. Due to the unresolved issues of color confinement
and chiral symmetry breaking, direct access to this
structure from QCD first principles is still a challenge,
along with direct calculations from the fundamental
Lagrangian. The hadron structure can be studied through
long-distance nonperturbative components from the exper-
imental cross sections, which are separated from the
short-distance perturbative contributions through QCD
factorization theorems [12–18]. The theoretical description

of the hadronic structure in the perturbative zone becomes
extremely nontrivial due to the complex dynamics of sea
quarks, gluons, and valence quarks inside the hadrons. So,
the distribution of these quarks and gluons can be studied
using the quark-gluon correlation functions in the non-
perturbative region through low energy scale models
[19–25]. The different degrees of freedom of the quarks
and gluons inside the hadron can be studied using the
multidimensional distribution functions. These distribu-
tion functions are a five-dimensional generalized trans-
verse momentum parton distribution functions [26–29],
three-dimensional generalized parton distribution func-
tions [12,30–35], three-dimensional transverse momentum
parton distribution functions [36–41], two-dimensional
form factors [42–45] and one-dimensional parton distri-
bution functions (PDFs) [46–55]. These PDFs constitute
one of the most fundamental nonperturbative inputs in
QCD, encoding the longitudinal momentum structure of
quarks and gluons inside the hadrons.
PDFs describe how a hadron’s longitudinal momentum

is divided among the quarks and gluons, hence encoding
the hadron’s nonperturbative structure. One of the primary
subjects of hadron physics is the determination of PDFs
through the investigation of hard-scattering phenomena.
The probability of finding a quark or gluon inside a hadron
can be understood in terms of PDFs as functions of the
longitudinal momentum fraction x. Through the framework
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of QCD factorization, they offer a crucial link between the
underlying partonic dynamics and cross sections that can
be measured experimentally. One can extract the PDFs
through long-distance components of the cross section in
deep inelastic scattering [7,56], leading neutron electro-
production [57,58] and Drell-Yan processes [59,60]. While
significant theoretical and experimental studies are happen-
ing for the determination of PDFs for the baryons,
particularly the nucleons [61–63], comparatively less is
known about the partonic structure of mesons. Among the
mesonic systems, the pion plays a key role as the lightest
quark-antiquark bound state and the pseudo-Goldstone
boson associated with the spontaneous breaking of chiral
symmetry [20].
The pion PDFs have been widely studied using different

phenomenological models, such as light-front quantization
[64], the light-front quark model [65], the anti–de Sitter–
QCDmodel [66,67], the light-front holographic model [68],
the Nambu-Jona-Lasinio (NJL) model [69], the Dyson-
Schwinger equations (DSE) model [70], the chiral quark
model [71], and in Refs. [72–78]. The pion PDFs have also
been investigated within lattice QCD [79–82] and in
theoretical extractions [83–89]. However, there is a lack
of direct experimental data available for the pion PDFs. The
first measurements of pion-induced cross sections were
obtained from the studies of pion structure functions
through high-mass muon-pair production at a beammomen-
tum of 225 GeV=c (FNAL-E-0444) at Fermilab [90]. In the
same period, measurements were also performed at CERN
using π−–Be dimuon production at beam momenta of 150
and 175 GeV=c (CERN-WA-011) [91]. Subsequently, the
pion structure has been extensively investigated through
pion-nucleon Drell-Yan processes in several fixed-target
experiments, including CERN-WA-039 [92], FNAL-E-
0326 [93], CERN-NA-010 [94], CERN-NA-003 [95],
and FNAL-E-0615 [96]. In addition, information on pion
PDFs has been extracted from leading-neutron electro-
production measurements at HERA by the ZEUS and H1
collaborations [57,58]. More recently, pion-induced Drell-
Yan data from the COMPASS experiment using a 190-GeV
π beam have provided a new constraint on the pion structure
[97]. Upcoming electron-ion colliders (EICs) will provide
more information about the pion structure functions and
PDFs through the Sullivan process [98].
In this work, we have calculated the valence quark PDFs

of the pion by solving the quark-quark correlation functions
in the light-cone quark model (LCQM). Being gauge-
invariant and relativistic by nature, LCQM is a nonpertur-
bative method. Its primary focus is on valence quarks, which
are the essential building blocks that determine the general
structure and inherent characteristics of hadrons. For the
case of pseudoscalar mesons, there is only a collinear fðxÞ
PDF available at the leading twist, compared to three for the
nucleons. The fðxÞ is the result of the nonflip quark

polarizations inside an unpolarized pion. By solving the
correlation function, we have derived the PDF in the light-
front wave-function (LFWF) form and, further, in the
explicit form using the total wave function (spin- and
momentum-spacewave function). We have solved the quark
PDF by using the leading-order meson Fock state, which
makes the contributions from the gluon and sea quarks
vanish at the initial scale. To compare our PDF with
available structure functions and cross-section data, we
have performed the evolutions using the Dokshitzer-
Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [99].
The evolution of the PDFs from low nonperturbative scales
to higher momentum scales (through perturbative QCD
evolution equations) is necessary to establish a consistent
link with phenomenological extractions, lattice QCD
results, and the precision measurements of present and
future facilities. The valence, gluon, and sea-quark PDFs are
calculated at different energy scales and compared with
available theoretical extractions. We have also calculated the
F2 structure function of the pion at different energy scales at
next-to-leading order (NLO) accuracy and matched it to the
leading neutron electroproduction data of HERA. We have
also calculated the Drell-Yan cross sections using the pion
PDFs obtained from our model, together with the nuclear
PDFs taken from the LHAPDF library [52]. The resulting
predictions are compared with the available experimental
data from the E-0615, NA-010, NA-003, WA-070, WA-039,
WA-011, and COMPASS experiments, showing overall
good agreement within the experimental uncertainties.
For the future EIC, we also present predictions for the
scale evolution of the pion structure function F2 at different
values of x.
The paper is organized as follows. In Sec. II, we discuss

the LCQM, including the spin and momentum wave
functions. In Sec. III, we present the results for the pion
PDFs, where the explicit forms of the LFWFs and the
corresponding quark distributions are derived. Section IV
is devoted to the QCD evolution of the PDFs and the
generation of gluon and sea-quark contributions. In Sec. V,
we present the calculations of the pion structure function
F2ðx;Q2Þ at NLO accuracy. Section VI discusses the
computation of pion-induced Drell-Yan cross sections
and their comparison with the available experimental data.
Finally, we summarize our findings in Sec. VII.

II. LIGHT-CONE QUARK MODEL

In the LF framework, the hadrons are treated as the
bound states of quarks, gluons, and sea quarks. They are
primarily responsible for all the physical and mechanical
properties inside the hadrons. The multiparticle Fock state
of a hadron with four vector momenta P can be represented
in terms of the momentum and helicity of its constituents as
[28,100–106]
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jMðP; SzÞi ¼
X
n;λm

Z Yn
m¼1

dxmd2k⊥m

16π3
ffiffiffiffiffiffi
xm

p ð16π3Þ

× δ

 
1 −

Xn
m¼1

xm

!
δð2Þ
 Xn

m¼1

k⊥m

!

×Ψn=mðxm;k⊥mÞjn; xmPþ;k⊥m; λmi: ð1Þ

Here, jMðP; SzÞi denotes the hadron Fock state with LF
four momentum P ¼ ðPþ; P−; P⊥Þ, and Sz is the spin
projection of the hadron. The indices n and λm denote the
number of flavors and the helicities of the mth constituent,
respectively. The helicity λm will have only the up (↑) and
down (↓) possibilities for quarks. Ψn=mðxm;k⊥mÞ is the
LFWFs of the mth constituent. The four momentum of the
mth constituent is km ¼ ðkþm; k−m;k⊥mÞ. In LF dynamics, k−m
represents the energy, kþm represents the longitudinal
momentum, and k⊥m represents the transverse momenta
of the mth constituent. xm ¼ kþm=Pþ is the boost-invariant
longitudinal momentum fraction carried by the mth con-
stituent from the parent hadron. Both the longitudinal
momentum fractions and the transverse momenta of the
constituents satisfy the momentum sum rules

Xn
m¼1

xm ¼ 1;
Xn
m¼1

k⊥m ¼ 0: ð2Þ

The hadron Fock state presented in Eq. (1) obeys the
normalization condition

X
n

X
fλmg

Z �Yn
m¼1

dxmd2k⊥m

16π3

�
ð16π3Þ

× δ

 
1 −

Xn
m¼1

xm

!
δð2Þ
 Xn

m¼1

k⊥m

!

× jΨn=mðxm;k⊥mÞj2 ¼ 1: ð3Þ

In this work, we mainly focus on mesons because their
Fock-state decompositions are simpler than those of bary-
ons. The pion, being the lightest meson, can be described as
a bound state of quarks, gluons, and sea quarks as
[28,66,102,106]

jMðπþÞi ¼ Ψud̄jud̄i þ Ψud̄gjud̄gi þ Ψud̄ggjud̄ggi
þ

X
q0¼u;d;s;…

Ψud̄q0q̄0 jud̄q0q̄0i þ � � � : ð4Þ

The first term represents the valence Fock state, and the
remaining terms represent the higher-order fluctuations,
such as the valence-gluon and the sea quark fluctuations.
As we restrict our analysis of mesons without explicit
gluonic and sea-quarks components, the pion Fock-state in
Eq. (4) reduces to jMðπþÞi ¼ jud̄iΨud̄. Neglecting the

higher Fock-state contributions, the meson Fock state is
expressed in terms of quark-antiquark helicities at Sz ¼ 0
(pseudoscalar meson),

jMðP;Sz ¼ 0Þi ¼
X
λq;λq̄

Z
dxd2k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1− xÞp
2ð2πÞ3Ψqq̄ðx;k2⊥Þ

× jxPþ;k⊥;λq;ð1− xÞPþ;−k⊥;λq̄i: ð5Þ

Here, x and 1 − x are the longitudinal momentum fractions
carried by the constituent quark and antiquark and λqðλq̄Þ is
the quark (antiquark) helicities inside the meson. The four
momenta of the constituent quark (kq) and antiquark (kq̄)
used in this work are expressed as

kq ≡
�
xPþ;

k2⊥ þm2
q

xPþ ;k⊥
�
; ð6Þ

kq̄ ≡
�
ð1 − xÞPþ;

k2⊥ þm2
q̄

ð1 − xÞPþ ;−k⊥
�
: ð7Þ

The total meson wavefunction, Ψqq̄ðx;k2⊥Þ in Eq. (5),
combines spin and momentum-space components and
can be written as [40,102]

Ψqq̄ðx;k2⊥Þ ¼ SSzðx;k⊥; λq; λq̄Þϕðx;k2⊥Þ: ð8Þ

Here, SSzðx;k⊥; λq; λq̄Þ represents the spin wave function,
while ϕðx;k2⊥Þ denotes the radial wave function. For the
momentum space wave function in Eq. (8), we have
considered the Brodsky-Huang-Lepage prescription
[28,42,100,103,107–109] as

ϕðx;k2⊥Þ ¼ A exp

2
64− k2⊥þm2

q

x þ k2⊥þm2
q̄

1−x
8β2

þm2
q þm2

q̄

4β2

−
ðm2

q −m2
q̄Þ2

8β2
�
k2⊥þm2

q

x þ k2⊥þm2
q̄

1−x

�
3
75: ð9Þ

Here,mqðq̄Þ are the masses of the quark and antiquark of the
meson, respectively. A and β are the normalization constant
and harmonic scale parameter of the mesons, respectively.
The normalization constant can be calculated by normal-
izing the momentum space wave functions, as

Z
dxd2k⊥
2ð2πÞ3 jϕðx;k2⊥Þj2 ¼ 1: ð10Þ

SSzðx;k⊥; λq; λq̄Þ in Eq. (8) is the front-form spin wave
function derived either from the instant form by Melosh-
Wigner rotation [107,110,111] or by solving the quark-
meson vertex with proper Dirac spinors. Both methods
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yield the same spin-wave functions for the spin-0 pseudo-
scalar mesons. So, in this work, we have considered the
spin wave function calculated from the quark-meson vertex
as done in our previous works [28,40,72,110,112]. The spin
wave function can be calculated using the proper vertex for
spin-0 pseudoscalar mesons (Sz ¼ 0) as

Sðx;k⊥;λq;λq̄Þ ¼ ūðkq;λqÞ

×
Aqq̄γ5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðM2
qq̄ − ðm2

q−m2
q̄ÞÞ

q vðkq̄;λ2Þ; ð11Þ

with Aqq̄ ¼ Mqq̄ þmq þmq̄. Here, u and v are the Dirac

spinors [113]. Mqq̄ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥þm2

q

x þ k2⊥þm2
q̄

1−x

q
is the bound state

mass of the meson. The spin wave function for pseudo-
scalar mesons (Sz ¼ 0) with different helicities of quark
and antiquark is expressed as [110]

Sðx;k⊥;↑;↑Þ ¼
1ffiffiffi
2

p ω−1ð−kLÞAqq̄;

Sðx;k⊥;↑;↓Þ ¼
1ffiffiffi
2

p ω−1ðð1 − xÞmq þ xmq̄ÞAqq̄;

Sðx;k⊥;↓;↑Þ ¼
1ffiffiffi
2

p ω−1ð−ð1 − xÞmq − xmq̄ÞAqq̄;

Sðx;k⊥;↓;↓Þ ¼
1ffiffiffi
2

p ω−1ð−kRÞAqq̄; ð12Þ

with ω ¼ Aqq̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1 − xÞ½M2

qq̄ − ðmq −mq̄Þ2�
q

. The above

spin wave function obeys the normalization conditions

X
λq;λq̄

jSðx;k⊥; λq; λq̄Þj2 ¼ 1: ð13Þ

Now, finally, the two-particle Fock-state for pseudoscalar
mesons in Eq. (5) can be written with all possible helicities
of its constituent quark and antiquark, along with the

momentum space wave function, which can be written as

jMðP; Sz ¼ 0Þi ¼
Z

dxd2k⊥
2ð2πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xð1 − xÞp ϕðx;k2⊥Þ

× ½Sðx;k⊥;↑;↑ÞjxPþ;k⊥;↑; ð1 − xÞPþ;−k⊥;↑i þ Sðx;k⊥;↓;↓ÞjxPþ;k⊥;↓; ð1 − xÞPþ;−k⊥;↓i
þ Sðx;k⊥;↓;↑ÞjxPþ;k⊥;↓; ð1 − xÞPþ;−k⊥;↑i þ Sðx;k⊥;↑;↓ÞjxPþ;k⊥;↑; ð1 − xÞPþ;−k⊥;↓i�:

ð14Þ

III. PARTON DISTRIBUTION FUNCTIONS

The probability of finding the valence quark in a pion
with a longitudinal momentum fraction x can be accessed
through the PDFs. For the case of the pseudoscalar mesons,
there is only a single unpolarized quark PDF present at the
leading twist compared to three for spin-1

2
nucleons and four

for spin-1 mesons. At a fixed light-front time τ, the quark-
quark correlator of the PDF is defined as [114]

fðxÞ ¼ 1

2

Z
dz−

4π
eik

þz−=2

× hMðP;Sz ¼ 0Þjψ̄ð0Þwð0; zÞΓψðzÞjMðP;Sz ¼ 0Þi
jzþ¼0;z⊥¼0: ð15Þ

Here, Γ ¼ γþ is the LF vector current for the unpolarized
quark PDFs inside the mesons, which also determines the
Lorentz structure of the correlator. ψðzÞ is the quark field
operator. z ¼ ðzþ; z−; z⊥Þ is the position four vector, which
is the path of the quark field operators. The Wilson line
wð0; zÞ preserves the gauge invariance of the bilocal quark

field operators in the correlation functions [115] and
determines the path of the quark field operators, which
has been taken as unity here.
Now using the meson Fock-state of Eq. (14) and quark

field operators, the overlap form of the unpolarized PDF
fðxÞ is found to be,

fðxÞ ¼
Z

d2k⊥
16π3

jϕðx;k2⊥Þj2

× ½jSðx;k⊥;↑;↑Þj2 þ jSðx;k⊥;↓;↓Þj2
þ jSðx;k⊥;↓;↑Þj2 þ jSðx;k⊥;↑;↓Þj2�: ð16Þ

Now, using the spin wave functions Eq. (12), the explicit
form of the quark PDF is found to be

fðxÞ ¼
Z

d2k⊥
16π3

jϕðx;k2⊥ÞAqq̄j2
k2⊥þðð1− xÞmqþ xmq̄Þ2

ω2
:

ð17Þ
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One can obtain the antiquark PDF f̄ðxÞ by using the
momentum sum rule as fð1 − xÞ. However, due to the
equal mass of u and d antiquarks of the pion, both quark
and antiquark PDFs are equal. The unpolarized quark PDF
obeys the PDF sum rule [103,111,116]Z

1

0

dxfðx; μ20Þ ¼ 1;Z
1

0

dxf̄ðx; μ20Þ ¼ 1;Z
1

0

dxx½fðx; μ20Þ þ f̄ðx; μ20Þ� ¼ 1;Z
1

0

dxgðx; μ20Þ ¼ 0;Z
1

0

dxSðx; μ20Þ ¼ 0: ð18Þ

Here, g and S denote gluons and sea quarks, respectively.
However, in this work, we have not considered gluon and
sea-quark contributions at the initial scale, therefore, the
total momentum of the pion will be equally distributed
between the quark and antiquark. The unpolarized quark
PDF is found to be the result of the nonflip quark polar-
izations inside the pion.
For the numerical calculations, we have considered equal

masses for quark antiquark, i.e., mq ¼ mq̄ ¼ 0.20 GeV.
Also, the harmonic scale parameter β for pion is taken as
0.410 GeV. These parameters have been adopted from our
previous works [28,103,116], where these are calculated by
fitting with the mass of the pion. The decay constant of the
pion is found to be 122.9 MeV, close to the particle data
group value of 130.2 MeV [117]. In Fig. 1, we have plotted
the quark PDF fðxÞ and xfðxÞ as a function of longitudinal
momentum fraction x carried by the active quark from the
pion at the initial scale. The quark PDF (fðxÞ) is found to be
symmetric under the transformation x ↔ ð1 − xÞ due to the
equal masses for quark and antiquark, while the xfðxÞ is

found to have maximum distribution around x > 0.5. The
antiquark xf̄ðxÞ is found to have opposite distributions to
that of xfðxÞ. We have also calculated the lower and higher
Mellin moments hxni of the PDF, which can be computed
from

hxni ¼
R
dxxnfðx; μ2ÞR
dxfðx; μ2Þ : ð19Þ

The nth Mellin moments of the PDF at the initial scale μ0
have been presented in Table I. At n ¼ 0, the Mellin
moment provides the information about the number of
valence quarks, which is found to be 1.0, while for n ¼ 1,
which tells us about the average momentum fraction carried
by the constituent, is found to be 0.5 indicating equal
momentum distribution among quark and antiquark inside
the pion. The higher Mellin moments of the pion are found
to be consistent with Ref. [118]. Studying PDFs within
nonperturbative models provides essential insight into the
intrinsic structure of hadrons at low energy scales. But for
significant phenomenological applications, this is insuffi-
cient on its own. These model-generated PDFs must be
evolved to higher momentum scales using perturbative
QCD evolution equations to provide solid predictions for
upcoming high-energy experiments and to enable trust-
worthy comparisons with current experimental measure-
ments. This scale evolution connects the perturbative regime
studied in deep inelastic scattering and collider processes to
the nonperturbative dynamics governing hadron structure at
low scales.

IV. EVOLUTION OF PARTON
DISTRIBUTION FUNCTIONS

We perform the QCD evolution of our initial scale
valence PDF to the relevant experimental scales μ2 ¼ 5

and 16 GeV2 with independently adjustable initial scales of
the pion using DGLAP equations. We use the higher-order
perturbative parton evolution toolkit HOPPET [99] to solve
the DGLAP equations numerically. The first step is to
calculate the initial scale of our PDFs by fitting with the
available experimental results. To find the initial scale, we
evolve our PDFs to 16 GeV2 and fit with modified FNAL-
E-0615 data in Fig. 2(a) through next-to-next-to-leading
order (NNLO) DGLAP evolutions. We have calculated the
initial scale as μ0 ¼ 0.6� 0.1 with the χ2 per degree of
freedom (d.o.f.) of 1.51. Throughout this work, we employ
the above initial scale for all calculations. In Fig. 2, we
present the LO, NLO, and NNLO evolved PDFs, and

FIG. 1. Unpolarized pion parton distribution function fðxÞ and
the momentum-weighted distribution xfðxÞ obtained within the
LCQM at the model scale.

TABLE I. Mellin moments of the pion PDF at the initial scale.

n 0 1 2 3 4 5

hxni 1.00 0.50 0.29 0.19 0.13 0.09
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compare them with the FNAL-E-0615 data [96] as well
as the modified FNAL-E-0615 analysis [119]. The corre-
sponding values of χ2=ðd:o:f:Þ for each perturbative order,
obtained using the modified FNAL-E-0615 data, are listed in
Table II. The LO-evolved PDF exhibits a comparatively
higher peak than the NLO and NNLO results. Furthermore,
our evolved PDFs show noticeable deviations from the
FNAL-E-0615 data in the large-x region. This observation
agrees with perturbative QCD calculations [120]. In Figs. 2
(b) and 2(c), we have compared our evolved quark PDFs
with available DSE model [121] at 27 GeV2 and with
Refs. [64,122] at 5 GeV2, respectively. Our predictions
are found to be consistent with the DSE results across the
entire x range. In contrast, noticeable deviations from the
Basis Light-Front Quantization (BLFQ) and LFHM results
are observed near the endpoint regions, although all
approaches exhibit similar peak values. To verify the valence
quark PDFs at larger x, we have computed the effective
βeffv ðx; μ2Þ parameter. This parameter with large x can be
computed as [84,123,124]

βeffv ðx; μ2Þ ¼ ∂ logqvðx; μ2Þ
∂ logð1 − xÞ : ð20Þ

The βeffv ðx; μ2Þ parameter have been plotted in Fig. 3 along
with the JAM [84] and modified-E-615 results [119] at
μ ¼ 1.27 GeV. Our results are found to be consistent with
Next-to-Leading Logarithmic (NLL) expansion results of
JAM21 PDF sets [52] with a monotonic increasing function
with x. The βeffv ðx; μ2Þ value is found to be 1.8 at x → 1,

which is found to be higher compared to NLO and NLL
double Mellin results of JAM21 PDFs. However, the
effective βeffv ðx; μ2Þ value obtained in our case was found
to have a lower value compared to the other studies.
The DGLAP equation, which bridges PDFs between a

final scale and an initial scale, is given by,

∂fðx; μ2Þ
∂ ln μ2

¼ αsðμ2Þ
2π

½Pqq ⊗ qþ Pqg ⊗ g�; ð21Þ

∂gðx; μ2Þ
∂ ln μ2

¼ αsðμ2Þ
2π

½Pgq ⊗ qþ Pgg ⊗ g�; ð22Þ

with

ðP ⊗ fÞðxÞ ¼
Z

1

x

dy
y
P

�
x
y

�
fðy; μ2Þ: ð23Þ

Here, αsðμ2Þ is the QCD strong coupling constant and y is
the momentum fraction of the parent parton before the

FIG. 2. Quark PDF xfðxÞ as a function of x for the pion compared with FNAL-E-0615 [96] and modified FNAL-E-0615 [119]
experimental results (a), the DSE model [121] (b), the BLFQ [64] and light-front holographic (LFHM) model [122] (c).

FIG. 3. Effective parameter βeffv ðx; μ2Þ for the valence quark
distribution as a function of x at scale μ ¼ 1.27 GeV and
compared with various JAM21 PDF sets [84] along with
modified-E-615 results [119].

TABLE II. Initial scales and the χ2=ðd:o:f:Þ at LO, NLO, and
NNLO obtained from the DGLAP evolution. The χ2 values are
calculated with respect to the central values of the modified
FNAL-E-0615 data [119].

Order μ0 (GeV) χ2=ðd:o:f:Þ
LO 0.6� 0.1 4.82
NLO 0.6� 0.1 1.89
NNLO 0.6� 0.1 1.51
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splitting. Pqq, Pqg, Pgq and Pgg are the fundamental
splitting functions of the DGLAP evolutions. Furthe-
rmore, from the initial gluon and sea-quark distributions,
one can obtain their behavior at larger scales using the
initial quark PDF.
Further, our evolved valence quark, gluon, and sea-quark

PDFs at 5 GeV2 have been compared with available
theoretical extraction of global collaboration results of
JAM21 [84], xFitter [86], GRV [125], and MAP23 [106]
in Fig. 4. For the valence quark PDF, our NLO and NNLO
results exhibit similar behavior at both low and high x,
indicating the quality of our results. However, at x ∼ 1, our
results for the valence quark PDFs are smoothly decreasing
distributions rather than linear, slightly faster distributions
as in the above predictions. A higher distribution is
observed at the high x region in the case of LO PDF
evolutions, indicating that they carry a higher longitudinal
momentum fraction compared to NLO and NNLO evolu-
tions. The LO-evolved PDF is also found to have a lower
distribution than other results in the low x region. In
Figs. 4(b) and 4(c), we have also compared our results
of gluon ðxgðx; μ2ÞÞ and sea-quark ðxSðx; μ2ÞÞ distributions
at all orders with the theoretical extraction results. The
gluon distribution is found to have a larger magnitude than
the extracted results, whereas the sea-quark distribution is
observed to lie within a similar range as the extracted
distributions. The singlet sea-quark distributions for the
pion case, with inclusion of all possible quark-antiquarks,
are calculated as,

Sðx; μ2Þ ¼
X

q¼u;d;s;c;b

½qðx; μ2Þ þ q̄ðx; μ2Þ�

− ½uvalðx; μ2Þ þ d̄valðx; μ2Þ�: ð24Þ

However, the production of top quark-antiquark pairs
inside the pion is highly suppressed due to the very large
top-quark mass. Therefore, the top flavor contribution is
neglected in the present work. Here, uvalðx; μ2Þ and
d̄valðx; μ2Þ are the valence quark PDFs of the pion. Also,

for the sea-quark and antiquark follows the symmetry,

useaðx; μ2Þ ¼ ūseaðx; μ2Þ; d̄seaðx; μ2Þ ¼ dseaðx; μ2Þ;
sðx; μ2Þ ¼ s̄ðx; μ2Þ; cðx; μ2Þ ¼ c̄ðx; μ2Þ;
bðx; μ2Þ ¼ b̄ðx; μ2Þ: ð25Þ

Both the gluon and sea-quark distributions are found to
dominate at the low x-region, while valence quarks
dominate at the high x. The NNLO evolved PDF is found
to have a lower distribution compared to the LO and NLO
in the case of gluons, but vice versa is observed in the case
of sea-quark distributions. Both the gluons and sea-quark
distributions are found to vanish in the region x ≥ 0.6.
Another observation to be made is that the sea-quark
distribution of all orders is found to have a smoothly
decreasing function, which was not seen in the theoretical
extractions.
We have also calculated the average momentum fraction

hxi carried by the valence quark-antiquark, gluons, and sea
quarks at higher scales. These contributions have been
plotted with respect to energy scales μ2 in the region μ2 ¼ 1

to 103 GeV2 in Fig. 5(a). The hxi of valence quark antiquark
is found to decrease with an increase in energy scales,
indicating the splitting of valence quarks into gluons, while
the average momentum fraction of gluon and sea quarks is
found to increase with an increase in energy scales. We have
also observed that the total gluon and sea quarks carry a
higher momentum fraction than the valence quarks in the
scales μ2 ≥ 5 GeV2. At each scale, the valence, gluon, and
sea quarks obey the sum rule ofZ

1

0

dxx½fvalðx;μ2Þþ f̄valðx;μ2ÞþSðx;μ2Þþgðx;μ2Þ� ¼ 1:

ð26Þ

In Fig. 5(b), we have plotted the Mellin moment hxni of the
valence quark antiquark distribution as a function of μ2 up
to n ¼ 4. Here, we compare the average momentum fraction

FIG. 4. Evolved (a) valence quark, (b) gluon, and (c) sea-quark PDFs obtained at LO, NLO, and NNLO are compared with the
available theoretical extractions from GRV [125], xFitter [86], JAM [84], and MAP [106] at the scale μ2 ¼ 5 GeV2, using the initial
scale μ0 ¼ 0.6� 0.1 GeV.
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carried by the valence quarks with available theoretical
extraction results of JAM21 [84], xFitter [86], GRV [125],
and MAP23 [106]. Our results match those of the global
extractions except for the GRV results. Additionally, the
numerical values of the lowest four moments of the
valence quark PDFs have been compared with the avail-
able phenomenological model [64,89,126–132], lattice
simulations results [87,128,133–138], and theoretical
extraction results [84,86,88,106,125,139] in Table III.
The Mellin moments are found to match all other results.
We observed that at μ2 ¼ 49 GeV2, the valence quark-
antiquark is found to carry only 39% of the total momen-
tum fraction of the pion, the rest 45% and 16% carried by
the gluon and sea quarks, respectively, by taking the
central initial scale μ20 ¼ 0.36 GeV2. The average momen-
tum fractions carried by gluons and sea quarks at different
scales are presented in the Table IV. While comparing with
the theoretical global extraction results of MAP [106],
xFitter [86], MAP [139], our average momentum fraction
carried by the gluon is found to be higher, while the
momentum fraction carried by the sea-quarks is found to
be consistent with MAP collaboration results and deviates
from the other results. This indicates that the higher Fock-
state contributions are needed to study the pion internal
structure. Overall, our predictions are found to be in good
agreement with the theoretical extraction results.

V. F2 STRUCTURE FUNCTION

The direct extraction of PDFs from experiments is
chōallenging due to the lack of stable pion targets, which
limits the experimental constraints. Nevertheless, relatively
richer information is available for the pion structure
function Fπ

2 over a wide kinematic range. In particular,
the pion Fπ

2 structure function has been investigated
through leading-neutron electroproduction measurements
eþ p → e0 þ nþ X, performed at HERA in 2002 and

2009 [57,58]. So from the PDF evolutions, we have
calculated the NLO structure function in perturbative
QCD using the same initial scale. The NLO pion structure
function can be calculated as [64]

Fπ
2ðβ; μ2Þ ¼

X
q

e2qβ

	
fðβ; μ2Þ þ f̄ðβ; μ2Þ þ αsðμ2Þ

2π

×
h
Cq ⊗ ðfðβ; μ2Þ þ f̄ðβ; μ2ÞÞ

þ 2Cg ⊗ gðβ; μ2Þ
i


; ð27Þ

with

Cq½z� ¼
4

3

�
1þ z2

1 − z

�
ln
1 − z
z

−
3

4

��
þ
; ð28Þ

Cg½z� ¼
1

2

�
ðz2 þ ð1− zÞ2Þ ln1− z

z
− 1þ 8zð1− zÞ

�
: ð29Þ

Here, q and eq represent the flavor index and electric charge
of the quark flavor q (in units of elementary charge),
respectively. β ¼ xπ is the Bjorken variable of the pion. In
leading-neutron experiments β is calculated as β ¼ xp

1−xL
,

where xp is the parton momentum fraction relative to the
proton and xL is the momentum fraction carried by the
neutron relative to the proton. In this work, we have taken
xL ¼ 0.73 as done in HERA [57,58]. z is the hard-
scattering momentum fraction of the parton. We have
compared our results of Fπ

2ðβ; μ2Þ structure functions with
available DESY-HERA-ZUES [58] and DESY-HERA–H1
[57] experimental data in Figs. 6 and 7. The two ZUES
datasets correspond to different pion fluxes used to deter-
mine the F2 structure functions. These are the additive

FIG. 5. (a) The average Mellin moments carried by the valence quarks, gluons, and sea quarks as a function of μ2. (b) The nth Mellin
moment of the valence quark and antiquark hxni as a function of μ2, along with comparison with GRV [88], xFitter [86], JAM [84], and
MAP [140] theoretical extractions data.
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TABLE III. Comparison of the lowest Mellin moments hxni up to n ¼ 4 of the pion valence PDF at different scales.

μ2 (GeV2) hxi hx2i hx3i hx4i
Low scale (μ2 ∼ 1.69 GeV2)

DSE-RL [126] 1.69 0.268 0.125 0.076 0.054
WI-An [126] 0.268 0.114 0.059 0.037
JAM fit [139] 0.268 0.127 0.074 0.048
JAM DY [139] 0.30 � � � � � � � � �
MAP [106] 0.29� 0.015 � � � � � � � � �
xFitter [86] 0.275� 0.03 � � � � � � � � �
BLFQ-NJL [64] 0.271þ0.020

−0.020 0.124þ0.014
−0.014 0.069þ0.009

−0.009 0.044þ0.007
−0.007

This work 0.283þ0.025
−0.012 0.123þ0.017

−0.008 0.065þ0.011
−0.005 0.038þ0.008

−0.004

Intermediate scale (μ2 ∼ 4, 5.76 GeV2)

Lattice-3 [136] 4 � � � � � � � � �
Sutton et al. [87] 0.24� 0.01 0.10� 0.01 0.058� 0.004
Hecht et al. [138] 0.24 0.098 0.049
Chen et al. [127] 0.26 0.11 0.052
xFitter [86] 0.25� 0.025 � � � � � � � � �
Han et al. [137] 0.255� 0.015 � � � � � � � � �
MAP [106] 0.26� 0.015 � � � � � � � � �
GRVPI1 [125] 0.195 � � � � � � � � �
Ding et al. [128] 0.24� 0.015 � � � � � � � � �
BSE [129] 0.24
QCDSF/UKQCD [lattice QCD] [133] 0.27� 0.01 0.13� 0.01 0.074� 0.010
DESY [lattice QCD] [134] 0.214� 0.015
ETM [lattice QCD] [135] 0.207� 0.011 0.163� 0.033
JAM fit [139] 0.245� 0.005 0.108� 0.003
BLFQ-NJL [64] 0.245þ0.018

−0.018 0.106þ0.012
−0.012 0.057þ0.008

−0.008 0.035þ0.005
−0.005

This work 0.246þ0.025
−0.012 0.099þ0.025

−0.012 0.049þ0.007
−0.003 0.028þ0.005

−0.002
Detmold et al. [130] 5.76 0.24� 0.01 0.09� 0.03 0.043� 0.015 � � �
BLFQ-NJL [64] 0.236þ0.018

−0.018 0.101þ0.011
−0.011 0.054þ0.007

−0.007 0.032þ0.005
−0.005

xFitter [86] 0.24� 0.025 � � � � � � � � �
This work 0.237þ0.017

−0.006 0.094þ0.011
−0.004 0.046þ0.006

−0.002 0.026þ0.004
−0.001

Higher scales (μ2 ∼ 27, 49 GeV2)

Watanabe et al. [131] 27 0.23 0.094 0.048 � � �
Nam et al. [132] 0.214þ0.016

−0.030 0.087þ0.010
−0.019 0.044þ0.006

−0.011 0.026þ0.004
−0.008

MAP [106] 0.225� 0.015 � � � � � � � � �
Wijesooriya et al. [89] 0.217� 0.011 0.087� 0.005 0.045� 0.003 � � �
xFitter [86] 0.21� 0.02 � � � � � � � � �
This work 0.205þ0.013

−0.003 0.075þ0.007
−0.002 0.035þ0.004

−0.001 0.019þ0.003
−0.001

Sutton et al. [87] 49 0.200� 0.015 0.080� 0.007 � � � � � �
BLFQ-NJL [64] 0.202þ0.015

−0.015 0.079þ0.009
−0.009 0.040þ0.005

−0.005 0.023þ0.003
−0.003

xFitter [86] 0.205� 0.02 � � � � � � � � �
This work 0.195þ0.012

−0.002 0.070þ0.007
−0.001 0.032þ0.040

−0.001 0.017þ0.020
−0.00

TABLE IV. First Mellin moments (hxi) of gluon and sea-quark distributions at different energy scales μ2, compared with global
analyses of xFitter [86], JAM [139] and MAP [106].

This work xFitter [86] JAM [139] MAP [106]

μ2 (GeV2) hxig hxisea hxig hxisea hxig hxisea hxig hxisea
1.69 0.36þ0.016

−0.043 0.08þ0.006
−0.017 0.26� 0.15 0.19� 0.16 0.30� 0.02 0.16� 0.02 0.33� 0.06 0.09� 0.04

4.00 0.40þ0.010
−0.032 0.10þ0.004

−0.016 0.25� 0.13 0.25� 0.13 � � � � � � 0.37� 0.05 0.11� 0.03
5.00 0.41þ0.009

−0.030 0.11þ0.003
−0.016 0.26� 0.13 0.25� 0.12 0.35� 0.02 0.17� 0.01 0.37� 0.05 0.12� 0.03

10.00 0.43þ0.007
−0.026 0.13þ0.003

−0.016 0.31� 0.06 0.22� 0.08 0.37� 0.02 0.19� 0.01 0.39� 0.05 0.13� 0.02
27.00 0.44þ0.005

−0.022 0.14þ0.002
−0.016 0.32� 0.10 0.25� 0.10 � � � � � � 0.40� 0.04 0.15� 0.02
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quark model (AQM) and effective one-pion-exchange flux
(EF) [64].
In Fig. 6, we have compared our pion structure function

Fπ
2 with both AQM and EF results at different experimental

energy scales. We observe that our results are found to have
slightly higher distribution compared to both the AQM and
EF results up to μ2 ¼ 7 to 30 GeV2. Our results are found to
be consistent with the AQM data for the scales μ2 ¼ 60, 120
and 240 GeV2. Beyond this scale, our predictions show

good agreement with the EF data. At μ2 ¼ 1000 GeV2, our
results exactly coincide with the central value of the single
available EF data point, while they deviate from the AQM
datasets. This indicates the need for more experimental
measurements to better constrain the pion structure func-
tions. At low energy scales, we observe a peak around
x ¼ 0.5 that decreases as the energy scale increases. This
kind of behavior was also observed in the BLFQ-NJL
model [64]. We have also compared our results with

FIG. 6. Structure function Fπ
2ðβ; μ2Þ for the pion as a function of β at fixed experimental values of μ2. The data points are taken from

the ZEUS collaboration at DESY-HERA [58]. The solid black line indicates the central value and the gray shaded bands indicate the
uncertainty resulting from the variation of the initial scale μ0 ¼ 0.6� 0.1 GeV.
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DESY-HERA-H1 data [57] in Fig. 7. At μ2 ¼ 7.3, 11 and
16 GeV2, our results disagree with all the data points,
showing a higher distribution compared to all. However, for
other energies, our results matched several data points
across different datasets, indicating the overall reliability
of our LCQM predictions. We have also observed that the
sea-quark contributions are coming higher compared to
valence and gluon for the Fπ

2ðβ; μ2Þ as shown in Fig. 8(a).

The bottom, charm, and strange quark contributions are
found to increase with increasing energy scales, indicating
more gluon splitting into sea-quarks, which results in the
increase in distribution at low β region. The individual
contributions have been plotted in Fig. 8(b) for all the quark
flavors of the pion after the evolutions at μ2 ¼ 1000 GeV2.
We have also plotted the evolved Fπ

2ðx; μ2Þ with respect to
the energy scales at different values of x in Fig. 9. The

FIG. 7. Structure function Fπ
2ðβ; μ2Þ for the pion as a function of β at various experimental scales μ2. The data are taken from the H1

collaboration in DESY-HERA [57]. The solid black line indicates the central value while the gray shaded bands indicate the uncertainty
resulting from the variation of the initial scale μ0 ¼ 0.6� 0.1 GeV.
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Fπ
2ðx; μ2Þ structure function is found to be less sensitive to

μ2 in the high x region, while more sensitive at low x. The
kinematic cuts have been applied with the maximum EIC
energy (

ffiffiffiffiffiffiffiffiffi
smax

p ¼ 140 GeV). Our LCQM results agree with
all the other results, more experimental input is required for
the pion structure functions. The ongoing COMPASS/
Amber at CERN [141,142] and electroproduction experi-
ments in JLab [143] are measuring the pion structure
functions. The upcoming EIC is expected to provide highly
precise structure function data for the pion through the
Sullivan process, providing access to an unprecedentedly
wide range of energies and significantly reducing current
experimental uncertainties [98].

VI. UNPOLARIZED DRELL-YAN CROSS SECTION

In this section, we have determined the theoretical pion-
induced Drell-Yan cross section using our initial valence
quark PDF in the LCQM, and perform an extensive
comparison against several datasets, including the recent
results from COMPASS-II experiments [97]. The pion-
induced Drell-Yan process have been studied in several
fixed target dilepton production experiments π� þ A →
lþl− þ X (A = target nucleus, all the experiments are done
for dimuon productions), including FNAL-E-0444 [90],
CERN-WA-011 [91], CERN-WA-039 [92], FNAL–E-0326
[93], CERN-NA-010 [94], CERN-NA-003 [95] and FNAL-
E-0615 [96]. Most of the experiments have been performed
by colliding π− with a tungsten target at different energies.
We define lþ and l− as the momenta of the two outgoing
leptons. The Drell-Yan process is described by the lepton-
pair invariant mass Q, which represents the mass of the
produced lepton pair, the center-of-mass square energy s,
which represents the square of the total energy available, the
Feynman variable xF, the hadronic scaling variable τ, the
rapidity Y, and the partonic scaling variables z and y. These
kinematics are related as,

s ¼ ðp1 þ p2Þ2; q ¼ lþ þ l−; ð30Þ

Q2 ¼ q2; Y ¼ 1

2
ln
q0 þ q3
q0 − q3

; ð31Þ

xF ¼ x1 − x2; τ ¼ m2

s
; ð32Þ

z ¼ m2

ŝ
¼ τ

x1x2
; y ¼

x1
x2
e−2Y − z

ð1 − zÞ
�
1þ x1

x2
e−2Y

� ; ð33Þ

FIG. 8. (a) Contributions to the Fπ
2 from the valence quark, sea quark and gluon distribution at energy scales μ2 ¼ 100 and 1000 GeV2

(b) contributions to the Fπ
2 from different quark flavors at μ2 ¼ 1000 GeV2. The error bands represent the results of this work,

uncertainty from the initial scale μ0 ¼ 0.6� 0.1 GeV.

FIG. 9. Pion structure function Fπ
2 as a function of μ2 for

different values of x. The kinematic limit is applied according to
the upcoming EIC with a maximum center-of-mass energy
(
ffiffiffiffiffiffiffiffiffi
smax

p ¼ 140 GeV), by taking the initial scale uncertainty of
the order μ0 ¼ 0.6� 0.1 GeV of our initial PDF.
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where x1 and x2 denote the Bjorken-x or the fraction of the
hadron momentum p1 and p2 carried by the annihilating
parton (or antiparton), and can bewritten in terms of rapidity
Y and scaling variable z,

x1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ

z
1 − ð1 − yÞð1 − zÞ

1 − yð1 − zÞ

s
eY; ð34Þ

x2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ

z
1 − yð1 − zÞ

1 − ð1 − yÞð1 − zÞ

s
e−Y: ð35Þ

The cross-section in terms of the target nucleus and
incoming pion PDFs at NLO can be given by [64,97,144],

m3d2σ
dmdY

¼ 8πα2sðμ2Þ
9

m2

s

X
ij

Z
dx1dx2

×wijðx1;x2;s;m;μ2Þfi=πðx1;μ2Þfj=Aðx2;μ2Þ; ð36Þ

wherewij is the hard-scattering kernels, which are expanded
using the powers of the strong coupling constant αs, which
we have taken the form as described in Ref. [144]. The sum
includes the qq̄ annihilation channels, as well as quark-
gluon (qg) and antiquark-gluon ðq̄gÞ. Here fi=πðx1; μ2Þ is
the final evolved PDF and fj=Aðx2; μ2Þ is the nuclear PDFs.
Furthermore, the pion-induced Drell-Yan cross-section is
transformed in the form of Feynman scaling variable xF and
scaling variable τ,

xa;b ¼
xF �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F þ 4

�
τ
z

�r
2

;

Y ¼ 1

2
ln

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F þ 4

�
τ
z

�r
þ xFffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2F þ 4
�
τ
z

�r
− xF

1
CCCA: ð37Þ

The cross section in terms of xF and τ is found to be

d2σ
d
ffiffiffi
τ

p
dxF

¼
ffiffiffi
s

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F þ 4 τ

z

q d2σ
dmdY

; ð38Þ

with the Jacobian transformation of���� ∂ðm; YÞ
∂ðτ; xFÞ

���� ¼
ffiffiffi
s

p

2
ffiffiffi
τ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2F þ 4 τ

z

q : ð39Þ

To evaluate the cross section of pion-induced Drell-Yan
experiments, we implement tīwo different nuclear PDFs:
nCTEQ 2015 [145] and nNNPDF20 [146], at the exper-
imental scale depending upon the dilepton mass. While
comparing the nuclear PDF sets, nCTEQ15 yields a
superior description of the tungsten (W) data compared
to nNNPDF20 for this work; accordingly, we use the
nCTEQ15 framework for all subsequent theoretical pre-
dictions. This comparison of choice of nuclear PDFs has
been presented in Fig. 10(a), where the nCTEQ15 nuclear
PDF is found to be closer to the experimental results than
the nNNPDF20. After integrating out the Y dependence of
the differential cross-section m3dσ=dmdY, we obtain our

FIG. 10. (a) Cross-section m3dσ=dm for the Drell-Yan process as a function of
ffiffiffi
τ

p
have been compared with available experimental

data. The data of the FNAL-E-0615 [96], CERN-NA-003 [95], and CERN-NA-010 [94] experiments with center of mass energy
252 GeV, 200 GeV, and 194 GeV, respectively. The FNAL-E-0615 and CERN-NA-010 data correspond to tungsten data, while the
CERN-NA-003 data correspond to a platinum target. The error bands represent the results of this work, including the uncertainty from
the initial scale μ0 ¼ 0.6� 0.1 GeV.
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results plotted as a function of
ffiffiffi
τ

p
in Figs. 10(a) and 10(b).

In Fig. 10(a), we have compared our predicted crosssection
of LCQM with FNAL-E-0615 at 252 GeV [96] and CERN-
NA-10 [94] at 194 GeV in the limit 0 < xF < 0.5. In the
region 0 ≤

ffiffiffi
τ

p
≤ 0.4, our predictions were found to match

exactly with the experimental data, whereas beyond that
region they were lower than that of the experimental data.
The m3d2σ=dm predictions are also compared with FNAL-
E-0615 at 252 GeV, CERN–NA–3 at 200 GeV [95] and
CERN–WA–039 at 39.5 GeV [92] in Fig. 10(b), and found
to be in good agreement with them in the whole

ffiffiffi
τ

p
region.

In Fig. 11(a), we have compared our m3dσ=dm results as a
function of τ with the available CERN–WA–011 data at 150
and 175 GeV [91]. We observe that our calculations show
slightly lower distributions compared to the experimental
data points. While in Fig. 11(b), we have compared our
dσ=dm as a function of dilepton invariant mass m with
available CERN–WA–039 at 39.5 GeV [92], FNAL–
E–0444 [90] and FNAL–E–0326 at 225 GeV [93]. Our
results are in excellent agreement with these results. One of
the most important thing to note is that for comparison with
FNAL-E-0444 [90], CERN–WA–011 [91], and CERN–
NA–3 [95] datasets, we have used the carbon (C), Beryllium
(Be), and platinum (Pt) nuclear PDFs from nCTEQ15,
respectively. For others, we have used the tungsten (W)
nuclear PDFs as done in experiments.
In recent years, the ongoing COMPASS experiments at

CERN have also provided the pion-induced Drell-Yan
cross section at 190 GeV [97]. So, we have also compared
our Drell-Yan cross section of d2σ=dxFd

ffiffiffi
τ

p
with both

FNAL-E-0615 and COMPASS-II experiments as a function

of xF in Fig. 12 in the fixed range of
ffiffiffi
τ

p
. The COMPASS-II

pion-induced Drell-Yan data have been obtained at
190 GeV on a tungsten and aluminum target, as well as
a polarized target labeled PT cell 1 and PT cell 2, both at
190 GeV. Most of the results are found to be in good
agreement with all of them. We have also compared the
same with the CERN–NA–10 experimental data [94] in the
range 0.21 <

ffiffiffi
τ

p
< 0.42 in Fig. 13, while as a function offfiffiffi

τ
p

in Fig. 14 in the range of −0.1 < xF < 0.8. We
observed that our LCQM results are found to match most
of the data points in the CERN–NA–010 data [94]. The
pion-induced Drell-Yan cross-section d2σ=dxFd

ffiffiffi
τ

p
is plot-

ted as a function of Feynman variable xF for distinct bins of
scaling variable

ffiffiffi
τ

p
in Fig. 15 and for distinct bins of

Feynman variable xF in Fig. 16. Both the results of our
LCQM are found to match the experimental datasets at
fixed values of dilepton mass. The simultaneous agreement
of our pion model across both experimental datasets
confirms the universality of the extracted pion PDFs.

VII. CONCLUSION

In this work, we have calculated the valence quark PDFs
of the pion by solving the quark-quark correlation functions
in the LCQM.We have presented it at both model scale and
higher energy scales through LO, NLO, and NNLO
DGLAP equations. Our results for the valence PDFs are
found to be consistent with modified FNAL-E-0615 exper-
imental data, along with other theoretical extraction results.
From the initial valence PDFs, we have also predicted the
gluon and sea-quark distributions, which were then com-
pared with the theoretical extraction results of JAM, xFitter,

FIG. 11. (a) Cross-section m3dσ=dm for the Drell-Yan process as a function of τ have been compared with available experimental
data. The data of the CERN-WA-011 experiments with center of mass energy 150 GeV and 175 GeV, respectively, are taken from
Ref. [91]. (b) The cross-section dσ=dm for the Drell-Yan process as a function ofm. The data from CERN-WA-039, FNAL-E-0326, and
FNAL-E-0444 experiments with 39.5 GeV and 225 GeV, respectively, are taken from [90,92,93]. The FNAL-E-0326 and the CERN-
WA-039 data correspond to a tungsten target, while the FNAL-E-0444 data correspond to a carbon target. The error bands represent the
results of this work, including the uncertainty from the initial scale μ0 ¼ 0.6� 0.1 GeV.
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MAP, and GRV. We have also calculated the lower and
higher order Mellin moments of valence PDFs at the initial
scale as well as at higher scales. Our calculated Mellin
moments are found to be in good agreement with lattice
simulations and other theoretical extraction results. We
have also observed that only 38% of the momentum
fraction is carried by the valence quark at 49 GeV2, the
rest is carried by gluon and sea quarks.
From the initial valence PDFs, we have also predicted

the F2 structure functions at different energy scales. These

structure functions have been compared with the leading-
neutron electroproduction data of HERA. We have also
predicted the evolved F2 structure functions at different
values of x. We have also calculated the NLO pion-induced
Drell-Yan cross section as a function of various kinematic
variables. For the nuclear PDFs, we have used the CTEQ
collaboration data. We have also compared our theoretical
model results with the recent COMPASS-II data. Overall,
the valence PDFs of the LCQM are found to be in excellent
agreement with the experimental data.

FIG. 12. Pion induced Drell-Yan cross-section d2σ=dxFd
ffiffiffi
τ

p
of this work as a function of xF compared with

FNAL-E-0615 [96] and COMPASS-II [97]. The error bands represent the results of this work, including the uncertainty
from the initial scale μ0 ¼ 0.6� 0.1 GeV.
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FIG. 13. Pion-induced Drell-Yan cross-section d2σ=dxFd
ffiffiffi
τ

p
of this work as a function of xF compared with CERN-NA-010 [94]. The

error bands represent the results of this work, including the uncertainty from the initial scale μ0 ¼ 0.6� 0.1 GeV.
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FIG. 14. Pion-induced Drell-Yan cross-section d2σ=dxFd
ffiffiffi
τ

p
of this work as a function of

ffiffiffi
τ

p
compared with CERN-NA-010 [94].

The error bands represent the results of this work, including the uncertainty from the initial scale μ0 ¼ 0.6� 0.1 GeV.
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FIG. 15. Pion-induced Drell-Yan cross-section d2σ=dxFd
ffiffiffi
τ

p
of this work as a function of xF in the bin of

ffiffiffiffi
τi

p
with experimental cross-

section data from COMPASS-II (190-GeV) [97] and FNAL-E-0615 (252-GeV) [96].

FIG. 16. Pion-induced Drell-Yan cross-section d2σ=dxFd
ffiffiffi
τ

p
of this work as a function of

ffiffiffi
τ

p
in the bins of xFi

with experimental
cross-section data from COMPASS-II (190-GeV) [97] and FNAL-E-0615 (252-GeV) [96].
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These results are most important for the ongoing
COMPASS/Amber experiments on pion Drell-Yan experi-
ments, along with future electron-ion colliders in the USA
and China. For future work, we are targeting the addition of
gluon contributions in the higher Fock states.
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